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Nonexistence of two-bubbles with opposite signs
for the radial energy-critical wave equation

JACEK JENDRE]J

Abstract. We consider the focusing energy-critical wave equation in space di-
mension N > 3 for radial data. We study two-bubble solutions, that is solutions
which behave as a superposition of two decoupled radial ground states (called
bubbles) asymptotically for large positive times. We prove that in this case these
two bubbles must have the same sign. The main tool is a sharp coercivity property
of the energy functional near the family of ground states.

Mathematics Subject Classification (2010): 35B40 (primary); 35L05 (sec-
ondary).

1. Introduction

1.1. Setting of the problem and the main result

Let N > 3 be the dimension of the space. For uy = (uo, tig) € € := HI(RN) X
L*(RN), let us define the energy functional

1 .2 1 2
E(up) = Eluol +§|Vuo| — F(up) dx,

where F(ug) := 1%—;,2 17 % Note that E(ug) is well-defined due to the Sobolev
embedding theorem. The differential of E is DE(ug) = (—Aug — f(uo), o),

where f (1) = Iuolﬁuo.
We consider the Cauchy problem for the energy critical wave equation:

{8,u(t) — J o DE(u(t)) NLW)

u(ty) = up € £.
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Here, J = (—Old 161) is the natural symplectic structure. This equation is often
written in the formd,;,u = Au + f(u).

Equation (NLW) is locally well-posed in the space &, see for example Ginibre,
Soffer and Velo [11], Shatah and Struwe [24], together with the defocusing case,
as well as a complete review of the Cauchy theory in Kenig and Merle [16] (for
N € {3,4,5}), as well as Bulut, Czubak, Li, Pavlovi¢ and Zhang [2] (for N > 6).
In particular, for any initial data uy € £ there exists a maximal time of existence
(T-,Ty), —00 < T_- < ty < T4 < +00, and a unique solution # in some linear
subspace of C((T-, T4); £). In addition, the energy E is a conservation law. In this
paper we always assume that the initial data is radially symmetric. This symmetry
is preserved by the flow.

For functions v € Hl,b e L% v=(v, v) € £ and A > 0, we set

1 X 1 X .
vy (x) 1= WY <X> U (x) = ik ( ) v;.(x) == (va, 02) -

A change of variables shows that E((uo);.) = E (uo). Equation (NLW) is invariant
under the same scaling: if u(z) = (u(t), u(¢)) is a solution of (NLW) and A > 0,
then t — u((r —10)/%), is also a solution with initial data (uo); at time # = 0. This
is why equation (NLW) is called energy-critical.

A fundamental object in the study of (NLW) is the family of stationary solu-
tions u(t) = +W, = (£W,, 0), where

w2\ VA

The functions W), are called ground states. They are the only radially symmetric
solutions and, up to translation, the only positive solutions of the critical elliptic

problem
—Au — f(u) =0. (1.1)

Note however that classification of nonradial solutions of (1.1) is an open problem
(see for example [5] for details).

Recall that the Soliton Resolution Conjecture predicts that a generic and
bounded (in a suitable sense) solution of a Hamiltonian system asymptotically de-
composes as a sum of decoupled solitons and a dispersion term. This belief is
mainly based on the analysis of completely integrable systems, for instance Eckhaus
and Schuur [10]. The only complete classification of the dynamical behaviour of a
non-integrable Hamiltonian system is the result of Duyckaerts, Kenig and Merle [8],
which we recall here for the reader’s convenience:

Theorem 1.1 ([8]). Let N = 3 and let u(t) : [to, T+) — &€ be a radial solution of
(NLW). Then one of the following holds:

e Type I blow-up: T < oo and

lim |[u(t)|s = +o0;
t—Ty
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e Type II blow-up: T, < oo and there exist vy € &, an integer n € N\ {0}, and
forall j € {1,...,n}, asignt; € {£1}, and a positive function X ;(t) defined
for t close to T such that

M) K 2l) € ... K () LTy —tast — Ty

n
lim [u() = (vo+ Y ;W) =0:
t—>T+ ]:1

1.2)

e Global solution: T, = +o0 and there exist a solution v, of the linear wave
equation, an integer n € N, and for all j € {1,...,n},asigni; € {£1},and a
positive function ). j(t) defined for large t such that

M) K () L ... K M(t) Ltast — +00

n
ziiinoo ||u(t) — (ULIN(t) + Z LjW?»_/(f)) ”8 =0.

Jj=1

(1.3)

Of special interest are the solutions which are bounded in £ and which exhibit no
dispersion (that is, v9p = 0 or vy = 0) in one or both time directions. One of
the consequences of the energy channel estimates in [8] is that in the case N = 3
the only solutions without any dispersion in both time directions are the stationary
states W .. This is in contrast with the case of completely integrable systems.

In the present paper we are interested in solutions with no dispersion in one
time direction, let us say for positive times. According to Theorem 1.1, for N = 3
such a solution has to behave asymptotically as a decoupled superposition of sta-
tionary states. Such solutions are called (pure) multi-bubbles (or n-bubbles, where
n is the number of bubbles). By conservation of energy, if u(¢) is an n-bubble, then

E(u@) =nEW).

The case n = 1 in dimension N € {3, 4, 5} was treated by Duyckaerts and Merle
[9], who obtained a complete classification of solutions of (NLW) at the energy
level E(u(t)) = E(W). In particular, the only 1-bubbles are W, W,  and WI,
where W~ and W are some special solutions converging exponentially to W. The
authors solve also the reconnection problem by showing that for negative times W™~
scatters and W blows up in norm £ in finite time.

Solutions of (NLW) satisfying (1.2) or (1.3) with vg # O or vy # O can
exhibit non-trivial dynamical behaviour, see the results of Krieger, Schlag and
Tataru [18], Hillairet and Rapha&l [12], Donninger and Krieger [7], Donninger,
Huang, Krieger and Schlag [6] and the author [14].

In the present paper we address the case n = 2, and more specifically the
situation when the two bubbles have opposite signs.

Theorem 1.2. Let N > 3. There exist no radial solutions u : [ty, Ty) — & of
(NLW) such that
lim [lu(t) = Wy o) + Wi,inlle =0 (r4)
t*)T+
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and

e Inthe case T4 < 400, (1) K AM(t) K Ty —tast — Ty,
e Inthe case T4 = 400, L1 (1) K A(t) L tast — +oo.

Remark 1.3. There exist no examples of solutions of (NLW) such that expansion
(1.2) or (1.3) holds with n > 1 (with or without dispersion). Note however that
spatially decoupled non-radial multi-bubbles were recently constructed by Martel
and Merle [21] using the Lorentz transform. In their setting, the choice of signs
seems to have little importance.

On the other side, Theorem 1.2 is, to my knowledge, the only result proving
non-existence of solutions of type multi-bubble for (NLW) in some specific cases.
Existence of pure two-bubbles with the same sign was proved in [15] in dimension
N =6.

Remark 1.4. In the case of corotational wave maps existence of pure two-bubbles
with a repulsive interaction is easily excluded for variational reasons. Our proof
might be seen as an adaptation of this argument to the case where the energy func-
tional is not coercive.

Remark 1.5. For the corresponding slightly sub-critical elliptic problem positive
multi-bubbles cannot form, whereas multi-bubbles with alternating signs exist, see
Li [19], Pistoia and Weth [23].

1.2. Outline of the proof

STEP 1. The linearization of (NLW) around W has a stable direction ), . We
construct stable manifolds U which are forward invariant sets tangent to )/, at
W,. They have good regularity and decay properties. They allow to define the
refined unstable mode By € £* with the following crucial property.

Decompose any initial data close to the family of stationary states as uy =
U¢ + g, with g satisfying natural orthogonality conditions by an appropriate choice
of A and a. We have the following alternative:

e (Coercivity) (8¢, g)| < llgll%, which implies E(uo) — E(W) 2 lgl%;
e (Destabilization) [(B, g)| > |l g||%, which implies the exponential growth of
1{B5, &)

In other words, B provides an explicit way of controlling how solutions which
violate the coercivity of energy leave a neighbourhood of the stationary states for
positive times.

STEP2. Letu(?) : [ty; T+) — & be a solution of (NLW) which satisfies (1.4). As
already mentioned, this implies that

E(u) = 2E(W). (1.5)
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We decompose for any ¢ € [ty, T4):

u(t) =ULD = Woo+80), 1) <),

with g(z) satisfying natural orthogonality conditions (in fact we use a suitable lo-
calization of W3, (;)). From the Taylor formula we obtain

E(u):E(Uii—WM)Jr(DE (Uﬁi—Wm)g> (16)

+ %(DZE (Uii — WM> g, g> +o (||g||§) .

An expliCit key COmputatiOH shows that
E Uaz w 2EW > (/A NT =2
)L2 ).1 ) ~ ( 1/ 2) .

It is at this point that the sign condition is decisive.

STEP 3. We prove that the assumption that u(t) stays close to a 2-bubble implies
that |(ﬂf§, 2= ||g||§ + ()»1/)»2)1\%2. This allows to show that the second term in
the expansion (1.6) is < ||g||§ + (Al/AZ)Nsz,

Finally, by an elementary analysis of the linear stable and unstable modes we
can prove that, at least along a sequence of times, the third term of the expansion
(1.6) is coercive, that is = ||g||§. Inserted in (1.6), this leads to E(u) > 2E(W),
contradicting (1.5).

1.3. Notation

We introduce the infinitesimal generators of the scale change

N
Ay = <3—s>+x-v.

For s = 1 we omit the subscript and write A = Aj. We denote by Ag, Ar and
Ag+ the infinitesimal generators of the scaling which is critical for a given norm,
that is

Ae = (A, Ao), Ar= (Ao, A1), Age= (A1, Ao).

We use the subscript -, to denote rescaling with characteristic length A, critical for
a norm which will be known from the context.

We introduce the following notation for some frequently used function spaces:

cot] .

X* = Hyl' N Hyqfors > 0.Y% = HY(1 + [x") fork € N, & := Hyy x Ly,
F = erad X Hr;(i. Notice that £* ~ Hr;(} X Lfad via the natural isomorphism givgn
by the distributional pairing. In the sequel we will omit the subscript and write H !
for HrLd and so on. We set J := (—Old I61); note that JE* = F.
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For a function space A, the symbol O 4(m) denotes any a € A such that
la]l.4 < Cm for some constant C > 0. We denote B_4(xg, ) an open ball of center
xo and radius 7 in the space A. If A is not specified, it means that 4 = R.

For a radial function g : RN — R and r > 0 we denote g(r) the value of g(x)
for |x| =r.

ACKNOWLEDGEMENTS. This paper has been prepared as a part of my Ph.D. under
the supervision of Y. Martel and F. Merle. I would like to express my gratitude
for their constant support and many helpful discussions. A part of this work has
been realized while I was visiting the University of Chicago. I would like to thank
C. Kenig and the Departement of Mathematics for their hospitality. I am grateful to
R. Cote, T. Duyckaerts and K. Nakanishi for useful remarks.

2. Sharp coercivity properties near W,

2.1. Properties of the linearized operator

Linearizing (NLW) around W, with u = W + g, one obtains
0 Id
dg=JoD’E(W)g = (_L 0) g
where L is the Schrodinger operator

Lg:=(-A—f'(W))g.

Notice that L(AW) = % |x:1 (—AW,\—f(WA)) = 0. Itis known that L has exactly

one strictly negative simple eigenvalue which we denote —v? (we take v > 0). We
denote the corresponding positive eigenfunction ), normalized so that || V||;2 = 1.
By elliptic regularity ) is smooth and by Agmon estimates it decays exponentially.
Self-adjointness of L implies that

(V,AW) =0.
Fix Z € C{° such that
(Z,AW) >0, (2,Y)=0.

We have the following linear (localized) coercivity result, similar to [21, Lemma
2.1].

Lemma 2.1. There exist constants ¢, C > 0 such that:
e For all radially symmetric g € H' there holds
g = [ VePax— [ pavigla
RY RY 2.1)
> c/RN VePdr - C((Z. 82 + (V. )%):
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e Ifr; > 0is large enough, then for all g € Hrgd there holds

(1-20) |vm%u+c/ Wm%u—/’fmwmﬁm
|x|<r [x|=>ry RN 2.2)
>—C((Z,9)°+ (V. 8)%):
e [fry > 0 is small enough, then for all g € I-.Ir]ad there holds
(1—20) Wm%u+c/ Wm%u—/'fﬂmmﬂm
|x|>r2 |x|<rp RN (2.3)

> —C((2,8)%+ (V. 2)%).

Proof. We will prove (2.2) and (2.3). For a proof of (2.1) we refer to [14, Lemma
6.1]; see also [9, Proposition 5.5] for a different f_ormulation.
We define the projections I, W, : H' - H:

gr) iflx|<r
g) if x| =r

gx) —g(r) if x| =<r
0 if |x| > r,

(I, g)(x) := { (Wr8)(x) := {

(thus T, + ¥, = Id).
Applying (2.1) to W, g with ¢ replaced by 3¢ and C replaced by % we get

(1 —2¢) |Vg|?dx = (1 —2c)/ IV (¥, g)|? dx
RN

lx|<r
zﬂ+df S W)W, g dx (24)
RN

c

-5 (w9t + . ve?).

By the Sobolev and Holder inequalities we have

/ f(W)lgl*dx = (W)L, g|* dx
[x|>r1 [x|=r1
< f . 2
SIS (W)”L%nzm 1T 815 (2.5)

C
5—/ Vel dx
4 Jixi>r

if 1 is large enough.
In the region |x| < r; we apply the pointwise inequality

g < (1 +O)|(¥, )P+ A+ Hlgernl?, x| <r1. (2.6)
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Recall that by the Strauss Lemma [25], for a radial function g there holds
N-2

lgrDl STy gllgn-ry

Since f/(W(r)) ~r~*asr — 400, we have
/ ff(W)dx <« rfv_z as r| — +00,
lx|<ri

hence
_ c
[ romiasetgeotar<g [ welee @)
lx|<ry lx|=r
if r; is large enough.
Estimates (2.5), (2.6) and (2.7) yield

/RN F Mgl dx = (1 +0) /RN F1 NI ) () dx

c (2.8)
+—/ |Vg|? dx.
2 Jixizr
Using the fact that ) € L' N L¥12 we obtain
_N=2
Tl S Mgl ry 2+ /H Vigldx
xX|=r
< (-5
S (’”1 + IIJJIILA%”X'Z”) T, gl s
hence
C c
SV n8)? < CQYL @) +CY, Tg)? < OV, )+ f IVgl* dx, (2.9)
lx|=r
provided that r; is chosen large enough. Similarly,
C
5 (2, Wn8)" < C(Z,8)" +C(Z, Tl 8)°
(2.10)

4

Estimate (2.2) follows from (2.4), (2.8), (2.9) and (2.10).
We turn to the proof of (2.3). Applying (2.1) to Il,,g with ¢ replaced by 3¢

and C replaced by % we get

C
SC(Z,g)2+—/ |Vg|?dx.
[x]=r

(1 -3¢ IVgl?dx = (1 — 3c)/ IV(I1,,8)|* dx
RN

[x|=r2

= [ PP .1
RN

C
-5z M,,8)* + (Y, 1,,8)%).
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By the Sobolev and Holder inequalities we have for r, small enough
/ FWlgl dv = ff Vel dx. (2.12)
HER 2 Jr¥
By definition of IT, there holds
[ i< [ ponimgtax
[x|=r2 RN
hence (2.11) and (2.12) imply

(1-20) |Vg|2dx+5/ Vgl dy
[x|=rp 2 |x|<ra (2 13)
. .
= [ 7R = S (2, Mg+, Mg P).

2N
Using the fact that ) € L¥+2 we obtain

(Y, ¥y, 8) S/

[x|<r2

Vigldx S IIyIIL Wr,&ll g1

2N
N2 (|x|=r2)

hence c
SV T8)* < CY.8) + CLY. Wig)
. (2.14)
<C.g)*+ —/ |Vgl|* dx,
4 Jixj=r,

provided that r; is chosen small enough. Similarly,

C c
S (2, M,,g)2<C(Z, 8+ C(Z,¥,8)*<C(Z,g)*+ Z/ |Vgl2dx. (2.15)
|x|<r2
Estimate (2.3) follows from (2.13), (2.14) and (2.15). O
We define

1 1
y_:z(—y,—y>’ y+:=<_yay)7
Vv V

1 1
@ = SIVT = S0V =Y), T i=—2IYT = S0V ).
We have J o D2E(W) = (_OL Ig). A short computation shows that

JoD?’E(W)Y™ = —v))~, JoDPE(W)YT = vy
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and
(@™, J o D*E(W)g) = —v(a, g),

2.16
(@t,JoD’E(W)g) =v(at,g), Vgek. (10

We will think of o~ and o™ as linear forms on £. Notice that (a~,)~) =
(@, Y*) =1land (@, Y*) = (@F,Y7) =0.
The rescaled versions of these objects are

vo= (v <), vre= (vl
v v

1 1
o = %Jy; =3 (%3@, V). af = —%Jy; =3 (%3@, V). @17

The scaling is chosen so that {(«, , ), ) = (a;r, y; ) = 1. We have
_ V., _ Vv
JoD*E(W,)Y, = =V Je D’E(W)Y = Xy; (2.18)

and )
(a7 o D’ EW,)g) = == (o 8]
) (2.19)
<aj, Jo DZE(W,\)g> =>laf.g) vgel.

As a standard consequence of (2.1), we obtain the following:

Lemma 2.2. There exists a constant n > 0 such that if |V — W, |le < n, then for
all g € € such that, (Z,, g) = 0 there holds

%(DZE(V)g, g)+2 (o g +laf ) 2 12l

Proof. For N € {3,4, 5} see [13, Lemma 2.2]. For N > 6 the same proof is valid,
once we notice that || f/(V) — f/(WA)IIL% < f/AV = Willg). 0

We now turn to the proofs of various energy estimates for the linear group

generated by
L 2 (0 Id
A:=JoD E(W)—<_L O>

on its invariant subspaces, which will be needed in Subsection 2.2. This is much in
the spirit of [1, Section 2].

It follows from (2.16) that the centre-stable subspace Xos := kera™, the
centre-unstable subspace Xy, := kera™ and the centre subspace X, := Xes N Xey
are invariant subspaces of the operator A. Notice that (@™, V™) = (a™, Y1) =1,
=X @ {ay+} =X @{a)Y ), As =X D {a) ), Xeu =X D {ay+}-

We define X := {v = (v,0) € X | (£, v) =0}.
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Lemma 2.3. Let k € N. There exist constants 1 = ay > a; > ... > a; > 0 such
that the norm || - || o x defined by the following formula:

k
lolf . =Y a; (v, LIFv) + (b, L79))
j=0
satisfies ||| xx gk ~ Ivl|ax forallv= (v,v) € (X* x H*) N X

Proof. We proceed by induction on k. For k = 0 we have

Ivlla0 = v{v, Lv) + (0, 0) = |/ (DE(W)v, v).

By Lemma 2.2, this norm is equivalent to || - ||¢ on & N Xc.
To check the induction step, one should show that for any £ > 0 there exist
ap, ap > 0 such that

1l1? := 013y +ar{v, LK) > %, (2.20)
and
19113 := 19131 + a2(0, L*9) 2 0] 2.21)

To prove (2.21) notice that
Lf = (—A)k + (terms with at most 2k — 2 derivatives).

Integrating by parts all the terms except for the first one we arrive at expressions
of the form f V - 9'v - 3/vdx where V is bounded and i, j < k — 1. All these
expressions are controlled by || - ||§1,H.

The proof of (2.20) is almost the same. The only problem comes from the
terms of the form f V. Vv-vdx and f V - |v|*>dx. As the potential decreases at
least as f'(W), by the Hardy inequality these terms are controlled by [[v] 1. O

We will denote (-, -) 4 x the scalar product associated with the norm || - || 4 «.
We define the projections:

v = {a ,v))", ey = Id —75.

We denote 7. the projection of A; on X in the direction Ag W . These projections
are continuous linear operators on £ as well as on X* x H¥ for k > 0.

Proposition 2.4. The operator A generates a strongly continuous group on X* x
H¥ denoted e'. Moreover, the following bounds are true:

voe (XX x HYY N X = lle" ol i e < e [lvoll ko fort>0; (2.22)
voe (X x HY N Xy e Mool xhspr S A+ vollxenpyr  fort>0; (2.23)
1A ol xk » ¢ fort>0. (2.24)

voe X x HF =lle g yi, gt S €
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Proof. 1t suffices to analyse the restriction to the invariant subspace A;. Take vq €
X. and decompose vg = lpAgW +wq, wo € X (notice that AcW € Xk x HY. It
can be checked that the operator B := m.. o A is skew-adjoint for the scalar product
(-, -)A.k, hence it generates a unitary group w(t) = e'Bwg by the Stone theorem.
Let [(¢) be defined by the formula

‘ .
(Z,w(1))
I(t) =1 —————dr. 2.25
0 0+/0 — (225)
Set v(¢) = w(t) + () A¢W. This defines a linear group and
liml(v(t)—v ) = Bwo +1"(0)Ag¢W = Bv +MA W = Av
120 1 07 = 2o ER TNz AWy T T

hence v(t) = e/ vy.

Estimate (2.22) follows immediately from the fact that )}~ is an eigenfunction
of A with eigenvalue —v. Analogously, in (2.23) we can assume that vy € A; (the
unstable mode decreases exponentially for negative times). By the equivalence of
norms and the fact that the group generated by B is unitary for the norm || - || 4 x,

lw® gk e S lvollxk e forallz, (2.26)

hence it suffices to bound /(7). Using (2.26) and the fact that |lp| S [|vo || xk g We
get from (2.25) that |1(2)| < (1 + |2]) 0ol xk « 4 -
Estimate (2.24) easily follows from (2.23). ]

Remark 2.5. The factor |#] in (2.23) is necessary: for example in dimension N = 5
we have a solution v(¢) = (AW, AW).

It is now possible to finish the construction for example in the space X! x
H'. However, later we will need some information on the spatial decay of the
constructed functions, which forces us to use weighted spaces. We define

ollys == (1 + 1x1) v yx
One may check by inductionon j =0, 1, ..., k that
[0+ 190~ [ (0 P (0 +1950P) s
in particular
JolFye ~ [ (1 P Qo + 1940 d.
Lemma 2.6. Let k € Z, k > 0. The following bounds are true for t > 0:
voe (Y s YBY N Ay =1 o llyiet ok < eV 0ol yaet sopes (2.27)

_ k(k+1)
voe (Y5 YR N Xy = lle ™ Ao yist oy 5(1+z 2 +‘)||v0||Yk+1ka; (2.28)

t

vo e YA 5 YR =l ™ g |l yast o pr S @ |vollyist o yk- (2.29)
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Proof. The proof of (2.27) and (2.29) is the same as in Proposition 2.4, once we
recall that Y~ € Y*t! x Y*_ In order to prove (2.28), write v(t) = e !4, so that
;v = —Av = (=0, —Av — f/(W)v), hence

%d% (1 + |x|2k> (|1’)|2 n |Vv|2) dx

z_/(1+|x|2") ((Av+ f/(W)v) - b+ Vi - Vo) dx
:/V<|x|2k>-Vv-t)—i—(l—i—lxlz") (f/(Wyv) - b dx

(we have integrated by parts between the first and the second line). Notice that
xf (W) € LN, hence by Holder and Sobolev [xf'(W)v| ;2 < ||v||L% S IVl 2,

and thus

‘%f(l—l—bcﬂk) (|1')|2—I—|Vv|2) dx)gf(l_{_lxl%l) (|1')|2+|Vv|2> dr. (2.30)

Analogously, from
1d

2 dt

= — / (1 + |x|2k> (Vk (AU + f’(W)U) . Vk]') 4+ Vk+1i) X Vk+lv> dx

(1 + |x|2k> <|V"i;|2 + |Vk+1v|2> dx

=/v <|x|2k) LRy VR (1 + |x|2k> vk (£ (W)v) - VKD dx

we deduce

d
‘5/<1+|x|2k> (|ka|2+|vk+1v|2> dx‘

231)
5/ <1 + |x|2k_1> <|v|2+ IVkO P + Vol + |Vk+1v|2) dx.

Using (2.30), (2.31) and Holder we obtain

d . .
‘5/<1+|x|2k> (|U|2—|—|Vkv|2+|vv|2+|vk+1v|2) dx

2k—1

2k 1
S (/ (14 BeP) (10 + 19591 + 190 + 94 10p?) dx) Ml e

which gives, using (2.23) and integrating,

[ 1 P (o + 19558 190 + 195 10P) e S (1449) ool
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Now we can easily bound the L? term by the Schwarz inequality:

\%/<1+|x|2")|v|2dx)§ (/(1+|x|2k>|v|2dx)é- (/(1+|x|2")|o|2dx)é,

which leads to
[ () P S (14 A0 oo =

We fix k € N large enough. For vV > 0 the space BCy is defined as the space
of continuous functions v : [0, +00) — Y k+1 5 Y* with the norm

Iollgey := sup e lv(@)llyrsiyx-
1€[0,4-00)

Lemma 2.7. IfV € (0, v), then for any w € BCy the equation
ov(t) = Av(t) + w(r) (2.32)

has a unique solution v = Kw € BCy such that (¢, v(0)) = 0. In addition, K is
a bounded linear operator on BC5.

Proof. Suppose that v € BCjy verifies (2.32). Denote vg = v(0). From the
Duhamel formula we obtain
t
v(1) =e’Avo+/ e w(r)dr = e ()
° (2.33)
= T, V0 +/ e A, w(r)dr.
0

By assumption, [|[v(#) |l yx+1px S e~V hence from (2.28) we infer e A7, v(t) <
(1 4+ t)e V", where k := %k(k + 1) + 1. Passing to the limit for t — 400 yields

+o0
Teubo = — f e T w(t)dr.
0

If we require (¢ ™, vg) = 0, this uniquely determines vo = m,vg, hence, using
(2.33),

+o00 t
v(t) = Kw(t) = —/ eU=DAL w(zr)dr +[ ez w () dr.
! 0

From (2.27) and (2.28) we obtain

+00 ~ t -
[Kw(®) |yt ye S llwllaey - (/ (I+ (x —))e"dr +/ eTvemve dr)
t 0

—vt
Sllwllgey -e

so K is a bounded operator. O

Remark 2.8. By linearity the unique solution of (2.32) such that (¢, v(0))) = a
isv(t) = (Kw)(®) +e Va)™.
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2.2. Construction of U

As noted earlier, the functions U¢ were constructed in [9, Section 6]. However,
the construction provided there does not give the additional regularity or decay,
which is required in the present paper. For this reason, we provide here a different
construction, which is an adaptation of a classical ODE proof, see for instance [3,
Chapter 3.6].
We denote
R) = f(W4+v)— f(W) — f'(W)o.

Lemma 2.9. LetV € (0, v). There exist n, Co > 0 such that for every b € R, |b| <
1 there is a unique solution v = v* € BCy of the equation

() = Av(t) + R(v(t)) (2.34)

b

such that (o™, v(0)) =b and ||v| pc; < Con. Moreover, v° is analytic with respect

tob.

Proof. Let T : BCy x R — BCy be defined by the formula
T(v,b) :=e¢""bY™ + K(R(v)),

where K is the operator from Lemma 2.7. Then v is a solution of (2.34) if and only
if T (v, b) = v (see Remark 2.8).

It follows from Lemma A.3 that on some neighbourhood of the origin T is
analytic and a uniform contraction with respect to v, hence the conclusion follows
from the uniform contraction principle, cf. [3, Theorem 2.2]. O

Proposition 2.10. For any k € N there exists n > 0 and an analytic function

(=n,m) dar>U*—W eyl xyk

such that
v’ =w, (2.35)
3,U"g=0 =Y~ , and (2.36)
—vad,U* = J o DE(U%). (2.37)

Proof. Evaluation at r = 0 is a bounded linear operator from BCy to Y41 x v*,
hence {v2(0) : b € (—n, n)} defines an analytic curve in Y k+1 5 yk. We have
||vb||BcU < |b], s0 ||R(vb)||13cU < b2 By construction, v? satisfies the equation

v’ =be 'Y + K(R(D)),
hence [|v” — be ™"V~ |lpc; < |b)?, in particular

102 (0) — Y " llyksiwye S 1617
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Because of uniqueness in Lemma 2.9, the set {vb(O) : b € (—n,n)} is forward
invariant if n is small enough, hence for all b € (—n, 1) there exists a function b(z)
such that v? () = v?® (0). The value of b(¢) is determined by the condition

(@™, 0" (1)) = b(1).

Differentiating in time this condition we find
’ d _ b - b
b)) = (@, v (@) =(a”, J o DE(W +v°(1)))
= (a7, J o DE(W +v"D(0))) = ¢ (b(1)),
where ¥ is an analytic function, ¥ (0) = 0 and ¥'(0) = —v. By Lemma A.l,
there exists an analytic change of variable @ = a(b) which transforms the equation

b'(t) = ¥(b(1)) into a’(t) = —va(t) and such that a(0) = 0, a’(0) = 1. We define

U’ := W +"9(0).

We set U¢ := (U“),.. Rescaling (2.35), (2.36) and (2.37) we obtain

Ul =Ww,,
0aU%la=0 =V, , (2.38)
A
9, U = ——J o DE(UY). O
va
. . :I:exp(—%t) . .
Remark 2.11. Note that (2.38) implies that u(r) = U, is a solution of

(NLW) for large . These are precisely the solutions Wic mentioned in the intro-
duction.

2.3. Modulation near the stable manifold

The results of this subsection will not be directly used in the proof of Theorem 1.2.
We include them in the paper for their own interest and because the proofs introduce
in a simple setting the main technical ideas required in Section 3.

It is well known since the work of Payne and Sattinger [22] that solutions of
energy < E(W) leave a neighbourhood of the family of stationary states. The
aim of this subsection is to describe an explicit local mechanism leading to this
phenomenon, which is robust enough not to be significantly altered by the presence
of the second bubble (as will be the case in Section 3).

Note that nothing specific to the wave equation has been used so far, hence one
might expect that all the proofs of Section 2 should apply to similar (not necessarily
critical) models in the presence of one instability direction near a stationary state.
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Lemma 2.12. Let 8o > 0 be sufficiently small. For any 0 < § < &g there exists
0<n=n) a—0> O such thatifu : (t1, ty) — & is a solution of (NLW) satisfying
—

forallt € (1, 1)
lut) = Wille <8, %) >0,

then there exist unique functions A(t) € Cl((t1,12),(0,400)) and a(t)e C((11,12),R)
such that for

g() = u(n) - U3 (2.39)

the following holds for all t € (¢, tp):

(Zr)> 8(1)) = {03y, (1)) =0, (2.40)
lg®lle < n, (241)
[A@)/A () — 1]+ |a()] < n. (242)
In addition,
NS llg®lle, and (2.43)
/ v < b . 2
|la'(t) + A(z)a(t)| S k(t)(la(t)| lg®lle + Ig@®)llz)- (2.44)

Proof. We follow a standard procedure, see for instance [20, Proposition 1].

STEP 1. We will first show that for fixed 7y € (¢, #2) there exist unique A (#p) and
a(to) such that (2.40), (2.41) and (2.42) hold for r = #p. Without loss of generality
we can assume that A(fp) = 1 (it suffices to rescale everything).

We consider @ : £ x R? — R? defined as

q’("o? 107 aO) = (q)] (u(), l(), ao), q)z(uo; lo’ ao))
= ((CflOZﬂ, up — U:,g), {0 w0 — ue)).

elo
One easily computes:

yP1(W;0,0) = (Z, AW) >0,

9 P2(W;0,0) =0,

9 ®1(W;0,0) =0,

0 ®2(W;0,0) = —(@™, V") = —1.

Applying the implicit function theorem with uy := u(#p) we obtain existence of
parameters ag =: a(tp) and Ag = elo =: A(1p).
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STEP 2. We will show that A(¢) (equivalently, /(¢) := log(X(¢))) and a(z) are c!
functions of ¢. ~

Take 1y € (11, ) and let ag := a(ty), lo := log(A(tp)). Define (I, a) : (o —
g, tg+¢) —> IR? as the solution of the differential equation

d~ -
5(10), A1) = —(31.4®) " Dy P u(r)

with the initial condition T(to) = Iy, d(ty) = ag. Notice that D, ® is a continuous
functional on F, so we can apply it to d;u(z).

Using the chain rule we get %@(u(t); 1(t),d(t)) =0fort € (tp — &, 19 + €).
By continuity, |l~(t) — lo| < n in some neighbourhood of # = #y. Hence, by the
uniqueness part of the implicit function theorem, we get () = log A(¢) and a(z) =
a(t) in some neighbourhood of t = #y. In particular, A(¢) and a(¢) are of class C !
in some neighbourhood of 7.

STEP 3. From (2.39) we obtain the following differential equation of the error
term g:

%g=0(u—U$) =Jo(DE(m) —DEUSY)) — (3,U§ — J o DE(UY)).
‘We have |
»UG =N U4 +d'3,U8 = -1 XAgU(; +4d'9,U%, (2.45)

so using (2.38) we get
1
g = J o (DEUS + ) = DE(U) + '+ > AU — (a/ + =2 )a,Uf. (2:46)

The first component reads
ra’\ -
0g =g+ NAUS + (1 + —a) g,
A va A

hence differentiating in time the first orthogonality relation (%Z& , 8) = 0 we obtain

d /1
0="( 2,
dt<k Ag>

A 1 N u 1 d “a
=—3(A-1Zu8) + X(Zi’ )+ F(ZL, AUf) + Tt (2. U5).
(2.47)
Differentiating the second orthogonality relation (o, , g) = 0 and using (2.46) we
obtain
d _ A _ - a a
= (o5 8) =~ T(Aeai . g) + (o, o (DEWS + g) — DEWY)))
A va

+ o (a;, AgU‘)lL) — (a/ + 7) <a;, 8an).

0
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Together with (2.47) this yields the following linear system for A" and A (a/ + %)

My Mi, A _ —(Z5, 8) >
My My ) \M(a' + %)) — \=r{e; . J o (DEUY + g) —DEUY))))’

where
1

Y
1 .

My = E(zﬁ, Uz), (2.48)

My = —(Agsa;, g) + (o, AgUS),

M = — (o), 3.U5).

1
My =X<ZL,AU;})— (Aflzi’g%

Since %(Z@ AW;) 2 1, {a , AeW) =0, (o, . YV, ) = 1, [AcUS — AeWille S
la| and |0, U§ — Y, lle S lal, we see that

M| ~ 1, IM12] <1,
M| S liglle + lal, M2 ~1.
Hence, | det ( %; %ﬁ) ‘ 2 1 and we obtain
NI S 1Mol - (23, &) + IMi2| - [A(e;, J o (DE(US + g) —DEUY)))|,
/
a . _
a+ | < 1Myl - (23 )|+ Myl - [ e; ] o (DEWS + &) ~ DEWS)).

(249)
Since (o, , J o DZE(WA)g) = —2{a, , g) =0, Lemma A 4 implies that
A x X

_ 1
(@57, J o (DE(U{ + g) —DE(UY)))| < Xllgllg (lal + 1 glle)- (2.50)
Now (2.43) and (2.44) follow from (2.48), (2.49) and (2.50). O

In the rest of this section A(#) and a(¢) denote the modulation parameters ob-
tained in Lemma 2.12 and g(¢) is the function defined by (2.39).
For given modulation parameters A and a we define:

@ =~ J3,U8 251
pe = —ﬁjaavk. (2.51)
We see that ﬂg = —ﬁ] Y, = af, and indeed it turns out that B is a refined

version of azr, adapted to the situation when |a| > | h||¢.
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Proposition 2.13. The function
b = (). &)

satisfies
1
S — gz
m) ~ ) £
Proof.
STEP 1. We check that
By —ai @) Slal - llglle, (2.52)
1
B — o, 9 g)| < xlal lIglle, (2.53)
1(3a 85, ) + (29,87, &) S lIglle- (2.54)

From Proposition 2.10 we have ||8{ — at|lykgyrrt < lal, and (2.52) follows by
rescaling. Analogously one gets (2.54).
Similarly one obtains

(B{ — ;. J o (DE(US + g) — DE(UY)))

185 — o AeUS)| + |(B] — e, 3aU7)

hence (2.53) follows from (2.43) and (2.44).
Note that (2.52) implies in particular that |(8], g)| < |lglle with a universal
constant.

S Tlal-ligle, (2.55)
< lal, (2.56)

STEP 2. Consider the case

la@)| < llg®)lle. (2.57)
‘We have

d
—b(1) = (1) tig ) + 20 (085 g0)) + 0 (0. 8) . @58)
From Lemma 2.12 we know that /| < ||gllg and |a'| < %llg”g. Hence from

(2.54) it follows that the last two terms of (2.58) are negligible.
Using (2.57), (2.52) and (2.53) we see that it is sufficient to show that

v 1
(o 0rg) = 3 (e )] = (e g =/ o D2EW)g)| S Sllgl? (2:59)
This easily follows from (2.46). Indeed, from Lemma A .4 we deduce that
(ef. 7 o (DEWS + )~ DEWY) ~ D2EW;)g))| < S lgi.

To see that the contribution of the last two terms in (2.46) is neghglble it suffices to
use (2.43), (2.44), and the factor that I(a;f, AgU$)| < la| and |(Olk L0, UDI S <1.
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STEP 3. Now consider the case

lg@®lle < la@)]. (2.60)

We can assume that a # 0 (otherwise u(t) = W, and the conclusion is obvious).
Using Proposition 2.10 we get

B = 21 DEWY) = b)) = —2;0) (DE (U5))) . 8 ®).

The idea of the proof is that the first factor grows exponentially, while the second

a'(n)

does not change much. From (2.44) and (2.60) we obtain | 505+ 75| < 5 12@)1l,

hence

%b(t) _ _a/(t)b(t) __Ld (DE (Uig;) : g(t)>

(f) 2a(t) dr
= — — d a(t) b 9
x(z) b 2a(t) dr (DE (Uxm) g(’)>+ XN (Ilg(t)||g).
We compute the second term using (2.46):

d
- [DE(US) . ) = (D’E (Uf) a.U%. )
+(DE (). J o (DE (U3 + g) — DE (U9))
+ A %AgU‘i - (a’ + %)&,Uﬁ).

Observe that
(DE(UY), AgUS) = -0, E(US) =0,

(DEUY), 0,U$) = 3, E(US) =0.
Since DE(U$) € Y k % Y**1 by Proposition 2.10, Lemma A 4 implies that

(2.61)

(DE (US). 70 (DE (US + ) - DE (US) - D’E (U5) 8))| < x||g||%,
hence using self-adjointness of D*E (U%) and anti-self-adjointness of J we get that

;(DE(U)g) (DE (U%) (U5 — 7 o DE (U3)) . g) + 50 (lgl)

The following estimates hold:
|D?E (Ug) AcUg| S lal.

ex

(2.62)
<1

e~

HDZE (U9) 9,U¢

(the first one follows from D2E(W,)Ag W, = 0). Using (2.45) and (2.62) together
with (2.43) and (2.44) concludes the proof. O
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As an application of the preceding proposition, we now show that the stable
manifold U¢ is the only source of the lack of coercivity of the energy functional
restricted to the trajectories staying close to the family of stationary states.

Given ug € £,let u(z) : [0, T+) — & denote the maximal solution of (NLW)
with initial data u(0) = ug. For n > 0 sufficiently small we define the centre-stable
set Mg as

Mes:=1{up: sup inf lu(®) — Wylle <ny.

0§l<T+ A>0

Remark 2.14. In the case N = 3 it was proved by Krieger, Nakanishi and Schlag
in [17] that M is a local C! manifold tangent at ug = W to Ags.

Remark 2.15. Tt is not difficult to see that if Mg is a regular hypersurface, then
necessarily its tangent space at U{ is given by

US +ker By ={US +g: (B, g) =0}.

Hence b(t) is a natural candidate to measure how a trajectory moves away from

Mes.

Corollary 2.16. Ifn > 0 is small enough, then there exists a constant Cg > 0 such
that

wo€ Mes = inf _lug— US| < Ce(E(up) — E(W)).  (2.63)
2>0,aeR

Proof.

STEP 1 — COERCIVITY. We will prove that if || g||¢ is small enough and (Z;, g) =
(o, , g) =0, then

E(US +g) — EW) +2a (B, g)+2|(BL. g)” ~ llgll3.
We have 2a(B{, g) = (DE(UY), g),hence Lemma A.5 implies
1
E(US +g) = E (US) +(DE (US) . g + 5 (D?E (US) &. 8) + 0 (1g12)
1
= E(W) 24 (. g)+ 5 <D2E U9) g, g> +o <||g||§) .

By (2.52) we have |(B{, g% — (Olzr, 2)%1 < lal - | gll*, hence Lemma 2.2 yields

1
S (D (U9) 8. g) +2|(85. 2l ~ gl

which implies (2.3).
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STEP 2 — DIFFERENTIAL INEQUALITIES. Let g(¢), A(¢) and a(?) be given by
Lemma 2.12. Observe that

T+ 1
/0 m dr = (2.64)

Indeed, if | log A(¢)| is unbounded, then

Ty T. Ty 13/
/ Ldtz/ gl dt%/ |2 (t)ldt:—i—oo
0 A 0 At) o A

If | log A(¢)| is bounded, then by the Cauchy theory 7y = +o00 and (2.64) follows.
From Proposition 2.13 it follows that there exists a constant C; such that

b®)| = Cillg)lz = Ib(t)l > r()lb(t)l Vi e[0,Ty). (2.65)

We will show that there exists a constant C, such that
b(1)| = Co(E(uo) — E(W)) = [b®)] = Cillg®)llz. (2.66)
Indeed, we can rewrite (2.3) as
E(up) — E(W) +2a(0)b(1) +2b(®)* ~ l|gllg, (2.67)

hence if |b(¢)| > C,, then
|b(@)]- ( + 2|a(1)| +2|b(t)|> > E(up) — E(W)+2a(0)b(t) +2b(1)* 2 lIgllZ.

which implies (2.66) since |a(¢)| and |b(¢)| are small.
Suppose for the sake of contradiction that 5(0) # 0 and |5(0)| > 2C, (E (up) —
E(W)). Let#; < Ty be maximal such that

b(t) #0, |b(1)| = C2(E(ug) — EOW)),  Viel[0,1).  (2.68)

Of course #; > 0. Suppose that 1 < T4. But (2.66) and (2.65) imply that & b >
0 for ¢ € [0, #1]. In particular, (2.68) cannot break down at t = ¢;. T hus Hh =Tyt
and (2.66) imply that for ¢ € [0, T;) there holds |b(z)| > C1]/glls. By (2.65) and
(2.64), this would imply |B(?)] Z—T> +00, which is absurd.

— 14

As a result, |b(0)| < 2C2(E(uo) — E(W)). Since |a(0)| and ||g(0)|l¢ may
be assumed as small as we wish, the conclusion follows from (2.67) applied at
t=0. O
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Remark 2.17. It follows quite easily from Lemma 2.2 that
1
geXo= FeR: [g-bAsWIZS <D2E(W)g, g>, (2.69)

1
geXe= JabeR: g—bAsW—al |2 <= (DZE(W)g, g). (2.70)

2

Corollary 2.16 provides a nonlinear version of (2.70). By similar methods (analyz-
ing just the linear stability and instability components a;r and o, ) one can prove a
nonlinear analogue of (2.69), that is

upeMe = inf lug— Willg < Cr(E(uo) — EW)), 271)

where

Me =M N Mew={up: sup ){gf(‘) lu(@®) —Wille <ng.

T_<t<Ty

3. Nonexistence of pure two-bubbles with opposite signs

3.1. Modulation near the sum of two bubbles

Because of a slow decay of W, we will introduce compactly supported approxima-
tions of W,_. Let R > 0 be a large constant to be chosen later.

We set
W; — (A, A h < RJMA
V(. ) (x) = 6 (X) — (A, A2)  when |x| < RyA1A2 3.1)
0 when |x| > Ry/A1A2,
where
2 -5
1 R\
A, A2) = Wi (R AIA) = 14—
C(X1, A2) (R A1A2) )LINTQ(JFN(N—Z)M)
_N=2
R*), :
= )L1—|—7 .
N(N —2)
_N=2 _N
We have ¢ (A1, 22) ~ R™WV720, 2,85, ¢ (0, ko)~ RN, 7 and 95, £ (1, A2) ~
N
_N -7
R™NA 2.

We will also denote

Vr(A1, X2) = (VR()»l, )»2),0) ef.
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It is straightforward to check that Vg(A1, A2) has weak derivatives 9;, Vgr(A1, A2)
and 9;, Vr (A1, A2), which are given by the following formulas:

—(AW);, (x) = 91, 8(A1, A2)  when |x| < RVA1A2
0 when |x| > R+/A1A2,

—33,¢ (A, A2)  when x| < Ry/A1A2
0 when [x| > R/A1h2.

0. VR (A1, )»2)(36)={

Oy, VR(A1, A2)(x) = { (3.2)

Notice that 8y, Vg (A1, 22) € L* and 83, Vg(h1, 22) ¢ H'.

. . M . 2 N2
In the whole section we will set A := 37 and N(g. »)=/lglzg+r7.

Lemma 3.1. For R > 1 and ) K 1 the following estimates are true with constants
depending only on the dimension:

IVRG,22) = Wi Dl S RTATT (3.3)

IVR(A1, A2) — Wy llzee S R7NF2, e (34)

105, VR(A1, A2) + AW, [l oo x )< ryETIZ) S R_Nkz_%’ (3.5)
IVeG, Al S R2A,T A%, (3.6)

133, VoG, Al S R2Z AT (3.7)

Proof. The proof of (3.3), (3.4) and (3.5) is straightforward, see [13, Lemma 2.3];
_N=2 _
(3.6) and (3.7) follow from the fact that Vg (x)| S A, ° (%) N+2, 192, VR(X)| S

/\;% : (%l)_NJr2 and supp (V' (x)) = supp (33, V(x)) = B0, Rv/A112). =

We will omit the subscript and write V (A1, X,) instead of Vg(A1, A2). The
approximate solution we will consider is defined as follows:

U(hi, A2, a2) = U3 — V (A1, A2).
Observe that
o U(A1, A2, az) = =05, V (A1, X2), (3.8)

1
W, U, A, a2) = —A—ZASUE — 03,V (A1, 22), 3.9

A2
AUk, 22,) = 3U3% = =2 J o DEWUS)). (3.10)
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Remark 3.2. The following version of the implicit function theorem has the ad-
vantage of providing a lower bound on the size of a ball where it can be applied:

Suppose that X, Y and Z are Banach spaces, xo € X, yo € Y, p,n > 0 and
@ : B(xg, p) X B(yo, n) = Z is continuous in x and continuously differentiable in
v, ®(x0, y0) = 0 and Dy®(xq, yo) =: Lo has a bounded inverse. Suppose that

1,
ILo — Dy®(x, Wiz < = ILy Iz yy for IIx —xollx <p. Iy — yolly <n, (3.11)
3 (z.Y)
n. . _1,—
10, yo)llz < SILg I qz yy for Ix — xollx < p. (3.12)
3 (z.Y)

Then there exists y € C(B(xg, p), B(yo, n)) such that for x € B(xp, p), y = y(x)
is the unique solution of the equation ® (x, y(x)) = 0 in B(yo, n).

The proof is the same as standard proofs of the implicit function theorem, see
for instance [3, Section 2.2].

Lemma 3.3. Let §o > 0 and Lo > 0 be sufficiently small. For any 0 < § < 8o and
0<x < Ag there exists 0 < n = n(3, k) —— Osuchthatifu: (t;,n) - Eisa
8§, 1—0

solution of (NLW) satisfying for all t € (11, t2),

w 0 MW _~
Hu(t) ( Wiw+ M@)H <3:z(t)_

then there exist unique functions L1 (t) € Cl((t1, 1), (0, +00)), A2(t) € C((11, 1),
(0, 400)) and a>(t) € C'((t1, 12), R) such that for

gt) :=u@) —U(r, A2, a2) (3.13)
the following holds for all t € (11, t):

(Za10) 81)) = (Za,00, 8(1)) = (o), 8(1)) =0,
lg@®le <.
() /A1) — 1] + [2a2(1) /Aa(t) — 1| + |aa(t)| < 7.

In addition,
|Af (t)I + M50 SN(g@), A1), (3.14)

< -
; () )| S ()(I a()| - N(g(t), A(1)) + N (g(1), A(1))?), (3.15)

with constants which may depend on R.

as(t) +

Proof. We will follow the same scheme as in the proof of Lemma 2.12. One ad-
ditional difficulty is that we cannot reduce by rescaling to modulation near one
specific function as we did before.
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STEP 1. We consider @ : £ x R? — R3 defined as
D (uo; 11, o, az) = (P1(uo: 1, I, az), Pa(uo: 11, 12, az), P3(uo; l1, 12, az))

1 1
(<—ZM, ug — U(Ay, A2, az)>,<—3x2, ug — U(A1, A2, a2)>,
M — Ay —=

(a;z, uy — U (A1, A2, az))),

where we have already written A; instead of eli in order to simplify the nota-
tion. We will verify that the assumptions (3.11) and (3.12) are satisfied for xo =
U()q, )»2,0) Yo = (ll, 12,0) (where [ := log)\ i), p small and n = Cp with C a
universal constant. We define:

1 1
Mi1(g; A1, A2, a2) = A—lle,klaxlv(kl,kz) - A_lAflzk_pg ,
1 ay
Mi2(g; A1, A2, a2) = )L—IZA_I, AU, + 2205,V (A1, 22) ),
1 @
Mi3(g; M, A2, a2) i= — A—lzx_l, U, )
1
M>1(g; A1, A2, a2) == <)\’_ZZ)\,2 A10x, V (A1, )»2)>,
1 w 1
M2 (g M1, ho, @) i= )L—ZZQ,AUXZ+A23A2V()»1,)\2) - A—2A—12Lz,g :

1
Ma3(g; A1, A2, @2) i= — <A—23A_z 3anzz>’

M31(g: Ay A2, @) i= (s A8y, V (A1, A2))
M3(g; hi, A2, a2) == — (Agrainy, g) + <Ot,\2, AgUii + 220,V (A1, )»2)>,

M33(g; A, M2, ap) = — <05A2, 8aU?é>,

A straightforward computation yields
IMul~1, M| S 1, |Mi3] S 1,
Mo SAT, (Mol ST, My ST (316)
IMsi| SAT. [Mxl SN(g.2) +lal, [Mss] ~ 1.

Using (3.8), (3.9), (3.10) and the fact that 01; = Aj0; we see that

M ji(ug— U (A1, A2, a2); A1, A2, az) =05, @ j(uo; 11, 2, az) forje{l,2,3},ke{l,2},
Mj3(uo— U(ry, A2, a2); A1, A2, a2) =04, P j(uo; 11, I2, a2) for je{1,2,3},
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hence (3.16) implies that the jacobian matrix of & with respect to the modulation
parameters is uniformly non-degenerate in a neighbourhood of U (A1, A2, a3). This
yields parameters A1 (%), A2(fo) and az(fp) (see Remark 3.2).

STEP 2. The argument from the proof of Lemma 2.12 shows that A1(¢), A2 (¢) and
a>(t) are C! functions of t € (11, 12).

STEP 3. From (3.13) we obtain the following differential equation for the error
term g:

08 = 0(u—U(ri, A2, a2)) = J o DE(U (A1, A2, a2)) — 3zUi§-
Using (3.8), (3.9) and (3.10) this can rewritten as
%ig =J o (DEW (1,2, @) + g) — DE(WS))
1
+ 210, V (A, A2) + A5 - <A—2A5U§3 + 3,V (A1, kz)) (3.17)
— a5+ iaz 9, U™,
A2 A2

The first component reads:

g =g+ 210, V(h, 22) + )»/Z(AUfzz + 9, V (A1, A2))
— (a5 + —ar ) 9,U>
a2 )LzaZ at iy,

hence differentiating in time the first orthogonality relation (ﬁZM, g) = 0 we
obtain o

=1 <A_1ZL], g) + %}(ZM, g‘) + %(ZM 3, V (A1, ,\2)>

/

+Q<Z AU® + 0, V(o ,\)>
)“1 )»7], )L_2 %) 1, A2

1 v
— A_l (aé + A—zaz) (Z)»_l’ aaU§’22> ,

which can also be written as

v .
Miy - M+ AMyy - M+ AM3 - dy (aé + A_2a2> = —<Zx1, g>, (3.18)
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where for simplicity we write M i instead of M i (g; A1, A2, az). Similarly, differ-
entiating the second orthogonality relation <iZ;L_2 , &) = 0 we obtain

d ) 1 R
0= E<Z)L—2’ g) = _E <Aflz)b_2, g> + k—z <ZA_2, g> + }»_2 <ZA_2, 8)” VA, )»2))
2

/

)\2 a
+ )\_2 Z)“l’ AU)L_2 + akzv()"l, A2)

1 / v an
-5 <a2 + Eaz) (21 2U2).
which can also be written as
1 / / / v .
Xle')»l—l-Mzz'?»erszkz a2+k_202 =—<Z;\_2,g>. (3.19)

Finally, differentiating the third orthogonality relation (;,, 8) = 0 we obtain

d; _
0 = a<a)\2, g>

/

= _%<A5*a;2, g>+<a;2, Jo (DE (U (A1, A2, a2) + g) —DE (Ui§>)>

/

A
+ 21 (a0 V Gt 22)) + 2 (0 AU + 2201,V Gur, 22)

vas _ a
_ <a§ + T2> <O[)\2, 8aU}é>,

which can also be written as

1 v

— M3 - )»/1 + M3, - )»/2 + M3z - Ay <a§ + —a2>
A A2 (3.20)
=— <a;2, Jo (DE (U(h1, A2, a2) + g) — DE (U§§>)>

Equations (3.18), (3.19) and (3.20) form a linear system for A}, A} and 1 (aé +

v .
rzaz).

My AMi, AMi3 )»/1
My My Mo ) )
M3 My, Ms; a2+kz%
(20, 8)
= —(25,: 8)
—A <a;2, Jo (DE(U(M, A2, @) + g) — DE (U§§>)>
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We will check that

(o5, 7 0 (DEWG1, 220,a2) + 9~ DE (U22)))
321
SiN(g, 2 (az| + N(g, 2)). G2

By (2.50), it suffices to show that
_ 1
(e, 7 0 (PEWG. 22,00 + ) ~DEWS; + 9))| £ N (2.2 322

Without loss of generality we can assume that A = 1 and A; = A, hence (3.22) is
equivalent to

(Y, =AVO, D+ (= VO, D+ U2 +g) - fF(U2+9))| SN(g, M2 (323)

‘We have

N-2

(Y, AV, D) =AY, VL, D) SA T
because of (3.6). For the other term we use the bound
f(=VO, D+U2+) = fFU+)| S (U +f @DV, D+ f(VR, D).

From (3.6) we obtain [(), f/(U)V(L, D) S IV DI S Ng, 12 Using
the Holder inequality we compute

Y, f1(®)- VO, DI S IIf/(g)IIL% VG DIE v

2

L
N, N2
S gl 277 [logal S N(g, b

Finally, [, f(VA, D) S IfFWOllp S AN%Z. This finishes the proof of (3.23),
hence we have shown (3.21).
Consider the inverse matrix

P11 P2 P13 My AMpz AM3
Py Py P3| = %le Mz M3
P31 Py P33 %M31 M32 M33

From (3.16) we obtain

[Pl S 1, |Pi2| S 1, |Pi3| S 1,
[Py] S, [Pyl S, |Py| S,
IP3i] SN(g. M)+ lazl, |Pnl SN(g, M) +laal, P33 S,

hence (3.21) yields (3.14) and (3.15). ]
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We finish this subsection by analyzing the stability and instability components
at both scales A1 (¢) and A, (¢). At the scale A;(¢) we use the refined component ﬂﬁg
introduced in Section 2, see (2.51).

Proposition 3.4. The functions

ar (1) = (a; . 80),  af () =(a . g0),  bat) = (B2 g(1)

satisfy

d _ v 1 2

‘Eal ) + r(t)al GIBS T(I)N(g(t),)»(t)) , (3.24)
d Voo 1 2

e () — )q(t)a‘ GIBS mN(g(t),Mt)) , (3.25)
il?z(t) - Lbz(t) S L/\/'(g(f) A(1))? (3.26)
dr A2 (1) ~ A (1) ’ ’ '

with constants eventually depending on R.

Proof.

STEP 1. Directly from the definition of a; (¢) we obtain

d _ _ _

G0 == (Aewag ) 80) + (05, B180)).

The first term is negligible due to (3.14). We compute the second term using (3.17).
We begin by treating the terms in the second line of (3.17). Since [A|| + |A}] < 1
and ]aé + %a2| < i (of course Lemma 3.3 provides better estimates, but we do

not need it here), it suffices to check that

Koz;], 3, V (A1, )»2)>’ + Ka;l, o, VA, XZ))‘

1 1\
-9, U%) < — (2 .
<O{M }\’2 as A2> ~ }\'1 ()\,2
The estimate is invariant by rescaling both A; and A;, hence we can assume that
Az = land A} = A. For the first term we use (3.5) and rapid decay of ). Estimating
the other terms is straightforward.

Now consider the first line of (3.17). It follows from (2.19) that it suffices to
show that

+ +

_ 1 a
<ak1, }\—zAgU}é>

. 1
(e, 70 (DEW G, 22.02) + £) = DEWT3) = D*EW;,)g) )| < 5-Ng. 1"
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which is equivalent to

(Vs PG A2, 2) + ) = WU = AVt 22) = £/ (Wag)| S N g 0.

We can assume that A = 1 and A; = A. By the triangle inequality, it suffices to
check that

[(Vr AVOL D+ F(VOL )] S N (g )2 (327)
|V fUGLa2) + )= F(U M La)— f (U Lax)g)| S N(g. )%, (3.28)
[V fWUM 1 a2) = fFU) + F(VL D)) S N(gh)2 (329
(Vi (F UG 1 a2)) = f'(W)g)| € Mg, 1% (330)
Notice that | f(W;) — f(V(A, D) S f/(W)l - IWi = V(M| S f'(Wy), where the
last inequality follows from (3.4). Together with the fact that A(W,) + f(W,) =0
this implies
|V (AVOL D + VO, 1)) S [(Vrs A(Wr = VL, D))
+ |V, fW3) = £V, D))
N-2
SHAY i+ 1L W)Vl SA T,
which proves (3.27).
To fix ideas, notice that while proving the remaining inequalities we can restrict
our attention to the region |x| < cﬁ where ¢ > 0 is a small constant (the region
Ix| > ¢+/A is negligible thanks to the rapid decay of ))). In this region we have

Wy, > V(1) 2 land [U, 1, a2) + Wy | < 3 Wj, pointwise.
Inequality (3.29) follows immediately from

|[fWUM, 1, a2) = fUP) + [V, D)
=fU"? =V, D)= fWUD) + F(VR, DS (W)
We have the bound
[ UG 1a2) = F WD) S A" WD WU, a))) - U1 az)+ Wil
NRFARUZS]
(even in the case N > 6 when f” is a negative power). Using the Holder inequality

and the fact that |V, - /" (W)l ax, < A"77 this implies (3.30).
+

For (3.28), we consider separately the cases N € {3,4,5} and N > 6. In the
first case, (3.28) follows from the pointwise bound

|f(U()‘" 1’ a2) + g) - f(U()‘" 1’ a2)) - f/(U()"? 17 a2))g|
S/ UG 1, a))] - g7 + f(Igh.
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In the case N > 6 we still have

|f(U()"’ 1’a2)+g)_f(U()"v 15 a2))_f/(U()"v 17a2))g| S.; |f//(U()"7 1?a2))|'|g|27

even if f” is a negative power. This yields (3.28).
This finishes the proof of (3.24) and the proof of (3.25) is almost the same.

STEP 2. The proof of (3.26) is close to the proof of Proposition 2.13, but there
will be more error terms to estimate. First we need to show that

(662~ ot )| < 5 leal - Vg, (331)
Since ||,3f2 —aT||peoxro < |az|, the proof of (3.22) gives
Kﬁh —af,Jo (DE(U(M ha,a) + )~ DE (U2 + g)))
<L lwl N(g.2)? < “lwl - Ng. 1),
A2 A2
Using (2.55), we obtain
B2 —af Jo(DEWUM, A, a2) +g) —DE (U < i|a [-N(g, 1)
)"2 sz 17 25 2 g )\2 ~J )\‘2 2 g, .
Similarly one obtains
(612 = o0Vt )| {82 = o 0V 20| < -l

hence (3.31) follows from (2.56), (3.14) and (3.15).

STEP 3. Suppose that
lax ()] < N(g (1), A(1)). (3.32)

We have
d
a0 = (B2 g ) + 250 (B2 80)) + a3y (0,20 ).

From Lemma 3.3 we know that [A5] < N (g, A) and |a5| < %N(g, A). Hence
from (2.54) it follows that the last two terms of (3.26) are negligible.
Using (3.32), (2.52) and (3.31) we see that it is sufficient to show that

(o i) - Aiz(ajz g)‘ = (ot tig = T o D2EW,g)| < %N(g, )2,

We develop 0; g using (3.17). Consider first the terms in the second line of (3.17).
From (3.7) and (3.14) we have

1
KO‘L’ X105, V (A1, )»2)>‘ S )L—2/\/'(g, )2
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N
Since 9,V (A1, A2)| S A, 7, see (3.2), using (3.14) we get
1
Ka;;, 29,V O, x2)>‘ S NG W2

The other two terms have already appeared in the proof of Proposition 2.13, see
(2.59).
Consider now the first line of (3.17). From Lemma A .4 we deduce that

Kajz, Jo <DE <U§’; + g) DE (U ) DZE(W;Q)g>>‘ < N(g, 22,
hence it suffices to check that
(o7 0 (DE@G 32 + 9~ DE (U +8)))| - N (a. 47,

whose proof is the same as that of (3.22).
STEP 4. Now we consider the case

N(g®), r®)) < lax ()], (3.33)

in particular ap # 0.
Recall that (see Proposition 2.10)

B2 = — 21 DE(US) = b =-

o (DB (U20) g ).

(1)

From (3.15) and (3.33) we obtain | 25 + 25| S 55NV (), A1), hence
d a(t) 1 d )
0= 5nn" 20 d ([ (U) - £0)
_v d U 1
,\z(z) ba(1) = 2a2(t) dr <DE< w)) (t)>+x NN (N(g(t) )”(t)))

We compute the second term using (3.17) and (2.61):
d _ 2 a a
o \DE(U2) ) = (0% (U32) 0072, )
" <DE U9, Jo (DE(U(M, A2, @) + g) — DE (Ujg)) (3.34)
0, V (R, 32) + A5,V Gut, 2))

We have to prove that | (ft DE(U“Z) 2| < Z—i/\/(g, 1)2. Until the end of this proof
“negligible” means < az/\f(g, A)z
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From (3.7) and (3.2) it follows that
1 ~n—2
(p(v). 0,V 22)| 5 ST
By (3.14) and (3.33), the contribution of the last two terms in (3.34) is neghglble.
Next, we will show that

KD(U%), Jo (DE(U(M, 2, a2) + g) — DE (U“2 + g>>>‘ < 2/\/(g, 2.

<D<U ) 8,V (1, )\2)>| < —ﬁ

We can assume that A; = 1 and A; = A, hence we have to prove that
(0= rw e 1) + ) = F UL + 0| S @N(g. 2 (3.35)

In the region |x| > R /A the integrand equals 0. In the region |x| < R VA we have
the pointwise bound

|fUG La)+g) — f(U2+g)| S f (U2 +g) Wit f(Wy)
S (1 (UR) + f1(9) Wi + fF(Wh).
Recall that ||U“2||Loo < laz| and |U%2||po < 1. Thus
. N2
(1T, FUDW)| S lazl - IWall 1 < rym ~ @212 T,

U2, (W) <laol - 1 F ~IW
(1T £ @Wa)l S laal - IF @y IVl

T N2
Slazl-lgl - 277 [og Al S laalN (g, 2%,

1T, FWD)] S lazl - LF W)l ~ laala "7

This proves (3.35).
In order to finish the proof, it suffices to check that

(p2E (v2) s g) + (DE (US2). 7 o (DE (U3 + g) - DE (U2)))]
a
SEN (g2,
A2
which is achieved exactly as in the last part of the proof of Proposition 2.13. O

3.2. Coercivity near the sum of two bubbles

We have the following analogue of Lemma 2.2:

Lemma 3.5. There exist constants Lo, n > 0 such that if . = k—' < A and ||U —
(Wi, — WiDlle < n, then for all g € £ such that (Z,,, g) = (sz, Y = 0 there
holds o

1 2 2 2 2
§<D2E(U)g, g>+2(<akl,g> +<a;,g> +<akz,g> +(a§2,g> ) > llgl3.
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Proof.

STEP 1. Without loss of generality we can assume that A, = 1 and A; = A.
Consider the operator H, defined by the following formula:

(A= (W)= ff[W) 0
H), = < 0 Id)'

We will show that for any ¢ > 0 there holds

(DEW)g. g)— (Hig. o) <clgl}.  veee (336

provided that n and A are small enough. By the Holder and Sobolev inequalities,
it suffices (possibly after a redefinition of c¢) to check that

[F@) =Wy =W y e
Since (by pointwise estimates)
|7'@) ='W =W xS max(n, f'(n),

this will in turn follow from

|7/ W = W) = f' W)= f Wy < (3.37)
We consider separately the regions |x| < /& and |x| > +/A. In both cases we will
use the fact that
1 SIkl= |f/k+D = f't)— O] S FO for N > 6,
Skl = |fk+D = [/t = f'O] S1G) -1l for N € (3,4, 5). 39
In the region |x| < +/A we have W < W, hence by (3.38)

|f'W = W) = W) = fW)] S 1,

and
11 ”L2(| I< N
In the region |x| > +/A we have W, < W.If N > 6, then

|/ (W= W) = f(W) = f(W)| S £/ (W).

It is easy to check that W, ~ M If N € {3,4,5}, we obtain
y Ly s (3.4.5)

|/ (W= W) = f(W) = W) S W) - Wl

hence

V3)

x>
N —
4

[ £'W = W) = W) = W)y 10
~ A

<IIf//(W)II A LR (1r2v7)

This finishes the proof of (3.37).
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STEP 2. In view of (3.36), it suffices to prove that if A < Xp and (Z, g) =
(24, g) =0, then

1 _ _
S (g, &) +2((ey,, 8)° + (e, 7 + (o, 8)° + (@7, 8)°) 2 N8l

Leta; = («, , g),a;r = (a;, g).a, ==(a", g),a;r := (a™, g) and decompose
g=a; YV, +a/ Vi +a Y +a; YV +k
Using the fact that

N-2

1
o, VE)| + [foc, 95| + szx, y}\ L UE VIS AE

lay |+ |af [+ |ay | +]ay | S llglle,
@ YN =(e", Y )=(Z2,)) =0

we obtain
_ 2 2 ~ 2 2 1 2
lom KP4 (K + (o K+ (e, K+ (2, 002 + <Xzﬁ, k> 30
SV lgllz.
Since H, is self-adjoint, we can write
1 1
§<Hkg’ 8) = E(Hkky k) + <HA (ay Y~ +a;y+) ; k)
+{H (a7 Yy +a V) k)
1
+ 5 (Hy(a; Y™ +afYVT), a5V +af V) (3.40)
1
4 M (H (@ + V) 0T+

+(H (V™ +a; V7)) ay Yy +af V).
It is easy to see that || f/ (W)Wl 2v — Oand || f/(W5)Y|| v — Oas A — 0.
LN+2 LN+2
This and (2.17), (2.18) imply that

IH, Y™ + 20 |lgr + 1HYT 4+ 20" |lex + | HWY; + 201f||5*
| HWYS 4 205 [lgr — O.
r—0

Plugging this into (3.40) and using (3.39) we obtain that

1 _ _ 1 ~
7 (H.g. 8) = —2a, ay —2ayaf + 5 (Hik, k) — cligllz, (3.41)

where ¢ — O as L — 0.
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1

Applying (2.2) with r; = A~ 2, rescaling and using (3.39) we get, for A small
enough,

(1-2¢) |Vk|?dx + c/ |Vk|? dx —/ £ (W) lk|? dx
x| </ lx]>=v/2 RN (342)
> —Clgliz
From (2.3) with > = +/A we have
(1= 20) |Vk|? dx + cf |Vk|*dx — f £ (W)lk|? dx
lx|>v/2 lx|<vA RN (343)
> —Cllglz.
Taking the sum of (3.42) and (3.43), and using (3.41) we obtain
1 _ _ -
S (8, 8) = —2ay a3 —2aya] +c|lklg - 2Cligllz-
The conclusion follows if we take ¢ small enough. O

Recall that R > 0 is the constant used in the definition of the localized bubble
V (A1, A2),see (3.1).

Al

Lemma 3.6. There exist constants ,g, n, Ry, ¢ > 0 such that if A = o = 20,

laz| < nand R > Ry, then

EWUM, A2, a2)) =2 2E(W) + el

Proof. Without loss of generality we can assume that A; = 1, A1 = A (it suffices
to rescale). The conclusion follows from [13, Lemma 2.7] applied for u* = —U%
(the proof given there is valid for N > 3). O

Remark 3.7. In Lemma 3.5 the fact that the bubbles have opposite signs has no
importance, but it is crucial in Lemma 3.6.
3.3. Conclusion of the proof

Proof of Theorem 1.2. Suppose by contradiction that u(z) : [0, T+) — £ is a solu-
tion of (NLW) such that (1.4) holds. Formula (1.5) and Lemma A.S imply

2E(W) =EWU A, 2,a2) + 8)
= EWU A, A2, a2)) + (DEWU (A1, A2, a2)), &)

45 (DEWG1, 2, a8 8) + 0 (I13).

(3.44)
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STEP 1 — COERCIVITY. We will prove that for all # there holds
2ax()ba(t) + 2(ay (1) + a; (1) + ba(1)?) 2 N(g(1), A(1))? (3.45)

(the functions ar, a, and b are defined in Proposition 3.4).
From (2.52) we have [b2()? — (¢, ()71 < laal - g1
Since (oz;2 0 g(t)) = 0,Lemma 3.5 and Lemma 3.6 yield

1
E(UG41(0), 221, a2(1)) = 2E(W) + D’ E(U (1 (1), 22(1), a2(1))) (1), g (1))
+2(a7 O +af (02 + b (1)?)
> c- N(g(t), h(1)*,

for R > Ry, with a constant ¢ > 0 independent of R.
Recall that 2a,(t)br(t) = —(DE(U Ki, 2)). In view of (3.44), in order to prove
(3.45) it suffices to verify that

(PEWG132.02) =DE (U2) g)| < 5 - N(g.2?  (3.46)

provided that R is large enough. Without loss of generality we can assume that
My = 1 and A = A. First we show that

[(DEU®, 1,a2)), g) + (DE(V (1, 1)), g) — (DE (U?), g)| <N (g, 1)*. (3.47)

This is equivalent to

[ 15 @ = VG 0) 4 G 0) = £ (0%)] gl dx < Nig. 2
By the Holder and Sobolev inequalities, it suffices to check that
-2
| (=VO, D+U2) + £V, 1) = £ (U2)] v, <275,
LN+2
which follows from the inequality
£ (=VO, D+UR) + F(VO, D) = £ (UR)| S /W) + 1.
Next, we prove that if R is large enough, then

N-2

IDECV(A, D)llex = 7 -4 . (3.48)

10

From (3.3), if R is large then

HAW, — VL D)l S =205 (3.49)

c
8
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We will prove that

If (W) = fF(V, D) _N2 AT (3.50)
In the region |x| > RV/A we have V(X, 1) = 0 and
ILF W = [ FW)I| ER s
g LN+2(| |=RVZ) LNT2(| |>R/f)

In the region |x| < R~/ we use the pointwise bound | f(W;) — f(V(A, 1)| <
f/(Wy) - |[Wy, — V(A, 1)], the fact that W5 — V (A, 1) is bounded in L and the
bound

W, AT
TEUATRETES

Now (3.48) follows from (3.49), (3.50) and AW, + f(W,) = 0.
Estimate (3.46) follows from (3.47) and (3.48).

STEP 2 — DIFFERENTIAL INEQUALITIES. Observe that

T+ 1 T+ 1
—dr = —dr = . 3.51
/0 o /0 @ T G0

The proof is the same as that of (2.64).

Form € N, m > my, lett = t,, be the last time such that N (g(¢), A(¢)) =
27 By continuity, t,, is well defined if mg is large enough.

By Proposition 3.4, there exists a constant C; such that

la (O] =C1 - N(g®), M) = — |a1 )=

oy () laf" ()| Vte[0, T1). (3.52)

Suppose that Ia (tm)| > 2C1 - N(g(tm), A(tn)). Since, by the definition of z,,, we
have N(g(t) A(t)) < N(g(tm) A(ty)) for t > t,, a simple continuity argument
yields |a1 (tm)] = 2Cy - N(g(t), A(t)) for all t > t,. By (3.52) and (3.51), this
implies |afr(t)| — 400 ast — Ty, which is absurd. The same reasoning applies
to b(t), hence we get

laf )| SN (), 2am)) 15| S N(&(tm), A(tm))’
Thus (3.45) forces

lay ()| 2 N (tm), 2tn)) > N (8(tm), Aim))’. (3.53)

Consider the evolution on the time interval [t,,,_1, #,;]. By definition of #,,_ and #,,
fort € [ty—1, t] there holds hence (3.53) and Proposition 3.4 allow us to conclude
that

d _
a|al 0 = |(ll @, Vit € [tm—1, tm].

2)»()
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Since this holds for all m sufficiently large, we deduce that there exists fp < Tt
such that

lay ()] < lay (10)| ( / "d’) Vi > i

a < |a 0)l - €X — s = 1p.

! ! PU L i

Lett € [ty—1, tm]. At time ¢, all the terms of (3.45) except for the term 2al_(t)2

are absorbed by the right hand side, hence N (g(t), A(tn)) < la; (tm)|. Using the
definition of ¢,,_; we obtain

Im d
N (), 1(6)) 2N (g(tm). A(tw)) < lay ()] < lay (t0)] - exp (— / ot )
W 201(7)

_ ' ydr
< ron-on(- [ 225,
fo

By (3.14), this implies

IV (0] + 25 0] < ex —/t vde Vi > 1
1 2 ~ eXp \ 201(7) = Ip.

Dividing both sides by A1 (¢) and integrating we obtain that log A1 (#) converges as
t — T4. Dividing both sides by A, (#), using the fact that A, (z) > A (¢) for ¢ > 19
and integrating we obtain that log A>(#) converges as t — T,. Hence log A(¢)
converges, which is impossible. O

Remark 3.8. An analogous proof using the linear stability and instability compo-
nents oz;f2 and o, instead of the refined modulation and instability component ,8)‘2

would yield 12(0) — Ao € (0, +00) (hence T+ = +o0) and |logA;(¢)| 2= ¢ as
t — 400, but would not (at least directly) lead to a contradiction.

Appendix

A. Elementary lemmas

Lemma A.l. Let v : R — R be an analytic function such that y(0) = 0 and

¥’ (0) # 0. Then there exists a local analytic diffeomorphism y = ¢(x) near x =0
such that ¢(0) =0, ¢’(0) = 1 and

¢'(x) - Y (x) = p(x) - ¥'(0). (A.T)

Remark A.2. Equation (A.1) expresses the fact that the change of variable y =
@(x) transforms the differential equation x = v (x) into y = ¥'(0)y.
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Proof. Without loss of generality we can assume that ¥'(0) = 1. We set:

o . T1-9'()
() == Y (x) - exp ( fo - dz)

and it suffices to verify that ¢ has the required properties. O

Recall that we denote f(u) := |u|ﬁu and R(v) := f(W +v) — f(W) —
f/(W)v. Notice that f’ is not Lipschitz for N > 6.

Lemma A.3. The mapping R is analytic from By« (0, n) to itself if k > ko and n is
small. Its derivative is given by

LYY 3 DyR = (h = (f'(W +v) = f'(W)h).

The same conclusion holds if we replace Y* by BCy for v > 0.

Proof. We have an isomorphism
d:YF > HY o) =1+ x[),

so it suffices to show that ® o R o ®~! is analytic from By« (0, n) to itself. Let
w € By (0, n).

Let f(Q+2) = |1+ z|%(1 +2) = ;28 anz". The series converges for
|z| < 1. We have a series expansion:

N+2_ w”

+
R(@® 'w) =fa,,Wﬂ —
nzz (1 + [x[F)n

1 W% +00 1 n—2
S () v

ol R AW (4 [x )
We see that % € HFif k is large enough and that the last series converges
strongly in H* if 7 is small.
In the case of the space BCy the proof is the same. O

Lemma A 4. There exists k = k(N) € Nand n = n(N) > 0 such that if € Y*
and |a| < n, then for all g € H' such that llgll g1 < n there holds

(W, fFWU+ ) — fWUY = f U S gl

(A2)
W, (f' W — M) < lal - lIgll g,

with a constant depending on .
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Proof. For N € {3, 4, 5} this follows directly from the Sobolev and Holder inequal-
ities (even for v € H'). For N > 6 we use the pointwise bound

|f(U+g) — fFWUY — fFUHg S I WU - gl

Here, f” is a negative power. Since U“ has slow decay, ¥ - | f"(U%)| € LY if
¥ € Y* and k is large enough. The conclusion follows from the Holder inequality.
The proof of (A.2) is similar. U

Lemma A.S5. Set y := min (3, %) For any M > O there exists C > 0 and
n > 0 such that if |vlle < M and ||glle < n, then

1
|[E(v+ g) — E(v) — (DE(v), g) — E(DZE(v)g, g <Clgl.

Proof. In dimension N € {3, 4, 5} this follows from the pointwise inequality
|Flk+1) — F (k) — f (k) — %f’(k)ﬂ! S @ IPIHIFOI, k1eR, (A3)
whereas for N > 6 it follows from
|F(k +1) - F(k) — f(k)l — %f/(k)lz| SIFD|, k1l eR (A4)

In order to prove the bounds (A.3) and (A .4), notice that they are homogeneous and
invariant by changing signs to both k and /, hence it can be assumed that k = 1 (for
k = 0 the inequalities are obvious). Now for |/| < % the conclusion follows from

the asymptotic expansion of F (1 +1); for |/| > % the bounds are evident. O
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