CRITERION OF THE L? BOUNDEDNESS IN DUNKL SETTING
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ABSTRACT. The purpose of this paper is to introduce a new class of singular integral operators
in the Dunkl setting which is associated with finite reflection groups on the Euclidean space.
The group structures induce two nonequivalent metrics: the Euclidean metric and the Dunkl
metric, both of which are involved in the estimates of singular integrals, the heat and Poisson
kernels. The main result is the T'1 theorem, the criterion of the L? boundedness in Dunkl
setting. The key tools used in this paper are the Meyer-type commutation Lemma and almost
orthogonal estimates in the Dunkl setting.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

It is well known that group structures enter in a decisive way in harmonic analysis. The main
purpose of this paper is to develop the theory of singular integrals in the Dunkl setting which
is associated with finite reflection groups on the Euclidean space. This particular group struc-
ture is conducting the analysis. Indeed, in the Dunkl setting, there are corresponding Dunkl
transform, translation and convolution operators. However, both Euclidean metric and Dunkl
metric are involved in the Dunkl setting. For example, the size and smoothness conditions of
kernels of the Dunkl-Riesz transforms involve both Euclidean metric and Dunkl metric. There-
fore, the Dunkl-Riesz transforms do not fall in the scope of the classical Calderon—Zygmund
theory. Motived by these particular examples, we introduce a new class of singular integral
operators in the Dunkl setting. As in the classical case, the T'1 theorem, that is, the criterion
for the boundedness on L?, is crucial. To provide the T'1 theorem, we develop the Meyer-type
commutation Lemma and almost orthogonal estimates in the Dunkl setting.

We now state the background of the Dunkl setting and main results in more details.

1.1. Background on Dunkl setting. The classical Fourier transform, initially defined on
LY(RY), extends to an isometry of L*(RY) and satisfies certain properties with translation,
dilation and rotation groups. Dunkl also introduced a similar transform (now called the Dunkl
transform), which enjoys properties similar to the classical Fourier transform. See [12]. Corre-
sponding to this new transform, Dunkl also introduced first order differential-difference opera-
tors which play the role similar to the usual partial differentiation associated with the reflection
group.

To be precise, denote the standard inner product in the Euclidean space RY by (z,y) =

N
> zjy;. Let R be a root system in RY normalized so that (o, a) = 2 for a € R with R, a
j=1

fixed positive subsystem, and G be the finite reflection group generated by the reflections o,
(o € R), where 0,2 = 7 — (o, x)a for z € RY.
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The Dunkl operators T are defined by

k() f(@) — floa())
Tf @) =03t @)+ 3, Zglaned ==yt
where eq, ..., ey are the standard unit vectors of RY.

N

The Dunkl Laplacian is defined as A := > sz, which is equivalent to
j=1

Oaf(x)  [flz) = floa(z))
Af(ﬂf) = A]WVf(.’L')‘FZK)(O&)( <Oé,$> - <CY,.Z'>2 )

a€ER

It generates the heat semigroup

(@)= e fe) = [ o) 0)ats),

where the heat kernel h;(x,y) is a C* function for all t > 0,2,y € RY and satisfies hy(z,y) =

he(y,x) > 0 and [on he(z, y)dw(y) = 1.
The Poisson semigroup is given by

P = [Tt (£8) 0%

4y U2

and u(x,t) = P, f(x), so-called the Dunkl Poisson integral, solves the boundary value problem

{ (at2 + Aa:)u(x7t) =0,
u(z,0) = f(x)

in the half-space RY, see [7].

All these tools, the Dunkl transform, Laplacian and Poisson integral together with the
Dunkl translation and convolution operators([28]), opened the door for developing the har-
monic analysis related to the Dunkl setting. For example, in [7], the Littlewood—Paley theory
was established and the Hardy space H'(R") was characterized by the area integrals, maximal
fuction and the Riesz transforms, see also [6]. The atomic decomposition of H}(RY) was pro-
vided in [14]. The boundedness of singular integral convolution operators and the Héormander
multipliers was given by [15] and [16], respectively. See [1, 2, 3, 4, 5, 11, 13, 25] for other topics
related to the Dunkl setting.

1.2. Statement of main results.

N 1
Let [|z]| := { 3 |z;|*}* be the standard norm in RN and let B(z,r) := {y e R : |lz —y|| <
j=1
r} stands for the Euclidean ball with center x € RY and radius r > 0. Let
d(z,y) = mit [z — o (y)]

be the distance between two G-orbits O(z) and O(y), which is also known as the Dunkl metric.
Obviously, d(z,y) < ||lz—y||,d(z,y) = d(y,z) and d(x,y) < d(z, z)+d(z,y) for all z,y, 2 € RY.

A non-negative multiplicity function x defined on R (the given root system in R¥) is fixed
throughout this paper. Let dw(z) = [],cp (e, )" dz be the associated measure in RY
(see for example [7]), where, here and subsequently, dz stands for the Lebesgue measure in
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RY. We denote by N = N + > k(a) the homogeneous dimension of the system. Clearly,
acR

w(B(tz,tr)) = tNw(B(z,r)) and [fon f(@)dw(z) = [pn o f(£)dw(z) for f € LYRY, w), t > 0.

Observe that for z € RY and r > 0,w(B(z,7)) ~ "V [[cr ({, 2)| + r)n(a) and hence,
inf w(B(z,1)) > c¢>0.

zeRN
Moreover,
N N
(1.1) ot 2 < M <C 2 for 0<r; <mo.
r w(B(x,r1)) ry

This implies that dw(x) satisfies the doubling and reverse doubling properties, that is, there is
a constant C' > 0 such that for all z € RV, 7 > 0 and \ > 1,

(1.2) C 'MW w(B(x,7)) < w(B(x,Ar)) < CANw(B(z,7)).

We can consider the Dunkl setting (RY, || - ||,w) as a space of homogeneous type in the sense
of Coifman and Weiss, where the measure w satisfies the doubling and the reverse doubling
properties. Let CJ(RY),n > 0, denote the space of continuous functions f with compact
support and

o @) = [l
(1'3) Hf”ﬂ'_'iig H$ __y”n < 00

Also let C"(RY), n > 0, denote the space of continuous functions f on RY with the same norm
as above.

Inspired by the Dunkl-Riesz transform, we introduce a new class of singular integral opera-
tors in the Dunkl setting (RY, || - ||,w) as follows.

Definition 1.1. Let T be an operator defined initially as a mapping from CJ(R”) to (CJ(R"Y))’
with > 0. T is said to be a Dunkl-Calderén—Zygmund singular integral operator if K(z,y),
the kernel of T', satisfies the following estimates: for some 0 < e < 1,

1 d(z,y) \*
(1.4) |K@W”5wu%mﬂ%wDQw—y0
for all x # y;
Kl ly = v'll\° 1
(1.5) VK@W)}Q’9”5<W_mQ¢4m@ﬂ%w»

for ly — /|| < d(x,y)/2;
Hx—ﬂwf 1
|z —yll/ w(B(z,d(x,y)))

(1.6) K () = K(a.y) 5 (

for ||z — /|| < d(x,y)/2.
Moreover,

@) = [ [ Kepr@omiseis)

for all f,g € CJ/(RY) with suppf N supp g = 0.
A Dunkl-Calderén—Zygmund singular integral operator is said to be the Dunkl-Calderén—
Zygmund operator if it extends to a bounded operator on L*(RY, w).
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We remark that the size and regularity conditions of the Dunkl-Calderén—Zygmund singular
integral operator are much weaker than the classical Calderén—Zygmund singular integral op-
erators given in space of homogeneous type in the sense of Coifman and Weiss since d(z, y) and
||z — y|| are not equivalent. Therefore, this new class contains all classical Calderén—Zygmund
singular integral operators. Moreover, the definition of the Dunkl-Calderén-Zygmund oper-
ators can be extended to bounded functions in C7(RY). We include the details in Section
2.

The main result of this paper is to establish a criterion of boundedness on L? for the Dunkl-
Calderon—Zygmund singular integrals, that is, the T'1 theorem, in the Dunkl setting.

To begin with, we first introduce the weak boundedness property (WBP) in the Dunkl setting
as follows.

Definition 1.2. The singular integral operator 7" with the kernel K(z,y) in Definition 1.1
satisfies the weak boundedness property if there exist 7 > 0 and C' < oo such that

(K, f)] < Cmax{w(B(zo, 7)), w(B(yo, 7))}

for all f € CH(RYN x RY) with supp(f) € B(zo,r) X B(yo, ), %0,Y0 € RN?HJC”L‘X’(]RN,LU) <
LIfGy)ll, < r 7 forall y € RY and ||f(x,-)||, < r7" for all z € RY. We denote this by
T € WBP.

We remark that the weak boundedness property defined in Definition 1.2 is different from the
classical version. Indeed, they are eqiuvalent. The reason to use this version is that the Fourier
transform was used in the proof of the Meyer-type commutation Lemma, see [23]. However,
to show this lemma on space of homogeneous type in the sense of Coifman and Weiss, this
version of WBP was first introduced in [21].

Next, we denote BMO(RY,w) by the standard BMO space on (RY, || - ||,w). That is,

BMO(RY,w) = {b e L (R, w) : ||b]|. < oo},

where

1
blls« = sup —/ b(x) — bgldw(z) < co
Il = sup —z= [ [b(a) = oot
with the supremum is taken over all Euclidean balls B = B(y,r) = {z € RN : ||z —y| < r}

and
1

bs = 55 /B b(z)dw(z).

Now we can state the T'1 theorem for the Dunkl-Calderén-Zygmund singular integral oper-
ator T by the following

Theorem 1.3. Suppose that T is a Dunkl-Calderon—Zygmund singular integral operator. Then
T extends to a bounded operator on L*(RN,w) if and only if (1) T(1) € BMO(RY, w); (2)
T*(1) € BMO(RY,w); (3) T € WBP.

The key techniques to prove this main result include the Coifman-type approximation to the
identity, the Meyer-type commutation Lemma, and new almost orthogonal estimates in the
Dunkl setting, which will be provided in Section 2. We would like to point out that the theory
of the Dunkl-Calderéon-Zygmund singular integral operator will be a crucial tool to develop
the wevelet-type decomposition and the Hardy space theory in the Dunkl setting, which will
be given by further coming paper.
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2. T1 THEOREM IN DUNKL SETTING

In this section we provide the proof of our main result Theorem 1.3. In Subsection 2.1-2.3 we
will first establish several lemmas, particularly, the almost orthogonal estimates in the Dunkl
setting.

2.1. Dunkl-Calderon—Zygmund Operators. To begin with, we first point out that the size
and regularity conditions of the Dunkl-Calderon-Zygmund operators are modelled from the
pointwise size and regularity conditions of the Dunkl-Riesz transform obtained in [19], before
which people only got the Hormander type condition for regularity. The main techniques in [19]
is to use functional calculus and apply the Dunkl heat kernel estimate obtained in [15, Theorem
3.1]. We note that there is some recent improvement on the Dunkl heat kernel estimate in [18].

Next, we note that the Dunkl-Calderén—Zygmund operators satisfies the boundedness prop-
erties analogous to the classical Calderén—Zygmund operators in the Euclidean setting.

Theorem 2.1. Suppose that T is a Dunkl-Calderén—Zygmund operator as in Definition 1.1.
Then T is bounded on LP(RN w),1 < p < oo, is of weak type (1,1), from HI(RYN w) to
LYRY, w) and from L>®(RY,w) to BMO(RY w).

Here H}(RY,w) is the Dunkl-Hardy space introduced in [7].

The proof of Theorem 2.1 is standard. We can first show that T is of weak type (1, 1) via the
Calderén—Zygmund decomposition, and the boundedness of T’ from H}(RY w) to L'(RY,w)
by atomic decomposition, and from L®(RY w) to BMO(RY, w) by duality. The only thing we
would like to mention is that in those atoms are defined in Coifman—Weiss sense defined in
terms of ||z — y|| metric see [16, 14].

2.2. Meyer-type commutation Lemma in Dunkl setting.

We now establish the Meyer-type commutation Lemma in the Dunkl setting as follows.

Lemma 2.2 (Meyer-type commutation Lemma). Suppose that T is a Dunkl-Calderén—Zygmund
singular integral operator from CJ(RY) to (CJ(RN)) satisfyingT € WBP and T(1) = 0. Then
for any M > 1, there exists a positive constant C'y; depending on M such that
1T Lo (B(wo,Mr) ) < Cat

whenever there exist xg € RN and r > 0 such that supp (¢) C B(xo,r) with |@|| pe@y ) < 1
and ||o||, < r .
Proof. Fix a function § € C*°(R) with the following properties: 6(z) = 1 for || < 1 and
O(x) = 0 for |x| > 2. Let xo(z) = 0(%) and x;1 = 1 — xo. Then ¢ = ¢y and for all
Y € CJ(RY) with supp ) C B(wg, Mr),

(T'o,) = (K(z,y), o(y)v(x)) = (K(z,y), xo(y)p(y)¥(2))

= (K(z,9), xo(W)[o(y) — o(@)]v(x)) + (K (z,9), xo(y)d(x)(x)) = p+q,
where K (z,y) is the distribution kernel of 7.

To estimate p, let A\s(z,y) = 9(@). Then
p=(K(z,y), (1 = As(z,9))x0(y)[¢(y) — ¢(x)]¢(x))
+ (K(2,9), As(z, y)x0 (W) [0(y) — ¢(@)]Y(2)) =: prs + p2s.

Since K is locally integrable on = {(x,y) € RY x RY : z # y}. By the size condition on
K(x,y) and the smoothness condition on ¢ together with the fact that if xo(y) # 0,9¥(x) # 0

(2.1)
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and 1 — A\s(z,y) # 0, then § < ||z — y|| and d(z,y) < (M + 4)r. Thus, the first term on the
right side of (2.1) satlsﬁes

\p15|—‘ [ K@ = st o)iew) - sl

- //d( w<orsayr @(B(2, d(x y)))<y|cfc($—zz//>!!>n<“x yH) |9 (x)|dw(y)dw(z)

S 1Yl @y w)-
It remains to show that zISintl) D25 = 0, that is,
—

(2.2) W (K (2, y), As (2, y)xo () [0(y) — o(@)](2)) = 0.

The weak boundedness property plays a crucial role. To this end, let {y;};cz € RY be the
maximal collection of points satisfying

Lo .
(2.3) 50 < inflly; —yell <0

By observing that {y;},ez is a maximal collection, we get that for each z € RY there exists a
point y; such that [z — y;]| < 0. Let n;(y) = 0(152L) and 7;(y) = [ mi(y)]"'n;(y). To see
=1

that 77; is well defined, it suffices to show that for any y € R”, there are only finitely many 7,
with 7;(y) # 0. This follows from the following fact: 7;(y) # 0 if and only if ||y — yj|| < 20
and hence this implies that B(y;,d) C B(y,46). Inequality (2.3) shows B(y;, %) N B(yx, 3) =0
for j # k and hence there are at most Cy points y; € RY such that B(y;, —) C B(y,46). Now
let I' = {j : 7j(y)x0(y) # 0}. Then #I' < Cr™¥/§" since supp (xo) € U B(o(zo),2r) and

oeCG
supp(7;) € B(y;,25). We write

Ms(@,y)x0 W) [6(y) — d(@)]b(x) =D Nl y)0; (W)xo(W)[b(y) — d(a)]e(x),

and
(K (2,y), As(7,y)xo(y)[6(y) — o(x)]Y(z)) = Z(K(fm ), As(@, )75 (y) xo(¥) [6(y) — () ]P(z)).

It is then easy to check that supp(As(z, )7, (y)xo(y)[¢(y) — ¢()]Y(x)) € B(y;,49) x B(y;, 20)

and
1A (2, )7 (¥)x0 () [6(y) — ()] (2)]] oo ) < C07,

where C' is a constant depending only on 6, ¢, 1, xg, and r but not on ¢ and j.
We claim that

(2.4) [As (5 ) (¥)xo (W) [0(y) — o) (s S 1,
and
(2.5) [As(z, )5 (-)x0 () [0(-) — @(z)]d (), S 1.

Assuming (2.4) and (2.5) for the moment, since 7' € W BP, we have
(K (2, ), As(z, y)xo(y)[0(y) — ¢(x)]v(x))]
< 2 K (@), 2@ ) ()0 (1) [9(y) — d()]v ()]
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N
< Z B(y;,40))0" < 5—supw(B(yj, 1))6V 6"
jer
< supw(B(y;, 1))rVe".
jer

Hence, (2.2) holds.
It remains to show (2.4) and (2.5). To check (2.4), it suffices to show that for given z,z5 €
RY with ||z, — 2| < 9,

175 () x0 W As (21, 9)[@(y) = dlw)]ib(x1) = As(2, Y)[0(y) — d(wa)[9(w2)] S 21 = o[,
since if ||z1 — x| > J, then the expansion on the left above is clearly bounded by
175 () x0 (W) {1 As (21, 9)[9(y) — d(a)]ib(z1)] + | As(x2, y)[P(y) — d(a2)]tb(2)[}
S 07 < ey — 2"
By the construction of 7j;, it follows that |7;(y)xo(y)| < 1 for all y € RY. Thus

17 ()Xo (W) As (21, y)[0(y) — d(x1)]Y(21) — As(22,y)[D(y) — d(x2) ]9 (22)]
< sl 9)[o(y) — o) (1) — As(w2, ) [0(y) — ¢(2)]1h(x2))|
< s, y) = M@, y)l[0(y) — d(@1)] ()| + [As(22, y)[@(21) — d(2)]eb (1)

+ [As(22,9)[6(y) — b(x2)][1o(x1) — P(a2))|
= Il + ]2 + ]3

Recall that |21 — xo| < 6. If ||z1 — y|| > 40, then A\s(z1,y) = As(z2,y) = 0, so I; = 0. Thus
we may assume that [|z; — y|| < 40,

T, — Lo — _
e T T e Py P )

since we may assume n < 1. Terms [, and I3 are easy to estimate:
I+ I3 S lz — ",

since we may assume that § < 1.
To check (2.5) it suffices to show that for y,y, € RY with |ly; — o < 9,

[As (@, 1) (Y1) xo(y1)[@(y1) — &(@)]eh(x) = As (@, 52)7; (y2) X0 (2) [0 (y2) — O(2)]h(2)] S |yr — v
Similarly, if ||y; — y2|| = J, then the expansion on the left-hand side above is bounded by

[ As(z, y0)7 (Y1) xo (Y1) [@(y1) — o(@)]U ()] + [As(z, y2)7;(y2) xo(y2) [6(y2) — d(z)]ib(2)]
ST <y — 2"
Hence, suppose ||y — y2|| < 0 and write
[As (2, y2)75 (1) xo(yn) [0(y1) — d(a)]ib(x) — As(, y2)7
< |/\5($,y1) — As(@,2) [0 (y1) x0(y1)
+ ‘)\6(357312)[77]'(341) — 15 (y2)]x0(y1)
+ | Xs (@, 2)7; (w2) [xo (1)

- Xo
+ ‘)\6(1773/2)773‘@2))(0@2)[ (y1) —
= 1) + I, + IIs + 1l,.

(Y2)X0(y2) [6(y2) — o(2)]Y ()]
|
|
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If ||z — ]| > 46, then As(x,y1) = As(z,y2) = 0, so II} = Il = II3 = II, = 0. Thus we may
assume that ||z — y|| < 49,

[z — il llz— e _
m g (Bl o=l < — ) - gl
And
yi =yl llye =yl _
m, 5 Wl W=l < 7 — < o el
Similarly,
d(yi,z0)  d(y2; o) - -
II; < i lyr — " S 6" d(yn, y2) S 0" Hlyn = vall S llyn — w2l

It is clear that
11y <l — 1™

This completes the proofs of (2.4) and (2.5), and thus, we obtain |p| < ||¥]| L1 (&~ -
To finish the proof of Lemma 2.2, we now estimate ¢. It suffices to show that for x € B(zo, ),

(2.6) Txo(z)| S 1.
To see this, it is easy to check that ¢ = (T'xo, ¢?), and hence (2.6) implies
gl < I Tx0ll o (B(zor) ) 19V L1 (Bor)w) S 1 L1 @Y w)-
To show (2.6), let ¢» € C"(RY) with supp(¢)) C B(wo,r) and [,y ¢(z)dw(z) = 0. By the facts
that 7'(1) = 0 and [,n 9(x)dw(z) = 0, we obtain

(ol = | = | = | [ [ 1K) = Koo phatete)ds st

Observe that the supports of y; and ¥ imply d(y, z¢) > 2r and ||x — z¢|| < r, respectively. The
smoothness condition of K yields

1 2 — o]\
el e () @l

d(y,x0)>2r>2||z—x0||

S N s ) o)

d(y,z0)>2r>2||z—x0||
S [ W@deta)
RN

This implies that T'xo(z) = a + y(z) for x € B(xzo,r) with « is a constant depending on g
and ||v(2)|| oo ) < Co for some constant Cp independent of xo. To estimate a, choose ¢ €
CJ(RY) with supp ¢ C B(xo,7),0 < ¢ < 1, o], <777 and fRN o(x)dw(z) = Clw(B(zo, 1)),
for some constant C independent of . We then use T'€ W BP to get

Cro(B(ao, 7)) + / (@) (@)du(z)| = |(Txo, 0| < Clo(Blzo, 1),

RN

which implies |a] < Cp + c% and hence, the proof of Lemma 2.2 is complete. O
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We remark that the Meyer-type commutation Lemma was first proved in [23]. Then this
lemma was used in [10] for proving the Th Theorem on spaces of homogeneous type in the
sense of Coifman and Weiss, and in [29] for giving a new proof of the 7'1 Theorem on non-
homogeneous spaces. Moreover, if the operator 7" and functions ¢, x, satisfy the conditions as
given in Lemma 2.2, then T'¢(z) is a locally bounded function rather than a distribution. This
fact will play a crucial role in the proof of Theorem 2.3 below.

2.3. Boundedness of Dunkl-Calderén—Zygmund operators on smooth molecules. It
is well known that in the classical case, the almost orthogonal estimates are fundamental tools
for the proof of the T'1 theorem. The following result provides such a tool in the Dunkl setting.

Theorem 2.3. Suppose that T is the singular integral operator as in Definition 1.1. Suppose
further that T(1) = T*(1) = 0 and T € WBP. Then T maps M(S,~,r,z0) to M(5,v',7,x0)
with 0 < § < e,0 < <y < e, where € is the exponent of the reqularity of the kernel of T.
Moreover, there exists a constant C such that

||T(f>||l\~4l(ﬁ7'y’,r,;c0) < C||f||M(By’YyT7IO)‘
Here M(S, v, r, xo) and M(ﬁ, v, 1, o) are defined by following.

Definition 2.4. A function f(x) is said to be a smooth molecule for 0 < < 1,7 > 0,7 > 0
and some fixed zo € RY, if f(z) satisfies the following conditions:

1 r !
(2.7) F@)l < CV(Jc,xo,r + d(z,20)) <7’ + ||z - on) |

o= < () P )

28) : vr20,7 4 d(z,70)) \r o = a0l
' n 1 ( r )7}
V(! xo,r + d(a',x0)) \1 + ||/ — 0| '

(2.9) f(z)dw(x) = 0.

RN
If f(z) is a smooth molecule, we denote by f € M(f,v,r, z9) and define the norm of f by
| flInas,r.r0) := inf{C : (2.7) — (2.8) hold}.

If the Euclidean metric is replaced by the Dunkl metric in some places, then we have the
following.

Definition 2.5. A function f(z) is said to be a weak smooth molecule for 0 < g < 1,7 >
0,7 > 0 and some fixed 2y € RY, if f(z) satisfies the following conditions:

: (raag)
V(z,zo,m + d(z,20)) \r + d(x,20)/

[F(@) = f(@)] < C<Hx _r x/H)B{V(x,xo,rird(a:,xo)) <T+ dz’%ﬂﬁo))7

+ : (raea) b
V(! xo,r + d(a', x9)) \r + d(2', z0) ’

(2.10) f@)]<C

(2.12) f(z)dw(z) = 0.

RN
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If f(x) is a weak smooth molecule, we denote f(z) by f € M(8, 7,7, zy) and define the norm
of f by || fllfasray = nf{C : (2.10) — (2.11) hold}.

It is easy to see that M(S,~,r,xo) C M(B,~,r,xo). In the classical case, to provide the
boundedness from HP(RY) to HP(RY), the molecule was first introduced in [9]. In [23], to
show the classical Calderén—Zygmund operators form an algebra, Meyer introduced the smooth
atom. Indeed, the smooth atom has no compact support. The smooth molecule defined in 2.4
is the version of Meyer’s smooth atom in the Dunkl setting. In [14] following estimates were
provided:

1 t
V(z,y,t +d(z,y)) t + |z —y’

(213) 07 020 i, y)] S

where p; is the Poisson kernel.
These estimates indicade that ¢(z,y) = t%pt(x, y) for all z,y € RY and t > 0, satisfy the
following conditions:

1 t
(ii) |@(z,y) — a2’ y)|
|l — 2| ( 1 t N 1 t )
t Viz,y,t +d(z,y))t+ |z —yl| V(' yt+da,y)t+ |z —yll/’
o
< ly —v II( 1 t N 1 t )
) [ alendew) = [ a s =0
R

RN

(1) la(z, )| <

~

And ¢y (z,y) for all z,y € RV, t > 0 also satisfy the similar conditions as ¢;(z,y) but ¥ (x,y)
is supported in {(z,y) : d(x,y) < t}, see [14] for more details. Thus, both ¢ (z,y) and ¥y (z,y)
are smooth molecules in M(1,1,¢,y) for any fixed y and M(1,1,¢,z) for any fixed z.

Proof of Theorem 2.3. Suppose that f(x) is a smooth molecule in M(5,~,r, xy), we will
show that | T(f)lzes.rrwe) < CllfIMs7m20), Where 0 < f < £,0 <y <9 <€ and ¢ is the
exponent of the regularity of the kernel of 7. We first estimate the size condition for 7'f(z).

To this end, we consider two cases: Case (1): d(x,zo) < br and Case (2): d(x,z9) = R > br.
For the first case, set 1 = £(y) + n(y), where £(y) = 0(%) with 6 € C3°(R),60(z) =1 for

|z]] <1 and §(z) = 0 for ||z|| > 2. Applying Lemma 2.2, we write

Tf(x) = (K(z,), (€y) +n) f(y))
= [ Kansm) ) = Fe)dsty) + F@) (K .). 60)

+ [ K(x,y)n(y) f(y)dw(y)

RN
==. Il + [2 + [3.
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Applying the size condition for the kernel K (z,y) in (1.4) and the smoothness condition for
f in (2.8), we have

Ll < / o K] 1)~ @)

< 1

d(z, y) \? ([l =yl 1
N/d(a:,y)<20r w(B(xad(x,y)))(llx—ymI) ( T?J > {V(y,wo,“rd(y,wo))

r g 1 r
8 (T + |y — x0||) i V(z,zo, 7 + d(z,z0)) <7‘ + ||z — x0|]> }dw(y).
Note that if d(y, z) < 20r and d(x, xo) < 5r, then w(B(y, r+d(z, z¢))) ~ w(B(z, r+d(z, xq))).
Thus, we obtain
1 1 1
BV (@, z0, 7+ d(x, 7)) /d(m,y)SZOT (B(z,d(x,y)))
< L < ( ) _
~ Vi(x,xo,r+d(z,z0)) ~ Vi, xo,r+d x,x0)) \1 + d(x, o)
Similar to the proof of (2.6) in Lemma 2.2, we can get |T(£)(z)| < 1 and thus
1 r gl
LsV@ls V(z,xo,r + d(z,x0)) (r + d(x,xo)) '

For the last term I3, observing that d(x,z,) < 5r and the support of n(y) is contained in
{y | d(y,z0) > 10r}, so d(z,y) = br and d(z,y) ~ d(y, xo), and thus,

1 1 T Y
I3 < d
L= awwo)>10r W(B(x,d(x,y))) V(y, o, + d(y, 20)) <T‘ + [ly — a:oll> w ()

d(z, y)>5r

L] S — d(x, )’ dw(y)

1 r gl
/dy z0)=10r W(B(20, d(y, 20))) (d(% x0)> dw(y)

o (o)
w(B(z,r)) ~ V(x, xo,r—i-d(x x0)) \r + d(x, z0)
Case 2. d(z,z9) = R > br.
Set 1 = I(y) + J(y) + L(y), where I(y) = 9(—16d§§/’x)),J(y) = 9(—16d(g’x°)) and fi(y) =

1(y) [ (), f2(y) = J(y) [ (y) and f3(y) = L(y) f (y)-

Observing that, if y is in the support of fi(y), then d(y,zo) ~ d(z,z9) = R, and thus,

0 1A S 10— (r+ ) S (5)
@) [ Al s [ o TG (o) @ 5 ()
i) 1) = o) 5 () s (7)

i) [ pekows [ V(y’mo,rid(m)) () ) % (5)
By the fact [, f(y)dw(y) =0, we have

| [ e =]~ [ o) - [ )] ()"
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We first estimate T'f;(x) as follows.
Set u(y) = 9(%}%@). Then fi(y) = u(y) fi(y). By using Lemma 2.2, we have

Tfi(x) = (K(z,y)u(y) f1(y)) = . K (z,y)u()[fi(y) = fi(@)]dw(y) + fi(2) (K (2, ), ul-))
=1+ 1II.
Similar to the proof of (2.6) in Lemma 2.2, we can get |T'(u)(z)| < 1 and thus

1 r 7
I < < '
| | ~ |f(l‘)| ~ V(Z’,l’o,r_{'d(z?'xo)) <T+d x,$0)>

For the term I, we write it in two parts.

= / K, 9)u(y) [ (y) — fr(@)dw(y) + / K (e, y)u()[i(y) — fl@)]do(y)
d(z,y)<r r

<d(z,y)<R

== Il + IQ.
Applying the size condition on the kernel K (z,y) and the property (iii) above implies that

d(z.) \# (llz ol o
hi= /d@,y)gr oy ) ) vemmamay (@) 0

T\ d(z,y)\?
N V(:v,xo,ld(x,xo)) (}_%> /d(x,y)gr w(B(.r,il(a:,y))) ( r ’ ) duw(y)
< i Gran )
V(z,xg,r + d(z,x0)) \r + d(z, z0)

Applying the size conditions for the kernel K (z,y) and property (i) above, we obtain that
for 0 =~ —+/,

wsf —iy () A+ @) sty

ly — =]

r\" 5
S V(x,xo,d(x, x0)) <}_B> (%) /d(z,yK{f W(B(ﬁjl(x’y)))d(%yﬁdw(y)

<R vormioa
1

S V(z,x,d(z, z0)) ('r + d?x, xo)>W '

To estimate T f5(z), we decompose it in two parts.

T fo(x) = /RN [K(z,y) — K(z, 0)]f2(y)dw(y)dy + K (z, o) . fo(y)dw(y) =: I + 1.

By the estimate in (v) above,

r\7 1 r\7 1 r v
IL| < |K —) < —) < .
ZERN (x’x(’)'(}z) ~ w<B(x,d(a;,x0)))<R) ~ V(x,xo,d(x,xo))(r+d(x,x0)>
For the term II;, we write it by

m=([ )0) = Ko alg)dly) = I + T
ly—zoll<% d(y,0)<E<ly—ol|
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Applying the size condition for f, and the smoothness condition on the kernel K(z,y) in
(1.5) with ||y — 20| < 2d(z, 20) for term II1; implies that

1 ly — zo||\" T g 1
I 5/ de
SN A T\ al) i) Tomrram e

1 r\7 r 7' 1
< — dw
~ w(B(x,d(z,xg))) (R) /d(y,xo)<§ (7" + |ly — .CE0H> V(y, zo,m + d(y, x0)) (y)

1 r ¥
S V(z, xq,d(z,x0)) (7’ +d(x, xo)) '

For the term II5, since d(y,zo) < % implies d(z,y) > d(z,z0) — d(y,xo) = %d(x,a:o).
Applying the size conditions for the kernel K (x,y) and K(x,xq) yields

1 1
|I]12| S, L(y,x0)<§<|yzo {W(B(xv d(ZE, y))) * W(B(x’ d(ﬂf, .’Bo))) }
, 1

x <r + |y — x0||> V(y, xo,r + d(y,xo))dw(y)

1 \" r 7= 1
SW(B(x,d(x,xo)))<}_%> /RN (m) V(y,xo,r+d(y,x0))d‘*’(y>

S )
~ Vi(x,xo,d(x, x0)) \r +d(x,20)/

Finally,

1 r Y 1
Tfs(y)| < /d@’m);%, w(B(z,d(z,y))) (r + |ly — :v0||> V(y,:ro,d(y,:vo))dw Y)

SR

d(y,z0)2 1§
1 r Y 1
S SBw d(a,0)) /ﬂy,wg (T.0) Voramdt ™
1 r\7Y
S w(B(z,d(x,x0))) (}_%>

SV rae)
~ V(x,xo,d(x,x0)) \r + d(x,20)/)
It remains to show the regularity of T'(f), that is, the following estimate:

Tf(x) =Tf(')| < (Hx ; - >B{V(x, Xo, T :— d(x,x0)) <r + dznx,xo)y
1 r ¥
V(a!, xo,r + d(a, z0)) <r+d(m’,x0)> }

Observing that we only need to consider the case where ||z —2’|| < 557 Indeed, if ||z —2/|| >
57, by the size estimate of T(f),

/

/

+

/

/ 1 " !
|Tf(:L') — Tf(l’ )l 5 V(l‘, To,T + d($,$0)) (T + d(l‘, :L‘O))
" : ()

V(! zo,r + d(2z',z0)) \r 4+ d(2', 29)/

which gives the desired regularity estimate of T'(f).

’
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Set ||z — 2/|| = 6 < 557 We will consider it in the following two cases: d(z,29) = R > 10r
and d(x,zq) < 10r.
Case (1): d(z,29) = R > 10r. Let I(y) = (%2 J(y) = 1 — I(y). Denote fi(y) =

IW)f (), f(y) = TW)f (). Tet u(y) = 0(1%2) and v(y) = 1 — u(y). Write
Thix)= | K(x,y)uy)fily) = h(@)]doly) + [ K@,y)[v)fiy) +uly) fi()]do(y)

=:p(z) +q(z).

Since u(y) is supported in {y d(z,y) < 40}, we have

d(z,y) \ P /|lz — yl[\#
?) d(wy<4aw fﬂ‘d(ya )))<||96—i//||)< Ty)

r gl 1 r R
{V (y, xo, 7 + d(y, 7)) <'r’ + d(y, x0)> * V(z, zg,r + d(z,20)) <'r’ +d(z, xo)) }dw(y)

1A\

X

S T%V(x xo, T :— d(:v o)) (r + d(x, J;O)>7 /d(x,y)@(; w(B(z, il(y, z))) (d(x, Z/))ﬂdw@/)
0\~ r g
S <;> V(x xg,r—l—d(x xo)) (7‘+d(m,xo)) ’

since d(y, z) < 1R and d(z, z9) = R, so d(y,z) ~ d(z, zo).
If replacing x by 2, we still have

N5 () () T Ty

Therefore,

) r gl 1
A
Ip(z) =Pl 5 (r) (r + d(z, :r;o)> V(z,xo,r +d(z,x0))
Observing that by 7'(1) = 0, we can write

o(@) — qla’) = / K@)~ KRG - A@)e)

@)~ A@) [ K pul)ds)
=: I+ 1I. ’
Similar to the proof of (2.6) in Lemma 2.2, we can get |T'(u)(2")] < 1 and thus
'S [ fi(z) = fula)]

<O vemrraem raem) it
~\r/) \WV(z,z,r + d(z,20)) \r + d(x, x0) V(2! xo, 7 + d(a,x0)) \r +d
For term I, applying the smoothness condition of K(z,y) with ||z —2'| =0 <
the smoothness condition for f; implies that
1 x—a'|\e/lly — x|\ P 1 r\7
< / (II ||> (II ||> (_) deo(y)
d(z,y)>26 w(B(m,d(y,x))) ||:E _yH r V(I‘,:L‘Q,d(l’,l‘o)) R
€ 1 1 1
e (—] / dly)
rO\r +d(z,x0)/ V2, 20,7+ d(2,20)) Jagey)z26 @(B(z,d(y, x))) (d(z, y))*"
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) r g
S (;)BV(Q:, xo, T :— d(x,x0)) (7" +d(x, xo)) ’

since d(y,zo) ~ d(z,xg). The estimates of I and II gives the desired estimate for T'f;(z) —
Tfi(z').

To see the estimate for T fo(2) =T f2('), note that if fo(y) # 0, then d(z,y) > §R > 2|lz—2'||.
Therefore,

1 |z — 2’| \¢ 1 r v
S’/uu )>3R W(B@,d(y,x)))(Hx—yH) V(’y;xoﬂ”-i-d(y,xo))<T+d(y,x0)> dw(y)

) ' 1 1 r v

: <E) w(B(x,d(x,0))) /]RN V(y, o, + d(y, xo)) <7’—|—d(y,a:0)> deoly)
0\¢ r € 1

e <;) <T+d($7fﬂ0)> w(B(z,d(z,20)))
0\~ 1 r g

S (;) V(z, zo, 7+ d(z, z0)) <r+d(x,x0)> '

qx)= [ K(z,y)f(y)ny)dw(y) + f(x) [ K(z,y)é(y)dw(y).

RN RN

Applying the size condition for K (x,y) and the smoothness condition for f implies that

! d(z,9) \# (llz — l\?
’W)'S/d@,y)@osw(B(x,d(x,y»)(nx—iu) ()

o e o e
Voo diy.0) \r Ty = o]

1 T il
Ve, v + d(z, 20))) <r + ||z — x0||) }dw@/)

1 1 5
(V(x,20,7)) /d(x,y)gmé w(B(z,d(z,y))) (d(z,9))" dw(y)

<1
erg

<) vemrrame raea)
~\r/) V(x,xe,r+d(x,x0)) \r + d(z,20)/
Repeating the same proof implies that

PEO'S (gij(x, X, T :— d(x, o)) (r + d7(aa:, :1:0))7'

Similarly, by T'(1) = 0, we have q(z) — q(z) =: I + II with

- / K (2 y) = K )l o) - f@)de(y),
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II=[f(x)— f(=")] | K y)¢(y)dw(y).

RN
Observing that if d(y,z) > 56, then

/ 5 e 1
K(e) = Kl S (=) S0 T

and
1

r )’7
Y, Zo, T + d(ya :L‘U)) <7” + ||y - xOH

r

10— s (E2) {4

* V : ( r )7}
(x,z0,7 + d(x,20))) \7 + || — 20| '
Note that r + d(z,z¢) < v+ d(y, o), therefore

52 : / 1 ()
~ ok V(l’7 To, T + d(l‘, $0))) d(y,x)>56 d(ya x)e—ﬁ W(B(ZL’, d(ya l’)))

< (5>ﬁ 1 ( r )7

~\r/) V(x,xo,r+d(x,x0))) \r +d(,20)/
Similar to the proof of (2.6) in Lemma 2.2, we can get |T(¢)(2")] < 1 and thus
o\ B

‘[[]S]f(:c)—f(l"/)‘g(;) {V(x xo,r+d:ca:o ( +d~””30>

+ : ( )}
V(2 zg,r + d(x', x0))) T—i—d (2, z0)
Finally, by the fact 7%(1) = 0, then [,y T'(f)(z)dw(x) = 0.
The proof of Theorem 2.3 is complete. 0

2.4. Proof of the 71 Theorem.

To show Theorem 1.3, the T'1 theorem, observe that the necessary conditions of the T'1
theorem follow from Theorem 2.1, namely T'(1),7*(1) € BMO(RY,w) and T € W BP by the
definition of the weak boundedness of property.

To show the sufficent conditions of Theorem 1.3, we need to first extend T' to a continuous
linear operator from A*(R™) N L?(RY,w) into (C5(RY))’, where A*(RY) denotes the closure
of CJ/(RY) with respect to the norm || - ||s,0 < s < 7, given in (1.3). To be precise, given
g € C5(RY),0 < s < 1, with the support contained in a ball B(zg,7), and set § € C§(R")
with 6(z) = 1 for d(z,x¢) < 2r and 0(z) = 0 for d(z,x) > 4r. Given f € A*(RY) N L?(RY,w),
we write

(T'f,9) =(T(0f),9) +{T((1=0)[),g).
The first term on the right side above makes sense since 0f € C5(RY). To see that the second
term is also well defined, by the size condition of K(x,y) and the fact f € L*(RY,w) together
with the doubling and the reverse doubling conditions of the measure w, we first write

(T((1-0)f),9) —/RN g(%)/{ . }K(x,y)(l—Q(y))f(y)dW(y) dw ().

By Holder’s inequality,

'LMW»dmmwu—wwﬁ@mmw]
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[un

S Wz ( [ K () Pdo(y))
{y:d(z,y)>r}

> 1 3
dw(y
Z/{mgd(m,y)@jﬂr} w(B(r,d(z,y)))? ( )>

()

20r<d(z,y)<29t1r} W

A
=
5
=
=
£
/N /N VRS N
<.
ngL
ﬁ\

where the last inequality follows from the fact that inf w(B(x,r)) > 0.

This implies that (T'((1 — 6)f), g) is well defined. Moreover, this extension is independent
of the choice of 6.

We now describe the properties of Coifman’s approximation to the identity acting on A*(R™)N
L*(RY,w). Let’s begin with considering (RY, ||-||,w) as space of homogeneous type in the sense
of Coifman and Weiss. Note that the measure w satisfies the doubling and the reverse doubling
properties. Therefore, in this case, the Littlewood—Paley theory has already established in [20].
We recall main results for (RY, || - ||,w) ([20]). Here and throughout, V() always denotes the
measure w(B(x,27%)) for k € Z and 2 € RY. We also denote by V(z,y) = w(B(z, |z — y||))
for 2,y € RN, Let 6 : R — [0,1] be a smooth function which is 1 for ||z|| < 1 and vanishes
for ||z|| > 2. Applying the construction of Coifman’s approximation to the identity, we define

Tu(f)(x) = [on 02|z — yl) f(y)dw(y), k € Z. Let My be the operator of multiplication by
My (z) = m and let W}, be the operator of multiplication by Wy(z) := [Tk(ﬁ(l))(a:)}_l
Coifman’s approximation to the identity is constructed by Sy = M1 Wi T, My, where the

kernel of Sy is

Sk(w,y) = | Mi(2)0(2" ||z — 2 )Wi(2)0(2" 12 — yl|) Mi(y)dew(2).

R’I’L

In [20], it was proved that kernels Si(z,y) defined on RY x RY satisfy the following properties.

(i) Sk(x7y) = Sk(yvr);

(i) Su(w,y) = 0 [l — yll > 2% and |Su(x,y)| € ——O

V(@) + Valy)’

2z — 2|
iii) |Sk(z,y) — Sk(2',y)| < C—F———F~ for ||z — 2| < 287°F;
(iii) [Sk(z,y) k(' y)l Vie(x) + Vi(y) | |
2|y — /|

(iv) [Se(z,y) — Sk(z,y)| < C for ||y —y'|| < 287

Vi(@) + Vi(y)

(V) |[Sk(z,y) = Sz, y)] — [Se(z,y') — Su(@’,y)]| < C
for || — /]| < 25 and |}y — /|| < 27

(vi) /RN Sk(x,y)dw(z) =1 for all y € RY;

2| — 2’| 25 |ly — /|
Vie(z) + Vi(y)

(vii) Sk(x,y)dw(y) =1 for all z € RY.
RN
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Coifman’s decomposition of the identity on L*(RY, w) is given as follows. Let Dy, := S;, —
Sy_1. The identity operator I on L?(RY w) can be written as

I = Z D, = Z Z DyD; =Ty + Ry,

k=—00 k=—o00 j=—00
where Ty = > DpyDM with DM = >, Dy and Ry = > DyD;. It is
keZ {j€Z:|j|I<M} {4,k€Z: |k—j|>M}

known, see [20], that there exists a constant C' such that
1
Vink(2) + Vine(y)’

(2.14) |D; Dy.(x,y)| < C277H

where j A k = min{j, k}.
This estimate implies ||D;Dg| 2@y w)sr2@n w) S 2-1i=k By the Cotlar-Stein Lemma we
obtain

IRa ()| 22y w0y < C27Y| Fll 2@y )

and then for a fixed large M, T},', the inverse of Ty, is bounded on L*(R™, w). This yields
that Ty converges to the identity in the L*(R™,w)-norm and moreover,

[=Ty'Ty= Y Ty'DYDy=TyTy' = Y DDy,  inL*RY,w).
k=—0o0 k=—oc0

The following lemma describes the properties of operators Ty, acting on A®.

Lemma 2.6. Suppose 0 < s < % Then (i) Tay = >, DiDM converges uniformly and in the

k=—o00

norm of A*(RN); (i) Ty is bounded on A*(RY); (iii) || Tar — I||s — 0 as M — +oo.
To prove Lemma 2.6, we need the following estimates for Dy, and D).

Lemma 2.7. Let0 < s < 1. Then (i) | Dif| 1@ ) S 2751 Fllsr (60) 1Dk flls S 25| 1l oo v )
(ii) [|1Diflls S 24 flls if 0 < s < B <1y (iv) DY flls S MIIfs-

Proof. For (i), the cancellations of Dy, gives
Dif(z)= | De(@.9)lf(y) = fl@)ldw(y).

Since Dy(x,y) = 0 for ||x — y|| = 247*, the size condition of D}, and the smoothness condition
of f yield

1
l—yl<24—+ Vi(®) + Vi(y)

For (ii), the smoothness condition of Dy, gives

/RN(Dk(x, 2) — Di(y, 2)) f(2)dw(2)

2"z — y|)®
< W fllomier o)),
([ )

which implies || Dy f||s < 2kSHfHLoo(RN7w).

D f (@)l S I f1ls lz = yll*dw(y) < 27| £]ls-

| Dy f(z) = Def(y)| =
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261@

To estimate (iii), if ||z — y|| < using the the cancellations of Dy and the smoothness

condition of f, we get

| Dief(x) = Dif(y)| = /RN [Di(, 2) = Di(y, 2)1[f (2) = f()]dw(2)

Qe —yl)”
. </”$—Z<24’“+4y—zl<24k)vk(a:) +Vk(2>Hx 2[I°11 f || sdw(2)

< llz = ylIP25 = £l

When [lz —y|| > 2°7, (i) gives [Dyf(2) — Dif(y)] S 275 f]ls < llx — yP25C=| £
(iii) follows from these estimates. The estimate of (iv) follows from (iii) with § = s. O

We now show Lemma 2.6.

Proof of Lemma 2.6. We first show that Ty (f)(z) = . DiDM(f)(x) is well defined on

k=—o0

A*(RY). To this end, let f € CJ with n > s and set Gy f(z) := DyDM f(z). Observe that
if f e Cf then f € L*(RY,w) and hence, ||DY(f)lpi@®yw < CM|fllpe@y - By (iv),
1D (f)lly < Ml Therefore,

G =| [ Dt D (1))

1 1
<C— s 5} W 2Nk— [e5} w <2Nk [e’s} w
Ty W@y S 2707 @) S 2701 Nl @

since iano(a:) > C > 0. And

GuN@I=| [ DD (Nwaew)| =] [ DileanlDX () - DE(D]det
Sl [ 1D lle = sldets) S 270

These two estimates imply that if f € CJ(R"™) then the series > DyDM(f)(z) converges

k=—oc0
uniformly. Moreover, for given z,y € RY, choose ky € Z such that 277 < ||z — y|| < 27%+L
Then by using Lemma 2.7 and by splitting the sum over k into the sum over k > kg and k < kK,
we obtain that

o0

Y [Gif(z) - ka(y)]‘ S 2700 flls +2°C e =y 171 f 1l S Nz =yl I s

k=—o00

Hence if f € CJ(RY) with n > s, then the series > DD} f converges in A*(RY) norm.
k

(2.15)

Observe that CJ(RY) with > s is dense in A*(R"). This implies that T}, extends to A%(RY).

Indeed, if f € A*(RY), then there exists a sequence f, € Cf/,n > s, such that || f,, — f]|s tends

to zero as n tends to oo. Let Ty (f)(z) = lim Ty (f,)(x). Then Ty is bounded on A*(RY) and
n—oo

moreover, || Ta(f)lls < [ f]ls for f € A*(RY).
To show || Ty — I||s — 0 as M — +o0, it is sufficient to prove the operator norm

| Rl as @ ysas@yy — 0
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as M — +oo. To this end, we rewrite

Ryuf= ) > DiDj= > > DiDpwf

k=—o0 {j€Z: |k—3|>M} {leZ: |4|>M} k=—o0
= Y Dill =Spran)f+ Y DiSi-airf.
k=—oc0 k=—o00

Since [,y Sk(x,y)dw(y) =1 for k € Z, we have

(1 = Sknr) f(2)] =

Sont(a ) (@) — f(y)]dw(y)‘ < OO g

RN

and hence [|(I — Sgiar) [l ooy o) < C27MFR5|| F|,. This estimate together with Lemma 2.7

and applying the same proof for (2.15) imply that || > Dk(I—Sk+M)f||8 < 27Ms) f||5, which
k=—0oc0

RN)—>OasM—>—|—oo.

gives H k; Dy (I — Sk+M)| AS @YY AS

To estimate Y DypSk_n—1f, the second term of Ry, f, let Hyf = DpSk_a—1f and denote

k=—oc0
Hy(z,y) by the kernel of Hy. Then [,y Hy(x,y)dw(y) = DpSk—pm-1(1) = Di(1) = 0 and
Hy(z,y) = 0 if ||z — y|| = 26~ By the cancellation of D, and the smothness of S__1,
/ D, 2) [k ar1(2,9) — Sy (9)]de(2)
R

A ]
< C/ V X -1 dw z
‘x_z‘gp_k( k() V(@) (2)

< OQ_M(Vk_M_l(ZL‘))_I.

|H(z,y)| =

Thus, for f € AS(RY),

| Hf ()| =

- Hi(z,y)[f(y) — f(x)]dw(y)

<C 27N (Vi ar—1(2)) "z =yl 1L/ [l sde (y)

jo—yl<26- (620
< o2~ M2 e ]
This implies that
(2.16) 1 Hf || ooy S 2742707202 7.
If |z — 2'|| < 26 M) then
|Hi(,y) — Hi(2',y)]

/RN [Dk(l‘, z) — Dy(2, Z)}Sk—M—l(Z,y)dw(z)

2"z — 2|
Ue—21<22~% Vi (1) + Vi (2)

lla! —=[|<22—F}

< C2¥|z — o' (Viep—1 () "

(2.17)

<O (Vienr—1(y))'dw(2)
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For ||z — y| < 26=%=M) applying (2.17) yields

|Hif(x) = Hef(y)| = [Hi(, 2) = Hi(y, 2)][f (2) — f(x)]dw(z)

|—]RN

S sy 28 = 0l Viara0) o = 2111 ()

lly—z[| <26~ (=)
< 227Dl — g £l
For ||z — y| > 26-%=M) the estimate (2.16) implies
|[Hiof () = Hif(y)l S 2712707802 £l € 28270205 [ — yl| £
These estimates imply that Hg(f)(x) is in A*(R"Y) with the norm bounded by

(2.18) |H fll S 26275200 7.
Using the fact that || f||z < ||f||Loo (BN ||f|| ,0 < 8 < 1, the estimates (2.16) and (2.18) yield
(2.19) | Hifllg S 2702027 (mADE=00 £

Given z,y € RY, choose k; € Z such that 275 < ||z — y|| < 278+, The estimates in (2.16)
and (2.19) imply that for s < 3,

S [Hef () - ka<y>1\

k=—00

< Z |Hy.f(x) — He f(y)| + Z |Hf(z) — Hi.f(y)]
{k‘:k’}k’l} {k):k?<k’1}

N Z 2||Hy f || oo (Y ) + Z |z — yl|° | He |5
(kik>ky } (kikaki}

Z 2~ Mo=(h=Ms) g0+ Z |z — |2~ M2~ (k=M=0)) g

(kik>ky } {(kik<hr}

< ks MAMs || p| 4 9= MO=20)9M (=8 o1 (3=9) 1 _ |18 £,
< 2 M09 (M2 4 QME-D) | ],

< 27102 —y|*lI£ .

Therefore, we have
H Z H’“fH <o M=) fI for s<f<1.

If s < i, we can choose 3 so that 2771728 — 0 as M — +oo. The proof of Lemma 2.6 is
ﬁn1shed O

We are ready to give the proof of sufficient conditions of the 7T'1 theorem under the assump-
tions that 7'(1) = T*(1) = 0. Notice that Ty, converges strongly on L*(RY w) since, by the
almost orthogonal estimates and the Cotlar—Stein Lemma,

Lo
> Doy
k=L,

< +00.

sup
L2(RN w)—L2 (RN w)

Ly,Lo
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Thus, by Lemma 2.6, Ty, converges strongly on A*(RY) N L2(RY, w).
It is clear that A*(RY) N L2(RY,w) is dense in L?(RY w). To prove the sufficient condition
of Theorem 1.3, it suffices to show that
(90, T fo)| < Cllgollz2@n )l foll 2 w)

for any go, fo € AS(RY)NL?(RY,w) with compact supports. For given fy € A*(RY)NL*(RY, w)
with compact support, by Lemma 2.6, set f; = Ty, fo € A*(RY) N L2(RY, w) and let

Lo
Unit, = Y DiDy.

k=L,
By Lemma 2.6, lim Ug, r,f1 = fo in A*(RY)N L*(RY,w). Observe that operator T extends
Li——oc0
Lo—+00

to a continuous linear operator from A*(RY) N L*(RY,w) into (C5(RY)). Hence, for each
go € N*(RY) N L3H(RY, w) with compact support,

(90, T fo) = Llim (90, TUL, 1,f1)-

B
Similarly, let g; = T, go. Then g € A*(RY)NL*(RY,w) and  lim Urr 1,91 = go in As(RMYN
L’1—>—oo
Li—+o0

L*(RY,w). Thus,
<gQ,TfQ> = th’ﬂ Lhm <UL’1,L’2917TUL1,L2f1>-
17— ! ——o0

La—+00 L’21—>+<>o

Observe that

Lo L
(Ur,,y91, TUL, 1, f1) = Z Z <D£’491’DZ’TD’“D’]€V[f1>'

k=L1 k=L,

The following almost orthogonal estimates in the Dunkl setting are crucial to estimate
<D{ygl, D,:/TDkD%f1>

Lemma 2.8. Let T be a Dunkl-Calderén—Zygmund singular integral satisfying T'(1) = T*(1) =
0 and T € WBP. Then

/RN . Dy(z,u)K (u,v)D;(v,y)dw(u)dw(v)

1 1 =)V (=k) v
< 9 Ik=ile . (5 )
~ V(w,y, 200VCR 4 d(z, y)) \20VER +d(a,y)/
where v,&" € (0,€) and ¢ is the regularity exponent of the kernel of T and a vV b = maz{a,b}.

Assuming Lemma 2.8 for the moment, then
||D]:TD]€/ HLQ(RN,UJ)—)LQ(RN,LU) S, 27|kik/|€/.
Applying the Cotlar—Stein lemma yields

|<UL1,L2917TUL’1,L’2f1>’ S HfluLQ(RN,oJ)HglHLQ(RN,w) S Hf0HL2(RN,w)||gOHL2(RN,w)
for all Ly, Ly, L} and L. Hence,
(90, T fo)| < Cllgollz2@n )l foll z2n w)-
The proof of Theorem 1.3 with the assumptions 7'(1) = 7%(1) = 0 is complete.
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To show Lemma 2.8, we need the following almost orthogonal estimates in the Dunkl setting.

Lemma 2.9. Let 7,y € RY and gy, S > s > 0. Suppose that fs(x,-) is a weak smooth molecule
function in M(eg, €9, S, x) and gs(-,y) is a smooth molecule function in M(eq, o, ,y). Then
for any 0 < 1,69 < g9, there exists C > 0 depending on €q, €1, €2, such that for all S > s > 0,

(220) /]RN fo @, u)gs(us y)dw(u) < C(%) V(z,y, Sl—i— d(z,y)) <S + c‘ls(x,y)>82'

If fi(z, ) and gs(-,y) both are smooth molecule functions in M(eq, €g, S, ) and M(gg, €0, S, ¥),
respectively, then for any 0 < €1,e9 < &g, there exists C' > 0 depending on €y, 1,2, such that
forallt,s >0,

(2.21) " fe(z, u)gs (u, y)dw(u) < C(; A é) | Vie,y, (t vls) +d(z,y))

( tVs )Ez
tVvs)+lz—yl/

where a V b = max{a, b}.

We first recall a classical estimate and state it in the Dunkl setting as below, whose proof is
standard and can be found, for example, in [21].

Lemma 2.10. For any ,t > 0,y € RY | there exists a constant C' depending on ¢ such that,

o s gy e dtegy) @0 <

Before proving Lemma 2.9, we give the following lemma.

Lemma 2.11. For any €1,¢e9,t,s >0 , Let

1 t €1 1 S €2
I= /RN V(z,z,t+d(z, 2)) <t +d(z, z)> Vi(z,y,s +d(z,y)) (3 + d(z, y)) duw(2),
then there exists a constant C' depending on £1,5 such that,
C
Vi(z,y,(tVs)+d(x,y))

Proof. Without loss of generality, we can assume t > s. We consider
Case 1: d(z,y) < t, then

T<

1 1 s 2
Ts /RN Viz,z,t) V(z,y,s +d(z,9)) <s + d(z, y)> du(z)

< 1 L < i )Ezdw(z).
~ w(B(x,t)) Jey V(z,y,s +d(2z,y) \s +d(z,y)
By the condition d(z,y) < t and Lemma 2.10, we have 7' < m
Case 2: d(z,y) > t, since d(z, z) + d(y, z) > d(x,y), we have

e o
h d(x,z)}%d(z,y) V(C(],Z,t—i-d(l‘,Z)) t+d(l‘,2) V(Zuy78+d<z7y)) S+d(2,y>
1 t €1 1 S €2
+/ dw(z
dy2)>Ld(ay) V(@ 2,0 +d(x, 2)) <t+d($72)> V(z,y,s+d(z,y)) <S+d(z7y)> )
== Tl + TQ.
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For term 77, we have

1 1 S €2
T S/ dw(z
' d(m,z)}%d(z,y) W(B<l’,t—|—d(l‘,y))) V(z,y,s+d(z,y)) <S+d(2’,y)) ( )
1 1 S €2
< d .
S Va7 da) S Vs i) i) )

By Lemma 2.10, we have T} < m.
For term T5,

1 t €1 1
TZ’S/ % d ( d ) B(y.d
d(y.2)>Ldy) V(T 2t +d(z, 2)) N\t +d(z,2)) w(B(y,d(z,y)))

dw(z)

1 1 t €1
- w(B(y,d(z,y))) /RN V(z,z,t+ d(z, 2)) <t + d(z, z)) dw ().

. . 1 1
By the condition d(z,y) >t and Lemma 2.10, we have Ty < HCXIEn)] < HCXRET eI

This complete the proof of Lemma 2.11.
Now we prove Lemma 2.9.

Proof. We begin with the estimate (2.20). Let ¢ = max{ey,e2}, then we only need to show
that

s c 1 < S
5) View 5+ dwy) \§ ¥ i,

fs(z,u)gs(u,y)dw(u) < C( y)>5’ for S > s.

RN

we write

A= fs(z,u)gs(u, y)dw(u) :/ (fs(x,u) — fs(x,y)>gs(u,y)dw(u).

RN RN

Then

Al [ Afsto) = fsten)l oo )ldotu)
lu—yll<S
+/ (Ifs(z, )| + 1 fs(z,9)l) - gs(u, y)|dw(u)
lu—yl|>S
=:I+1I,
where

=yl ! S
5 /nuy||<s ( S ) ) (V(%U»SJF d(z,u)) <S+ d(x’“)>

1 S €0 1 s €0
N T oo G )X‘“%%S+dWw»(&HW—yM colu)

and

1 S €0 1 S co
s /”u_y||>5 (V(:c,u, S+d(x,u)) (S + d(x,u)) + V(z,y, S +d(x,y)) (S + d(x,y)) )

1 S €0
* Viu,y,s+d(u,y)) (5 + Jju — ?/H> dw(u).
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For term I, since ||u — y|| < S, we have

UU;mu”(&Hm—yH (u§m> (usy;[Qley)ma
(S> (8+||U—y||> '

s\° 1 S €0 1 S €0
I's <§) /u—ylés (V(x,u, S+d(x,u)) <S + d(x,u)> * V(z,y,S +d(x,y)) (S + d(x,y)) )

Thus

wWlU

[ / 1 ( S )EO 1 ( s )Eosdw(u)
' Jlu—y||<S V(l’,U,S—Fd(ZE,U,)) S_’_d(x?ll’) V(uay78+d(u7 y)) 5+ |Iu - y“
and

I — / 1 < S )60 1 ( s )EO_Edw(u)
? [lu—y||<S V(x,y,S—i—d(x,y)) S+d<l’,y) V(u,y,s—i—d(u, y)) 5+ Hu_y“ ’

then I < (%)‘E - (I; + I3). Note that

1 S €0 1 s 0
Iz < V(z,y,S+d(x,y)) <S + d(x,y)> /RN V(u,y,s+d(u,y)) (s + d(u,y)) duo(u)

1 S :
‘4L%S+d@wﬁ(5+ﬂ%w)’
where we apply Lemma 2.10 in the last inequality above.
And

I

N

1 S €0 1 s g0—¢
/d(u,y)és V(z,u, S+ d(z,u)) (S +d(z, u)> V(u,y,s+d(u,y)) (5 + d(u, y)) dw(u).

We estimate [; in two cases: d(z,y) < 2S5 and d(x,y) > 2S.
Case 1: If d(z,y) < 2S5, applying Lemma 2.11, we have

1 1 ( S )E
I < < .
~V(x,y, S+ d(x,y) ~ Vie,y, S +d(x,y) \ S+ d(x,y)

Case 2: If d(x,y) > 25, by the conditions d(u,y) < S < id(z,y) and d(z,u) + d(y,u) >
d(z,y), we get d(x,u) > 3d(x,y). And hence,

1 S © S s
I <
1 /d(u,y)<5 V(z,u, S+ d(z,u)) <S + d(m,u)) (S’ + d(x,u))
1 5 e
d
“Viwy.s + d(u.y)) (s+d<u,y>> <

S /RN V(:v,u,Sled(a:,u)) (S+cim,y))g(8—l—cix,u))eoe
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1 s eo—¢
X V(u,y,s—l—d(u’y)) (8+d(u,y)) dw(u)

S TS T (i)
~V(z,y, S+dxy) \S+d(z,y))
where the last inequality above follows from Lemma 2.11.
Therefore

I's (%) (W4 D) s (%)EV(x,y,Sl—i— d(z,y)) (S—i—j(a:,y))a'

For term II, Let
1 S €o 1 S €0
I, = d
! /Wmﬂvuwﬁ+d@m»@uwwmﬂ vaﬁ+ﬂmwﬂs+w—m0 w(u)

and

1 S €0 1 s €0
I, = Au_yps V(x,y,5+d<as,y>>(S+d<x,y>> V<u,y,s+d<u,y>>(s+||u—y||> duw(w)

Note that

T — 1 < S )50/ 1
2T V(e,y, S+dr,y) \S +d@,y))  Jjueyss Vwy, s +d(u,y))

s g0—¢ s e
X _— _— dw u
(s+nu—yu> (s+uu—yn) (@)

< 1 ( S )6 1
~ V(x7y75+d(xay)> S"‘d(fﬂ,y) RN V(U,y,S + d(u>y>>

(rsde) (e

< (5\e 1 S e
S (5) ( )
S7 Vi,y, S +d(z,y)) \S + d(z,y)
where again the last inequality follows from Lemma 2.10.
For term Iy, since d(z,u) + d(y,u) > d(x,y), we have

1 S €0 1 S €0
Il <
< e Voms ram ) Grae) Vo i Gy e

lu—ylI>S

o o) e ) 0
wo=daen Vw5 + d(w,u) \S+d(w,w)) Viuy,s+dlu,y) \s + Ju—y]

lu—ylI>S

= ]]11 + ]]12.
Note that

I < /RN V(x,u,Slqt d(z,u)) (Stix,y))s(S:%m,u))sog
“arsraa () (rauy) 0

S\e 1 s 6
S (E) Vix,y,S +d(x,y)) (S—i—d(x,y)) ,
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where the last inequality above follows from Lemma 2.11.
Moreover,

1 S €0
115 =
12 /i(y w2dey) V(z,u, S+ d(z, u))< d(z,u) )

llu— yH>S

: V(“ayysid(u,y)) (8+ IIU—yH) (s+ ||u—yH> O_Edw(w-

Since d(y,u) > 3d(z,y) and lu—y|| > S, we have [[u—y| > 3(S+[lu—yl) = (S +d(u,y)) >

HS +d(x,y)).
(=) = riew) = () Griew)

Therefore
s\° S c 1 S €0
o < (=) [ ——
e (S> (S+d<x,y>> oy v<x,u,s+d<x,u>><s+d<x,u>>

which implies

1 s fo—e
* Viugs +d(w.g)) ( T, y>) du(w)

S\e 1 S )
S (E) V(x,y,s+d($7y))<5+d($7y>> 7

where again the last inequality follows from Lemma 2.11.
This completes the proof of the estimate (2.20). The proof of the estimate (2.21) is almost
the same. To be precise, replacing d(x,u) by ||z — u|| for all fractions W and d(z,y) by

||z — y|| for all fractions S++@y), respectively, yields the proof of the estimate (2.21). We leave

the details to the reader. O

We return to the proof of Lemma 2.8, that is, if 7" is a Dunkl-Calderén-Zygmund singular
integral satisfying T'(1) = T*(1) = 0 and T' € W BP, then

/RN o Dy (z,u) K (u,v)D;(v,y)dw(u)dw(v)

1 2 jV—k v
V(x,y,279V=F +d(x,y)) <2‘jv"“ + d(z, y)) ’

< 9= lk—jle’

where 7y, ¢’ € (0,¢) and ¢ is the regularity exponent of the kernel of 7.

To this end, we may assume & < j. Observe that Dy (x, ) is a smooth molecule in M(
with S = 27% 2 € RY and D;(-,y) is a smooth molecule in M(1,1,s,y) with s =
y € RN, Set Dy(z,v) = Jan Di(z,u) K (u,v)dw(u). We hereby recall that

Q.\_/

/ﬁk(x,v)dw(v) =0

thanks to the conditions 77*(1) = 0.

By Theorem 2.3, for any 0 < gq < 1, 5k(x, -) is a weak smooth molecule in M(gg,ao, S, x)
with § = 27F.
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Note that when k < j, then S > s. Applying the estimate (2.20) in Lemma 2.9 yields

/RN - Dy(z,u)K(u,v)D;(v,y)dw(u)dw(v) /RN - 5k(x,v)Dj(v,y)dw(v)

o 1 9~k v
< glk—j)e ( )
~ V(z,y,27% +d(z,y)) \27F +d(z,y)/

where &', v < .

Similarly, if j < k, then [,y K (u,v)D;(v,y)dw(v) is a weak smooth molecule and repeating
the same proof gives the desired estimate.

Finally, to finish the proof of Theorem 1.3, it remains to consider the general case: T'(1) €
BMORY w) and T*(1) € BMO(RY,w). To handle this case, we recall the classical para-
product operators on space of homogeneous type. We begin with the following definition of
the test functions in space of homogeneous type (RY, || - ||,w) :

Definition 2.12. A function f(z) defined on R¥ is said to be a test function if there exits a
constant C' such that for 0 < 3 < 1,7 > 0,7 > 0 and 2o € R",

0) @) < g ()

V(z,r+ ||z — zol]) \r + ||z — z0|

.. , o=l yo_ Ty

(i) [£(z) = F@)] < C(r + ||z — 1:0H> Vi(x,r+ ||z — zo])) (r + ||z — xo||> ’
for ||z —2'| < 5(7” + (|7 — 20);

(iii) f(z)dw(z) = 0.

RN
We denote such a test function by f € M(5,v,r, zo) and || f|| m(8,,r,20), the norm in M(3, v, r, o),
is defined by the smallest C' satisfying the above conditions (i) and (ii).

Applying Coifman’s decomposition for the identity operator and the Calderén—Zygmund
operator theory, the discrete Calderén reproducing formula in space of homogeneous type is
given by the following

Theorem 2.13. Let {Sk}rez be a Coifman’s approximations to the identity and set Dy :=
Sk — Sk—1. Then there exists a family of operators { Dy }rez such that

fle)= > > w(Q)Dk(w,xq)Dr(f)(zq),
k=-00 QeQ"
where QF is the collection of all dyadic cubes in RN with the side length 2="=% for some
fized large M and xq is the center of Q. The series converges in LP(RY w), 1 < p < oo,
M(B,7,7,20) and in (M(B,v,7,20)), the dual of in M(B,~,7,20). Moreover, the kernels of
the operators Dy, satisfy the the following conditions: for 0 < e <1,

| N 1 2—l~c 6‘
(1) [Di(z,y)] < ) Vi) = V) <2—k +z - yH) ’

e ] lo— 2l e 1 >k

D ) -D ) <C ’
(i) 1Du(e,0)=Dule' ) < (57— ) Vi T i V) T e e o)
for llz — ]| < (2 + & — yl))/2

(iii) / Di(z,y)dw(z) =0  for ally € RY;
RN
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(iv) / Di(z,y)dw(y) =0  for all z € RV,
RN

Similarly, there exists a family of linear operators {ﬁk}kez such that

Z > w(@Q) Dyl 20) Delf) ().

k=—o00 QeQ*

where the kernels of Dy, satisfy the above conditions (i), (iii), (iv) and (i) with © and y inter-
changed.

The paraproduct operator is defined by

Definition 2.14. Suppose that {S;}, {D:} and {D,} are same as defined above. The para-
product operator of f € M(B,v,r,x¢) is defined by

Z S w(@Q) D, 20) Da(b)(20) k() (),

k=—00 QeQ*
where b € BMO(RY,w).
We need the following classical result:

Theorem 2.15. The paraproduct operator is the Calderon—Zygmund operator. Moreover,
I1,(1) = b in the topology (H', BMO), (I,)*(1) = 0 and there exists a constant C' such that for
1 <p<oo,

1L () 2o @y w) < CllblBmo@s w)ll fI o @ w)-

See [20] for all these results and the details of the proofs.

Observe that the classical Calderén—Zygmund operator on (RY w) is also the Dunkl-Calderén—
Zygmund operator. Suppose now that both T'(1) and T*(1) belong to BMO(RY, w). Set
T="T- Hray — (Ip )) Then T is a Dunkl-Calderén— Zygmund singular integral opera-

tor. Moreover, T(1) = (T)*(1) = 0 and T € W BP. Therefore, T is bounded on L2(RY,w) and
hence, T is also bounded on L*(RY,w). The proof of Theorem 1.3 is completed.
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