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Rectifiability and Parameterization of Intrinsic
Regular Surfaces in the Heisenberg Group

BERND KIRCHHEIM - FRANCESCO SERRA CASSANO

Abstract. We construct an intrinsic regular surface in the first Heisenberg group
H' = R3? equipped wiht its Carnot-Carathéodory metric which has Euclidean
Hausdorff dimension 2.5. Moreover we prove that each intrinsic regular surface

in this setting is a 2-dimensional topological manifold admitting a %-Hélder con-
tinuous parameterization.

Mathematics Subject Classification (2000): 28A75 (primary); 28A78, 22E25
(secondary).

1. — Introduction

In this paper we investigate Euclidean rectifiability and existence of Holder
parameterization for H-regular surfaces, a class of intrinsically regular surfaces
in the Heisenberg group H!, which can be represented as C x R = R® endowed
with a left invariant metric d equivalent to its Carnot-Carathéodory metric (see
Section 2 for a precise definition). This notion of intrinsically regular surface
was introduced in order to study in the setting of Carnot groups, of which H!
is the simplest example, the classical problem in Geometric Measure Theory
(GMT) of defining regular hypersurfaces (i.e. topological submanifold of codi-
mension 1) and different reasonable surface measures on them (see [48], [47],
[46], [58], [10] [34], [36] [31], [14], [25], [301, [13], [1], [2], [26], [49], [44],
[27], [38], [29] and [39]). Throughout this paper, we shall denote the points
of H' by P = [z,t] = [x +iy,t], z € C, x,y e R, t e R. If P = [z,1],
Q=1I[¢1]eH and r > 0, following the notations of [57], where the reader
can find an exhaustive introduction to the Heisenberg group, we define the group
operation

(1) P-Q:=[z+¢1t+7T+23m(z0)]
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and a family of non isotropic dilations

) 8;(P) = [rz,r*t], for r > 0.
Moreover H' can be endowed with the homogeneous norm
3) 1P lloo = max{lz], |¢]'/?)

and the distance d we shall deal with will be defined as

4) d(P,Q):= P " Qllo-

It is known that H! is a Lie group of topological dimension 3, whereas the
Hausdorff dimension of (H',d) is 4 (see Proposition 2.1). This phenomenon
is already evident from the intrinsic isoperimetric inequality in H' proved first
by P. Pansu (see [48] and [47]), and then in a different form but in the general
framework of Carnot-Carathéodory spaces by several authors (see, e.g., [60],
[61], [11], [23], [10], [30], [32] and for a general discussion on the geometry
of Carnot-Carathéodory spaces consult also [31] and [7]).

H' provides the simplest example of a metric space that is not Euclidean,
even locally, but is still endowed with a sufficiently rich underlying structure,
due to the existence of intrinsic families of translations and dilations. Indeed,
the geometry of H' is noneuclidean at every scale, since it was proved by
S. Semmes ([54]) that there are no bilipschitz maps from H' to any Euclidean
space. This fact relies on deep interlacing algebraic and metric properties related
to the non-commutativity of H!' through a Rademacher type theorem due to
P. Pansu ([46]). Our interest can be viewed in the framework of the general
project meant to develop GMT in the setting of metric spaces. Such a project,
already embrionically contained in Federer’s book [22], has been explicitly
formulated and carried on in the last few years by De Giorgi ([19], [20], [21]),
Preiss and Tisér ([50]), Kirchheim ([34]), David & Semmes ([14]), Ambrosio
& Kirchheim ([1], [2]) and Lorent ([37]).

It is well known that the Lie algebra of left invariant vector fields in H!
is (linearly) generated by

) A MR L I L
= — —, = — —2Xx—, = —,
ax o oy ot

the only non-trivial commutator relations being
(6) [X,Y]=—4T.

Throughout this paper, we shall identify vector fields and associated first order
differential operators; thus the vector fields X, Y generate a vector bundle on
H', the so called horizontal vector bundle HH' according to the notation of
Gromov, (see [31] and [36]), that is a vector subbundle of TH!', the tangent
vector bundle of H'. Since each fiber of HH' can be canonically identified
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with a vector subspace of R’, each section ¢ of HH! can be identified with
a map ¢ : H' — R3. At each point P € H' the horizontal fiber is indicated
as H]HI}D and each fiber can be endowed with the scalar product (-, -)p and the
associated norm | - |p that make the vector fields X, Y orthonormal. Hence
we shall also identify a section of HH! with its canonical coordinates with
respect to this moving frame. In this way, a section ¢ will be identified with a
function ¢ = (¢1, ¢») : H' — R%. Analogously, if f is a real function defined
in an open subset 2 C H!, its H-gradient is the section of HH' defined by
Vuf = (Xf, Yf).

To introduce our results, let us start by recalling some related notions
already existing in the literature.

The first key point we want to stress here deals with the meaning of
rectifiability in H'. Basically, in the Euclidean framework, a set F C R”
is (countably) (n — 1)-rectifiable (from now on, we shall say only ‘Euclidean
rectifiable’) if, roughly speaking, it is, up to a H"~!-negligible set, a countable
union of compact subsets K; of good hypersurfaces (i.e. Lipschitz or continously
differentiable hypersurfaces) where H" denotes the Euclidean m-dimensional
measure on R"”. Looking for a similar statement in the setting of the Heisenberg
group (or, in general, of a metric space), we must ask preliminarily what are
the good hypersurfaces in H'. In fact, there is a classical notion of rectifiability
in a metric space that goes back to Federer (see [22], 3.2.14) that has been
recently used by Ambrosio & Kirchheim (see [1], [2]) in the framework of a
theory of currents in metric spaces (as for the rectifiability in metric spaces see
for instance [34], [50] and also the monograph [42] and the references therein).
According to this notion, a good surface in a metric space should be the image
of an open subset of an Euclidean space via a Lipschitz map. Unfortunately,
such a notion does not fit the geometry of the Heisenberg group, that indeed
would be, according with this definition, purely unrectifiable (see [1]). On the
other hand, in the Euclidean setting R", a C!-hypersurface can be equivalently
viewed as the (local) set of zeros of a function f : R* — R with non-vanishing
gradient. Such a notion can be easily transposed to the Heisenberg group, since
there is an intrinsic notion of C};-functions: we can say that a continuous real
function f on H! belongs to Cj; if Vi f (in the sense of distributions) is a
continuous vector-valued function. Thus, an H-regular surface S will be locally
defined as the set of points P € H' such that f(P) = 0, provided that Vi f # 0
on S (see Definition 2.21). A few comments are now in place to point out
similar geometric properties (in the measure theoretical sense) of the H-regular
surfaces and classical (Euclidean) regular surfaces and to mention some of their
applications.

First of all, we emphasise that the class of H-regular surfaces is differ-
ent from the class of Euclidean regular surfaces, in the sense that there are
H-regular surfaces that are not Euclidean continuously differentiable submani-
folds, and conversely there are continuously differentiable 2-submanifolds in R3
that are not H-regular hypersurfaces (see [26], Remark 6.2 and Example 2).
We notice that Euclidean continuously differentiable 2-manifolds are H-regular
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surfaces provided they do not contain characteristic points, i.e. points P such
that the Euclidean tangent space at P coincides with the horizontal fiber HHL
at P. Frobenius theorem yields that, for a general smooth manifold, the set
of characteristic points has empty interior; in fact there are few characteristic
points ([13], [4], [39]). On the other hand the boundary of a smooth bounded
set with trivial topology in H' does always contain characteristic points. The
fact that these points should not be allowed in H-regular submanifolds is not
surprising: for example it is already well known from the theory of subelliptic
pde’s that characteristic points of the boundary can behave like cusps for the
Laplace operator.

Another important point supporting the choice of the notion of H-regular
surfaces is the fact that this definition fits with an Implicit Function Theorem,
proved in [26] for the Heisenberg group and in [27] for a general Carnot group,
so that a H-regular manifold S has a local continuous parameterization

(7) d:ICc@®|-])— (S,d)

for a suitable rectangle I C R? (see Theorem 2.23 below). In general, such a
parameterization is not continuously differentiable or even Lipschitz continuous
(see [26], Example 3), but from & we see that S is a topological submanifold
of dimension 2 in (H'!,d). On the other hand, by using again the Implicit
Function Theorem and the Blow-Up theorem (see Theorem 2.24), an area type
formula for the 3-dimensional spherical Hausdorff measure 83 in (H',d) and
the existence of the tangent group in the sense of GMT for H-regular surfaces
were established (see [26] and [27]).

More precisely, a local representation of S3(S) was given in terms of the
parameterization defined in (7) and with respect to the 2-dimensional Lebesgue
measure on R? (see Theorems 2.23 (vi) and 2.24 (ii)). In particular, we infer
that the Hausdorff dimension of S in (H', d) equals 3. Moreover, if we define
the tangent group TSS(P) to S ={f =0} at P as

TES(P) :={[x +iy, t] e H' : Xf(P)x + Yf(P)y =0},
then it is a proper subgroup of H' and

. SHSNUP,T))
lim ————

1 . =HX(TES(P)NU(O, 1)) =4
r— r

exists for every P € § being U (P, r) the open ball centered at P with radius
r > 0 with respect to the distance d (see Theorem 2.24).

Based on this, also the notion of H-rectifiability was introduced: a set
I' ¢ H' is said 3-dimensional H-rectifiable if there exists a sequence of H-
regular surfaces (S;); in H' such that 83 (' \ U;jenS;) = 0. This intrinsic notion
of rectifiability has been proven particularly useful to obtain in [26] an analog of
De Giorgi’s structure theorem for sets of intrinsic finite perimeter in the setting
of Heisenberg group, and more recently in the setting of a general Carnot group
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of step 2 ([28] and [29]). The notions of Euclidean and H-rectifiability have
been compared in [5], generalizations of this notion of rectifiability recently
have been studied by V. Magnani in [39] for general Carnot groups.

In this paper we will stress another aspect of the deep difference between
the Euclidean and Carnot-Carathéodory geometry from GMT’s point of view.
In fact, we will exhibit an H-regular surface Sy C H' = R? which looks as an
Euclidean fractal set. Indeed it has Hausdorff dimension 2.5 in (R3,|-|) and,
consequently, is not Euclidean 2-rectifiable (see Theorem 3.1). Notice that an
example of a set F C H! having Hausdorff dimension 2 in (H', d) which looks
like an Euclidean fractal set was already constructed by R. Strichartz ([58]) but
it is not a topological surface set because its topological dimension cannot be 2
(see Remark 3.2 and also [6]).

Finally, we will improve the regularity of the parameterization in (7) given
by the Implicit Function Theorem. We will actually prove it is locally Holder
continuous of order 1/2 and this result is in some sense sharp. Indeed, there are
H-regular surfaces not admitting Holder parameterization of order better than
1/2 (see Theorem 4.1).

Let us recall that the problem of good parameterizations of hypersurface-
type set in Euclidean spaces was studied in [51], [52], [53], [59], [15] (see
also [54] and [55] for the problem in a general metric space). In particular the
problem of the best Holder parameterization for an Ahlfors regular subset of
R” has been studied in [40] and [41], while for a (Euclidean) submanifold in
a Carnot group it arose in [31]. Eventually, the problem of characterizing H-
regular surfaces as images under Lipschitz maps of a suitable “sample” metric
space having 3-dimensional positive and finite Hausdorff measure has been
proposed in [26] and it is essentially open. A partial answer has been given
in [49] by S. Pauls for some hypersuperfaces of special Carnot groups but it
does not apply to the Heisenberg group H!.

ACKNOWLEDGMENTS. We wish to thank R. Peirone for some hints on the
construction of a prelimary version of the example in Theorem 3.1. We also
thank Z. Balogh, B. Franchi and R. Serapioni for useful discussions on the
subject. Finally we are grateful to the referee for valuable comments and
suggestions. In particular for the proposed conjecture in Remark 4.3 we were
not able to answer.

2. — Notations and preliminary results

In this section we introduce the basic notation and recall some known
results. We denote by 7p : H! — H' the left-translation by P defined as

Q= tp(Q):=P- -0
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for any fixed P € H! where “” denotes the group law defined in (1). We
denote as P~! := [—z, —t] the inverse of P and as O the origin of R3. For
further reference, we explicitely state that

PROPOSITION 2.1. The function d defined by (4) is a distance in H' and the
usual invariance and scaling properties related to translations and dilations hold,
ie.YP,Q,Q e H andVr > 0

®) d(tpQ,7pQ) =d(Q, Q) and d(5,0,8,Q0)=rd(Q, Q).

In addition, for any bounded subset Q of H' there exist positive constants ¢ (S2),
c2(R2) such that

©) Q)P — Qlgs < d(P, Q) < ()P — QI1F

for P, Q € Q. In particular, the topologies defined by d and by the Euclidean
distance coincide on H'.

REMARK 2.2. We stress that, because the topologies defined by d and by
the Euclidean distance coincide, the topological dimension of H' is 3. On the
contrary, the Hausdorff dimension of (H!, d) is 4.

From now on, U(P,r) will be the open ball with centre P and radius r
with respect to the distance d.

It is well-known that the 3-dimensional Lebesgue measure £° on H' = R?
is left (and right) invariant and it is the Haar measure of the group. If E C H!
then we write |E| for its Lebesgue measure.

DeriNiTION 2.3. We shall denote respectively by H™ and S™ the m-
dimensional Hausdorff and the spherical Hausdorff measure obtained from the
Euclidean distance | - | in R® = H' according to their classical definitions
(see [22]). Instead of, we shall denote respectively by HJ and SJ' the m-
dimensional Hausdorff and the spherical Hausdorff measure obtained from the
distance d in H' according to the definition given in [42] for a general metric
space.

Translation invariance and homogeneity under dilations of the Hausdorff
measure follow as usual from (8), more precisely we have

PROPOSITION 2.4. Let A C H!, P e H' and m, r € (0, 00). Then

Hy (tpA) = Hy (A)
Hy (8, (A)) = r"Hy (A) .

In the following we shall identify the vector fields and the associated first
order differential operators. The vector fields X, Y define a vector bundle on
H' (the horizontal vector bundle HH') that can be canonically identified with a
vector subbundle of the tangent vector bundle of R®. Since each fiber of HH'
can be in a canonic way understood as a vector subspace of R?, each section
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¢ of HH' is associated with a map ¢ : H' — R3. At each point P ¢ H'
the horizontal fiber is indicated as HH) and each fiber can be endowed with
the scalar product (-, -)p and the norm |- |p that make the vector fields X, Y
orthonormal. Hence we shall also identify a section of HH' with its canonical
coordinates with respect to this moving frame. In this way, a section ¢ will
be identified with a function ¢ = (¢, ¢») : H' — R?. As it is common in
Riemannian geometry, when dealing with two sections ¢ and ¥ whose argument
is not explicitely written, we shall drop the index P in the scalar product writing
(Y, @) for (Y(P),»(P))p. The same convention shall be adopted for the norm.

For sake of completness, let us recall here the definition of the Carnot—
Carathéodory metric associated with X, Y. In fact, this definition has been
developed in a much more general setting (see, e.g., [45]).

DEeFINITION 2.5. We say that an absolutely continuous curve y : [0, T] —
H! is a sub-unit curve with respect to X, Y if there exist real measurable
functions a;(s), ax(s), s € [0, T] such that a? + a3 < 1 and

y() = a1 ()X () +ar ()Y (y(s)), for a.e.s € [0, T].
If P, P, € H!, their Carnot—Carathéodory distance d¢(Py, P,) is

dc(Py, P2)
= inf{T >0 : thereisasubunitcurvey : [0, T] — H', y(0) = Py, y(T) = P,}.
Notice that the above set of curves joining P; and P, is not empty, by Chow’s

theorem, since by (6) the rank of the Lie algebra generated by X, Y is 3, and
hence d¢ is a distance on H'.

REMARK 2.6. Alternatively, sub-unit curves can be defined as absolutely
continuous functions y such that y is a measurable section of HH!' such that
[y ()l <1 for ae. s.

The following results are well known: see, for instance, [7], [61].

ProposiTION 2.7. The Carnot—Carathéodory distance d¢ is (globally and
bilipschitzly) equivalent to the distance d defined in (4).

ProposITION 2.8.
(10) L3 = cs(d)Sh = cy(dyHS .

In particular (as proved in [43] and [48)]) the Hausdorff dimension of (H', d) and
(H', d¢) is 4.

Due to its definition and normalization, the Q-dimensional spherical mea-
sure always has on a homogeneous group of dimension Q as the Heisenberg
group density 1, so it easily follows that cs(d) = £3(U;(0, 1)). It is also well
known that cy(d) > cs(d).
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If Q is an open subset of H' and k > 0 is a non negative integer, the
symbols C¥(R2), C*(2) indicate the usual spaces of real valued functions which
are (sufficiently often) continuously differentiable in the Euclidean sense. We
denote by C*(Q2, HH') the set of all C*-sections of HH' where the C¥ reg-
ularity is understood as regularity between smooth manifolds. The notions of
Cl(Q, HH'), C*(Q, HH') and C (2, HH') are defined analogously.

The similar structure of some statements in H! with others in R® becomes
transparent using the intrinsic notions of a gradient for functions H' — R and
of divergence for sections of HH!.

DerINITION 2.9. If Q is an open subset of H', f € C'(Q) and ¢ =
(41, ¢2) € C1(Q, HH), define

(11 Vuf = Xf,Yf)
and
(12) divg¢p .= X1+ Y.

Alternatively Vg f can be defined as the section of HH!
Vuf =XfX+YfY

whose canonical coordinates are (Xf,Yf). This is consistent with the the
already mentioned identification of sections and their coordinates.

A natural definition of functions of bounded variation and of sets of finite
perimeter in H! was the first time introduced in [10]. There are, however,
several ways to define functions of bounded variation associated with a vector
subbundle of TR generated by a family of vector fields; these definitions
have been proposed independently over the last few years by different authors
(see [9], [8], [30], [24]). All these definitions are in fact equivalent, as it
is proved in [24]: see in particular the beginning of Section 2 in [24] for a
discussion. Following one of these definitions we shall say that E C H! has
locally finite H-perimeter (or, following De Giorgi, E is a H-Caccioppoli set) if
for any bounded open set  C H!

(13) [0E|u(R) = sup{/EdiVH ¢ dL’: ¢ e CHQ HHY), [¢(P)|p < 1}<oo.

In such a way, |0E|y defines a Radon measure in H'. If 3E is an Euclidean
regular manifold with outward unit normal n, then

1/

2
0E ] = (X +(v,m)?) " HALIE,

see [10] and [24].
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Now, Riesz’ representation theorem yields the existence of a |d E|y-mea-
surable section vy of HH! such that |vg(P)|p = 1 for |dE|g-a.e. P and for all
¢ € CL(H!, HH') (13) ? we have

—/EdiVHqu£3=/Hl(VE,¢> d|dE|y .

We shall call vg the generalized inward normal to E.

DerINITION 2.10. Let [z, ¢], Py € H' with z = x +iy be given. We set
7py([z, t]) = x X (Po) + yY (Po) -

The map Py — 7py([z,t]) is a smooth section of HH'.

Let us give now some elementary definitions and results concerning intrinsic
differentiability in the Heisenberg group. These results are basically due to
P. Pansu ([46]), or are inspired by his ideas. All proofs of the results below
can be found in [26]. Extensions of these intrinsic differentiability’s results to
Carnot groups have been carried out in [34], [62], [38], [35], [3] and [29].

DEFINITION 2.11. We shall say that a map L from H' to R is H-linear
if it is a homomorphism and if it is positively homogeneous of degree 1 with
respect to the dilations of H'.

DEFINITION 2.12. Let Q be an open set in H'. We shall say f:Q — R
is Pansu-differentiable (differentiable in the sense of Pansu: see [46] and [36])
at Py if there exists a H-linear map L from H' to R such that

i S P) = f(P) —L(P' - P) _
m =
PPy d(P, Py)

0.

REMARK 2.13. The above definition is equivalent to the following one:
there exists a homomorphism L from H" to R such that

. f(Tpy(8;v)) — f(Po)
m
r—0+ A

= L(v)

locally uniformly in H'. In particular, L is unique and we shall write L =
dg f (Po).

PROPOSITION 2.14. A map L from H' to R is H-linear if and only if there exists
(a,b) € R? such that, ifv = [x + iy, t] € H', then L(v) = ((a, b), (x, Y))g2-
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DEeFINITION 2.15. With the notations of Definition 2.12 we shall say that f
is differentiable along X (Y) at Py if the map A > f(tp,(dre1)) (respectively:
A= f(tpy(dre2))) is differentiable at A = 0, where ¢ is the k-th vector of the
canonical basis of R3.

Clearly, if f € C!(Q) then f is differentiable along X and Y at all points
of Q. Hence, if we set for each f differentiable along X and Y at Py the
horizontal gradient to be

(14) Vaf=XfX+YfY
then this definition naturally extends the one given for (classically differentiable
functions) in (11) of Definition 2.9.

ProposITION 2.16. With the notations of Definition 2.12 and Proposition 2.14,
if f is Pansu-differentiable at Py, then it is differentiable along X and Y at Py, and
(15) du f(Po)(v) = (Vu f, wpy(v)p, -

DerFINITION 2.17. If Q C H', we shall denote by C}(R) the set of con-
tinuous real functions in € such that Vg f is continuous in 2. Moreover, we
shall denote by Lipy(£2) the set of all Lipschitz functions f : (2,d) — R.
Analogously, the space Lipy ,.(€2) is defined in the usual way.

ProposiTION 2.18. With the notations of Definition 2.17, a continuous function
belongs to Cﬁ(Q) if and only if its distributional derivatives X f, Y f are continuous
in Q.

REMARK 2.19. CY(Q) C CL(RQ), and the inclusion is strict (see [26],
Remark 5.9).

THEOREM 2.20. If f € CIIHI(SZ) then f is Pansu-differentiable at any point
Py € Q. Moreover Clj(U) C Lipy 0. (S).

DEFINITION 2.21. We shall say that S C H' is an H-regular hypersurface
if for every P € § there exist an open ball U(P,r) and a function f €
CL(U(P,r)) such that

(1) SNUP,r)={Q eU(P,r): f(Q) =0};
(ii) Vuf(P)#0.

DEFINITION 2.22. If S ¢ H' is a H-regular hypersurface and P € S, we
define the tangent group T,3S(P) to S at P as follows

TES(P) :={Q : (Vu(f 0 tp)(0), 70(Q))o = 0} .



RECTIFIABILITY OF INTRINSIC REGULAR SURFACES IN H! 881

By (ii) of Definition 2.21, T S(P) is a proper subgroup of H!. Then the
tangent plane to S at P is the lateral

TuS(P) := P -T{S(P).

Once more, observe that this is a good definition. Indeed the tangent plane
does not depend on the particular function f defining the surface S because of
points (i) and (iv) of Theorem 2.23 below.

Finally, let us recall three useful results on H-regular surfaces proved in [26]
in the setting of the Heisenberg group and in [27] and [29] in for general Carnot
group.

THEOREM 2.23 [Implicit Function Theorem]. Let 2 be an open set in H!,
0eQ,andlet f € Cﬁﬂ(Q) be such that | Xf(0)] = Xf(0) > 0, f(0) = 0. Then, if
we put

E={[z,t]eQ: f([z,t) <0}, S={[z,1]€Q: f([z,t]) =0},

there exists a connected open neighbourhood U of 0, such that

(6))] ENU isconnected;

(ii) E has finite H-perimeter in U ;

(iii) IENU=SNU;

@iv) ve(P) = Vuf(P)/|IVuf(P)|p forall P SNU.

If we put now I = [=8, 8] x [—82,8%], J = [—h, h], then there exists a unique
continuous function
p=¢(mt):1—>J

such that the following parameterization of S and integral representation of the
perimeter hold

V) SNU={lx+iy,tlel :y=n, x=¢1,1), =200, TIn+7, (1,7) € I};

Vv
(vi) [DErU) = | ;f'(q)(ﬂ, 7)) dndr,
where
(16) O, 1) =(p(n, 1), 10,20, T)n+1).

THEOREM 2.24 [Blow-up Theorem]. Let 2 be an open set in H', let E C H!
be such that 9E N Q = SN Q where S C H' is a H-regular surface. If Py € H' and
r > 0 denote

Epy, = {P eH': Py-8,(Py" - P) e E} .
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Then

. |0Epy rlu(UO, 1)) . [0E[g(U(Po, 1))
. lim =lim ———*~
1) r—0 r3 r—0 r3

= HATES(P)) N U, 1)) =4if Py e SNQ;

(ii) PERL =48L(SNQ).

THEOREM 2.25 [Whitney Extension Theorem]. Let F C H' be a closed set,
and assume f : F — R, k : F — HH' are continuous functions. We set

_ F(P) = f(P) = (k(P), tp(P™" - P)))p

R(P', P) := ,
d(P, P")
and, if K C F is a compact set,
17) ok (8) :==sup{|R(P',P)|: P,P' €K, 0 <d(P,P') <$}.

If px (8) — Oasd — 0 for every compact set K C F, then there existf cH! > R,
f e CIIHI(Hl) such that

ﬁFEf, vHﬁFEk.

3. — H-Regular surfaces as Euclidean fractal sets

In this section we construct an example of an H-regular surface in H!
which has the Euclidean Hausdorff dimension 5/2 and, hence, is more of a
fractal structure.

THEOREM 3.1. There exists an H-regular surface S C H' such that
(18) HEO/2(8) > 0 foralle € (0, 1).

In particular, S is not 2- Euclidean rectifiable.

REMARK 3.2. An interesting example of Euclidean fractal set F in (H!, d)
with Hausdorff dimension 2 was constructed by R. Strichartz in [58]. However
it cannot be a H-regular surface or even a topological surface, i.e. a submanifold
of topological dimension 2 in (H!, d) (see also [6] for a simpler computation).
In fact Gromov proved that a topological surface in (H!, d) always has Hausdorff
dimension larger or equal than 3 (see [31], Section 2).

REMARK 3.3. By Theorem 1.1 in [5] which states that for every o > 0

Hmin{ut,l+%} < Hg on RS



RECTIFIABILITY OF INTRINSIC REGULAR SURFACES IN H! 883
it follows % is the smallest possible jump between the Euclidean and Carnot-
Carathéodory Hausdorff dimension of such subsets of R.

In the proof of Theorem 3.1 we will use two auxiliary results. Before its
proof we will need two preliminary technical lemmas. The first is contained in
a paper by Z. Balogh (see [4], Theorem 4.1), where it was used to construct
euclidean surfaces with large sets of characteristic points. The more precise
modulus of continuity of the gradient which we state and use here can, however,
only be found at the end of the proof of this theorem in [4]. It states that the
“pointwise curl” of almost twice differentiable functions can be nonzero on a
quite large set.

LEMMA 3.4. There is a C'-function g = g : Q = [0, 11> — R and a constant
K < o0 such that

(19) LZ(Ag) > 1/2 where A, :={(x,y) € Q:Vg((x,y)) = 2y, —2x)}
(20) |Vg(z) — Vg(w)| < K(1 +|log(lz — w))X |z — w| forall z,we Q.

The other ingredient is a construction of functions of a prescribed Holder
type continuity which have all level sets of maximal Hausdorff dimension.

LEMMA 3.5. There is a function h : R — R such that

() forall t € [0, 1] is the (Euclidean) Hausdorff dimension of h='(t) N [0, 1] at
least %,
(1) for each m > 1 we have

(1)
@) dim —— 2 sup(lh(0) — h()] v =yl <7} =0.

P Y

A variety of similar constructions can be found in the literatur, however,
in order to obtain in Theorem 3.1 an example which is indeed of maximal
dimension, we need a very precise version of such an construction which seems
new. A question concerning the optimality of this construction will be discussed
after its presentation and the proof of Lemma 3.5 given below.

CONSTRUCTION 3.6. We consider the following construction whose only
parameter is the sequence {p,};2, of integers satisfying 0 < p, < 2n — 2.
Given this, we set

(22) rp = 22727 for p > 1

22n—1 -1

23 L= —
(23) 24-2(2r, 4 1)

Wy for n > 1, with [y = 1

(24) v, =27 forn >0,
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and define the families C; of “oriented” (closed) rectangles ((xi, y1), (x2, y2))
where x1, x3, y1, y2 € [0, 1], x; <x, and which represents the rectangle [x, x2] x
{1, y2}°™ with “entrance” (xi, y;) and “exit” (xp, y). (The intuition behind
this notation is that once we have finished our construction, we will have found
a function 4 : [0, 1] — [0, 1] whose graph enters and leaves these rectangles at
the corresponding points.)

We start out with Cy = {((0, 0), (1, 1))} and suppose that for some n > 1
we are given a finite family C,_; of oriented rectangles such that

o card([xy, x2]1 N [x}, x3]) < 1 if ((x1, y1), (x2, ¥2)), ((x, y1), (x5, ¥3)) € Cut
are different and moreover if x; = x;_; then y; = y;_; if i =1,2;

o for ((x1, y1), (x2, y2)) € Gy either y; = y3 or [y; — y2| = v, and then
X2 — X1 = ln—l-

Now, fixing such an element R = ((x1, y1), (x2, ¥2)) of C,—_1, we define
the next generation to be C,(R) = {R} if y; = y,. In the nondegenerate case
y1 # y» we first pick the two degenerate rectangles

R = ((x1, y1), (1 + 2741, y1) and Ry = (2 — 2771y, y2), (%2, 12)) 5
and for

k=2"""1m+4q where m €{0,...,2r,},qg €{1,...,2°" 1}
we set Ry = ((x{‘, y{(), (x’z‘, y§)) with

K =x 427, + (k= D,

k
X2 =x1+ln,

k (q— 127 (yy —y) +y1  if m is even q

M=V g= 122y —y) +y,  if misodd = "
Y=+ (D27 (= ).

(Notice that |y — yk| = 272+1y, | = v, and y§ = y{*! for all k) Then we

set
C,(R) ={R_,RiIU{Ry : k=1,....,22 '2r, + 1)}.

Having this defined for all R € C,—;, we put

¢ =GR : ReCii)

and introduce also the compact union of rectangles

Co = (1, x21 5 {31, 2™ 2 (Gxr, y1), (2, 32)) € Ca}
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We observe that for nondegenerate rectangles R = ((x1, y1), (x2, ¥2)) € Cy—1
the family C,(R) satisfies the properties stated for C,_; above and

o Cu(R) = Ullx}, x] x (], y)™ (], yD). (x5, 35) € Cu(R)) is a
compact subset of [x1, x2] x {y1, y2}°™ C C,,—_1,

e proj;(C,(R)) = [x1, x2] and [x1, x2] is covered in a non-overlapping way,
note that x5 = x¥! and that due to (23) the last x§ is just the x-coordinate
of the entrance into R,

e each vertical slice of C,(R) is of diameter at most 2v,,.

So C, = URecn,l C,(R) is a compact subset of C,_; and proj;(C,) =
[0, 1] for each n. From this it is clear that Coo = (7o, C, is the graph of a
function £ : [0, 1] — [0, 1], which is continuous as its graph is compact. Now,
we state the following crucial properties of this function.

ProposiTION 3.7. The function h = hy,, constructed above satisfies:
(1) if for some d > 0 the bound

li;lﬁl%)rng[(l —2d)2k+1) — (1 —d)(px +3)] > —o0
k=1

holds then HY(h='(t)) > O forall t € [0, 1].
(ii) if limsup,_, ., pu/n < 2 then for some ¢ = cyp,) < 00 and alln > 1 with
pr > 2 for k > n we have the inequality

lh(x)—h(y)| < ¢2™ 2kmt (P22 S vl if x,y €[0,1] and |x—y| <1,.

Proor. Throughout the whole proof, the corners of the rectangles con-
structed above will play an important rdle, therefore we need some special
notations for them. For this purpose let

G, = U {1, y1), (2, y2)}, Gy = proji(Gy) for i =1,2.
((x1,51)5(x2,¥2))€Cn

Thus Gy C Gi41 C Co and |J, Gy is dense in Co.
We turn to the proof of (i). Given a d satisfying the assumption it is easy
to check that d < 1/2. We set f, = r,(l,/l,—1)%, and using (23) we compute

f 2211—1 -1 d - d 22n—1 -1 d
=r I S E—— r EE—
n n 24;1—2(2,,’1 +1) —'n 24n

— 2(2n+1)(1—2d)—(pn+3)(1—d)(1 _ 21—2n)d .

Because [],—,(1 — 21727y 5 0, we see that our assumption on d and {pPn)5°
ensures

n—oo

(25) liminf [T fi > 0.
k=1
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Following the usual pattern of lower estimates for Hausdorff measure, we estab-
lish (i) by turning (25) into a Frostman type estimate for a suitably choosen mea-
sure on h~!(¢) (see, for instance, Theorem 8.8 in [42]). We can of course sup-
pose that ¢ ¢ | J, G; because the construction of & implies that for ¢ € G7 there
are x| < x» with ((x1,1), (x2,1)) € ¢ for all I > k and hence (xi, x2) C h~L(¢).
It is also clear from the way we selected the C;’s that we can construct a
sequence of subsets C, () C {x € [0, 1] : (x,?) € C,,)} (n =1,2,...) such that
h=1(t) D Moy Ck(t) where

a) Co(t) =10,11DC1(t) D Ca(t) D ...

b) each C,(t) is the union of a finite system C,(#) of disjoint intervals of
length I,,

c) for each n > 1 and I € C,_1(¢) C,(¢,I) is the family of all J € C,(¢)
that are contained in / of cardinality r, and the distance between any two
different intervals in C,(z, I) is at least (2% — 1),,.

We consider the canonical “uniformly” distributed probabilities

-1
. 1

Mo = <Hrk> DR G RR))
k=1

JeCyt) "

and note that w,(I) = r,(T;—, 1)V = pu_1(I) for I € Cy_i(t), SO fn —* W,
a probability measure living on A~'(¢). We will show that

(26) (igf H fk> u(l) < 2|I|d if I is a compact interval with [I| <, .
= k=1

The considerations of covers approximating the d-dimensional Hausdorff mea-
sure of (), C,(¢) then gives, using a constant ¢; > 0 determined by our choice
of normalization of the Hausdorff measure, that H¢(h~'(¢)) > c¢gliminf,_,
[Ti—; fx» so (i) would follow from (25).

To verify (26), we first note that due to the distance required in c) it is
enough to establish this inequality assuming that I C J € C,(¢). Obviously,
we can also suppose the following to hold, as it can always be achieved by
modifications making the inequality (26) even sharper

d) min/, max I €, Ci(t)
e) n > 1 is the largest number of all n for which an I € C;(¢t) containing /
does exist.

We claim that
w1 < 2u, (DI

Indeed, d) and e) ensure that for some ¢ € {2, ..., r,+} the interval [ intersects
precisely ¢ intervals from C, (¢, J). This yields

o u(l) < quas1(J") = qua(J)/ray1 for any J' € Cyyi(2)
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e diam(/) > (¢ — 1)(2*"*? — 1)l,,1, compare with c) above

and allows us to estimate that

wd) _m) g I
14 = T4 (g = D9 rpg1 (2212 = Dlpg)?
d
< an(‘g)z n+1 L = 'u“"(‘gll) ]
[J] Fng1 Un/Tag1) [J]

It remains to observe that

/Ln(-]) n B n I d n ld_ n
|J |4 = II’? 1 II (;i;L) ::' ﬁf% = II~E

J=1 j=l1

—1

and (26) follows.
So we can turn to the proof of statement (ii) in the proposition, without
loss of generality x < y. First, we assume in addition that

(27)  there is a k > n with G, N (x,y) =¥ but card(G,, N [x, y]) > 2.
Let x' = min(G},; N[x,y]), y = max(G}, N [x, y]), thus ¥ = x" + qolp+1,

qo > 1. We also notice that there are a,b € G,i with b —a =1 and [x,y] C
(a, b). Since the construction of /& implies that

osc(h, [s1,852]) < v, if si,s5 € G,ﬁq and s —s1 =1,,

we infer
|h(x) — h(y)| < min(vg, (2 + go)vi+1) < min(vg, 3qovk+1)

. lx — yl
< min | v, 3 Vis1 | -
lit1

This implies

|h() —h)] _ ( 3f|x —l ) _ [T
- — |x — Vi1 | =

S—x - i+t lict1
r <vm+1 m )1/2 3 Yo V1
L1 V=1 Iy h
1/2
k 27(m+1)2+(m*1)224m+2(2rm+1 +1)
c H (22m+1 _ 1)
k (2—4m)24m+2(22m—l’m+1+1 +1) 12
Cl H 22m+1 _ |

IA
I/\

IA

3

IA

3

22_pm+1

k
]]

k
32" 2om=1 Prt1=D/2 < 0= D (Pm=D/2

IA

1+27172m+pm+1 172
1 —2-2m—1

/N

3

IA
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because our assumption in statement (ii) implies for ¢4 sufficienly large and
m > cy the estimate 1427172 FPm+1 < 1 427™/%  we see that ¢3 = c{,,) < 00.

To finish, we drop our additional assumption (27) and choose the maximal
k such that (x,y) N G}( = ). If k satisfies (27) anyhow, then we are done.
Otherwise, we pick z € G,Lr] N (x,y) and notice that necessarily {z} = G,Lr] N
(x,y) as else ly+1 < |x —y| would imply k > n and (27) would hold true. We
consider now the interval [x, z] and it is easily checked that the maximal k" with
(x, z)ﬂGl, = { satisfies (27) and therefore gives the desired inequality for x, z.

Since the same argument works for z, y and as v/z — x+./y — 2 < V2 — X,

our proof is finished.

Proor oF LEMMA 3.5. We choose the sequence {p,}o>, by the simple rule
pn =4 for all n > 3 and consider on [0, 1] the function h = hyp,) as obtained
in Construction 3.6. We note that #(0) = 0, A(1) = 1 and extend the function
to all of R by requiring h(x + k) = h(x) +k for all k € Z and x € [0, 1]. Now
it is easy, that in order to verify the statements (i) and (ii) we can restrict to
the cases when ¢, x,y € [0, 1].

Concerning (i), each d < 1/2 obviously satisfies the assumption of Propo-
sition 3.7 (i) and so H¢(h~'(t)) > O for all ¢ € [0, 1], d < 1/2 which just says
dimyg (h~1(t)) > 1/2.

Considering (ii), we have > 5(px —2)/2 = n —2 and we see from (23)
that 1 > [,/l,_; > 22722424y, > 2% and thus [, > 272""*D_ Hence, if
r € [lys1,1,) then log(1/r) <log(2)2(n + 2)>. Now, given the m > 1 we infer
from Proposition 3.7 (ii) that for |x — y| <r € [l,41,1,)

1 1 Jr
hix)—h < e r27 < Jr < =
1) = O = eV = Ve T 28 = n Gog(1/r)
provided n is sufficiently large. This finishes the proof of the lemma. O

REMARK 3.8. The construction presented above looks quite complicated, but
as a compensation it does not only allow to control the modulus of continuity
of the %-Hblder—functions involved up to the order of logarithmic terms but it
also gives examples with optimal level set dimension for any Holder exponent
between % and 1. Indeed, choosing p; to be the integer part of ¢k with fixed
ce€(0,2) we easily calculate from Proposition 3.7 that the resulting h has an

Holder exponent —C and all level sets of dimension at 1east 2. On the other
hand, if f : [0, 1] — [0, 1] is w-Holder, then it is lipschitz on the E-dlmensmnal
space [0, 1] with the metric o(x,y) = +/[a]|x — y|. Hence by the Eilenberg-
Fubini type result given in 2.10.25 of [22] we see that almost all level sets
of f are of dimension at most «~! — 1 metric o and at most 1 —« dimensional
in the euclidean distance.

However, even our fine tuned construction could not answer the following
natural question.

Can one find a-Holder functions such that all level sets f~!(¢) (or at least
for all r from a set of positive measure) are of positive 1 — a-dimensional
Hausdorff measure?
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In the main application of our construction the %—dimensional measure is

obviously zero since we have a “better” modulus of continuity then /|x — y|.

But we were not able to improve the construction for the case of general %-

Holder functions nor to give a (presumably more likely) proof that level sets
are always zero.

ProOF OF THEOREM 3.1. Let g be a function as in Lemma 3.4, so we have

lg(z) — g(w) — (Vg(w), z—w)| < K'|z—w]*(1 + |log(lz — whD*

2
(28) Vz, we Q.

We can, of course, moreover require that ||gllcc < 1. Next we choose the
function & from Lemma 3.5 and set F* := A, x [—1,2]. Now we can define
the function f*: F* — R by

[H(z. 1) :=h@t — g(2)) if [z,1] € F*
and the section k* : F* — HH! = R? as
k*([z,t]) :=(0,0) if [z,t] € F*.
We claim now that the hypotheses of Theorem 2.25 are satisfied for F' = F*,

f = f* and k = k*. As the continuity of f* and k* is straightforward, we
only have to show that

(29) lim pr(8) =0

where pp is the function defined in (17) just without localization to compact
subsets. For this purpose consider any P = [z,t], P’ = [w,s] in F* and
observe first that

lg(w) — g(z) + 23m(w3)| = [g(w) — g(z) — 23m(—w3)|
= |g(w) — g(z) — Im(=2Z(w — 2))|
= |g(w) — g(z) — (Vg(2), w — 2)p2|, as z € A,
< K'|z = wl*(1 + [log(lz — whDX .

Moreover, (P)™' - P =[z —w,t —s —23I3m(wz))] and hence our definition of
norm as given in (3) and (4) ensures that

lg(w)—g(2)+23m(w3)|, |t—s—23m(wz)| < K'd(P, P")*(1+|log(d(P, Q))¥ .
This shows that also

(1 = g(2) — (s — g(w))| < 2K'd(P, P')*(1 + |log(d(P, P')D¥,
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and now (21) implies that
|f*(P) — f*(P)] = |h(t — g(2)) — h(s — g(w))|
d(P, P")(1 + |log(d(P, P")|)*/?

<K
= |log(d(P, P")(1 + |log(d(P, P'))|)K/2))|(K+D

and therefore
Lf*(P) = f*(P)
d(P, P

thus (29) follows.

Therefore applying Theorem 2.25 we can extend f* : F* — R to a function
f*:H' - R, f*e CL(H") such that
(30) Vufire =0.
Define now f : H' — R as

feyn = fronyn—x.
Then by construction and (30), since
IVaflp =1(-1,0)|gpz2 =1 VP e€F"
there is an open set 2 D F* such that
IVuflp 20 VP eQ.

— 0 if P,PPeF and d(P,P)— 0,

Let
S:=Qn{f =0},

then S is an H-regular surface. Let us prove (18).
Observe that

G soa= |J ([ x @70+ g ni=1.21)) .
(x,y)eAg
By the coarea inequality (see [22] 2.10.27)

/ H(l—e)/2(h*‘ (x) N[0, 1]) dxdy
Ag

(32) < [ MO () + g(x. y)) N1, 2]) dxdy
Ag
< cHP2(4).
Denote by A,, := {x € [0,1] : (x,y) € A,}, the horizontal slice of A, at
height y. Since Ez(Ag) > 0, there exists a suitable measurable set / C [0, 1]
of positive measure so that £'(A, ) > 0 for y € I. Since ¢ > 0 it follows
from statement (i) of Corollary 3.5

/ HI=O2(=(x) N[0, 1]) dxdy

A

(33) o

z/ dy HIO2R"N(x) N[0, 1) dx > 0.
0 Ag.y

Thus (31), (32) and (33) yield (18). O
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4. — Holder parameterization of H-regular surfaces

In this section we will prove that each H-regular surface S C H' can be
locally parameterized by means a Holder continuous map of order % and this
parameterization is in some sense sharp. More precisely

THEOREM 4.1. Let S C H' be an H-regular surface then for each Py € S
there exist constants &, rog, L > 0, an open neigborhood U of Py and a 1-to-1 map
®: [ =[-8, 8] x [-82, 8% — H' such that, ifa = 1,
@) d(®w),®w)) < Llu—v|* Vu,vel;
(ii) O =SNU.

Moreover the H-regular surface S = {(x, y,t) : x = 0} cannot be locally parame-
terized by means any Holder continuos map of order % <o <1 (i.e. by any map ®

satisfying (1) with % <a<l).

REMARK 4.2. In particular H-regular surfaces cannot be seen as image
through Lipschitz maps of a subspace of (R, |- |*?3).

REMARK 4.3. Let S C H' be a H-regular surface. An interesting open
question is wether there locally exists a map ® : @ C R*> — S such that
® e WhH(Q : H"). Here W'P(Q2 : H') denotes the Sobolev class of metric-
space valued functions between (2,|-|) and (H!,d) studied in [33]. The
exponent p = 4 should be natural according to the Sobolev embedding W7 (2 :

0,1-2
HY) € Cpo. " (Q;H") for p > 2 =dim Q proved in [33].

LEMMA 4.4. Let P, v = (vy, v2, v3) € H! and denote by yp , : [0,1] — H!
the curve
ypw(s) = P - (svy,sv2,03).

Then

(1) yp .y is a horizontal curve ;

(i) if P,Q € U(PO, 2_0> andv:=P~'- Q then yp ([0, 1]) C U(Po, 19);

(i) for every geCI]H[(U(PO, 2rp9)), and P, Q € U(Po, r:) withv := P! 0,
there is some s € [0, 1] such that
g(ypv(1) — g(ypv(0)) = vi Xg(yp,u(5)) + v2Yg(yp,u(5)) .
ProoF OoF LEMMA 4.4. Observe that for every s € [0, 1]

ypo(s) = (v, v2, 2 (V1 P, — 12 Py))

34
) — 01 X (7p($)) + 12 Y (v (s)) € HELL,
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then the statement (i) follows at once. Statement (ii) easily follows by means
a simple calculations too. Thus let us prove (iii). First suppose that g €
CY(U(Py, rp)) and put G(s) := g(ypo(s)) if 0 < s < 1. Now observe that
by (34)

G'(s) = (Vg(ypu(9)), vi X(rpv(s)) + 02 Y (¥pu(5)))p3

(35)
=v; Xg(ypu(s)) +v2Yg(yp(s)).

On the other hand there exists s € [0, 1] such that
G() —G0) =G5

and then by (35) the thesis follows in the case when g € C'(U(Py, rp)). In the
general case we can approximate g € CIIHI(U (Py, 2rp)) by a family of functions
g: € CL(U(Py, rg) such that

(36) g — g, Xg.— Xg, Yg. — Yg uniformly in B(Py, rp)

(see, for instance, [26], step 1 of proof of Theorem 6.5). Then we can apply
previous step to g. and then there exists s, € (0, 1) such that

37 8:(¥p,v(1)) — ge(yp,v(0)) = v Xge(Ypw(se)) + v2 Y g (yp u(Se)) .

On the other hand we can suppose that s, — s € [0, 1] and so (36) and (37)
yield the thesis. g

ProoF OF THEOREM 4.1. Without loss of generality we can assume that

Py =0 and
SNQ={f=0NgQ

with Q@ = U(0,2), f € CL(U(0,2rp)), f(0) =0, Xf > 0 on U(0,2r). Then
applying Theorem 2.23 and using the same notations there exists a 1-to-1, onto
and continuous parameterization @ : [ := Iy — U N S of the type (16) with
o1 —J.

Let us prove that there exists a positive constant L; such that

(38) lpu) — W) < Lilu—u'|"* Vu,u' el.

Letu=, 1),y =0,t)el, P=d(n, 1), 0 =0, 1) eUNS. Applying
Lemma 4.4 with g = f and
v=(v,v,v3) =P Q
= (¢, T) =m0 =, T =T+ 20, T+ ¢, D)0 — 1))

0= f(Q) = f(P)=(frro(1)) = f(ypu(0) + (f(vpo(0) = f(P))
= Xf(ypo@) v+ Yf(ypo()v2+ (f(P-(0,0,v3)) — f(P))
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and then

|f(P-(0,0,v3)) = f(P)].

(39) |l < ‘Yf(ypv(s»"
"= IXf(VPv( D]

Xf(ypo(5))

Notice now because Xf, Yf € CO(U(0,2r)), ¢ : I — R is continuous, by
Theorem 2.20 and (9)

e Y /] B 1
= sup —— < 09, My = sup —— < ©
U©.rg) 1 XS] U©.rg) 1 XS]
R) — f(S
M; = sup M< 00, My =supl|p| < co.
R#S€UOrg)  |R — §|2 I
From (39)

1
lpu) — )| < My |In' —nl+ My M; (|t/ — | +4 My |y —n])?2

and then (38) for a suitable constant L; > 0. Then simple calculations yield
the estimate (i) for a suitable constant L > O.

Let us prove now the remaining part of the theorem. Let us denote by
I C R? a general open set. Suppose, by contradiction, the existence of a
mapping ® = (¢y, ¢2, ¢3) : [ — H! satisfying (i) and (ii) with % <a <1 and
S ={,y,t) : y,t € R}. Then from (ii) ¢; = 0 in I. On the other hand (i)
yields by a simple calculations

|63 (v) — 3 (u) + 2(¢1 W2 (V) — G1(W)P2(w))] < L|u — v|** Vu,v e[

whence ¢3 : I — R would be constant and then a contradiction arises. O
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