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Differentiability properties of Riesz potentials of finite measures
and non-doubling Calderon-Zygmund theory

JULIA CUF{ AND JOAN VERDERA

Abstract. We study differentiability properties of the Riesz potential, with kernel
of homogeneity 2 — d in Rd, for d > 3, of a finite Borel measure. In the plane
we consider the logarithmic potential of a finite Borel measure. We introduce a
notion of differentiability in the capacity sense, where capacity is the Newtonian
capacity in dimension d > 3 and the Wiener capacity in the plane. We require
that the first order remainder at a point is small when measured by means of a nor-
malized weak capacity “norm” in balls of small radii centered at the point. This
implies LP differentiability in the Calderén-Zygmund sense for 1 < p < d/d—2.
If d > 3, we show that the Riesz potential of a finite Borel measure is differen-
tiable in the capacity sense except for a set of zero C!-harmonic capacity. The
result is sharp and depends on deep results in non-doubling Calderén-Zygmund
theory. In the plane the situation is different. Surprisingly there are two distinct
notions of differentiability in the capacity sense. For each of them we obtain the
best possible result on the size of the exceptional set in terms of Hausdorff mea-
sures. We obtain, for d > 3, results on Peano second order differentiability in
the sense of capacity with exceptional sets of zero Lebesgue measure. Finally, as
an application, we find a new proof of the well-known fact that the equilibrium
measure is singular with respect to the Lebesgue measure.

Mathematics Subject Classification (2010): 42B20 (primary); 31B15, 26B05
(secondary).

1. Introduction

Calderén and Zygmund applied their celebrated results on singular integrals to
understand differentiability properties of functions defined on subsets of R?. Be-
sides the foundational paper [5], where logarithmic potentials in the plane and
Riesz potentials in higher dimensions were considered, one may consult [6] and
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the book [15], in which the central results known up to the seventies were pre-
sented. A recent interesting paper on the subject is [2]. The setting for our results
is as follows.

Let u be a Borel finite measure in R4 and, in dimension d > 3, consider the
Riesz potential

1
u(x) = P()(x) =/ g du(), xeRL (1.1)
Rd X — ¥l

In the plane we take the logarithmic potential

u(z) = P(n)(z) = /og du(w), zeC. (1.2)

1
|z — w|
The kernel chosen in all dimensions d > 2 is a constant multiple of the fundamental
solution of the Laplacian in R?. The distributional gradient of the potential  is

X
u=—d-2)—xu, d=3, (1.3)
|x|4
and
z 1
Vu:——z*p,z—:*u, d=2.
|z] z

Since the kernel in the preceding identities is locally integrable, Vu is a locally
integrable function, hence well defined a.e. The second derivatives of u in the sense
of distributions are given in dimension d > 2 by

2 4.2
| x| dxj

djju=—(d— 2)pVW*

1
p——d=oq-yp, 1=j=d (14

where wgy_1 is the d — 1-dimensional surface measure of the unit sphere in R4, and

XjXk

Ojxu =d(d — 2)pv||d+2 uw, 1<j#k<d. (1.5)
In dimension d = 2, setting 7 = x + iy, one gets
52 X2 —y?
ﬁuzp.v. 2 * U — T, (1.6)
52 y2 - x2
—U=p.V.——— x U — T, 1.7
2y2 p 2 W — T (1.7)
and s
d 2xy
=p.v.— . 1.8
axay” p-v EL * [ (1.8)
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The key fact is that one can give at almost all points a sense to all right hand sides in
(1.4)-(1.8). Indeed, the principal value singular integrals exist a.e. after the results
of [5] and one can assign to the measure w in (1.4), (1.6) and (1.7) at the point x the
density
n(B(x,r))
r—0 |B(x, 7’)| ’

which exists a.e. in RY. We denote by |E| the d-dimensional Lebesgue measure
of the measurable set E. Calderén and Zygmund proved that if d = 2 and pu is
absolutely continuous with density locally in LlogL, then u has a second differential
in the Peano sense a.e. One obtains the same conclusion for d > 3 if y is assumed to
be absolutely continuous with density in L9(R¢), ¢ > d/2. Recall that a function
u defined in a neighborhood of a point a has a second differential in the Peano sense
if there exists constants A;, 1 <i <d, and Bj;, 1 < j, k < d, such that

d d
u()=u(@ +y Ai(xi —a)+ Y Bj(xj —aj)(x —ap) +e(lx —al)lx —al,
i=l1 jok=1

for a certain function &(¢) which tends to O with .

Brilliant work by many people during the last decade has shown that most
of Calder6n-Zygmund theory holds in very general contexts in which the classical
homogeneity assumption is dropped. It is enough that the underlying measure m be
a positive locally finite Borel measure in R satisfying a growth condition

m(B(x,r)) <Cr", 0<r <R,

R being the diameter of the support of m and 0 < n < d. Hence m is not necessarily
doubling. See, for instance, [17, Chapter 2] and the many references given there.
It appears then appropriate to explore what new differentiability results might the
general non-doubling Calder6n-Zygmund theory make available. We consider a
variant of the notion of differentiability in the L? sense in which we require the
remainder to tend to zero in the weak capacitary “norm”.

Definition 1.1. Let u be a real function defined in a neighborhood of a point a €
R9. Given real numbers Ay, ..., Ag set

d
u(x) —u@) — 3 Ai(xi —a;)
i=1

Q) =

lx —al
We say that u is differentiable in the capacity sense at the point a provided there
exist real numbers Ay, ..., Ay such that
lim sup,-t Cap({x € B(a,r) : Q(x) > t}) _
r—0 Cap(B(a,r))
Here Cap stands for Wiener capacity in the plane and Newtonian capacity asso-

ciated with the kernel 1/|x|¢~2 in higher dimensions. See Section 2 for precise
definitions.

0. (1.9)
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In other words, we require that the normalized weak capacity norm in the ball
B(a, r) of the quotient Q(x) tends to O with r. This makes sense for potentials
u = P(w) of finite Borel measures, because they satisfy the inequality

Cap ({x eRY: P(u)(x) > r}) < ”’;—” 0<1, (1.10)

and so, in particular they are defined except for a set of capacity zero.

The notion of differentiability in the capacity sense can be weakened by re-
placing the denominator |[x — a| in Q(x) by r and then rescaling . We get the
following.

Definition 1.2. Let u be a real function defined in a neighborhood of a point a €
R?. We say that u is differentiable in the weak capacity sense at the point a provided
there exist real numbers Aq, ..., Az such that

>t } )

A simple argument, which consists in expressing a ball as a union of dyadic annuli,
gives readily that the above two notions of differentiability coincide if d > 3. In-
stead they are different i m the plane as we will discuss later. This is due to the fact
that Cap(B(a,r)) = oe T 1 in the plane, while in dimensions d > 3 the dependence

d—-2

supt Cap ({x € B(a,r) : (u(x) —u(a) — Z Ai(xi —a;)
lim =2

r—0 r Cap(B(a,r))

=0.

of the capacity of a ball on the radius is via a power: Cap(B(a,r)) =cqr
Our first result concerns differentiability in the capacity sense of Riesz poten-
tials of finite measures in RY . d>3.

Theorem 1.3. For a positive finite Borel measure . in R, d > 3, the Riesz po-
tential

1
u(x) =/ ﬁdﬂ()’), X € Rd,
Re |X — Y

is differentiable in the capacity sense at the point a € R if and only if

. n(B(a,r))
lim —————= =0, 1.11
lim =2 (111)
and the principal value
-y
du(y) = lim Zdn(y) (1.12)

| =0 J|y—a|>¢ la =yl

exists.
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Hence differentiability in the capacity sense is exactly equivalent to vanishing
of the (d — 1)-dimensional density of the measure and existence of the principal
value (1.12). Existence of the principal values brings into the picture singular in-
tegrals with respect to a non-doubling underlying measure. This will happen when
one is dealing with measures ¢ which are as spread as the vanishing of the (d — 1)-
dimensional density allows. In this case the kernel a — y/|a — y|¢ will behave as
a singular Calder6n-Zygmund kernel with respect to p and there is no reason to
expect i to be doubling.

Our second result asserts that the Riesz potential of each finite Borel measure
win RY, d > 3 is differentiable in the capacity sense except in a set whose size is
controlled by an appropriate set function. This set function is called C! harmonic
capacity and is defined as follows.

The C! harmonic capacity of a compact set E C R? is

k“(E) =sup (T, 1)|, (1.13)

where the supremum is taken over those distributions 7 supported on E such
that T * x/ |x|¢ is a continuous vector valued function on R? satisfying ||(T *
x/1x|D @) <1, x € RY. The terminology refers to the fact that convolving such
a distribution with the fundamental solution of the Laplacian one gets a harmonic
function on R? \ E of class C'(R?).

It is readily seen that k“(E) = 0 if and only each function of class C L(RY)
harmonic on R? \ E is linear. The homogeneity of the set function k€ is d — 1,
that is, kS (AE) = A9 1k (E). Deep results of [14] show that C! harmonic capacity
can be described in terms of positive measures supported on the set, having null
(d — 1)-dimensional density and enjoying the property that the singular integral
operator determined by the vectorial kernel x/|x|¢ is bounded on the L? Lebesgue
space of the measure. The description is rather explicit and in particular shows that
k€ is semiadditive, i.e.,

K(EUF) < C (k°(E) + k°(F)),

for a dimensional constant C independent of the compact sets E and F. If F is an
arbitrary subset of R4, then «°(F) is defined as the supremum of k¢(E) over all
compact subsets E of F. See Section 2 for more details.

Theorem 1.4. For each finite Borel measure |4 in R?, d > 3, the Riesz potential

1
u(x)=/ g du(y). xR
Rd X — Y|

is differentiable in the capacity sense at k€ almost all points.

The result is sharp. In fact the unit sphere in R can be shown to be the set of
points at which the potential of a positive finite Borel measure is not differentiable
in the capacity sense. The maximal dimension of a set of vanishing « capacity is
d — 1 and the sphere is, in some sense, the biggest such set that one can imagine.
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Somehow surprisingly, in dimension d = 2 the result one finds is different.
This is due to the usual difficulties associated with the logarithmic kernel. Indeed,
there are two separate results, each dealing with one of the two notions of differen-
tiability in the capacity sense we have in the plane.

Let ¢ be the measure function

t 9
o(t) =4 logl - (1.14)

and H¥ the associated Hausdorff measure. We then have

Theorem 1.5. For each finite Borel measure i in C the logarithmic potential

1
u(z)=/log du(w), zeC,
c lz—w|

is differentiable in the weak capacity sense at H? almost all points.

The result is sharp in the scale of Hausdorff measures. Given a measure func-
tion @ with the property that ®(r)/¢(r) — oo as r — 0 and satisfying another
minor assumption, then there exists a finite Borel measure whose logarithmic poten-
tial is not differentiable in the weak capacity sense on a set of positive H ®-measure.
See Theorem 5.5 in Section 5 for a precise statement.

The next result deals with differentiability in the capacity sense in the plane.
Let ¢ stand for the measure function

! -1
t——— O<t<e

Y(t) =1 log? (%) (1.15)

t el <t

Theorem 1.6. For each finite Borel measure p in C the logarithmic potential

1
u(z) = / log du(w), ze€C,
c = lz—wl

is differentiable in the capacity sense at HY almost all points.

As before, the result is sharp in the scale of Hausdorff measures. Given a
measure function W with the property that W(r) /¥ (r) — oo asr — 0 and sat-
isfying another minor assumption, then there exists a finite Borel measure whose
logarithmic potential is not differentiable in the capacity sense on a set of positive
H"Y-measure. See Theorem 6.1 in Section 6 for a precise statement.

We turn now to Peano second order differentiability. Given a function u, a
pointa € R4 and real numbers Aj, 1 <i=<d,and By, 1 < j,k <d, set

1 d d
D(x)=———|u(x)—u(@)—y_Ai(xi—a)— Y _ Bjx(xj—a;)(xx—ax)|. (1.16)

)
|x—al i= k=1
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Definition 1.7. Let u be a real function defined in a neighbourhood of a point a €
R?. We say that u is differentiable of the second order in the capacity sense at the
point a provided there exist real numbers A; 1 <i <dand By, 1 < j, k <d,
such that

lim sup,.ot Cap({x € B(a,r) : D(x) > t}) .

r—0 Cap(B(a, r))

0. (1.17)

We also mention for the record that there is the corresponding notion of second
order differentiability in the weak capacity sense, which consists in requiring that

sup;.q t Cap ({x € B(a,r) : D(x) > t})
m

=0,
r—0 r2 Cap(B(a,r))

where D(x) = |u(x) — u(a)—Z,d:lAi(xi - ai)—zé;,klejk(xj—aj)(xk—ak) .
Theorem 1.8.

(i) For each finite Borel measure | in Rd, for d > 3, the Riesz potential

1
u(x) =/ ﬁdﬂ()’), X GRd,
Rd [x — ¥l

is differentiable of the second order in the capacity sense at almost all points
(with respect to Lebesgue measure in R?);

(ii) There exists a finite Borel measure in C such that the logarithmic potential of
W is not differentiable of the second order in the weak capacity sense at almost
all points of R?.

The preceding result could have been proved in the sixties and its proof follows
standard arguments from [15] for part (i) and an idea of Calder6n from [4] for part
(i1). In Section 8 we apply Theorems 1.6 and 1.8 to provide a new proof of the
well-konwn fact that the equilibrium measure is singular with respect to Lebesgue
measure.

In [2] one proves that the Riesz potential 1/|x % u of a finite Borel mea-
sure u is differentiable in the L? sense, 1 < p < d/(d—1), at almost all points. One
can also adopt in this context our notion of differentiability in the capacity sense,
where this time the capacity involved is the one related to the kernel 1/]x|?~!,
say Cq_1. Since one has Cy_i(E) > c|E|“=D/4 it turns out that differentia-
bility in the capacity sense implies differentiability in the L? sense for the range
1 < p <d/(d—1). The argument for the proof of Theorem 1.8 can be adapted eas-
ily to obtain differentiability in the C4_1-capacity sense almost everywhere. Thus
one has a slightly better result.

The paper is organized as follows. In Section 2 we collect a series of back-
ground facts on capacities, singular integral operators on subsets of R¢, and Cantor
sets. In Sections 3 and 4 we prove Theorems 1.3 and 1.4, respectively. In Section 5

|d—l
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we prove Theorem 1.5. Sharpness of Theorem 1.5 is established in Theorem 5.5 by
means of a construction, inspired by work of Calderdn in [4]. Section 6 is devoted to
Theorem 1.6 and its sharpness, established in Theorem 6.1. The proof of Theorem
1.8 is in Section 7 and the application to equilibrium measure is in Section 8.

Our terminology and notation are standard. For instance, we use the letter C
to denote a positive constant, which may vary at each occurrence, and which is
independent of the relevant parameters. Usually C depends only on dimension.
We use the symbol A ~ B to indicate that for some constant C > 1 one has
C'B<A<CB.

ACKNOWLEDGEMENTS. We are grateful to S. Gardiner for some useful correspon-
dence.

2. Background facts

2.1. Wiener and Newtonian capacities

If E is a compact subset of R?, for d > 3, the Newtonian capacity of E is
Cap(E) = sup u(E), 2.1)

where the supremum is taken over all positive finite Borel measures supported on
E such that the Riesz potential P (u) of u satisfies P(u)(x) <1, x € R?. There is
an equivalent definition involving the notion of energy. The energy of a measure v
is

1
and one has
Cap(E) = (inf{V (v) : supportof v C E and ||v| = 1})_1. (2.3)

It can easily be seen that Cap(B(a,r)) = cq4 r4=2 (see [3]).

In the plane one would like to make the same definitions with the Riesz kernel
replaced by the logarithm. The difficulty is that the kernel changes sign and this
causes inconveniences. One way to proceed is to consider only subsets of the disc
centered at the origin of radius 1/2, so that |z —w| < 1 and log ﬁ > 0. Then the

Wiener capacity is (2.1) with the kernel 1/|x — y|?~2 replaced by log —. The

|z—wl"
energy of a measure is (2.2) with the same change in the kernel. The relation (2.3)
holds true. We have

1
Cap(B(a,r)) = , lal<1/4, O0<r <1/4.

log =
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Note that the definition of C' harmonic capacity is similar in structure to that of
Wiener or Newtonian capacities. In (1.13) the supremum is taken on all distribu-
tions with support in the set £ whose potential satisfies a certain inequality and in
(2.1) only positive measures are considered. This is a minor difference: one can
show that Cap(FE) is the supremum of [(T, 1}| over all distributions T supported
on E such that the potential 1/|x — y|?~2 % T is a function in L>°(R?) with norm
bounded by 1 (see, for instance, [19]). The essential difference lies in the fact that
the kernel involved in the definition of C' harmonic capacity is vectorial and each
of its components is a kernel of variable sign. Then subtle cancellation phenomena
have to be taken into account, which explains the enormous difficulties arising in
the study of C'! harmonic capacity. See Subsection 2.3 below.

2.2. Singular integrals on subsets of R¢

Let m be a positive finite Borel measure. Set, for f € L2(m),
X d
Rs(fm)(x): | ‘ Wf(y)dm(y) xeRY e>0.

y—x|>¢

We say that the operator R with kernel x/|x|? is bounded on L2(m) if there exists
a constant C such that

/W&umxmfmmmgcl/uuwwmuy e >0. (2.4)

In other words, the truncated operators R, are uniformly bounded in L%(m). If m
has no atoms, then a necessary condition for boundedness is the growth condition

m(B(x,r)) < cré7l, xeRY, 0<r.

Our differentiability theorems depend on the existence of the principal values

p.v. / P dm(y) = hm R.(m)(x). (2.5)

In classical Calderén-Zygmund theory existence of principal values is a conse-
quence of the L? estimate (2.4), but in the non-doubling context we are considering
existence of principal values is a much subtler issue. A general result which applies
to our situation appeals to the vanishing of (d — 1)-dimensional density, that is,
m(B(x,r
lim BE) g, 2.6)
r—0 rd-1
It was proven in [11] that (2.4) and (2.6) imply existence of the principal values
(2.5) m-a.e. This in turn yields, by classical Calderén-Zygmund theory arguments,
the m a.e. existence of the principal values

dv(y) = lim 4dv(y)
/ |x =0 |y—x|>¢ |x_y|d

for each finite Borel measure v.
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2.3. C! harmonic capacity

Consider the quantity
k°(E) = supm(E),

where the supremum is taken over all positive finite Borel measures m supported

on E such that m(B(x,r)) < r¢~!, x e R, 0 < r, lim,_0 W =0, x €

R4, and the operator R is bounded on L2(m) with constant 1 (that is, (2.4) holds
with C = 1). In [14] one shows that there exists a constant depending only on
dimension such that

C™'k(E) < k°(E) < C«°(E) 2.7

for all compact sets E C R?. This is a deep result, depending on previous work
of Tolsa on semi-additivity of analytic capacity in the plane. In fact, C! harmonic
capacity in the plane turns out to be comparable to continuous analytic capacity.
We will use (2.7) in combination with the previous subsection to conclude that if
k(E) > 0 then there exists a non-zero finite Borel measure m supported on E with
zero (d — 1)-dimensional density for which the principal values (2.5) exist m-a.e.

2.4. L? boundedness of R

There is a non-trivial sufficient condition for boundedness of the operator R on
d = 2 found by Mattila in [10]. If a positive finite Borel measure m in C satisfies
the growth condition

m(B(x,r)) <Coe(r), O<r< e_l,

where ¢ is the function (1.14), then the operator R is bounded on L?(m). The proof
of a more general result is a calculation based on Menger curvature. This will be
used in combination with the result of Subsection 2.2 to conclude that the principal
values in (2.5) exist m-a.e.

2.5. Cantor sets

Along the paper we will make a couple of constructions to show sharpness of our
theorems, which involve planar Cantor sets. Now we recall the definition. Take
a sequence (A,);2, such that 0 < A, < 1/2. Start with the unit square Q¢ =
[0, 1] x [0, 1]. Take 4 squares contained in Qg, with sides of length A parallel to
the coordinate axis, each with a vertex in common with Qg. Repeat the operation
in each of these 4 squares with the dilation factor A; in place of A;. We obtain 16
squares of side length A;X,. Proceeding inductively we get at the n-th generation

4" squares Q;?, 1 < j < 4" of side length ¢, = ]_[Z=1 M. Define the Cantor
set associated with the sequence (1,)2; to be K = N> ( L,I‘j‘.n=1 Q’]l) There is a
unique Borel measure p supported on K such that M(Q;!) = 1/4" for all j and n.
This measure plays the role of canonical measure on the Cantor set.
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There is a special family of Cantor sets Kg, which is worthwhile keeping in
mind as a working example, depending on a parameter 8 > 0, associated with the

SequenCe
n I L ’ It B

With this choice of A, we have
B
n

~ ___
an_4n.

The canonical measure u on Ky satisfies the growth condition

1
0)
Note that the function on the right hand side of (2.8) is ¢(r) for 8 = 1 and ¥ (r) for
B =2.

For § = 0 we get the famous “corner quarters” Cantor set, which has positive
finite length but zero analytic capacity. For 8 > 0 the corresponding Cantor set Kg
is a compact set of infinite length and Hausdorff dimension 1.

Combining the results of [8] and [16], we see that for 0 < 8 < 1/2 the princi-
pal values

w(B(z,r)) ~r zeKpg, O0<r<l. (2.8)

p.v. / du(w) = lim Low du(w), 29)
|z |2 =0 Jjw—z|>e |z — w|2
do not exist pu-a.e. As we will show later, this implies that the logarithmic potential
of w is not differentiable in the weak capacity sense at p almost all points of Kg.

For 1/2 < B the operator R with kernel z/|z|2 is bounded on L2(u) (see [8])
and so the principal values (2.9) exist p a.e. (by Subsection 2.2). In this case the
logarithmic potential of u is differentiable in the ordinary sense p-a.e., as it will be
shown later.

Consider a measure function ®: [0, 00) — [0, 00), that is, a continuous
(strictly) increasing function with ®(0) = 0. Associated with @ there is a Can-
tor set K whose canonical measure satisfies u(B(x,r)) < C ®(r) for x € K and
0 < r < 1, provided one has

. P (2r)
lim sup

msup o5 < 4. (2.10)

The construction of the Cantor set proceeds as follows. Define o, by 47" = ®(oy,)
and then set A, = 0, /0,,—1. To implement the definition of the Cantor set one needs
to check that A, < 1/2. This follows readily for n large enough from (2.10). Indeed,
by (2.10) there exists a positive constant C, C < 4, such that ®(2r) < C ®(r) for
r sufficiently small. Thus, for n large enough,

o= 2 < Go () <o ()

and so o, < g,—1/2.
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If o, <r < o,_1and x € K, then B(x, r) is contained in at most 4> squares
Q’}. Then ju(B(x, 1)) < 4@ (r).

If the lim sup in (2.10) is exactly 4 then the preceding construction fails for
the function ®(r) = rzlog(l/r)_l, because a measure satisfying w(B(x,r)) <
Crzlog(l/r)_l,x € K,0 <r < 1, is identically zero.

The measure function giving the Cantor set Kg is ®(r) =r/ logf(1/r).

Irb dimension d condition (2.10) should be modified replacing the upper bound
4 by 2¢.

3. Proof of Theorem 1.3

3.1. The sufficient condition in Theorem 1.3

The reader will recognize in the decomposition we are going to use the basic clas-
sical argument in [15, page 242]. Assume that a = 0 to simplify notation. In view

of (1.3) weset A; = (d —2)p.v. [ |yyfd du(y). We have to show that

L sup gt Cap(ix € BO 1) 1 0() > 1)) _
0 Cap(B(0, 1)) -

0,
where the quotient Q(x) is

d
u(x) —u0) — Z Aix;
0(x) = =

|x|

Givenr > 0 and x € B(0,r) set ¢ = 2|x|. Then, denoting by (v, w) the scalar
product of the vectors v and w,

2wt —u(0) + (d = 2)(Re (W)(0), x)|
B |x|
+(d—2) sup [Re()(0) — R()O)| = Ac(x) + T,

0<e<2r

o)

Hence

sup tCap ({x€B(0,r): Q(x)>1)}) “sup tCap ({x € BO,r) : As(x) > £})
>0 Cap(B(0,r)) T 0 Cap(B(0,r))

tCap({x € BO,r): T, > })
eup Cap(B(0.1))
<25y tCap({xeB@O,r) : As(x)>t})
= Cap(B(0, )

+ 27,.
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Since 7, — 0 asr — 0 we only need to estimate the first term in the right hand
side above. Clearly

Ag(x)s‘f i( S —(d—z)l,x)du(y)‘
ly|>e |)C| |X - y|d_2 |Y|d_2 |y|d

Ui (5= = ) )
T - Hy
lyl<e |x| |)C - }’|d_2 |y|d_2

= Be(x) + Ce(x).

By the mean value theorem and integration by parts, for each positive integer N one
has

x|
Bs<x>50/ ()
|y|>e
 duB(0,
<co [* B0
e P
wB(0, p) 1% ® uB(0, p)
ZCS{[T td | e (3.1)
& & p
eN 00
wB(0, p) uB(, p)
SCS{/E pa+! d,o—{—/gN pd ! dp}
B(0, B(0,
<C sup uB( p)+_ Iz 2_1p)'
O<p<2rN :O N0<p 1Y

Since N is arbitrary, in view of (1.11) we conclude that

lim | sup Bs(x) | =0
r—0 Ix|<r

We now turn our attention to C.(x). Introducing the absolute value inside the inte-
gral

dp(y) 1 dp(y)
Ce(x) < — / v —1d=2 " 1y d—2 =
x| ly|<e ly — x| x| ly|<e [yl

The term F,(x) is estimated readily by
/ d MB (0 )
x|

- o 2]

= De(x) + Fe(x).

Fe(x) =

B(0,
S C Sup M’

0<p=<2r /Od_l
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and thus

lim | sup Fe(x) ] =0.

r—0 x| <r
It remains to bound D, (x) and here is the only place where a capacitary estimate,
based on (1.10), is used. We have

D (x)</ 1 du(y)
& — El
|y|<2r |)C - y|d_2 |y|

and the mass of the measure du(y)/|y| is estimated by

f du(y) _ f” duB(0, p)
|yl<2r |y| 0 Y

2r 2r
_ [M] +/ kBO.0)
0 0

P 0?
< crd-2 uB(, ,0)'
B O<p<2r pd_l
By (1.10)
tCap ({x € B(0,r) : Ds(x) > t}) uwB©,r)
=C sup —5—,
t>0 Cap(B(0,r)) O<p<2r P

which tends to O with r.

3.2. The necessary condition in Theorem 1.3

The Green function for the ball B(a, r) is

1 1

— , |x—al<r.
|x_a|d72 rd—2

By the Green-Poisson formula for # and the ball B(a, r)
1

ua) = —————— (u(x) — (A, x —a))do(x)
o(dB(a,r)) Japa.r
e [ ( ! 1 ) dp)
Cd - nix),
Ban \Ix —ald=2  rd=2
where A = (Ay, ..., Ay) is the gradient in the definition of differentiability in the
capacity sense (1.9) and ¢, is a positive constant. Since

1 1 - |
- Z Cd )
x —a|d—2 -2 yd—2

r
x—al <=,
2
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we obtain
L og(al)<— ! A d
318 (0 3) S S ma e 1) —u@ = (A=)l do )
(3.2)
=;_/ o{x € 0B(a,r) : |Du(x)| > t} dt,
(Ud—lrd ! 0
where
Du(x) = u(x) —u(a) — (A,x —a), xeR?, (3.3)

Estimating from above the potential of the measure xg(x)do (x) one readily ob-
tains the well known estimate [1, Corollary 5.1.14]

cqgo(E) <Cap(E)?2, E C9dB(a,r). 34

Hence, the right hand side of (3.2) is not greater than
1 o d-l
Cd ﬁ/ Capd—2 {x € 9B(a,r) : |Du(x)| > t} dt. (3.5)
r 0

We split the integral between 0 and oo into two pieces: first we integrate between 0
and 7T and then between T and co. The positive number 7" will be chosen later. For
the integral between 0 and 7' we estimate the capacity of the set {x € dB(a,r) :
|Du(x)| > t} by Cap(dB(a,r)) = cqr?=?. Thus

T —
o / Cap2 {x € 9B(a,r) : |Du(x)| > 1} di < cgT.
r 0

Define e(r) as

supt Cap {x € B(a,r) : |Du(x)| > t}
t>0

e(r) =

r Cap(B(a,r)) ’

so that e(r) — 0 asr — 0 if u is differentiable in the capacity sense at a. We get

1 % o d=l a-1 [°° dt
ﬁ/ Capd=2 {x € dB(a,r) : |Du(x)| > t} dt < cq (re(r))d-2 / p—
e T ja2

t

a-1 1

=c¢q (re(r))=2 —
Ta=

The upper bound we obtain for (3.5) is

-1 1
ca (T + (re(r))) -2 ——,
Ta=2
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which is minimized by T = re(r). Therefore

1 r
V) B ( ’ _> =< ’
CagzhBa.7) = re(r)

which yields (1.11).
It remains to prove the existence of the principal value (1.12). Assume that
a = 0 to simplify the writing. We know that there exist A;, 1 <i < d, such that
supt Cap{x € B(0,7) : |Du(x)| > t}

t>0

£0r) = r Cap(B(O, 1))

tends to O with ». Here Du is as in (3.3) with a = 0. Set
R=d-2 | 2 up., r>o.
|y|>r |y|
Givenr > 0and x € B(0,r), x # 0, we have
[{Rajx) — A, x)| < Du(x) + |u(x) — u(0) — (Rajx|, x)|
= Du(x) + Eu(x),

and

o) i sup | G (1 € BOD) £ [(Rapy = A0} = 1))
t>0 r CaP(B(O, V))

<2e(r) +2sup tCap ({x € BO,r) : Eu(x) > t}).
>0 r Cap(B(0, r))

In the proof the sufficiency in Subsection 3.1 we showed that the second term in the
right hand side of the preceding inequality tends to O with r. Therefore n(r) tends
to 0 as r tends to 0.

If R, # A define

d r x R —A 1
K, =ixeR*:|x|==- and (—, ———)> —. (3.6)
2 x| |Rr — Al V2
Observe that K, is the intersection of the sphere of center O and radius r/2 with a
cone with vertex at 0, axis determined by the unit vector in the direction of R, — A,

and aperture /4. A dilation argument shows that Cap(K,) = ¢, r?2. Hence, if
R, # A,

C B, r) : |(Rajy| — A R — Al—) = Cap(K,) = cgrd2
ap (1 x € BO.7) : [{Rox) = A, X)[ > |Ry — Al 55 1) = Cap(Ky) = car™.

Taking t = |R, — A|r/2°/? in the definition of 7(r) we get
n(r) = c|R, — Al
and therefore
lim R, = A.

r—0
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4. Proof of Theorem 1.4

Let 1 be a finite Borel measure in R?, d > 3, and let u be its Riesz potential, as
in (1.1). In proving Theorem 1.4 we can assume, without loss of generality, that @
is positive. Let E be the set of points where u is not differentiable in the capacity
sense. Take a positive finite Borel measure m supported on a compact subset of
E satisfying m(B(x,r)) < r¢7!, x e R, 0 < r, lim,,om(B(x,r))/r?" ! =
0, x € RY, and such that the operator R with kernel x — y/|x — y|¢ is bounded on
L%(m). We will show that u is differentiable in the capacity sense m a.e. Hence m
must be identically zero and thus k°(E) = 0, as desired.

The Radon-Nikodym decomposition of p with respect to m is u = fm +
where f € L'(m) and ; is singular with respect to 7. On the one hand one has

wus(B(a,r))
im-— =
r—0 m(B(a,r))

’

at m almost all points a and, on the other hand, m almost all points are Lebesgue
points of f. Hence

n(B(a,r)) < Cla)m(B(a,r)), 0<r,

at m almost all points a, C(a) being a constant which depends only on the point
a. Since the operator R with kernel x — y/|x — yld is bounded on L2(m), by
Subsection 2.2 the principal value

a —_—
p-V-/ yd du(y),
la =yl

exists at m a.e. Hence we can apply the sufficient condition in Theorem 1.3 to
conclude that the potential u of w is differentiable in the capacity sense at m almost
all points, which completes the proof.

Example 4.1. Let o be the surface measure on the unit sphere S = {x € R? : |x| =
1}. Since o has non-zero (d — 1)-dimensional density, one can apply Theorem 1.3
to conclude that the Riesz potential 1/|x |9=2 % o, d > 3 is not differentiable in the
capacity sense at any point of S. One can avoid appealing to Theorem 1.3 and make
a direct calculation, which works also in dimension d = 2 for the logarithmic po-
tential log(1/|z|) * . Since S has positive and finite (d — 1)-dimensional Hausdorff
measure we get a satisfactory example showing that Theorem 1.4 is sharp.

5. Proof and sharpness of Theorem 1.5
Let u be a finite Borel measure and u its logarithmic potential, as in (1.2). For the

purpose of proving Theorem 1.5 one can assume, without loss of generality that p
is positive. Let E stand for the set of points at which u is not differentiable in the
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weak capacity sense. Take a positive finite Borel measure m with compact support
contained in E satisfying the growth condition m(B(z,7) < ¢(r), 0 < r, where ¢
is the function in (1.14). If we see that u is differentiable in the weak capacity sense
at m almost all points, then m has to be identically 0 and hence H?(E) = 0.

The Radon-Nikodym decomposition of @ with respect to m has the form u =
fm + s, with f € L'(m) and singular with respect to m. Given a point a set
v=(f— f(a))m + s sothat u = v + f(a)m. At m almost all points a one has

v[(B(a,r)) < n()¢r), (G.1)

where 7 is a function depending on a with n(r) — 0 asr — 0. We plan to show
that the logarithmic potential of v is differentiable in the weak capacity sense at the
point a if (5.1) is satisfied and the principal value p. v.(a—w)/|la—w 12 dv(w) exists.
As we mentioned in Subsection 2.4 the growth condition fulfilled by m implies that
the operator R with kernel (z — w)/|z — w|? is bounded on L2(m), which yields
m a.e. existence of the principal values p.v.(a — w)/|a — w|? dv(w) for each finite
Borel measure v (by Subsection 2.2). Finally we will show that the logarithmic
potential of m is differentiable in the ordinary sense m a.e. This will complete the
proof of Theorem 1.5.
We first deal with the logarithmic potential of m.

Lemma 5.1. Let m be a positive finite Borel measure such that
m(B(z,r)) <nr)r, zeC, 0<r,

with n(r) — 0 asr — 0, and the principal value

p- V/l dm(w)

exists at the point a. Then the logarithmic potential of m is differentiable in the
ordinary sense at the point a.

Proof. Assume that a = 0 and set

A= pV/ dm(w)

R, = / —2dm(w) e >0,
|lw|>e |w]

0@ = MR ZuO Z (A e oy,

|z]

Then

lu(z) — u(0) — (Ryyz, )]
||

, zeC\{0}.

0() < + |Ryz — A
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The second term in the right hand side above tends to O with z and the first can be

estimated by
1 1
/ (10g —log— — <% zm dm(w)
lw|>2lz| lw — z| |w] lw|

1 3|z] 3|z
+ — log —log— ) dm(w)
1z] Jjw) <2z lw —z| |w]

= A(z) + B(2).

1

|z|

The term A(z) is treated by the mean value theorem and integration by parts simi-
larly to what was done in the proof of the sufficiency for Theorem 1.3. One gets

1
A(z) = Clz| +Cn(Nz) + C = sup n(p),

1
O<p<gz

where N is an arbitrary positive integer. Thus lim,_,o A(z) = 0. We estimate B(z)
by

1 3 1 3
B(z) < — 2 ) + L log 2! dmw)
1z| Jlw—z1<3)z1 ~ lw—2] 1zl Jlwi<3)zp  lwl
=C(z) + D(2).
For C(z) one has
o33
C(zx) = —[ IOngmB(z, P)
1z Jo P

1 f3|Z| mB(z, p)
1zl Jo P

<3 sup n(p),
0<p<3|z

which yields lim,_, o C(z) = 0. A similar estimate for D(z) gives that
lim D(z) =0,
z—0

which completes the proof. O

It remains to deal with the differentiability in the weak capacity sense of the
logarithmic potential of v. We can assume without loss of generality that v is a
positive measure. The following lemma settles the question.
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Lemma 5.2. Let v be a positive finite Borel measure such that

B b}
tim YE@) _
r—0 (p(l‘)
and the principal value
p. V. / a dv(w) 52)

exists. Then the logarithmic potential of v is differentiable in the weak capacity
sense at the point a.

Proof. Assume that a = 0 and set

—pV/| |2dv(u))
Du(z) = |u(z) — M(O) — (A, 2.

R, = / dv(u)) e >0,
lw|>e |w|

Eu(z) = |u(z) —u(0) — (R, 2)|.
Then
tCap({z € B(0,r) : Du(z) > t}) tCap({z € B(O,r) : Eu(z) > t})
sup < 2sup
>0 r Cap(B(0,r)) >0 r Cap(B(0,r))

+ 2 sup |R2|Z| —A|.

|z|<r

The second term in the right hand side above tends to 0 as r — 0. To estimate the
first note that for z € B(0, r)

FEu(z) < Cra(r) +/ log

lw|<2r |w - |

dv(w)—l—/ logidv(w), 5.3)
lwi<2r W]

with a(r) — 0 asr — 0. This is proved as in the sufficiency part of Theorem 1.3.
The third term in the right hand side of (5.3) is

2r 1 1 2r B(0,
/ log —dvB(0, p) = <log —) vB(0, 2r) +/ M dp
0 Y 2r 0 Y (5.4)

=Cr sup n(p),
O<p<2r
where n(p) = v(B(0, p)/¢(p). The second term in the right hand side of (5.3) is
the logarithmic potential P (xp(,2-)v) of the measure xp(,2-)v. This is estimated
via (1.10) and we obtain

wp - C (2 € BO.N : PGsozw) > 1)) _ ( 1 ) v(B(0, 2r))
>0 r Cap(B(0,r)) r

’
< Cn(2r).
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Therefore gathering all previous inequalities

tCap ({z € B(0,r) : Eu(z) > t})
10 r Cap(B(0, 1)) = Ca() + \ P n(p),

which tends to O with r. O

There are a couple of necessary conditions for differentiability in the weak
capacity sense which provide interesting examples of positive measures with non-
differentiable logarithmic potentials. The first is the complete analogue of the nec-
essary condition in Theorem 1.4 concerning the vanishing of (d — 1)-dimensional
density.

Lemma 5.3. Let i be a positive finite Borel measure such that its logarithmic po-
tential is differentiable in the weak capacity sense at the point a € C. Then

o uBa.r)
m ———-=

r—0 r

0. (5.5)

Then the logarithmic potential of the arc length measure on S = {z € C : |z| = 1}
is not differentiable in the weak capacity sense at any point of S. In the same vein,
the logarithmic potential of the length measure on the corner quarters Cantor set Ko
is not differentiable in the weak capacity sense at any point of Ko.

Proof of Lemma 5.3. The argument presented for the necessary condition in The-
orem 1.3 works perfectly well in dimension d = 2. Indeed, one can replace (3.4)
by

co(E) <exp <— ), E C 0B(a,r),

Cap(E)
where ¢ stands for a small positive constant, and argue similarly ( [1, Corollary
5.1.14]). There is, however, an alternative argument which goes as follows. Using
the notation introduced in the proof of the necessary condition in Theorem 1.3 and
recalling that the Green function of the disc of center a and radius r is log(r/|z —al)
one gets
1
cuB(a.2)=5— |Du(x)|do (x),
2 2nr 3B(a,r)

by (3.2) and (3.3). Then, for at least one point p = p(r) € dB(a, r), we have, for
a smaller constant c,

cuB (a.5) < 1Du(p).

We claim that

Cap ({x € B(a,r) : |Du(x)| > cuB (a, %)}) > ¢ Cap(B(a,r)). (5.6)
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Let us finish the argument assuming (5.6). Taking t = c uB(a, 7) we get

cuB (a, %) Cap ({x € B(a,r) : |Du(x)| > cuB (a, %)})
r Cap B(a,r)

e(r) =

which gives (5.5).
To show the claim take p, % < p < r. Then there exists p = p(p) with
|p —al = pand

|Du(p)| > cuB (a, g) >cuB (a, %) .

The mapping
p— ¢(p)=Ip —al,
is Lipschitz with constant 1 and
r r
0] {x € B(a,r) : |Du(x)| > cuB (a, Z>} 2 [E,r].
Since Lipschitz mappings with constant 1 do not increase capacity we conclude that

Cap <{x€B(a,r) 1 Du(x)|>c <a, 2)}) > Cap ([%r]) ~ ¢ Cap B(a, r). (]

We do not know if the existence of principal values is a necessary condition for
differentiability in the capacity sense in dimension d = 2. We can prove, however,
the following.

Lemma 5.4. Let i be a positive finite Borel measure such that its logarithmic po-
tential is differentiable in the weak capacity sense at the point a € C. Assume also
that one of the following two conditions is satisfied

(@) n(B(z,r)) <Cn@r)r, ze€C, 0<r,

withn(r) - 0asr — 0.

B
(ii) lim “8@)
r—0  @(r)
Then the principal value
a—w
p- v./ ——dp(w), (5.7)
la — w|

exists.
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Let K be a Cantor set satisfying the condition

d 1

Z (4n0n)2 =00

n=1

In the scale of the Cantor sets Kg this is equivalent to 0 < g < 1/2. Then the
operator R with kernel (z — w)/|z — w|? is unbounded on L?(w), where p is the
canonical measure on K (see [8]) and the principal value (5.7) does not exist for u
almost all points a € K (see [16]). Hence, by Lemma 5 .4 the logarithmic potential
of w is not differentiable in the weak capacity sense at i almost all points a € K.

Proof of Lemma 5.4. The proof parallels that of the necessary condition in Theorem
1.3. If u is the logarithmic potential of u and a = 0, then one proves there that,
setting
Eu(z) = |u(z) —u(0) — (Rap, 2},
one has
supt Cap{z € B(0,r) : Eu(z) > t}
lim =2
r—0 r Cap(B(0,r))
This is proven in Lemma 5.1 under the assumption (i) and in Lemma 5.2 under the
assumption (ii). The rest of the proof is the same, except for the fact that now the
set K, of (3.6) satisfies Cap(K;) >~ 1/log(1/r). O

=0.

Theorem 1.5 is sharp in the scale of Hausdorff measures. This is the content
of the following result.

Theorem 5.5. Let ©: [0,00) — [0,00), ®(0) = 0, be a continuous (strictly)
increasing function such that

) d(2r)
lim sup <4, (5.8)
r—0 @)
and
_ D(r)

M) :

— 00, as r — oo.

@(r)
Then there exists a compact set K with H®(K) > 0 and a finite Borel measure
whose logarithmic potential is not differentiable in the weak capacity sense at H?®
almost all points of K .

This means that you cannot get any condition better than H? (E) = 0 on the set
E of points of non differentiability in the weak capacity sense for the logarithmic
potential of a finite Borel measure. In particular, there exists a finite Borel measure
whose logarithmic potential is not differentiable in the weak capacity sense on a
set of positive C! harmonic capacity (that is, positive continuous analytic capacity).
Hence the size of the exceptional sets may be larger in dimension 2 than in higher
dimensions. See Subsection 2.5 for a comment on condition (5.8).
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Proof of Theorem 5.5. Let K be the Cantor set associated with @ and let i be its
canonical measure (see Subsection 2.5). We aim at constructing a finite Borel mea-
sure v whose logarithmic potential is not differentiable in the weak capacity sense
at u almost all points.

Given a positive integer n take another large positive integer N, to be deter-
mined later. Given a square Q]/y” of generation N, 1 < j < 4Nn  choose a square
of generation N,, + n (it is not important which one is chosen). Denote the center
of the chosen square of generation N, 4+ n contained in Q?’” by p’}, 1<j< 4N
Set

I
&

&
s
Il

B (p7, ‘/EO—N,Z—Hl) .

~.
Il
—

o
3
I
e
S
3

3
Il
3

and
o0
D= ﬂ Dp.
m=1

Clearly u(E,) = 4Nn4=Wntn) — 477 and this is the only reason why we have
descended n more generations after V,. Hence (D) < fo:m 47" and u (D)= 0.
Takea € K\ D. Thena # p?, for all n and j, because p;? ¢ K.Sincea ¢ D,

a ¢ Dy, for some m,and soa ¢ B(p;?, \/EGNWL,,) for all » > m and all j.

We proceed now to define the finite Borel measure whose logarithmic potential
is not differentiable in the weak capacity sense at all points @ ¢ D. First note that if
B is the unit disc B(0, 1) we have

1 1 do
L(z) := xB(2) log — =log — % (8 - —) , (5.9)
¥4 ¥4 2

where § is the Dirac delta at the origin and do the arc-length measure on the unit
circle {z : |z| = 1}. The second identity in (5.9) can be shown by computing the
Laplacian of L and recalling that 1/(2m) log |z| is the fundamental solution of the
Laplacian in the plane. Translating and dilating we get

1 1 d
L(—(Z—p)):logﬁ*(ép— ap’p>, peC, 0<p,
Y Z

where §, is the Dirac delta at the point p and do) , is arc-length measure on
dB(p, p). Define

Nn
& 1 : 8 dgpy,ﬁ ONp+n
V= n— —-
Z 2 4N, pj K
n=1 ne 4 j=1 ! 27T\/§O—Nn+n



RIESZ POTENTIALS AND CALDERON-ZYGMUND THEORY 1105

which is a finite Borel measure because ||v| < Zzil 2/n*. The logarithmic poten-

tial of v is
4Nn

u@) = Z 24an <ﬁUN+n(z—P?)).

To simplify notation write

4Nn
Sn(2) = 4N Z ( 20Nn+n(z_pj)>'

Givena € K \ D as before, we have a ¢ B(p’;., ﬁaNnJrn) for all n > m and all j.
Thus Sy, (a) = 0, for all n > m and consequently

m—1

u(z)—u(a>=Z (Sn(2) — S<a>>+Z — $u(2).

n:]

Recall that a # p’}, for all n and j. If r > 0 is small enough, then p;? ¢ B(a,r),
forn <m — 1 and all j. Therefore

m—1

1
> 5 (540 = Su(@)),

n=1

is smooth on B(a, r). Consequently the differentiability properties of u at the point

a depend only on
o.¢]

1
R@) =) 5 51(@)-

n=m

Assume that R is differentiable in the weak capacity sense at a. It is a general fact
that then R is Lipschitz in the weak capacity sense at the point a. Since R(a) = 0
this means that

sup,.o? Cap({z € B(a,r) : |R(z)| > t})
r Cap(B(a,r))

<Cq4 O<r<l1/4,

for some constant C, depending only on a. To disprove the preceding inequality we
take radii of the form

r=ri=+2on, k=1,2,...
For each & the point a belongs to a square Q;Vk of generation Ny . Hence

B (p/]{-, \/EUNk-i-k) CB (a, \/EUNk> .

Take k > m large enough so that p’; ¢ B(a, ﬁoNk), forn <m — 1 and all j.
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Then
1

1 1
R(2) > —Sk(2) > L z— 9.
k2 k k24N (\/QUNH/(( PJ))

The right hand side of the inequality above is larger than ¢ if and only if

__1.24N,
|Z—plﬂ < N20p ok e K4

Thus

t

sup ¢t Cap <{z € B(a, ﬁaNk) 1 |R(2)| > t}) > ¢ sup

24N, 1
>0 1>0 k*4Net 4+ log Fowm
_ 1
=c k24Ni’
and
supt Cap ({z € B(a,r) : |R(z)| > t}) { {
t>0
su >c log —
Lm0 r Cap(B(a,r)) 24Ny, oy,
M(O’Nk)
=c .

k2

Given k take now Ny so that M (on,) > k3, which is possible because M (r) — oo
asr — 0. ]

6. Proof and sharpness of Theorem 1.6

The proof follows the pattern of that of Theorem 1.5. Following the details of the
argument below should provide a clear explanation of the role of the function v in
(1.15) as a substitute for the function ¢ in Theorem 1.5.

Let u be a finite Borel measure and u its logarithmic potential. We assume,
without loss of generality, that w is positive. Let E stand for the set of points at
which u is not differentiable in the capacity sense. Take a positive finite Borel
measure m with compact support contained in E satisfying the growth condition
m(B(z,r) < ¢ (), z € C, 0 < r. If we see that u is differentiable in the capacity
sense at m almost all points, then m has to be identically 0 and hence HY (E) = 0.

The Radon-Nikodym decomposition of u with respect to m has the form u =
fm + pg, with f € L'(m) and 4 singular with respect to m. Given a point a set
v=(f— f(a))m+ us sothat u = v + f(a)m. At m almost all points a one has

vI(B(a,r)) < na(r) ¥ (r), (6.1)
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where 7, is a function, possibly depending on a, with n,(r) — 0 asr — O.
We plan to show that the logarithmic potential of v is differentiable in the ca-
pacity sense at the point a if (6.1) holds. This will complete the proof because
the logarithmic potential of the measure m is of class C'(C). This is a conse-
quence of the fact that its gradient —1/2 f (W —2)~'dm(w) is a continuous func-
tion, which in turn follows from the uniform growth condition m(B(z,r) < ¥ (r),
z€C, 0<r.

Let us proceed to prove that the logarithmic potential of v is differentiable in
the capacity sense at the point a if (6.1) holds. If one has |v|(B(a,r)) < Cq ¥ (r)
for 0 < r with a constant C,, which may depend on a, then it is easily seen that
f |lw —a|~d|v|(w) < co. Hence the principal value p.v.(a — w)/|a — wl|? dv(w)
exists. Without loss of generality we can assume v to be a positive measure. Assume
that a = 0 and set

w
Aszdv(l,l)),

_ Ju@ —u©) — (A, 2)|
|z]

Qu(z)

, z2#0,

R, =/ o dv(w), >0,
lw|>e lw|
lu(z) — u(0) — (Roy, 7)1

Eu(z) =
|z]

, z7#0.

Then

sup tCap ({z € BO.r) : Qu(z) > 1}) _ sup tCap ({z € B(O,r) : Eu(z) > t})
1>0 Cap(B(0, 1)) >0 Cap(B(0, 1))

+ sup |R — R2|Z\|‘

|z|<r

The second term in the right hand side above tends to 0 as r — 0. To estimate the
first one notes that

dv(w) 1

2 T og
|lw|>2|z| |w] |z lw|<2|z] lw —z|

Eu(z) < CJz| dv(w)

1 1
+ — / log — dv(w)
1zl Jjwj<2iz1 — |w]

= A(z) + B(2) + C(2).
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Set n = n, for the sake of notational simplicity. Integrating by parts we get for all
positive integers N

vB(0, p)]'/* 14 vB(0,
A@) = Clel [M] tcpe [ 220D,
2|z| 2|z| P
N o)

SC|Z|||V||+C|Z|/ —
2z p?log?(p)

1/4
n(p)
20zIN p~log=(p)
< Clzllvl +C gn”oo c ||n||oo_
log“(2|z|N) N

Since N is arbitrary we see that

lim sup A(z) =0.

r—0 lz|<r
The term C(z) is estimated similarly via an integration by parts. We obtain

2|z] 20z
@ = [10g( B, p)} +L vB©.0)

| | 0 |z] Y
_ Vo /Z'Z' n(p)
~ log 2llz| ] log? (,0)
_ Il lI7loo

T logyy  log’2lzh)’

and so
lim sup C(z) =0.

r—0 lz|<r
For the term B(z) we perform a capacity estimate. First, note that
1 dv(w)

B(z) < 2/ log
wi<2lzl  lw—2z] |w]

dvw) [vB©,p) 1 2 vB(0, p)
= + ———dp
lwl<2lz] W] P 0 0 0

M+/2'Z n(p) dp
“log?@lzl)  Jo  log*(p) p

and

[EAIES
= 2 sup
log?2lz])  log 55 ;O<2\z|

n(p).
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Therefore

(Cap(z€BO.r): B@>t) _ | ( Il 1 )

su < sup n(7)
20 Cap(B(0, 1)) Cap(B(©.) \log2(2r) ' log & 1om

<C {1“77”010 + sup n(t)} ,

0g 5, t<2r

which tends to 0 with 7. It is worth remarking that only in the last inequality we
used that n(r) tends to O with r.

Theorem 1.6 is sharp in the scale of Hausdorff measures, as the next result
shows.

Theorem 6.1. Letr V: [0, 00) — [0, 00), W (0) = 0, be a continuous (strictly)
increasing function such that

limsup =) _ 4 (62)
r—>0p W(r) ’ .
and
W(r)
M) = — 00, as r — 00.
v(r)

Then there exists a compact set K with HY(K) > 0 and a finite Borel measure
whose logarithmic potential is not differentiable in the capacity sense at HY almost
all points of K .

Therefore there is no condition better than HY (E) = 0 on the set E of points
of non differentiability in the capacity sense for the logarithmic potential of a finite
Borel measure. In particular, there exists a finite Borel measure whose logarithmic
potential is not differentiable in the capacity sense on a set of positive H? mea-
sure. Thus the two notions of differentiability in the capacity sense are different
in dimension 2. Also note that the size of the exceptional sets is definitely larger
in dimension 2 than in higher dimensions. See Subsection 2.5 for a discussion of
condition (6.2).

Proof of Theorem 6.1. The proof is similar to that of Theorem 5.5, although a dif-
ficulty appears that requires a new idea. The proof is written to make it accessible
to a reader who has not gone through the proof of Theorem 5.5.

Let K be the Cantor set associated with W and let u be its canonical measure.
We aim at constructing a finite Borel measure v whose logarithmic potential is not
differentiable in the capacity sense at u almost all points.

Given a positive integer n take another large positive integer N,, to be deter-

mined later. Given a square Q?’” of generation N, let Q?N", 1 <j< 4Nn | the

squares of generation 2V, contained in Q?[" . Choose a square of generation 2N,,+n
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inside Q?N” and let p;? be its center. It is not important what square is chosen; what
matters is that it is a square of generation 2N,, + n. Descending to generation 2N,
instead of N, is a first difference with respect to the proof of Theorem 5.5. It will
become apparent later why we need to do so. Set

42N n

Ey=J B (P} V20m,41).
j=1
o0
Dm = U Eny
n=m
and o
D= ﬂ Dy.
m=1

Clearly w(E,) = 4*Nn4=@Natm) — 4=n and this is the only reason why we have
descended n more generations after 2N, . Hence u(Dy,;) < fo:m 47" and w(D) =
0.

Takea € K\ D. Thena # p;?, for all n and j, because p;? ¢ K.Sincea ¢ D,

a ¢ Dy, for some m,and so a ¢ B(p;?, ﬁJZNn+n) for all n > m and all j.

We proceed now to define the finite Borel measure whose logarithmic potential
is not differentiable in the capacity sense at all points @ € K \ D. Set

2Ny
RI [ R
V= P ’

o 4 =\ 272 00N, 40
where 6, is the Dirac delta at the point p and do , is the arc length measure on
dB(p, p). Since ||v]| <2 Z,C;o:l 1/n%, v is a finite Borel measure. The logarithmic
potential of v is

00 1 42Nn 1
u@ =) - ) L|l—=——"—z-"r7)],
,; n? 42N ; (x/iaanJrn( J))

where L is the function in (5.9). To simplify notation write

2Np
14 1
S @)=——Y L——(z-p"].
n 42N,, ; <‘/§0—2Nn+n( ])

Givena € K \ D as before, we have a ¢ B(p;?, \/5021\7”4_”) for all n > m and all
Jj. Thus S, (a) = 0, for all n > m and consequently

m—1

1 1
u(@) —u@ = Y — ($(2) = Sp@) + Y ().

n=1
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Recall that a # p;?, for all n and j. If r > O is small enough, then p;? ¢ B(a,r),
forn <m — 1 and all j. Therefore

m—1

1
> 5 ($a(@) = Su(@)

n=1

is smooth on B(a, r). Consequently the differentiability properties of u at the point
a depend only on
o0

1
R@y=§:ﬁ&ay

n=m

Assume that R is differentiable in the capacity sense at a. Then R is Lipschitz in
the capacity sense at the point a, as a simple argument shows. Since R(a) = 0 this
means that

sup,.qt Cap ({z € B(a,r) :

R@| t})
ol <C. O<r<l/4,
Cap(B(a,r))

for some constant C, depending only on a. To disprove the preceding inequality we
take radii of the form

r:rk:ﬁaN? k:1,2,
k

with k > m large enough so that p;? ¢ B(a, ﬁoNk), forn < m — 1 and all

j. For each such k the point a belongs to a square Q™¢ of generation N, which
contains 4 points plj‘. . Now we classify the p]; € O™ according to their distance

to a. Denote by QMt! a square of generation Ny + 1 contained in Q™ and not
containing a. The square Q™¥*! contains 4M~! points p';. If plj‘. e ONetl and

z € B( p’]‘. , \/EﬁzNHk), then |z — a| < 2oy,. We construct inductively pairwise

disjoint squares QNk+l, [ =1,2,..., N, of generation Nj + [, contained in ONk,
containing 4V~ points pf., and with the property that if p’;. e QM+l and 7 €

B(pl;., \/EGZNk+k),then |z —al < 20N, 41—1. Since

B (Plf «/EoszJrk) CB (a, foGNk) = B(a.r), pke ™,

and

R<)>IS(>> ) ! (z—p%)
Z_k2 kz_k242Nk ﬁGZNk+kZ pj))>
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we get
R
{Z € B(a,r) : ) > t}
|z —al
Ne \/50
D U U {Z €eB (p'l;-, \/50'2]\]1(4_]() : log# > tk2 42Nk2o’Nk+1_1
=1 pI;EQNk+l lz — pj|
- U U Bl/,
=1 p GQNk+I
where

k —12k? 42Nk . k Ni+l
BZj=B(Pj,~/§<72Nk+k€ M=) plhe @M

Lemma 6.2 below yields that if # > Tj for a large positive number 7%, then the balls
By are disjoint and

Cap U U By z—z > Cap(By). (6.3)

=1 P eQNk-H 1[7 6QNk+l

The proof of Lemma 6.2 will be discussed later. It seems worthwhile to make
a digression now to explain the need to descend to generation 2N;. Should we
have proceeded as in the proof of Theorem 5.5 we would have descended up to
generation Ny only, which means taking only one term in the union in the left hand
side of (6.3). Thus we would have obtained

sup;..q t Cap ({z € B(a,r) : |f£Za)‘ > t})
Cap(B(a,r))

t
> lo
s < ) t>g l‘2k24NkO'Nk + log 1/\/§UNk+k

>c10g( ! ) ! > < Mon)

K24Neoy, = k2 log 1 /oy,

which does not conclude.
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We proceed to complete the proof using Lemma 6.2. We have

sup ¢t Cap ({z € B(a,r) : R@) > t})

t>0 |z —al

Ni
>c su
; 12 k2 42Ne o + log ———
1>T =1 k cQNiH Ny+i-1 g\/—azzv "
k

t

Ni 4Nkfl
> sup
t>Ty 121 12k24?Ne gy, 411 + log

1
\/EUZNk-%—k
c Ni 4Nk—l

k= 42Neo, 4y

k2 Z4Nk+l 1

N,
¢ o M(on+i-1)

k2 2 1
I=1 log <0Nk+l 1)

1
Zk% 1nf M(O’N)E — 7
=1 log (UN +i- 1)

and so, recalling that r = ry = ﬁaNk,

ONg+1—-1

sup;.q 7 Cap ({z € B(a,r): 22 > z})
Cap(B(a,r))

Ny (64)
. 1nf M(on) log( ! > Z;
- k2 N> 2 1 )
oN /) 14 log (—UNk+[—l)
At this point it is convenient to distinguish two cases. The first is that
v
lim ) _ g, (6.5)
n—>o0o oy
Let us check that then, for some positive integer ng,
1
nlog2 <log— <nlog4, n > ng. (6.6)
o

n

The first inequality follows from the definition of Cantor sets which gives o, <
27" for all n. The second follows from (6.5), which yields 4”0, > 1, n > ng.
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Introducing (6.6) in (6.4) one gets

R(z)
=al = ’}>

and now it only remains to choose Ny large enough so that

sup,.q ¢ Cap ({z € Ba,r)
Cap(B(a,r))

c .
> %) ngzka M(on),

inf M(oy) > k.
N>Ny

If (6.5) is not satisfied then for some § > 0 and for infinitely many indexes n one
has ¥ (0;,)/0, = & > 0. Given x in the Cantor set K let Q" the square of generation
n containing x. Then for the measure p associated with K we have

w(B(x.v20,)) (@) _ 1 W(ow) _ 8
\/z Oy N \/z Oy \/z On N \/z '
which says that ¢ has no vanishing linear density at any point of K. Thus the loga-

rithmic potential of u is not differentiable in the capacity sense at any point of K and
we are done in this case without resorting to any complicated measure like v. [

We now turn to the discussion of inequality (6.3).

Lemma 6.2. Let Bj = B(pj,rj), 1 < j < N, a family of disjoint discs of center
pjandradiusrj < 1. Let § = m;gcl dist(B;, Bx) and assume that 0 < § < 1. Set
j

o =maxr;. Ifo < 8N then
J

N N
1
Cap (U Bj) > - ZCap(Bj). (6.7)
j=1 j=1
To apply Lemma 6.2 to (6.3) note that the radius of the disc By; is

_ 2 42N 4 42N
\/EGZNk+k e 12k 4 ONp+I-1 <e t4 Usz’

and the distance between two such discs is larger than ooy, —1 —202 i, > 0. For any
fix k the number of discs By; is less than 4Nk Hence the hypothesis of Lemma 6.2
are satisfied if

4Nk 1

log )
2Nc oy, T oaN—1 — 200N,

t>T =

which is the large number 7} used in the proof of Theorem 6.1.
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Proof of Lemma 6.2. The normalized equilibrium potential of the disc B; =
B(pj s rj) is
1 1 doj
uj = —— log — %

9
logrij lz|  2mr;

where o stands for the arc-length measure on 9 B;. Then

1 1

o8
uj(z)={logs; Iz pjl

if |z —pj| >rj,
1 it |z—pjl <rj.

If z € Bk, k # j then

log 1
M](Z) S l—ia
[

and so

al 1
D uj) <14+ (N—1) <2, zeC,
j=1

log 1 N —
g‘ffH—
J 0g 5

log

g

which yields (6.7) by definition of Wiener capacity (2.1). O

7. Second order differentiability

Proof of Theorem 1.8, part (1). Assume that d > 3. Then the first order derivatives
of 1/|x|¢=2 in the distributions sense are the locally integrable functions

Xi .
81' —|x|d—2 =—(d—2)—|x|d_2, 1 <1 fd

The second order derivatives in the distributions sense are given by principal value
distributions and the Dirac delta &g at the origin via the identities

b —dd—Dpy. 2
L |x|d_2 - p-V. |x|d+2’ Js

3 o P |x|> — dxi2 5
ii |.X'|d_2 - _( - )pV |x|d+2 +ad 0
where ag = —(d —2)wg—1/d and w;— is the (d — 1)-dimensional surface measure

of the unit sphere in R¥.
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Assume that ¢ is a C* function with compact support. Then u = 1/|x]|9 "2 x ¢
is a C* function on R? and its second order partial derivatives are

Xi

X ] )
|X|di2 *¢)(x)a l 7é Js X € Rd,

Ojju(x)=d(d —2) <p.V.

Ix|2 — d x?

Biiu(x)=—(d—2)(p.v.T+2i *go)(x)—i—adgo(x), 1<i<d, xeR%

In particular, the principal value integrals exist at each point x € R?.

Given a finite Borel measure y in R?, there is a way of defining first and second
derivatives of the potential u = 1/|x |92 % p at a fixed point a € R?. For the first
order derivatives we only have to require that a is a Lebesgue point of the locally
integrable functions

Xi

For the second order derivatives
x.x. . .
aijuzd(d—2)<p.v. lx;diz*;L), i # ], xeRY,

xP — d? .
Oijju=—(d—2) p.V.MT*M +aq 1, 1<i<d,

it is natural to require existence at the point a of all the above principal value inte-

grals and of the limit

o u(Ba,r))
na) = rlg% —a (7.2)

We know, by Lebesgue differentiation theorem and by standard Calderén-Zygmund
theory, that the stated conditions are satisfied for almost all points @ with respect to
d dimensional Lebesgue measure dx. Then the prospective second order Taylor
polynomial of u at a

d T
u(a) + ; diu(a)(x; —a;) + 2 miz:l ojju(a)(x; —a;)(xj —aj) (7.3)
is defined at almost all points.

Now we make a convenient reduction. To study differentiability properties of
u at a fixed point a it is enough to replace p by xpu, with B = B(a, 1), because
the potentials of u and ypu differ by a smooth function on B. Let ¢ € C*® be a
function with compact support in the ball B(a, 2) taking the value 1 on B. Then by
the Radon-Nikodym decomposition there is a function f in L!(B) such that

w=(f—f@)pdx+ us+ f(a)pdx,
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where 11, is the singular part of 1. Since the potential of ¢dx is smooth on RY, we
can assume that u is a positive measure which satisfies

fi(a) := lim W =

r—0

0.

One of the effects of this assumption is that in the definition of the second order
derivatives 9;; u at the point a one can avoid the second term in (7.1), which would
be the limit (7.2).

We have to show (1.17) where D(x) is as in (1.16) with the second order Taylor
polynomial as in (7.3). The structure of the proof is very similar to that of the
sufficiency part in Theorem 1.3, so we only outline the argument. Take a = 0 for
simplicity. First we replace the principal value integrals by truncations at level ¢,
where ¢ = 2|x|. The difference is a term which tends to 0 with e. We split the
domain of integration of the integral into two pieces, one corresponding to |y| > ¢.
In that piece one estimates the remainder of the Taylor expansion up to order 2 in
terms of third derivatives. The upper bound one gets is

S/ du(y)
ly|>e |y|d+]

This term is estimated by integration by parts introducing a parameter N as is (3.1).
It remains to estimate the integral over |y| < & with respect to u of

1

x|

1 1 2 2)< y >
- - - X )
lx —yld=2 |yl=2 |yl4

which is not greater than a constant times the sum of the 3 terms

1 1 +1 1 +1 1
=y T2y eyl

The integral over |y| < & with respect to d . of the second and third terms above is

less than or equal to
1/ 1
- ——du(y),
& Jyl<e |y|d7l

which is estimated by an integration by parts as in (3.1). The upper bound one gets

1S

B(0,
C sup L[I'M)—)O, as & — 0.
O<p<e Y

One is left with

1 1
F(x) = —/ ——du(y).
&2 lyl<e lx — y|d_2 Y
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If x € B(0, r) then

d
F(x) <P (xmo,zr)(y)%) ),

where P is the Newtonian potential of the indicated measure, as in (1.1). The total
mass of the measure xp,2-)(y) du(y)/| y|? is estimated by an integration by parts
and one gets the upper bound

w(B, ) 4
sup ————— "7
O<p<r 1Y

Therefore
tCap(ix € BO,r) : F(x) > 1}) _ c wn(B(0, p))
<C sup ———,
t>0 Cap(B(0,r)) O<p<r Y
which completes the proof of Theorem 1.8, part (i). O

Proof of Theorem 1.8, part (ii). The construction is practically that of Calder6n in
[4], so that we will briefly outline the argument. It is enough to construct a finite
Borel measure in the unit square Q = [0, 1] x [0, 1] whose logarithmic potential is
not second order differentiable in the weak capacity sense at almost all points of the
square. If this measure has been constructed, then one covers the plane by disjoint
dyadic squares Q,,n =0, 1, ... of side length 1 and one sets u = ZZO:() 1/2" oy,
where u, is the translation into O, of the measure constructed in the unit square.

Divide the unit square into 4n disjoint squares of side length 27" The ver-
tices of those squares not lying in the boundary of the unit square are of the form
(27", j27"* ) with 1 < i, j < (2" — 1). There are Ny, := (2" — 1)? < 4" such
vertices. Denote them by p,i, where the index k varies from 1 to N,,. Let By, be
the ball with center p,; and radius 1/ (n2”2). Set

Nn 00 0
E,=|JBwx, Dun=|JE. D=[)Dn
k=1 n=m m=1

so that |E,| < N,/(n?4"") < 1/n?. Hence |Dy| — 0 as m — oo and |D| = 0.
Let L be the function in (5.9). Define

Ny
$10 = > L (2" - ), zeC,
=1

o0

1
u@) =3 —5 S, zeC.

n=1

Then u is the logarithmic potential of a finite Borel measure supported in the unit
square.
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We claim that u is not second order differentiable in the weak capacity sense at
any pointof Q \ D. Takea € Q \ D,sothata € Q \ Dy, for some positive integer
m. Thusa € Q,a ¢ By, n > m, 1 <k < N,. We consider radii of the form
r=rqg=1/21 LI q is large enough then r is small enough so that the ball B(a, r)
does not contain any pyx, 1 <n <m —1, 1 <k < N,. Then

u(z) —u(a) — (Vu(a),z —a)

m—1 1 > 1
= Zl 7 ($1(0) = $1(@) = (VS,@). 2 =a) + 3 ~555,(6),

and the first term in the right-hand side is smooth on B(a, r). Hence the differen-
tiability properties of u are exactly those of

1
R@) =) =550

Assume that R is second order differentiable in the weak capacity sense at a. Then

sup,.ot Cap({z € B(a,r) : |[R(2)| > t})
r2 Cap(B(a,r))

<Cq O<r<1/4, (7.4)

for some constant C, depending only on a. To disprove (7.4) we note that, since
a € Q,there is a point p,x € B(a, 1/2‘12). Moreover |pgr — a| < (1/ﬁ)r, r =
1/27°.

If g = m, then

R()>—1 S()>71 L<2q2(— ))
7)) = Z) = q Z Pak .
q3? 1 q3/2Nq 7

If g is large enough the set {z € B(a,r) : |R(z)| > t} contains the ball of center

2
Pqk and radius 1/ (e'? 244 q2‘12). Thus the left-hand side of (7.4) is not less than a
constant times

2 2 t 2 2 1 1/2
47" su —g2q
T q3/249°t +logq + gq*log?2 1 q3/2497

which shows that (7.4) cannot hold. ]
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8. The equilibrium measure

For each compact E subset of R?, d > 2, there exists a unique probability mea-
sure u supported on E of minimal energy. In other words, the infimum in (2.3) is
attained by p. This probability measure is called the equilibrium measure and it
can be shown that its potential (the equilibrium potential) is constant on E except
for a set of zero Newtonian capacity (Wiener capacity for d = 2). In this sec-
tion we present a proof of the following result, due to Oksendal in the plane; see
[12,Corollary 1.5] and [13]. An alternative proof which works in higher dimensions
for harmonic measure is in [7, Theorem 10].

Theorem 8.1. The equilibrium measure of a compact subset of R is singular with
respect to d-dimensional Lebesgue measure.

Proofin R, d > 3. We plan to apply Theorem 1.8.

Setu = IXI% s 1. By Theorem 1.8 we have (1.17) at almost all points a € R?.
Set Vu(a) = (Ay, ..., Ag) and let B stand for the symmetric d x d matrix with
entries B;;. Here the A; and the B;; are as in (1.16). Set u = fdx + u,, with
fe L'(dx) and s singular with respect to dx. Thus, by (7.1) and (7.2),

d
> Bi=daqf(a. (8.1)
i=1

Lemma 8.2. The set of points a € E where u is second order differentiable in
the capacity sense and Vu(a) # 0 is a countable union of sets of finite (d — 1)-
dimensional Hausdorff measure.

Proof. Since the equilibrium potential u is constant Cap-a.e. on E we have, by
Theorem 1.8,

lim ——— sup+¢
r—0 Cap B(a,r) ;-9 82)

=0,

x Cap ({xeB(a,r)ﬁE: ((Vu(a), x—a)+(Blx—a), x —a)| >t}>

lx — al?

for almost all points a € E. Assume that a = 0, Vu(0) # 0 and, without loss of
generality, that Vi (0) = 1(0, ..., 0, 1), with A > 0. Given § > 0 consider the cone

Ks = {x e RN\{0} : x% > 5} . (8.3)

Ifx € B(0,r) N EN Kg and r is small enough we have, for some positive constant
C ’

I<Vu(0),x>;r<Bx,x>| zk@ _c> s . %_
|x] x| |x] x|
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Taking t = 1 and r < §/2 we get

. Cap(B(0,r)NENKs)
lim ) =
-

r—0

0.

Since one has the general inequality Cap(F )ﬁ > cq HSW(F )a’ITl relating ca-
pacity and (d — 1)-dimensional Hausdorff content of compact sets F' [1, Corollary
5.1.14], we conclude that

HSY(BO,r) N ENKs)
m =

li
pd—1

r—0

07

which means that the hyperplane x; = 0 is an approximate tangent hyperplane
to E at 0. The set of points of £ where there exists such a tangent hyperplane is a
countable union of sets with finite (d — 1)-dimensional Hausdorff measure [9, page
214,15.22]. O

To continue the proof recall that
Cap(F)™ > cq|F|4,

where |F| denotes the d-dimensional Lebesgue measure of the compact set F'.
Therefore (8.2) yields, at almost all points a € E and for all > 0,

{B(x —a),x —a)]
im ——— |Jx € B(a,r)NE: >t¢|=0.
r—0 |B(a,r)| |x_a|2
Seta = 0 and
Bx,
U=U = xeRd\{O}:M>t .
|x|?
Then

|BO,1)NU| _[BO,r)NU| _|BO,r)NUNE|  [B0O,r)NUNE|
|BO,1)]  [BO,r)] |B(O, r)| |B(O, )]

_1BO.NNUNE|  [BO.r)NE|
B |B(0,7)] 1BO,r)|

If 0 is a point of density of E we obtain, letting r — 0, that |U| = 0, which means,
U being an open set, that U = U, = ¢ for all ¢. In other words, B = 0 and thus,
appealing to (8.1), f(a) =0, for almost alla € E. U

Proof in R?. We plan to apply Theorem 1.6. Recall that in the plane when dealing
with capacity we tacitly assume that all our sets are contained in the disc centered
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at the origin and of radius 1/2. Since the equilibrium potential is constant Cap-a.e.
on E we have for some real numbers Ay and A,

2

Z Ai(xi —a;)
li tC € B(a,r)NE: = V=0
o Cap Bla,ry SiprCap | g x € Bla.r) x—a|

at HY-almost all points @ € E, hence at almost all points ¢ € E with respect to
area. Set Vu(a) = (A1, Az). By the well-known inequality [1, Corollary 5.1.14]

1

Cap(F) >C W,

valid for a constant C independent of the compact set F', we get, for each r > 0,

lim lH;o ({x € B(a,r)NE: w > t}) =0.

r—0r |x —al

Assume that Vu(a) # 0, set a = 0 and, without loss of generality, Vu(0) =
A0, 1), X > 0. Then we obtain, with § = ¢,

H! (Bla,r)NENK
lim wo(Bla,r) s) 0.
r—0 r

where K is the cone (8.3). Hence the line x; = 0 is an approximate tangent line
for E at 0. Therefore the set of points in £ where Vu(a) is non-zero is a countable
union of sets of finite length. In particular Vu(a) = 0, for almost all @ € E and

Cula) = (é */L) (@) =0, ae.onkE.

We can now resort to the proof of Theorem 1 in [18] to conclude that the abso-
lutely continuous part of p vanishes. Indeed in [18] one takes u absolutely contin-
uous with respect to dx, but a minor variation of the argument applies to our situa-
tion. O
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