Ann. Sc. Norm. Super. Pisa Cl. Sci. (5)
Vol. XVIII (2018), 881-916

Global Marcinkiewicz estimates for nonlinear parabolic equations
with nonsmooth coefficients

THE ANH BUI AND XUAN THINH DUONG

Abstract. Consider the parabolic equation with measure data

u; —diva(Du, x,t) = in Qr

u=0 on 8[) QT ,
where Q is a bounded domain in R”, Q7 = Q2 x (0, T),9,Qr = (32 x (0, T))U
(2 x{0}), and u is a signed Borel measure with finite total mass. Assume that the
nonlinearity a satisfies a small BMO-seminorm condition, and €2 is a Reifenberg

flat domain. This paper proves a global Marcinkiewicz estimate for the SOLA
(Solution Obtained as Limits of Approximation) to the parabolic equation.

Mathematics Subject Classification (2010): 35R06 (primary); 35R05, 35K65,
35B65 (secondary).

1. Introduction

Let © be a bounded open domain in R?, n > 2. For p > 2, we consider the
following parabolic equation with measure data

—diva(Du, x,t) = in
{ut (Du ) =K T (1.1)

u=~0 on 09,Qr,

where T > 0 is a given positive constant, Qy = Q x (0,7), 0,Qr = (92 x
(0, T)U(2x{0}),and pis a signed Borel measure with finite total mass. Through-
out the paper, we set u; = g—’; and Du = Dyu := (Dyu, ..., Dyu).

In this paper, we assume that the nonlinearity a(€, x, t) = @', ...,a") : R" x
R" x R — R” in (1.1) is measurable in (x, ) for every &, differentiable in & for
a.e. (x,t), and satisfies the following conditions: there exist A1, A, > 0 so that

la(g, x, )| + |£]|Dsa(g, x, 1) < Aqlg[P7", (12)

The authors were supported by the research grant ARC DP140100649 from the Australian Re-
search Council.

Received July 15, 2016; accepted in revised form February 17,2017.

Published online May 2018.



882 THE ANH BUI AND XUAN THINH DUONG

and
(@, x, 1) —am, x,0),& —n) = Al —nl? (1.3)
forae. (§,7) e R" x R"and ae. (x,t) € R" x R.

Note that a standard example of such a nonlinearity a(&, x, ) satisfying these
conditions is the p-Laplacian A ,u = div(|Du|?~2Du) with respectto a(§, x,t) =
|E|P~2& . This general nonlinearity was studied for both elliptic and parabolic equa-
tion by many authors. See for example [1,9-11,22,26-30] and the reference therein.

Definition 1.1. A function u € C(0, T; L>(Q)) N L?(0, T’; Wol’p(Q)) is said to be
a weak solution to the equation (1.1) if the following holds true

—f u(p,dxdt—l—/ (a(Du,x,t),D(p)dxdt:/ edu, (1.4)
Qr Qr Qr

for every test function ¢ € C°°(Qr) vanishing in a neighborhood of 9, Q7.

Remark 1.2. Due to the lack of regularity with respect to the time variable, the
weak solution u to the problem (1.1) could not be choosen as a test function in
the formula (1.4). In order to overcome this trouble, we make use of the Steklov
averages or the standard mollifiers. For further details, we refer, for example, to
[16,38].

In general, it is not clear whether the weak solution to the equation (1.1) exists.
For this reason, the notion of SOLA (Solution Obtained as Limits of Approxima-
tion) will be employed in this situation. For the sake of convenience, we sketch
the ideas of an approximation scheme in [6-8]. For each k € N, we consider the
regularized problem

{ (ui)r — diva(Duy, x, 1) = pp - in Qr (15)

ur, =0 on 3,87,
where i € C°°(Q27) converges to u in the weak sense of measures and

il (Qr N Q1) < [ul(Qr NQ7), k=1,R>0.

As aclassical result, the equation (1.5) admits a weak solution uy € C(0,T; L?()N
LP0,T; Wol’p (2)) for each k. Moreover, it was proved in [8] that there exists u so

thatuy — uin L9(0, T; Wol’q(Q)) foranyqg € [1, p—1+ n—}rl). By this reason, the
limit of approximation solution u is refered to SOLA (Solution Obtained as Limits
of Approximation). In the general case, the SOLA may not be unique. However,
in our situation the uniqueness of SOLA is guaranteed by i € L!(Q7). See for
example [14].
Let0 < 6 < n+2; we say that the measure 1 is in the Morrey space L% (Q7)
if the following holds true:
IxI(0r(z) N Q)
sup sup — < 00,
zeQr 0<r=diamQr |Q, (z) N Qr|' "7+

where Q,(z) = By (x) x (t —r2, t +r?) withz = (x, 1) and B, (x) = {y € R" :
lx =yl <r}.
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The nonlinear elliptic and parabolic equations with measure data have received
a great deal of attention by many mathematicians. See for example [5-8,18,19,25,
33-36] and the references therein. One of the most interesting problems concerning
the SOLAs to the equation (1.1) is the Marcinkiewicz type estimate. More precisely,
we look for suitable conditions on the nonlinearity a and the domain 2 so that the
following implication holds true

pelQr), 6e,n+2] = |Dul € M™(Qr) (1.6)

for some m = m(p,0), where M™(Qr) is the weak-Lebesgue space, or the
Marcinkiewicz space, defined by the set of all measurable functions f on Q7 satis-
fying
L
I fllmm@ry == supAl{z € Qr : | f(2)| > A}|m < +o0.
A>0

The usual modification is used to define the Marcinkiewicz space on any measurable
subset £ C Q7.

In [34], the local Marcinkiewicz type estimates (1.6) were obtained for the
elliptic equations with Morrey data:

0(p—1)

pel(Q),2<0 <n= |Dule M,/ (Q).

Note that when 6 = n, the above estimate reads

e LM(Q) = [DulP~h e M (),
which was proved in [6,8] for p < n. The borderline case p = n is much more
difficult and was investigated in [17].

For the parabolic equation, the local version of Marcinkiewicz type estimates
(1.6) for p = 2 was obtained in [4] by making use of the maximal function tech-
nique. The case p > 2 is more complicated and has been studied recently in [3].
More precisely, the author in [3] proved that there exists 6 € (1, 2) so that

) I
pelQr), 6e@.n+2] = |Dule Mig(Qr), m=p—1+_ —.

The number § € (1,2) is a threshold and has a connection with the exponent in
higher integrability estimates of the associated homogeneous equation. It is also
claimed in [3] that the range 6 € (8, n + 2] can be improved to be 6 € (1, n + 2]
if either a(§, x, 1) = b(x)a(&,t) and b(-) satisfies certain VMO regularity condi-
tions, or a(§, x, t) is continuous with respect to x with some additional smoothness
conditions.

This paper is devoted to the global Marcinkiewicz estimates (1.6) with a gen-
eral class of nonlinearities a and non-smooth domains. Our main result is the fol-
lowing theorem.
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Theorem 1.3. For any 1 < 0 < n + 2, there exists a positive constant § such
that the following holds. If u € LYY (Qr), the domain Q is a (8, Ro)-Reifenberg
flat domain (see Definition 2.3), and the nonlinearity a satisfies (1.2), (1.3) and the
small (8, Ro)-BMO condition (2.1) (see Definition 2.1 for (2.1)), then the problem
(1.1) has a unique SOLA u such that

n_ 1
l1Dullvn@r) < C[ILI@NFT +1], m=p—14+-—. (@17

where C is a constant depending on n, A1, A>, 8, Ry and Qr.

Remark 1.4. (a) In Theorem 1.3, we are only interested in & € (1,n + 2]. The
case 6 € (0, 1] can be deduced immediately from the estimate for 6 € (1,n + 2].

Indeed, if u € L“?(Q7) for some 6 € (0, 1], then from the definition we have
L'9(Qr) for any 6 € (1,n + 2]. Applying Theorem 1.3 and letting & — 17, we
obtain |Du| € M4(Q7) forany p — 1 < g < oco. Hence, |Du| € L1(Qr) for any
p—1<gq <oo.

(b) It is not clear whether the exponent # on the right hand side of (1.7) is optimal.
This problem is, of course, interesting in its own right, but we do not pursue it in
this paper.

It is important to stress that although the local Marcinkiewicz estimates have
been investigated intensively for elliptic and parabolic equations, (see for exam-
ple [3,34] and the references therein), the global Marcinkiewicz estimates have not
been obtained. Hence, the result in Theorem 1.3 gives a new result on the global
Marcinkiewicz estimate for nonlinear parabolic equations with measure data. We
note that in Theorem 1.3, we require neither continuity conditions of the nonlin-
earity a, nor smoothness conditions on the boundary 0€2. See Section 2 for further
discussion on these two conditions.

We now give some comments on the technique used in this paper. In the par-
ticular case p = 2, the Marcinkiewicz estimate can be otained by using maximal
function techniques. See for example [4]. However, this harmonic analysis tool
does not work well for the case p # 2, mainly because the homogeneity of the
parabolic equations is no longer true as p # 2, even when u = 0. To overcome
this trouble, we adapt the technique introduced in [1,2] which makes use of the
approximation method in [13] and the Vitali covering lemma. This method is an
effective tool in studying the general nonlinear parabolic equations. See for exam-
ple [1-3,12].

The organization of the paper is as follows. In Section 2, we give the assump-
tions used in the paper. Some important approxiation results for the solution to the
problem (1.1) are illustrated in Section 3. The proof of Theorem 1.3 is described in
Section 4.

Throughout the paper, we always use C and ¢ to denote positive constants that
are independent of the main parameters involved but whose values may differ from
line to line. We will write A < B if there is a universal constant C so that A < CB
and A ~ Bif A < Band B < A. We denote by O(data) a small quantity such
that limgata0 O(data) = 0.
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2. Our assumptions

Forr,7,A > 0,z = (x,t) with x € R", ¢ > 0, we first introduce some notation
which will be used in the paper:

e Qr =Qx(0,T)and 0,Qr = (02 x [0, T U (€2 x {0});

e B, ={y:|yl<r},2% =BNQ,BF=B.N{y=1,..., ) : yn > 0},and
By (x) =x+ B, (x) =x+Q,, B} (x) =x + B;

L Qr,r =B x (—1,1), Qr,r(Z) =z+ Qr,rv Kr,r(z) = Qr,r(Z) N Qr;

e O, = Qr,rz, Q;—J— =0,N{z = (-xlaxna t) : xp, > 0},and Q,(z) = z+ O,
0F () =z+ 0/

° 8pQr = 90,\(Br X {7’2}), apQr(Z) =z+ apQr

* Ky (2)=0r(2)NQ7, 00K (2) = 0, (2) N2 XR), 3, Ky (2) = I Ky (2)\ (€2 (x) X
{t +r2D);

o IMt) = (t — ATPri it + A%7PrY), QX (2) = B,(x) x IM1), 3,0M(z) =
00} @\(By(x) x {1 +2*~Pr)); _

o K}2)=0}2)NQr,0wK}(2) = 0} 2)NO2XR),0, K} (2) =K} (2)\(Qr (x)x
{t + 227 Pr2y);

e for a measurable function f on a measurable subset E in R” (or in R**1) we

define B |
o=t f=c [ s

2.1. The small BMO-seminorm condition

Assume that the nonlinearity a satisfy (1.2) and (1.3). We set

o@ B y).n= sp 2E0DA0E D
£€R\{0} &P

where

ap.(y)(§,1) =][ a(€, x, t)dx.

B, (y)

Definition 2.1. Let Ry, § > 0. The nonlinearity a is said to satisfy the small
(8, Ro)-BMO condition if

lalo.g, = sup  sup ][ O, B, ()(x, 1)2dxdr < 8. (2.1)
Q(r,t)()’)

YER" 0<r<Ry,0<t<r?
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Remark 2.2. (a) The nonlinearity a satisfying the small (§, Rp)-BMO condition
(2.1) is assumed to be merely measurable only in the time variable ¢ and belong
to the BMO class (functions with bounded mean oscillation) as functions of the
spatial variable x. To see this, we consider the following example. If a(¢, x, ) =
b(&, x)c(t), then (2.1) requires small BMO norm regularity for b(&, -), whereas
c(+) is just needed to be bounded and measurable. This is weaker than those used
in [11,12] in which the nonlinearity a is required to belong to the BMO class in
both variables ¢ and x. Note that the condition (2.1) is similar to that used in [23] to
study the parabolic and elliptic equations with VMO coefficients. We refer to [40]
for the definition of VMO functions.

(b) Under the conditions (1.2), (1.3) and the small (8, Rg)-BMO condition (2.1), it
is easy to see that for any y € [1, 0o) there exists € > 0 so that

[aly. R, := sup sup ][ 1©(a, B, (y)(x, )" dxdt < 8€.
Q(r.'r)(y)

YER" 0<r <Ry,0<7<r?

2.2. Reifenberg flat domains

Concerning the underlying domain €2, we do not assume any smoothness condition
on €2, but the following flatness condition.

Definition 2.3. Let §, Rg > 0. The domain 2 is said to be a (8, Rg)-Reifenberg flat
domain if for every x € 92 and 0 < r < Ry, then there exists a coordinate system
depending on x and r, whose variables are denoted by y = (y1, ..., ¥,) such that
in this new coordinate system x is the origin and

B N{y:y,>d8r} C B, NQC{y:y, > —6r}. 2.2)

Remark 2.4. (a) The condition of (§, Rp)-Reifenberg flatness condition was first
introduced in [39]. This condition does not require any smoothness on the bound-
ary of €2, but sufficiently flat in the Reifenberg’s sense. The Reifenberg flat domain
includes domains with rough boundaries of fractal nature, and Lipschitz domains
with small Lipschitz constants. For further discussions about the Reifenberg do-
main, we refer to [15,37,39,42] and the references therein.

(b) If Q2 is a (8, Rp) Reifenberg domain, then for any xg € 02 and 0 < p <
Ro(1 — §) there exists a coordinate system, whose variables are denoted by y =
(Y1, - -+, Yn), such that in this coordinate system the origin is some interior point of
Q,x0 = (0,...,0,—%) and

28p
B;CBpﬂQCBpﬂ{y:yn>—m}.
(c)Forx € Qand 0 < r < Rp, we have

Bl _( 2\ 03
BN ~\1-8/ " '
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Throughout the paper, we always assume that the domain Q is a (8, Ry) Reifen-
berg flat domain, and the nonlinearity a satisfies (1.2), (1.3) and the small (5, Ry)-
BMO condition (2.1).

2.3. Sobolev-Poincaré inequality on Reifenberg domains

Let 1 < p < oo and E be a compact subset in €2. The p-capacity of a compact set
E which is denoted by C,(E, €2) is defined by

C,(E, Q) =inf{/ |Dg|Pdx : g € C3°(R2), g =11in E}
Q

It is well known that for 1 < p < ocoandr > 0,
Cp(By. By) = cr" 7, 24)
where ¢ depends on n and p. See for example [21,32].

Lemma 2.5. Suppose that 1 < q < oo and that u is a q-quasicontinuous function
in Wh4(B), where B is a ball. Let Ng(u) = {x € B : u(x) = 0}. Then

5 1/q
(f Iul”"dx> <c (—/ IVul"dx) ,
B Cy(Np(u),2B)

wherec =c(n,q) >0andk =n/(n—q)ifl <q <nandx =2ifq > n.

In the particular case when €2 is a Reifenberg flat domain, we have the follow-
ing result.

Lemma 2.6. Let 2 is a (8, Ro)-Reifenberg domain. Suppose that 1 < g < 00
and that u is a q-quasicontinuous function in Wha(Q, (xo)), where xo € 92 and
0 <r < Ry. Then

- 1/q
<][ |u|qux> <cr (][ |Vﬁ|qu> , (2.5)
Q- (x0) By (x0)

where c = c(n,q) >0andk =n/(n—q)ifl <q <nandk =2ifq>n,and u
is the zero extension of u from Q. (xg) to By (xg).
In particular, we have

: 1/q
(][ Iulqu> <cr <][ IVﬁlqu) . (2.6)
Q2 (x0) By (x0)

Proof. The inequality (2.5) follows immediately from the definition of a (8§, Rg)
Reifenberg domain, (2.4) and Lemma 2.6. The inequality (2.6) follows from (2.5)
and Holder’s inequality. O



888 THE ANH BUI AND XUAN THINH DUONG

3. Interior estimates

For zo = (x0, 1) € 27,0 < R < Ro/4 and A > 1 satisfying Bsg = Bag(xo) C 2,
we set
Oz = Q)r(20) = Bag(x0) x Iix(to). (3.1)

For the sake of simplicity, we may assume that / jR (to) C (0, T), or equivalently,
QﬁR C Q7. The case Ij‘R (to) N (0, T)¢ # @ can be done in the same manner with
minor modifications.

Assume that u is a weak solution to (1.1). It is well-known that there exists a
unique weak solution w € C(I4AR (t0); L3(Bar(x0)))NLP (I4AR (10): WYP(Bsr(x0)))
to the following equation

{wt —diva(Dw,x,1) =0 in Ol (32)

w=u on 9, Qﬁ R
Then we have the following estimate. See [25, Lemma 4.1].

Lemma 3.1. Let w be a weak solution to the problem (3.2). Then for every 1 <
g<p—1+ ﬁ, there exists C so that

Va Q]
(][ A |D(u—w)|qudt) §C|:M—4Ri| .33

0%y |Q2R|("+l)/("+2)

Moreover, we have the following higher integrability property.

Proposition 3.2. Let w be a weak solution to the problem (3.2). Assume that
KkIAP 5][ |Dw|Pdxdt and ][ |Dw|Pdxdt < kP, (34)
0% Olp

for some k > 1. Then there exist €g > 0 such that

1
ptep
][ |Dw|PTe0dxdt gc][ |Dw|dxdt,
Ok O3r

where C depends onn, p, A1, A> and k.
Proof. We refer to [3, Corollary 4.8] for the proof of the proposition. O

Let w be a weak solution to (3.2) satisfying (3.4). We now consider the following
problem

{v,—divﬁBR(Dv,t):o in Q% = 0%(z0) 35)

— Y
v=w on 9,0%,

where Q’}e is defined by (3.1).
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Then we obtain the following estimate.

889

Lemma 3.3. Let v be a weak solution to (3.5). Then there exist C > 0 and o1 so

that

P
][ |D(w — v)|Pdxdt < C[a]glR0 <][ Iledxdt) .
0% ' 0}

2R

Proof. Observe that, by (1.3), we have

R
Taking w — v as a test function, it can be verified that

][ . (apg(Dw, t) —agy(Dv, t), Dw — Dv)dxdt

R

:fQ)‘ (apz(Dw,t) —ap,(Dw, x,t), Dw — Dv)dxdt.

R

This, in combination with (3.7), yields

(3.6)

][ A|D(w—v)|pdxdt§C][ A(EBR(Dw,t)—EBR(Dv,t),Dw—Dv)dxdt. (3.7)
o Ok

][ . |D(w — v)|Pdxdt SC][ . (@ap(Dw,t) —ap,(Dw, x,t), Dw — Dv)dxdt
0

R QR

< c][ O(a, Br)|Dw|?~'|D(w — v)|dxdr.
A

O

Applying Young’s inequality and Proposition 3.2, we have, for t > 0,

][ 0@, Br)|Dw|P~|D(w — v)|dxdt
Ok
P

5‘5][ |ID(w —v)|P + C(t)][ ®(a, Bg) 1 |Dw|Pdxdt
0% 0%

Sf][ ID(w — v)|”
0}
€0

p(p+eg) pteo ﬁ
+ C(7) ][ ®(a, Bg) P~V dxdt ][ |Dw|p+€°dxdt
0* 0%

R

p
S‘E][ 1D —v)f? + C(Dlalyg, <][QA |Dw|dxdt> :

QR 2R

(3.8)

(3.9
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From (3.8) and (3.9), by taking 7 to be sufficiently small, we obtain the desired
estimate. O

We now state the standard Holder regularity result. See for example [16, Chap-
ter 8].

Proposition 3.4. Let v solve the equation (3.5). Then we have

Dv||? <C Dv|Pdxdt.
1PV g = 7[Q2| v

We have the following approximation result.

Proposition 3.5. Let i € L19(Q7), 1 < @ < n + 2. For each € > 0 there exists
8 > 0 so that the following holds true. Assume that u is a weak solution to the
problem (1.1) satisfying

P L 5][ |Du|P~Ydxdt
Ok

(3.10)
and ][ |Du|P~'dxdt < kAP~',  for some k > 1,
Qir
and
A
M < &A™, (3.11)
Q4|
Then there exists a weak solution v to the problem (3.5) satisfying
<
||DU||Lm(Q)k/2) S A, (3.12)
and
][ D@~ v)|P Y dxdr < ()P~ (3.13)
Ok

Proof. Since u € Ll’e,we have

Qi) _ 1(Qur)
Qligl 0%l

< APT2R7Y,
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This along with (3.11) imply

n+21
IL(Q ) }< z

i | Q2R|(n+l)/(n+2)

— A n+2
p+(p—Dn .
_ |u|(Q4R>} 0% |7

| 104zl

_ % n+21 (96;1 n+2l (314)
1@ [Tl (QG) "“"”"'QA o
=|—= — %, 4R

| 104zl | Q%]

- § -1 _n+2 TR
)\pszfg:Iep‘HP Dn [akm] G pr(p—Dn |:Rn+2)\’27p:| p+(p—Dn

N

< 6—1_ nt2
o -1
S ) p+(p—Dn ) ,

This along with Lemma 3.1 implies that

][ ID(u — w)|P"'dxdt < OGR!, (3.15)
QA

4R

Taking this and (3.10) into account, we obtain

AP~ g][ ) |Dw|P~dxdt, ][ X |Dw|P~ dxdr < AP,
O%r Qi

provided that § is sufficiently small.
We now apply Proposition 5.5 in [3] to find that

g~ 5][ ) |Dw|Pdxdt, ][ ) |Dw|Pdxdt < kAP, (3.16)
Ok

o

for some k > 1.
Then the inequality (3.13) follows immediately from (3.15), Lemma 3.3 and
the following estimate

1D —v)|P ' dxds.

][ |D(u—v)|P~ ' dxdt 5][ |D(u—w)|P'dxdt +][
0% Ok ok

R

On the other hand, from Proposition 3.4 we have

IDvl?, . < |Dv|Pdxdt < |Dw|Pdxdr + |D(w —v)|Pdxdt.
F @) ) oy 0% 0

This along with (3.16) and Lemma 3.3 yields (3.12). O
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4. Boundary estimates

Fix t9 € (0, T) and xo € 92, we set zo = (xp, fp). Let0 < R < Rp/4 and A > 1.
For the sake of simplicity, we restrict ourself to consider the lateral boundary case
with respect to

I (t0) C (0, T),

since the initial boundary case can be done in the same manner.
Before coming to the main comparision estimates, we shall establish some
boundary estimates on weak solutions to the homogeneous equations associated to

(1.1).
4.1. Some boundary estimates for homogeneous equations
We now consider the weak solution
w € C (I (to); L2 (Qur(x0))) N L (I (t0); WP (Qur (x0)))

to the following equation

{wt—diva(Dw,x,t):O in K}p(z0) @

w=0 on 3, K (20).

Lemma 4.1. Let w be a weak solution to the problem (4.1). Let K;An () C Kéz () C
KQR(ZO) with 7 = (X, 1) and py > p1 > 0. Then there exists c = c(n, p, A1, Ay)
so that

/ |Dw|Pdxdt + sup lw|*dxdt
K} ()

2
_/ - |w| dx = )»Z_p( 2 2) e
teI[;l(t) By, (X) Py — P K5, @)

+ ;/ |lw|Pdxdt.
(o2 — p)? K2 (2)

Proof. We adapt an idea in [22] to our present situation. Fix 1 € [ ;‘] (r). Let
n € C§°(Q5,(2) such that n = 0,7 = 1in Q7 (2) and

(02 = pOIDN + 27 P(p3 — pD)lmi| < 100. (42)
For € € (0, 1) we define the function Xfl € CX([€/2, 1 — €/2]) with
X, (1) =1 in[e 1) —€l,and |[x; (]| < 2/e.

We set ¢ (x, 1) = nP(x, Hw(x, t))(f1 (t). Taking @€ as a test function, we obtain

Ji+ 75 = —/ wesdz +/ a(Dw, x,t) - Dpdz = 0. 4.3)
K2, @) K2, @)
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By integration by parts, we have
JE = __/ w0 x edz
2 Jki@

I
= ——/ w’n? ", xfdz — —/ wn? (x)dz,
2 Jkp o 2 Jky@

which implies

1
JE - _B/ wzn”_ln,dz+—/ wx, 1P (x, 1)dx as e — 0.
B, (£)x (0,11) 2 JBy, %)

On the other hand, we have

J5 — [a(Dw, x, t) - Dw]nPdz
By, (X)x(0,11)

+P/ [a(Dw, x, 1) - DnIn?'wdz ase — 0.
By, (D)x(0.17)
Taking (4.3) and these two estimates above into account we find that

1
/ [a(Dw, x, t) - DwinPdz + —/ w(x, 1)y (x, t)dx
By, (5)x(0.11) 2

By,

p _
< 5/ w?nP~nldz
By ()% (0,11)

+p/ [a(Dw, x, 1) - D]l n? " wdz.
By, (X)x(0,11)
This together with (1.2), (1.3) and (4.2) implies that

1
/ | Dw|PnPdz + —f w(x, 1) (x, t1)dx
Bpy () (0.17) 2 /By, @)

1

2
<— wdz
WP (p3 — p}) JKi, @)

+p/ |Dw|”~ | DylnP~wldz.
B,y (¥)x(0,1)
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Applying Young’s inequality we deduce that, for 7 > 0,

1
/ |Dw|PnPdz + —/ w(x, 1) 0P (x, 1)dx
By, (£)x(0,11) 2 JB,,®

1
Sﬁ wzdz+r/ |Dw|PnPdz
A=TP(py = p7) JK} () B, (%)% (0,11)

+¢(7) |Dn|P|w|Pdz
By, (£)x(0.11)
1

S, wzdz+t/ |Dw|PnPdz
APy = p7) JK), ) By, ()x(0,11)
c(r)

7 lwlPdz.
(02 = PP JB,, (5)x(0.1)

By choosing 1 to be sufficiently small, we end up with

1
/ |Dw|PnPdz + —/ w(x, 11)*n? (x, 1)dx
By, ()% (0,11) 2

By, (%)
< wzdz+4/ lw|Pdz
T2 (ps — o)) Jkh @) (2= p0? Ji )
This deduces the desired estimate. ]

We now give a useful result which will be used in the sequel.

Lemma 4.2. Let w be a weak solution to the equation (4.1). Then for 6 € (0, 1)
and K, +(z0) C KZ(R(ZO) with p, o > 0 we have

1
1 n+p P\ 72
sup  |wl 5c< ) i][ lw|P~\dz + (,)_)p . (44)
Kﬁpﬁo(ZO) (1 - 9) ’Op K,U,U(ZO) o

Proof. Since w is a weak solution to (4.1), |w| is a nonnegative subsolution to the
equation (4.1). See for example Lemma 1.1 in [16, page 19]. Recall that a sub-
solution is a function such that the left-hand side of the weak formula of (4.1) is
negative, for all positive test functions.

The estimate (4.4) was proved in Theorem 4.1 in [16, pages 122—123] for the
interior case. The estimate is still true near the boundary of a Reifenberg domain
by similar argument with some minor modifications. Hence, we skip the proof of
(4.4) here and leave it to interested readers. ]

Proposition 4.3. Let w be a weak solution to the problem (4.1) satisfying the esti-
mates

kAP 5][ |Dw|Pdxdt and ][ |Dw|Pdxdt < kAP, 4.5)
K} (z0) K34 (z0)

for some k > 1.
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Then there exist 1 < q < p,c =c(n, p, A1, Ay, k) and o = o (n, p) so that

1/p R o 1/q
][ |Dw|Pdxdt < c( ) ][ |Dw|9dxdt
K}, (z0) r2—n K}, (z0)

forall R <r; <r, <2R.

’

Proof. For the sake of simplicity, we shall write, respectively, K}, Q, for K r)‘ (zo),
Q, (xg) forall r > 0. Setr3 =ry + (r; —r1)/2. Then from Lemma 4.1, we have

1 1
][ |Dw|pdxdt§ﬁ][ |w|2dxdt+—][ |lw|Pdxdt
K2 ar(ry —rpJ Ky, (r3=r?J ki

2 1 ‘
S5 lw|?dxdt + ———— lw|Pdxdt
A27P(r3 —r1)? KA, (r3—ri)?J kx
1

1
N—][ |w|?dxdt + 7][ \w|Pdxdt
A27P(ry —r1)? KA (ra—r)? J k»
=1L+ 1.

By Holder’s inequality, for T > 0 we have

2/p
1
I <AP72 —][ lw|Pdxdt
(ra=r? J k.

<A’ +c(v)Dh

where in the last inquality we used Young’s inequality.
From this and (4.5), by taking 7 to be sufficiently small, we find that

][ |Dw|Pdxdt < I.
K,

Hence, it suffices to prove that

/9
2R \7° g
L < ( > (][ |Dw|qudt) . (4.6)
ry—r K2

Indeed, we now consider two cases: 2 < p <n+2and p > n + 2.

Case 1: 2 < p < n + 2. By Holder’s inequality, we have

q/n q/q*
][ lw|Pdx < ][ lw|?dx ][ lw|? dx ,
Q"3 Qr3 Qr3

where ¢ = pn/(n 4+ 2) < min{n, p} and ¢* = nq/(n — q).
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Then applying Sobolev-Poincaré’s inequalities (2.5), we have

q/q*
][ lw|?" dx < rgf][ |Dw|%dx.
9,3 Q

3

q/n
][ |w|pdx§r3q ][ |w|?dx ][ |Dwl|?dx
Q, @, Q,
q/n
~ / |w|>dx ][ |Dw|%dx | .
Q Qr3

Hence,

3

This implies that

1
h<—+— |Dw|%dz sup |w|2dx
~Y p
(ra—r1) KA rery @

"3

_ R p
<ry? ][ |Dw|%dz sup/ |w|?dx
ry —r K} telf IR

3

q/n

47
oin 4.7

On the other hand, by Lemma 4.1 and Holder’s inequality, we have

sup/ lw|?dx <
Q

c
W 4 |'LU|2dXdl‘+(r_7r)p/A |w|dedt
rel) I, (ry —r3) Jk} 2 =3P Jkp

1 ) 1
< | \wPdxdt + ———— | |w|Pdxdr
A27P(ry —r3)? K} (r2 =r3)? Jxp

1 1
~ —/ |w|2dxdt+7/ lw|Pdxdt
A2TP(rp —r1)? KA (ra =r)? Jxp

| 2/p
Sré“” 7][ |lw|Pdxdt
(ro —rp? K}

2—p..n+2
+ Lo ][ |w|Pdxdt
(r2 —r?J k3, '
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Applying Sobolev-Poincaré’s inequality (2.6) and (4.5), we obtain further

rp 2/p
sup / lw|?dx < r§‘+2 #][ |Dw|Pdxdt
rel}, JQ (ra —=r)?J k.

3
p

r
+ )»z_prgﬂ;][ |Dw|Pdxdt
(rp—r)? J k2

2R \?
2452
St (—) .
n—-r
Inserting this into (4.7), and then using Young’s inequality we obtain, for T > 0,

+ap/
b < petain=pyq (2R N L
~ 2 ry—ri K7

2R \Ptap/n
= ( ) )\m][ |Dw|?dz
r2—T1 K},

3
rlq
<][ |Dw|"dz> .
KA,

This together with the fact that I, > CAP implies that

P2t

S‘L’)»p+c(f)< 2R ) P4

n—=r

2
n+2+P_

R 2y p p/q
I <c(1) ( ) ][ |Dw|?dz
rp—ri K}

provided that 7 is sufficiently small.

Case 2: p > n + 2. By Holder’s inequality, we have

12 12
][ lw|Pdx < ][ |w|?dx ][ lw|??dx
Q Qr Qry

whereg = p — 1 > n.
Then applying Sobolev-Poincaré’s inequalities (2.5), we have

1/2 %
][ |w|?dx = ][ lwXdx | < r;f][ |Dw|?dx.
Q, Qy Q

3
1/2
][ lw|Pdx < ri ][ lw|dx ][ |Dw|?dx
Q Qs Qs
—n/2
~ g </
Q

1/2
Jwl?dx ][ \Dwldx ).
Qr3

3

3

Hence,

"3

3
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Therefore,

pa—n/2
L < S R |Dwl|9dz sup lw|?dx
P
(ro —rp) KA rei} /9

3

1 R P
§r21 nrl_Z ][ |Dw|?dz sup/ |w|?dx
rp—ri Kk rel} I

3

172

12 (4.8)

In Case 1, we proved that

2R P
sup / lw|?dx < rg'ﬂ)\z (—) .
161’2‘3 Qr:; r2—ri

Inserting this into (4.8), and then using Young’s inequality we obtain, for T > 0,

1 2R 3p/2
I < D102y (_) ][ \Dwl|dz
ry—ri KA,

2R \3P/?
=A |Dw|9dz
r2—r1 K}

3

3[)2 P
2R 2q 1
<A’ +c(v) ][ |Dwl9dz ] .
rp —ri K

3

This together with the fact that I > CA? implies that

r

2R\ 7T a
2(p—1)
L < c(r) (r2 r1> <][ . |Dw|‘1dz)
- K
3

provided that 7 is sufficiently small.
This completes our proof. O

We now recall the following result [24, Lemma 5.1].

Lemmadd. Let1l < g < p <oocando > 0, and let {Uy : 0 < 6 < 1} be
a family of open sets in R"*\ with property Up, C Uy, C Uy = U whenever
0<01 <60, <1.If f € L1(U) is a non-negative function satisfying

1/p . 1/q
Pdxdt ] < —2 Qdxdt| .
( U91 f ) (92 - 01)0 ( U92 f )

forall1/2 < 61 < 0 <1, then there exists ¢ = c¢(co, 0, p, q) so that

1/p ¢
(f fdedt> < m% dedt.
Uy (1 —6) ra U
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As a direct consequence of Proposition 4.3 and Lemma 4.4, we deduce the follow-
ing result.

Lemma 4.5. Let w be a weak solution to the problem (4.1) satisfying the estimates

P 5][ |Dw|Pdxdt and ][ |Dw|Pdxdt < kAP,
K} (z0) K3g(z0)

for some k > 1.
Then we have

1/p
][ |Dw|Pdxdt 5][ ~ |Dwl|dxdt.
K%(z0) K5 (20)

Proposition 4.6. Let w be a weak solution to the problem (4.1) satisfying the esti-
mates

1
— P! 5][ |Dw|”~'dxdt and ][ |Dw|Pdxdt < kAP, (4.9)
K1 K} (z0) Kz (z0)

for some k3 > 1 and A > 1. Then we have

1
—A\P 5][ |Dw|Pdxdt and ][ |Dw|Pdxdt < koAP. (4.10)
k2 K}(z0) K3 (z0)

Proof. By Holder’s inequality, we have

][ |Dw|Pdxdt > CAP.
K% (z0)

It remains to prove the second inequality in (4.10). Indeed, from Lemma 4.1 we
have

4 4
][ |Dw|Pdxdt < ﬁ][ lwl*dxdt + —][ |lw|Pdxdt.
Kl (z0) ATPRZ Ko RP J Ko

Applying Holder’s inequality and Young’s inequality, we deduce

2/p
C C
][ |Dw|Pdxdt < 5—— ][ lw|Pdxdt] +—+  |w|Pdxdt
K} (z0) ASTPR K} (z0) R? J K2pzo)

1
<P+ — |w|Pdxdt
RP J Kk} (zo)

1
SAP+— sup |wlP.
K} (20)
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Hence, by using Lemma 4.2 with = 3/4, p =4Rando = AP (4R)2, we obtain

AP :
sup |w| < |lw|P~ dxdt + RA.
~ Rp-2
0ir0)

KQR(ZO)

By Sobolev-Poincaré’s inequality (2.6), we further obtain

sup w| < RAQ_”][ |Dw|P~'dxdt + R) < RA.
K2 (z0) Q’ir(z0)

Hence,
][ |Dw|Pdxdt < AP.
K}g(20)
This completes our proof. O

Proposition 4.7. Let w be a weak solution to the problem (4.1). Assume that

kAP 5][ |Dw|”dxdt and ][ |Dw|Pdxdt < kAP, (4.11)
K (z0) K3(z0)

for some k > 1. Then there exists €g > 0 so that

][ |Dw|PT0dxdt < c][ |Dw|dxdt.
K%(20) K} (20)

Proof. We consider the rescaled maps
u(xo + Rix, to + Az_”th)

RA (4.12)
a(M&, xo + Rx, to + A2 PR?t)

ar—1

w(x,t) =

a;(§,x,1) =

Then arguing similarly to the proof of Theorem 4.7 in [38], we obtain

1
e o
(f |D@|P+€0dxdt)p ‘< (f |D11)|pdxdt> (4.13)
K, K>

where 0 = (2 + €0)/(2(p + €)).
Rescaling back in (4.13) we get that

1
=) o
][ |Dw|PT€0dxdt 50,\1“1’][ |Dw|Pdxdt | .
Kk K3x

This together with (4.11) implies the desired estimate. O

We now give some comparision estimates for the weak solutions to (1.1).
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4.2. Comparision estimates

Assume that u is a weak solution to the problem (1.1). We consider the following
equation

w; —diva(Dw, x,t) =0 in K}
{ / ( ) Jr(20) @1

w=u on apKﬁR(zg).

It is well-known that w exists and unique.
Arguing similarly to the proof of Lemma 4.1 in [25], we can prove the follow-
ing estimate.

Lemma 4.8. Let w be a weak solution to the problem (4.14). Then for every 1 <

q<p-—1+ n]? there exists C so that

a (Ko ]P0
][ ID(u — w)|4dxdt <C 4R . (4.15)
Kix(z0)

|K31»R(ZO)|(n+l)/(n+2)

We now assume that 0 < § < 1/50. Since xg € €2, there exists a new coordinate

system whose variables are still denoted by (x1, ..., x,) such that in this coordinate
system the origin is some interior point of €2, xg = (0, ..., 0, —%) and
By, C BRpp N C BrpN{x:xy > =38R}, (4.16)

Note that due to § € (0, 1/50), we further obtain
B3g/s C Brja(xo) C Brj2 C Br(xo)- 4.17)

Let w be a weak solution to (4.14) satisfying

1
— AP 5][ |Dw|Pdxdt and ][ |[Dw|Pdxdt < kAP, (4.18)
k2 K} (z0) K3 (20)

We now consider the following problem (in the new coordinate system)

h, —divag,,(Dh,t) =0 in K% ,,(0, 1)
{ ! R/2 k2 (4.19)

h=w on  9,K% (0, 1).

Using the argument as in the proof of Lemma 3.3 and the fact that Bg C Bag(xo)
we obtain the following estimate.

Lemma 4.9. Let h be a weak solution to (4.19). Then there exist C > 0 and oy so
that

P
][ |D(w — h)[Pdxdt < ClalTy, ][ \Dwldxdt | . (4.20)
K} 5(0,10) ’ K} (z0)
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The main different from the interior case is that due to the lack of smoothness
condition on the boundary of €2, we can not expect that the L°°-norm of D# is finite
near the boundary. To handle this trouble, we consider its associated problem.

{v, —divag,,(Dv,1) =0 in (Q} )T (0, ) 421)

v=0 on Q% (0, 10) N{z = (', x, 1) : Xy = 0}.

Proposition 4.10. Ler u € Ll’e(QT), 1 <0 <n+2. For each € > 0 there exists
8 > 0 so that the following holds true. Assume that u is a weak solution to the
problem (1.1) satisfying

K_lkp_lf][ |Du|P~'dxdt, ][ |DulP~'dxdt <k P~ for some k >1,
K% (20) K} (z0)
4.22)

and

IR Go) _ @)
Kig@ol ~ |

Then there exists a weak solution v to the problem (4.21) satisfying
1DV oo (0% (20 S A, (4.24)
and
][ |D(u — )P~ dxdr < (en)P™! (4.25)
K;Lg/4(z())
where v is the zero extension of v to Q%/Q 0, 1) D Q%M (z0).

Proof. Similarly to (3.14), we have

n+2

p+(p—Dn
} < OO

[ |l (K2p (20))

|K2»R(ZO)|(n+l)/(n+2)

This along with Lemma 4.8 implies that
][ |D(u — w)|P  dxdt < O@B)AP~. (4.26)
Kz (20)
From this inequality and (4.22), we find that
APl S][ |Dw|”dxdt, ][ |Dw|Ptdxdr < 2P~
K%(20) K2, (20)

provided that § is sufficiently small.
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Applying Proposition 4.6, we obtain
P 5][ |Dw|Pdxdt, ][ |Dw|Pdxdt < kAP 4.27)
K% (z0) K} (20)

for some k > 1.
This together with Lemma 4.9 implies that if / is a solution to (4.19), then it
also solves

h, —divag,,, (Dh,t) =0 in K% ,,(0, 1),
{ ! Rf2 R2 (4.28)

h :O on awKI}é/z(Ov t0)7

with

][ |h|Pdz ,S][ |h—w|pdz+][ lw|Pdz < AP,
K% »(0.10) K% »(0.10) K% »(0.10)

We first show that there exists a weak solution v to the problem (4.21) such that
”D6”L°°(Q}/4(O,to)) S, 4.29)

and
][ |ID(h — 0)|Pdxdt < (el)? (4.30)
K%R/S(O,l())

where v is the zero extension of v to Qk /2(0, 10).
Once (4.29) and (4.30) are proved, the desired estimates follow immediately.
Indeed, assume that (4.29) and (4.30) hold true. Since K% 4(20) C K% ,(0,10) C

K}e (z0), we have
][ |ID(u — v)|P " dxdt 5][ ID(u — w)|P~'dxdt
K§/4(Zo) K;LZ/4(ZO)
+][ |D(w — h)|P dxdt
K%/4(ZO)
+][ |ID(h — v)|P~ dxdt
K;Lg/4(ZO)
5][ |D(u — w)|P~'dxdr
K§/4(ZO)
+][ |D(w — h)|P~'dxdt
K}e/Z(O,to)

+][ ID(h — v)|P'dxdt.
K%e/Z(O,t())

At this stage, applying (4.30), (4.26) and (4.20), we get (4.25).
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The estimate (4.24) follows immediately from (4.29) and the following
| Dv ||LOO(Q§R/8(Z0)) < |Dv ||L°°(Q;‘?/4(O,t0)) (due to (4.17)).

Hence, to complete the proof, we need only to prove (4.29) and (4.30). L

Proof of (4.29) and (4.30). By using suitable scaled maps, it suffices to prove in-
equalities above for A = 1 and R = 8, that is, if 4 is a solution to (4.28) with
A = 1, R = 8, then there exists a weak solution v to the problem (4.21) with
A =1, R = 8 such that

DVl L0501 S 1 4.31)
and
][ |D(h — v)|Pdxdt < €”. (4.32)
K3(0,19)
To do this, we first prove that
1DV L2002 0.10)) S 1 (433)
and
][ |h — v|Pdxdt < €P. (4.34)
07 (0,1)

Indeed, we assume, to the contrary, that there exist an € > 0, a sequence of domains
{21} such that

16
BICQf‘C{xeB4:x,,>—;}, (4.35)

and a sequence of functions {h*} which solve the problem

hk—divag,(Dh*,1)=0 in KX(0, 1) := (X N By) x (1o — 42,10 + 4?) 436)
hk =0 on 3, KX (0, 19).
satisfying
][ |DR*|P < 1. (4.37)
K§(0.10)
But we have
][ Wk — )P > € (4.38)
07 (0,19

for any weak solution v to the problem (4.21) with

][ [Dv|? < 1. (4.39)
07 (0,19)
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From (4.35), (4.37), (1.2) and Poincaré’s inequality, we have

][ |Dh*|Pdxdt 5][ |Dh*|Pdxdt 5][ |Dh*|Pdxdt < 1,
071 (0.1) KX(0.19) KX (0.19)

and
k _ B k
1Az ||L1”(to—42,to+42;W*I»P’(BI» = |[divag,(Dh ’t)“Ll’/(t()—42,t0+42;W*LI"(BI))
= k
= ||aB4 (Dh", t)”LP/(l‘o—42,tO+42;LP/(BZr))

kyp—1
< I(Dh") ”LP/(t0—42,to+42:Lp/(B4+))

p—1

>
g/ DR IP) S L
KX©.10)

Therefore, by Aubin-Lions Lemma in [41, Chapter 3], there exists K0 with h0 e
LP(tg — 4%, 19 + 4% WhP(B])) and h? € L (t — 4%, 1o + 4% W=7 (B}")) such
that there exists a subsequence of {1}, which is still denoted by {A*}, satisfying

W — O, strongly in L? (to — 42 1o+ 4% LP (BI)),
DI = DI°, weakly in L” (1o — 42 10 + 4% L (B]) ),

and
B — . weakly in LV (1o — 4%, 10 + 4% W7 (B])).

As a direct consequence, we have
/ |DR®|Pdxdt < lim inf / |DR*|Pdxdr < 1.
05 (0.10) ko Joro.m)
From (4.35), we have
=0 on Qsnifx:x, =0} x (10 —4°, 10 +4%).
Therefore, h° solves

h? —divag,(Dh°, 1) =0 in Q7 (0, 1),
h’ =0 on Q4N {x:x, =0} x (o — 4% 10 +4%).

This contradicts to (4.38) by taking v = h¢ and k sufficiently large. Hence, (4.33)
and (4.34) are proved.

We now turn to prove (4.31) and (4.32). Let v be a zero extension of v to
04(z0). Then it can be verified that v solves

B — divag, (DD, 1) = Dy, [@h, (DG, 0. 0ty <0) | i Q4(0, 10),

where x = (x, x,) anda = (al, ..., a").
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Therefore, h — v solve

(h =) —divag,(D(h =), 1) = =D, [@, (DT, 0, 0) xpxze,<0) | in Ka(0, 10).

By a standard argument as in the proof of Lemma 4.1, we can show that

][ |D(h — v)|Pdxdt
K3(0,10)

5][ \h — 0|Pdxdt +][ |h — 0)?dxdt
K4(0,19) K4(0,19)
+ ][ DG, 0, 1) X(r-ay <o | dxdr.
K4(0,10)

Using (4.34), we discover that

/ |h—l_)|pdxdt§C/ |h — v|Pdxdt
K3(0,19) 07 (0,19)

+ / |h|Pdxdt
K4(0,00)\ @ (0,10)

< C(e1 + O1)).
It is not difficult to see that

][ |h — 02 dxdt < C(e1 + O(5)).
K4(0,19)
Moreover, by (4.16), we have

][ DB, 0, 1) s, <0y |Pdxdt
K3(0,19)

<

f |Dv(x’, 0, 1)|Pdxdt
K3(0,t0)N{x:—128 <x, <0} x (tg—33,10)

< O().

(4.40)

(4.41)

(4.42)

(4.43)

Taking the estimates (4.40),(4.41),(4.42) and (4.43) into account, we deduce (4.32).

The assertion (4.31) follows immediately from (4.32):

R sc][ |Dv|”§][ |D(h —v)|Pdz
L>®(QF (0,1)) 010,10 07 (0.1)

+][ ID(h — w)|Pdz +][ |Dw?dz
070,10 0F(©0,1)

5][ |D(h — v)|Pdz
07 (0,1)

—1—][ |D(h — w)|Pdz —{—][ |Dw|Pdz
05 (0,1)) K} (z0))

<1

~
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where in the first inequality we used the Holder estimate of v near the flat boundary
in [31].
This completes our proof. O

5. The global Marcinkiewicz estimates

This section is devoted to the proof of Theorem 1.3.

Let u € L1 (Qr) with 1 <6 < n + 2 and u be a SOLA to (1.1). We assume
that 0 < § < 51—0. Fix 1 <51 <s2 <2,R <min{Ry/4, 1/4} and z9 € Q7. We set

p—1
1 K T
o ;:][ \Du|P~dz + [_7“"( 2’3(10))} +1, (5.1)
Kor(zo0) 8 |K2r(z0)]
wherem:p—l—l—ﬁ.
For A > 0, we now define the level set
Es (M) ={z € K5 r(20) @ [Du(z)| > A}.
For z € E,, (A), we define
. p=t
_ Lpl(KF (@) | ™
Gz(r):][ | Du|? 1dZ+|:_M}
K} ) § |KH(2)I
By Lebesgue’s differentiation theorem, we have
lim G.(r) = |Du(z)|P~ > ar~1. (5.2)
r—

Note that for % <r =<(s2—s1)R,z € E; (1) and A > 1, we have K}(z) -
K>r(z0). Hence, for a such r one gets that

. Ll ™
= p—1 IRy )
G.(r) ][K%(Z)|Du| dz+|:3 K| ]

- | K2R (z0)]

p—1
llMl(sz(Zo))] m
KX J kypzo)

Dup_ldz—l—[
| Dul 5 1K)

p—1

p—1 o
| K2R (20)] _1 [Isz(Zo)l]T 1 [ul(K2R(20))
< Du|P~'dz +| ————=— =
|K}(2)] K2R(ZO)| v ‘ |K}(2)] |:5 | K2 (20)] :|
p=1
K2R (20)] ][ - 1 |ul(Kar(z0)) | ™
< DulP~'d 4+ | - —
T KM KzR(Z0)| v ¢ |:5 |K3% (20) :|

| K2R (z0) |Q2r (20)] 10 (2)] , QR)"T2
STk S 0kl 1K) =Y et

(5.3)
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We now fix

n+2
o 2% 109 ~
A >4 Ao = Corg. 54
§2 — 8]
Then from (5.3), we obtain
G.(r) < AP~ forallr € [107(s2 — s1)R, (s2 — s1)R].

This together with (5.2) implies that for each z € Ej, (A) there exists 0 < r; <
1073 (s2 — s1) R so that

G.(r;) =AP7', and G.(r) < AP ' forallr € (r;, (s2 — s1)R).

We now apply Vitali’s covering lemma to obtain the following result directly.

Lemma 5.1. There exists a countable disjoint family {Krkl, (zi)}ieT withr; < %
and z; = (x;, t;) € Es, (L) such that:
@) Ey () CU; K&, (@):
() G, (r)) =AP"1 and G, (r) < AP~ forallr € (r;, (s2 — s1)R).
For each i, from Lemma 5.1 we have
A p=1
1 K/ (z; "
APl =][ |Du|p71dz+ _M )
K2 () § K/ (zi)l
This implies that
N p=1
AP~ APl LInl(KL @) | "
5][ |DulP~'dxdt or <|-= |M|(Ar’( ) .
2 KA () 2 § |K (i)l

This is equivalent to

K} (z) < —— f |Du|P~ dxdt, (5.5)

AP Kk @
or .
m A 2p1 A
KK G| = S nl(K ). (5.6)

We now set

M ={i: (55) holdstrue}, N ={i: (5.6)holds true}.
Then,Z = M UN.

We have the following estimate.
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Proposition 5.2. For eachi € M we have
1K} @) S 1K) (zi) N Eg, (0/4). (5.7)

Proof. Let uj be a weak solution to the problem (1.5) for each k € N. Since uy — u
in LP=1(0, T W(:’p_l (2)), from (5.5) there exists ki such that for all k > ki,

K@) = /K( | Dug P~ dxdr.
Zi)

For each k € N and s > 0, we define Ex ;(A) = {z € K r(z0) : |Dur(z)| > A}.
Due to K;\i (zi) C Ks,r(20), we have

K} (z)] < 1/ | Duy [P~ dxdt
APE K @i\Ei s, (/4)

3
+— | Duy|P~'dxdt
AP K} (2)NEy 55 (A/4)

IK 2 ()] 3

3 N / |Dug P~ dxdt.
w2 T K} @)NEi iy (4/4)

This implies

1K} (2] S |Dug P~ dxdr. (5.8)

~ oap-l /;(,kl @i)NEk.5y (A/4)

Note that from the definitions of r;, the index set M and the fact that uy — u in
LP=10, T; Wy P~ (), there exists k» such that for all k > k we have
AP

1
— 5][ | Duy P~ Ydxdt, ][ | Dug|P~dxdr < 32971,
3 K2 i) b @)

and

Il (K4, )
Ky @)l

By Holder’s inequality, fora fixedve (p—1,p — 1+ nl?) we have

1

1 p—1

( | Dug P~ ldxdt)
K7 @Ol i con e, 64

l
1 |K}(zi) N Ex5,(A/4)]
< —k/ |Duk|”dxdt 2 / ,
\KEL Tk @onEr, 64 |K}: (zi)

Since u is not a weak solution, we cannot apply the results in Section 3 and Section 4
directly. However, we can apply the results to estimate # via an approximation
scheme.

SA™.

(5.9
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For each k and i, consider the following equation

(wp), —diva(Dwi, x,1)=0  in Q},
w,i = uy on Jdp Qf{rl_.

At this stage, arguing similarly to (4.26), we have
][ |D(u — wi)|"dxdt < OS)r. (5.10)
K} (z0)

On the other hand, the argument used in the proof of (4.27) also implies that

¢ P 5][ |Dw |Pdxdt, ][ |Dw! |Pdxdt < AP,
K} (zi) K3, (i)

for some ¢ > 1.
As a consequence,

][ |Dw,i|”dxdt <)V,
K} (zi)
This along with (5.10) yields
][ |Duy|"dxdt < AY
K} @)

provided that § is sufficiently small.
Inserting this into (5.9), we get that

1
p—1

1-1
| K} (2) N Ersy /D1
— / |Duk|p_1dxdt <cA Ui 7 2/ )
K, @)l K @l

K}, G Egsy (/%)

or equivalently,

, (p=D=1)
5 @DNEks, A/HI\ "

K2 o)l

- - LS
/ |Duy P~ dxdt < AP 1|1<,§.(zl-)|(

K} @)NEk sy (1/4)
(5.11)
This, in combination with (5.8), gives that

(p=Hv-1

K2 (z) N Exy O/
KE G

K} ()] < el K} (z)] (
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Therefore
K@) S 1K) 20) N Exgy (L /4)).

Letting k — oo, we get (5.7) immediately. O
Proposition 5.3. There exists Ng > 1 so that for any ) > C‘oko we have

> IEg (NoA) N K, (2)| <€Eyy(1/4). (5.12)
ieM
As a consequence, we have
|Es; (NoA)| < €Egy (A /4) + e ™" |u|(Kyy R (20))- (5.13)
Proof. We set
M =1{i: BZ}OH (x;) C R}, and My :={i: Bi‘or’_ (zi) N Q€ # @},
For i € M, from the definition of M and Lemma 5.1, we have
APl g][ |Du|P~dxdr, ][ |Du|P'dxdt < AP,
0l @) Qlyy, i)
and
|M|(Qﬁori(2i)) -

Qo )|~

Let {ux} be weak solutions to the problems (1.5) for each k¥ € N. Then from the
two estimates above there exists k1 > 0 so that for all £ > k; we have

m

. 5][ |Dug|P~ dxdt, ][ |Dug|P'dxdt < P71,
Q)ILOri (zi) QﬁOri (zi)

and N
| ekl (Q40r,' (i) <5

Qo GOl T

Then applying Proposition 3.5, for each k > k; and i € M we can find v,i such
that

m

1DVl o2 oy < Atk ][Qx ( )|D(uk —oplP < (e (5.14)
! 10r; i

Fori € My, pick X; € Bjoy,; (x;) N 3KQ. Setting z; = (X;, #;), then we have
03,.(zi) C Ofs,, @) C Qlgor, Gi) C Qoo (@) (5.15)

Therefore, from the definition of M5 and Lemma 5.1, we have

At 5][ | Du|P~dxdt, ][ |Du|P~ dxdt < AP,
Ko, G) Kisor, G)
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and B
|M|(K28Ori (zi)) -

|Kisor, @Dl T

Hence, there exists k such that for all kK > k, we have

APt 5][ | Duy |~ dxdt, ][ |Duy|P~ tdxdr < P71,
Koo () Ko, G

SAM.

and L
|Mk|(K48()rl. (i) -

|Ki\80r,’ ()] -

We now apply Proposition 4.10 to find a function v,i, foreach k > ky and i € M,
so that

SA™.

i _ iy p—1 p—1
”ka”LOO(Q)fsr«(zi)) <cA, f y |D(ug vk)| < (e)) .
i Ky, G0

This together with (5.15) implies
> Kior,; @i

Taking No = max{2A1, 2A3}, from (5.14) and (5.16) we have, for k > max{k1, k2},

D IEq(NoM) N KL, ()| < )z € K3, (zi) < | Dug(2)] > Nox/2}]
ieM ieM

+ Yz € K&, @) s 1D — w)(2)] > Nox/2)
ieM

]

SY Y itz e Kd G s 1D = v @) > Nor)
j=lieM;

+ (2 K4, (@) : DY) > Nor/2}] | + I{z € @7 ¢ 1D = ) @) > No2 /2]

1
+{z € Qr : |D(u — ur)(2)| > Nor/2}|

2
! : 1
< R _ iy p—1 o _ p—1
NZ Z (Nor)P—1 / |D(ur— vp)|" dz + (Noiyp—1 /ID(uk w)|P~dz
Qr

j=1ieM;
J l J Kéri @)

S elKs, ()] ++ |D(uy — u)|P~'dz
T

1
(Nor)p~! /sz

1 _
S R GI+ 4y [ 1D — w17 dz,
T
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Letting k — oo and using the fact that Kr); (zi) C Ks,r(z0), the estimate (5.12)
follows as desired.

To prove (5.13), we observe that from Lemma 5.1, (5.12) and the fact that
Z = MUN, we have

|Es,(NoM)| < Y |Eg (Nod) N KL (2| + Y |Es (NoA) N K, (20)]
ieM ieN

<€E,(\/4) + ) IKL @)l
ieN

From the definition of " and the fact that K} (z;) C Ky, (z0), we have

D IKE DI <C Y IKEEIISCAT™ Yl (K (20)) < CAT™ 1l (K- (20)),
ieN ieN ieN

where in the last inequality we used the fact that {K r); (zi)} is pairwise disjoint. [
We now recall the result in [20, Lemma 4.3].

Lemma 54. Let f be a bounded nonnegative function on [ay, ap] with 0 < a; <
ay. Assume that for any ay < x1 < x3 < ap we have

Ay
(x2 — x1)%2

where A1, Ay > 0,0 < 60; < 1and 6, > 0. Then, there exists c = c(0;, 6») so that

f(x1) §C[L+A2:|-
(x2 — x1)2

We now ready to give the proof of Theorem 1.3.

fx) <01 f(x2) + + Ay,

Proof of Theorem 1.3. For each k > 0 we define |Du|; = min{k, |[Du|}. Then
|Dulp € M™(Qr) for all k. We set Ef(k) = {z € K r(20) : |Du(z)|r > A} for
s > 0.
From (5.13), it follows immediately that there exists C independing of k so
that
|EX, (NoM)| < €Ef (1/4) + A" |ul(Ky,r (20)). A > Coho.

Hence,
AMEK (NoM)| < eA™EX (1/4) + Clul(K g (20)). & > Coo.
This implies that

sup A" |EX (NoM| < sup  A™|ES (NoM)| + sup A™|Ef (Nok)|
A>0 O<)»§C~‘())\.0 )»>é())»()

< (Cor0)" |Kg & (20)| + € sup A" | ES, (1 /4)| + C| | (K, R (20)).-
A>0
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Substituting the values of Co and Ao given by (5.1) and (5.4) into the inequality
above, we obtain

2% 105 >(n+2)m

|||D”|k||/v(m([<s r(z0) = €|||Dl4|k||mMm(1(52R(ZO))+ |ul(€27) + C (Sz 5

p—1 m

1| u|(K z

X[][ \DulP1dz +[ M} I+ 1} 2.
K2r(20) § |K2r(z0)]

Applying Lemma 5.4, we get that

+2
25 105\
T

DU i, ey S 1R + (Sz

1 K m
X[][ DulP-1dz +[ 72 zR(zo»} |+1} .
Kor(z0) 3 |K2r(z0)]

Taking s; = 1, so = 2, we have

|||Du|k||n/\1/1m(KR(Zo)) S Q)

p—1 m

1 K m

_|_|:][ |Du|P—1dZ+|:_Mi| |+1] Q7|
Kar(z20) 3 |K2r(z0)]

—1 _

S Q@) + IDull o+ 1kl @)~ + 1.
p—1

S [imi@n) + 1Dully, g, + 1]

Since Q27 is bounded, we deduce that

p—1
DUl b gy S [111@20) + 1Dul 1 g, 1]

On the other hand, by tracking the constant in the proof of Lemma 2.2 in [8] we
have

n+1
I1Dulll Lp-1(gyy < Clul(Qr) 7.
Hence,

H1Dull @ S [In1@n) +lul@n® +1] 5 [lul@n™ +1]

Letting k — o0, we obtain

n+l
1Dl gy S [R5 +1].

This completes our proof. O
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