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Equivalence between dimensional contractions in Wasserstein
distance and the curvature-dimension condition

FRANCOIS BOLLEY, IVAN GENTIL, ARNAUD GUILLIN
AND KAZUMASA KUWADA

Abstract. The curvature-dimension condition is a generalization of the Bochner
inequality to weighted Riemannian manifolds and general metric measure spaces.
It is now known to be equivalent to evolution variational inequalities for the heat
semigroup, and quadratic Wasserstein distance contraction properties at differ-
ent times. On the other hand, in a compact Riemannian manifold, it implies a
same-time Wasserstein contraction property for this semigroup. In this work we
generalize the latter result to metric measure spaces and more importantly prove
the converse: contraction inequalities are equivalent to curvature-dimension con-
ditions. Links with functional inequalities are also investigated.

Mathematics Subject Classification (2010): 58J65 (primary); 5835, 53B21
(secondary).

1. Introduction

The von Renesse-Sturm theorem (see [27]) ensures that a Wasserstein distance con-
traction property between solutions to the heat equation on a Riemannian manifold
is equivalent to a lower curvature condition. This result is one of the first equiv-
alence results relating the Wasserstein distance and a curvature condition. Recent
works have been devoted to a more precise curvature-dimension condition instead
of a sole curvature condition. In this work, and in a fairly general framework, we
derive new dimensional contraction properties under a curvature-dimension condi-
tion and we show that they are all equivalent to it.

Let A be the Laplace-Beltrami operator on a smooth Riemannian manifold
(M, G) and let (P;h);>0 be the solution to the heat equation d;,u = Au with & as the
initial condition. Many of the coming notions and results have been considered in
a more general setting, but for simplicity in the introduction we focus on this case.
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The Bochner identity states that
1
SAIVFIE =V VAL =|VV[P+Ric(Vf V),

where Ric is the Ricci curvature of (M, G). The manifold associated with its Lapla-
cian is said to satisfy the C D(R, m) curvature-dimension condition if its Ricci cur-
vature is uniformly bounded from below by R € R and its dimension is smaller
than m € (0, +o0]. In this case

LAV = VF VAL = SAf? + RIVSP (1.1
2 “m )

by the Cauchy-Schwarz inequality. The C D(R, m) condition and (1.1) are the start-
ing point of many comparison theorems, functional and geometrical inequalities,
bounds on the heat kernel, etc. (see, e.g., [8,13,26,28]).

In this work we focus on the link between the curvature-dimension condition
and Wasserstein distance contraction properties of the heat semigroup. The von
Renesse-Sturm theorem [27] states that: the C D(R, co) condition holds if and only
if

W3 (Pgdx, Phdx) < e *R'W3 (gdx, hdx) (12)
for all # > 0 and probability densities g, 4 with respect to the Riemannian measure
dx. Here W, is the Wasserstein distance with quadratic cost.

There are many proofs of this result as well as extensions to more general
evolutions and spaces, see for instance [2,8,9,15,17,23,28,29]. Following the
seminal papers [21,25], attention has been drawn to taking the dimension of the
manifold into account.

A first way of including the dimension is to use two different times s and ¢t in
the inequality (1.2). It is proved in [9, 18] that the C D(0, m) condition implies

W3 (Psgdx, Phdx) < W3(gdx, hdx) + 2m(v/i — /5)° (13)

for all s,# > 0 and all probability densities g, 2. A non zero lower bound on the
curvature and the equivalence have been further considered in [13,18]:

e In [18], the fourth author proved that the C D(R, m) condition holds if and only
if

W3(Pigdx, Pshdx) < A(s,t, R, m)W5(gdx, hdx) + B(s,t,m, R)  (1.4)

for all s,¢# > 0 and all probability densities g, &, and for appropriate positive
functions A, B;
e In [13], the authors proved that the C D(R, m) condition holds if and only if

1 2 1 2

SR (5W2(Ptgdx, Pshdx)) < e RO+ gy (EWZ(gdx,hdx)>

(1.5)

2

<1 . e—R(s-l—t)) (Vi —5)
2(t +5)
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for all s,¢ > 0 and all probability densities g, h. Here s,(x) = sin(\/rx)//r
if r > 0, s,(x) = sinh(y/]r]x)//]r] if r < 0 and so(x) = x, hence recover-
ing (1.3) when R = 0. Both inequalities (1.4) and (1.5) are extensions of (1.2)
and (1.3), taking the dimension into account.

Contraction properties with the same time have been derived in [11] for the Eu-
clidean heat equation in R™, and then extended by the third author in [14] to a
compact Riemannian manifold. Let Entgxh = [ h loghdx be the entropy of a
probability density /2. Then the C D(R, m) condition implies that

W3 (Pigdx, Pihdx) < e >R W3 (gdx, hdx)

2 t
- / e 2RU=1 (Enty, P,g — Entgy Pyh)’du
0

for all #+ > 0 and all probability densities g, 4. This bound has also been proved
in [11] for the Markov transportation distance instead of the W, distance. This
distance differs from W» and has actually been tailored to Markov semigroups and
the Bakry-Emery I'; calculus. Dimensional contraction properties for a Wasserstein
distance defined with an adapted cost have also been derived in [29].

In this paper we derive diverse same time contraction inequalities under a gen-
eral C D(R, m) curvature-dimension condition, and in fact prove that they are all
equivalent to this condition. The results and the proofs will be given in the two set-
tings of a smooth Riemannian manifold and of a more general Riemannian energy
measure space, which is introduced in [6] and closely related to the so-called RCD
metric measure spaces (see [5] and also [1,13]).

The paper is organized as follows. In Section 2, we state and explain the con-
text of our main result, Theorem 2.1. In Section 3, we present the strategy of our
proof, motivated by the elementary gradient flow approach in Euclidean space. The
main issue, from the weakest contraction to the curvature-dimension condition, is
proved on a Riemannian manifold in Section 4, and on a Riemannian energy mea-
sure space in Section 5. The general strategy is the same in both settings, and it
could seem redundant to give both proofs. However the proof in the Riemannian
setting is rather simpler, presents the most important steps of the argument and thus
gives a way to get it in a more general space. We believe that it is an opportunity
to emphasize, in our example, the main issues arising in transferring a proof in the
Riemannian setting to the abstract measure space setting. Indeed, there, regularity
is no more available “for free”, and our proof will crucially use a whole panel of
powerful tools developed by L. Ambrosio, N. Gigli, G. Savaré, K.-T. Sturm and
coauthors to overcome this difficulty, in particular localization and mollification by
semigroup.

The easier implications in Theorem 2.1 are directly proved on a Riemannian
energy measure space in Section 5. The last section gives a new and simple deriva-
tion of a classical entropy-energy inequality, as well as dimensional HWI inequal-
ities: for this we start from our contraction inequalities instead of the curvature-
dimension condition, as in earlier works.
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2. Main result

Our main theorem states that, in a quite general framework, a curvature-dimension
condition is equivalent to same time Wasserstein distance contraction inequalities.
Let (X, d) be a Polish metric space, P (X) be the set of Borel probability mea-
sures on X and P, (X) be the set of all u € P(X) such that f d(xo, x)?dp(x) < 0o
for some x¢ € X. The (quadratic) Wasserstein distance between vy and v, in P, (X)

is defined by
Wa(vy, 1) = inf\/// d(x, y)*dn(x, y),
T

where the infimum runs over all probability measures 7 on X x X with marginals
v; and v,.
A fundamental tool is the Kantorovich dual representation: for vy, v € Pr(X),

2
W =Sup{/dev1 —/wdvz}. 2.1)
"

Here the supremum runs over all bounded Lipschitz functions ¥ (in this case [26,
Theorem 5.10] can be extended to Lipschitz instead of continuous functions, see
[17, Remark 3.6]) and QV is the inf-convolution of v, defined on X by

d , 2
Qw(X)zyinf{w(y)Jr (x. ) }

eX 2

The Wasserstein space (P2 (X), W) is described in the reference books [2] and [26].
We shall define the entropy Ent, f of a probability density f with respect to a
(finite or not) measure u by Ent, f = [ f log f du if f(log f)+ € L!(u) and oo
otherwise.

Our result will be stated in the two settings of a Riemannian Markov triple
(M, £, T') (RMT 1in short), and a Riemannian energy measure space (X, 7, u, &)
(REM in short). These settings will be described in detail in Sections 4 and 5
respectively. A RE M space is a particular metric measure space, developed in [6].
A RMT is a smooth Riemannian manifold equipped with a weighted Laplacian
(see [8]) and is a particular example of RE M space.

Even if a RMT is a REM space we prefer to state and prove our result in
both settings since the argument is a little simpler in the Riemannian case. We also
believe that it emphasizes the main difficulties when generalizing a result from a
smooth setting to an abstract metric measure space. In both spaces, (P;);>0 denotes
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the associated Markov semigroup. It is defined through the weighted Laplacian in
the RMT case, and through the Dirichlet form in the RE M case.

The C D(R, m) curvature-dimension condition is defined using the Bochner
inequality (1.1) in a Riemannian manifold and in a weak form in a metric measure
space (see Definitions 4.1 and 5.1).

Recall finally that for r € R the map s, is defined on R by

sin(\/r x)//r ifr >0
sp(x) = {sinh(/r[x)/s/Tr] ifr <0

X if r =0.

Theorem 2.1 (Equivalence between contractions and CD (R, m) condition). Con-
sider a RMT or REM space as in Sections 4 and 5, with (finite or not) reference
measure |1 and associated semigroup (P;);>0. Let R € R and m > 0. Then the
following properties are equivalent:

(i) The CD(R, m) (or weak CD(R, m) in a REM space) curvature-dimension
condition holds;
(ii) For anyt = 0 and any probability densities g, h with respect to |, there holds

1 2 1 :
se (SWa(Pigp, Php) | < e M sr ( SWalgu, b

m 2 m 2 (2 2)

o /t S 2RG0) o2 (EntM P,g —Ent, Puh> du:

0 2m
(iii) For anyt = 0 and any probability densities g, h with respect to |,
W3 (Pigie, Pihp) < e KW (g, hi)

2 (2.3)

t
- — / e 2RU—w (Ent, P, g — Ent,LPuh)2 du.
m Jo

See Theorems 4.3 and 5.3 for a more precise framework of Theorem 2.1.

A bound with the same additional term as in (ii) has also been derived in [10]
for some specific instances of symmetric Fokker-Planck equations in R™, for which
the generator only satisfies a C D(R, oo) condition. Combined with a deficit in the
Talagrand inequality, it has led to refined convergence estimates on the solutions.

The more difficult (iii) = (i) is proved in both RMT and RE M spaces, in
Sections 4 and 5 respectively. The easier (i) = (ii) = (iii) are directly proved on
a RE M space in Section 5.

3. Strategy of the proofs

3.1. Example of a gradient flow in R?

Let us first present the easiest case of a smooth gradient flow in R¢. There we shall
see that the equivalence between the contraction inequality (2.3) and the C D(R, m)
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curvature-dimension condition is natural. It gives a way to understand the general
case.

Let F : RY — R be a C? smooth function, and let (X 1)i>0 be a gradient flow
for the function F, that is, a solution to the differential equation

dX,
— = ~VFX). (3.1

Following [13], the function F' satisfies a C D(R, m) curvature-dimension condition
for R e Randm > Qifforany x, h € Rd,themap [0, 1] 25— ¢(s) = F(x+sh)
satisfies the convexity inequality

1 2
¢"() 2 Rl + —(¢'()". (32)
Here || - || is the Euclidean norm in R¢. Since the path (x 4 sh)s¢(o0,1] 1S a geodesic
between x and x 4+ £, this means that F satisfies a (R, m)-convexity condition along
geodesics.
Let now (X;);>0 and (¥;);>0 be two solutions to (3.1) with initial conditions

Xo and Yy respectively. Let also ¢;(s) = F(X; + s(¥Y; — X;)), so that ¢/(s) =
VF(X; +s(Y; — X;)) - (Y; — X;). Then the function A(¢) = || X; — Y,||2 satisfies

AN@w) =-2(X, —Y,) - (VF(X,) — VF(Y,)) = —2/(;1 @l (s)ds.
If now the function F satisfies the above C D(R, m) condition (3.2), then
A'(u) <—2R[| X, — Yu||* — %/0] (fp,;(S))zdu =< —ZRA(M)—%(%(D — pu(0))?
by the Cauchy-Schwarz inequality. Integrating over the interval [0, ¢], we get
1X; = YiII? < e 1X0 — Yol|* - % /0 RO (F(X,) - F(r)du. (33)

Conversely, let us assume that the gradient flow driven by F satisfies the prop-
erty (3.3) for any # > 0 and any initial conditions Xg and Y. Then F satisfies the
CD(R, m) condition (3.2). For, taking the time derivative of (3.3) at = 0 implies
1
—(Xo = Yo) - (VF(Xo) = VF(¥0)) = —R||Xo = Yo||* = —(F(Xo) = F(Y0))".

Letthen x, 7 inR? and s € [0, 1] be fixed. A Taylor expansion for Yo = x+(s+¢)h
tending to Xo = x + sh (along a geodesic), so for ¢ — 0, gives

1
—h -V*F(x +sh)h < —R||h||> = —(VF(x + sh) - h)*.
m

This is exactly the C D(R, m) condition (3.2).
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Let us observe that inequality (3.3) is exactly (2.3) when replacing R¢ with the
space of probability densities, the Euclidean norm with the Wasserstein distance,
F with the entropy, (X;);>0 with the semigroup (P;);>0 and the C D(R, m) con-
dition (3.2) with the corresponding Bakry-Emery condition, which is equivalent to
the (R, m)-convexity of the entropy (see [13]). Of course, this computation is nat-
ural since the considered evolution is the gradient flow of the entropy with respect
to the Wasserstein distance, see [2,16].

We now want to mimic the above proof for a smooth gradient flow on R to
the setting of a general semigroup on (P>(X), W»). As here in the smooth case, we
shall see in the coming section that geodesics play a fundamental role.

3.2. How to adapt the gradient flow proof to the general case?

The most natural method to prove that a contraction inequality in Wasserstein dis-
tance, as in (1.2), implies a curvature condition is to use close Dirac measures as
initial data (see, e.g.,[9]). In our case, this can not be performed since the entropy of
a Dirac measure is infinite. There seems to be hope since we consider the entropy
of the heat kernel in positive time, when it becomes finite. However, it does not
work again if we are on a homogeneous space. For instance, on R?, the entropy of
the heat kernel p;(x, -) does not depend on x and the dimensional corrective terms
in Theorem 2.1 vanish if we consider two Dirac measures as initial data.

To solve this issue we shall consider as initial data a probability density g (with
respect to ) and a perturbation of it, both in sufficiently wide classes of functions.
The perturbation will be built by means of a geodesic in the Wasserstein space
(P2(X), W3). Of course the best way would be to consider directly a geodesic in
the Wasserstein space as it was first used in [16]. In our general setting of a RMT
or a REM space, it is difficult to deal with such a geodesic due to the lack of
regularity. That is why we use a “smooth” modification of a geodesic path. More
precisely, given such a g, we are looking for a path (gs)s>0 of probability densities
whose Taylor expansion for small s is a geodesic in P, (X) with a direction given
by a function f. We explain the ideaona RMT .

For that, consider the generator L8 = L + I"(log g, -) (see (4.1) for the def-
inition of I') with associated semigroup (Ptg )i>0. Given a direction function f,
there are two ways of defining the path (gs)s>0, both admitting the same Taylor
expansion for small s:

e One can first consider the path g¢ = g(1 — sL8 f) for small s and a smooth
and compactly supported function f. The function g; is a smooth, bounded and
compactly supported perturbation of g. This path will be used on a RMT since
such functions are adapted to the Riemannian setting;

e One can also consider the path g, = g(1 + f — P& f), again for s small and
“nice” f € IL°°(u). The path (g5) has the same Taylor expansion as (gs) since
f — P f = —sL8 f + o(s). This path will be used on REM spaces. Indeed,
regularity of functions (such as g; above) is clearly a difficult issue in the setting
of metric measure spaces, and IL.°°(u) functions are much more adapted to them.
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By using the semigroup (P¢)s= instead of the generator L&, we can apply the
maximum principle which preserves (essential) boundedness of functions.

Remark 3.1. Let us see, formally and in the Euclidean space R, why the prob-
ability measure ggdx has the same first-order Taylor expansion as the geodesic in
the Wasserstein space. Let vy be a probability measure in R¢ being absolutely con-
tinuous with respect to the Lebesgue measure, ¥ : RY — R be a convex map,
and

vs = ((1 — $)Id + s Vi)

for s € [0, 1]. The path (vs)se[0,1] 1S a geodesic path between vy and v; in the
Wasserstein space, that is for any s, ¢ € [0, 1],

Wa(vs, vr) = |t — 5| Wa(vo, v1).

Moreover, for any test function H : RY — R, and by a formal Taylor expansion
when s goes to 0,

/Hdvs =/H((1 —s)x +sVir(x))dvy(x)
=/[H(X)+SVH(X)'(VW(X)—X)+0(S)]dVO(X)-

Assume now that dvg = gdx for a function g. Then, by integration by parts as
in (4.4) below,

fHde:/Hdvo—sfHLg(f)dv0+0(s):/Hgsdx—l-o(s),

where f(x) = ¥ (x) — |x|?/2.

In conclusion, the path (g;)s>0 appears as a (smooth) first-order Taylor expan-
sion of the W>-geodesic path (v;);>0.

Observe that in a general setting we cannot expect a sufficient level of smooth-
ness of the Kantorovich potential ¥, even on a Riemannian manifold.

4. The Riemannian Markov triple context

In this section we prove the implication (iii) = (i) of Theorem 2.1 in the context of
a Riemannian manifold, in the form of Theorem 4.3 below.

4.1. Framework and results

Let (M, G) be a connected complete C°°-Riemannian manifold. Let V be a C*
function on M and consider the Markov semigroup (F;);>o with generator L =
A — VV .V, where A is the Laplace-Beltrami operator. Let also du = e~ Vdx
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where dx is the Riemannian measure and I" be the carré du champ operator, defined
by

1
I'(f. &) =35L(fg) = fLg — gLf) 4.1)

for any smooth f, g. We let I'(f) = I'(f, f) = |V f|> where |V f| stands for the
length of V f with respect to the Riemannian metric G.

We assume that (M, p, I') is a full Markov triple in a Riemannian manifold, as
in [8, Chapter 3], and in this work we call it a Riemannian Markov triple (RMT). It
has to be mentioned that we need an additional hypothesis to obtain a full Markov
triple: the hypothesis proposed in [8, Chapter 3] is a uniform lower bound on the
Ricci curvature of M plus the Hessian of the function V: there exists a constant
o € R such that Ricg + V>V > pId. A more general statement will be given in
Section 5.

The measure p is reversible with respect to the semigroup, that is, for any
t > 0, P, is a self-adjoint operator in L.?(x). Moreover the integration by parts
formula

[ rrsan=- [ (s o

holds for all f, g in the set C3°(M) of infinitely differentiable and compactly sup-
ported functions on M. The generator L satisfies the diffusion property, that is, for
any smooth functions ¢, f, g,

Lip(f) = ¢'(NHLf +¢"(HT),

or equivalently

Tp(f),8) = ¢ (NHT(f. 9. (4.2)

In other words, the carré du champ operator is a derivation operator for each com-
ponent.

The map (x,t) — P:h(x) is simply the solution to the parabolic equation
d;u = Lu with h as the initial condition.

Definition 4.1 (C D(R, m) condition). Let R € R and m € (0, co]. We say that
the RMT (M, u, I') satisfies a C D(R, m) curvature-dimension condition if

1
T2(f) > RU(f) + Z(Lff

for any smooth function f, say in C2°(M), where

1
P2(f) = 5 (LT(S) = 2L (£, L)) (4.3)

Let us notice that m can be different from the dimension of the manifold M. The
CD(R, m) curvature-dimension condition is called the Bakry-Emery or I'; condi-
tion and has been introduced in [7] (see also the recent [8]).
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Example 4.2. On a d-dimensional Riemannian manifold (M, G)

e The operator L = A satisfies a C D(R, m) condition if m > d and the Ricci
curvature of the manifold is bounded from below by R;

e More generally, the operator L = A — VV - V satisfies a C D(R, m) condition
ifm > d and

1
Ric + Hess(V) > RG + —dVV QR VYV,
m—

where Ric is the Ricci tensor of (M, G), see for instance [8, Section C6] (when
m = d then we need V = 0).

Ina RMT , the following result gives the implication (iii) = (i) in Theorem 2.1:

Theorem 4.3. Let (M, 1, I') be a Riemannian Markov triple and (P;); > its asso-
ciated Markov semigroup. Let R € R and m > 0. If the inequality (2.3) holds for
any t = 0 and any smooth functions g, h on M with gu, hiw in P»(M), then the
CD(R, m) condition of Definition 4.1 holds.

4.2. Proof of Theorem 4.3

It is based on the approximation of geodesics introduced in Section 3.2 (see Re-
mark 3.1), properties of the Hopf-Lax solution of the Hamilton-Jacobi equation,
and an adapted class of test functions.

Let f be in C2°(M). Let also g be a smooth and positive function on M such
that gu € P,(M),

I'(g)
glloggldu < oo and —du < o0
g

Let us define the generator L8 by
L8h = Lh+ T (logg, h)

on smooth functions /. Since g > 0, then L& is well defined on the set C2°(M)
and L8h € C°(M) for any h € C2°(M). Moreover, the generator L8 satisfies
an integration by parts formula with respect to the probability measure gu: for
h, k € C2°(M) (one of them can be with non compact support)

/thkgduz —/F(h,k) gdu. 4.4)

For any s > 0, let us define gy = g(1 — sL? f). The function L8 f is in C2°(M), so
bounded, and we can let N = ||L& f||o. We shall frequently use the bounds (1 —
sN)g < gs < (1+sN)g. Inparticular gy > Ofors < 1/N. Moreoverfgsdu =1.
Hence, for s small enough, which we now assume, gsu is in P> (M) with a smooth
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and positive density. The proof of Theorem 4.3 consists in applying (2.3) with g
instead of f, dividing by 2s? and letting s go to 0. For this we shall estimate the
three terms in the inequality.
A key tool is the Hopf-Lax semigroup defined on bounded Lipschitz functions
¥ by
d(x,y)*
2s

Qs (x) := i {l/f(y)-i-

nf }, s >0, x e M. 4.5)
yeEM

The map x — Qv (x) is Lipschitz for every s > 0, and the map (s, x) — Q¥ (x)
satisfies the Hamilton-Jacobi equation

1
3 Os ¥ + 5|Vstf|2 =0, lim O,y =y

in a sense given in [26, Theorem 22.46 and 30.30] for instance. We observe that
sQs() = Q1(s¢¥) = Q(syr), so for s > 0 the Kantorovich duality (2.1) can be

written as )
Wilva) 100 U 0. dvi —/wdv2:|. (4.6)
Sy

252

Estimate on the term on the left-hand side of (2.3). Letting v = f in (4.6), we
obtain

W2(P,gsut, P, _
5 (Prgsit, Prg) 2/ Os f Prgs fPtng. @7
S

252

Since f is Lipschitz, almost everywhere in M we have

li OsfPigs— fPg
m =

s—0 s

1
—Er(f)Ptg - fPt(ngf)

by (vii’) in [26, Theorem 30.30]. But, by the definition of Qy f and since f is
bounded,

: d(x, y)*
sf(x) = f + 1.
CoJ 0 yeB(x,¢—1n4s|f|oo>{f(y) 2s }

Thus, for the Lipschitz seminorm || - ||Lip,

0> Qs f(x) — f(x)

S
. fO) = f)dx,y) | dx,y)?
= f +
yeB BTN { d(x,y) s 252 } (4.8)
1 - 2 1
> -3 sup (M) > —5||f||iip
yeB( AT\ ) (x,y)
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(see also [26, page 585]). Moreover || Qs flloo < || f oo S0, adding and subtracting
QS fPlga

OsfPgs— fPg

N

< Qs flloo |1PH (8L )l + Prg %

1F12,
< <||f||oo LS flloo + 2”) Pig.

The right-hand side is in IL! (1), so by the Lebesgue dominated convergence theo-
rem

lim inf sz(Ptgs,U», Prgp)
s—0 2S2

1
> [ (=3rnes - rrGLen Jan
Now, by reversibility of the measure  and the integration by parts formula (4.4),
/sz(ngf)d/L = / P fLA(f) gdn = —/F(f, Pif)gdpu.

Thus we obtain our first estimate:

. Wi(Pigsu, Pgp) 1
timing 2208 A0 2 [ par(gau+ [T Psdn. @)

Estimate on the first term on the right-hand side. According to (4.6) we need
an upper bound on the quantities [ Qs(¥)gsdpn — [ ¥gdu, independent of the
bounded Lipschitz function .

First of all, for0 <t < s,

d 1
E/Qﬂﬁgzdu=/[—§r(Qﬂﬁ)(l —tLgf)—QﬂﬁLgf}ng- (4.10)

This is justified by item (vii) in [26, Theorem 22.46 and 30.30] and the properties

that gu € P(M), L8 f is bounded, || Q:¥/lloo < [[¥ oo and [|Q:¥|lLip =< I1¥ILip
for any 7.

Now the integration by parts formula (4.4) gives — [ Q;¢ L8 f gdu =
JT(O:, f)gd . Recall that L8 f is bounded and that we have let N = [|L8 f |-
Fort < s < 1/N we obtain

d 1
E/Qtwgtdﬂ E/[—EF(QH”)U—SN)-FF(QHP, f)]gdu

1—sN 1 1

=/[— - F(Qtw— l_st>+2(1_sN)F(f)}gdu
1

=< m/r(f)gdﬂ-




DIMENSIONAL CONTRACTIONS IN WASSERSTEIN DISTANCE 857

Integrating over the set ¢ € [0, s]:

S
/Qs‘/fgsd,u—/‘/fgdﬂf m/r(f)gdﬂ-

Finally the Kantorovich duality (4.6) gives our second estimate:

W3 (gst. 1

lim sup V285 8H) /F(f)gdu (4.11)
s—0 252 2

Estimate on the second term on the right-hand side. Letu > 0 and let us compute

the limit of %(Entu P,gs — Ent, Pug) when s goes to 0. First, for any s > 0,

d
- Pu(gs) log Pu(g,) = —(1 + log Pugy) P (L8 f).
Then, for0 <s < 1/N,

|(1 4 log Pugs) Pu (L8 )| < NPug (1 +1log(l + N) + |log P, ())).

Forgetting the dimensional corrective term in (2.3), by the von Renesse-Sturm
theorem [27] the RMT satisfies a C D(R, 0o) condition. In particular, and since
JT(g)/gdp < oo, one can use a local logarithmic Sobolev inequality [8, Theo-
rem 5.5.2] to deduce [ P,g|log P,gldu < oo. In particular the right-hand side
in the last inequality is in L!(x). Then, by the Lebesgue convergence theorem
and (4.4),

lim Ent, P,gs;—Ent, P ug
s—0 s

/(1 + log Pug) Pu(gL® f)dp

= _/Pu (log P,g)L?® fgdu :fF(Pu (log P,g), flgdu.

By the Fatou lemma we obtain the third estimate:

L[ Ent, P, gs — Ent, P,g >
limsup——/ e—zm—m[ nt, r,8s nt, ug] I

s—0 m Jo s (4.12)

1 [t 2
<L / o 2R ( / [(Py(log Pug>,f>gdu> du.
m Jo

Conclusion. Dividing the inequality (2.3) by 2s2, letting s go to 0 and using the
three estimates (4.9), (4.11) and (4.12), we get

1
_E/P,F(f)gdu-i-/r(f, Pif)gdu

—2Rt

e L ak—w :
=— I'(f)gdu e I'(Py(log Pug), flgdu | du.
m Jo
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This inequality is an equality when # = 0, and since f € C2°(M), its derivative at
t = 0 implies

1 1 2
-3 / LU(f) gdu+t / C(f. Lf)gdu < —R / F(f)gdu—n—1< / [log s, f)gdu> .

Since [T'(logg, f)gdn = [T(g, f)du = — [ gLfdu and by definition of the
I'> operator we get

1 2
/ Fa(fgdu > R / C(f) gdu + %( f Lf gdu) .13)

for any f € C2°(M) and any positive smooth probability density g with finite

[ gllog gldu and f%du.

Inequality (4.13) appears as a weak form of the C D(R, m) condition. Again
from the C D(R, 0o) condition, it is a consequence of Wang’s Harnack inequality
(see [8, Theorem 5.6.1] and [28]) that there exist oy > 0 and 0 € M such that

/ exp(—apd (0, x)?) du(x) < oo. (4.14)

Then, for given x € M, for any p > o the function g, defined by g,(y) =

V4 peﬂ’d("'”2 for a normalisation constant Z, is such that g,u € P>(X) and
[ gplloggpldi, [T(gp)/gpdp < oo. Moreover (g,), converges to the Dirac
measure Jy at x, so replacing g by g, in (4.13) and letting p — +00 we get

1
T2(f) = RU(f) + Z(Lf)z

at any x € M and for any function f € CZ°(M). This is the C D(R, m) condition
as in Definition 4.1, and this finishes the proof of Theorem 4.3.

5. The Riemannian energy measure space context

In this section we prove Theorem 2.1 in the context of a Riemannian energy mea-
sure (R E M) space. The proof goes along the same overall strategy as in the mani-
fold case of Section 4.2. However, to overcome the lack of differentiability, it will
require several tools and results from optimal transport and heat distributions on
metric measure spaces.

The framework is stated in Section 5.1. As an intermezzo, in Sections 5.2
and 5.3 we give the proofs of (i) = (ii) = (iii) in Theorem 2.1. The main impli-
cation (iii) = (i) is stated and proved in Section 5.4, in the form of Theorem 5.3.
The path (gs)s>0 is constructed in Section 5.4.1, the three key estimates are given
in Section 5.4.2, finally the main proof is given in Section 5.4.3.
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5.1. Framework

As anatural framework, we state our result on a Riemannian energy measure space,
as introduced in [6]. Let (X, t) be a Polish topological space and w a locally fi-
nite Borel measure on X with a full support. Let (£, D(E)) be a strongly local
symmetric Dirichlet form on L?(11). Let finally (P;) >0 be its associated semigroup
and L its generator, with domain D(L) C L2(w). As for a Markov triple, see [8],
and since P; is symmetric and sub-Markovian, we can extend P; to a semigroup of
contractions on IL” (u) for p € [1, oc]. We also let £(f) := E(f, f) and

LAIE =1 1Fa g, +EC

for f € D(E). In this work we assume that (X, 7, i, £) is a Riemannian energy
measure space in the sense of [6, Definition 3.16]. A basic example of a REM
space is a Riemannian Markov triple as in Section 4. In this case, (£, D(E)) is
canonically defined by completion of (f, f) — f |V f|>dn. RCD spaces intro-
duced in [1,5] are another important class of REM spaces. In this case, £/2 is
given by the IL>-Cheeger energy functional. As we will see below, our RE M space
becomes an RCD(R, oo) space in an appropriate sense under one of the conditions
in Theorem 2.1 (see the argument in section 5.1 below): hence our argument falls
into the framework of a RCD space and it would make no difference to state or
to prove our result in the framework of a RCD space instead of a REM space.
However our conditions in Theorem 2.1 are described in terms of the Markov semi-
group (P;);>0 and its infinitesimal generator L, so we thought that the framework
of a RE M space was natural and adapted, and preferred it rather than a RCD space
as a starting point.

To make this presentation concise, we prefer to state the crucial properties of
a REM space instead of its precise definition. Indeed the definition consists in
several notions, which will be used only indirectly through these properties:

e The intrinsic distance dg associated with (£, D(£)), in the sense of [6, Sec-
tion 3.3], becomes a distance function, further denoted d. It is compatible with
the topology 7 and the space (X, d) is complete [6, Definition 3.6] and length
metric [6, Theorem 3.10].

We let Lip, (X) denote the set of bounded Lipschitz functions on X (with respect to
d). Let [V f| : X — R be the local Lipschitz constant of a Lipschitz function f on

X:
) = fW]
V160 = lmsup

e £/2 coincides with the L2-Cheeger energy associated with d, defined for f e
L?(n) by

awm=wbggéfwm%mﬁAUmm»nafmUwﬁ.
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As aresult, (£, D(E)) admits a carré du champ, i.e. there is a symmetric bilinear
map I" : D(€) x D(E) — L!(w) such that

E(f.g) = / C(f. ) du.

As on smooth spaces, L and I" satisfy the diffusion property (4.2). The coinci-
dence of £/2 and the Cheeger energy makes many connections between d and
I". For instance, D(E) N Lip, (X) is dense in D(E) with respect to || - ||¢. In
addition,

L(f) <IVfI* p-ae. (5.1)

for any Lipschitz f € D(E). See [6, Theorem 3.12] and [6, Theorem 3.14] for
all these facts.

Note that D(E) N IL°°(w) is an algebra and I" satisfies the Leibniz rule:
T(fg, h) = fT(g. h) + gT(f,h) for f, g € DE) NL*(u) and h € D(E).
We state further assumptions for our main theorem. Fix a reference point o € X.

Regularity assumption.

(Regl) There is ap > O such that (4.14) holds.
(Reg2) (X, 1) is locally compact.

Assumption (Regl): is equivalent to the condition (MD.exp) in [6] (see, e.g., the
comments after Equation (3.13) in [6]). This integrability condition yields the con-

servativity of Py, i.e.
/ Pifdp = / fdu

for f € L'(u) (see [6, Theorem 3.14]). This is equivalent to P;1 = 1 p-ae,
that is, the semigroup is Markovian (instead of sub-Markovian). In fact (4.14) is
a nearly optimal condition to ensure that the semigroup is conservative (see [3,
Remark 4.21]). Thus it is not restrictive.

Assumption (Reg2): implies that any closed bounded set in X is compact (see,
e.g.,[12, Proposition 2.5.22]). Moreover, (X, d) is a geodesic space (see, e.g., [12,
Theorem 2.5.23]). As a result, (P>(X), W) is also a geodesic space (see, e.g., [20,
Corollary 1 and Proposition 1]).

In this framework, we should be careful when defining the operator I'; in (4.3)
since I'(f) may not belong to D (L) even for a sufficiently nice f. To avoid such
a technical difficulty, and following [6, Definition 2.4], we employ a weak form of
the C D(R, m) condition
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Definition 5.1 (Weak C D(R, m) condition). Let R € R and m > 0. We say that
the REM space (X, 1, i, ) satisfies a weak C D(R, m) condition if, for all f €
D(L) with Lf € D(E) and all g € D(L) N1L*°(u) with g > 0and Lg € L*®°(w),

1 1
: / C(f)Lgdp— f C(f. Lf)gdp > R / C(f)gdut f (L) g du. (52)

The proof of (iii) = (i) (and also of (ii) = (iii)) of Theorem 2.1 will need fur-
ther regularity properties on the space and semigroup, which will in fact be conse-
quences of (iii) (or (ii)).

Note indeed that (2.3) in (iii) yields a W,-contraction

W3 (Pigdp, Prhdp) < e >R W3 (gdu, hdp) (5.3)

by neglecting the term involving m. Then, by [6, Corollary 3.18], (5.3) implies
a CD(R, oo) condition in the sense of (5.2). This fact is very helpful for further
discussion in the sequel since it ensures regularity of the space in many respects.
As a regularization property of P;, we have

Pih € Lipy(X) for h € L2(u) NL>®(w), t >0 (5.4)

(see [6, Theorem 3.17]); more precisely, P;h has a version which belongs to
Lip,(X)). In addition, (X, d, ) becomes an RCD(R, co) space (see [6, Theo-
rem 4.17]). Then, for a probability density & with respect to w, ((P:h)u)s>o0 is a
gradient flow of Ent,, in the sense of the R-evolution variational inequality [1, The-
orem 6.1]. As a consequence, we obtain the following properties:

e We can extend the action of P, to v € P,(X) in the sense that P;v is a solution
to the R-evolution variational inequality and that P,v = (Ph)p if v = hp. In
particular, (P;v);>0 becomes a continuous curve in (P> (X), W>), see [1, Theo-
rem 6.1]. In addition, v — P,v is a continuous map from (P, (X), W») to itself,
see [1, Equation (7.2)];

o Piv < pforv e Pr(X)andt > 0,and its density p; satisfies Ent, p, € R. This
property is included in the definition of the R-evolution variational inequality,
see, e.g., [1, Definition 2.5]. Recall that, under (4.14), Ent, p is well-defined
and Ent,p € (—o0, 0o] for p : X — [0, oo] with pu € P>(X), see, e.g., [3,
Section 7];

e There is a positive symmetric measurable function p;(x, y) such that P; coin-
cides with the integral operator associated with p,, see [1, Theorem 7.1];

e For any bounded measurable # and v € P,(X), we have

/th,v :/Pthdv, (5.5)

see [6, Proposition 3.2]. By the monotone convergence theorem, we can extend
this identity to those 4 which are bounded only from below (or above);
e Forany f € D(L) and h € D(E) we have the integration by parts formula

/wawu=—/hwa (5.6)
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5.2. Proof of (i) = (ii) in Theorem 2.1

In [13] M. Erbar, K.-T. Sturm and the fourth author of this paper have proved an
Evolutional variational inequality (EVI in short) in the REM spaces. Let g, h be
probability densities with respect to u and let U,, = exp(—Ent,-/m). Then, under
the weak C D(R, m) condition as in (i),

Lo (Ewacrn “Re (Mwacpn Tl U@ s,
dts§<2 2(Py u,gu)>+ s§(2 2(Py u,gu)) =3 < Um(P,h)) . (577
But it is classical, see, e.g., [2], how to deduce a contraction property in W» distance
between solutions (P;/);>0 and (P:;g);>0 from an EVI: one applies the EVI to the
curve (Ph);>0 and Pgg for a given s, and then (with the time variable s) to the
curve (Psg)s>0 and P:h for a given ¢; then one adds both inequalities, takes t = s
and integrate in time. Then one obtains (ii).

To sum up, it turns out that the EVI (5.7) not only leads to the property (1.5),
as observed in [13], but also to the same-time contraction property (ii).

5.3. Proof of (ii) = (iii) in Theorem 2.1

We first observe that sinhz(x) > x2 for any x, so (ii) in Theorem 2.1 implies the
same bound with sinh?(x) replaced by x2 in the integral. Then the implication
(i1) = (iii) is a consequence of the following result, which we prove in the general
context of a geodesic space.

Proposition 5.2. Let (Y, dy) be a geodesic metric space, U : Y — (—o00, 00] and
¢ Y = Y (t = 0) a one-parameter family of maps. Suppose that t — ¢;(y) is
continuous for all y € Y and U(¢;(y)) € Rforallt > 0and y € Y. Suppose also
that for yo, y1 € Y andt > 0,

1 2 1 2
Sk (—dY(fﬂt(YO), wt(yo)) <e Ry (—dy(yo, yo)
" 21 t m\2 (5.8)
- e RETD (U (9, (30)) — U(@u (1)) du.
m Jo

Then
dy (@ (50), o (Y1) < e 2R dy (yo, y1)?

2 t
- _/ e 2R (U (0, (30)) — Ulgu (1)) du.
m Jo

Proof. We adapt the argument of [13, Proposition 2.22].Let (ys)s<[0,1] be a geodesic
from yop to y; in Y, and let # > O be fixed. Forany n and 1 <i < n, letx' =

dy (@ (Yi-1)/n)» ¥t (¥i/n)). Then

n 2 n
dy (@ (30). o (y1))* < (ZX?) <ny ()’
i=1 i=1
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for any n. In particular

dy (¢ (o), pr(y1)? < hmsuan

n—oo i=1

Now, by neglecting the second term in the right-hand side of (5.8) and by geodesic
property,

x! 1 1
SR (j) < e_R’S§ <§dY(Y(i1)/n’ )’i/n)> = e_RtS% (Zdy(yo, Y1)>.

It follows, as in [13, (2.32)], that there exists a constant ¢ such that x;' < ¢/n for
large n and any 1 < i < n. Moreover sr (x)2 =x2— Rx4/(3m) + 0 (x®) as x tends
to 0, so that

11msupn2 —411mSllanSR X; /2) 5.9)

n—oo i n—o0

As a consequence
dy (30, ¢:(1))?

! 2
< 4limsupn Z SR <§dY(¢t -1/ @1 (yz'/n)))

n—oo
2
< 4limsup( Ze Rt < dy (yi— l)/na.Vt/n))
n—oo
1

~am ), 2R, > (U@ui—nym)) — U(gau(yi/n»)zdu)
i=1

2m

by assumption (5.8).

Then the conclusion follows from this estimate by using (5.9) with dy (yi—1)/n»
Yi/n) in place of x;' in the first term, and the Cauchy-Schwarz inequality in the
second term. O

Let us return to the proof of (ii) = (iii) in Theorem 2.1. We first check that (2.2)
yields (5.3). As we derived (5.3) from (2.3), the estimate (2.2) yields

1 2 - 1 2
Sk <2W2(chu, Pzgu)) <e ZR’S% <5Wz(hu, gu)) (5.10)
by neglecting the term involving m. From this inequality, we can extend P to a
map from P, (X) to itself, in a canonical way. Moreover, in (5.10) we can replace
hu and gu with any vg, v; € P> (X) respectively. Then we obtain (5.3) by a similar
argument as in Proposition 5.2. Thus, as discussed in Section 5.1, (X, d, i) is an
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RCD(R, o0) space and all properties at the end of Section 5.1 become available.
We remark that the extension of P; given on the basis of (5.10) coincides with the
one given by the RCD(R, o) property.

Now we only need to show that P; fulfills all the assumptions for ¢; in Propo-
sition 5.2 with (Y, dy) = (P»(X), W>) and U = Ent,,. Here we are extending the
definition of Ent,, so that, for v € P»(X), Ent,v = Ent,dv/du if v < p and
Ent, v = oo otherwise. By taking observations at the beginning of this section into
account, it suffices to prove that (2.2) implies

2 2
l —2Rt l
SR 2W2(sz0, Pv)) <e SR 2W2(U0, V1)

m

1 [t
—— | e ¢ (Ent, P,vo — Entu«PM‘)l)zd”
2m Jo

for vp, v; € P(X) and ¢+ > 0. But this is true since Psvg, Psv; < u for any
é§ € (0,1),so that

1 2 1 ?
SR (EWz(szo, PN])) < e 2ROV gp <§W2(P3vo, PBU]))

1 t
—— | e2RC-w (Ent,, P,vo — Ent,, Puvl)zdu
2m Js

by (2.2) and the bound sinhZ(x) > x2; moreover Psv; — v; in W, as § J 0 for
i =0, 1: this gives the assertion. Hence the proof of (ii) = (iii) in Theorem 2.1 is
completed. U

5.4. Proof of (iii) = (i) in Theorem 2.1

In this section we prove the main implication (iii) = (i) in Theorem 2.1, in the
following form

Theorem 5.3. Let (X, 7, 1, £) be a Riemannian energy measure space satisfying
the above regularity assumptions (Regl) and (Reg2). Let R € R and m > 0.

If inequality (2.3) holds for any t > 0 and probability densities g, h € L' (1)
with g, hi € Pr(X), then the weak C D(R, m) condition of Definition 5.1 holds.

In particular, the conditions (ii) and (iii) in Theorem 2.1 are equivalent to the
weak C D(R, m) condition.

5.4.1. Construction of the path (g5)s>0

In this section, we build the path g; mentioned in Section 3.2, under (2.3). Recall
that (X, d, ) is now an RCD(R, c0) space as remarked at the end of Section 5.1.
For x € X and r > 0, we denote the open ball of radius r centered at x by B, (x).
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For this we first define g(= gp). We take g in a more tractable (but large
enough) class than the full class of Definition 5.1. Fix o > «g with g as in (4.14),
A € (0,1) and gy : X — R Lipschitz with compact support. Let us define g as
follows:

g = % ((1 — X)go + Aexp (—ad(x,0)2>> (5.11)

where Z > 0 is a normalizing constant such that gu € P(X). Note that (4.14)
yields gu € P»(X). We fix g until the end of the proof of Proposition 5.10 below.
We can define the L.>-Cheeger energy functional &, /2 associated with d and the
probability measure gu. Let D(E,) be the set of f € L2(guw) with E(f) < oo.
Recall that D(E,) is complete with respect to || - lle, -

To define the path (gs)s>0 we need the corresponding generator Lé, and for
this we show the following auxiliary lemma.

Lemma 54. In the above notation, D(£) C D(&,) and

Eo(f) = / C(f)gdu 5.12)

for f € D(E). In addition, (E,, D(Ey)) is bilinear.

We do not know whether (5.12) is valid for any f € D(&,). Thus we have to
be careful when we apply the integration by parts formula (4.4) for LS.

Proof. The former assertion follows from [3, Lemma 4.11]. For the latter assertion,
take f, f € D(&g). For each n € N, take also x, € Lip,(X) with0 < x, < 1,
X|B,(0) = 1and x|B,, (o) =0.

Since, for each n € N, g is bounded away from 0 on B, (0), we have f;, :=
fxn € D(E) by the locality of the Cheeger energy, see [3, Proposition 4.8 (b)]
and [3, Lemma 4.11]. Moreover, ( f;,),eN forms a Cauchy sequence with respect to
I-lle, and hence || fn — flle, — 0. By the same argument, we have ||f,,—f||gg -0

for fn = f Xn- By (5.12), and recalling that I" is symmetric bilinear, we have

EoUfu+ Jo) +Eefu = f) = 2 (Ee(fi) + &)
Therefore the conclusion holds by letting n — oo. O

By Lemma 5.4, (£,, D(&y)) is a closed bilinear form on IL2(gu). Hence there
are an associated IL%>-semigroup P of symmetric linear contraction and its gener-
ator LS. By [3, Proposition 4.8 (b)], & is sub-Markovian. Thus Ptg satisfies the
maximum principle,i.e. Pf f < cif f < cfor f € L?(gu) and ¢ € R. In addition,
Lip, (X) N D(&,) is dense in D(E,) with respect to || - e, - Note that we can de-
fine P,g and L# without bilinearity of &, (see [3, Section 4] and references therein).

However, then they can be nonlinear and the integration by parts formula (4.4) may
not hold.
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Lemma 5.5. In the above notation:

(i) g € D(E) NLL*®(n) andlog g € D(E,);
(i) D(L) Cc D(L?).

Proof. (i) The first claim follows from (5.1) and (4.14). For the second one, note
that

& llogg) < [ IVlogsPgdu.

It is the integrated form of (5.1) for &, instead of £. Then the claim follows
from (4.14).

(ii) Let f € D(L) and h € D(E,). Take h,, € Lip,(X)ND(&,) for n € N such
that ||, — h||¢, — 0. By a truncation argument used in the proof of Lemma 5.4, we
may assume that each #,, is supported on a bounded set, without loss of generality.
Then h, € D(E) NL*®°(w) and hence h,g € D(E). Thus the Leibniz rule, the
assertion (i), (5.6) and (5.1) imply

‘/F(hn,ngdu‘ _ ‘/nhng, £ du —/hnmg, f)du‘

< '/hn(Lf)gdu‘ + ‘/hnl“(logg, f)gdu‘

|Vgl|?

< Nl 12010 (uguooanuW + 6<f>”2) :

o0

The definition of g yields |||Vg|?/glleo < 00. Thus there is C > 0 independent of A
and n such that

[EgUtns )] = Cllnlz g

Here we used Lemma 5.4. By letting n — oo, we can replace h, with & in this
inequality. Hence f € D(L#) since h is arbitrary in D(&y). O

We can now define the path (g5)s>0. Let f € D(L) N Lip,(X) with || flle <

1/4. We fix f until the end of the following section, and observe that f € L?(gu).
Then we let

& =g(1+f—Pf). (5.13)

By the L°°-bound on f and the maximum principle for P¢, we have
1
28 =8 =28 (5.14)

In what follows, we may assume without loss of generality that L8 f is not identi-
cally 0. For, by (5.6) and Lemma 5.5,

/Lfgdu _ —/r<f, o) du = —/r<f, log )¢ du =ngf logggdu. (5.15)



DIMENSIONAL CONTRACTIONS IN WASSERSTEIN DISTANCE 867

Thus, if L8 f is identically 0, then [ Lf g du = 0; hence (5.19) below holds in this
specific case (without the next section) since the C D(R, co) condition holds on our
RCD(R, ) space.

5.4.2. Three key estimates

The proof of Theorem 5.3 is based on (5.19) in Proposition 5.10 below. In turn, this
bound is based on the three key estimates in Lemmas 5.6, 5.7 and 5.9, which in the
manifold case of Section 4.2 correspond to (4.9), (4.11) and (4.12). The proofs are
a bit different since we use g; instead of g;.

The Hopf-Lax semigroup (Q;)s>0 given by (4.5) will again play a crucial role.
Required properties for Qg in this framework are given in [3, Section 3] or [4,
Section 3] for instance.

We begin with the first estimate, corresponding to (4.9):

Lemma 5.6 (First estimate).

W3 (P gsu, P, 1
lim inf 2 Fr8si Pgl) ——/P,(|Vf|2)gdu+fr(f, Pif)gdpu.

s—0 2s2 2

Proof. 1t suffices to prove an lower bound on the right-hand side of (4.7). By a
rearrangement,

s P~s_ P s - ~
/Q f tgs f tgdu=/%ﬂ(gx—g)du

+/QS];_szng+/fPt(gs_g)dﬂ-

s

(5.16)

Since gu € P(X), the Cauchy-Schwarz inequality yields s ! (g, — g) — —g L& f
in L' (11). Thus the last term in (5.16) converges to — f fP(gL8f)du. By Lem-
ma 5.4, and as in Section 4.2, this quantity is equal to the second term on the right-
hand side of the assertion. Moreover, by the general bound (4.8), the first term on
the right-hand side of (5.16) goes to 0. Finally, by (4.8) and the Lebesgue dominated
convergence theorem we conclude on the second term as in the Riemannian case of
Section 4.2. More precisely, we have

lim inf / Mﬂg(xm(dx)
s—0 S
1 . 2
> ——limsup/ sup (M) Prg(x)p(dx)
2 =0 J yeBavEmT TN 4G Y)
1
=—5/|Vf|2Ptgdu-
Thus the assertion holds. O

Next lemma deals with the second estimate and corresponds to (4.11).



868 FRANCOIS BOLLEY, IVAN GENTIL, ARNAUD GUILLIN AND KAZUMASA KUWADA

Lemma 5.7 (Second estimate).

2 ~

lim sup W5(&sit, g10) - 1 /F(f)g du.
s—0 2s? 2(1 =2 flloo)

Proof. Again, by the dual form (4.6), we need to bound [ Q¥ gsdp — [ Ygdp
uniformly from above on the bounded Lipschitz functions {. We can assume
that i is moreover supported on a bounded set. Then the function (s1, s2) +—>
f Qs, (V) g5, du satisfies the assumption of [2, Lemma 4.3.4] since we have (5.14)
and || Oy, ¥lloo < [[¥]loc. Thus, instead of (4.10), we obtain

d - d ~
£/Qs(¢)gsdu = £/Qs(¢)gs0du

d ~
+a/QS()(I//)ng:u*

So=s So=$

1
= / [—EIVstlz(l +f=Pf) = Qs¥ LgPsgf}gdu

for a.e. s > 0. Here the equality follows from [4, Theorem 3.6], the properties
10s¥llLip < 00, |Qs¥llo < o0 and the Lebesgue dominated convergence the-
orem. Note that Qs € D(E,) since Qg is Lipschitz with a bounded support.
Thus, by virtue of Lemma 5.4 and (5.1),

—/ 0¥ (L8 PE f)g dpn = Eg(Qutr. PE ) < \JEc(QuuEe(PE f)

=< \// VO g du E (P f).

By combining this estimate with the last one, we obtain

d - 1 g
£/Qs(w)gsdu =< mgg(ﬂ- f)

1
R I du.
2(1—2||f||oo>f (g di

Here the second inequality follows from the spectral decomposition for quadratic
forms and the equality follows from Lemma 5.4 again since feD(L)CD(E). Thus
the conclusion follows by integrating this estimate, as in the proof of (4.11). O

1
— &
=20 =207l Y

For the third estimate, we still require some preparation. We call C,(X) the set
of continuous functions ¥ on X for which there exists C > 0 such that | (x)] <
C(1 +d(o,x)?). For ¢ € C(X) and v € Po(X), we have v € L'(v). By
assumption on g, ¥ € L?(gu) for any ¢ € C,(X) and p € [1, 0c0). The following
lemma ensures integrability properties required in the proof of Lemma 5.9 below.
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Lemma 5.8. In the above notation:

(i) vgu € Pr(X) for any r € L*(gu) with Yrgu € P(X);
(ii) log P, g € Co(X) foru > 0.

Proof. (i) Using Assumption (Regl) and (5.11), this follows from

12 12
/d(O,x)ZW(X)g(X)M(dx)§</ d(o,x)4g(X)u(dx)> (/ wzgdu> <.

(i1) By (5.11) this is obvious for # = 0 and hence we consider the case # > 0. First
of all, log P, g is continuous on X since P,g > 0. Moreover, since (X, d, i) is an
RCD(R, o) space, we have the log-Harnack inequality

Rd(x, 0)?
< log P,g(x) <log|glleo

P, (logg)(o) — m =

(see [6, Lemma 4.6] or [19, Proposition 4.1]). Moreover log g € C>(X) and P,38, €
P> (X) by the properties after (5.4), so we have f loggdP,8, = P,(logg)(o) € R.
Thus log P, g € C2(X). O

We recall characterizations of convergence in W for later use. Let v, € P»(X),
n € Nand v € Pp(X). Then W (v,, v) — 0 is equivalent to either of the following
(see, e.g., [26, Theorem 6.9]):

e v, — v weakly and [ d(o, x)*v,(dx) — [d(o, x)*v(dx);
o [Vdv, - [Ydvforany Y € Cr(X).

We now turn to the third estimate.

Lemma 5.9 (Third estimate).

1 t
lim inf — fo e 2RU=W[Eny, P, g, — Ent,, P,g] du

t 2
2/ ezR(’”)[/ P, (gL f) logPugdu] du.
0

Proof. By the Fatou lemma, it suffices to show that

lim inf
s—0

|:Entﬂ P,gs —Ent, P,g
s

2 2
] > [/ Pu(ngf)logPung}

for each u > 0. By (5.14) and since Ent, P,g € R, we have P,gslog P,g,
P,glog P,g € L!'(w). Moreover a® > (a + b)z/(l +6) — b2/8 for § > 0 and

Of)clogx—)c—i—l§(x—1)2
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forx > 0, so

2
- 2 1 -
(EntﬂPugs — EntMPug) > m (/(Pugs — P,g)log P, g d,u)

( / (Pugs— ug>2 )2
1 ) |

By the Cauchy-Schwarz inequality for P,,

P _ 2
lim sup — /( ubs ”g) du < limsup — /P (u) du
s g

s—0 s—0

. /‘ Ps -
= limsup s | ———
s—0 S

Since § > 0 is arbitrary, it suffices to show

gdu =0.

liI%E/Pu(g(Psgf—f)) IOgPugdu=fPu(ngf) log Pugdp  (5.17)

in order to complete the proof. Here the well-definedness of the right-hand side
is included in the assertion. Since r > r, is 1-Lipschitz, s™/(P f — f)4 =
(sY (P f — f))4 converges to (L8 f) in L?(gu) and hence in L!(gu). By [3,
Theorem 4.16 (d)], [ L8 f gdpu = 0. Hence (L8 f)+IlL1 gy > O since L8 f is not

identically O (as assumed at the end of Section 5.4.1). Thus |[(PS f — f)+ ||]L1(g W >
0 for sufficiently small s > 0. Let us now define vsf , v({ € P(X) as follows:

ol (P{f = )+ i o @D o
NP = Dl YT I+ L)

Then vsf N v({' weakly in P(X) as s — 0. Moreover, by (i) in Lemma 5.8, vsf €

P>(X) for s > 0since f, PS¢ f, L8 f € L?(gu). Furthermore Wz(vsf, v({) — 0 as
s — 0 by the remark after Lemma 5.8: for

‘/d(o, )2dv{ — /d(o, )2dv]

12 s (PEf = f)e
<[ [ d, ) du) :
<‘/ ||(Psgf - f)—s—”]Ll(gu,) §
1
- = (L8 0
Pl

as again s~ (P f — f)4 — (L8 f)4 in L?(gu) (and hence in L!(gu)).
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Then, likewise, P, vsf € Pr(X) foru, s > 0 and
: f AR
lim W7 ( Pyvs , Pyvy ) =0 (5.18)
s—0

by (5.3). By Lemma 5.8 again, log P,g € C»(X) and in particular log P,g €
LY(P, vg ). Hence, by (5.18) and the remark after Lemma 5.8, we obtain

lim E/Pu <g(Png - f)+) log P,gdu

s—>0 8
= lim [CFS = 1) T
s—0 S

= ||(Lgf)+||L1(gm/logPugdPuvof = / P, (g(Lgf)+) log P,gdu € R.

f log Pug dPyv]

We can apply the same argument to (P f — f)_ instead of (P¢ f — f) to show the
corresponding assertion. In particular, the integral in the right-hand side of (5.17)
is well-defined and these two claims yield (5.17). O

5.4.3. Conclusion of the proof of Theorem 5.3

Let g be as in the last section, that is, given by (5.11). To proceed, we recall the no-
tion of semigroup mollification introduced in [6, Section 2.1]. Let « € C2°((0, 00))
with ¥ > 0 and fooo/c(r)dr =1.Fore > 0and f € L?(u) with p € [1, o0], we

define b, f by
s i= [ rre(S)ar

It is immediate that ||h. f — flle — Oas e — 0 for f € D(E). Moreover, for
fel?(w) NL®w), he f, L(he f) € D(L) N Lip, (X). Here the latter one comes
from the following representation:

ngf:—;—z/oooPer’<£) dr.

Proposition 5.10. Following the same assumptions as in Theorem 5.3, let f =
b fo for some € > 0 and fy € L2(u) NL®(w). Then T'(f) € D(E), and for g as
above

1 1 2
. f T, g)du+/ I(f. Lf)gdu<—R / C(f)gdp— ( / Lfgdu> . (5.19)

Proof. By assumption, f € D(L) N Lip,(X). Moreover, I'(f) = IV fI? u-ae.
by [6, Theorem 3.17]. Let n > 0 be so small that n|| f|lcc < 1/4. By applying



872 FRANCOIS BOLLEY, IVAN GENTIL, ARNAUD GUILLIN AND KAZUMASA KUWADA

Lemma 5.6, Lemma 5.7 and Lemma 5.9 to nf instead of f in (2.3),

—2Rt 2

2
n 2 n
~ " prs) gdu+n /F(f, Pfrgdn < —T [ 1(frgdu
2/f ' 2(1 =211 fllo)
nz t 2
-z f ¢2RU—0) ( / Py((L® f)g) log Pug du) du.
0
By dividing this inequality by n? and letting n — 0,
1
- /P;F(f) gdut /r<f, P f)gdu
(5.20)

—2Rt

t 2
o | e—““’—“)( [Pzt nrg) o Pugdu> du.

By virtue of mollification by b, we have Lf € D(€) and

d v Ppgdu =~ [ (D) [T Prfg dud
Gl rarpsan=—5 [T (t) [rop g duar

- [ i engan.
Note that I'(f) € D(E) (hence the left-hand side of (5.19) is well-defined). This

fact follows from [24, Lemma 3.2] with the aid of mollification by h.. Then, by
Lemma 5.11 below, we can differentiate (5.20) at t = 0 to obtain

1
E/F(F(f),g)dﬂﬂL/F(f, Lf)gdu

1 2
<- R/F(f)gdu - Z([(Lgf)gk)ggdu)

2
=—R/F(f)gdu— %(/(Lf)gdu> .

Here we have used (5.15) also in the last equality. This is nothing but the desired
inequality. O

Lemma 5.11. For ¢ € Lz(gu),

lim / Pu(yg)log Pug dut = / Wglog g dy.

Proof. We may assume ¥ > 0 and g € P(X) without loss of generality. Then
in particular ¥ gu € P>(X) by Lemma 5.8 (i). First of all,

/ Pu(yg)|log Pugldpt < o
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by a similar argument as in Lemma 5.8. Thus

/ P.(g) log Pug du = / Vg Pulog Pug) di < / Vg log Prugdp

by the Fubini theorem and the Jensen inequality for P, as integral operator. Now,
for each x, lim,_,o W2(P,0x, 8x) = O by the remarks in the end of Section 5.1,
and g is bounded and continuous, so P,g(x) = f gdP,5, — g(x). Moreover
log P>, < log||glloo and ¥gpu is a probability measure, so by the Fatou lemma

limSUP/PM(Wg)IOg P,gdp < /WgIOgng- (521)

u—0

For the opposite bound, again by the Jensen inequality for P,

f Pu(g)log Pugdp > / Pu(yg) Pullog ¢) dit = / log ¢ Pau(Vg) d.

Moreover log g is in C2(X) and W (P2, (g )i, Ygu) — 0 as u — 0, again by
the remarks in the end of Section 5.1. Hence, by the remark after Lemma 5.8, we
obtain

lim inf / Py(Wg)log Pug du> lim / P (g)log g dpu = f Vgloggdu. (5.22)
u— u—

Hence the conclusion follows from the combination of (5.21) and (5.22). O
Now we are in turn to complete the proof of Theorem 5.3.

Proof of Theorem 5.3. The last crucial step consists in transforming ([ (Lf)g d w)?
into [(Lf )2g du which will be done by a localization procedure. Let f be as in
Proposition 5.10.

Remark first that, by letting A — 0 in the definition (5.11), we obtain (5.19)
for go instead of the function g of (5.11). To put the square inside the integral
in (5.19), we need to localize this inequality, and thus we employ a partition of
unity. Let n > 0. Since Lf € Lip,(X), we can take § > O sufficiently small so that
ILf(x)—Lf(y)| < nforanyx,y € Xwithd(x,y) < 44. Since supp go is compact,

n

there is {x;}7_, C X such that suppgo C J;_; Bs(x;) (note that we require the

regularity assumption (Reg2) only at this point). Let us define ViGi=1,....n) by
Yi(x) =0V (28 —d(xj, x)) and

D G #o,
Yi(x) =1 2 ¥ ()
]:

1
0 if Yi(x) =0.
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Then v; € Lip(supp £0),0 < ¥; < 1,supp ¢; C Bps(x;) and Y 7_; ¥ (x) = 1 for
x € supp go. By applying (5.19) for ¥;go/l¥igollp1(,) instead of go, we have

1
- / (T o) dpt + / C(f. Lf)godu

=i(%/F(F(f),lﬁigo)duﬂL/F(f, Lf)llfigodﬂ>
1 2
<— R [T(hedn- ;m(/@f)dhgodu> .
By the choice of § and {y;}!_,, withn < 1,

e LA)Yigod 1 — Y ; Lf(x)? —
;H%go“w)(ﬂ IVigo u) ( n);:lllﬁgollzu(m f@i)?—n

=1 —n) /(Lf)2godu —n =201 = MILf oo

By letting  — 0,

1 1
-2 f (T, g0) dpu— / C(f. Lf)godu > R f C(f)godpt f (Lf) g0 d.

Let now g € D(L) N1L°°(u) with ¢ > 0 and Lg € IL°°(u), as in Theorem 5.3.
By virtue of mollification by b, (5.1) and (5.4), we have I'(f), I'(f, Lf), (Lf)* €
L' () NL*® (). Thus we can replace go in the last inequality with g; € Lip,(X) N
D(E), by a standard truncation argument. Then we can replace g; with g since
D(E) NLip,(X) is dense in D(E) with respect to || - ||¢.

Finally, we remove the mollification h,. Let f € D(L) with Lf € D(E) and
fn := (—n) vV f A n. Then we have, from the integration by parts formula (5.6),

1
3 [ Tufatgdn [ rous b g dn
1
>R/l"(hsfn)gdu+ ;/(thfn)zgdlL
By virtue of mollification by b, ||hs f —be flle — Oand |Lb. f,, — LY flle — O

as n — oo. Thus we obtain (5.2) by letting n — oo and ¢ — 0 after it, with taking
Lbe f = bhLf into account. O

6. Links with functional inequalities

A new proof of the entropy-energy inequality We now consider the case where
R > 0 and p is a probability measure. It is classical that the C D(R, m) condition
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implies the entropy-energy inequality
m 1
Ent, h < —1 14+ —I(h 6.1
nu_20g<+mR()) 6.1)

for any function 4 such that [ hdp = 1. Here I(h) = [T'(h)/hdp is the Fisher
information of . This inequality is given in [8, Theorem 6.8.1] for instance, and
also in [13, Corollary 3.28] via the (R, m)-convexity of Ent,, .

Inequality (6.1) improves upon the standard non dimensional logarithmic
Sobolev inequality Ent, A < I(h)/2R, a consequence of the C D(R, oo) condi-
tion. It leads for example to a sharp bound on the instantaneous creation of the
entropy of the heat semigroup in P, (X), namely

m 1
EntMP,h < E log m
forall 4 and ¢ > 0. For similar bounds, see also [13, Proposition 2.17] for a gradient
flow argument starting from the (R, m)-convexity of Ent,,, and [10, Proposition 3.1]
for Fokker-Planck equations on R™ with R-convex potentials.

The two approaches of [8] and [13] are rather involved, and we now give a
formal (and below rigorous) and direct way of recovering (6.1) from the contraction
inequality (2.3) in Theorem 2.1 (which is equivalent to the C D(R, m) condition).
The key point is the (formal) identity

. W3 (Psyihi, Pihy)
lim sup 5
540 s

= [(Ph) (6.2)

(see, e.g., [22, Equation (26)]) and the classical identity j—uEntﬂ P,h = —I(P,h).
Indeed, from inequality (2.3) and the Fatou lemma, forany 0 < s < ¢,

W22(Ps+8hﬂ, Pshp)

W22(P,+5hu, Pihp) <

[(P;h) = limsup e 2RU=9) Jim sup

50 82 510 82
t 2
_ z/ e—2R(t—u) lim inf <Entll— Pu+8h _ Ent# Puh) du
mJg 510 é

t
— 2R [ (ppy — 2 / e 2RO (Pyh)*du.
m

N

This yields the differential inequality
d 2 )
—I(Ph) < =2R I(Pth) — —1(P:h)
dt m

and then
mRI(h)

e?Ri(I(h) + mR) — I (h)

I(P:h) < (6.3)
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by integration on [0, #]. The entropy-energy inequality (6.1) follows by further
integrating (6.3) on [0, +00) and using lim,_, o, Ent, Pth = 0.

Before making this argument rigorous we give a formal argument to (6.2) at
t = 0, alternative to [22]. For simplicity, assume that u = dx is the Riemannian
measure and (P;);>0 is the heat semigroup associated with the Laplace-Beltrami
operator L = A. Let h be a probability density with respect to dx. First

05 Pssh +V - (wg Pssh) =0,

where wy = —&Vlog Pgsh. Then one can check that at the first order in §, the
couple (Pysh, wy)selo,17 is optimal between Pshp and Au in the Benamou-Brenier
formulation (see [26, Chapter 7]). Hence

W3 (Pshi, h !
w = / / IV log Pysh|? Pysh duds + o(1) — I1(h), 8 — 0.
0
Theorem 6.1. In a REM space as in Section 5, the contraction inequality (2.3)
implies the entropy-energy inequality (6.1).

Proof. Let h be a probability density with hu € P>(X) and I (h) < oo, as we can
assume. Recall that (X, d, u) is a RCD(R, co) space under our assumption (2.3).
Thus, by [3, Theorem 9.3 (i) and Theorem 8.5 (i)],

d W2(Pytshit, Puh
——-Ent, P = 1(P,h) = lim sup 2 Furshit, Puhir) 6.4)

540 82

fora.e.u € (0, 400). In particular, (6.2) holds almost everywhere and, proceeding
as above,

2 t
I(Ph) < e 2RE=)1(ph)y — = / e 2R 1P h)2du (6.5)
m

N

for any t > s > 0 where (6.4) is valid.

We now prove that (6.5) holds for all ¥ > s > 0. For this, set ¥ (¢) :=
e?RUI(P;h). Then v is non-increasing on [0, co) by a standard argument: indeed,
by CD(R, co) with the self-improvement argument in [24], we have /T'(P;h) <
e R P, (JT(h)) forall t > 0. It yields

2
I'(Ph) < o 2R(=s) (Pt—s(\/ F(Psh))) < ¢—2RG=9)p L (Psh)
Pk~ Py(Psh)  — N\ P )

Thus the claim follows by integrating this inequality by . Moreover t +— I (P;h)
is lower semi-continuous (see, e.g., [3, Lemma 4.10]). Thus i is lower semi-
continuous and non-increasing on [0, 00), so also right-continuous. This implies
that (6.5) holds fort > s > 0.



DIMENSIONAL CONTRACTIONS IN WASSERSTEIN DISTANCE 877

Let now § > 0. By dividing (6.5) by e 28! (y/ (t) +8) (¥ (s) +8), fort > s > 0,

2 t
/ ef2Ru1//(u)2 du 5
N

m(y(s) + 8) (¥ (1) + )

We claim

2
M/’e—m (M) du<_— Lt 1 67)
m Jo W)+ v +8  YpO0)+6

for any ¢ € [0, 00). For the proof of the claim, we let J be the subset of € [0, c0)
satisfying (6.7) and prove J = [0, 0co). First, 0 € J obviously holds and hence
J # (. Second, if t € J and ¢’ € (¢, 00) with ¢’ — ¢ sufficiently small, then ' € J.
Indeed, by the right continuity of ¥r, we have ¥ (u) +46 = (1 — §)(¥(¢) + &) for
any u > t being sufficiently close to r. We take ' > 7 so that this holds for all
u € (t,t"). Thus (6.7) for this 7, (6.6) and ¥ being non-increasing yield

/ 2
2(1—4) /’ o~ 2Ru ( v (u) ) du
m 0 Klf(lzt) + 46
1 1 2

E1,0(0 +8 YO +5 " m(y (1) +8) (Y (') + 6)
1 1

=Y+ YO +6

1 1
() +8  Y(s)+6

(6.6)

'
/ eszuw(u)z dl/{
t

and hence ¢ € J. Third, J is closed under increasing sequences. That is, for any
bounded increasing sequence (f,),eN in J, then lim, o t, € J. This property
follows from the fact that i is lower semi-continuous. Now these three properties
imply J = [0, oo) and hence the claim holds.

Finally we obtain (6.3) for all + > 0 by taking § | O and rearranging terms
in (6.7). But

t
Ent, s — Ent,, Ph = / I(Psh)ds (6.8)
0

for all ¢ by [3, Theorem 9.3 (i) and 8.5 (i)] again. Hence integrating (6.3) in ¢
concludes the proof. O

A dimensional HWI type inequality For R being 0 or negative, no logarithmic
Sobolev inequality for p« holds in general, and following [22] it can be replaced by
a HWI interpolation inequality with an additional W, term: this is inequality giving
an upper bound on the entropy H in terms of the distance W, and the Fisher infor-
mation /. As above, let us see how to derive a dimensional form of this inequality
from the contraction property (2.2) in Theorem 2.1.

In a RE M space as in Section 5, with a reference measure u in P(X), assume
the contraction property (2.2) with R = 0. Let g, & such that gu, hn € Pr(X),
I (h) < oo and gu has bounded support. Recall first that (X, d, 1) is a RCD(0, co)
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space under our assumption (2.2). In particular I (P/h) < I(h) for all t > 0.
Then [1, Theorem 6.3] and the Cauchy-Schwarz inequality yield

1d
57 W3 (i, gi) = =Wa (P, iy 1 (Pih)

for almost every ¢ > 0. In particular
1 1 !
S WE it g — 3 WGk, g0 > = [ WatPi, g/ TR ds
0
t
> / Wa(Pyhut, gi)y/T(h) ds
0

forallt > 0.
If now g converges to 1 in such a way that gu converges to w in the W, dis-
tance, then using the triangular inequality

|Wa(Pshp, gi) — Wa(Pshj, )| < Wa(gu, )

for any 0 < s < t one can pass to the limit above, leading to

1 1 !
SWPhga, 1) = 3 Wyt ) > — /0 W(Pohya, 1)/ T(R) ds.

Now by (2.2) the left-hand side is bounded from above by

! Ent,, Psh
—4m/ sinh? (L) ds.
0 2m

Finally s + W (Pshpu, ) and s — Ent, Pgh are continuous on [0, 1], so one can
let ¢ go to 0 and obtain

sinh? (%) < ﬁWg(h,u,u),/I(h). (6.9)

In [13], they proved the H W1 inequality

Ent — Ent
exp ( 181 180
m

1
) <1+ %Wz(glu,gou) 1(g1),

and we can obtain (6.9) also from this inequality by considering the cases (go, g1) =
(h, 1) and (go, g1) = (1, h) in this inequality and summing them up. The inequality
obtained in the case (go, g1) = (1, &) is in fact better than (6.9) (and has the same
behaviour for large Ent, /).
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Here is a possible application of (6.9): in the above notation and assumptions
(with R = 0), there exists a positive numerical constant C such that

W2(hpu,
Ent, Ph < %max C,logw , t>0
m

for all & with A € P,. This bound is a consequence of (6.8), (6.9) with Pk instead
of h, the bounds Wa(P;hu, u) < Wa(hu, ) and sinh*(x) > e* /32 for x large
enough.

For short time, this gives a regularization bound of the entropy as m /2 log(1/t),
which is exactly the behaviour observed above for R > 0, and also for the heat ker-
nel on R™; it also improves on the corresponding bound m log(1/¢) in [13, Propo-
sition 2.17, (ii)].
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