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Prym varieties of étale covers of hyperelliptic curves

HERBERT LANGE AND ANGELA ORTEGA

Abstract. It is well known that the Prym variety of an étale cyclic covering of
a hyperelliptic curve is isogenous to the product of two Jacobians. Moreover, if
the degree n of the covering is odd or congruent to 2 mod 4, then the canonical
isogeny is an isomorphism. It is a natural question whether this is true for arbitrary
degrees. We show that this is not the case by computing the degree of the isogeny
for n a power of 2. Furthermore, we compute the degree of a closely related
isogeny for arbitrary n.

Mathematics Subject Classification (2010): 14H40 (primary); 14H30 (sec-
ondary).

1. Introduction

Let H denote a hyperelliptic curve of genus g > 2 and f : X — H an étale cyclic
covering of degree n > 2. Let o denote the automorphism of X defining f. It is
well known that the hyperelliptic involution of H lifts to an involution T on X. Then
o and t generate the dihedral group D, of order 2n. The Prym variety P(f) of f
is defined as the connected component containing O of the kernel of the norm map
Nm f : JX — JH of f. For any element @ € D, we denote by X, the quotient
of X by the subgroup generated by «. The Jacobians J X; and J X, are Abelian
subvarieties of the Prym variety P(f) (the pullbacks defining these inclusions are
omitted along the paper), therefore the addition map

ap: JX: X J X — P(f)

is well defined. Mumford showed in [3] that for n = 2 that the map ag is an isomor-
phism. J. Ries proved the same for any odd prime degree n [6]. The second author
generalized this statement to show that ag is an isomorphism for any odd number
and, more importantly, for any even n = 2 mod 4 [4]. Of course, this immediately
rises the question: is this map an isomorphism for every positive integer n? We will
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see in this paper that ap is not an isomorphism for n = 2" with r > 3. However it
is an isogeny whose degree we will determine.

For the remaining positive integers n we compute the degree of a similar map.
Namely, for n = s"m with m odd define

a:JX; x JXeom — P(f), (x,y) > x+y.

Our main result is the following combination of Theorems 2.3 and 4.1.

Theorem. Let n and f : X — H be as above withn = 2"'m, r > 1 and m
odd. Then J X, and J X ym are Abelian subvarieties of the Prym variety P(f) and
the addition map

a:JX: x JXiom = P(f)

is an isogeny of degree 2@ —r=Dm=(r=Dl(g—1)

Corollary. The map a is an isomorphism for n = 2 mod 4 (ie. r = 1). For
n =2, thatism = 1, one has ag = a, and the degree of ag is 2 2@~ I
particular, it is an isomorphism for r = 1,2 and it is not forr > 3.

The proof proceeds by induction on the exponent r, the beginning of the induction
(r = 1) being Theorem 2.3. For the induction step we consider an intermediate
étale double covering X — X /2 on the top of the tower of curves (see Diagram
(2.4)), which admits the action of the dihedral group D, />.

The proof is somehow intricate because in order to apply the induction hypoth-
esis, one has first to relate the Prym varieties of other double coverings which do
not appear in Diagram (2.4). To facilitate the reading, we sketch the steps of the
proof, however using the notation introduced in the proof itself (it would take too
much space to define it also here). In Section 2 we compute the genera of all the
curves appearing in the tower of curves and recall a key result giving the degree of
the addition map into the Prym variety of a double covering Y — Y,., with Y admit-
ting an action of the Kleinian group (Proposition 2.10). In Section 3 we compute
the degree of the isogeny P (b, n2) — P (bm) (Proposition 3.2) given by the push
forward to J X followed by the norm map between the Prym varieties on both sides
of the tower (2.4). Finally, in Section 4 we put all the ingredients together. First, by
using Proposition 2.10 and the induction hypothesis, we compute the degree of the
isogeny

Gn: fYTH x JXg, X XK, m X P(bg) X P(byonp) = JX,
and then, by means of Proposition 3.2, the degree of

On: fFIH X JXk, X JXKk__m X P(by) X P(brgm) — JX.

oM

As a corollary we get the degree of the isogeny

Vn t J Xk, X JXK gm X P(br) X P(brgm) = P(f).
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All the isogenies are naturally defined by the addition map. To conclude the proof
of the main theorem one factorizes the isogeny v, through the product of addition
maps and a, and then applies Lemma 2.9.

We thank the referee for pointing out a gap in a previous version of the paper.

2. Preliminaries

Let H be a smooth hyperelliptic curve of genus g with hyperelliptic covering 7 :
H — Pland f : X — H be a cyclic étale covering of degree n > 2. So X is
of genus gx = n(g — 1) + 1 and the Prym variety P := P(f) of f is an Abelian
variety of dimension

dmP=mn—-1)(g—1). 2.1

The canonical polarization of J X induces a polarization on P of type

(1,...,1,n,...,n)
—_——— ——

(n—2)(g—1) g—1

(see [1, Corollary 12.1.5 and Lemma 12.3.1]). The hyperelliptic involution of H
lifts to an involution 7 on X which together with the automorphism ¢ defined by
the covering f generates the dihedral group

D,:= (0,7 |oc"=1>=(c7)*=1).

The automorphism o induces an automorphism of P of the same order n and com-
patible with the polarization, which we denote by the same letter. Each eigenvalue
Cé, fori =1,...,n— 1 (with ¢, a fixed primitive n-th root of unity) of the induced
map on the tangent space Tp P occurs with multiplicity g — 1.

In the whole paper we write n = 2"m with r > 0 and m odd. In any case the
group D, admits # involutions, namely to¥ forv =0, ...n — 1. For odd =, these
are all the involutions. For even n, there is one more, namely o7. For odd n all
involutions are conjugate to T and for even n there are 3 conjugacy classes. They
are represented by

7, o™ and o2

For any subgroup G C D,, and for any element & € D, we denote by
Xe:=X/G and X, :=X/{x)

the corresponding quotients.

Remark 2.1. The Jacobians JX;, and JX;,» are isomorphic since the involu-
tions 7o and to™ are conjugate (for odd m) in the dihedral group D, so the cor-
responding coverings are isomorphic. However, this isomorphism is not in general
compatible with the addition maps, so one can not deduce the degree of ag from the
degree of a.
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Consider the following diagram (for odd n only the left hand side of the dia-
gram, since in this case m = n, so both sides are the same):

X
! fln&
Xr H Xro”‘
N
n:1 n:1
P!,

Let W denote the set of 2g + 2 branch points of the hyperelliptic covering 7. Then
denote, for arbitrary n,

50 1= ’{x € W | (mf)~(x) contains a fixed point of r}‘

and
51 0= ({x € W | ()" (x) contains a fixed point of wm}‘.

According to [4, Proposition 2.4] the Jacobians J X, and J X,» are contained in
the Prym variety P. With this notation the following theorem is proved in [4].

Theorem 2.2.
(a) For odd n the map
ap: (JX:)* > P, (x,y) > x+0()

is an isomorphism;
(b) Forn =2m =2 mod 4 the map

ap: JX; x JXie — P, (x,y) > x+y

is an isomorphism. Moreover,
S0 51
gX)=mg—D+1-= and g(Xro) =gXegn) =m(g—D+1-=.

In particular sg and s are even.

The following theorem shows that a variation of the map in (b) gives also an iso-
morphism.

Theorem 2.3. For n = 2m the map
a:JthJXmm—>P, (an)'_’x“‘y

is an isomorphism.
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Proof. The proof is very similar to that one of Theorem 2.1 given in [4]. First note
that the Kleinian groups

Ky ={(r0,0™) and K, = (ro™, ™)

are conjugated. In fact, ramTH K (tcrmTJrl)_l = K,y; therefore, the curves X, are
Xk, (and hence their Jacobians) are isomorphic. Let Ko = (7, ¢”). We will need
the following Lemma due to Kempf [2, Theorem 2.3]:

Lemma 2.4. Let X be an integral algebraic variety with an action of a finite group
G. Let F be a G-bundle over X. The bundle F descends to X /G if and only if for
every point x € X, the stabilizer of x in G acts trivially on the fiber Fy.

Consider now the following commutative diagram:

X
q|2:1
X-[ Xo-m X‘L’U’”
b()l /fl m:1 ¢ Lbl (22)
Xk, Xo=H Xk,
\ n/
P!,

Here the map b1 : X;om — Xk, is the composition of the quotient map X om —
Xk,, with the isomorphism Xk, =~ Xkg,. Since the dimensions on both sides of
a are the same it suffices to show that Kera = JX: N Jyx ., = {0}. Let F €
JX: N Jx, m. Weregard F as a line bundle of degree O on X, (respectively on
X:om). Wehave JX; =Im(1 + 1) and J X;;m = Im(1 + t0™) as subvarieties of
J X, in particular ' € Fix(t, c"). Hence there exist line bundles My € J X, and
M € JXom such that
oz(’)kMo ~ F ~ Ol;';lMl.
We have
oo™ M) ~ o™ af My >~ 0™ F ~ F >~ a, M,

since the automorphims t and 0™ commute. The injectivitity of ), implies ¢”"* M| =~
M.

Notice that the ramification points of the map by : X;om — Xk, that is, the

fixed points of o™, lift to to the fixed points of 7 in X: if p € Fix(¢) C J Xom
and p € X is such that o, (p) = p, then

am(amﬁ) = Umam(ﬁ) = Ump =D
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soc™p € a,'(p) = {p, t0™p}; as q is non-ramified, 6" p # p, so o"p =
0™ p = o™1(p). It follows that T p = p.

The action of ™ on the fibers of M over the ramification points is the same as
the action of 7 on the fibers of F over the fixed points of t in X since o, M| =~ F.
Letus set x € Fix(r) C X. By Lemma 2.4 (t) = Stab(x) acts trivially on the fiber
F (x being a ramification point of agp). It follows that o™ acts trivially on the fiber
of M 4,,(x) and again by Lemma 2.4 there exists a line bundle Ny € JXg, such
that bTN 1 =~ M;. Completely analogous as in [4, Lemma 2.1], one can show that
there exists No € J X, such that b No = M.

Now, since g*ciNo > q*c{Ni =~ F we have

B :=ciNo® (cfN)™' € Kerg" = {Ox, . 1}
for some n € J X,m[2] \ {0}, and
BeJXk, x JXk, = P(f1)
by Theorem 2.2 (a). We have
"B ~0x ~0*Ox ~0*q¢"B ~ qg*c*B,

so 0*B € Kerg™, and one checks easily that 0*8 >~ 8. As P(f1) C Ker(1 + 0o +
...+o’”_1),we have

B e JXon[m]N JXon[2] = {0}

Hence
CSNO o~ CTNI € J Xk, N J Xk, = {0},

where the last equality follows from Lemma [4, Lemma 2.1]. We conclude that
F ~ C]*OXgm ~ Ox. ]

It is the aim of this paper to study the map a in the remaining cases, n = 2"m

with 7 > 2. So in the sequel we assume r > 2. We first need some preliminaries.
There are 2 non-conjugate Kleinian subgroups of D,,, namely

K, = {1,0"/2, T, ra”/z} and K.;om = {l,a”/z,ram,ram+”/2}.
Moreover, consider the dihedral subgroups of order 8,
T, = <‘L’, a”/4> and Tpom = <ram, U”/4>.

Note that for r > 3 the groups 77 and T;,» are non-conjugate, whereas

T, = Trom for r=2, (2.3)
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since then 7 = m and (t,0™) = (to™

commutative diagram:

,0™). In any case we have the following

X
%} ZN
X gnp Xonp2 Xiom

b_ np

2.4)

In the sequel we use the following notation: if an involution of the group D,, induces
an involution on a curve of the diagram, we denote the induced involution by the
same letter. In order to compute the genera of the curves in the diagram, we need
the following lemma.

Lemma 2.5. Suppose that the dihedral group D, = (o, T) of order 2n withn > 3
acts on a finite set S of n elements such that the subgroup (o) acts transitively on S.
Then:

(a) Ifnis odd, T admits exactly one fixed point;
(b) For even n, either T acts fixed-point free or admits exactly 2 fixed points,
(c) For even n, exactly one of the involutions T and to admits at least a fixed point.

Proof. Let § = {x1, ...x,}. We may enumerate the x; in such a way that o (x;) =
xi41 fori = 1,...,n,where x,11 = x1. If n is odd, then clearly t admits a fixed
point. So in any case we may assume that x; is a fixed point of t. Then we have
inductively, fori =1, ... L%J,

T(Xi) = Xp42—i- (2.5)

In fact, the induction step is 7(x;) = to(xj_1) = o lt(xio)) = U_l(xn_i+3) =
Xn—i+2. Hence for odd n the involution T admits no further fixed point and for even
n, T admits exactly one additional fixed point, namely Xng2. This gives (a) and (b).
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Now let us prove (c). Suppose that # is even and that v admits a fixed point,
say x1. Hence we have (2.5) for all i. This implies

T0(X;) = T(Xi41) = Xp+1—i»

and so to acts without fixed points. Conversely, suppose that t acts without fixed
points and that 7(x) = x; for some i > 2. Then o=t (x;) = x1. So o'~ admits
a fixed point and thus it cannot be conjugated to T. Hence 7o is conjugate to o'~/ ¢
and admits a fixed point. O

Lemma 2.6. Suppose n = 2"m with m odd andr > 2. Then:

(@) so +s1 =2g + 2 with sg, s1 > 2 even;

(b) Forr =2, X na — Xr, and X ;na — X1, are ramified exactly at 2g + 2
points;

() X = X gnp and Xgynp — Xk, as well as X npp — Xr,, if r > 3, are
ramified exactly at 2so points. X — Xiom and X, np — Xk . as well as
Xona — X1, _m, if 1 > 3, are ramified exactly at 251 points.

Proof. The fixed points of 7 and to™ lie over the 2g + 2 Weierstrass points of H.
Moreover, according to Lemma 2.5, over each Weierstrass point of H exactly one
of 7 and to” admits a fixed point. This gives the first assertion of (i). The evenness
of so and s follows from the Hurwitz formula. Now sy = 0 means that t acts
without fixed-points. Since also o acts without fixed points, so does T¢”, which
means s; = 0. But this contradicts the equation sg +s; = 2g 4+ 2. Hence sg, 51 > 2.

If x is a Weierstrass point of H and t admits a fixed point over x, then D,
acts on the fibre f —1(x). Similarly, the group D, /; = (o"/2, 1) acts on the fibre
(f3 0 f>)~!(x) and the group Dy 4 = (o"/*, 1) acts of the fibre f3_](x). Hence
Lemma 2.5 implies (ii), since in these cases the order of the fibre is even, and (iii),
since in this case the order of the fibre is odd. O

By checking the ramification of the maps in Diagram (2.4) we immediately get
from Lemma 2.6 the following corollaries.

Corollary 2.7. All the vertical left and right hand maps are ramified.
Corollary 2.8. Ifn = 2"m with m odd and r > 2, then

gX)=n(g—1)+1, g(xan/z>=§<g—1>+1, g(xgn/4)=g<g—1>+1;

n M) n S1

g(X onp2) = E(g -D+1- > g(Xiom) = E(g -D+1- >
n o) n §1
Xk)=—-(g—D+1-= Xk )=—-(g—1)+1—=:
g(Xk,) 4(g )+ > 8(Xk,om) 4(g )+ >

and forr > 3,

(X1)==(g— ) +1-2 (Xrom) = 2(g— 1) +1— 2
8 Tr—8g > 8 rom—gg 5
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Forr =2,
1
g(Xr,) = g(Xrom) = E(m - D -D.

Proof. The assertions follow from the Hurwitz formula. For the first line of asser-
tions we use the fact that f is étale. For the other formulas we use Lemma 2.6 (ii)
and (iii). O

The following lemma is well known. In fact, it is an easy consequence of [1,
Proposition 11.4.3] and [1, Corollary 12.1 .4].

Lemma 29. Let g : Y — Z be a covering of smooth projective curves of degree
d > 2. The addition map

g JZ x P(g) > JY
is an isogeny of degree

|/ Z[d]]|

*JZNP(g)|= ——s5.
g (€3] er g2

We need a result on curves with an action of the Klein group. Let Y be a curve with
an action of the group

V4:<r,s|r2:s2=(rs)2= 1>.

Then we have the following diagram

~

a

Y, (2.6)

N~

<

v
Ys

N<~—o

with ¥, := Y/(v) for any v € V4 and Z = Y/V4. The following theorem is a
special case of [5, Theorem 3.2].

Proposition 2.10. Suppose a, is étale, that as (respectively a,g) is ramified at
205 > 0 (respectively 2a,5 > 0) points and Z is of genus g(Z). Then P(by)
and P (bys) are subvarieties of P(a,) and the addition map

¢r 2 P(by) x P(byy) — P(ay)

is an isogeny of degree 2%8'%)
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3. A degree computation

As above, let n = 2"m with m odd and » > 2. Again we consider a curve X
with action of the dihedral group D, := (0,7 | 6" = 12 = (o7)*> = 1). With
the notation as in Section 2 we have Diagram (2.4) and sg, s; > 2. Then, apart
from f1, f>» and f3, all the maps in Diagram (2.4) are ramified. So the pullbacks
of the corresponding Jacobians are embeddings [1, Proposition 11.4.3]. Recall that
P = P(f) denotes the Prym variety of the covering f.
We consider the isogenies

h :=Nmagem o a;kan/z : P(bygnp2) —> P(brom)

and

h = Nmargn/2 Oa P(bram) — P(bfg'"/2)‘

-[—O—m

Let
Ai=a’ ,p(Pbrgrp))  and B i=alun(P(bign))

be subvarieties of J X. Now 7 (respectively o"/?) induces an involution on J X/
(respectively on J X,,m), which we denote by the same letter. Thus the Prym va-
riety P(b,,n2) is Ker(1 + 7)0 and P(brom) = Ker(l + 0™/?)°. In fact, these
kernels consist of one connected component since the maps b;n 1, and by, are
injective [1, Proposition 11.4.3]. Let JX© denote the set of points in J X invariant
under the action of a subgroup G C D,,. Hence we have (for example by [5, Corol-
lary 2.7]),

A={ze]X<wn/2> | Z—|—‘L’Z=O}, B:{weJXm’m> | w+a”/2w=0}.

Moreover, as in [5], there is a commutative diagram:

I+to™ I+1o"/
on2 @om @on? 3.1)
Nma,,m Nma_ /2
P(bygni2) - . P(biom) ———————> P(bon12)

Lemma 3.1. For any n = 2"m with m odd and r > 2 we have
| Kerh| = |Ker(l + to™)),]

and
Ker(1 4+ 16™)4 = (JX[2]) ™"
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Proof. The first assertion follows from Diagram (3.1), since a;n o Pbognpn) =

Aand a}_n : P(byom) — B are isomorphisms. For the last assertion note that

z € Ker(1 4+ to™)|, if and only if
0=z, tz=-z 10" =-z
which implies that 6™z = z. So

2 2r-

1 —
z=10"*; =167 "z =1(0"?

1
@) =r12=-2z,

then z € A[2].
Therefore z € Ker(1 4+ 70™)|, if and only if z € JX[2] such that 7z = z and
o™z = z, which was to be shown. L]

The following proposition is a generalization of a special case of [5, Theorem
4.1, (ii)].

Proposition 3.2. For every n = 2" m with m odd and r > 2, we have

degh = (m=1)(g=1)+s1-2

Proof. The proof is by induction on the exponent r > 2. Suppose first r = 2, i.e.
n = 4m. Consider the curve X with the action of the dihedral subgroup

Dy := (¢, 1) C D,.

It has 2 non-conjugate Kleinian subgroups, namely K; = (02", ) and Kyom =
(62" 76™) Note that, by (2.3), T; = Tyom = (6™, t). Then according to [5,
Theorem 4.1 (ii)] we have

| Ker h| = 228X7)=24s1,

So Corollary 2.8 gives the proposition in this case.

Suppose now that r > 3 and the proposition holds for » — 1. Let X be a curve
with an action of D, with X/(o) = H, so that we have the Diagram (2.4). Then
the subgroup D% = (02, 7) of index 2 acts on the curve X, /2, 80 that we can apply
the inductive hypothesis. This gives that the map

hn/2 = chro”‘ o Cjan/2 : P(dfa'”/z) — P(dfo'm)

is an isogeny of degree 20"~ D&—D—2+s1
Hence it suffices to show that

Kerh = b _,,(Kerhy ).

This implies the proposition, since the map b:‘nn 12 18 injective.
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By applying Lemma 3.1 to h% one obtains

)Kerha
2

= | X gual2) "] =

at up (X gn2[2) 7).

But

ar (T X onn[2) 7" = {z e JX[2]| 0"z =z, 1z =27,0"z = z}

={zeJX2]|tz=z0"z=2},
since the equation 70"/?z = z is a consequence of the last 2 equations. This gives
| Kerh| = |Kerhzy|

which completes the proof of Proposition 3.2. O

4. Decomposition for n = 2"m, r > 2 with m odd

Now let the notation be as in Section 1 with n = 2"m, r > 2 and m odd. Let
f : X — H be acyclic étale covering of degree n of a hyperelliptic curve H. The
main result of the paper is the following theorem.

Theorem 4.1. Let n and f : X — H be as above. Then JX, and J X om are
Abelian subvarieties of the Prym variety P(f) and the addition map

a:JX; x JXigm = P(f)
is an isogeny of degree 212’ —r=Dm=(=DIg=1

The proof is by induction on r. Since the proofs for r = 2 and for the inductive step
in case r > 3 are almost the same, we present them simultaneously. The difference
is only that for r = 2 we use Theorem 2.3 instead of the induction hypothesis. So
in this section we assume that for » > 3, Theorem 4.1 is true for r — 1, i.e. for
coverings of degree 2" ~'m for all m. Letr > 2 and f : X — H be an étale
covering of degree n = 2"m with odd m > 1. We use the notation of Diagram
(2.4). In addition let b, : X; — Xg_ denote the canonical projection.

Proposition 4.2. The varieties J Xk, J Xk
subvarieties of J X and the addition map

P(b;) and P (b, n2) are Abelian

oM

Gn: fYTH x JXk, X XK. 0 X P(by) X P(bygu2) — JX

oM

is an isogeny of degree

deg an — m28=2 oL@ =rymtrl(g—D+2-s0
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Proof. All the maps in Diagram (2.4) are ramified apart from f, f» and f3, which
gives the first assertion. The dihedral group D,,/» = (o2, T) acts on the curve X /2
If r =2, we can apply Theorem 2.3 to get that the canonical map

o J Xk, X J XKk, on = P(f30 f2)

is an isomorphism. For » > 3 we can apply the induction hypothesis, which gives
that « is an isogeny of degree 1@ '=nm=(=)(¢=1) Since this number is equal to
1 for r = 2, this is valid for all r > 2.

Now the addition map oy : (f3 0 f2)*JH x JXg, x JXg_ n — JX;np
factorizes as

(30 f2)*JH x JXg, x XK. _n

(f3o f2)"JH x P(f30 f2)

where 1 is the addition map. Thus Lemma 2.9 implies that

JXUn/Z

degor = degar - degyr = @ =rm=(r=2)1(g—1) (27~ 28-2
— 282 pl@ " =nm+r))(g=1)

Clearly «; and its pullback via f* are of the same degree. Moreover, considering
X with the action of the Klein group (0/2, 7}, we have the diagram:

X

ar a..nj2
h

X Xonp X gn2

Cron/2
be brgn/Z

Xk, -

Then by Proposition 2.10 the addition map
ay i P(by) x P(bygn2) = P(f1)
2’71m(g—1)+2—s0.

is an isogeny of degree 278 ({{(r) =2
Now note that the map ¢, factorizes as

[f*TH x I Xk, x T Xk, n | % [P(b) X P(bygup)] —2— JX

fl*oll X

ST X2 x P(f1).
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By Lemma 2.9 the addition map o3 is an isogeny of degree 228X on2)=2 = p2'm(g—1)
therefore the map ¢, is an isogeny of degree

deg bn = deg fiay - degay - degaz
m282 oL@ =rmAn)g=1) 92 m(g—D+2-s0  92'm(g—1)
— m28=2 oL@ =rmArl(g—D+2-s0_

Corollary 4.3. The canonical map
Gn: fFTH x JXg, X JXK_w X P(by) X P(begm) — JX
is an isogeny of degree
deg ¢ = m2g—22[(2r+'—r—l)m+r—l](g—])‘
Proof. According to Proposition 3.2 the canonical map
h:P(b,gnp) = P(brom)
is an isogeny of degree 20"~ D(&—D—2+s1

Now with the definition of the map % one checks that the following diagram
commutes

®n

[f*TH x JXk, x JXk_m X P(br)] X P(byn2)

idxhl /

[f*JH x JXk, x JXk,m X P(br)] X P(brgm).

JX

So Propositions 4.2 and 3.2 imply that ¢, is an isogeny of degree

deg ¢n
de =
b = Gooh
2¢-2 2r+l_ —1)+2—
_m §—2 . 9l( rm+r](g—1)+2—s _ 282 l@H = Dmtr—11g—1)
2(m—1)(g—1)—2+s; ’
where we used again that so + 51 = 2g + 2. O

Corollary 4.4. The canonical map
Yn: JXk, X JXg, w X P(by) X P(bygm) — P(f)

is an isogeny of degree 212" —r=Dm—(r+Dl(g=1)
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Proof. Clearly the addition maps the source of ¥, into P(f) and the following
diagram is commutative

fYTH x [JXg, x JXg, n % P(bg) x P(brom)] gy

idxw,,l /

f*JH x P(f)

where ¢ denotes the addition map. According to Lemma 2.9, ¢ is an isogeny of
degree (16m)?8~2. Hence 1, is an isogeny of degree

degdy m2872 l@H —r=Dmr—1](g—1)

degp (27m)282

D@ —r=Dm—(r+Dl(g—1). 0

deg wn =

Proof of Theorem 4.1. The following diagram is commutative
JXk, x JXg_m X P(by) X P(brom)

:l\

[JXk, x P(b)] % [JXkoym X Plbrgm)] - P(f)

| T

JX-[ X JX'[o'm

where ¢ and ¢, denote the addition maps. According to Lemma 2.9, ¢1 and ¢, are
isogenies of degrees 28"(8=D+2=%0 and 28m(&@=D+2=51 regpectively. This implies
that a is an isogeny of degree

2l —Dm—(r+1)1(g—1
dega = deg ¥, _ 2l( r—Dm—(@r+1)1(g—1) @ m D=1y
deg ¢; - deg¢» 2(2'm-2)(g—1)
which completes the proof of the theorem. O
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