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Robin Laplacian in the large coupling limit:
convergence and spectral asymptotic
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Abstract. We study convergence modes as well as their respective rates for
the resolvent difference of Robin and Dirichlet Laplacian on bounded smooth
domains in the large coupling limit. Asymptotic expansions for the resolvent,
the eigenprojections and the eigenvalues of the Robin Laplacian are performed.
Finally we apply our results to the case of the unit disc.
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ondary).

1. Introduction

Let © C R¢ be an open bounded domain with C* boundary I" (a smooth domain
for short) and o the surface measure on I'.
We consider the bilinear symmetric form defined in L3(Q) := L%(Q2, dx) by

DEPY = HY (Q), EP(u, v) :=/ VM-Vvdx+,3/uvdo, g=>0. (1.1)
Q r

Owing to the continuity of the trace operator from H 1(Q) into L3(T, o), the form
EP is closed. Let us denote by Hpg the self-adjoint operator associated with EP
via the Kato representation theorem. The operator Hg is commonly named the
Laplacian with Robin boundary conditions and is characterized by

0
D(Hg) = {u e HA(Q), 8—” +Bu=0, on r} . Hpu=—-AuinQ, (12)
v
where v is the outer normal unit vector on I".
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By Kato’s monotone convergence theorem for sesquilinear forms (see [21,
Theorem 3.13a, page 461]), the bilinear symmetric forms €7 increase, as 8 in-
creases to infinity, to the closed bilinear symmetric form £°°, defined by

DE®) = {u e H(Q), u=0, on r}, £%°u, v) =/ Vu-Vodx. (13)
Q

Thus D(E®) = HO1 (R2) and £ is nothing else but the quadratic form associated

with the Dirichlet Laplacian in L2(2), which we denote by —Ap. Thereby we
obtain the strong convergence

ﬂlim (Hg + 1)~ = (=Ap + 1)7! strongly. (14)
— 00

In a wide variety of applications it turns out that it is more easy to analyze the limit
than the approximating operators (Hg + 1)~!. For this reason one might use the
following strategy in order to investigate the operator Hg for large 8: one studies the
limit of the operators (Hg + 1)~ ! and estimates the error one makes when replacing
(Hg + H! by the limit. Hence we are led to know how fast do the operators

(Hg + 1)~! converge. It is also important to determine the kind of convergence.
For instance convergence with respect to the operator norm admits much stronger
conclusions about the spectral properties than strong convergence; compare, e.g.,
the discussion of this point in [23, Chapter VIII.7].

In this spirit it is also interesting and practical to write down explicit asymptotic
expansions for the operator (Hg + 1)~! and possibly for the eigenprojections and
eigenvalues of the operator Hg for large 8.

On the light of these motivations we shall establish, in these notes, operator
norm convergence as well as convergence within Schatten-von Neumann ideals of
(Hg + D! towards (—Ap + 1)~ ! as B — oo. The speed of convergence for
both convergence modes will be determined as well. Furthermore large coupling
asymptotic for spectral objects is performed.

An aspect of novelty at this stage, among others, is that we shall establish a
second order asymptotic for the eigenvalues, which coefficients are explicitly com-
puted. In its own this expansion generalizes and pushes forward the expansion given
in [12] where the Neumann Laplacian with high conductivity inside €2 is studied.

Let us emphasize that although we shall consider bounded domains with C*°
boundary, our method (which basically rests on the theory elaborated in [8-11,
13]) still works for exterior domains with C°° boundary, regarding convergence of
resolvents differences.

Physically the Laplacian with Robin boundary conditions describes the inter-
action of a particle inside €2 with a potential of strength S concentrated on the
boundary I'. Thus, for large f, it describes the motion of a particle inside a set with
high conductivity on the boundary (superconductivity on the boundary). We shall
show, among others, that this phenomenon is completely different from the case
of having conductivity inside €2, concerning convergence modes and convergence
rates, and hence spectral asymptotic.
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The outline of this paper is as follows: in Section 2 we give some preliminaries,
whereas in Section 3 we prove uniform convergence as well as convergence with
respect to the Schatten-von Neumann norm of (Hg + D' —(=Ap+1)~!. The rate
of convergence for both convergence types is also discussed in this section. Sections
4 and 5 are devoted to establish the asymptotic expansions for the resolvent, the
projection and the eigenvalues of Laplacian with Robin boundary conditions for
large coupling constant. In the last section we work out the case where 2 is the unit
disc.

ACKNOWLEDGEMENTS. The authors are grateful to the referee for his/her careful
reading of the manuscript.

2. Preliminary

Along the paper we adopt the following notations:

e K; = (—An + 1)7!, where —Ay is the Neumann Laplacian on €2;
e Hjg is the self-adjoint operator in L*(R) associated with £7;

e Dg=K;—(Hg+ 171

o Dy is the strong limit limg_, oo Dg = K1 — (—Ap + DL

Elul = Ew,u) = [ |Vul*dx, Yu € H'(Q);

e & =&+ (, ')LZ(Q)-

We designate by J the operator trace on the boundary of functions from H'():
J:(H'(Q), &) — LX) = L*(T,0), Ju = tru. @2.1)
Lemma 2.1. The operator J is compact.
Although the result is known we shall give an alternative proof.
Proof. Owing to the smoothness of 2 and precisely to the fact that
G(B(x)ﬂF)fvr , Vxel', 0<r <1, 2.2)

the following known trace inequality holds true (see [2, Theorem 5.36, page 164]):
ford >3,2<p< 2(d 1) , there is a constant ¢ such that

2/p
(/ |Ju|? do> < c&lul, Yu € H(Q), (2.3)
r

whereas the latter inequality holds true for every 2 < p < oo, ford = 2.
Now the compactness of J follows from [7, Theorem 4.1]. O
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As T" is C®°, it is known that Ran J = Hl/z(l“), which is dense in LZ(F). Hence
the operator JJ* is invertible. We set

H:=JJ% " (2.4)

Obviously Hisa non-negative self-adjoint operator in L?(I") and has, by Lemma
2.1, a compact resolvent.

We shall make extensive use of the following formulae, established in [9,
Lemma 2.3]:

-1 -1
Dﬁz.l*(é+JJ*) JK1=(JK1)*<%+JJ*> (JK1), B>0 (25)

and [9, Lemma 2 4]

v * o
Dy i= lim Dy = <H1/21K1> H'2JK,. 2.6)

B—00
Let us also recall that (see [2, Theorem 5.37, page 165])
ker(J) = Hy (). 2.7

Let HO1 (Q)" be the & -orthogonal of HO1 (2) and P be the &;-orthogonal projection
of H'(Q) into HJ (Q)*. Then

Tt - Hi ()t — HY2(D)
is an isomorphism. Its inverse operator, which we denote by R, is given by
R:HY>(') > H(Q), ¥ — Pv, Jv=1. (2.8)

The operator R is well defined. Indeed, R/ is the unique solution in H'(£2) of the
boundary value problem

—Av+v=0 inQ 2.9)
v=1y onTl.

Of major importance for our method is the operator H introduced via formula 2.4),
for which we list the relevant properties, and give precise description.

It is hard in general to give a clear description of the domain of H . To overcome
this difficulty we shall associate to H a bilinear symmetric form, whose domain is
well known as well as its features. 5

Let us introduce the quadratic form & in L*(IN), as follows:

D(g]) = Ran(/J), g](Ju, Jv) = & (Pu, Pv) Yu,v e H(Q). (2.10)
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The quadratic form & 1 is called the trace of the Dirichlet form &£; with respect to the
measure o (see [17, Chapter 6]). In Proposition 2.2, we will show that H is in fact
the celebrated Dirichlet-to-Neumann operator. This operator was studied by many
authors, for instance, we refer the reader to [4-6,14,16] and references therein.

According to [11, Theorem 1.1], the quadratic form £ 1 is closed and is associ-
ated, in the sense of Kato’s representation theorem, to the self-adjoint operator H.
In this special context we shall collect some properties of the operator H.

Proposition 2.2. The following statements hold true:

(1) Lety € H'>(I') and u € H' () be the unique solution of the boundary value

problem
—Au+u=0 inQ @211
u=1y onT. '
Then (‘:’1[1//] = &1[u]. Furthermore for every ¥ € D(I-VI), I-Vlw = g—l'f;
(2) (Dirichlet principle). For every { € HY2(), we have
Syl = inf{é‘l[v]: ve H(Q), Jv= w}. 2.12)

It follows that (‘jl is a Dirichlet form;
(3) Foreveryy € L*(I'), set U 7 the 1-potential of the signed measure Yo . Then

H 'y =JU?Y.

Proof. Assertion (1) follows from the very construction of & 1 and the use of Green’s
formula.

(2) Clearly the left-hand-side of (2.12) is bigger than its right-hand side. The
reversed inequality follows from the existence of a minimizer together with the
continuity of J.

(3) Let us first observe that for every fixed ¢ € L?(I") the signed measure Vo
has finite energy integral, i.e.,

/Jv-x//do
r

Thus the 1-potential of o is well defined and is characterized as being the unique
element of H'(S2) such that

< c(EwDY?, Vv e HY(DQ). (2.13)

E(UT Y, v):/]vwﬁda, Vv e H(Q). (2.14)
r
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Hence, making use of the first part of (2.10) together with the latter identity we
achieve

E\JUTY, Jv) = EUTY, Pv):/JPu-wda:va-wda
r r

= (¥, Jv) 2y Yv € H'(Q), ¥ € L*(D).

(2.15)

Thus JUT ¥ € D(I:I) and I-VIJUl"w = 1, which was to be proved. O
Henceforth we denote by e~'T, t > 0, respectively T,, t > 0, the semigroup
associated to —Ay + 1, respectively to H.

Remark 2.3. From potential theoretical results relating properties of (7});~¢ to

those of (7});=0, we conclude on the light of the latter proposition that (7});-0
is Markovian and transient, however it is not conservative, i.e.,

0<T,1#1, Vi>0 (2.16)

3. Uniform and trace class convergence

In this section we shall concentrate on various types of convergence of Dg to Dy
as well as their rates. These types are precisely convergence with respect to the
operator norm and the norms of Schatten-von Neumann ideals.

Let us first quote that limg_, » || Dg— Do || = 0. Indeed, we already mentioned
that Dg increases strongly to Do, which is compact. Thus, using [9, Theorem 2.6],
we get uniform convergence.

Theorem 3.1. The operator HJK; is bounded. Consequently (Hg + D! con-

verges in the operator norm to (—Ap + 1)1, with maximal rate proportional to
B L. Moreover,

lim B[|Dg — Dooll = |1 HJ K\ |- (3.1)
B—>o0

Proof. Letu € H?(S). We claim that Pu € H*(Q). Indeed, J Pu = Ju. There-
fore Pu is the unique solution in H' () of the boundary problem:

(3.2)

—Av+v=0 inQ
v=u onT.

From elliptic regularity (see [18, Theorem 8.13]), we get that Pu € H 2(Q) and the
claim is proved.
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Letu € L2(Q2) and v € H' (). Then
E(JKyu, Jv) = E(PKqu, Pv)

(3.3)
:/(VPKlu)VPv+f(PK1u)Pv.
Q Q

As K\u € H*(Q) (see [20, Theorem 5.31-ii, page 143]) then PKu € H*(RQ) as
well. Thus by Green’s formula one obtains

v 0PKu
E(JKu,Jv))=— | APKjuPv+ JPv+ | PKiuPv
Q r ov Q 34)
/8PK1u (BPKW ) )
= Jl) = N JU .
r 8\) 81) LZ(F)
It follows that J K u € D(I-VI) and
. 0PK
HIKu =~ L (3.5)
v

Thereby HJK, is a closed everywhere defined operator on L?(£2), and hence is
bounded.

Finally, utilizing [9, Theorem 2.7], we conclude that (Hg + 1)~! converges
uniformly to (—Ap + 1)~!, with maximal rate proportional to L and that formula
(3.1) holds true. O

Remark 3.2. Here we observe a qualitative difference between inner superconduc-
tivity and boundary superconductivity: whereas in our setting uniform convergence
is as fast as possible, it occurs for —A 4 1q, , where €21 is open and Q) C Q,with
a rate which is 0(,3*1/2), according to [12, Theorem 1.1] and [3, Theorem 3.1].

For further investigations concerning convergence of resolvent differences, as
well as spectral asymptotic, one needs strengthened regularizing properties of the
operator J K. To that end we establish:

Lemma 3.3. The operator H3/2J K| is bounded.

2 > 0PKu
Proof. Let u € L“(2). We have already proved that HJ Ku =

, which,

by elliptic regularity, lies in the space H'/2(I") = D(H'/?).
Thus H3/2J K is a closed everywhere defined operator on L?(2), and then it
is bounded. O

Before dealing with convergence within Schatten-von Neumann operator ideals, let
us introduce a few notations.
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Let 1 < p < oo and ‘H; be Hilbert spaces, i = 1,2 and K : H; — H»
be a compact operator. Then H, has an orthonormal basis (e;);<; such that, with

|K| :=~KK*, we have

|Kle; = Ajei, Vi el,

for some suitably chosen family (;);e; C [0, 00), which is unique up to permuta-

tions. We set
1/p
1K |5, = (ZM”) :

iel

The ideal S,(H1, H2), (S, for short) denotes the set of compact operators from
Hi to H» such that ||K||, < oo. Itis called the Schatten-von Neumann class of
order p.

On the light of Lemma 3.3, we are able to prove convergence with respect to
the §) norm.

Theorem 3.4. For every p > 5= we have

ﬂleOO IDg — Doolls, = 0. (3.6)

In particular trace class convergence holds true for d = 2.

Proof. First we recall that owing to [9, Corollary 2.20], §-convergence holds true
whenever D, € S),.

Having in mind that Dy, = ([:11/2][(1)*1:11/2][(1’ we get that it lies in S,
if and only if H2JK | lies in S$3;,. On the other hand, from the boundedness of
ﬁ3/21K1 , we obtain

|2k, < |-

U, I 67)

Thus we are led to prove that H'e Sq forg >d — 1.
To that end we shall use the trace inequality (2.3) to obtain the thesis.

For d > 3, we know that, from the construction of Svl, the following Sobolev
type inequality holds true:

(/W

Now Sobolev inequality in conjunction with Holder inequality lead to the Faber—
Krahn inequality for the smallest eigenvalue of H:

d=2
d-1

) < CEWL Yy e HYAD). (3.8)

v

A1 = C(o())

"; (3.9
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which in turn (see [19, Theorem 3.1]) leads to the following lower bound for the
eigenvalues Ay (repeated as many times as their multiplicity in an increasing way)
of H:

iy > k. (3.10)

Thus H~! € Sy for every g > d — 1, which was to be proved for d > 3.
For d = 2, the proof is similar, so we omit it. [l

By the end of this section we shall discuss the rate of convergence in S in two
dimensions. It was proved in [10, Theorem 2.3] that the maximal rate of conver-
gence in S; is proportional to 1/8 and that trace-class convergence with maximal
rate holds true if and only if the operator HJK, is a Hilbert-Schmidt operator.
However, according to [10, Proposition 2.4], if for some r € (0, 1) the operator,

H5JK 1 is a Hilbert-Schmidt operator then one has trace-class convergence with
rate O(1/8").

Proposition 3.5. In the case d = 2 it holds

lim B"||Dg — Deolls, < 00, ¥r € (0, 1). (3.11)
p— o0

Proof. For d = 2 we have the lower bound
2 > CkS, Vs € (0, 1).

Thus, if for a given r € (0, 1), we choose ﬁ <s <1,weget(2—r)s > 1. Thus
H 5 is a Hilbert-Schmidt operator, and so is H 5 JK;. O

Remark 3.6. We shall show in Theorem 6.3 that the limit exponent r = 1 is ex-
cluded!

4. Asymptotic expansions for the resolvents and the eigenprojections

Asymptotic expansions are theoretically and numerically interesting in the sense
that they offers "good’ approximations for the studied objects. How “good” is the
approximation depends on its order and on the computation of its coefficients. In
operator theory there are two types of asymptotic: uniform, i.e., the rest is small
with respect the operator norm, and strong asymptotic, i.e., the rest is small for
every fixed element from the domain of the operator.

Although we shall give lower order asymptotic (of second order) of the spectral
objects related to Robin Laplacian, we shall write explicitly the coefficients of the
asymptotic which is new to the best of our knowledge for such problems. In partic-
ular we shall show that the coefficients involved in the asymptotic depend solely on
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the Neumann Laplacian, the Dirichlet-to—Neumann operator, the Dirichlet Lapla-

cian and the trace operator.
We start by giving an asymptotic expansion for (Hg + n~—L

Theorem 4.1. The following first order uniform expansion holds true:

_ 1 1,
(Hp+ 17" = (A + D7+ 2K + 5K,

v v K v
where K = (HJK{)*HJK, = Land | K| < |H32 T K4,

Proof. From the construction of £; we derive

E1UKu, Jv) = E(Kju, Pv) = (u, Pv) 2y, Yu € L}(Q), Yv € H'(Q).

It follows that

“ - *
(HJKlu,Jv> = (u, Pv);2 and (HJK1> Jv = Pu.

L)
Then,
. * 0PK 0PK
(HJK1> HiKu=pRESWY _ gIT2I
av av
On the other hand, relying on the resolvent formula (2.5) we obtain
-1
Deo — Dp = (FIWJK ) H'2JK, — (JKD* (ﬂ +H ) JK,
v *
- (Hl/ZJKl) H'2JK, - H1/21K1 ( ) H72JK,
1~ o 1 rv3p g\ g2
- E(HJKl) HIK = 2 H JK H JK;.

.1

42)

4.3)

(4.4)

4.5)

To conclude, it suffices to note that 0 < (l—l—% H )_ <1, and the proof is finished. [

Henceforth, o; (#) (respectively oy (#)) denotes an operator-valued function such

that ﬂzos(é)f — 0, Vf (respectively ﬂ2||0u(é)|| — 0) as B — oo.

The latter theorem yields automatically the second order strong asymptotic

expansion for large .

Corollary 4.2. For large B the following strong asymptotic formula holds true:

1 /. *
(Hp+ 07" = (—Ap+ D7 + 2 (AIK)) HIK

1 . .
— E(1L13/211(1)>"H3/21K1 + oy (E) .

(4.6)
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We turn our attention now to give the expansions of the eigenprojections. To
that end we need an expansion for (Hg — z)~! for z in the resolvent set p(Hg).

Since {(Hg + IS converges in norm to (—Ap + 1)~ when 8 — o0, it fol-
lows thatif z € p(—Ap), then z € p(Hpg) for B sufficiently large and {(Hg — 2~ h
converge in normto (—Ap — z)~! uniformly in any compact subset of p(—Ap) as
B goes to infinity. In particular the family of the resolvents {(Hg — z)~ '} is bounded
uniformly in 8 and z in any compact subset of p(—Ap) (for large 8). Moreover,
one has:

Proposition 4.3. For large B, the resolvent (Hg — 2)~ ! admits the second order
strong asymptotic expansion uniformly in any compact subset of p(—Ap):

(Hp—2)'=(Ap—-27 '+ %LKL — %(LRL —(14+2)LKLKL)

1
Tos (E)’

where K is the operator given by Theorem 4.1 and

4.7

. *
L=L() = (1 +(+2)(—Ap — z)*l), R = (H3/21K1) H2JK,. (48)
Proof. Let z € p(—Ap). Then, for large 8, one has

(Ho—2) ' = (—Ap—2)' = (1 +(1+2)(Hp — z)_1> (Dso — Dp)

4.9)
(140 +-ap-27").
By formula (4.6), it follows that
u— Jim p (Hg—2)"' = (—Ap—2)7') = LKL, (4.10)
—00
uniformly in any compact subset of p(—Ap).
Thus, one writes
1 1 1 1
(Hg—2)"" =(-Ap—2) +ELKL+OM E . (4.11)

Finally, we substitute (Doo — Dg) and (Hg — z)~! by the corresponding terms given
by formulae (4.6) and (4.11) respectively in the equation (4.9) to obtain the desired
result. N

Since the Dirichlet Laplacian has compact resolvent, it follows that for each
eigenvalue Ao, of —Ap there exists € > 0 such that spec(—Ap) N B(roo, €) =
{Ao}, Where B(roo, €) = {2 € C, |7 — Aoo| < €}.
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In the following we set:

e Fy = ker(—Ap — roo), the eigenspace of A, and P, the spectral projection
onto Eo. It is known that

1
Poo = —— (—Ap —2)~'dz, (4.12)
2im C(hoo,€)

where C (Ao, €) is the circle of center Ao and radius ¢;
e Epg is the direct sum of the eigenspaces associated to the eigenvalues of Hpg
contained in B(Aq, €) and Pg is the spectral projection onto Eg given by:

1
Pp=—— Hg —z) ' dz.
h 2im C()»oo,é)( p Z) .

Proposition 4.4. The spectral projection Pg admits a strong asymptotic expansion
of the form

1 1 1

Pg =P+ 20— —501+0 (—) (4.13)
PTIRTRE T B2

Moreover, Poo Q P5o = 0.

Proof. Setting

1

0= ~5i LKLdz,
LT
| C(hoos€) (4.14)
01 =—— (LRL—(14+2)LKLKL)dz,
217‘[ C(hoo,€)

the first identity is immediate by integrating formula (4.7) along the circle C.
For the second identity, since limg_, oo B(Pg — Po) = Q, we obtain

PooQPoo = ﬁlim B Poo(Pg — Poo) Pg = ﬂlim B Poo(l — Pio)Pg = 0. (4.15)
— 00 — 0
[

5. Asymptotic expansion for the eigenvalues

Next we shall improve the asymptotic expansion of eigenvalues developed in [12,
Theorem 1.2] and extend it to our context which deals with singular perturbations.
The novelty at this stage is that we give a second order asymptotic expansion which
coefficients are given by the eigenvalues of a matrix depending only on the Dirichlet
Laplacian.
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To that end we need some intermediate results.

Proposition 5.1. The following formulae hold true:

(D
PKi=(-Axy+ D' = (=Ap+ 17! = De. G-l
In particular,
IPK d(=ap+ 17!
L (=Ap+1) : 5.2)
v v
() Let (f1, -+, fm) be an orthonormal basis of Exo. Then for every z € p(—Ap)
it holds
1 of; 3fj>
PoLKLPxfi fj) = —— | =— == ' >
(Pso oo fis i) (Aoo — 2)2 (811 v L2(I) e

Proof. For every u € L*(2), PKu is the unique solution of the boundary value
problem

{—Av+v=0 on (5.4)

v=Kiu inT.

Let vg be the unique solution of the equation —Av + v = —u in H 2@Q) N HO1 (),
thatis vg = (—Ap + 1)~'(—u). Then PKu is given by:
PKiu=vo+Kiu=(—Ay+1)"'u—(—Ap+ 1D~ lu, (5.5)

yielding the first assertion.

Let f;, f; be eigenfunctions associated to the eigenvalue A, of —Ap. Since
L@ fi = (’;Z‘;—fi) fi» a straightforward computation yields

(PooLK LPos fi, )= (K L@ fi, LE) f}) (g

Ao £ 1V /o .
:( oo F )(HJKlf,-,HJKlfJ->

Ao — 2 L2(T)
B (xoo+1>2 <a(—AD+1)—1f,- 8(—AD—|—1)_1fj> (5.6)
)\'OO_Z 81) 8]) L2(F)

__ (% B_ff)
(hoo —2)2 \ 0V 0V 12y’

and the proof is done. O
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Proposition 5.2. Let (fi) be an orthonormal basis of Dirichlet eigenfunctions,

—Ap fx = M fis

and Q be the operator given by Proposition 4 4.
For f; and f in E« we set,

af; d af; d
ai,jk = ( fl fk) <i’ ﬁ) X (57)
81} dv LZ(F) v dv LZ(F)

Then, for every z € p(—Ap), we obtain:

- 1 ofi\ df; :
(1) (PooLRLPw fi, fj) = (hoo )2 ( R < 8v> T v >L2(F)’

2 o ocoJis j) — i,j h
@) (Pool KLELPoo i, 1) (z—xoo)z;uk—z)(lﬂwa’f’k

1
3) (PssLKLQPs fi, fi) = i ik
o S fk; Groo = D0k = D)0k — 1)

Proof.

(1) We first prove that for any Dirichlet eigenfunction f on €2 it holds

ﬁfezxﬁy (5.8)
v

According to the relationship between forms and operators with the help of
Green’s formula, the domain of H consists of functions ¥ € H 1/2(I") such that

IRy

e L*(I). (59
ov

As Q is C® it is well known that f € C(Q). In particular, f € H3(Q)
and hence by [20, Theorem 4.24-i, page 105] (where the notations Wé‘(Q) and

W3 (I") stand for the spaces H*(Q) and H* (") respectively), % e H3*(I')
H2(T).
The fact that af € H3/2(I"), in conjunction with [20, Theorem 5.39, page 152],

yields R( ) € H?(Q). Accordingly we obtain once again by [20, Theorem
4.24-ii, page 105] that

8;R<f>elﬂﬂG)CL%D, (5.10)

and the claim is proved.
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Let us turn our attention now to the rest of the proof.
Having (5.8) in mind, a straightforward computation yields

(PooLRLPes fi, fj) = (RL(2) fi, L(2) f})

2

14+ A
2
14+ Ao\ H3/2JK1f- F13/2JK1f->
hoo — 2 " T) 2y
5.11
_ ( 1/23fz V1/23_fj> (>-11)
()\,oo — Z)z av ’ av L2(I)

1 ( f: afj>
= (3%
()\,oo — Z)z Jdv  dv LZ(F)
(2R ()
()\,oo — Z)2 av av v L2(T)

In the last step we used the fact that for ¢ € D(H ) we have H ¢ = %5 where
u = Rg. Indeed, by the definition of R, R¢ solves

—Au+u=0 onQ
u=gq in[;

(2) Making use of Proposition 5.1, an elementary computation yields

(Kfis fi) = (HIK fis HIK i)

LX(T)

v’ v
Thus
Kf = Z(H—A) Y+ a0~ 1( % 8f") fe (5.13)
av L2(F)
and

L@OKfi=) A+x) ' 0u—27" (ﬂ %) feo  (5.14)
% v dv L2(F)
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Set B = Py L(z)KL(z) KL(z) Po. Then

14+ Ao 2 1+ Aoo 2
(Bfi, [j) = ( J_“ ) (KLKfi, fj) = (ZJ_“ > (LKfi. Kf})
1
T (@ o)? Z M — 2) (1 +2g) (5.15)

81)’ av LZ(F) av ’ av LZ(I‘)7

(3) Finally, setting A(z, ) = PooL(z) KL(z)L(s)K L(s) P, we obtain

o (It S
(Afi, fj) = e — )0 _s)(L(S)Kf;,L(z)KfJ)
1 1
T (oo — 2)(hoo — 5) 2 (ki — 20k —9) (5.16)

k

81)’ v LZ(F) av ’ av LZ(F) '
Regarding the definition of Q, we achieve

1
(Poo L(z) KL(2) QPec [ [) = "2 Je )(A(Z,S)fi,fj)ds

(e = hoo) ™!
(roo — 2)(Ak — 2) (5.17)

kaEolO
() (200 .
8\), av LZ(F) av ’ v Lz(F)'

We are now in position to establish the asymptotic of the eigenvalue of the Robin
Laplacian.

Theorem 5.3. Let Ao, be an eigenvalue of — A p with multiplicity m and eigenspace
Eo. Then, for sufficiently large B, the operator Hg has exactly m eigenvalues,
counted according to their multiplicities, in B(Aoo, €). These eigenvalues admit the
asymptotic expansion

1 1 1
Aijj.p = hoo — Eai + E Kij+o0 <E> ) (5.18)

where (a;) are the repeated eigenvalues of the matrix

-([42)

in an orthonormal basis (f1, - -+, fm) of the eigenspace E.
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Moreover, setting P; for the eigenprojection associated to the eigenvalue o; and N
for the matrix given by

9 _ (0fi\ of; 1
No= (2R (L), 2 L
<<3V <3V> 3V>L2(r)+1+)»oo 2 ik

fi€Eso

(1 4 Aoo)
+ aj,j, , (5.19)
;;la+xwaw—xm’1k

1<i,j<m

then w; j, for all 1 < j < dim P;, are the repeated eigenvalues of P;N P; in the
subspace P; Eso.

Proof. We shall follow Kato’s method (see [21, the proof of Theorem VIII.2.9,
pages 450—453]), which consists in transforming the problem into a finite-dimen-
sional one.

As a first step, we introduce the operator

Ap =1~ Poo+ PgPoc = 1 — (Poc — Pp) Pc.

For large B the operator Ag is invertible and maps E, onto Eg, since || Pg — Poo||
is small, and leaves the orthogonal of E, invariant.
Using Proposition 4.4, we obtain the asymptotic expansion for Ag:

1

Ag = l—l—lQPoo 5 Q1Poc + 05 (%) (5.20)

B B

Since P~ Q P5o = 0 it follows that,

. 1 1 1 1 2
Ag =1—<—QPOO— Q1P00)+<_QPOO_§Q1POO)

B B2 B
+%(%) (5.21)
1 1 1
=1_EQP00+EQ1P00+OS<E>

Now we define the operator Bg as
Bp := PooAy' Hp Ag Prc.

Obviously Bg is bounded on E, and has finite rank. Furthermore, the repeated
eigenvalues of Hg considered in the m-dimensional subspace Eg are equal to the
eigenvalues of Hg Pg in Eg and therefore also to those of AEIH,g Ag which is sim-
ilar to Hg Pg in Eg.
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Thus, taking into account that Poo Q Poc = 0 and that Py, commutes with
(—Ap — z)~!, we obtain the asymptotic expansion:

PooAEl(Hﬁ_Z)_lAﬁPoo= <Poo + %POOQIPOO + 05 (%))
: <(—AD—Z)_1+ Lk L
B B2
: <1+1QPoo_iQ1Poo+Os (i)>Poo
B B> B?

1
= Po(—Ap —2) " 'Ps + BPOOLKLPOO

(LRL—(142)LKLKL) + o, %))

1

- E(POOLRLPOO — (1 +2)PLKLKLPy) (5.22)
1 _ 1 _

T 53 P Q1(=80=2)" o= 25 Poo(~Ap =)' 01 P

+%POOLKLQPOO+OM (%)
1
B

1
= (hoo — 2) ' Poo + —(hoo — 2) PMPs — EPOOLRLPOO

Here we have used the fact that o (ﬁ—lz) Pso = 0y (%) because P has finite rank.
Since

1 1
HgPg = ——— Hg —7)"\dz, 523
ke 2mi C(xoc,aZ( pro 623

integration of (5.22) along the circle C (A, €) after multiplication by (—z/2mi)
and an elementary calculation of residues at the singularity A, lead to

1 1 1
Bp = PooAg ' Hg PgAg Pog = hooPoo — EMPOO + — NP + 0y (E) . (524)

B B2
Theorem 5.3 is then a consequence [21, Theorem I1.5.11, page 115] concerning
asymptotic expansion in finite dimensions. O

6. Example: the case of the unit disc in R?

In this section we shall apply the theory developed in the previous paragraphs to the
special case where €2 is the unit disc, which we denote by D, and whose boundary
we will denote by C (the unit circle).
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First, we study the solutions of the eigenvalue problem —Af = Af, A > 0,
with either Dirichlet or Neumann boundary conditions on D.

By separating variables it turns out that the solutions of the equation —Af =
Af are given by (see [15, page 304])

Jinf(Var)e™ n e 7, (6.1)

where the J,,’s are Bessel functions of the first kind. Note that the latter formula
still holds for A < 0, and will be used to establish (6.16).

Forn € N, if J, (\/X) = 0, then A is an eigenvalue of the Dirichlet Laplacian
on D, with eigenfunctions J, (v/Ar)e*"?. As every J, has infinitely many positive
zeros, we shall order them as follows: 0 < k1 <kp2 <--- <kpm <... n €N,

Therefore the eigenvalues of the Dirichlet Laplacian on the unit disc are given
by

Mngn = ki r m €Ly m > 1, (6.2)
with associated eigenfunctions
Pnm (1,0) = Jin kg mr)e™, n € Z, m = 1. 6.3)

The Neumann eigenvalues are characterized by the equation /A J, (V2) =0, A >
0. As before we order the zeros of each J, in an increasing order:

0=ky  <kgo<...<kg,<-.. (6.5)

0<k, <kpp<...<ky,<.. nxl (6.4)

Thus the eigenvalues of the Neumann Laplacian on the unit disc are given by
Ml’l,m - kl/i"mv ne Z’ ,m Z 19 (6'6)
with associated eigenfunctions,
Vnn (. 0) = T (K] )™ n € Z, m>1. (6.7)

Making use of the formula (see [15, page 306])

/112( yrd —1J’2<>+1 1—”—2 T2 () (6.8)
A L cr)r r—znc 5 2 n(C), .

we obtain the following expression for the normalized Neumann eigenfunctions

associated to the eigenvalues w, , = kl’ﬁl e

—1,2
”lz ) J|n|(k|/n\,mr) in6

2 &) e, onelZ, m=>=1. (69)

[n|,m [n|,m

W, (r,0) =712 <1 —
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Thus, by the spectral calculus, we obtain

-1
Kl = (_AN + 1)71 == Z (1 +k\%|,m> (\Dn,m7 ')an,ma

neZ,m>1
—1/2
) (lyn,m, _)einQ’

-1 n2
JK) = Zn_l/z(l +kﬁ|’m) [
n,m k

In],m
—1/2
VKD =) 727 (14 kG B ino ) w
1) = 4 + Inl,m k/2 e - n,ms
n,m In|,m
yielding
1/2
(JKD* "™ =Y 22 (14 k], B F W
1 = |n|,m 2 n,ms
m>1 In|,m
-1
. -2 n?
ITKD ™ IRy = D 4 (14K2,) (1—k/2 ) :
mzl ‘”Ism

Let us now determine the operator H.

(6.10)

6.11)

6.12)

(6.13)

(6.14)

An elementary computation yields that the solution of the boundary value prob-

lem
—Au+u=0 inD
u = e’ on C
is given by
Jin G .
un(r, 0) = DU yins.
Jin)(0)

Hence the functions ¢?, n € Z, belong to the domain of H ,and

7 .
Foind _ duy _ O (r, Q)J _ i‘lln\(l) Jind
r=1

v or i) (0)

That is, the eigenvalues of H are

. —ijl/"‘(i)
b ()

with respective associated eigenfunctions ¢/*?, Vn € Z.
Observe that each eigenvalue is a double eigenvalue except Ap.

(6.15)

(6.16)

6.17)

(6.18)



ROBIN LAPLACIAN IN THE LARGE COUPLING LIMIT 585

Set L2(C) := L2([0, 27], d9); then

D(H) = {(p e LX(C): Y il(@. ") o) < oo} ,
| nez (6.19)
Ho =Y Liu (p.e™) e vy en (i),
¢ Zzn i (0:¢") ey ¢

nez

In other words, if we set (¢;,),ecz for the Fourier coefficients of ¢ € L?(C), then
¢ € D(H) if and only if

> halel < oo (6.20)

nez

This observation leads to a full description of D(I-VI ):
Proposition 6.1.

(1) For each n € Z, we have |n| < In < |n| 4+ 1/2;
(2) It follows that ¢ € L*(C) belongs to D(H) if and only if

X:r12|cn|2 < 0.

nez

Proof. The second assertion follows from the first one, which we proceed to prove.
From the recursion relations between Bessel functions and their derivatives one
has

i )

1)
n=i———=|n|—i—F-—

i — = — Vn € Z. (6.21)
Jin)(0) Jin) (D)

Since Ju (1) = (5)" XiZo sz ¥ € N it follows that

v 1
n| < Ap < |n|+§, Vn € 7, (6.22)
which finishes the proof. 0

Now we turn our attention to compute explicitly the operators H’J K>, as they
are involved in the trace-class convergence as well as in the asymptotic develop-
ments. We shall especially prove that the limiting exponent r = 1 in Proposition 3.5
is excluded.
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Lets € (0, 3/2]. Relying on formulae (6.11), (6.19), and owing to the fact that
H3/21K1 is bounded, we obtain

~12
v . ~1 2 _
HSJKl = Z 7'[_1/2)\;‘1 (1 + k|/722\,m> (1 — kZ—) (\Ijn,m, -)e’ng

neZ,m>1 |n|,m

: . (6.23)
= > KB (W, e = 3K (B, e,

neZ,m>1 nez

where

~1,2
_ -1 n2 ~
g = /2 (1 +k|/,22‘,m) (1 ) 0= Oy W (6.24)

on
klﬂ\,m m>1

Let us note that the family W, is orthogonal in L2(D). Hence, setting

U =S 62  $,:=y ', 6.25
n L2(D) 2 n,m O Vn n ( )

Vi =

we obtain

v v . v *
HIK =Y Kyn (B, ) €™, (H“'JK1> HYJK,
nez o (6.26)
= 2733V, (b, n-

nez
In particular we derive:

Proposition 6.2.

(1) The following representation for Do holds true:

Doo = (=An+ 17" = (=Ap+ D)7 =) 27,1, (@u, Vi (627)

nez

(2) limg— oo Bl Dp — Dooll = maxuen 2715\,21)/,12.

Proof. Claim (1) is a consequence of formulae (2.6)-(6.26), whereas claim (2)
comes from Theorem 3.1 together with (6.26), in conjunction with the fact that

(I-VI JK, )*I-VI J K is compact, self-adjoint, and positive. O

Now we proceed to prove that trace-class convergence with maximal rate, i.e.,
with rate proportional to 1/, does not hold true.
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Theorem 6.3. The operator HJK; is not a Hilbert-Schmidt operator. Conse-
quently

lim B]|Dg — Doolls, = oc. (6.28)
B—o0

Proof. By [10, Theorem 2.3-b], trace-class convergence with maximal rate holds
true if and only if the operator H J K is a Hilbert-Schmidt operator. Hence we are
led to prove that | HJ K| |5, = oo.

inf

Let (f;) be an orthonormal basis of L*(D). As ("’ )n 7 is an orthonormal

NGz

basis of L2(C), we achieve

HIK\fj=) <ei”9,H lfj> inf
nez L2(0)
1 v o .
— —(H 1n0’ JK ) inf
27‘[( e 1fj o (6.29)
nez
1. .
— — (em@’ J lf]) in6
= 2 L2(C)
This yields to
7 2 L sol ing 2
VHIK [y = D 500 @ T gy | (6.30)
nez T
Thus we have:
2

2

_ 15
L2y XJ:E 2 o7

(eine’ JKIfj)

o lse .
1A, = 3 |k S, s

1 Y2 * inf 2
_ ZEAHZ'((JKQ e ,fj)LZ(D) (6.31)
nez j
1. 2
=Y —i|(JK)*e" :
e 2 L%(D)
Having formula (6.14) in mind we get
2 | K Hz = 30 | TR Py +2 82 [k e[
S L%(D) — n L2(D)
B v (6.32)
87 A2 k/?
N 2 n®n,m
= UK s + "
L*(D) Z (1+ k;zz,m)z(k;?,m _ n2)

n>1,m>1
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Now we have to investigate the behavior of k;, ,, for large n and m.
According to [22], one has, forn,m > 1,

3
3 < kym <n+2"Yaun'? + =a2n='73, (6.33)

-1/3
n+42"Ya,n 0%

where a,, is the m'" positive root of the equation

Ai(—x) = %ﬁ <J1/3 (%x%> + 1 <§x3>) -0 (6.34)

and Ai is the Airy function.

In the following, ¢ denotes different positive constants.

For large m one has a,, ~ c¢m?*? (see [1, page 450]). Accordingly, there exists
a positive constant ¢ such that forn, m > 1,

4/3

n+cem?Pn'3 < knm <n+ em®3n!3 4 em*Pn=13, (6.35)

On the other hand it is known that the zeroes of J, and J, are interlaced in the
following manner:

n<...<ky, <kom< k;z,m+1 <kpmi1 < ... (6.36)
Hence forn > 1, m > 2, one has
n+c(m— 1233 < ky o <n+ em®Pn'3 4 em* P13, (6.37)
Thus, relying on the comparison (6.37), we get

1
Z k/2 (k;l%m _ n2)

m=>2 "n,m

1
= Z 2n + cm?/3nl/3 4 cm4/3n_1/3)3(cm2/3n]/3 + cm4/3n_1/3)

m>2

1
- Z enl0B3m23(2 & em2Bn—23 & em*Bn—43)3(1 + m23n—2/3)

m>2

v

1 o0 1
cn10/3 /2 X2B Q2+ ex?Bu=2B F ex4Bn—43)3(1 + x2/3n—2/3)dx
o 1

1
nd d
cn’ /;/n U232 + cu3 + cut3)3(1 + u/3) u

1 /-oo 1 d c
~ U= —.
cnd Jo o u?BQ2 4 cu?3 4+ cut/3)3(1 4+ u?/3) n3

2
n ~ . .
Therefore E m = ooand ||HJK{]|s, = 0o, which finishes the
n,m

n>1,m>=2 "n.m

proof. O
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By the end of this section we shall utilize Theorem 5.3 to perform second order
asymptotic for the eigenvalues of Hg. Accordingly for n > 1 (respectively n = 0),
m > 1 there exist € > 0 and Bp > 0 such that the Laplacian with Robin boundary
conditions Hg, B > By has exactly two (respectively only one) eigenvalues counted
according to their multiplicities in the ball B(k%’ o €)-

Theorem 6.4. Set )»,(l/?,),,, n € N, m > 1 the eigenvalues of Hg. Then

2k> 1
Algﬂr)n = kﬁ’m — ;m + alg’zm +o0 (E) ,neN, m>1forlarge 8, (6.38)

where

401 + kg’m)kg,mkg,q (639
(I +k2 k2, —k2,) '

Upm = 2ik

VMO
A TRRE S
InG@) 1k, o

Proof. Using formulae (6.3), (6.8) and the recursion relation (see [1, page 361])
J)(z) = %Jn (z) — Ju11(2), we obtain that the normalized Dirichlet eigenfunctions

associated to the eigenvalue A, ,, = k,zl m are given by

172 Inknmt) ing. fr, 9):71—‘/2—]”(]‘"’”1” e™i". (6.40)
Jn+1(kn,m) Jn+l(kn,m)

In particular, we get

df2 _ 3fi2000)

N 0) =m

. Jr:l
or or e (6.41)
— 12 n\Knm) - tino _ __—1/2  *ind
n,m n,m .
Jn-‘rl(kn,m)
Then, for p, g € {1, 2}
0 d
ﬁ, g =2k, 8 p.q- (6.42)
ar 87‘ L2(C)
Moreover
d f12 —1y2, InGr) ying
R 2 ) = —g V2 T et 6.43
(532) == Pn g e 4
d _df, 0T T
—R(=2Ly, 1 = 2ik> s .. 6.44
(8r Cor o >L2(C) Hem ) O (649

On the other hand, setting E,, ,, for the eigenspace associated to the eigenvalue k,%’ m
we get E, , = Vect(f1, f2),and

— Jip(k .
Ei_m = Vect (@p,q(", 0) = n_l/ZM eth’ (p,q) # (£n, m)) )
Jipl+1iplg)
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Consequently
af; 0 daf; 0o
aiji = < fi fk> (ﬁ ﬂ) = 4k;‘ w0 k8 ks (6.45)
8r 8r LZ(C) ar 81" L2(C) ’
4kt
— Y aijx= Tt (6.46)
1+ kn m o EE 1+k;
dfi 3‘/’pq>
- T = 2kn mk|p|.q0£n, p, (6.47)
and
Z ( +kr2t,m) (% 3‘/’1%6/) (% 8‘/’1)4})
1+k — or’ or ar’ or
svp,qu,%m( + \P\q)( nm = Kipq) L*(0) L2(C) 6.48)
_ Z 4(1 )knm n,q
q;ém (1 + n’q)(kn’m - kyzz,q)

Finally, the desired asymptotic expansion (6.38) is immediate from Theorem 5.3
and formulae (6.42), (6.44), (6.46), (6.48). O
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