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Stability of sin-cones and cosh-cylinders

KLAUS KRONCKE

Abstract. This work concerns stability and instability of Einstein warped prod-
ucts with an Einsteinian fiber of codimension 1. We study the cases where the
scalar curvature of the warped product and of the fiber are either both positive or
both negative to complement the results in [21]. Up to a small gap in the case
of sin-cones, the stability properties of such warped products are now completely
determined by spectral properties of the Laplacian and the Einstein operator of
the fiber. For cosh-cylinders, we are furthermore able to prove a convergence re-
sult for the Ricci flow starting in a small neighbourhood. As an interesting class
of examples, we determine the stability properties of sin-cones over symmetric
spaces of compact type.

Mathematics Subject Classification (2010): 53C25 (primary); 58J05, 53C44
(secondary).

1. Introduction

A Riemannian manifold (M, g) is called Einstein, if the Ricci tensor of the metric
satisfies the equation Ricg = A - g for some constant A € R. Einstein manifolds are
of great interest in differential geometry (see [4,16,22] for extensive information) as
well as in theoretical physics (see, e.g., [12,13]). They are the critical points of the
Einstein-Hilbert action g — ||  Scalg dV, under volume constraint and stationary
points of Hamilton’s Ricci flow g(f) = —2Ricg () on the space of metrics modulo
rescalings.

In both contexts, there are corresponding notions of stability which are closely
related to each other (see, e.g., [6]). We are working with the notion of (linear)
stability which is used in the context of Ricci flow: Let ¢ be an Einstein metric
with Einstein constant A and the vector field V = V (g, &) depending on the metrics
g and ¢ be defined by vk = gij (Ff‘j — f‘lk]) Then, ¢ is a stationary point of the
A-Ricci-de-Turck flow

g(t) = —ZRng(t) + 2)»g(l‘) + LV(g(t),g)g(t) (1.1)
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and its linearization at ¢ is given by

d
— —2Rics 1y +2A(g +th) + L 2)(g +th)
dt -0 [ g+th 8 V(g+th,§)\8 ] (12)

= — V*Vh+2Rh =: —Agh,

where I%hi i = Rin jhkl. We call the elliptic operator Ag defined on the right hand
side the Einstein operator. The Einstein operator is closely related to the Lichnerow-
icz Laplacian, which is given by Azh = Agh + Ric o h + h o Ric. Let S>M be the
bundle of symmetric 2-tensors. We call an Einstein manifold strictly stable if there
exists a constant C > 0 such that

[ @y av = cmd, (13)
M

for all compactly supported & € C*®(S?M) satisfying [y tthdV =0and 8h =0
where 84 is the divergence of 1. We call (M, g) stable, if (1.3) holds with C = 0 and
unstable, if it is not stable. Here, the conditions f ytthdV = 0and éh = O refer
to volume-preserving perturbations orthogonal to the orbit of the diffeomorphism
group acting on g.

This (linear) stability problem was initiated by Koiso [17] studied extensively
by various authors, see, e.g., [4,8,19] and references therein. To give some exam-
ples, we mention that the round sphere, the hyperbolic space and their quotients are
strictly stable. The flat euclidean space and CP" are stable but not strictly stable.
Ricci-flat manifolds with special holonomy are stable. Any product of positive Ein-
stein metrics is unstable. An open problem in this context is the question, whether
there exists an unstable compact Einstein metric of nonpositive scalar curvature [7].
In the complete noncompact case, unstable Einstein metrics of nonpositive scalar
curvature are known [13,27].

To prove (dynamical) stability of Einstein metrics under Ricci flow, linear sta-
bility appears to be a nessecary condition. Such problems have been considered in
the compact case, e.g., in [15, 18,20,24] (see also references therein) and in the
noncompact case in [1,9,25,26].

The study of stability of Einstein warped products was initiated in [14], where
instability of some Ricci-flat cones was proven. (In-)Stability of compact Einstein
warped products was also recently considered in [2]. In [21], a systematic methol-
ogy was developed to characterize stability and instability of Einstein warped prod-
ucts by properties of the fiber (if it is Einstein and of codimension 1). The machinery
was applied to Ricci-flat, hyperbolic and exponential cones. The aim of the present
paper is to close a gap and to determine the stability of the remaining examples
of Einstein warped products with Einsteinian fiber of codimension 1. The possible
warping functions are collected in the table below. Without loss of generality, we
have determined the absolute values of the nonvanishing Einstein constants.

The cases below the diagonal have been considered in [20]. In this paper, we con-
sider the cases of the diagonal. The manifolds are called sin-cones if f(r) = sin(r)
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Table 1.1. Warping functions for n + 1-dimensional Einstein warped products.

§=dr2+f(r)2g Ric, = (n—-1)g Ric, =0 Ric, = —-(n—1g
Ricz =n-g f(r) =sin(r)

Ric; =0 fry=r fr)y=1

Riczg =-n-g f(r) = sinh(r) fr)y=eé€" f(r) = cosh(r)

and cylinders if f(r) = 1. In the case f(r) = cosh(r), we call them cosh-cylinders.
The case f(r) = 1 is easy and will be discussed in Remark 2.1. The sin-cones also
appears in string theory [5,11] and stability properties of them may be also of great
interest in physical contexts.

Theorem 1.1. Let (M", g) be a complete Einstein manifold of scalar curvature
—n(n — 1). Then the cosh-cylinder

(ZVI, g) = (]R x M, dr?* + coshz(r)g) (14)

is stable if and only if spec;2(Ag|rT) = —n and strictly stable if and only if
spec;2(Ag|rr) > —n.

If (M, g) is complete and of bounded curvature then the same holds for (A7I ,8). In
this case, we are able to prove a stability assertion under the adapted Ricci flow

(1) = —2Ricy() — 2ng(1). (1.5)

Theorem 1.2. Let (M, g) be a complete Einstein manifold of scalar curvature
—n(n — 1) such that

IRg[l ooy <000 iM) >0, speci2(Aglrr) > —n.  (1.6)

Then the manifold (A7[ , &) from above is stable under the Ricci flow (1.5) in the
following sense: For any K > 0, there exists an € (K, n) > 0 such that the Ricci
flow g(t) starting at a metric g(0) satisfying

130) = gll2g < K. 180) = Zll g < € (1.7)
exists for all time and there exists a family of diffeomorphisms ¢;, t > 0 such that
ler3) = &lerg < Cky - (1.8)
for some constants C(k), o« > O0and allt > 0.

Since negative Ki#hler-Einstein manifolds and Einstein manifolds of nonpositive
sectional curvature are stable [7,17], one gets
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Corollary 1.3. Let (M", g) be a negative Einstein manifold of bounded curvature
and positive injectivity radius which is either Kihler or of nonpositive sectional
curvature. Then its cosh-cylinder is stable under the Ricci flow in the above sense.

For sin-cones, we prove the following

Theorem 1.4. Let (M", g) be a closed Einstein manifold of scalar curvature n(n —
1). Then the sin-cone

(B, 8) = ((0.7) x M. dr* +sin(r)g) (1.9)

is (strictly) stable if (M, g) satisfies spec(Ag|rT) >0 (respectively spec(Ag|rT) >
0) and if all nonzero eigenvalues of the Laplacian on M satisfy the bound A >
2n — 1. On the other hand (M, g) is unstable if spec(Ag|TT) z 0 or if there exists
a Laplacian eigenvalue on M satisfying the bounds

8
n<k<2n—ﬁ<‘/l+——1>. (1.10)
2 n

Remark 1.5. Note that —1 > —%(,/1 +% — 1) > —2 forall n € N and

—% (,/ 1+ % — 1> — —2 as n — oo. Thus, the theorem leaves a rather unsat-

isfactory gap where it is not clear whether the sin-cone is stable or not. We are still
able to handle most known interesting examples, including all symmetric spaces of
compact type (see Section 6). We are not sure how optimal the bound A > 2n—1 in
the stability assertion is. However, it is the optimal lower bound of the form 2n — c,
¢ € R that we can prove with our methods. It should also be noted that under the
above assumptions, all nonzero eigenvalues on M satisfy A > n and equality only
holds for the standard sphere which is known to be strictly stable.

Since 2n — % (, 1+ % — 1) > 2(n—1) and any K#hler-Einstein Fano manifold
with a holomorphic vector field admits 2(n — 1) as a Laplacian eigenvalue, we get

Corollary 1.6. The sin-cone over every Kdihler-Einstein Fano manifold with a
holomorphic vector field is unstable. In particular, the sin-cone over CP" is un-
stable for n > 1.

In the proof of Theorem 1.1, one direction is much easier to show than the other
one. If the condition on the Einstein operator of the fiber is not satisfied, one is
able to construct a test section i € C XS 2 M) violating the stability condition. It is
much harder to prove the converse direction. Here, we decompose the action of Ag
on symmetric 2-tensors into four different components and by tedious calculations,
we prove positivity of Ag on each of them. The strategy is the same as in the proofs
of the main results in [21].
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The assertion of Theorem 1.2 is a conseqence of the fact that under the as-
sumptions of the theorem, (A7I , &) 1s a complete strictly stable Einstein manifold of
bounded curvature and positive injectivity radius. The proof is very similar to the
proof of stability of hyperbolic space under Ricci flow [26].

The proof of Theorem 1.4 is somewhat more involved than the one of Theo-
rem 1.1. If the Einstein operator of the fiber restricted to T T'-tensors has a negative
eigenvalue, one can similarly construct a destabilizing perturbation on the cone as
above. However, if the eigenvalue condition

n 8
n<)»<2n——(,/1+——1) (1.11)
2 n

holds on the fiber, one has to argue differently. We then construct an eigenfunction
of the Laplacian on the sin-cone whose eigenvalue is below 2n. This eigenfunction
is shown to be in the closure of C2 (M ) under the H3-norm. From a sequence of
approximating functions, we are then able to construct destabilizing perturbations
(we use the divergence-free part of the corresponding conformal perturbations). To
prove the stability assertion, we use the same decomposition of symmetric 2-tensors
as above. In this case we need the additional condition on the Laplacian spectrum
given in the theorem to ensure that the Einstein operator is positive on all parts of
the decomposition.

This paper is organized as follows. In Section 2, we recall the decomposition
of the space CSSO(SZM ) with respect to which the quadratic form h +— (Agh, h);2
has a block diagonal form and we recall how it acts on the blocks. In the next
sections, we prove the Theorems 1.1, 1.2 and 1.4, respectively. Finally, in Section
6, we use Theorem 1.4 to determine the stability of sin-cones over symmetric spaces
of compact type.

To finish the introduction, we fix some notation and conventions. The Riemann
curvature tensor is defined by the sign convention such that R;jx; = g(Vy, Vj 0k —
Vi, Vo, dk, 97). The Ricci curvature and the scalar curvature of a metric g are denoted
by Ricg, scalg, respectively. The rough Laplacian acting on smooth sections of a
vector bundle is A = V*V = —gi/ V121 The symmetric tensor productis h © k =
h ® k + k ® h. The divergence of a symmetric 2-tensor and of a one-form are
given by 6h; = — g% Vihy jand dw = — FUAV j» respectively. The formal adjoint
8% C(T*M) — C®(S*M) is (*w)ij = %(V,-a)j + V;w;). The space of smooth
and compactly supported sections of a vector bundle E is denoted by CS°(E). For
notational convenience, we usually denote tensors and differential operators on the
warped product manifold by a tilde.

2. The Einstein operator on warped products

In this section, we recall some formulas we developed in [21, Section 2]. Let (M, g)
be an Einstein manifold, / C R some open interval and M = I x M with an
Einstein metric of the form § = dr? + f(r)*g for some positive function f : I —
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R. Let W = {a) e Q' (M) | bw = 0} be the space of divergence-free one-forms

and TT = {h € C®(S?M) | 8h =0, trh = O} the space of transverse traceless
tensors (which are usually called T'T-tensors). If M is compact, we can expand any
h € C%°(S>M) with compact support as

o0 x o0
oifhi+ Y givig+ > vV 80+ Y v dr o fo

1 i=1 i=1 i=1

h =

7

1

+

7

Il
-

o0
i=l1

1

+

“

1 vi (f2g = ndr @ar),

1

where ¢;, ¢;, 1//1.(] ), Xi(J b ecC (). Furthermore, v;, w;, h; are smooth orthonor-
mal bases of the spaces L?(M), L>(W) and L?(T T) which are eigentensors of the
Laplacian on functions, the connection Laplacian on W and the Einstein opera-
tor on TT, respectively. Let 0 = Ag < A1 < X < ..., u; < up < ...and
k1 < ko < ... be the corresponding eigenvalues so that Av; = A;v;, Aw; = piw;
and Agh; = k;h;. Let the functions ¢;, ¢, v, x/ € C22(1) and

~(1 ~(1 ~ ~(1 1

R =if* b B =iz RS = 8w,

B =y® dro fo, By =" v+ A g), 22)
(2 2 ~(3 3

hi? = )(l.( ) dr o Vv, hf‘} = )(i( ). v,'(fZg — ndr ®dr).

The L2-norms of these tensors are

2
¢!
i —/Isvff”dr,

2@
hy) iz@ =(+1) /I o2 f"dr,
0 iz@ _ % (Ml_ ~ s021g> /, (wi<1>>2 P,
i) iz@ =2 /1 (w,.@))z Far. (2.3)
P oy = " (=D —scaly] fl (x,-“))z Fdr,

L2@

:(n+1)n/,(xi(3)>2fndr’

2 2
(2 2
iy —2Ai/1<xi( ) srar,

L%()
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and if 81'[ . Sjm . akn = 0,

P 7 (m) _
<h"’-’" h”’")Lz@ B

The Einstein operator acts as

(BeRtalY) . . = [ @i rrara [ o2 g 2ar,
® JrI I

(Beh1L)) =) [ @2

+(n+1)A; / @} f"2dr —2scalg / ¢? fdr,
1 1

. ey~ 1 scal "2
(OEA _ L 8 (D n
(AEh3”"h3’i>L2<g>_2(m n )/1<<w’ >) S

(3

1 scal, 2 2
3= ) (") e
n I
2
=2u; | () 1" 2ar
2 i /1 v ) f

+(2n+6)/(wi(2)>2(f/)2fn—2dr
1

7(2) 72
h3i ’h3,i)

+2/ ((Wi(z))/)zf"dr—4/ (v@) £ ar
1 1

2
<~ =1 DY
(AEhf‘},hi’g)Lz@zn}\i[(n—l)ki—scalg]/l((Xi( ))) Fdr

(5

(5

scalg
+ni; [(n— DHA; —scalg] Ai—2

n
2
'f,(xi(l)) 12,

1161

2.4)

(2.5)

2 N2
Q) ) O\2 2 pn2 @
h4,l.,h4’i>L2(§):(2n+6)A,~/1<Xi ) s dr+2,\i/1<(xl. )) fhdr

scal M2
+2, (M—Tg> /1 (1) g2

2
i [ (1) 7 ar
1

~3) ~ 1 2
A h<3?) =n( (1) —22E /( .<3>) "2d
4,i°7"4i L2(§) n (n ) ! n It Xl f r

_4n2/1<xl.(3))2f”f”1dr+(n+1)ﬂ/1 <(Xi(3)>/>2f"dr

+2n% (n+3) f (XF’)Z( O 2ar.
1
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Moreover,
A K )
(Agh! h,”m)Lz( =0 2.6)
if i # [ or j # m. The other off-diagonal terms are
ORe) _ - scalg M @) pn2
(a hgl,hs,i)“@——z(m -= )/w @ g,
(AEhfff, ﬁf»mm 4[(n — DA — scalg] & / D x 2 far,
& ! 2.7)
M 70 _
(AEh4 i’ h4,i>L2(§) =0,

2 73 2 03 -2
( h4l,hJ.)Lz(g):4(n+1)xiflxi A2 F - dr,

In other words, the quadratic from h— (Agh, h) 12(3) 1s diagonal with respect to
the L?-orthogonal decomposition

5 o0 o0 o0 o0
Ccx (SZM> C @ Vi, ® @ Vo @ @ V3, @ @ Vai, (2.8)
i=1 i=0 i=1 i=0

where 5
Vii=CxU) - fhi, Vo, =CXU)-v-§g,

V3i=Cx)- fS*wz@C (I)-dr © fowi,
Vai =CXU)- f? (anv,' + Ay ~g) eCy)

Ldr © fVv & C(I) - vy <f2g—ndr®dr).

2.9)

Thus to prove the Theorems 1.1 and 1.4, we consider the Einstein operator on each
of these subspaces separately.

In the case where M is complete and noncompact, one has to argue a little
bit carefully, which was slightly neglected in our previous paper [21]. One first
expands h as

h=f2h@r) +v(r, 0)g + f28* w(@r) +dr © for)
+ 2BV, x) + Agd(r, x)g) (2.10)
+dr ©8Vu(r,x) + 0(r, x) (fzg —ndr ® dr)

where h € TT, and w, @ € W are depending on r and v, ¥, 0,0 € C®(M). Be-
cause / has compact support, each of the summands has also compact support. One
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can now let the Einstein operator act on the summands and compute the correspond-
ing L?-scalar products in terms of scalar products containing %, w, @, v, 0, v, U. By
suitable integration by parts one can always write them in such a way that there
is no differential operator acting on the right slot. Then one can expand the terms
of the above sum in a dirichlet eigenbasis for the Laplacian on M, the connection
Laplacian on W and Ag on T T of a suitable bounded domain € C M and one ob-
tains exactly the same formulas as in (2.5). The eigenvalues depend on the choice
of 2, but they have lower bounds independent of Q2. These are given by the bot-
tom of the spectra of the appearing operators on the whole manifold. To compute
lower bounds for the expressions in (2.5), we just use the lower spectral bounds.
Therefore, the argumentations are the same in the compact and in the noncompact
case.

Remark 2.1. The easiest case to consider with these formulas is the pure product
metric § = dr? + g eitheron M = §' x M or M = R x M in case when § and g
are both assumed to be Ricci-flat. In this case (1\71 , &) is stable if and only if (M, g)
is stable. Moreover, (M, g) is strictly stable if and only if (M, g) is strictly stable
and M = S' x M. Note that Ricci-flat product metrics on R x M can never be
strictly stable.

3. Proof of Theorem 1.1

Because all Einstein manifolds of dimension » < 3 are of constant curvature, we
may assume that n > 4. At first, we prove the following

Lemma 3.1. We have

/2 n / 2 n
- Jr (¢') cosh"dr - Jx (¢)" cosh™ dr o1 G

peCX®) [, 92 cosh" 2 dr 7 peCR®) g @2 cosh dr

and the infima are not realized by functions in C(R) but by ¢(r) = cosh™"(r)
and ¢(r) = cosh™+1(r), respectively. Furthermore,

! 2 n
-, Jr ((p) cosh” dr N (32)

peCX®) [ @2 sinh? cosh” 2 dr —

Proof. We substitute ¥ (r) = ¢(r) cosh” (r). Then,

f @? cosh" 2 dr = / w2 cosh™ 2 dr, (3.3)
R R
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and by integration by parts,
2
/ ((p')2 cosh” dr = / (w/coshf" —n sinh cosh7”71> cosh” dr
R R
= / (w’)2 cosh™ dr + n? / ¥2 sinh® cosh™ 2 dr
R R

—n/ (1//2)/sinhcosh_”_ldr
R

34
= / (1//)2 cosh™ dr + n? / ¥? sinh? cosh™" 2 dr
R R
+n / e (cosh—” —(n + 1) sinh? cosh_"_z) dr
R
= / (z//)z cosh™dr +n / V2 cosh™ 2 dr.
R R
Thus,
72 n N2 —-n
cosh”" d cosh™d
inf fR (40) - inf fR(W ) r +n>n 3.5)

veCX®) [ @2 cosh" 2dr — weCR®) [, Y2 cosh™" 2 dr

and it is immediate that this infimum is realized by ¥ = 1. To prove the second
assertion, we generalize the substitution from above and set v (r) = ¢(r) cosh? (r)
for some p € R. Then,

/ @? cosh” dr = / ¥? cosh” 2 dr. (3.6)
R R

By a similar calculation as above, one gets

/ ((p’)2 cosh" dr = / (w’)2 cosh" 2P dr + p/ W2 cosh" 2P dr
R R R

3.7
+pn—p-— 1)/ 2 sinh? cosh 2P ~2 dr.
R

The result now follows from setting p = n — 1. The third statement is an immediate
consequence of the second. U

Proof of Theorem 1.1. We proceed similarly as in [21] and study the Einstein oper-
ator as a quadratic form on the subspaces Vj ;. Let

h = @ cosh®>(r)h; € Vi ;. (3.8)
Then by Lemma 3.1,
(AE}E, fz) = / (<p’)2 cosh™ dr + k; / @? cosh™ 2 dr
LX) R R

(3.9)
> (n+ K,’)/ @ cosh” 2 dr >0
R

if and only if k; > —n for all (Dirichlet) eigenvalues of the Einstein operator.



STABILITY OF sin-CONES AND cosh-CYLINDERS 1165

Ifall x; > —n, for all i, one proves strict stability as follows: Choose 6 € (0, 1)
such that x; > —0 - n for all i. Then, by Lemma 3.1 again,

(Aﬂ?,ﬁ) i =/ (go/)zcosh"dr +K,’/(02008h”_2dr
L2@  Jr R
2(1—9)/ (go’)zcosh"dr—k(@-n—kx,-)/gozcosh"_2dr (3.10)
R R
2

1—60)(n—1 2coshdr =(1—0)(n—1) ||h )
= (1-0)(n )Awam r=-0)m-nh|

Remark 3.2. Note that if there exists an eigentensor h € C>®(52M) such that
Agh = —nh, then cosh(r) - h € C®(S2M) is an element in the L2-kernel of Af.
An example for this situation is provided by numerical analysis in [27]. There, the
family of AdS-Taub Bolt™ metrics is discussed. It is a family of 4-dimensional
Einstein metrics depending on the parameter ¢ with Einstein constant —3/¢2. Due
to rescaling, we look for a solution where —4/¢2 is an eigenvalue of the Einstein
operator. Due to [27, Figure 1], there exists a parameter £y > 0, for which this is the
case and so the Einstein-operator of its cosh-cylinder admits a nontrivial L2-kernel.

For

h=quig e Vo, (3.11)
we have
(AEE, ﬁ) =+ 1)/((p’)zcoshn dr + (n + DA, / @? cosh" 2 dr
L%(®) R R (3 12)
~ 112 :
+2n(n + 1)/ o2 cosh” dr > 2n Hh‘ B
R LX(®)

so the Einstein operator is always positive on these spaces. Next, pick

h =/’~11 +}~12=(pf23*a)[ +vY-dr O fo; € V3. (3.13)

Then we have the scalar products
o 1 5
Rehiin) | =5 Gu+o-1 "\ cosh”d
(Bphiin),, =5+ »A@)wsr
1
+—(Mi+(n—1))2/gazcosh"_zdr,
2 R
(AEfzz,fQ) ) =2u,-/wzcoshn_zdr+(2n+6)/wzsinhzcosh"_zdr
L2(g) R R
+2 / (¥') cosh” dr —4 / y2cosh” dr, (3.14)
R R
:(2Mi—4)/1//200sh”2dr
R
+(2n+2)f wzsinhzcosh"_zdr—FZ/ (w/)zcosh"dr,
R R
(&)
L

=—2(ui+(n— 1))/ gm//sinhcosh”_zdr,
R

2
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and the estimates

(Bphi. ) > 1))/ 2 cosh” d
. = — 1 n — O r
ENL, Ny 123) ) i R‘P
1
+ (i + (n — 1))? f @? cosh" 2 dr,
2 R
<AE}22,E2) > 2n— 1)/ w2 cosh” dr
L2(2) R
+ 2(wi —2)/ W2 cosh 2 dr (3.15)
R
+ (2n—|—2)/ 1//2 sinh? cosh™ 2 dr,
R

.~ . 1 -
2‘(AEh1,hz)L2®' < 30w + (1= )’ /R ¢ cosh" 2 dr

+8 f 2 sinh? cosh” 2 dr.
R

Because u; > n—1 (a Bochner-type argument shows that || Va)||i2 0= 2||d wlliz @ +
(n—1) IIa)IIi2 (@) holds for any compactly supported divergence-free one-form w),

S n—1
<AE (h1+h2) ,h1+h2)L2@zT(u,~ +(n— 1))/ 02 cosh” dr
4 R
+2(n — 1)/ w2 cosh” dr
R
+2(ui —2) / W2 cosh" 2 dr (3.16)
R

+ (2n —6) / w2 sinh? cosh” 2 dr
R

~ 2 ~
e[ i) =l

for some constant C(n) depending only on the dimension. Finally, we consider the
spaces Vg ;. Let

2

L2(®)

2 -
4+ ”hz
L2(®)

fz:ﬁl—l—fzz—i—fm:(pfz(nvzvi—i—Avi~g>+1ﬂ-dr®Vvi

(3.17)
+ x - f2g — ndr ®dr) € Vyi.
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We have the scalar products
(AEﬁl,ﬁl) = (=i (xi+n)/ (¢')*cosh" dr
L) R
+n(n—1)x,-()\i+n)(x,-+2(n—1))/ @?cosh"2dr,
R

(AEﬁz,fQ) } =(2n+6))”-/ wzsinhzcosh”_zdr+2ki/ (w’)zcosh”dr
L2(2) R R

+20 (Li+(n—1)) / w2cosh 2dr —4x; / w2cosh dr,
R R

(AEE3,E3) —n((n+ DA +20—1)) | x2cosh"2dr
12 R
+(n+1)n/ (X/)zcosh"dr
R

+2n2(n+3)/)(2sinhzcosh"2dr—4n2/ @>cosh™ dr,
R R
and
(AEﬁl, ﬁz) = 4= DA G + n)/ o sinh cosh™ 2 dr,
L2(3) R
(AEfzz, fzg) =4(n+ DA; / ¥ x sinh cosh” 2 dr.
L2(g) R

By Lemma 3.1, we have lower estimates

(Agﬁl,le) Z(n—l)zn)»()»—l-n)/ (p2 sinh? cosh™ 2 dr
L2() R

+(n—l)n)»i()»i+n)(ki+2(n_1))/ ¢>2 cosh™ 2 dr,
R

(AEﬁz,ﬁz) >dnp / 2 sinh? cosh 2 dr
123) R

+22; (A +2n—3) / W2 cosh" 2 dr,
R

(Aghs. 153)L2(~) > (n(n+Dai+2n(n— D) +n’(n —3))/ %% cosh" 2 dr
8 R

+2n%(n+ 1)/ %2 sinh? cosh™ 2 dr,
R

1167

(3.18)

(3.19)

(3.20)
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and for the off-diagonal terms, we use the Young inequality to show

2 (AEfz],fzz) } ‘ <nn—DAr;(A; +n)2/ (pzcosh’“zdr
L2(9)
+a 2n— /Vf sinh? cosh" 2 dr
+nn— 120 —|—n)/ ¢ sinh? cosh" 2 dr
R
1
+ (4 — a)Z—,\,- (A +n)/ W2 cosh" 2 dr,
i (3.21)
e n
2‘(AEh2,h3> ) ﬁz /d/ sinh? cosh” 2 dr
L2(g)

+n(n + 1))@/ x%cosh" 2 dr
R
+ (4 - ﬁ)2 )2 / ¥2 cosh" 2 dr
+2n%(n + 1)/ x? sinh? cosh™ 2 dr,
R

where o, B € (0, 4) are some constants which we will specify below. Now we get

(AE (ill —|—f~12+ﬁ3),f11 +f~12+f~l3>

L2(3)

—1 1

> [4n e ,an + :| / 2 sinh? cosh” 2 dr
n
3.22)
Poey (
+ [m,-(xi +n—-3)—(4-— oz)zM

n

AIZ} / Y2 cosh" 2 dr.
R

Elementary calculations show that the right hand side of this inequality is nonneg-
ativeifn >5anda =pf =2andifn =4anda =4 — /2,8 =2. An analogous
argument as done for the spaces Vi ; shows that the Einstein operator is strictly
stable on these subspaces, i.e.

(B (4 bt ha) it bt i), = o+ i, L 629

and so we are done with the proof of the theorem. O

4. Stability under Ricci flow

This section is devoted to the proof of Theorem 1.2. The Einstein operator Ag
and all covariant derivatives, norms and scalar products are taken with respect to
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the background metric g. To avoid cumbersome notation, we drop the tilde in the
notation of tensors and differential operators on M in this section.

Proof of Theorem 1.2. The proof follows along the lines of [26] (see also [9]) and
we sketch it here due to completeness. In order to prove convergence of the Ricci
flow modulo diffeomorphism it suffices to prove convergence of the A-Ricci-de-
Turk flow

0:g(t) = —2Ric(g(?)) +2ng(t) + Ly (4(),5(g(1)) on M x (0,00), (4.1)
where V(g(1), 8) = g"j(Fffi — I:f‘j). It can be also written as
(0 + Ap)h = Rolh] + VR [h],
where g(¢) = g + h(¢) and the nonlinear terms in / are schematically given by

Ro[h]=g_1*h*h*R—i—g_l*g_l*Vh*Vh,

Rithl = (7' =g~") v, -
see, e.g., [10, Section 2]. For € > O and T > O there exists a § = §(¢,T) > 0
such that for every g(0) with |[g(0) — gll;~ < &, there exists a unique solution
g(t),t € [0,T] of (4.1) starting in g(0) and satisfying ||g(#) — gl ~ < € for all
t € [0, T]. This fact can be proven exactly as in [26, Theorem 2.4] and uniqueness
holds due to standard arguments, cf. [1, Section 2.3] and references therein.
Because spec;2(Ag) > C > 0 is positive, one can split Ag as Ap = apA +
Ag such that specLz(A g) > C > 0if ¢gp > O is small enough. By standard
estimates and as long as we have the estimate ||2(2)] 1~ < €9 = €0(K, g), one gets

3 I1hl13, = —2(Agh, h) 2 + 2(Ro[h] + VR[], h) 2

= —2a0 VA3, + (Agh. h),» (4.3)
+ C iz 121172 + C hll e VRIS, < —2a (1217,

which yields
1R(Ol2 < 17 O)ll2-e™ < K -e™. 44

The solution of (4.1) can be constructed with the help Dirichlet exhaustions. The
above L? a priori estimate is first developed for Dirichlet Ricci-de-Turck flows and
carries over to the limit flow. This works exactly as in [26, Theorem 3.1 and Corol-
lary 3.2] and [9, Proposition 4.1 and Corollary 4.2].

In addition, it follows from higher derivative estimates (see, e.g., [1, Corollary
2.3]) that we have ||VA(#)|| o < C(t) - € forall t > 7 as long as [|h(t)| 0 <
€. Now pick p(t) € M such that |h(?)|(p(t)) > %”h(l)”Loc. It is elementary
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that [A(t)|(g) > 1 [lh(1)ll for all g € M such that d(p(t),q) < § Ilh(®)|Ip -
IVA()]| ;Jo . Consequently,

\Y

1 1
10172 = ¢ RO - vol <B (p(n, 2 IOl - ||Vh<r)||;30))
(€7 D)~

4.5)

v

and the constant on the right-hand side is independent of ¢ by the upper bound on
IVA(t)| L~ and the lower bound on the injectivity radius. Therefore,

[AOlg~ <C-K-€-e™™ (4.6)

as long as ||h(t)||p~ < €p. If we choose € = €y/2 and T > 0 so large that

C-K-e T < 1/2, the flow satisfies ||A(t)||p~ < €9/2 for t > 0. In particular, it
exists for all time and satisfies

lg(®) = &llpe < C-e™. 4.7
By higher derivative estimates one gets

lg(®) = &llck < Ck) - e (4.8)
which finishes the proof of the theorem. O

Remark 4.1. The above proof works for any strictly stable negative Einstein met-
ric with bounded curvature and positive injectivity radius. Therefore, we can also
conclude that the asymptotically hyperbolic manifolds appearing in [23] are stable
under the Ricci flow.

5. Proof of Theorem 1.4

In this section (M", g) always denotes a compact Einstein manifolds of dimension
n > 4 and Einstein constant (n — 1). Moreover, (M, g) denotes its sin-cone, i.e.

(M, g) = ((0, ) X M, dr® + sinz(r)g) . 5.1)

The proof of Theorem 1.4 is more complicated than the one of Theorem 1.1. This
is basically due to positive Ricci curvature of sin-cones which implies that confor-
mal destabilizing perturbations of the metric are possible. On the other hand, the
spaces V3 ; are also harder to understand since the Einstein operator is not in general
positive on these spaces (which contrasts the previous case). For these reasons we
have to extend the strategy. If the eigenvalue bound of the theorem is not satisfied,
we construct a destabilizing perturbation by an approximation argument. To prove
(strict) stability under the assumptions of the theorem, we basically follow the same
strategy as before.
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Lemma 5.1. We have

fon ((p’)2 sin” dr _ fon ((,0/)2 sin” dr _

inf = inf (5.2)
peC(Om) [ @2sin"2dr  peCx(©O.m) [ @?sin” dr
Proof. Pick for each € > 0 a cutoff function ¢ € C(0, ) satisfying
, 2
pe=00n(0,6e)U (T —€,m), @c=1lon Qe —2), |p|=<-. (53)
€
Then we have
b4 ) 2e T—€ )
/ (o) sin" dr = (¢L)? sin™ dr —|—/ (¢l)"sin" dr
0 € T—2€
2e
<8 62/ r'dr G4
€
< 8 . n—l’
“n+1

in particular the left hand side converges to zero as € — 0. On the other hand, if
p>0,

m s
f wf@ﬁdr—)/ismpdrz(Xp)>0 (5.5)
0 0

as € — 0 and this finishes the proof of the lemma. O
We continue with a generalized version of the above estimate.
Lemma 5.2. For any A > 0, we have

- Iy (ga/)2 sin" dr + A [y ¢?sin" "% dr

it (56
9eC((0,7)) fo @*sin" dr #

where u = —% +4/ % + A. Moreover, this infimum is realized by the function
o(r) = sin”(r).

Proof. We substitute ¢ = sin™ " ¢ so that
b T
kf (p2 sin 2 dr :/ (ZJZ sin 2= gy
0

. o (5.7)
/ @?sin" dr = / @? sin" 2 dr
0 0
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and

2 2u—2

((p/)2 = (@’)2 sin2H +,u2¢2 cos” sin +,u(¢2),cos sinZ+~ 1, (5.8)

Integration by parts now shows that
T N2 N2
/ (¢")"sin" dr = / (¢)" sin" "2 dr
0 0
T
—un+pn— 1)/ @2 cos? sin" 21D g (5.9)
0
T
+ [L/ @ sin" 2 dr.
0
By the definition of u, A = u(n + p — 1) and we obtain

foﬂ ((,0/)2 sin” dr + A foﬂ @%sin" 2 dr _ I (@’)2 sin T2 dr
foﬂ @2 sin" dr foﬂ @2 sin" 2 dr

+A4+pwpn. (5.10)

As in the proof of the previous lemma, we can construct a sequence of compactly
supported smooth functions such that the right hand side converges to A + w. This
finishes the proof of the lemma. O

As a consequence, we can construct Dirichlet eigenfunctions on the cone.
Lemma 5.3. Let v € C°°(M) be such that Agv = Av for some A > 0. Then,

~ 2
V(g - v)‘
H (¢ L2@ _

o o ol
peCE O g - vli2s,

A+ (5.11)

where | = —% + 4/ @ + A. Moreover, this infimum is realized by ¢(r) =
sin”(r). We have Az (sin” -v) = (A + ) - sin” -v.

Proof. The first two assertions follow directly from Lemma 5.2. Writing the Lapla-
cian of the metric g as A i=— sin~" 9, (sin" 9,) + sin~2 A ¢» it can be straightfor-
wardly checked that Az (sin” -v) = (A + ) - sin” -v. O

Remark 5.4. Note that x is a natural number if and only if A = k(k +n — 1)
for some k € N, i.e. A coincides with the k’th Laplacian eigenvalue of the unit
sphere. This is what one expects from to the construction of eigenfunctions on the
sphere [3, Chapter III, C.III].
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Lemma 5.5. Let A, u and v € C°°(M) be as in the previous lemma. Then there
exists a sequence @; € CX((0, ), i € N such that the sequence ¢; - v € C(M)
converges in the H>(g)-norm to the function sin* -v € C (M),

Proof. Let € C*°((0, 7)) and consider the function ¢ sin* v € C ®(M). We
now compute its H>-norm. At first,

Y
. 2 .
[ sin v][ 5 = /0 y2sin" o dr - ulZs - (5.12)

Then we compute

d(y sin” v) = ¥ sin dv + (' sin v + py cos sin”~" )dr,

(5.13)
|d( sin* v)|§ = 2 sin?*=D |dv|§, + (¢ sin+py cos)2 sin?=D 2,
so that
= 2 T2 2(ue) 2
o _ s 42— )
HV(tﬁ sin” v) 2@ _/0 ¥ sin dr ||Vv||L2(g)
b/
+/ (' sin 4+ cos)? sin" 20D g . IIvIIiZ(
0 8)
m
= / ¥ sin" 20D dr | Vlg,
0
- ) ” , (5.14)
/ s on+2u .
+/0 (¥")” sin dr ||U||L2(g)
b
—(m+pu—Du| ¥?cos®sin®2H=D gp . ||v||iz(g)
0
T a2 2
2
-HL/O ¥~ sin dr ||v||L2(g).
For the Hessian, we get
~9 -l ) " -\
V(¢ sin* v) =y sin VZv+pui cossin® v-g + (¢ sin* ) v - dr @ dr
+<,u,1p sin*~! 4+’ sin* —y cos sin“_1> dr ©dv,
- 2 2
‘Vz(x// sin” v) ’ = W2 ’VZU‘ sin? =2 4 np’y? cos? sin? 2 y? (5.15)
g g

—2uy? cossin®* 2 av? + ((y sin“)”)2 v?

2
+2 (m/f sinh =2 49/ sin" ! — cos sin“_2> v,
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which yields
- 2
V2 sin* v
[V sint o],
7f 2
= / 2 sin" 2D g Hvzv
0 L2(g)

T
_ 2 s n+2(u—-2) 2
Z/L/O Y~ cos sin A ||v||L2(g)

n (5.16)
2 2 2t 2(u=2) g 12
+nu /(; Y cos” sin dr ||v||L2(g)
" 2.2 2
. /! Ly (3
+ /0 ((w sin*) ) v-sin dr - ||v||L2(g)
4 2
+ 2/ (,u,x// sin* =2 4+ sin* ™! —y cos sin“_z) sin dr - IIVUIIiz(g) .
0
Finally, the third derivative is
V3 (¥ sin” v)
= 1 sin” V3v + uy cossin* dv ® g
+ (ysin*)"v-dr @ dr ® dr
+ (u¥ + ' sin —y cos ) cos sin* -$r3(g ® dv)
+ (ysin* ) dv @ dr @ dr
— 2(;;1// sin* =2 4+ sin* ™! —y cos sin* 2 ) cos -dv @ dr ® dr
+ (uy sin”~ !+ sin* —y cos sin” ! )/
-dr ®dv®dr +dr ® dr @ dv)
(5.17)

— (ny sin =2 4y sin* ! —y cos sin’“z)

-cos(dr @ dv @ dr + dr @ dr ® dv)

+ [(1// sin )" — 24 sin ! cos] dr @ VZv

+un [(1// cos sin* —2y cos? sin* ™! )] v-dr®g

— ¥ cos sin*~! $y3 (V2v ® dr)

— [/L cos® sin” ! —(y sin® )” cos sin] v - Sx(g @dr)

+ <W/f sin*~! 4/ sin* —y cos sin“_]> S$73 (Vzv ® dr) ,
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where S>3 of a (0, 3)-tensor is $23(T);jx = T;jk + Tixj. A careful consideration of
all terms shows that the H>-norm can be written as

” W sin v ”iﬂ(g)
1

3
:ZZ Z Cijrr(p, A, n)/ w(’) sin 2= cosk dr HV’
1=

=0i4,;<3

(5.18)

L2(g)

and Cjji (i, A, n) are some constants. For € > 0, let ¥ € CZ(0, ) a cutoff
function satisfying

Ye=00n0,e)U(r —€,m), VYe=1o0nRe, m —26),

C (5.19)
W) < % fork € {1,2,3)
€
for some universal constant C > 0. Fori > 0, we now have
T 2 ) 2¢ 2 )
/ (‘/fe(l)) sint2(=0) cosk dr = / (1//6(’)) sin" 2= cosk dr
0 €
T —€ X 2 .
+/ (w ) sin" 2D cosh dr

e (5.20)

2e
S 2C€—2i / rn+2(l"'—j)dr
€

< C(n, p, j)e"t2u=i=0
S C(”i M? ]) €,
where the last inequality holds because i + j < 3,n > 4 and © > 1 (the latter

holds because A > n for any positive eigenvalue on a positive Einstein manifold).
An analogous argumentation shows that

s T
/ (t/fe)2 sinT21=0) cosk dr —/ sin" 2D cosk dr| < C(n, 1, j) - €. (521)
0 0

Therefore we get
[ e sin® v 3 o) = [[sin” v] ) (522)
as € — 0. This proves the lemma. O

Remark 5.6. With an accordingly modified sequence of cutoff functions, we would
not be able to prove convergence of this familiy of functions in any H*-norm with
k > 3. Note in particular that elliptic regularity breaks down because sin” v is an
eigenfunction of the Laplacian which is not contained in all Sobolev spaces.
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Lemma 5.7. Let (M", g) be an Einstein manifold and v € C (M) with fM vdV =
0. Then the tensor

I
T(v) = (Ag - ﬁ) v-g+ Vi (5.23)
n

satisfies 8T (v) = 0 and fM trv dV = 0. Moreover,

(AT (), T(v))2= <((n—1)A—Scal)(A—£al> (A — 2&211) v, U) . (5.24)
n n L2

Proof. Checking the conditions §7 (v) = 0 and [ y trv dV = 0 is straightforward.
By [21, Lemma 2 4], we get

5 scal\ 2 » |12 scal
1T =n ( ——) vo) +|v2 2-2(( _—> Av,v)
n L2 L n L?
2
:n<<A_&al> v,v) _(<A_£al) Av,v) (5.25)
n L2 n L2

= ((n — 1)A — scal) (A - &al)v, v) .
n L2

The last statement of the lemma follows now from the fact that AT (v) = T ((A —
258y, see, e.g., [21, page 6]. -

Theorem 5.8. Let (M", g), n > 4 be a positive Einstein manifold normalized such
that Ricg = (n —1)g. Suppose there exists an eigenvalue ). € spec(M, g) such that

n<i<?22n-— %(1/ 1+ % — 1). Then the sin-cone over (M, g) is unstable.

Proof. Let us pick v € C®°(M) with Av = A - v and let v = sin” v with u =

—% + 4/ ("_41)2 + A. From Lemma 5.3, we know that AT = (A + u)d =: AD

and because of the assumptions on A, we have A€ (n+1,2n). Let now ; =
@i -v € C (M) where ¢; is the sequence from Lemma 5.5. Since the integral of
v is vanishing, the integral of v; vanishes as well and due to Lemma 5.7, T'(v;) €

C2(S2M) satisfies [y trT (5;)dV; = 0 and 8T (5;) = 0. As §; — v in H3(g),

(AT @), T(B) 25 = n(V(A = 20)5;, V(A —n = 1)5;) 12 )
— (A =2n)0i, (A —n = 1)) 25
— n(V(A = 2n)5, V(A —n — 1)7)
- nz((ﬁ - 2n)f), (A —n— 1)5)L2@
=n(k—n—=1)(A =2n)(A = n) 101724 <0,
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where the last equality follows from integration by parts. Therefore, the left hand
side must be negative for sufficiently large i € N which proves the theorem. O

Proposition 5.9. The operator A is nonnegative on the subspaces Vii,1<j =<
3,i > 1 ifand only if Ag is nonnegative on T T -tensors and if all nonzero eigen-

values of Ag satisfy the bound A > 2n — '—21(,/ 1+ % - 1). Ag is strictly positive

on these subspaces if and only if Ag is strictly positive on T T-tensors and the
eigenvalue bound holds with the strict inequality.

Proof. Let
h = @sin®(r)h; € V. (5.27)
Then by Lemma 5.1,

b 3

(Agh, h)L2(g) = / (go’)2 sin” dr + «; / @? sinh" 2 dr
0 0

5 (5.28)

>0

s
ZKi/ <p2sin”dr=/<,~ L =
0 L=(g)

7

forall ¢ € CZ((0, 7)) if and only if k; > 0. If all k; > 0, we have strict stability
on these subspaces. For

h = guig e Vo, (5.29)
we have, by Lemma 5.2
- - . g ) T
(Agh, h)Lz(g,) =(n+ 1)/ (¢")"sin" dr + (n + DA, / @?sin" 2 dr
0 0

b
—2n(n—|—1)/ @2 sin" dr
0

(5.30)
S PVt (n_1)2+x 2 Hiz‘z
-\ 2 4 e 123)
and we obviously obtain strict stability under the condition
n—1 (n—1)2
Ai — + + A >2n (531)

2 4
for all i > 0. Next, pick

h=hi+hy=@f>w;i+ v -dr © fo; € V3. (5.32)
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Then we have the scalar products

0
1 s
+ 5= (=1 | @¥sin" 2 dr,
g
(Apha, h2) 2 ) —2“"/ w2 sin" 2 dr
0
- (5.33)
+ (2n + 6)/ W2 cos? sin 2 dr
0
T 2 b/
+2/ (¥')” sin" dr +4/ W2 sin” dr,
0 0
- - - m
(Aphi, ha) o) = =2 — (n — 1))/ @ cossin" 2 dr
0
and the estimates
~ 1 7 1 2 i 2 2
(Aghi, h) 2> 5 (i = (n=1) / @~ sin" " dr,
0
~ ~ - b b1
(Apha, h2) 55 = (20 +6) / W2 cos?sin" 2 dr + 4 / V2 sin" dr,
0 0 (5.34)

~ 1 7
2|(Bphn.h2) 2| < 300 = (0= 1)? / ¢” cosh"=2 dr
0
T
+ 12/ 2 sinh® cosh™ 2 dr.
0

Since u; >n — 1(a Bochner-type argument shows that ||Vw||iz(g)= 2 ||8*a)||%2(g) +

(n—1) IIa)IIi2 (@) holds for any compactly supported one-form w) and n > 4,

(AE (hl + hz) Jhy + h2>L2@
1 b1 b
> g(m —(n— 1))2/ @ sin" 2 dr + 4/ V2 sin” dr
0 0

T
+ (2n — 6) / W2 cos? sin" 2 dr
0 (5.35)

1 b b
> (i = (n = 1))2/ @2 sin" dr +4/ w2 sin” dr
0 0
c i (i i’
> . . —
= C(n, min{p; | wi >n—1}) (H 1‘L2® + ‘ 2 Lz@)

2

2@

=C(n, min (s | i > n = 1)) ||
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Note that for the last inequality, one has to distinguish the cases ; > n — 1 and
ui = n — 1 but the inequality is true in either case. O

Now it just remains to consider the spaces V4 ;. However, it turns out that we
can prove nonnegativity of Ag under a lower eigenvalue bound which leaves an
unsatisfacory gap in the statement of Theorem 1.4. Let

fz:fz]+ﬁz+i~z3:(psinz(nvzvi+Avi-g)+1//-dr®Vvi

- (5.36)
+ x - vi(sin® g — ndr ® dr) € Vy ;.
We have the scalar products
b
Aﬁ,fl) =n—1n)»-)v—n/ V2 sin dr
(Aehiin) == Dnxiths =m | ()
T
+n(n — DA —n)(hi —2(n — 1))/ @? sin" 2 dr,
0
- - - v b )
(AEhz,hz) =Qn+ 6 / W2 cos? sin 2 dr +2; f (v')” sin” dr
L2(®) 0 0
b
+2% (A — (n — 1))/ W2 sin" 2 dr
. 0 (5.37)
+4k,~/ ¥ sin” dr,
0
~ ~ ~ g
(AEh3, h3) C=n((n+ D —2(n — 1))/ x2sin" 2 dr
L2(g) 0
™ 2
+n+ l)n/ (x')" sin” dr
0
v T
+2n%(n + 3)/ x2 cos? sin" 2 dr + 4n2/ @2 sin” dr
0 0
and
- - - T
(AEhl, h2>L2 = 4= DA — n)/ oy cos sin"2 dr,
® l 0 (5.38)
(AEEZ, fz3> =4(n+ 1A / W x cossin™ 2 dr.
L2(®) 0

These scalar products induces a quadratic form Q(%;) : (CZ((0, 7'[)))693 - R
depending on the parameters A; and n. We say that Q(A;) is strictly positive if

QAi)p, ¥, x) = C- |:)»i()~i —n) /” @*sin" dr 4 A; /n W2 sin” dr
0 0

b1
—{—/ x 2 sin” dr:|
0

holds on all of (CZ((0, n)))@3. Note that Q is strictly positive for Ag = 0.

(5.39)
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Proposition 5.10. If Q(%;) is (strictly) positive for all A; > 0, then Ag is (strictly)
stable on the subspaces V4, i > 0. If Q is not positive semidefinite, (M, g) is
unstable.

Proof. The first assertion follows by definition. To prove the second assertion,
it suffices to show the following claim: If Ag is (strictly) positive on all & €
C2(S?M) with [j; trh dVz = 0 and §h = 0 then it is also (strictly) positive on
allh € C (S2M) with trh = 0. As a consequence, stability of (M, §) implies that
Q is positive semidefinite. To prove the claim, we use the decomposition

{necg)un=0l=wmowerr (5.40)

where B B B
Wi = {n¥% + Rvg | v e (M)},

) - (5.41)
Wo = {50 | 0 e 2L, (#). 50 =0},

and TT denotes the space of transverse traceless tensors. This decomposition is

L?-orthogonal and is preserved by the Einstein operator. For S(v) = nV2u + Av g,
we have

(ApS@), SW) 25 = (1 + Dn(A(A —n = 1)(A = 2n)v,v) 5. (542)

For a discussion of these facts, see, e.g., [21, pages 6-8].

We can split v as v = ¢p + w where g9 = ¢@o(r) and w satisfies
fM w(r, x)dVg(x) = 0 for all r € (0,7). Furthemore, w can be splitted to
w =) ;. ¢ -v; where ¢; = ¢;(r),v; € C®°(M) and Agv; = A; - v;. Here 4;,
i > 1 are the nonzero eigenvalues of A,. Note that this splitting is L2-orthogonal
and is preserved by the Laplacian. Since (M, g) is stable, all nonzero eigenvalues

of (M, g) satisfy the bound A; — % + 4/ % 4+ A; > 2n due to Theorem 5.8.
Because all g;v; are compactly supported, we can expand them in a sum of eigen-
functions of the Dirichlet problem on (¢, 7 —€) x M. Due to Lemma 5.2, all dirich-
let eigenvalues that are used for the expansion of ¢;v; satisfy the bound A > 2n.
Therefore,

(ReS(@iv), S(@iv)) gy =0, foralli > 1. (5.43)

Moreover, as g9 = ¢o(r), it can be naturally associated to a function ¥y on the
sphere $"*! written as the sin-cone over S”. Due to stability of the sphere,

(AES@0), S@0)) 125 = (AES(W0), SW0)) 2y ) 20 (5:44)

Where~A £ denotes the Einstein operator of § f“ with the round metric g,,. There-
fore, Ag is nonnegative on Wy. Moreover, A is always nonnegative on W;: for
§*w € W,

- . o e scal; e
Aps*w = §* (v*v — & ) w = 2888w, (5.45)
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where the first equality follows, e.g., from [21, page 6] and the second from a cal-
culation. As a consequence, since §*w is compactly supported,

~ - ~ —~ 2
(Apd*w, §*w) 88 w g 20 (5.46)
8

L2@) — 2’

By assumption, Ag is nonegative on 7 T-tensors and we conclude that it must be
nonnegative on all tracefree tensors. O

Theorem 5.11. The sin-cone (]\71 , 8) is (strictly) stable if and only if (M, g) is
(strictly) stable, all nonzero eigenvalues of the Laplacian on M satisfy the bound

Ai > 2n — %(,/ 1+ % — 1) and the quadratic form Q(A;) is (strictly) positive for
all »; > 0.

Proof. This follows from Theorem 5.8, Proposition 5.9 and Proposition 5.10. [
Proposition 5.12. IfA; > 2n — 1, the quadratic form Q();) is strictly positive.
Proof. We define three quadratic forms Q; : (CZ((0, 7'[)))693 - R,i =1,2,3
(respectively the associated symmetric bilinear forms) componentwise by

01((¢,0,0), (¢,0,0)) =n(n—Dr; (A —n)(X; —2(n— 1))/ﬂ¢2 sin" 2 dr,

01(0,¥,0), (0,4, 0)=[2n + 6)A; +24; (A — (n — 1))0— F -Gl

. /” 1/f2 cos? sin" 2 dr,
01((9,0,0), 0, ¥, 0))=Q1%(0, ¥, 0), (¢,0,0))
=—2(n—Dri(Aj —n) /On @ cos sin" 2 dr,

02(00,v,0),(0,y,0)=F /ﬂ W2 cos? sin" 2 dr,
O 4

02((0,0, ), (0,0, x))=n((n+ DHAr; — 2(n — 1)) / x2sin"2dr,  (547)
0
02((0,0, x), (0, ¥,0)) = 02((0, ¥, 0), (0,0, x))
= (n+ DA, / ¥ x cossin 2 dr,
0

03((0,4,0), 0, ¥,0)=G /ﬂ Y2 sin" 2 dr,
0

03((0,0, ). (0,0, x))=2n*(n + 3) /” x2 cos? sin" 2 dr,
0
03((0,0, x), (0, ¥,0)=03((0, ¥, 0), (0,0, x))
= (n+ DA / ¥ x cossin" 2 dr,
0
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and the other components are assumed to be zero. It is immediate that Q(A;) >
01+ 0> + Q3. Now let

T At D 20—y ¢ =2Pmiy e G

where € > 0 is some small constant. By substituting W = cos - and choosing
an orthonormal basis of L2([0, 7]) with respect to the scalar product (¢, ) =
fon X1y sin”~2 dr, one can associate 0> with the matrix

)y = F (n+ DA
02= <(” + D n((n+ Dr; —2(n — 1))> ; (5.49)

which is positive definite by the choice of F and because A; > n > 2(n—1)(n+ H~!
for any i > 0. Similarly, Q3 is associated with the matrix

= ( G (n+Dn
Qs = <(n + Da; 20 (n + 3)) ’ (5-50)

which is positive definite and Q; is associated with the matrix

~ _(n(n—DA;(Ai—n)(A; —2(n—1)) —2m—1)A;(A; —n) 551
01= D—Dai(i—n)  @n46)ii+24i (i—(n—1))—F—G) O>D
which is positive if A; > 2n — 1. O

Remark 5.13. This is the optimal lower bound of the form 2n—c (with ¢ a universal
constant) we can reach with these methods because for any ¢ > 1, the determinant
of O3 becomes negative for large n if we insert A; = 2n — c. It seems very likely
that there is a critical value A (n) € (2n — 2, 2n — 1) with the following property:
Q(A) is (strictly) positive for all A > Aqc(n) (respectively A > Agie(n)) and not
positive for all A € (n, Aqit(n)).

Proof of Theorem 1.4. This is now a consequence of Theorem 5.11 and Proposi-
tion 5.12. O

6. Symmetric spaces of compact type

In this section, we study the stability of sin-cones over symmetric spaces of compact
type. Based on the results in [6], we are able to determine the stability properties of
every such cone.
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Theorem 6.1. Let M = G be a simple Lie group. Then the sin-cone over M is
strictly stable, if G is one of the following spaces:

Spin(n) (n > 6), Ee, E7, Eg, F4. (6.1

On the other hand, the sin-cone over M is unstable, if G is one of the following
spaces:

SUn +1) (n = 3), Spin(5), Sp(n) (n = 3), Go. (6.2)

Proof. The proof is given by the table below based on the results of [6].

Table 6.1. Stability properties of sin-cones over simple Lie groups.

type G dimn(G) A stability cone stability
A, SUn+1),n>2 n?—1 Z(Z(ir)%) unstable  unstable
Spin(5) 10 % unstable  unstable
B, Spin(7) 21 f—] s.stable  s. stable
Spin2n +1),n >4 2n(n+1) % s.stable  s. stable
C, Sp(n),n >3 n2n +1) 2,1";'“11 unstable  unstable
D, Spin(2n),n >3 n2n+1) % s.stable  s. stable
Es Es 156 % s.stable  s. stable
E; E; 266 % s.stable  s. stable
Es Es 496 4 s.stable  s. stable
F4 F4 52 % s.stable  s. stable
Gy Gy 14 2 stable unstable

Here, A := A;-(dim(G)—1)"! is the first nonzero Laplacian eigenvalue normalized
by the Einstein constant. All data except the last column can be found in [6, Table
1]. The entries in the last column follow from Theorem 1.4. ]

Theorem 6.2. Let M = G /K be a simply-connected irreducible symmetric space
of compact type other than the standard sphere. Then the sin-cone over M is stable,
if G/K = SU(n)/SO(n), n > 3. The sin-cone is furthermore strictly stable if G/ K
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is one of the real Grasmannians

SO@2m +2n+1)
SO2m + 1) x SO(2n)

(n=>2,m=>1),

SO(8) SO(2n)
Y SR TYETE o (=4,
SO(5) x SO(@3) SO(n) x SO(n) 63)
SO2n +2) '
n>4,
SO(n +2) x SO(n)
o (n—22m=>3),
SO(2n — m) x SO(m)
or one of the following spaces:
Ee/[Sp(4)/ {£1}], Es/SU(2) - SU(6), E7/[SU®)/ {£1}],
E;/SO(12) - SU(2), Eg/SO(16), Eg/E7 - SU(2), (6.4)

F4/Sp@3) - SUQ), G2/SO@).

On the other hand, the sin-cone is unstable if G/K is CP", n > 2, HP", n > 2,
one of the (real, complex and quaternionic) Grasmannians

SO0B) SO(2n +2)
SO(3) x SO(2)° T e (m=3),
SO(3) x SO(2) SO(2n) x SO(2)
SO(2n 4+ 3) U(m + n)
S0 + 1) x s0@) ' =2 Uom) x Uy =122 (6.5)
Sp(m + n)

——————(m>n2>2)
Sp(m) x Sp(n)

or one of the following spaces:

SU(2n)/Sp(n) (n = 3), Sp(n)/U(n) (n = 3), SO@2n)/Un) (n =5),
E¢/SO(10) - SO(2), Es/Fu, E;7/Es - SO(2), (6.6)
F4/Spin(9).

Proof. This proof is given by the Table 6.2.

Here, all data except the last column can be found in [6, Table 2]. The en-
tries in the last column follow from Theorem 1.4 except for the case SU(3)/SO(3),
where the condition A; > 2dim(G/K) — 1 does not hold for the smallest nonzero
eigenvalue. However, in this case one can directly check that for all eigenvalues
bigger than the given one, the determinant of the matrix 03 in (5.50) is positive.
Therefore, the quadratic form Q(A;) is positive for all eigenvalues of SU(3)/SO(3)
and we can apply Theorem 5.11. O
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Table 6.2. Stability properties of sin-cones over symmetric spaces of non-group type.

. ... CONE
type G/K dimn(G/K) A stability stability
A1 SUn)/SO(n).n >3 (=Dintd) - 20=D0ED sable  stable

SU@)/Sp(2) = 83

5 S

s. stable s. stable

All SUQ2n)/Sp(n),n >3 n—1DQ2n+1) (2"“,:# unstable unstable
Al % =Cp" 2n 2 stable  unstable
W,m >n>2 2mn 2 stable  unstable
Wfﬂ% 6 2 unstable unstable
SOt xs0@ " = 2 4n +2 2 stable  unstable
BI Wg%;) 12 \ ﬁ ) s. stable s. stable
W 1 ! >3 6n 4mﬁ+2 s. stable s. stable
SOm+1)xS002m) > M >2 2n(2m + 1) Smion=I stable s. stable
BII % =5 n>1 2n % s. stable s. stable
ClI Sp(n)/Un),n=>3 nn+1) 2 unstable unstable
% =5 4 % s. stable s. stable
ClI % =HP" n>2 4n 251"—;31) unstable unstable
Sp(fn)miggzn)’ m>n>2 4mn En(;n;f; unstable unstable
W(sj%i) 15 % s. stable s. stable
SO xS0() * " >3 4n 2 stable  unstable
DI %,n >4 n? ,127"1 s. stable s. stable
W)HQ_S%(M’ n>4 n(n+2) Znn Z . stable s. stable
W)X)SO(IH)’ —2>m>3 (Q2n—m)m nZTnl s. stable s. stable
DII % = s+l >3 2n+1 2%1 s. stable s. stable
DI SOQ2n)/U(n),n >5 nn—1) 2 stable  unstable
El  Eg¢/[Sp4)/{*!1}] 42 29—8 s. stable s. stable
EIl  Eg/SUQ) - SU(6) 40 3 s. stable s. stable
EIII Eg/SO(10) - SO(2) 32 2 stable  unstable
EIV Eg/F4 26 % unstable unstable
EV E7/[SU®)/{£l}] 70 g s. stable s. stable
EVI E;7/SO(12) - SU(2) 64 B s. stable s. stable
E VII E7/Eq - SO(2) 54 2 stable  unstable
E VIII Eg/SO(16) 128 2 s.stable s.stable
EIX Eg/E7-SUQ2) 112 15—6 s. stable s. stable
FI F4/Sp(3) - SU(2) 28 29—6 s. stable s. stable
FII F4/Spin(9) 16 ‘3—‘ unstable unstable
G  Gy/SO4) 8 I s. stable s. stable
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