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Generalized stochastic Lagrangian paths
for the Navier-Stokes equation

MARC ARNAUDON, ANA BELA CRUZEIRO AND SHIZAN FANG

Abstract. In the note added in proof of the seminal paper [14], Ebin and Mars-
den introduced the so-called correct Laplacian for the Navier-Stokes equation on
a compact Riemannian manifold. In the spirit of Brenier’s generalized flows for
the Euler equation, we introduce a class of semimartingales on a compact Rie-
mannian manifold. We prove that these semimartingales are critical points to
the corresponding kinetic energy if and only if its drift term solves weakly the
Navier-Stokes equation defined with Ebin-Marsden’s Laplacian. We also show
that for the case of torus, classical solutions of the Navier-Stokes equation realize
the minimum of the kinetic energy in a suitable class.

Mathematics Subject Classification (2010): 49Q20 (primary); 35Q30, 58J65
(secondary).

1. Introduction

Euler equations describe the velocity of incompressible non-viscous fluids. Con-
sidering these equations on a compact Riemannian manifold M without boundary,
they are

d

Eu, + (s - VY uy = —Vp, div(u;) =0. (1.1)
Lagrange’s point of view consists in describing the position of the particles: for a
solution u to (1.1), it concerns solutions of the ordinary differential equation (ODE)

d
7 81%) = (g (x)),  go(x) = x. (1.2)

When (¢, x) — u;(x) is smooth, the ODE (1.2) defines a flow of C*°-diffeomor-
phisms g;. From the position values, we get the velocity by

() = (%g) (s')-
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In this case, the two points of view are equivalent. Throughout the whole paper we
shall consider the interval of time [0, T']. Equation (1.2) defines a continuous map

g.: [0, T1 — Diff(M)

from [0, T'] to the group of diffeomorphisms of M.

In a famous work [6], V.I. Arnold gave a geometric interpretation to the incom-
pressible Euler equation, saying that u is a solution to (1.1) if and only if t — g; is
a geodesic on the submanifold of Diff(M) keeping the volume measure invariant,
equipped with the L? metric. Equivalently, g. minimizes the action

Siol - | Tr|d
[(p]_i/o/M'E%(x)

on C([0, T], Diff(M)), where dx denotes the normalized Lebesgue measure on U
or the normalized Riemannian volume on M (see also [14]).

In [7], Y. Brenier gave a probabilistic interpretation to (1.1), by looking for
probability measures ¥ on the path space C ([0, T'], M), which minimize the kinetic

energy
1 T,
stz1=3 [ [ i |y<t)|%y(,>Mdr} dz (), (14)
C([0,T],M) 0

with constraints (e;).X = dx, where ¢, : y — y(t) denotes the evaluation map.
Let

2
dxdt (1.3)
M

Xy, 1) =y@®).

Then under X, {X (-, ¢); t > 0} is a M-valued stochastic process. Moreover, in [7]
as well as in [8], Brenier proved that such a probability measure X gives rise to a
weak solution of the Euler equation in the sense of Di Perna and Majda [13]. More
precisely, define a probability measure p on [0, T] x T M by

/ ft, x,v) u(dt,dx, dv)
[0,T1xTM

1 T
= T/ / f@,y@),y' @)d=(y)dr.
0 JC(0,T],M)

Then p solves the Euler equation in generalized sense:

/ [v-w@)a (1) + v (Vwx) - v)a)] udt, dx,dv) =0

for any @ € C*°(J0, T'[) and any smooth vector field w such that div(w) = 0. We
also refer to [1] in which the authors used the theory of mass transportation.
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In this work, we will be concerned with Navier-Stokes equations. We will
be interested in studying, in analogy with Brenier’s work for the Euler equation, a
possible concept of weak (Lagrangian) solution of the Navier-Stokes equation. The
weak solutions that we construct will not, in particular, have necessarily the flow
property, contrary to [2], where we considered another notion of weak solution. In
a well-known book [28], Temam tried to develop Arnold’s paradigm for Navier-
Stokes equations on the torus. He solved the ODE (1.2) with coefficients u; arising
from solutions of these equations. However paths coming from ODE (1.2) are not
suitable to be seen as Lagrangian paths for Navier-Stokes equations and they are
not derived from a variational principle. On the other hand, in [11], P. Constantin
and G. Iyer established a probabilistic representation of Navier-Stokes equations,
using stochastic flows: this suggests to say that Lagrangian paths for Navier-Stokes
equations shoud be semimartingales.

We will deal with Navier-Stokes equations on a compact Riemannian manifold
M. There are two natural ways to define the “Laplace” operator on vector fields.
The first way is to use the de Rham-Hodge Laplace operator [J] on differential 1-
forms, that is [ = dd* 4+ d*d. As usual, with respect to the Riemannian metric
tensor (, ) given a vector field A, we set A? for the associated differential 1-form;
for a differential 1-form w, we set @” for the corresponding vector field. Then we

define
DA = (047’
Weitzenbock formula states that
—[JA = AA —Ric(A) (1.5)
where AA = Trace(V2A) and Ric(A) is the vector field associated to the Ricci
tensor Ricci by (Ric(A), B) = Ricci(A, B). Another natural way, following [14],

is to use the deformation tensor. More precisely, let A be a vector field on M, the
deformation tensor Def A is a symmetric tensor of type (0, 2) such that

DefA)(X,Y) = % ((VxA,Y)+(VrA, X)). (1.6)

Then Def : TM — S?T*M maps a vector field to a symmetric tensor of type (0, 2).
Let Def* : S2T*M — T M be the adjoint operator. According to [25], as well as
to [27], we define

[J = 2Def*Def. (1.7)
Let us explain briefly the relation between these two Laplace operators. Let x € M
and {eq, ..., eq} be an orthonormal basis of the tangent space Ty M; then

IDef(A)el 17, por e = Z Def(A)x (e;, ¢)*
[ :
d

1 2
Z ((veiAv ej) + (VejAv ei))

i, J

= > (VA1 vgr + (VA (VA ) e, m)

NI'—‘
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where * denotes the transposed operator. Therefore

/(ﬂA, A)dx:/ <||VA||2TXM®TXM+(VA,(VA)*)TXM@,TXM) dx. (1.8)
M M

On the other hand, by Weitzenbock formula, we have
/ |div(A)|2dx+/ |dAﬂ|2dx=f IVAIIF por de-i—/(Ric(A),A)dx. (1.9)
M M M A M
Notice that
/ ||VA||2TxM®TXde—/ |dAﬂ|2dx=/ (VA, (VA" 1. mer,mdx. (1.10)
M M M

Combining (1.8)-(1.10), we get

/(GA, A) dx:/ ||VA||2TXM®TXM+/ |div(A)|? dx—/ (Ric(A), A) dx.
M M M M

By polarization, for any smooth vector field B, we have

f (A,B)dx:f (VA,VB)TXM®TXM+/ diV(A)diV(B)dx—/(Ric(A),B)dx.
M M M M

It follows that .
JA = —AA — Ric(A) — Vdiv(A).

Then on vector fields of divergence zero A, the following relation holds true (see
also [25,26])

—[JA = AA + Ric(A). (1.11)

Comparing (1.11) to (1.5), the sign of Ric is opposite.

Notice that on the torus ']I‘d, the Ricci tensor vanishes, so that [J and 0 are
the same. However on the sphere S?, we have Ric(A) = (d — 1) A and these two
operators are different.

Now we consider the following Navier-Stokes equation on M

d -
Eu, + Vyur +vUu, = —Vp, div(u,) =0, (1.12)
where v > 0 is the viscosity coefficient. Since div(y;,) = 0, we have

fM(Vutu,, us)dx = 0. Using the relation [J = O — 2Ric and equation (1.12),
we get

1d
EE/MluHZdX"‘U/M(‘dutﬁ

2

+ |d*u?

2
)dx—Zv/ (Ricuy, us) dx=0. (1.13)
M
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When Ric is negative, the above relation yields the existence of Leray’s weak solu-
tion (see for instance [26]). For the general case, in [27], M. Taylor proved the exis-
tence of Leray’s weak solution to (1.12), for any initial condtion ug € L? (see [27,
Theorem 4.6, page 498 and page 504]), that is fOT I lu; ()| dx dt < 4o00.

The purpose of this work is to construct Lagrangian paths for equation (1.12).
A difficulty on a general compact Riemannian manifold is that there does not exist
a family of vector fields {A,; n > 1} such that the sum of squares of A, defines
Laplace operators and associated stochastic flows preserve the Riemannian volume,
see for example [16]. Therefore in this context, it is suitable to consider a class of
semimartingales on M such that Brownian motions perturbed by a drift belong to
this class. Another advantadge of this point of view is that it is intrinsic, independent
of the construction of Brownian motions on M.

Comparing to Brenier’s generalized flows for Euler equations, the paths t —
& are never of finite energy in the sense of (1.3). Instead, we shall consider the
mean kinetic energy (see Definition 2.9 below). This functional first appeared in
stochastic optimal control [19] as well as in connection with quantum mechanics
[29].

Roughly speaking, the main result of this paper (see Theorem 2.11 below)
says that the semimartingale &; in a suitable class is a critical point to the stochastic
kinetic energy (2.15) if and only if its drift term u; solves Navier-Stokes equation
(1.12) in the sense of Leray.

In the recent years the functional (2.15) has been used with success in various
contexts (see for example [2-5,10-12,15,20,23]). In comparison with [2-5], we
do not require, in the present work, that martingales have the flow property.

The organisation of the paper is as follows. In Section 2, we shall introduce
and study the class of v-Brownian incompressible semimartingales. We prove that
such a semimartingale is a critical point of the corresponding kinetic energy [12]
if and only if it solves the Navier-Stokes equation in the sense of Leray. We also
prove the existence of a minimum under certain conditions. In Section 3, we shall
show, in the case of a torus T¢, that a classical solution to Navier-Stokes equation
gives rise to a v-Brownian incompressible martingale which realizes the minimum
of the kinetic energy in a convenient class.

ACKNOWLEDGEMENTS. The authors are thankful to the referee whose sugges-
tions have helped them to improve the paper. They are also grateful to the support
of the Centre Interfacultaire Bernoulli at Ecole Polytechnique Fédérale de Lausanne
where part of this work was done.

2. Generalized stochastic paths for the Navier-Stokes equation

In this section, M will denote a connected compact Riemannian manifold without
boundary. Let (€2, F, P) be a probability space equipped with a filtration {F;; t >
0} satisfying the usual conditions.
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A M-valued stochastic process & defined on (2, F, P) is said to be a semi-
martingale on M if for any f € C*(M), f (&) is a real valued semimartingale. This
notion is independent of the chosen connection on M; however, the correspond-
ing local characteristics are dependent of the choice of connection. In this paper all
the semimartingales considered will be continuous semimartingales with absolutely
continuous local characteristics. They are usually called Itd semimartingales, and
when they are R?-valued they can always be written in the form (2.1) below. We
will write semimartingales for simplicity. For a semimartingale (&;) starting from a
point x € M and given a connection V, the stochastic parallel translation //, along
& can be defined. For the reader’s convenience, we give a brief introduction of //;.
Let (Ffj) be the Christofell coefficients of V, that is, on a local chart (xy, ..., x4),

d
0
Vaiaj = Zrlk] ak, where 8,' = 8_
k=1 i

For simplicity, at first, we consider M = R?, then (&) is a semimartingale on R?
which can be written in the form

t m_ ot
& :§o+/0 ssods+2/o Hj(s)dw;(s), 2.1)

j=1
where s — (wi(s),..., wy,(s)) is a standard Brownian motion. Consider the

stochastic differential equation (SDE) with respect to (&;) on R4:

dzZi = — T(&) Zoder, Zo=veR?, (22)

d
k=1

which admits a unique strong solution. Then v — Z; is called the stochastic parallel
transport of v along &; with respect to the connection V.

Now we consider the SDE (2.2) on a local chart U of M with & = x € U and
v € Ty M. Before the exiting time 7, of & from U, v — Z; € Tg, M is the parallel
transport of v along {£,,0 < t < t,}. By connecting the path chart by chart, the
stochastic parallel transport along (&;);>0 can be defined on M. For a more detailed
description, we refer to the book [9, Chapter VIII, Section 1.d, pages 390-394]. The
following is taken from [9, Theorem 1.7, page 393]:

Theorem 2.1. There exists a negligible subset N of Q such that for w ¢ N, there
is a time continuously dependent linear map //; from TegyM to Te, M such that for
any v € TgyM, the stochastic parallel transport Z, of v defined by the SDE (2.2)
along {&;0 < s < t}is //;v. Moreover, the process t — //; is adapted, and for
allt >0, //; is invertible, whose inverse is denoted by / /t_l.

In what follows, we will consider the Levi-Civita connection, still denoted by
V. Let

t
0 =/ /)7 o di,.
0



STOCHASTIC LAGRANGIAN PATHS FOR THE NAVIER-STOKES EQUATION 1039

Then ¢ is a Ty M-valued semimartingale. By [9, Theorem 2.8, page 403], there
exist processes (& O(s), H\(s), ..., Hy(s)) which are adapted to F; such that

£%(s), Hi(5), ..., Hu(s) € Te, M

and ¢; admits It form

t m t
& = /0 /178% ) ds + ) /O /15 Hi(s) dw] (23)
i=1
where w;, = (w}, -+, w) is a standard Brownian motion on R™. For example, if

the semimartingale & comes from a SDE on M:

d& = Xo(t, &)dt + ) Xi(1,&) odw], & =x,
i=1

then
1 m
£9(0) = Xo(r, &) + 5 ;(VX,- X)(t, &).

As in [3,12], we consider the operator

D& = //i limE (“*—_C
e—0 &

.7-“,) , 2.4)

which is well-defined and equals £°(¢). For a semimartingale £; given by (2.3), Itd’s
formula has the following form (see [9, page 409]):

t 1 m

f&)=f(E0)+ /0 ((vms), £°9) + 3 2 (Vi (VHE), H,-<s>>) ds
i=1

(2.5)

m t )
+y /0 (Vf (&), Hi(s)) dw.
i=1

Let {g;(x,w); t > 0,x € M,w € 2} be a family of continuous semimartin-
gales with values in M. Let P8 denote the law of g in the continuous path space
C([0,T], M), that is, for every cylindrical functional F,

/ Fy@), ...,y )dPE(y)
C([0,T1,M)

= / |:f Fgn(x), ..., gt,,(x))dIP§:| dx
m LJcqo,11,m)

where P& = P§ ® dx and under P, the semimartingale g; starts from x.
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We shall say that the semimartingale g, is incompressible if, for each t > 0,

Eps[f(g)] = /M f&x)dx, forall f e C(M) (2.6)

the expectation being taken with respect to the law P$ of g.
Let v > 0; we shall say that g, is a v-Brownian semimartingale if, under IP§,
there exists a time-dependent adapted random vector field u; over g; such that

t
M = fe0 = e = [ (vA7@)+ 0 VrG)ds, @)

is a local continuous martingale with the quadratic variation given by

. t
(M M) =20 [ (9119 Gsas.

For a semimartingale & given by (2.3), if {Hi(s), ..., H,(s)} is a system such
that for any vector v € T¢g M, Z;":l (v, Hi(s))> = 2v|v|?, then it is a v-Brownian
semimartingale.

Example 2.2. In the flat case R, such a semimartingale admits the following form
dg:(w) = V2vdW; + us(w) dt, (2.8)

where (W;) is a Brownian motion on R¢ and {u;; r > 0} is an adapted R4-valued
process such that fOT lu;(w)|*dt < 400 almost surely.

Example 2.3. For the general case of a compact Riemannian manifold M, we con-
sider the bundle of orthonormal frames O(M). Let (V;);c[o0,1] be a family of c!
vector fields such that the dependence r — V; is C!. Denote by V; the horizontal

lift of V; to O(M). Let div(V;) and diV(V,) be respectively the divergence operators
on M and on O(M); they are linked by (see [17, page 595])

div(V;) = div(V;) o,
where 7 : O(M) — M is the canonical projection. It follows that if div(V;) = 0,

then div(f/t) = 0. Consider the horizontal diffusion r; on O (M) defined by the
SDE

d
dry =~2v Y Hi(r;) o dW] + Vi(r)dt, o € O(M), (2.9)
i=1
where {Hy, --- , Hy} are the canonical horizontal vector fields on O(M). Let dr

be the Liouville measure on O (M); then the stochastic flow ro — r;(rg) leaves dr
invariant. Set

E(t,x) = w(r:(ro)), ro € L(x). (2.10)
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For any continuous function f on M:

/ E(f &, x)) dx = / () dx.
M M

Then £ is an incompressible v-Brownian diffusion, with D;&(x) = V;(£(, x)).

Remark 2.4. Let P, be the semigroup associated to %A M + V; with div(V;) = 0;
then for any f € C%(M),

i/ Ptf(x)dx=/ (lAMpzf-F‘/thf)dx:O.
dt M M 2

It follows that for any continuous function f : M — R:

/P,f(x)dx:/ f(x)dx.
M M

Therefore any SDE on M defining a Brownian motion with drift V' gives rise to an
incompressible v-Brownian diffusion & with D;&(x) = V;(§(¢, x)).

Example 2.5. Let Z? be the set of two dimensional lattice points and define Z2 =
72\ {(0,0)*}. For k € Z2, we consider the vector k- = (k», —k;)* and the vector

fields
vcosk-0) | v sin(k - 6) | 2
Av@®)= | ————k~, Br@)= |——FFTk, 0eT-,
A=\ T O =\ Tk ©

where f > 1 is some constant.
Let Z(z) the subset of Zg where we identify vectors k, kK’ such that k + k' = 0

and let |
Vo = Z:Z —2|k|2/3 .
keZy
The family {Ag, By : k € Z(z)} constitutes an orthogonal basis of the space of diver-
gence free vector fields on T? and satisfies

> (A 0 + (B 0)?) =v o, ve T,

keZ2
and
> VaAe=0, ) Vg B =0.
keZ? keZ}
Consider the SDE on T2,

dgi = Y (Ak&) o dW! + Bi(&) 0 dW} ) +ut.6)dr, 69 =0 €T, (211)
keZ%
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where {Wk, Wtk; k e Zg} are independent standard Brownian motions on R, and
u(t, -) is a family of divergence free vector fields in H 1(T?), such that,

T
/ / (Iul2 + |Vu|2) dxdt < +o00.
0 JT2

Then by [12,17], for 8 > 3, the SDE (2.11) defines a stochastic flow of measurable
maps which preserves the Haar measure dx on T2. More precisely, for almost every
w, the map

x — & (x, w) solution to (2.11) with initial condition x

leaves dx invariant; this property is stronger than incompressibility.

In what follows, we shall denote by S the set of incompressible semimartin-
gales, by S, the set of incompressible v-Brownian semimartingales and by D,, the
set of incompressible v-Brownian diffusions. Clearly we have

D,cCcS, CS.
Proposition 2.6. Let g € S,; then, for any f € C*(M),
Eps ((V f(g1), ur)) = 0. (2.12)

Proof. Taking the expectation with respect to IP$ in (2.7), we have

t t
Epe (f () — Epe (f(80)) = U/o Eps (Af (g5)) ds +/0 Eps ((V f(85), us)) ds.

It follows that
t t
V/ f Af(x)dx ds+f Eps ((V f(gs), us))ds = 0.
0o JMm 0

Since [, Af(x)dx =0, we get the result. O
Proposition 2.7. Let g; be a semimartingale on M satisfying
m .
dgi(x) =Y Ai(g(x)) o dW/ +u;(w, x) dx,
i=1

where Ay, --- , Ay are C? divergence free vector fields on M and u;(w, x) €
Ty,(xyM is adapted such that [, E, (fOT lus (w, x)|?dt) dx < +oo; if g is incom-
pressible, then for any f € C*(M)

Epe ((V f(81), ur)) = 0.
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Proof. Let f € C*(M); then by Itd’s formula (2.5),
Fois [
Fle = £+ MY 433 [ (Va9 A0+ (V£.V4,40) ds
2= Jo

t
+ /O (V£ (g5)s 45) ds,

where Mtf is the martingale part. Note that (V4,(Vf), A;) + (Vf, V4, A;) =
L, La; f where L4 denotes the Lie derivative with respect to A ; then taking the
expectation under Ep, we get

1 m
2 Z (/M CA,-EA,»fdx) + Epe((V £(g1), us)) = 0.
i=1

Since for each i, [,, L4, L, f dx = 0, the result follows. O

In general it is not clear whether the incompressibility condition implies the
relation (2.12). However, the following is true:

Proposition 2.8. Let Ay, - , Ay, be C*T* vector fields on M and Ag be a C'+®

vector field with some o > 0, consider

m .
Ai (& (x)) o dW, + Ag(6:(x))dt, & = x. (2.13)

i=1

dé;(x) =

i=

Then for almost all w, the map x — &;(x) preserves the measure dx if and only if
div(A;) =0fori =0,1,--- ,m.

Proof. We give a sketch of proof (see [18] for more discussions). By [21], x —
& (x) is a diffeomorphism of M and the push forward measure (Efl)#(dx) of dx
by the inverse map of &; admits the density K; which is given by (see [22]):

m_ et . t
K:(x)=exp (—Z/(; div(A;)(&(x)) o dW, —/0 div(Ap) (&s(x)) ds). (2.14)
i=1

Ifdiv(A;) =0fori =0,1,---,m,itis clear that K; = 1 and x — &(x) preserves
dx.
Conversely, if K;(x) = 1 forany x € M and t > O then:

m t t
Z/ div(A;) (£ (x)) o dW] +/ div(Ap)(&s(x)) ds =0,
i=170 0

or in It6 form:

[ ; 1 . :
> / div(A;) (& (x))dW] + / EZL’Aidlv(Ai)+dlv(Ao) (& (x)) ds = 0.
i=170 0 i=1
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The first term of above equality is of finite quadratic variation, while the second one
is of finite variation; so that foreachi =1, --- , m, div(4;)(&(x)) = 0 and also

1 m
|:§ > Ladivia) + diV(Ao)} (§s(x)) =0.

i=1
It follows that, almost everywhere,
div(A)(Es(x)) =0 for i=0,1,---,m;
so that div(4;) =0 fori =0,1,--- ,m. O
According to [12], as well as [4,15,20], we introduce the following action

functional on semimartingales.
Definition 2.9. Let

1 T
S(g) = EEpg (fo |D;g|2dt) . (2.15)

We say that g has finite energy if S(g) < oo.
In what follows, we shall denote more precisely D;g(x) for D;g under the law
IP§. Then the action defined in (2.15) can be rewritten in the following form:

1 T
S(g) = E/MEW (/0 |D,g(x)|2dz> dx. (2.16)

We first recall briefly known results about the calculus of stochastic variation (see
[4,10,12]). Let u;(x) be a smooth vector field on a compact manifold (or on R9)
which, for every ¢, is of divergence zero. Consider an incompressible diffusion
g:(x) with covariance a such that a(x, x) = 2,ug_1 (x) where g is the metric tensor
and time-dependent drift u(¢, -). It defines a flow of diffeomorphisms preserving
the volume measure. We have D;g(x) = u;(g:(x)) and

1 T
S(@) =5 | Eps lu (g (¥)|*dt ) dx.
2 Jya 0

There are two manners to perform the perturbation.

First type of perturbation of identity. Let w be a smooth divergence free vector
fieldand @ € C 1(]O, T[). Consider, for ¢ > 0, the ODE

@ =ea (1) w(d;(x)), PH(x)=x. (2.17)

For each t > 0, ®¢ is a perturbation of the identity map id. By Itd’s formula, for
each fixed ¢ > 0,1 — P{(g,(x)) is a semimartingale starting from x. Note that g
and ®°(g) are defined on the same probability space. It was proved in [4,12] that u
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is a weak solution to Navier-Stokes equation if and only if g is a critical point of S.
More precisely, %S (®* (g))‘ 0= 0 if and only if
e=|

T
/ / (ur, o' (Ow + a(t) Vw - uy — va(n)Ow) dtdx = 0. (2.18)
T4J0

Here and in the following, - denotes the duality pairing.

Second type of perturbation of identity. Note that in [20], the perturbation of the
identity was defined in a different way. For each fixed t > 0, the author of [20]
considered the ODE

t

S =a(Hw(¥), Yix) =ux. (2.19)

ds
Since a(0) = a(T) = 0, we have \IJ? = \IJST = Identity. Set
W(g); (x) = Wy (gr(x)).

Remarks 2.10. We see that W¢ sends a semimartingale g to another one W*(g),
leaving the initial and final data go and gr fixed. Therefore the variational principle
holds among flows with fixed initial and final states with this perturbation. However
with first type of perturbation of identity, the final states are not fixed.

Our perturbations do not preserve covariations of processes. The perturbations
presented in Eyink [15] preserve covariations and can be generalized to manifolds
with methods similar to calculus of variations in Wiener space. For these pertur-
bations, we are able to prove that smooth solutions to Navier Stokes equation are
critical points of the energy functional. But we are not able to prove the converse
and we believe that the argument in [15] is incomplete.

By [20], £ S(¥(g)¥)| = 0if and only if the equation (2.18) holds.

&=l

Now we deal with the general case of compact Riemannian manifolds.

Let (u)tefo0,7] be a family of divergence free vector fields on M, belonging to
the Sobolev space ]D% and such that

T
/ / (Iu,(x)|2 + |Vu,(x)|2> dxdt < +oo. (2.20)
0 M

Consider the SDE (2.9) and (2.10) with such a u; = V; fort € [0, T]. First we
notice that in [17, Proposition 4.3], the condition ¢ > 2 is used only to insure the
tightness of a family of probability measures; this condition can be relaxed to g = 2
using Meyer-Zheng tightness results (see the proof of Theorem 2.12 below). There-
fore by [17, Theorem 6.4], equations (2.9) and (2.10) define a diffusion process g,
which is in D,,.

We have the following result,
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Theorem 2.11. Let g € D, be given as above. Then g is a critical point of the
action functional S if and only if u; solves weakly the Navier-Stokes equation in
Leray’s sense, that is,

T
f f <ut, o (Hw + a(t) Vw - u; — va(r)éw> dtdx =0 2.21)
M JO

foralla € CC1 (10, T) and all smooth vector fields w such that div(w) = 0.

Proof. Let W[ be the perturbation of identity defined in (2.19). Set ¢ = Wi (g (x)).
Then {n?, t >0} is a semimartingale on M. We denote by (So(s), Hi(s),...,Hy(s))
the local characteristics of g;(x). Notice that they depend on x. In order to state
1td’s formula for manifold-valued functions, for the moment, consider a C? map
f i M — M. Let x € M and two tangent vectors u,v € T, M be given. Let
x(t) € M be a smooth curve such that x(0) = x, x’(0) = u, and Y; € Ty, M such
that Yo = v. Define Q(f)(x) : TyM x TyM — Ty M by

d
Q)XY (u, v) = —

[//fl(df(xz) . Yz)] —df(x) - Vyv. (2.22)
=0

t

Then by It6’s formula (see [9, page 408]), the drift term in local characteristics of
n? is given by

9
Dy Wy (g(0)) = - Wi(g: () + dWi(gi(x) - &
RS (2.23)
t
T3 ,; OV, (g (X)) (Hi (1), Hi (1)).

Let (e, 1) = D;W[(g/(x)) € T;s M; then

1 T
S(Ye(9) = EEm (/ lp(e, 1)|? dt) )
0
We have ¢(0, t) = D;g(x) = u,;(g:(x)). Let
9
pi(e, 1) = E\Ifé(gz(X)),
Po(e 1) = dWL (g (x)) - &,

1 m
p3(e. 1) =5 ; O (W (8 (X)) (H; (1), Hi(1)).

Since the connection is torsion-free, we have

D (e, 1) Dd‘w( ) =
gglg’ ggtx O_dtdS

de o dedt

W (8:(0) = &' (Dw (g (x)).

e=l e=0
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In order to compute the derivative of ¢,, consider a smooth curve 8(s) € M such
that B(0) = g:(x), B'(0) = D,g(x). Then

d
dW! (g (x)) - & = | WBG).
s s=0
Therefore
— (t)—B — lI’t(())—B [a(@®w(B(s))]
ae|,_ 0" T as| _yae|,_, ¢ AN =75 e pls

= a(t) (Vw)(g:(x)) - Dig(x).

Let B(s) € M be a smooth curve such that 8(0) = g,(x) and p’(0) = H;(t) and
{Ys; s > 0} be a family of tangent vectors along {8(s); s > 0} such that Yo = H;(¢).
Set

y(e,s) = Wi(B(s)) and X(e,5) =dV (B(s)) - Ys.

If R denotes be the curvature tensor on M, the following commutation relation
holds,

D2 xes) =22 xe s+ R ) Xe,s)
——X(g,5) = ——X(¢&, 8 —_ g, 8).

de ds ds de de  Os

We have X (0,0) = H;(1), 3£(0,0) = a(t)w(x), and 9£(0,0) = H; (); therefore

= a(t) R(w(gr(x)), H; (1)) H; (7).
£=0,5s=0

[ (G5 ) xee ]
de 0ds

Now let ¢(t) € M be a smooth curve such that ¢(0) = B(s), ¢/(0) = Y;. We have

Dd _,
X(e,5) = | ———W!(c(2)) | (0,0)

de|,_q dt de
D
= Oé(t)d— w(c(t)) = a(r) (Vy,w)(B(s)),
T =0
and
75 (Vy,w)(B(s)) = (VE,(n Vw, H; (1)) + (Vw, Vg, H; (2)).
s=0
Note that
Te dWL(g/(x) - Vi, Hi(t) = a(t) (Vw, Vi, H; (1)).
e=0

Using (2.22), we finally get

de

1 m
w3e.1) = Sa® Y [(Viw Vw. Hi®) + RGw. Hi0)H;(1)].
=0 i=l1

&
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Note that er-"zl (H; (1), v)? = 2v |v|? holds for any v € Ty, (ryM. This implies that

m
Z H; (1), vi)(H; (1), v2) = 2v (v1, v2),  for vy, vy € Ty, 1) M.

Let {ey, - - - , eq} be an orthonormal basis of T, () M. We put
d
Hi(t) =) (H;(t), ex)ex
k=1
Then

m
> (Vi Vw, Hi(t)) =

Z Ve, Vw, ) (H; (1), ex) (H; (1), e¢)
i=1 i=1

(Ve Vw, er) = Aw(g(x)).

Il
M= “M&

In the same way we get Z —1 R(w, H;(1))H; () = (Ricw)(g(x)).
Therefore

@3(e, 1) = va(r) (Aw + Ricw)(g:(x)),
e=0

which, due to (1.11), is equal to

var(r) (~Chw)(g(x))

In conclusion, £ S(W,(g))| = 0yields

e=0

T
Eps / &/ () - wr(80) + ) (V) (@0) - ur(g1)
0 (2.24)

—va(®)Chw(g) - ui(g)] dr = 0

This is nothing but (2.21). ]

Note that in [4, Theorem 3.2], a variational principle was established by using
the first type of perturbations of identity, defined by (2.17); on the other hand the
manifold M was supposed there to be a symmetric space in order to insure the
existence of semimartingales having flow properties. A variational principe on a
quite general Lie groups framework was derived in [3] (cf. also [10]).
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In [7], generalized flows with prescribed initial and final configuration were
introduced; more precisely, for any probability measure  on M x M, the minimizer
Y to (1.4) satisfies the constraint:

/ FOO), y(T)dEW) =f £ y)dn(x, y)
C([0,T],M) MxM

for any continuous function f on M x M. It is quite difficult to construct in-
compressible semimartingales with given prescriptions. In order to emphasize the
contrast with the situation in [7], let us see the example of a Brownian bridge g~
on R over [0, 1]. It is known that for r < 1, g; ' solves the following SDE:

gt =dw, — 8" ar, ¢V =x. (2.25)

Then g;> — yast — 1,and we have

1
E </ |Dtgx’y|2dt) = +o00. (2.26)
0

Let n be a probability measure on M x M having dx as two marginals; we shall say
that the incompressible semimartingale {g,} has n as final configuration if

Epe (f (30, g7)) = / Fy)dnx,y), feCMxM).  (27)

MxM

This means that the joint law of (go, g7) is n. If g; is as in Example 2.3, then

Eps (f (g0, &7)) = / fx, y)pr(x,y)dxdy,
MxM

where p;(x, y) is the heat kernel associated to (g;). Conversely if (o;(x, y)) is
solution to the following Fokker-Planck equation

d
Epz(x, V) = v Arpr(x, y) + (U (x), Vipr(x, ),

with lim,,0 p; = 8, for u € L*([0, T1,D}(M)) with div(x,) = 0, it has been
constructed in [17] an incompressible v-Brownian semimartingale which has
por(x, y)dxdy as final configuration.

In order to prove the existence of minimizers to the energy functional (2.16),
we have to consider a larger class than the class D, of incompressible v-Brownian
diffusions, that is the class S, of incompressible v-Brownian semimartingales. We
have the following existence result:
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Theorem 2.12. Let n be a probability measure as above. If there exists an incom-
pressible v-Brownian semimartingale g on M of finite energy S(g) such that n is
its final configuration, then there exists one that minimizes the energy among all
incompressible v-Brownian semimartingales having n as final configuration.

Proof. Let J : M — RY be an isometric embedding; then dJ (x) : TyM — RN
is such that foreach x € M and v € TyM, |dJ(x) - vi[gy = |v|7, M. Denote by
(dJ(x))* : RN — T M the adjoint operator of dJ (x), that is,

((dJ (x)*a, )7 = ({dJ (xX)v, a)gy, a €RN veT M.
Let {¢1, ..., ex} be an orthonormal basis of R" and set
Ai(x)=WdJIJ(x)*s, i=1,...,N.

Then it is well-known that the vector fields {Ay, ..., Ay} enjoy the following prop-
erties:

(i) Forany v € Ty M, |v|T M= ZlN:l(Ai(x), U)ZTA.M;
(i) YN, Va4 =0.

Combining (i) and (ii) gives that Ay f = ZlNzl 51241, f forany f € C?>(M). On the
other hand, let J (x) = (J1(x), ..., Jy(x)); then:

(dJ(x)v, &) =dJi(x)-v=(VJi(x),v)r,mu, foranyve T M.

It follows that
Ai=VJ;, i=1,---,N. (2.28)

Let f € C?(M); then there exists f € C2(RY) such that f(x) = f(J(x)). We
have

Laf = Z—(J(x)) (VJj(x), Ai(x))
- (2.29)
o~ Af
Za— J () (Aj(x), Ai (x)).

Therefore

N N 32f
Avf=) ; SO (4, A (A A

N N r
0
+Z 2:_f(J(x))£Al(A,,A>
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Notice that

N
D La(Aj, Ai) =div(A)) = Ay Jj,

i=1

and according to property (i),

N
ZA,,A (At Ai) = (A, Ag).

Finally the Laplacian A7 on M can be expressed by

27

N 92 f N 8f
Auf = ,;1 s 0D A A+ ,; o OV Bwdj - (230)

Having these preparations, we prove now the existence of a g € S, such that the
minimum of action functinal S is attained at g in the class of those in S, having n
as final configuration. Let

K = inf S(g).

gesy

There is a minimizing sequence g" € Sy, that is, lim,— 4 S(g") = K. Consider
the canonical decomposition:

t
g = J<g3)+M;1+/ B(s) ds.
0
n _ n,l1 n,N\.
Let M{'! = (M;"",---, M, ); then

) . t
(M ) =20 [ (9099060 s @31

By Ito’s formula, we have
B"(t) =dJ(g)) - Dig" +v AJ(g)). (2.32)

It follows that
T
E </ Ib"(t)lzdt) <28(g") + 2TV ||AT]|so-
0

Therefore fOT |b™(1)|? dt is bounded in L?. We can use [30, Theorem 3] to conclude
that the joint law P, of
(J(g"h, M", B", U")
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in C([0, T],RN) x C([0, T],RY) x C([0, T], RY) x C([0, T], RVN*N) is a tight
family, where

t . .
B" =/ b'(s)ds, U= (<M{’*’, M,’”)) L
0 I<i,j<N

Let P be a limit point; up to a subsequence, we suppose that P, converges weakly
to P. .
Again by [30, Theorem 3], under P, the coordinate process

(Xtv M[’ Btv Ut)
has the following properties:

(1) Mo =Bp=0,Up =0; .
(2) (M) is a local martingale such that U, = (M, M} ))1<i, j<n;
3) B, = fot b(s) ds with fOT |b(s)|?ds < +oo almost surely.

Since J (M) is closed in RY we see that X; € J(M). Let

X, = J(g)-
For any f € C%(M), remark that f(g) = f(Xt) therefore f(g;) is a real-valued
semimartingale. In other words, {g;; ¢t > 0} is a semimartingale on M. Let f €

C(M); the map foJ 1. J(M) — R can be extended as a bounded continuous
function on R ; therefore letting n — oo, we get

[ £ dx=E (£(s" ) =E (5077 (4(60) ~E (o~ (X)) =E(f 50
M

In the same way, for f € C(M x M), we have

fM fy)dnx,y)=E(f(g"0),¢"(T)))=E (f(J”J(g”(O)),J’lJ(g"(T))))

xM

which goes to, as n — 400,

E(f(g(0), (T))).

So g is incompressible and has 7 as final configuration.
Besides, by (2.31), we have

<<M;', Mtj>>1§i,j§N =2 /OIWJ,-, VJ;)(gs) ds. (2.33)
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Let f € C?(M); denote by M,f the martingale part of f(g;). Then, by Itd’s for-
mula,

M = i af(x ydM]
tr ' 8)6] t t -
j=1
Therefore for fi, f, € C 2(M), according to (2.33), we have
a
(dM,fl, dM,f2> = Z i(X» / i KD 20(A ), A, di.
; X
k=1 %
On the other hand, using relation (2.29) and property (i), we have
N N aF a%
af19f2
(VA VA=Y Lafilafr=) ONOL 40 A,
Js

= = 0x; 0x

Combining the above two equalities, we finally get
(thf‘,dMﬁ) =20(Vf1,V fa)g, dt. (2.34)

Since X; = J(g;), we have
1
dB; =dJ(g) - Digdt + zHessl(gz)dgz ®dg:.

Relation (2.34) implies that %HessJ (g1)dg: ®dg = vApyJ(gs)dt. Therefore we

get
t

t
B; :f dJ(gS)-DSgds—Fv/ Ay J(gs)ds, (2.35)
0 0
which implies (2.7). In conclusion {g;; ¢ > 0} is a v-Brownian semimartingale on

M, thatis, g € S,.
We want to see that K = S(g). Firstly using the relation (2.32), for any ¢ €

[0, 71,
t t
f dJ(g)) - Dsg"ds = B} — v/ AJ(g})ds.
0 0

Let ¢ : C([0,T],RY) — R be a bounded continuous function, consider ¢ :
C([0, T],RY) x C([0, T], RY) — R defined by

o(B.g) = (B. . fo AJ(gads) |

Then ¢ is a bounded continuous function on C ([0, T], RY) x C([0, T], RY). It
follows that [, dJ(g!) - Dyg" ds converges in law to [ dJ(gs)- Dsgds. Lete > 0;
for n big enough,

T
E (/ |dJ(g") - Dsg"|2ds> <K +s.
0
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Now by [24, Theorem 10],
T
E (/ ldJ(gs) - Dsglzds> <K +e,
0

that is E(/OT |Dsg|2ds> <K 4. Letting & — 0 gives S(g) <K.So S(g) =K. [

Remarks 2.13. Although the second type of perturbation W¢ of identity defined in
(2.19) preserve the semimartingales in S with the prescribed final configuration, W*
does not preserve the class of Brownian v-semimartingales. Therefore it is not clear
whether the minimizer is a critical point to the functional (2.16).

3. Classical solutions and generalized paths

The purpose of this section is to try to reconcile minimizers and critical points in
a convenient way. Indeed one may ask whether classical solutions are in any way
related to minimizers of action functionals; the answer is affirmative, within the
class S, with fixed boundary conditions and modulo a time change in the equation.

In this section, M will be a torus: M = T¢. Let g € D, be the solution of the
following SDE on T¢:

dg,:vadw;—u(T—t,gt)dt, gOETdv (31)

where g is a random variable having dx as law, w; is the standard Brownian motion
on R?, and {u(z,x);t € [0, T]} is a family of C? vector fields on T9, identified to
vector fields on R? which are 27 -periodic with respect to each space component.
Suppose that u is a strong solution to the Navier-Stokes equation

%u(l, x)+ Vu(t,x) -u(,x)—vAu(t,x) =—-Vp(T —t,x).

By It6’s formula,

ou

du(T —t, g) = — (E)t
+v AUl —t,8) + V20 Vu(T —t, g) - dw,
= Vp(t, g)dt + 20 Vu(T —1t, g;) - dw;.
According to definition (2.4), D;g = —u(T —t, g;) and
D:D:g = —Vp(t, g). 3.3)

> (T —1,8) = Vu(T —t,8) -u(T —1,8)
(3.2)

In what follows, we shall consider
Gg= {g* €Sy; dgf =v2vdw; + D;g* dt, g*(0) = g(0), g*(T):g(T)} . (34

Note that semimartingales in G are defined on a same probability space.
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Example 3.1. Let o be a real continuous function on R¢ and set
e AW d
B(w,t) = sin 7)), a(ws)ds, c(w,t) = Eﬂ(w,t).

Let a € R9 be fixed. Consider v(w, 1) = c(w, t)a; then v is an adapted vector field
on T¢. Define

t
8 =& +/ v(w, s)ds.
0

Then g* € G.

We have the following result.

Theorem 3.2. Let g € D, be givenin (3.1). Assume that the process g is associated
with the Navier-Stokes equation in the sense that

D;D;g = —Vpl(t, g)

a.s. for a regular pression p such that V?p(t, x) < R1d, with RT*> < n?. Then g
minimizes the energy S in the class G.

Proof. We define the following:

1 T T
Bo) = 5 fo |Dygl2di — /0 p(t, g(O)dt. (3.5)

Notice that the function b(x, y) defined in [7, page 243] has no meaning in our
setting (cf. (2.25) and (2.26)). Let g* € G; we shall prove that

E(B(g)) < E(B(g"). (3.6)

Consider the function
R
$(t,x) = SIxf* = p(t, ).

For each ¢ > 0, the function x — ¢(, x) is convex on R4 as Vzp(t, x) < R1d. By
1t6 formula

d(D;g-g) =d(Dg)-g +~2vD;g-dw, + |D;g|*dt +d(D,g) - dg;.

Analogously,

d(Dg - gf) =d(D:g) - g +~2vDsg-dw; + D;g - Dig* +d(D;g) - dg; .
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Remarking that d(D,g) - dg, = d(D,g) - dg;, and making the substraction of the
above two equalities, we obtain

d(Dig-(gf —8)) =d(Dig) - (g — &)+ <ng -Dig* — IDthZ) dt.
It follows that

Drg- (g7 — gr) — Dog - (g5 — £0)

T T
- / d(Dg) - (¢ — &) + f (Dig- Dig* = 1DgP?) ar.
0 0

Notice that g; = go, g7 = g7, and using (3.1), we have

T T
/ <—ng -D;g" + IngIQ) dr = / d(D;g) - (g — &})
0 0

- (3.7)
= / (81* - gt) : <—V 2vVu(T —t, g)dw; — Vp(t, gt)df> .
0
Using the convexity, of ¢, we have
o(t,87) — o, 8) = (Rgr — Vp(t, 81)) - (& — &) (3.8)
From (3.7) and (3.8), we get
T
/ (—ng - Dig* + |Digl” + Rg - (g — gt)) dt
0 (3.9)

T T
=< _\/5/0v (g;k_gl) VM(T_t? gt)dujl‘_{_/ov (¢(t’g;k) _¢(t9 gt))dt

We have g/ —g; = fé(Dsg* —D;g)ds. Since g5 —go = g7 — gr = 0, by Poincaré
inequaliy on the circle to get

T T 2 T
/ g — & |*dr < (-) / |Dig* — Dyg| dr.
0 4 0

Since (%)2 < %, we have

R (T 1 T
5/ |gF —gz|2dt < 5/ |D,g* — D,g|2dt. (3.10)
0 0
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Remark that the inequality, for x, y,a, b € R

1 1 R

2 2 2 2 2
X —=xy —Rb"+ Rab> —x"— =y — —b" 4+ —
Y “ 2x 2y 2 20

holds if and only if
=y = 2o —ap?
—(x — —(b—a)’.
2T =0

Therefore by (3.10), we have

T
f (1Dig> = Dig - Dig* = Rigil* + Re - g7 ) d
0

1057

T (3.11)
>/ Lol = bt - Big 4 Bigr) ar.
—Jo \2 2 2 2%t
Combining (3.9) and (3.11), we get
_lDtgl - _|Dtg | - E|gt| +E|gt| dr
0
T
< — «/21)/ — &) - Vu(T — 1, g)dw; +/ (o(t. 87) — &1, 8)) dt
0

from which we deduce

r 1 2 R 2
A —|Dt8| __lgt| +é(t, g) | dt

<_~// P g) V(T — 1, g)dwy
T %2 %2 *

+ [ (Gl = el + o) )
0

T /1
fo <—|Dtg|2—p<r,gt>> dr

or

T /9
<_J_/ T —g) Vu(T—t,g;)dm—i—/O (EIng*Iz—p(t,g7)> dt.

Using definition (3.5),

B(g) < \/ﬁf —gt Vu(T—t,g,)dwt+B(g*).
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Taking the expectation of this inequality, we obtain (3.6). Notice that

T T
[ Bt e = [ Ep.g)
then (3.60) yields E(S(g)) < E(S(g")). O

The following result provides a perturbation in a natural way and illustrates
Theorem 3.2.

Proposition 3.3. Let v(w, t) be the vector field constructed in Example 3.1. Con-
sider the following perturbation of g; given by (3.1):

dg; = V2vdw; —u(T —t,g)dt +ev(w, t)dt, g5=x.

Then we have

=0.

d S(¢)
de g _
e=0

Proof. We see that {g°; ¢ > 0} C G. We have
e 1 r 2
S(g ):EE lu(T —t,8) —ev(w, )|~ dt ).
0
Therefore

d &
%5(8 )

T
:_E (/ (M(T_tmgt)av(w’t))dt)
e=0 0

LetV; = fot vs ds. By construction of v, Vr = 0. Now by integration by parts,

T T
_/0 (u(T — 1,8, V(w, t)> dt = /o (dW(T —t,g)), V(w, 1)) dt

which, using (3.2), is equal to fOT(Vp(t, g:), V(w, t)) dt. Therefore

T
=/ E(/ (Vp(t,gz(X)),ﬁ(w,t)a)dX) dt
0 Td

T
= / E(B(w,t)) (/ (Vp(t,x),a) dx) dt =0. O
0 Td

d S(g)
-8
de £0
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