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Comparison of the real and the complex Green functions, and sharp
estimates of the Kobayashi distance

NIKOLAI NIKOLOV AND PASCAL J. THOMAS

Abstract. We extend the upper estimates obtained by M. Carlehed [2] and
B.-Y. Chen [3] about the ratio of the classical and pluricomplex Green functions
to the case of C2-smooth locally C-convexifiable domains of finite type. We also
give some lower estimates. In order to obtain these results, and because it is
of independent interest, we refine and unify some classical estimates about the
Kobayashi distance and the Lempert function in such domains.

Mathematics Subject Classification (2010): 32F45 (primary); 32U45 (sec-
ondary).

1. Introduction and results

1.1. Green functions

Two kinds of Green functions can be defined on a domain D ¢ C" & R?", with
n > 2: the usual one, related to harmonic (or subharmonic) functions when D is
seen as subdomain of R?”, and the pluricomplex Green function (see, e.g., [10]),
related to plurisubharmonic functions.

The pluricomplex Green function originated with the work of Lempert [11,13],
Lelong [12], among others, and is the subject of many recent works, see for instance
[7,20].

Let G p stand for the usual Green function at apole w in D C R™, withm > 3,
given by

Gp(z, w) =sup {u(z) :u € SH_(D), u=|-—w|™™ "+ 0()}.

Let gp stand for the pluricomplex Green function at a pole win D ¢ C",n > 2,
given by

gp(z,w) =sup{u(z) :u € PSH_(D), u =log|-—w|+ O(1)}.
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Here SH_ (D) and PSH_ (D) stand for negative subharmonic, respectively plurisub-
harmonic, functions on D.

Note that for n = 1 the second extremal problem also gives the usual Green
functions for the Laplacian on R?.

The respective behavior of those two functions were compared by M. Carlehed
[2] and B.-Y. Chen [3]. In the present paper, we extend their results to a wider class
of domains, and give some improved estimates for various holomorphic invariants
such as the Kobayashi distance in that class of domains.

We would like to thank the referee for his very careful reading of our manu-
script and several useful suggestions.

1.2. Domains in C”

In order to state the results, we need to define some geometric properties of a do-
main in C". From now on, we assume that n > 2. As usual, we say that D, or D,
is Ck-smooth if D = {p < 0}, where p is a defining function of class C¥ on D such
that Vp does not vanish on dD. A C?-smooth domain is strictly pseudoconvex if
the complex Hessian of p restricted to the complex tangent space at every point of
d D is positive definite.

A domain D is C-convex if any non-empty intersection of D with a complex
line is connected and simply connected. If D is bounded and C'-smooth, this is
equivalent to being lineally convex, that is to say, for any z ¢ D, there exists a
complex hyperplane H through z such that D N H = (). For more on those two
notions, see, e.g., [1,8].

A domain D is C-convexifiable if D is biholomorphic to a C-convex domain.

A domain D is locally (C-)convexifiable, if for any a € 9D, there exist a
neighborhood U of a and a holomorphic embedding @ : U — C” such that ®(D N
U) is a (C-)convex, domain.

It is well-known that any strictly pseudoconvex domain is locally convexifi-
able.

The type of a smooth boundary point a of a domain D is the supremum over
the orders of contact of the one-dimensional analytic varieties through a with d D
(possibly co). The type of a smooth domain D is defined as the supremum over
the types of all boundary points of D. For instance, the bounded domains of type 2
are exactly the strictly pseudoconvex domains. Also, the types of the pseudoconvex
domains are even numbers or co. If the domain is C-convex, the type does not
change considering complex lines instead of varieties (see, e.g.,[18, Proposition 6]).

1.3. Notations and auxiliary quantities

We will systematically use the following notations: A 2 B means that there is a
constant C > 0 such that A > CB; A < B means that A 2 B and B 2 A; and
A ~ B means that A/B — 1. What the constants depend on, and in which sense
the limit is taken, will be made clear from context.



COMPARISON OF THE REAL AND THE COMPLEX GREEN FUNCTIONS 1127

The Green functions we consider take negative values and, when 9 D is smooth
enough, tend to O at the boundary. A typical negative plurisubharmonic function is
log | f|, where f is a holomorphic function bounded by 1; so it will be convenient to
consider 82 . Consideration of the Poincaré distance p in the unit disc D, p(w, z) =
tanh~!

We give a unified convention.

T ‘, makes it expedient to consider tanh~! 22,

Definition 1.1. Given any continuous function f : D — (—o0, 0), we write
ffi=el, s0 f*:D— (0,1), (1.1)

1 1+ef

fi:=tanh™! f* =tanh~'e/ = S log - so f:D— (0,00). (12)
— e

27

Conversely, f* = tanh f = 2f.+i,and f =log f*.
e
Elementary calculations give:

Lemma 1.2.

(i) Suppose that f — 07, or equivalently f* — 17, or equivalently f — 00.
Then 1 — f* ~ —f, f ~ —% log(—f), and f ~ —Ze_zf,’ in particular if
f=logt, then f ~ —%.

(ii) Suppose that f — —oo, or equivalently f* — 0%, or equivalently f—o0t.
Then f ~ f*and f =log f + O(1).

1.4. The ratio of the Green functions

Our first main result is the extension to the case of locally C-convexifiable domains
of a theorem proved in the case of locally convexifiable domains [3, Theorem 1].

Theorem 1.3. Let D C C" be a bounded, smooth, locally C-convexifiable domain

of type 2m. Then there exists C > 0 such that
gp(z, w) < C|z — w]2n=2m)
Gp(z, w)

Forz € D,letép(z) := min{|z — w| : w ¢ D} (the distance to the boundary). Any

bounded, C!!-smooth domain D is of positive reach, that is to say, there exists

8o > O such that for any z € D with §p(z) < o, there exists a unique point

7 (z) € 0D such that |z — 7w (z)| = 6p(z).

Recall the following estimate of G p, when D is bounded, C L.1_smooth domain
inR™, m > 3 (see,e.g., [21,(D]):

Z,weD, zF#w.

I p@bp(w)
o= w2z —wl”

c1Gp(z,w) < —min{ } < 2Gplz, w), (1.3)

where ¢, ¢p > 0 are constants, and z, w € D.
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The proof of Theorem 1.3 will rely on the second inequality in (1.3), and the
following precise estimate of the pluricomplex Green function gp which is sensitive
in both extreme cases: gp — 0 and gp — —oo0.

Theorem 1.4. Let D be as in Theorem 1.3. Then there exists C > 0 such that for
anyz,w € D,

gp(z, w) > mlog 1+CM l—i-CM (14)
8p1z, - (SD(Z)I/Zm (SD(w)l/2m : )

In the more general case of a bounded, smooth, pseudoconvex domain of finite type,
a weaker estimate is proved by G. Herbort [7, Theorem 1.1].

The proof of Theorem 1.4 will be based on the respective local estimates, cov-
ering the cases where either the pole or the argument tends to a boundary point.

Theorem 1.5. Let D C C" be a bounded domain, which is smooth and locally C-
convexifiable near point a € 9D of type 2m. Then there exist a neighborhood U of
a and C > 0 such that

|z — w]

g’D(Z, w) > mlog (1 +CW

), zeD, weDNU, (15)

|z — w]

gD(Z, w) > mlog (1 + CW

>, zeDNU, weD. (1.6)
In the particular case when D is locally convexifiable, similar but weaker estimates
than those in the above two theorems are contained in [3].

1.5. Other holomorphic invariants

We will use other holomorphically contractive functions, with notation sometimes
slightly different from those of the standard reference [10], to stay in line with
the convention from Definition 1.1. In particular, note that the Kobayashi pseudo-
distance in a domain D will be called IQD, while kp := logtanh IED € (—o00,0).
This is because our main focus is on (negative-valued) Green functions.

Let D c C",and z, w € D.

The Lempert function is given by

Ip(z, w) == inf{p({,w) 2 C,weD, 9 e O, D) : &) =z, p(w) = w}.

With the notation convention from Definition 1.1, this means that

15z, w) = inf{‘ (- ‘ CweD,3p e OM, D) : o) =z, p(w) = w},

l—¢w

and that Ip(z, w) = logl}(z, w) € (=00, 0), a quantity that is easier to compare
with the Green function.
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The Kobayashi-Royden (pseudo)metric applied to a vector X € C" is given by
kp(z; X) :=inf{A > 0:3p € O, D) : p(0) = z, L¢'(0) = X}.

The Kobayashi (pseudo)distance is the largest pseudodistance dominated by the
Lempert function. It is also given by

1
kp(z, w) := inf /0 kp(y () y/(t))dt,

where the infimum is taken over all C'-smooth curves y : [0, 1] — D with y(0) =
zand y(1) = w. Then kp(z, w) = log tanh <1€D(z, w)).
‘We have that
kp <Ip, gp =<Ip. (L.7)
Lempert’s celebrated theorem [13] implies that in the case of a convex domain,
those are all equalities. This extends to the case of boupded, C?-smooth, (C—copvex
domains [9]. No inequality holds in general between kp and gp; and while kp is

symmetric in its arguments, gp is not always so, but we will see that under our
hypotheses, they exhibit similar behavior.

1.6. Lower estimates of the Kobayashi distance

Theorem 1.6. Let D be as in Theorem 1.3. Then there exists C > 0 such that for
anyz,w € D,

N (1+enyam) (! 5, ms)
kpiz,w)>mlog| 1+ C——7— | |1 + C——F7>= ] . (1.8)

5D(Z)1/2m 5D(w)1/2m
This will follow from the corresponding local sharp result.

Theorem 1.7. Let D CC" be a domain, which is smooth and locally C-convexifiable
near a point a € d D of type 2m. Then there exist a neighborhood U of a and C > 0
such that foranyz € DNU, w € D,

~ |z — w|
k , I 1 — ). 1.
p(z, w) >m og( +C5D(Z)1/2’”) (1.9)

1.7. Upper bounds for the Lempert function and sharpness of the results

The next propositions (inspired by the examples in [2, page 404] and [3, page 35])
and (1.7) show that the exponents in all the above theorems are optimal.

Proposition 1.8. Let D C C" be a domain, which is smooth and C-convex near a
point a € dD of type 2m. Denote by n, the inner normal half-line to 0D at a. If
a is of type 2m, there exist a unit vector X € Ta(CBD and C > 0 such that for all
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Z € ng, close enough to a, and all w € D such that | = X and Ca @ ):‘;lzm <1,
then | |

* - w

ZD(Z, w) < C45D(Z)1/2m.

If a is of infinite type, the last inequality holds for any m € N with C = C,,.
We then have the following result characterizing the type of a point.

Corollary 19. Let D C C" be a domain, which is smooth and locally
C-convexifiable near a point a € 9dD. Then any of the inequalities (1.5), (1.6)
and (1.9) holds if and only if a is of type at most 2m.

The next results are related to the converse of Theorem 1.4.

Proposition 1.10. Let D C C" be a bounded, smooth, locally C-convexifiable do-
main. If D is of type 2m, there exist sequences (z/), (w’) C D and ¢ > 0 such that
|z/ — w/| = 0 and

gp(z/, wl)

- - C|Zj wj|2(n72m), jeN
Gp(z/,wl) —

If D is of infinite type, the last inequality holds for any m € N with (z7), (w/) and
¢ depending on m.

Theorem 1.3 and Proposition 1.10 imply the following characterizations of the
type of a domain.

Corollary 1.11. Ler D C C" be a bounded, smooth, locally C-convexifiable do-
main. Then:

(i) there exists C > 0 such that

gn(z, w) < C|z — w|2n=2m),

z,weD, z#w.
GD(Z7 w) 7&

If and only if D is of type at most 2m;
(ii) the ratio gp/ G p is bounded from above if and only if D is of type at most n.
If m = 1, the condition about C-convexity is superfluous.

Proposition 1.12. Ler D C C" be a bounded, C2-smooth domain. Then there exists
C > 0 such that

Z,w _

< , Z,weD, z#w, 1.10
Gp(z, w) * ( )

if and only if D is strictly pseudoconvex.
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In dimension 2, this proposition says that the ratio gp/Gp is bounded from
above if only if D is strictly pseudoconvex. By Corollary 1.11, this is not true if
n>4.

Proposition 1.13. Let D C C3 be a bounded, C3-smooth domain. Then the ratio
gp/ G p is bounded from above if only if D is strictly pseudoconvex.

It is natural to ask which upper bounds can be given for the functions gp and
kp, and indeed, many results for kp have been given in that direction, see for in-
stance [14]. To get estimates from above, using (1.7), it will be enough to bound

Ip(z, w).

Proposition 1.14. Let D C C" be a bounded, C?-smooth, locally C-convexifiable
domain. Then there exists C > 0 such that

|z — w]
8p(2)1/28p(w)!/?

Ip(z, w)§10g<1—|—C ) zoweD. (1.11)

This proposition shows that the factor m in Theorems 1.4—1.7 is sharp. On the other
hand, these theorems show that the exponent 1/2 in Proposition 1.14 is optimal.
Proposition 1.14, (1.3), (1.7), and Lemma 1.2 also imply the following:

Corollary 1.15. Let D be as in Proposition 1.14. Then there exists C > 0 such
that

8oz, w) >Clz—wl* 2%, zweD, z#w. (1.12)
Gp(z, w)

We already know from [16, Theorem 2] that if D is a bounded, C 1+¢_smooth domain
in C", then a weaker estimate than (1.11) holds:

C
8p(2)!/28p(w)l/2”

Ip(z, w) < log (1.13)

It would be interesting to know if (1.11) and, hence, (1.12) remain true in this
general case.

The rest of the paper is organized as follows: Section 2 contains the proofs of
Propositions 1.8, 1.10, 1.12, 1.13, and 1.14, Section 3 — the proofs of Theorems
1.6 and 1.7, Section 4 — the proof of Theorem 1.5, and Section 5 — the proofs of
Theorem 1.3 and 1.4.

ACKNOWLEDGEMENTS. This paper was started while the first-named author was
an invited professor at the Paul Sabatier University, Toulouse in May-June 2016.
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2. Proofs of Propositions 1.8,1.10,1.12,1.13, and 1.14

Proof of Proposition 1.8. By [18, Propositions 4 and 6], if a is of type at least 2m,
there exist a neighborhood U of a, a unit vector X € Ta(caD, and C > 0 such
that the distance dp(z; X) from z € D N U N n, to 3D in direction X verifies
8p(z; X) = C8p(z)!/¥™ . If a is of infinite type, the last holds for any m € N with
C=Cp.LetD; x :={z4+1tX :|t] <dp(z, X)}. Let w — z = AX. It remains to
observe thatif r > 1 and r|A| < 8p(z; X), then, recalling that 0 < lz‘) < 1 with the
notations from Definition 1.1,

Al 1
IE(Z,Z-F)»X)Sla_x(z,z-l-)»x):mS;<1- 0
Proof of Proposition 1.10. Let D be of type 2m. Choose a pointa € 9D of type 2m.
There exist a neighborhood Uy of a and a holomorphic embedding ® : Uy — C”"
such that Q := ®(DNUp) is a C-convex domain. Set u’ = ®(u). Since |7/ —w'| <
|z — w|and $q(u') < §p(u) foru,z, w € Uy € U, and lg(Z', w') > Ip(z, w), we
may assume that D is C-convex.

Let X be as in Proposition 1.8. Using, e.g., a smooth defining function of D
near a, one may find a neighborhood U of @ and C > 1 suchthatifz € DNU Nny,
andw = z+AX, C|A| < 8p(z)!/?", then 8p(z) = |z—a| < C8p(w). Changing U
and C (if necessary), we may apply Proposition 1.8 to find sequences (z;), (w;) —
a such that §p(z;) < ép(wj) < |zj — wj|2m and Z~D(z]~, w;) S L

This and the inequalities (1.3) and (1.7) imply the desired result in the finite
type case.

Let D be of infinite type. Since D is locally C-convexifiable, there exists a
point @ € 3D of infinite type. Then, for any m € N, we may proceed as above. [J

Proof of Proposition 1.12. Strict pseudoconvexity implies local convexifiability
and, hence, (1.10) by Theorem 1.3.

To prove the converse, we will proceed similarly to the proof of Proposi-
tion 1.10.

Assume that the ratio gp/Gp is bounded from above, and a € dD is not a
strictly pseudoconvex point.

After an affine change of coordinates, we may suppose that a = 0 and that D
is defined near O by

Re (21 +a13) +ealzal + o (1Im(zn)| + 222 + 121) <0

where ¢ <0.

It follows by (1.3) that gp(z, wg) — 0 as z — 9D and hence D is a pseudo-
convex domain. This implies that ¢, = 0.

Let ®(2) = (71 + clz%, 22,7"). Then G := ®(D) is given near O by

Rezy + o (| Im)]| + |z +121) <0,
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Now it is easy to find sequences R_ x {0’} D (z/) — 0 and (A j) —> oo such
that G > w/ = z/ + )\.jSG(Zj)l/Zez, and 2|z/ — w/| < 8g(z/; e2), where e :=
0,1,0,...,0).

Since the order of contact of 3G and Ce, at 0 is at least 2, |85 (z/) —8g(w/)| =
0(lz/ —w’|?), so

Sg(edcw!) _ 8¢ 8 (2’)
|2/ —wil* g —wit |z —wi|?

o 1
— 0 and lg(z-’,w-’)<§.

If 7/ = ®7'(z/) and 0/ = &~ (w/), then the inequalities gp < Ip < Ipny and
(1.3) easily lead to the contradiction

gp(E/, W)

~j ~ j14—2n
—— |7/ — /| — 0. O
Gp(z/, w/)

Proof of Proposition 1.13. As above, strict pseudoconvexity implies that

Mﬁlz—wlzﬁl, for z,we D, z# w.
GD(Z,U))

For the converse, assume that the ratio gp/ G p is bounded from above,and a € 0D
is not a strictly pseudoconvex point.

After biholomorphic changes of variables similar to that in the proof of Propo-
sition 1.12, we may suppose that D is defined near a = 0 by

Re (m + 33 + C4z§5> +o (I Im(z1)| + |22 + |Z3|) <0.

Again by pseudoconvexity, c4 = 0. Let W (z) = (z1 + 6323, z2,z3) and Then E =
W (D) is defined near O by

Re(zp) + o (1 Im(zp)| + |22l + Iz31) <.

We may proceed as at the end of the proof of Proposition 1.12 to get a contradic-
tion, finding sequences (z/), (w/) — 0 and (A/) — oo such that w/ = z/ +
Mg (z) ey, l%(zj, wl) < %, and since the order of contact of dE at 0 and Ce,
is at least 3, |8 (z/) — 8p(w/)| = O(|z/ — w/?), so

8E(z))8E(w) gp 2/, w)
.6 — 0 and ————
lz/ — w/| Gp(z/, w’)
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Proof of Proposition 1.14. By (1.13), for a given g9 > 0, (1.11) follows for |z —
w| > gg. If min (6§p(w), p(z)) > &g, (1.11) also follows, trivially. So we may
assume, by symmetry of the function, that 6p(z) < §p(w) < 2égg.

For any a € 0D, we may choose a bounded neighborhood Uy of a such that
D N Uy is C-convexifiable and C2-smooth (see [17, Proposition 3.3]), and that the
projection 7 to d D is well defined on Uy. Choose neighborhoods of a, U, € Uy,
such that DNU; € DNUp,and &1 > Osuchthatz € DNUj and dp(z) < &1 imply
8pnu,(z) = 8p(z). We can cover 9D by a finite collection of the U, and choose
&0 > 0 so that for any z, w such that 6p(z) < dp(w) < 2¢p and |z — w| < &g, then
z € Uz, w € Uy (for some a € 0D) and épny, (z) = 6p(z), Spnu,(w) = Sp(w).

Given z, w as above, l~D(z, w) < iDnUO(Z, w).

Then, by Lempert’s theorem, ] DUy = ];DQUO ,and by [14, Corollary 8],

. |z —w
kpnu, (z, w) < lo <1+C
NUo g 8Dt (2) /28 pragsy ()12

—tog (140 2= 0
- o8 5p(2) 28p(w)12 )

3. Proofs of Theorems 1.6 and 1.7

Proof of Theorem 1.6. Under the hypotheses of Theorem 1.6, Theorem 1.7 and a
compactness argument show that there is §p > 0 such that (1.9) holds uniformly for
z,w € Dif dp(z) < 280. By symmetry, it is enough to consider three cases.

Case 1. 6p(z) > &g, Sp(w) > &. 3
Then (1.8) follows from the inequality kp(z, w) 2 |z — w]|, valid on any
bounded domain.

Case 2. 6p(z) < 8o, ép(w) > 28.
Then =L > 1 > =¥ 454 (1.8) follows by (1.9) (with bigger C).

SD(Z)I/Z’” ~ ~ 5D(w)1/2m

Case 3. (SD(Z) < 50, (SD(w) < 250.

For any ¢ > 0, choose a curve y whose Kobayashi-Royden length is bounded
by (1 +&)kp(z, w). Choose a point u € y such that |z — u| = [u — w| > $|z — w|.
Then the definition of the Kobayashi distance and (1.9) applied to (z, u) and (w, u)
imply that

(1+ s)lED(z, w) > IQD(Z, u) + IED(u, w)

lz — wl Iz — wi

which, replacing C by C/2, finishes the proof. O
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Proof of Theorem 1.7. There exist a neighborhood Uy of a and a holomorphic em-
bedding ® : Uy — C" such that Q := ®(D N Up) is a C-convex domain. Let U,
and U; be neighborhoods of a such that Uy € Uy @ Uy. Letz € D N Uj.

Case 1. |z — w|*" < 8p(2).
Since log(1 + x) < x, it is enough to prove that

|z — w]

- S lz—wl
kp(z,w) 2 5 ()12

(3.1)

Let lgD(D NUy, D\ Up) =: C; > 0. We may assume that IED(z, w) < Cp. Then
a curve connecting z and w of Kobayashi-Royden length < C| must lie inside Us.
Since

kp, X) 2 kpnu,(u, X), uel, X eC"

(see, e.g., [10, Proposition 7.2.9]), then kp(z, w) pe IEDQUO (z, w).

From now on, we estimate k DU, (2, w). Call L the complex line through 7’ :=
®(z) and w’ := ®(w). Let zg € L N I be such that |7’ — z9| = §.nq(Z). Let P
be the linear projection from C" to L, parallel to the complex tangent hyperplane to
%2 at zo. Then P (£2) is a simply connected domain (see, e.g., [1, Theorem 2.3.6]),
and zg € 0 P(L2). Therefore,

kpnuy(z, w) = ka(z', w') > kpg) (', w')

1 |z —w'| 1 |7/ — w'|
>—log|\l+———)=~log(1l+ ——+],
4 dp)(@) 4 drna(z)
(for the second inequality see, e.g., [19, Proposition 3(ii)]). By [18, Propositions 4
and 6], 7nq(z) < 8a(z))/?"; since ® is a biholomorphism in a neighborhood of

DN Uy, wehave |7/ —w'| < |z — w| and 8q(z") = Spny,(z), so we finally obtain
(3.1) (the implicit constants are uniform over D by a compactness argument).

Case 2. |z — w|*" > 8p(2).

We may assume that D N Uy is C2-smooth, and that the projection 7 to 3D is
well defined on Uj.

We will follow the proof of [6, Theorem 2.3]. We need to bound from below
the Kobayashi-Royden length of any path y such that y(0) = z and y (1) = w. If
y ([0, 1]) ¢ U; (in particular if w ¢ Uy),let t* := min{t € [0, 1] : y(¥) ¢ U}. It
will be enough to bound below the length of y [0, *], so we can reduce ourselves
to the case where w € Uj.

Let ® be a holomorphic embedding such that ® (D N Up) =: Q is C-convex.

Applying a result of K. Diederich and J. E. Fornaess about supporting functions
[5] to 2, reducing U; as needed, we can find neighborhoods of a, U; € U, € Uy
such that for any @’ € Uy, there exist S,y holomorphic on C*, and C, C" > 0
such that

— C'E — @(a)] <Re S () < —Clg — D)™,

32
S € ®(U,), and Sq>(a/)(CI>(a')) =0. (3-2)



1136 NIKOLAI NIKOLOV AND PASCAL J. THOMAS

We define a function P, holomorphic on Uy by
P,(7) 1= 5o (P@)) (3.3)
Since & is a uniformly bilipschitz diffeormorphism on U, we have, for ¢ € Ua,
=PI S 12 —7@|and 1 — [P(0)] 2 1€ — 7 ()™ (3.4)

This means in particular that [6, Lemma 2.2] can be applied, and it follows that
by [6, Theorem 2.1] that there is C; > 0 such that forz € DN U; and X € C",

kpnuy(2; X) = kp(z; X) = (1 = C18p(2))kpnu, (25 X).

Therefore

1 1
/0 oy (@), ¥/ (O)dt > /0 (1= Cip(y@))kpnu, (y@), ') de.  (3.5)

Let A := P, o y. Then

/ , Mt
K DU, (7/([), y (t)) > KD ()»(l‘), A (l)) > 2'(1|_7(|)\')(|t))|

On the other hand, by (3.4),

1—Cidp(y() =1 —=Cily @) —n(z)]|
1—Cy (1= |P,(y@)DY* =1—C (1 = A/

v

Collecting the estimates, the right-hand side in (3.5) can be bounded below by

M1—cid - mptem 1 4
/O e Ik(t)ldtz/O T ] i Aol + 0
I e O]
—Ogm+0(l)
il LA )| NPV
1 —[P(2)]

By 34),1 —|P,(2)| £ Iz — 7(2)| = 8p(2), while
1= [P (w)| 2 |w—7@)*" > (w—z| — |z — 7()])*".

Since §p(z) < (Co_llw —zZh*" < %lw — z| for Cy large enough, we have 1 —
[P (w)| 2 |w— 7|2 and the estimate we wanted is proved. ]
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4. Proof of Theorem 1.5

Proof of Theorem 1.5, (1.5). Choose a bounded neighborhood Uy of a such that
D N Uy is C-convexifiable and C2-smooth.
Case 1. [z — w| < 8p(w)!/>™.

We can choose a neighborhood U & Ujp such that for any w € D N U, then
z € DNUpand Spny,(w) = dp(w).

By Lemma 1.2(ii), we have to prove that

|z — w]

W + 0(1).

gp(z, w) > log

We first reduce ourselves to the study of gpnyj, by a standard argument.

Lemma 4.1. Shrinking U (if necessary), there is C > 0 such that
gp(z, w) > gpnu,(z, w) —C, zeDNUy, we DNU. 4.1)

Accepting this lemma, we apply Lempert’s theorem to D N Uy and obtain
gp(z, w) > kpny,(z, w) — C4. By Theorem 1.7, kpny,(z, w) satisfies (1.5) (by
shrinking U once more if needed), therefore

|z — w]

kpnu,(z, w) = log

and we are done.

Proof of Lemma 4.1. The proof is similar to that of [4, Theorem 1].

Let ¥ (z) = log dli;;{lD and U; € Up C D be a neighborhood of a such that

and infp\y, ¥ > ¢ := 1 4+ suppn,y, ¥- Fix w € D N U; and set

d(w) = li)rrlwfwl gonuy(z, w), u(z,w) = (c —¥(2))d(w), z € D.

€

Since u(z, w) < gpnuy,(z, w) forz € DN AUy, and u(z, w) > 0 > gpny, (2, w)
for z € N'N (D N Uy), where N is a neighborhood of dUj, the function

gpnu,y(z, w) weDNU;
v(z, w) = { max{gpny,(z, w), u(z,w)} weDNUy\ U
u(z, w) we D\ U

is a plurisubharmonic function in z with logarithmic pole at w. Also v(z, w) <
cd(w), so gp(z, w) > v(z, w) — cd(w). Now (4.1) follows by taking U € U, and
C .= CinfweDﬂU d(w). |
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Case 2. |z — w| > 8p(w)!/>".
By Lemma 1.2(i), we have to prove that

dp(w)

gp(z,w) 2 P (4.2)
By Theorem 1.7 and Lempert’s theorem,
Sp(w
gDn, (2, w)Z—%, zeDNUy, we DNU. 4.3)

We will follow part of the proof of [3, Lemma 3]. The above inequality is analogous
to [3, page 29, inequality (5)].

Denote by B(w, r) the ball with center w and radius r. Set ro := }tdist U, D\
Uo), A := min{rop, |z — w|}, so that

DN B(w,\) C DN B(w,2ry) C DN Up.

Note that )
diam D
A<|z—w| < A 44)
ro
Finally, let
b= —inf{gpnu,(¢. w) : [ —w| =1, € D}.
Because of (4.3) and (4.4),
dp(w) dp(w)
< < . 4.5
Let |
log “5~
v(¢) = biz:z.
log 52

By construction, v(¢) =0 > gpny, (¢, w) when ¢ € D N 0B (w, 2rp), and v(¢) =
—b < gpny, (¢, w) when ¢ € DN IB(w, A).

Then we construct a plurisubharmonic function u with logarithmic singularity
at w by setting

gpnu, (&, w), ¢ € B(w, 1)
u(¢) == {max {v(¢), gpnuy (¢, w)}, ¢ € B(w,2r0) \ B(w, 1)
v(¢), ¢ €D\ B(w,?2r).

By definition of gp, gp > u — supp u. We have

diam D diam D
log =5 == log =5 = S
supu < supy < b——b— <h— 0 < )
D D log e 0g 2 |Z - U)|
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by (4.5). On the other hand, if A = |z — w|, then

dp(w)
u(z) = gDﬂUo(Z, w) Z —m
by (4.3), while if . = r¢g < |z — w]|, then
log =¥l
uz) > v() =b—2 > —p,
log2
Collecting the estimates, gp(z, w) 2 —%. O

Proof of Theorem 1.5, (1.6). We choose U; small enough so that w(z) is well de-
fined whenever z € Uj.

Case 1. Suppose that z € U and |z — w| > 8p(z)/?".

Shrinking Uy, we may assume that |z — w| > 85p(z).

We use the Diederich-Fornaess supporting functions [5] once again. We take
U; € Uy € Uy as before. Reducing U if needed, for any a’ € U; N3 D, there exist
S¢(qy holomorphic on 2, and C, C ’ > 0 such that (3.2) holds.

We set 9, (¢) 1= Re So(r(2))(P(¢)) € PSH_(DNUyp). Since ® is a uniformly
bilipschitz diffeormorphism on U, we have, for ¢ € Ua,

—C'|¢ —d'| < ¢.(¢) < —Clt —d/|”™ and @, (7 (2)) = 0. (4.6)

We need to extend ¢, to a global plurisubharmonic function on D. We proceed as
in [3, page 31]. Let n := sup,¢y;, SUp;cyu, 92(§) < 0. We set ¢, := max(¢,, n/2)
and extend it by n/2 on the whole of D. Then ¢, € PSH_(D) and satisfies the
analogue of (4.6).

By the same argument as at the beginning of Case 2 of the proof of (1.5), the
inequality we have to prove is the following analogue of (4.2):

3p(2)

>
Z,w) 2 .
gp(z, w) = wpn

Lemmad4.2. Let w' :=w+ 2%, B; := B(w', 1 + |w —z|/2), B, :== B(w', 1 +

w—z|’
3lw — z|/4). Then there is co > 0 so that for any w, there exists p,, € C*(C"\
{w}, R_) with logarithmic singularity at w, supported on B, such that
— CO -
900(€) 2 =1 45,5, (090 (1)
In particular, py, € PSH(31 U \Ez)).
This lemma is proved in [3, page 31].
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We construct a function ® with logarithmic pole at w by setting

C1
|z — w|?m

() = (¢:©) + e2le =7 @) + pu©).

By (4.6) and because D is bounded, we can choose ¢; > 0 such that ® < 0 on D.
We want to choose ¢; > 0 so that ® € PSH (D). We only need to check the
case where ¢ € By \ B;. Then

1 1
6 =@ =1¢ -zl =dp(z) = le —w|—4p(z) > glz —w|.

By the estimate on 33, from Lemma 4.2, the fact that ¢, € PSH (D), and stan-
dard computations,

000(() = (ﬁczcsm — @2 - C—O) ddl¢ 1

lw — z|?
Cc1C2C3 ) 1 =0
> —co) —=ad0 ,
= (s — ) =

where ¢3 > 0 is a constant. So we can choose ¢; > 0 to make this form positive.
With these choices, ®(¢) < gp(¢, w).
Since py(z) = 0, using (3.2) again,

dp(2)
|Z _ w|2m'

1

[0} =
(2) W

(fpz(Z) + 0230(2)2m> > —c1C’

Case 2. Suppose that z € B(a, r1) and |z — w| < 8p(z)'/?".

Then |w —a| <r; + r1]/2m =: r>. Reducing r if needed, we have B(a,r;) €
Uy, where Uy is a bounded neighborhood of a such that D N Uy is C-convexifiable
and C2-smooth. This implies that, by Lempert’s theorem and (1.5),

. . |z —w|
guonp (2, w) = guynp(w, z) > mlog <1 + C8D(Z)1/2m_) :

52t < 1, by Lemma 1.2(ii), this is equivalent to

Since e

|z — w|

NGB +0Q@).

guynp(z, w) > log

By Lemma 4.1, the same estimate holds for gp(z, w), and we are done for this
case. ]
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5. Proofs of Theorems 1.3 and 1.4

Proof of Theorem 1.3. Let

A _ |z —wl?
p(z, w) = 5D(Z)1/2m5D(w)1/2m‘

Using (1.3), it is enough to show that gp(z, w) = —Ap(z, w) "M
Theorem 1.4 implies that

gp(z, w) > log (1 +C'Ap(z, w))".

If Ap(z, w) > 1,then gp(z, w) 2 —Ap(z, w) by Lemma 1.2(i).
If Ap(z, w) <1, then Lemma 1.2(ii) implies that

gp(z, w) = log Ap(z, w) + 0(1) = —Ap(z, w) ™", O

Proof of Theorem 1.4. We follow an argument in [2], as adapted in [3, Proof of
Proposition 2].

The hypotheses of Theorem 1.5 are met for any a € dD. By a compactness
argument, this implies that there is K € D such thatforz € D\ K,w € D,

~ |z — wl|

But when z € K, the right-hand side of (5.1) is bounded above by C’'mC|z — w]|,
while gp(z, w) > C”|z — w|, so C can be chosen so that (5.1) holds for any z, w €
D. In the same way, changing C again if needed, we have for any z, w € D,

~ |z — w|

If |z — w/?" < max{8p(z), Sp(w)}, then (1.4) follows from (5.1) and (5.2) by

modifying the constant C. Otherwise, by Lemma 1.2(i), (2) is equivalent to

dp(2)dp(w)
> _ TP
gp(z,w) 2 iz —
We may assume that 4 max{dp(z), dp(w)} < |z — w|. If 2| — 7 (2)| = |z — w],
then | |
zZ—w
L —wl>lz—wl=[t —7@)|—lz—7@)| = ,
Therefore, by (5.2), for those values of ¢, gp(¢, w) 2, —%. For those same ¢,

the plurisubharmonic peak function ¢, from the proof of Theorem 1.5, (1.6), Case
1, verifies
9:(0) = —Clt = @)™ = —C27*"|z —w|™",
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S0,

1)
gD(é's w)Z_%q)z({)’ { € DmaB(T[(Z),|Z—U)|/2)

This inequality is trivially true on @ D, where gp (¢, w) = 0, and since gp (-, w) is a
maximal plurisubharmonic function on D \ {w}, it has to hold on D N B(7(z), |z —
w|/2), in particular at the point z, so

5p(w) -~ 3pW)p(2)

p(z, w) T ————0:(2) 2
gp(z, w) = — o[ 2(2) iz wpn
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