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The Dirichlet problem for a complex Hessian equation
on compact Hermitian manifolds with boundary

DONGWEI GU AND NGOC CUONG NGUYEN

Abstract. We solve the classical Dirichlet problem for a general complex Hes-
sian equation on a small ball in C". Then, we show that there is a continuous
solution, in pluripotential theory sense, to the Dirichlet problem on compact Her-
mitian manifolds with boundary that equipped locally conformal K#hler metrics,
provided a subsolution.

Mathematics Subject Classification (2010): 53C55 (primary); 35J96, 32U40
(secondary).

1. Introduction

Let (M, o) be a compact Hermitian manifold with smooth boundary 3 M, of com-
plex dimension n. Let us denote M := M\ 9dM.Let1 <m < nbean integer. Fix
areal (1, 1)-form x on M. We have given a right-hand side f € C (M) positive
and a smooth boundary data ¢ € C°°(d M). The classical Dirichlet problem for the
complex Hessian equation is to find a real-valued function u € C*®(M):

(x +ddW)" Ao = fa",

1.1
u=¢ ondiM, (1.1
where u is subjected to point wise inequalities
(x +ddw* ra"* >0, k=1,...,m. (12)

We first solve the equation in a small ball.

Theorem 1.1. Let M = B(z,5) € B(0, 1) be a Euclidean ball of radius § in
the unit ball B(0,1) C C". Assume that x, o are smooth on B(0, 1). Then, the
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classical Dirichlet problem (1.1) is uniquely solvable for § small enough, which
depends only on x, .

A C? real-valued function satisfying inequalities (1.2) is called (x,m) — «-
subharmonic. These inequalities can be generalised to non-smooth functions to
obtain the class of (x, m) — a-subharmonic functions on M. Locally, the convolu-
tion of a function in this class with a smooth kernel, in general, will not belong to
this class again. However, using the theorem above and an adapted potential theory,
we prove the approximation property.

Corollary 1.2. Any (x, m)—a-subharmonic function on M is locally approximated
by a decreasing sequence of smooth (x, m) — a-subharmonic functions.

Following Bedford-Taylor [1-3] and Kolodziej [38—40], the two results above allow
us to use Perron’s envelope together with pluripotential theory techniques, adapted
to this setting, to study weak solutions to this equation with the continuous right-
hand-sides. A Hermitian metric « is called a locally conformal Kihler metric on M
if at every given point on M, there exist a local chart 2 and a smooth real-valued
function G such that e®« is Kahler on Q. This class of metric is strictly larger than
the Kéhler one, and not every Hermitian metric is locally conformal Kiher (see,
e.g.,[9]). Our main result is:

Theorem 1.3. Assume that o is locally conformal Kiihler. Let 0 < f € C°(M) and
@ € CO(OM). Assume that there is a C*-subsolution p, i.e., p satisfying inequalities
(1.2) and

(x +ddp)" Aa"™™ > fa" inM, p=¢ ondM.

Then, there exists a continuous solution to the Dirichlet problem (1.1) in pluripo-
tential theory sense.

When m = n we need not assume « is locally conformal Kahler. The Dirichlet
problem for the Monge-Ampere equation on compact Hermitian manifolds with
boundary has been studied extensively, in smooth category, in recent years by
Cherrier-Hanani [15, 16], Guan-Li [28] and Guan-Sun [29]. Our theorem gener-
alises the result in [28] for continuous datum.

When 1 < m < n and @ = dd€|z|? is the Euclidean metric, the Dirichlet
problem for the complex Hessian equation in a domain in C" has been studied ex-
tensively by many authors [5, 14, 18,45,48,50,54]. To our best knowledge the
classical Dirichlet problem (1.1) on a compact Hermitian (or Kéhler) manifold with
boundary still remains open. The difficulty lies in the C'-estimate for a general
Hermitian metric «. Here we only obtain such an estimate in a small ball (Theo-
rem 1.1). Moreover, in our approach, the locally conformal Kahler assumption of «
is needed to define the complex Hessian operator of bounded functions (Section 3).

Motivations to study the Dirichlet problem for such equations come from re-
cent developments of fully non-linear elliptic equations on compact complex mani-
folds. First, it is the natural problem after the complex Hessian equation was solved
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by Dinew-Kolodziej [19] on compact Kahler manifolds, and by Székelyhidi [62]
and Zhang [69] on compact Hermitian manifolds. Indeed, such a question is raised
in [62]. Second, on compact Hermitian manifolds, it is strongly related to the ele-
mentary symmetric positive cone with which several types of equations associated
were studied by Székelyhidi-Tosatti-Weinkove [63], Tosatti-Weinkove [65,66]. Our
results may provide some tools to study these cones. In the case when « is Kihler
(x may be not), the Hessian type equations related to a Strominger system, which
generalised Fu-Yau equations [24], have been studied recently by Phong-Picard-
Zhang [56-58]. Lastly, the viscosity solutions of fully nonlinear elliptic equations
on Riemannian and Hermitian manifolds have been also investigated by Harvey and
Lawson [32,33] in a more general framework, and the existence of continuous solu-
tions was proved under additional assumptions on the relation of the group structure
of manifolds and given equations.

Organisation. In Section 2 we give definitions for generalised m-subharmonic
functions and their basic properties. Assuming Theorem 1.1, in Section 3 we de-
velop “pluripotential theory” for corresponding generalised m-subharmonic func-
tions to the equation. This enables us to prove Corollary 1.2. Section 4 is devoted
to study weak solutions to the Dirichlet problem in a small Euclidean ball. The-
orem 1.3 is proved in Subsection 4.2. Finally, in Sections 5, 6, 7, 8 we prove
Theorem 1.1 independent of the other sections. The appendix is given in Section 9.

ACKNOWLEDGEMENTS. We are grateful to Stawomir Kolodziej for many valuable
comments, which help to improve significantly the exposition of the paper. We also
thank Stawomir Dinew who has read the draft version of our paper and pointed out
some mistakes. Furthermore, we would like to thank Blaine Lawson for bringing
our attention to results in [32—34]. Part of this work was written during the visit of
the second author at Tsinghua Sanya International Mathematics Forum in January
2016. He would like to thank the organisers for the invitation and the members of
the institute for their hospitality. Lastly, we would like to thank the referee for the
helpful comments.

2. Generalised m-subharmonic functions

Fix a Hermitian metric « = «/—lai/-dzi A d7/ on a bounded open set  in C".
Consider another real (1, 1)-form y = \/—lxijdz" N

A C? function u on € is called a-subharmonic if

2u

d
dzi0z/

Agu(z) =Y ol (2) (@) >0, @.1)
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where /' is the inverse of a; 5. We can rewrite it simply in term of (n, n)-positive

forms !
/—1 -
ddu Ao ' >0, wheredd® = 1—93.
T

This form has the advantage that one can generalise to non-smooth functions and
possibly define higher powers of the wedge product of dd“u (see Remark 2.5). We
start with the following definition which is adapted from subharmonic functions.

Definition 2.1. A function u : Q — [—00, +0o0] is called a-subharmonic if

(a) u is upper semicontinuous and u € Llloc(Q);

(b) for every relatively compact openset D € Q andevery h € C O(D) and Agh =
Oin D,ifh >uondD,thenh > uon D.

Remark 2.2. Comparing to subharmonic functions we have that:

(1) If an upper semicontinuous « satisfies (), then by Harvey-Lawson [31, Theo-
rem 9.3(A)] it follows that either u = —oco oru € LIIOC(SZ);

(2) The a-subharmonicity for continuous function u is equivalent to the inequality
Aqu > 0 in the distributional sense, a detailed statement of this fact will be
given in Lemma 9.10 (appendix).

We shall define (), m) —a-subharmonicity for non-smooth functions. Let us denote
Cpn={A=01..., ) eR":51(V) >0,...,S,(A) > 0}.

The positive cone I', () associated with the metric « is defined as follows.
Iy (a) = {y real (1, 1) — form: yk A" % >0 foreveryk =1, .. .,m} . (22

In other words, in the orthonormal coordinate such that e = Y, v/—1dz' AdZ' ata
given pointin Q,and y = ), Ajv/— 1dz' AdZ' also diagonalised at this point, then
y ely(a)if (A, ..., Ay) € Ty

Definition 2.3. A function u : 2 — [—00, +0o0[ is called m — «-subharmonic if u
is a-subharmonic for any & of the form "=y A A Yo AdT™, where
Y1s s Ym—1 € Im().

Here, the metric & is uniquely defined thanks to a result of Michelsohn [52]. By a
simple consideration we have a generalisation

Definition 2.4. A function u : 2 — [—00, +00[ is called (x, m) — a-subharmonic
if u + p is @-subharmonic for any « of the form @V =Y A A Yot AT,
where y1, ..., Ym—1 € I'm(a), and the smooth function p is defined, up to a con-
stant, by the equation dd°p A &@" ' = y A@" L.
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Notice that when ¥ = 0, Definition 2.4 coincides with Definition 2.3. Thanks to
Lemma 9.10 in Appendix, we get that for a (), m) — a-subharmonic function u,

(x +ddUY Ayt A Ay A" >0, (2.3)

for any collection y; € I'y, (@), in the weak sense of currents. We denote the set of
all (x, m) — a-subharmonic functions in Q2 by

SHy (@, Q) or SHy ()

(for short) if the considered set is clear from the context.

Remark 2.5. (1) For a C? function u the inequality (2.3) is equivalent to the in-
equalities

(x +ddu) na"* =0 fork=1,...,m. 2.4)

This fact can be seen as follows: for any real (1, 1)-formt € '), (@) and 1 < k < m,

k
k n—k k—1 n—k
A A A
rae <inf{T 14 * }) , (2.5)
a” y a

where y is taken such that y € I',, (o) and y* A " %/a" = 1. In other words,
u € SHy p(a, Q) if and only if x + ddu € ', («) at any given point in 2.

(2) There are other possible definitions for m — a-subharmonic functions. The first
one is suggested by Blocki [5] and the second one is given by Lu [49, Definition
2.3] in a more general setting. All definitions are equivalent in the case of m-
subharmonic functions, i.e., ¢ = dd"lzlz. Later on, by Lemma 9.17, we will find
that our definition is equivalent to the one in [49].

We list here some basic properties of (), m) — a-subharmonic functions.
Proposition 2.6. Ler Q be a bounded open set in C".

(@) Ifuy = up > --- is a decreasing sequence of (x, m) — «-subharmonic func-
tions, then u :=lim;_, oo u j is either (x, m) — a-subharmonic or = —00;

(b) Ifu, v belong to SHy ,,,(t), then so does max{u, v};

(c) Let {ugtucr C SHy () be a family locally uniformly bounded above. Put
u(z) = sup, uy(z). Then, the upper semicontinuous regularisation u* is
(x, m) — a-subharmonic.

Proof. Itis enought to verify &-subharmonicity for every @' = y1 A+ - -Aypm_1 At
with y; € ', (o). Once & is fixed the proof follows from appendix (Proposition 9.3,
Corollary 9.16). O
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3. Potential estimates in a small ball

In this section we develop potential theory for (x, m) — a-subharmonic functions
in a Euclidean ball, where « is conformal to a Kidhler metric on this ball. To do this
we fix a ball B := B(z,r) € 2 with small radius, where 2 is a bounded open set
in C". We also fix a smooth function G : B — R such that w := ¢%« is Kihler
metric, i.e.,

d(@e®a)=0 onB. (3.1)
Notice that by Definition 2.4 we have SHy (@) = SHy m(w) as Ty (o) = Iy (w).

First, we will work with an apparently smaller class of functions.

Definition 3.1. Let v be a (x,m) — a-subharmonic function in a neighborhood
of B. v is said to belong to A if there exists a sequence of smooth (x,m) — a-
subharmonic functions v; € C®(B) decreasing point-wise to v in B as j goes
to 0o.

For simplicity we also assume in this section that for every z € Q,

x (@) € Th(a) (3.2)

(otherwise we replace x by x := x + Cdd°p for a strictly plurisubharmonic func-
tion p in Q and C > 0 large.) Since B is compact, there exists 0 < ¢p < 1,
depending on x, «, B, such that

X — cox € Iy ().
Throughout the paper we often write

Xu = x +ddu foru e SH, ().

3.1. Hessian operators

According to the results in [43], for any vy, ..., v, € ANC O(B) the wedge product

Xog Ao A Xy, AT
is a well defined positive Radon measure for a general Hermitian metric «. How-
ever, to define the wedge product for v; € A N L>(B) we will need the Kihler
property of @ = e« in (3.1).

Following ideas of Bedford-Taylor [2], by a simple modification, we can define
the wedge product for v; € AN L>(B) as follows. Fix a strictly plurisubharmonic
function ¢ in a neighborhood of B such that

T:=dd¢— x > 0.

Let us denote w; := v;+¢. Then w; is m —w-subharmonic and bounded in B, which
is also in the class A. Since w is Kihler, we define inductively for 1 < k < m,

dd°wi A Add w AT = ddc(wkddcwk_] A AddCw /\a)nim). 3.3)
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The resulting wedge product is a positive (n — m + k, n — m + k)-current. Then,
one puts

ddwig A -+ Addwi A" = e"TOGA W A AddCwy AT, (3.4)

We see that local properties that hold for a positive current on the right-hand side
will be preserved to the positive currents on the left-hand side. Finally, using a
formal expansion, we set

m

XU] /\"'/\va /\an_
= Z (_1)n_kddcw[| A A ddcwik A an—m A Tn_k. (35)

This is an honest equality in the case when v;s are smooth functions. The right-hand
side still makes sense when vlf s are only bounded, by (3.3) and (3.4). Thus, we get
the wedge product on the left-hand side is a well-defined (n, n)-positive current.

We also observe that equation (3.5) does not depend on the choice of a strictly
plurisubharmonic function ¢ satisfying dd“¢ — x > 0. Moreover, let T = x,, A
o A Xy A" forv; € AN L®(B) and w € AN L*®(B). Then, we have

(X +ddWANT = x AT +dd“wAT.

In other words, the definition of the wedge product obeys the linearity as in the
smooth case.

Remark 3.2. If we do not assume do = 0 (or d(e«) = 0 for some function G),
then in the inductive definition we cannot get rid of the extra terms, e.g.,

ddvi A - ANddv Adda™ .

As ddv; is not (1, 1)-positive current, we do not know how to define the wedge
product for bounded functions v; in A once the power of the base « is less than
n — m. It is worth to mention that if vlfs are continuous and belong to A, then we
can use the uniform convergence of potentials to define wedge product as in [43].

As in [43] the Chern-Levine-Nirenberg (CLN) inequalities are proved quickly in
the present setting.

Lemma 3.3. Letuy, ..., u, € ANL®(B). Let K € B be a compact set. Then,

/Xul/\"‘/\Xum A" < C,
K

where C depends on a, K, Bllui||Lo@y, - - ., lmll LBy

Proof. Since w = %« is Kihler and G is bounded on B,

/ Xuy A= N K N ot < et sp |6 / Xug N A Xugy N "
K K

Hence, the inequality follows from formulas (3.4), (3.5) and the classical argument
by integration by parts (see [43, Proposition 2.9]). O
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The following Bedford-Taylor convergence theorems are crucial in our approach.

Theorem 3.4. Let {I/l{}jzl, cees {Uljﬁ}jzl C AN L*®(B) be decreasing E}r in-
creasing) sequences which converge point-wise to uy, ..., u, € AN L*(B), re-
spectively. Then, the sequence of positive measures

(x + dd%t{) Ao A (x n ddcu,ﬁ;) A"
converges weakly to the positive measure
(x +ddur) A+ A (x +ddupy) Ao

as j — oo.

Proof. Recall that w := ¢%« is a Kihler form on B. By definitions (3.4) and (3.5)
it is enough to show that if decreasing sequences of bounded m — w-suharmonic

functions {vf Jizts oo, (v} j>1 converge to bounded m — w-subharmonic fqnctions
v1, ..., Uy, respectively, then the sequence of (n, n)-positive currents dd® v{ A A

daf"v,g1 A "™ weakly converges to ddvy A -+ - Add vy, A "™, Therefore, the
theorem follows by an easy adaption of arguments of Bedford-Taylor [2]. 0

Let us define the notion of capacity associated with Hessian operators, which
plays an important role in the study of bounded (, m) — a-subharmonic functions.
For a Borel set E C B,

cap(E) := sup {/ (x +ddV)" Aa"":veA0<v < 1} . (3.6)
E

We first observe that this capacity is equivalent to another capacity.

Lemma 3.5. For a Borel set E C B,
¢n(E) := sup {/ ddw)" A" iwe Ay, 0 <w < 1} , (3.7)
E

where Ay is the class A with x = 0. Then, there exists a constant C depending on
X, o such that

1
¢ CapP(E) = ¢w(E) = C cap(E)
for any Borel set E C B.

Proof. Since x < dd g for some smooth plurisubharmonic function on B, the first
inequality follows. To show the second one, we need to use the positivity of «. By
(3.2) there is a constant C > 0 such that

I .
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where p = |z|*> —r? < 0. We can choose C such that |p/C| < 1/2. Take a function
0 < w < 1/2in Ap; then it is easy to see that

/ dd°w)" A" < / (X +dd(w — ﬁ))m Aat ™" < cap(E).
E E C

Hence, ¢, (E) < 2™ cap(E). O

Corollary 3.6. Let u € AN L*(B). Then, u is quasi-continuous with respect to
the capacity cap(-).

Proof. Observe that v := u + ¢ is m — a-subharmonic for some smooth plurisub-
harmonic function ¢ on B. Therefore, v is also approximated by a decreasing se-
quence of smooth m — a-subharmonic functions. By the arguments in Bedford-
Taylor [2] adapted to the case w = eCu (see similar arguments in Lemma 9.19),
we get that v is quasi-continuous with respect to ¢,,(-). By Lemma 3.5 the proof is
completed. O

The next consequence is an inequality between volume and capacity.

Lemma 3.7. Fix 1 < t < n/(n — m). There exists a constant C(t) such that for
any Borel set E C B
Vo (E) < C(1)[cap(E)]", (3.8)

where Vo (E) 1= [ a".

The exponent here is optimal because if we take o = dd€|z|?, then the explicit
formula for ¢, (B(0, s)) in B = B(0,r) with0 < s < r, provides an example.

Proof. From [18, Proposition 2.1] we knew that V4 (E) < Cle,, (E)]* with ¢, (E)
defined in (3.7). Note that the argument in [18] remains valid for non-Kihler «
since the mixed form type inequality used there still holds by stability estimates for
the Monge-Ampere equation. Thanks to Lemma 3.5 the proof follows. O

3.2. Comparison principles in .A N L®(B)

For simplicity if u, v € AN L>®(B) we write

u>v ondB meaning that limggf(u —v) >0. 3.9
7—

Lemma 3.8. Let u,v € SHy n(2) N L>®(B) be such that u > v on dB. Let
T = Xoy A A Xy A withv; € SHy ;y N L®(B). Then,

/ ddvAT < / dd‘u AT + / (v —u)dd°T.
{u<v} {u<v} {u<v}
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Notice that by the equations (3.4) and (3.5)

dd’T = dd° <e(m_")GXU1 Ao A Koy A a)”_m>

=dd° <e(’”_”)GXU1 Ao A va_1> A"

where @ = ¢%« is a fixed Kihler form in (3.1).

Proof. Replacing u by u + § for § > 0, and then letting § N\ 0, we will work with
{u < v} @ K € B, where K is an open set. By the CLN inequality (Lemma 3.3)

/ |dd°T| < +oo.
K
By Theorem 3.4, Corollary 3.6, and arguments in [3] we get that
1y<vydd® max{u, v} AT = 1jy<yddv AT (3.10)
as two measures. Since {u + ¢ < v} € K for ¢ > 0, Stokes’ theorem gives
/ dd°max{u +¢&, v} AT
K
=/ du /\T+/ dmax{u + &, v} AdT
dK K
:/ dcu/\T—i—/ u/\dT—i—/ max{u + &, v}dd‘T
aK aK K
= / dd‘u AT — / udd’T + / max{u + &, v}dd‘T
K K K

= / ddu AT + / (v —u)dd°T + 8/ dd°T.
K {u+e<vinNK {u+e>viNK

Moreover, by the identity (3.10),

/ ddvAT
{ut+e<v}

:/ dd°max{u +¢&, v} AT
{u+e<v}

:/ dd® max{u + ¢, v}/\T—/ dd°max{u + &, v} AT
K {u+e>v}NK
5/ dd® max{u + ¢, v}/\T—/ dd‘u nT.

K {u+e>viNK
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Thus, it follows that

/ ddvAT < / ddu AT +f (v — u)ddT
{u+e<v} {u+e<v} {u+e<v}

+ 8/ ldd“T].
K

Letting ¢ N\ O we get the desired inequality. O

In the Hermitian setting due to the torsion of « and yx , the classical comparison
principle no longer holds. However, its weak versions in [17] and [41] are enough
for several applications. We state the local counterparts of those.

Let Dy, D, be two constants such that on B,

—Dia? <dd‘a < Dia?, —Dja’® <da Ad‘a < Dya’;

(3.11)

—Dya? < dd®y < Dya?, —Dsa’ < dx Ndx < Dra’.
Lemma 3.9. Let u,v € AN L>®(B) be such that u > v on dB. Assume that
d = supg(v —u) > 0 and DDy supy, .,y (v —u) < 1. Then,

/ (x +ddvV)™ A" < / (x +ddw)™ A"+
{u<v}

{u<v}

m—1

+ CD1D;y sup (v—u)Z/ (x +ddcu)k/\oc"_k.
{u<v} k=0 J{u<v}

The constant C depends only on n, m.

Proof. We used repeatedly Lemma 3.8 (for T = Xf A X,l} A"kl <m—1),
and bounds in (3.11) to replace v by u. Thanks to results in [43, Section 2] the
arguments go through for general Hessian operators with respect to the Hermitian
metric o. O

Recall from (3.2) that there exists 0 < ¢g < 1, depending on y, «, B, such that
X — coo € Ty (). 3.12)

The weak comparison principle is a crucial tool in pluripotential theory approach to
study weak solutions of Hessian type equations [41-43]. We state a local version.

Lemma 3.10. Let u,v € AN L®(B) be such that u > v on dB. Assume that
d =supg(v —u) > 0. Fix0 < ¢ < min{1/2,d/(1 4 2||v|r<y}. Denote S(e) =
infg[u — (1 — &)v], and for s > 0,

Us,s):={u<(A—2e)v+ SeE)+s).



1200 DONGWEI GU AND NGOC CUONG NGUYEN

Then, for 0 < s < (coe) /(16D D5),

C
/ ()( + 1 - s)ddcv)m Ao < (1+ u >/ (x +dduw)™ A",
Ule,s) (coe)™ ) Ju(e,s)

The constant depends on n, m, Dy, D;.

Proof. We only give here a brief argument as it is very similar to the one of [41,
Theorem 2.3]. Set for0 < k < m,

ay = / xE Aok,
U(e(s))

Then,

(cos)ag < & / 1

xKA AR < / XEA x—epp A"
Ul(e,s) U(e,s)

By Lemma 3.8

/ Xplf A X(1—e) Ak < / Xsz Akl 1R,
U (e,s) Ute.s)

where R = fU(e ol —e)v+S(e) +s — uldde (xX¥ A @"7*=1) is bounded by
R < sD1Dy(ar + ax—1 + ax—2),

where we simply understand a; = 0 for k < 0. To be regorous, here we used [43,
Lemma 2.3], hence we should multiply the right-hand side with a constant C,, , > 0
depending only on m, n. This is no harm as we could adjust the definitions of
Dy, D».

Thus, for 0 < s < 8 1= 9" (coe)ay < 8(D1D2)(ak +ak—1 +ak—2) + k1.
The rest goes in the same way as in [41, Theorem 2.3]. O

The following result is obvious if potential functions are smooth.

Corollary 3.11. Letu,v € AN L>®(B) be such that u > v on dB. Suppose that
X A" < x Ao in B. Then, u > v on B.

Proof. It follows from the proof of [41, Corollary 3.4.] with obvious modifications.
The reason is that there exists a C? strictly plurisubharmonic function on B. O

We have proved the comparison principle (Lemma 3.10) and volume-capacity
inequality (Lemma 3.7). The following uniform a priori estimate is proved in the
identically way as [43, Theorem 3.10].
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Theorem 3.12. Letu, v € AN L*°(B) be such that

liminf(u —v) >0, d:=sup(v—u)>0.
z—0B B

Let us fix the following constants:

n
_n 1
p>n/m, O<r<p7m, T*=M§
p(n—m) p—1
0 <& <min{1/2,d/3(1 + ||vlleo)};
3
g 1= —mm{(c e, 1(6610)81)1)2}

Suppose that (x +ddu)" Aa"™™ = fa" on Bwith f € LP(B, «"). Assume that
v is continuous and put

Ue,s) = {u < (1 —8)v+igf[u — (1 —¢)v] —I—s}.
Then, there exists a constant C = C(t, «, B) such that for every 0 < s < g,

1 T
5 < C(+ [l f 1) [Va U e, sHIF
where Vo (E) = fE o for a Borel set E.

Notice that from assumptions, the sub-level sets near the infimum point will be non-
empty and relatively compact in the ball B. The restriction on the class .4 will be
relaxed later (see Remark 3.19).

3.3. The Dirchlet problems on B

Consider the Dirichlet problem with the right-hand side in L?(B), p > n/m. No-
tice that n/m is the optimal exponent.

ue AN CO(E),
(x +ddw)" Aa"™" = fa”, (3.13)
u=¢eC’B).

Lemma 3.13. Let f, g be non-negative functions in LP(B), p > n/m. Let ¢, ¥ €
C%(0B). Suppose that u, v are solutions to the corresponding Dirichlet problem
(3.13) with the datum (f, ¢) and (g, V). Then,

1
lu — vl < suple — W1+ CIf = gl7na).
0B

where C depends only on p and the diameter of B.
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Proof. We use an idea in [18], which used the uniform a priori estimate for Monge-
Ampere equation due to Kolodziej [37]. The proof here is similar to [54, Theorem

3.11]. Puth = |f — gl"_;r in B. It follows that & € Lpn_m(B), where % > 1.

Moreover,
1

1
h|" m = - m} .
[ ||LpT(B) I/ g”L[ (B)
By a theorem in [37], there exists p € PSH(B) N Cc°(B) solving
(dd°p)" = ha", pj,5 =0.

We also have 1 1
o~ < Cllh n m =C — mn s
ol < CltIY g = CIf =&l

where C = C(m, n, p, B, «) a uniform constant. Furthermore, by the mixed-form
inequality,

m
n

ddp)" A" = hna" =|f — gla".

Therefore,
[Xu +ddc,0]m At > X;n Aot (ddcp)m Aot
= fa" +|f —gla"
> ga.
Since p < 0 in B, it follows from the domination principle (Corollary 3.11) that
u-+p <v+supyplu — v|. Hence,

1
u—v=-—p+suplu—vl<suplu—vl+CIf—glig-
oB 0B

1
Similarly, v —u < supyp lu —v|+C| f — g||Zp(B). Thus, the theorem follows. [

We also need another stability estimate for solutions whose Hessian operators
arein LP,p > n/m.

Lemma 3.14. Under the assumptions of Lemma 3.13 there exist a uniform constant
C=C(p,m,n, | flp,lIgllp) and a constant a = a(p, m, n) > 0 such that

i = vllis) < s0plg = 1+ Cllu = VI

Proof. Having Theorem 3.12 we can repeat the proof of [43, Theorem 3.11] two
times, one for the pair u+4-sup, 5 |9 —| and v and another for the pair v+sup, g |¢—
¥| and u. O

We get from the existence of smooth solutions (Theorem 1.1) and stability
estimates (Lemma 3.13) existence of weak solutions.
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Theorem 3.15. Let 0 < f € LP(B) with p > n/m. Then, there exists a unique
solution to the Dirichlet problem (3.13).

The last ingredient to prove the approximation property for (), m) —a-subharmonic
functions is the existence of smooth solutions for a Hessian type equation.

Lemma 3.16. Let H be a smooth function on B and ¢ € C®(3B). Then, there
exists a unique u € SHy ,,(a) N C*°(B) solving the Hessian equation

(X +ddcu)m Aot = €M+H05n,

u=¢ onadB.

Proof. The right-hand side depends also on u but with the right sign. We solve the
equation by the continuity method as in the proof of Theorem 1.3, provided sec-
ond order a priori estimates. The C%-estimate easily follows by considering the
maximum point and the minimum point of the solution. So does the C!-estimate
on the boundary. The proof of C!-estimate at an interior point will be affected at
equations (7.8) and (7.9) in Section 7. The extra terms appearing in these equations
are O(|Vu|?). So this will not affect the conclusion of the inequality (7.10). There-
fore, we will get C'-estimate. The C2-estimate at an interior point goes through
as in Section 8, as it is explained in [43, Lemma 3.18]. For the other C2-estimates
at a boundary point, the equation (8.12) contains a bounded term O(|Vu|) by the
C!-estimate. Therefore, the equality (8.13) will still hold and we get the desired
estimates. O

Lemma 3.17. Let0 < f € LP(B), p > n/m, and ¢ € CY%dB). Let {fj}j=1 be
smooth and positive functions on B, converging in LP(B) to f as j — +oo. Let
@;j € C*°(dB) converge uniformly to ¢. Assume that

m n—-m __ uj ¢ n
Xu; N =eY fia",

uj =¢@; ondB.

Then, uj converges uniformly tou € AN C O(B), which is the unique solution in
ANCOB) of
X;’l’l /\an—m — eufai’l,

u=¢ onoB.

Proof. Observe that u ; is uniformly bounded from above. It follows that the right-
hand side of the equations are uniformly bounded in L?. Applying Lemma 3.13 for
Y = 0 and g = 0, this gives the uniform bound for u ;. Then, by compactness of
the sequence u ; in L' and Lemma 3.14 we get a continuous solution by passing to
the limit. The uniqueness follows as in [55, Lemma 2.3]. O
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3.4. Approximation property on B

We have all the ingredients we need to prove the main theorem of this section. By
using results of Pli§ [59], Harvey-Lawson-Pli§ [34, Theorem 6.1] also proved this
theorem in the case x = 0 and « being Kihler.

Theorem 3.18. Let u be (x, m) — a-subharmonic in a neighborhood of B. Then,
there exists a sequence of smooth functions uj € SHy ,, () N C*°(B) such that u
decreases to u point-wise in B as j goes to 4+00.

Proof. We follow closely the proof of [43, Lemma 3.20], which in turn uses the
scheme introduced by Berman [4] and Eyssidieux-Guedj-Zeriahi [23] (see also Lu-
Nguyen [51]).

By the positivity assumption on x € T, () for every z € B we have that
Jj € SHy y,(«) for any constant j. As max{u, — j} belongs to SH, ,,(cz), we may
assume that u is bounded. Since u is upper semicontinuous on B, there exists a
sequence of smooth functions ¢; decreasing to u on B. Fix such an h = ¢ -
Consider the envelope

h = sup{v € SHy () N L®(B) : v < h}. (3.14)

Then, i € SHy (@) and u < h < h. Therefore, if & € A, i.e., it has the approx-
imation property, then so does u by letting h = ¢; \ u. We shall prove that the

function & can be approximated uniformly, and then the lemma will follow.
Since h € C*°(B), we can write x;' A a"™" = Fo" with F being a smooth

function on B. Let us denote F, = max{F, 0}. We choose a sequence of smoothly
non-negative functions F; decreasing uniformly to Fy as j — oo. Fix such a

F:=F; > F,. By Lemma 3.16 we solve for0 < ¢ <1,

1.~ ~
N VA A
w, =h onadB.
By maximum principle, w, < h and w, is increasing as ¢ decreases to 0. Keep ¢

fixed, and take limits on both sides for F=F i — Fy,ie., letting j — 00, we get
from Lemma 3.17,

1
X A" = s TIE, 4 ela”,

we =h ondB.

Here W, uniformly increases to w. Thus, w, € AN CY%(B) and w;, is increasing
as ¢ decreases to 0. Since w, < h, the right-hand side is uniformly bounded in
L>(B). The monotone sequence wy, bounded above by #, is a Cauchy sequence
in L'(B). By Lemma 3.14, this sequence is also Cauchy in the uniform norm in B.
So, w, uniformly increases to w, which satisfies

Xy AT < Ly Fra”,
w=~h ondB.
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In particular, w € AN C%(B). Now, we claim that w = h. The inequality w < h
is clear. One needs to verify that w > h on {w < h}. Take a candidate v in the
envelope (3.14),i.e., v < h. Observe that x A"~ =0on{w < v} C {w < h}.
By Corollary 3.11 it follows that w is maximal on {w < h}. Thus, the set {w < v}
is empty, i.e., w > v. Since v is arbitrary, so w > h. The claim follows and so does
the theorem. O

Remark 3.19. (a) In the proof we only used the wedge product for continuous
potential, so Theorem 3.18 holds for a general Hermitian metric «. In this case one
should use a counterpart of [43, Theorem 2.16] instead of Corollary 3.11 in the last
argument.

(b) An immediate consequence is that the class .4 coincides with SHy , (c).

Thanks to the quasi-continuity and approximation property of (x,m) — «-
subharnonic functions we get an inequality similar to the one for plurisubharmonic
functions in Cegrell-Kololdziej [11].

Proposition 3.20. Let u,v € SHy ,,(a) N L°°(B). Let u be a positive measure
such that xJ! Aa"™™ > wand x' Ao"7" > . Then

(X + dd° max{u, v})m A" > .

Proof. 1t is readily adaptable from [11, Theorem 1] with an obvious change of
notations. O

4. The Dirichlet problem

On the complex manifold M = M \ M we define the class § Hy (o, M) in local
coordinates. One main difference is that for an arbitrary real (1, 1)-form x on M,
there are plenty of local (x,m) — a-subharmonic functions on each local chart.
However, the global class SH, ,, (o, M) may be empty, e.g., for negative x. Thus,
the existence of a subsolution will guarantee that SH, , («) is non empty.

In this section we shall study weak solutions to the Dirichlet problem for the
complex Hessian type equation. As we pointed out in Subsection 3.1 the assumption
that « is locally conformal Kéhler metric on M is needed to develop potential theory
for bounded functions.

Fix the continuous right-hand side density 0 < f € CY%(M) and a continuous
boundary data ¢ € C%(3M). Let us denote

w = fa”.
We wish to solve the Dirichlet problem:
w € SHy () N CO(M),

(x +ddw)" Ao = p, 4.1
w=¢ ondM.
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The C? subsolution p to the equation (4.1) satisfies:
Xp =X +ddp € I'n(a),

and
(x +dd°p)" Aad"™ >u, p=¢ ondM. 4.2)

By replacing x by x, and u by u — p we can reduce the problem to the case of zero
boundary data and x € I',(«) as follows:

w € SHy m(a) N C (M),
(x +dd°w)" A" = p, 4.3)
w=0 ondM.

Then O is the subsolution to the equation (4.3), and there exists 0 < ¢y < 1 such
that
X — cox € Iy ().

4.1. Envelope of continuous subsolutions

By assumption (4.2) the set
S = {v € SHy () ﬂCO(M) Xy AT > vy, < 0}

is not empty. Hence, we define the envelope

uo(z) == sup v(z). 4.4)
veS

One expects that it will be a solution to the continuous Dirichlet problem.
Theorem 4.1. If ug is continuous, then it solves the Dirichlet problem (4.1).

Proof. We first have ug € S by Proposition 2.6-(b) and Proposition 3.20. In partic-
ular,

(x +ddup)™ A" > pu.
It remains to show that X:,’é A" = p. Fix a small ball B C M and find
w e SHy n(a)N CcY%(B) solving w = ugp on 9B and

(x +dd°w)" Aa"™ =u inB.

Hence, w > ug in B. Consider the lift ii € S of uq with respect to this ball defined
by

P max {w, ugp} on B,

up onM\ B.

Thus, we have # € S and ug < @ in B. On the other hand by the definition of ug
we have i < ug. Thus, ug = u in B, which means X;’(’) A o™ = . This holds for
any ball, so the theorem follows. O
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Remark 4.2. For continuous (), m) —«-subharmonic functions the wedge product
is always well-defined. Theorem 4.1 is valid for a general Hermitian metric «. The
remaining issue is to verify the continuity of the envelope ug. So far we could not
do this for a general Hermitian metric «.

Remark 4.3. Let us consider m = n and f = 0 in connection with the geodesic
equation studied notably by Semmes [60], Donaldson [21], Chen [10] and Blocki
[7]. It follows from the comparison principle (an extension of Lemma 3.10 for M
in the place of B), that there exists at most one continuous solution to the equation.
Guan and Li [28] have extended the gradient estimate in [6] to this case. Hence,
we can get a continuous solution to the homogeneous equation by a compactness
argument. This solution is maximal on M, thus equal to ug. Thus, we get the unique
solution even in the case the background metric is only Hermitian.

4.2. Envelope of bounded subsolutions

In this section we shall prove Theorem 1.3, where « is locally conformal Kéahler.
First we enlarge the class S above,

A

S = {v € SHy () DLOO(H) xy AT >, v|*3M < O}.

The locally conformal Kahler assumption of « allows us to use potential theory
which has been developed in Section 3 for bounded (x, m) — a-subharmonic func-
tions. Set
u(z) == supv(z).
ves

It follows from Proposition 2.6-(b) and Proposition 3.20 that u™ € S. Hence, u =
u*. Let us solve the linear PDE

(x +ddpi) na"! =0,
p1 =0 onoM.

Therefore,0 < u < p;. It implies that u = 0 and it is continuous on M.

Remark 4.4. It is obvious that uy < u. If we can show that « is a continuous on
M, then u € S automatically. Then, ug = u is indeed continuous.

In what follows, we shall prove that u is a solution to the (bounded) Dirichlet prob-
lem, and then we will prove its regularity by using the a priori estimate (Theo-
rem 3.12).

Lemma 4.5 (lift). Let v € S. Let B C M be a small ball. There exists v € S such
thatv < v and ;' Na"™™ = pin B.
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Proof. Choose C°(dB) > ¢; (v on dB and solve the Dirichlet problem

vj € SHy m(a) NC°(B)
(X + ddcvj)m A" =1
Vj = ¢j on dB.

It follows from Corollary 3.11 that v i\ w € SHy ,(a, B). Hence, Theorem 3.4
gives that

(X +ddw)" A" = p.
Furthermore, limsup__, .cjp w(z) < v(§). By the domination principle (Corol-
lary 3.11) we have v; > v on B. Thus, w > v on B. Define

. Jmax{w,v} onB
v on M\ B.

Then, v is the function we are looking for. O
Lemma 4.6. u € SHy ,,(c) N L¥(M) N CY(AM) and x" A a"™™ = .

Proof. It only remains to show that x" A "™ = . Fix a small ball B C M and

consider the lift i € S of u with respect to this ball. Then,u < & in B. On the other
hand by the definition of u we have # < u. Thus, u = u in B. Since B is arbitrary,
XgtAa"" =ponM. O

We shall prove the most technical part.
Lemma 4.7. u is continuous on M.

By Lemma 4.6, the function u satisfies the (bounded) Dirichlet problem:

w € SHy (o) N L(M),

(X +ddw) Aa" = p,

lim w(z) =0 forevery ¢ € oM.
z—¢

Proof of Lemma 4.7. We follow closely [38, Section 2.4]. We argue by contradic-
tion. Suppose u is not continuous, then the discontinuity of # occurs at an interior
point of M. Hence
d =sup(u —uy) > 0,
M

where u,(z) = lime_0 infyep(;,¢) u(w) is lower regularisation of . Consider the
closed nonempty set
F=u—u,=d} @M.
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One remark is that u|, is continuous on F. Therefore, we may choose a point
xo € F such that
u(xp) = minu.
F

Choose a local coordinate chart about xp, relatively compact in M, which is iso-
morphic to a small ball B := B(0,r) C C" with origin at z(x9p) = 0 and of small
radius. Since x € I';, (), there exists § > 0 such that

y (@) = x(2) — 8dd°|z|* € T (@) 4.5)

for every z € B. Set
vi=u+8z)* € SHy pn(a).

Since u > 0 on M, v4(0) = u,(0) > 0. Hence, we have v € L% (B), which solves
(y +ddv)" A" = p. (4.6)
We also find that

sup(v — vy) = sup(u — uy) = u(0) — u,(0) =d.
B B

Let us consider the sublevel sets, for0 < s < d,
E(s) ={us <u—d+s}NB. 4.7
It’s clear that E(s) is closed and by our assumption 0 € E(s). Furthermore,
E(s) \{ E(0) = {ux =u —d}N B(0,r) > 0.

Let us denote
T(s) = u(0) — inf u(z).
E(s)

Since E(s) is decreasing, it follows that 7 (s) decreasing as s N\ 0. Moreover, 7 (s)
is bounded for 0 < s < d. We also need the following fact.

Claim 4.8. lim,_,o 7(s) = 0.

Proof of Claim 4.8. 1t is easy to see that liminf;_,g T(s) > 7(0) = 0. It is enough
to show that lim sup,_, 7(s) < 0. Suppose that it is not true, i.e.,

limsup t(s) =2¢ >0
s—0

for some € > 0. Then, there exists a sequence s; — 0 such that 7(s;) > € for every
integer j > 0. It means that

inf u <u(0) —e.
E(sj)
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Therefore, there is a sequence {z;}j>1 C E(s;) satisfying u(z;) < u(0) — €. Since
any limit point z of {z;}j>1 belongs to E(0), u(z) > u(0). Hence,

limsupu(z;) <u(0) —e <u(z) —e.
j—o0o

The upper semicontinuity of —u, gives

limsup [ — uy(zj)] < —u(2).
j—+oo

Hence,d = limsup;_, | [u(z;) — ux(z;)] < u(z) — € —ux(z) = d — €. This is
not possible and the claim follows. O

Take B’ = B(0, r’) with a bit larger r’ > r. By the approximation property in
a small ball (Theorem 3.18), one can find a sequence

SHy (@) NC®(BY3v; \\v=u+38z> inB. (4.8)

Let us fix this sequence from now on. Unless we specify otherwise, v and v;’s
are these functions. The following result is a variation of the Hartogs lemma
(Lemma 9.14).

Lemma 4.9. Let K C B be a compact set and ¢ > 1 a constant. Assume that for
somet >0,

v<cuvy+t onKk.

Then
vj<cv+t onkK

for j > jo with a fixed jo > 0 depending only on K, t.
Proof of Lemma 4.9. Let zo € K. It follows from the assumption that zg € {v —
cvyx < t}, which is an open set by the upper semicontinuity of v — c vy. Thus,

20 € {v —cv, < t'} forsome 0 < ¢ < t. Hence, v(z9) — cv«(z0) < t, i.e., by
definition

lim < sup v—c inf v) <t
¢'=0 \ B(z,2¢") B(z0,2€")
Therefore, for0 < ¢} = %, there exists €’ = €'(#1, zo) > 0 such that
B(z0,2¢') C {v < vy +1},
and sup g, 2y v — ¢ infp( 2ey v < ' + 1. It implies that

sup v<cv+t +1 onB(z,¢€).
B(z0.€)
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By Hartogs’ lemma for (y, 1) — a-subharmonic functions (Corollary 9.15),

v < sup v+t <cv+i +2 =cv+i,
B(z0.€')

for j > j(t1,z0,€’). Since K is compact, it is covered by finitely many balls
B(z;, e/].). Thus, the proof follows. O

We wish to apply Theorem 3.12 to the function v and its approximants v’.s
defined in (4.8) to get a contradiction. Therefore, we need to study the value of v
and v;’s on the boundary d B. More precisely, we are going to show that there exist
¢ > 1,a > 0 and sp, which are independent of j, such that

{cv+d—a+s <) 4.9)

is non-empty and relatively compact in B = B(0, r) for every 0 < s < s9. For
this purpose we need to analyse the value of the function ¢ v — v; on the boundary
S(0, r) of B(0, r), with the help of Lemma 4.9.
Take two parameters ¢ > 1 and 0 < a < d, which are to be determined later.
We need to estimate
cv+d—a—v;

on S(0, r). Recall that v = u + §|z|% and

={vy <v—d+s}NB@O,r).

E(s)={ux <u—d+s}NnBQO,r)

‘We consider two cases:

Case1: z € S(0,r) N E(a). We have

(2) = ux(2) + 82
> u(z) —d + 6r°
= (u(z) — u(0)) + (u©) — d) + 5r°.

As 0 € E(a),we have t(a) > u(0) — u(z). Combining with u(0) — u,(0) = d, we
get that
x(2) = v.(0) — T(a) + 8r2.

Note that » > 0 (small) is already fixed. It implies that, for ¢ > 1,
VD) 2 0,@) +d < cn@+d - =D 0.0+ - @]
Since v — cvy is upper semicontinuous,

v<cve+d—(c—1) [v*(0)+8r2 _ r(a)]
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on the closure of a neighbourhood V of §(0,r) N E(a). Applying Lemma 4.9 for
the compact set V N B and

ti=d— (= D[nO+52 - @] >0, (4.10)
we get
vj<cv+d—(c—1)[v*(0)+8r2—r(a)] onVNB, 4.11)
if j > ji(V).
Case 2: z € S(0,r)\ V. Since E(a) N (S, r) \ V) = 0, the inequality
V<vit+d—a
holds on S(0,7) \ V. Applying Lemma 4.9 again, we get
vi<v+d—a<cv+d—a onS0,r)\V 4.12)

for j > j>(V). Thus, it follows from (4.11) and (4.12) that
vj <cv+d—minfa, €= 1 [0.0) + 52— @] (4.13)

on S(0, r) for j > max{ji, j»}.
Next, if there exists ¢ > 1 such that for 0 < 59 < a,

(c — D, (0) < a — s, 4.14)
then ¢ v4(0) +d — (a —so) < v(0) < v;(0). It follows that the set {cv+d —a+s <
v;} is non-empty for 0 < s < sp.

According to Claim 4.8, (4.10), (4.13) and (4.14) we need to choose 0 < a <
d,c > 1and 0 < sg < a, in this order, such that

()<8r2
T —
“=7

d—(@—1 [v*(O) +8r2 - ‘L’(a)] = 0:

[r05)
(c = Dux(0) <a < (c—1) | v«(0) + - |

a— (c — D, (0)
= >
2

0.

S0

This is always possible. Thus, we get relatively compact subsets that satisfy (4.9).
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Now we can apply Theorem 3.12 to get that a contradiction. In fact, we have
forw; :=v;/cand0 < s < 50,

{cv+d—-—a+s<vj}={v+({d—-a+s)/c<w;} EB.

It follows that J n
dj ==sup(wj —v) > azars > 0.
B C

We denote for 0 < s < gy < ¢ (as in Theorem 3.12),
Uj(e,s) = {v < (1 -28w; +igf[v — (1 —-28wy] +s} .

Notice that &y depends only on d, a, sg. Hence, applying Theorem 3.12 for v in
(4.6) and y in (4.5), we get that for 0 < s < &g,

s < CU+ [l FII7 [VaUj(e, )],

where Vi (Uj (e, s)) = ij(g 5) o . Furthermore, for such a fixed s > 0,

Uj(e,s) Clv<w; —dj+elwjllre +s} C{v<vj}.

Since Vy({v < v;}) — 0as j — +oo, we get the contradiction. The proof of
Lemma 4.7 is finished. O

4.3. Some applications

The first application is the mixed type inequality for Hessian operators with the
Hermitian form. When both x and w are Kiahler metrics the inequality is proved by
Dinew and Lu [20]. Since the inequality is local, we state it for a small Euclidean
ball B in C".

Proposition 4.10. Let f, g € L?(B), p > n/m. Suppose that u,v € SHy ,,(a) N
CO(B) satisfy
X A" = o, xP A" = gal. (4.15)

Then, for any 0 < k <m,

k m—k
XEA xR A QT > fmgt ol (4.16)
Proof. 1t is a simple consequence of the mixed type inequality in the smooth case,
and then for continuous functions we use Theorem 1.1 and Lemma 3.13. O

Thanks to this type of inequality with x = o = w we are able to relax the
smoothness assumption on potentials in the statement of [43, Proposition 3.16]. In
particular, the uniqueness of continuous solutions to the complex Hessian equa-
tion on compact Hermitian manifolds with strictly positive right-hand side in L7,
p>n/m.
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Corollary 4.11. Let (X, w) be a compact Hermitian manifold. Suppose that u, v €
SHpy(w) N CO(X), supy u = supy v = 0, satisfy

o A" = fo", o A" = go", 4.17)

where f, g € LP (X, ®"), p > n/m. Assume that

f>c>0 (4.18)

for some constant cy. Fix0 < a < m%rl Then,

lu —vlLe < CIlf —gll7r (4.19)
where the constant C depends on cg, a, p, || flrr, llgllLe, ©, X.

We can also show that continuous solutions obtained in [43] are also the continu-
ous solutions in the viscosity sense and vice versa (Lu [48] proved the existence
and uniqueness of viscosity solutions to the complex Hessian equation on some
special compact Hermitian manifolds). The viscosity approach for the Monge-
Ampere equation on Kihler manifolds was used by Eyssidieux, Guedj, Zeriahi [22],
Wang [68]. It seems to be interesting to investigate the viscosity method for the
complex Hessian equation on compact Hermitian manifolds with or without bound-
ary. We refer the readers to [32, Example 18.1], [33, Example 3.2.7] for some results
in this direction.

5. Proof of Theorem 1.1

In this section we proceed to prove Theorem 1.1, which we used in Sections 3, 4.
The proof is independent of results in those sections.

Let us rewrite the equation in the PDE form as in the paper by Székelyhidi [62].
Without loss of generality we fix  := B(0,8) € B(0,1) c C" for0 < § << 1.
Let « be a Hermitian metric in B(0, 1). Fix a smooth real (1, 1)-form x on B(0, 1).
For a C? function u we consider the real (1, 1)-form g = x + ~/—190u, i..,

8ij = Xij +u;j- We can define AS. = aﬁigj,g, where /' is the inverse of ;5.
Then, the matrix A; is Hermitian with respect to the metric «, i.e., A X [q; /f] is a
Hermitian matrix. Denote L(A) = (A{,..., Ay) € R” the n-tuple of eigenvalues
of A. In other words, A is the eigenvector of g; i with respect to the metric «. The

complex Hessian equation (1.1) is
F(A) = h,

where
F(A) := f(M(A)) = [(Sn(W)]Y™,
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and f is a symmetric increasing concave function defined on the cone I';,. Recall
that the m-th elementary symmetric cone is

Fp={LeR":51(0) >0,...,S5,() > 0}.
Fix 0 < h € C*°(Q) and a smooth boundary data ¢ € C>(32). We wish to study

the Dirichlet problem, seeking u € C*®°(2) and u = ¢ smooth on 3§ such that

{A(A) €T, 5

F(A) =h,

where Az. = aﬁi(Xjﬁ + uj5). To simplify notation, first we extend ¢ € C*°(02)
smoothly to B(0, 1). Upon replacing

=y — C(IZI2 - 52) -,
= x4+ /=199 [C(|z|2 — 82 —I—(p] ,

<

X

with C > 0 large enough, which does not change g; 7> We may assume that

u=0 ondR, x>a onL, (5.2)

and O is the subsolution, i.e., x A a"™™ > h.
Let F'/(A) := dF /0a;; be the partial derivative of F at A with respect to entry

a;j. We also denote
= b
1<i<n

where f; = 8f/dA; > 0 are precisely eigenvalues of F'/ with respect to metric «.
If we choose coordinates in which « is orthonormal and A being diagonal, then

Fi — 8ijfis

and thus F = Y 7| Fi.

We will proceed in Sections 6, 7, 8 to get a priori estimates, up to second or-
der, and using the results in Tosatti-Weinkove-Wang-Yang [64], to get C>* interior
estimates. This combined with the C2-estimates at the boundary thus gives the full
C? estimates up to the boundary of the real Hessian of u. This allows us to apply
Krylov’s boundary estimate [44] to get the desired C%%($2) estimate. The higher
order estimates are obtained by the bootstrapping argument, and then using the con-
tinuity method to obtain a solution to the equation (5.1). The uniqueness follows
from the maximum principle.
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6. C-estimate

Denote B; = aﬁixj,;. Then, F(A) = h < F(B) and u > 0 on 2. Solve the linear
PDE

n (X + \/—_185u1) A oc”_l/(x” =0

uj =0 onodf.

By the maximum principle we get that for some Co > 0,
0<u<u <Cy. (6.1)
Asu = u; = 0on 9%, it also follows that for some C() > 0,

|[Vu| <C; ondQ. (6.2)

7. Cl-estimate
In this section we prove the gradient estimate. Here the assumption of small radius
is important. (Notice that P1i§ [59] has claimed this estimate in the case y = 0 and

o Kihler for any ball but no proof was given there.)
By (5.2) we may suppose that for some C; > 0,

Let V denote the Chern connection with respect to «. Note that ||z||§[ is strictly
plurisubharmonic as long as § small. More precisely, we choose § so that

VP-VPIIZII(% = 050p <ai_;zi2j> =ap; +0(z]) = app/2. (7.2)

Denote v = N(sup,cq ||z||§ — ||z||§), where N > 0 is a constant to be determined
later. We see that

0<v<NCi8 and —wv,;=—0,95v> N/2C). (7.3)

Consider
G = log ||Vul2 + ¢ (u +v),
with

1 ¢
H=—log(1+—" ).
v z°g< +L+NC182)
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Note that a similar function was considered by Hou-Ma-Wu [36] and it satisfies

v <0, vy =2y (74)

If G attains its maximum at a boundary point, then supg, |Vu/| is uniformly bounded
by sup,q |Vu|, up to a uniform constant. By (6.2), the latter one is uniformly
bounded. Then, we will get the C I_estimate. Therefore, we may assume that the
maximum point belongs to 2. We shall derive the desired estimate by using maxi-
mum principle at this point.

We choose the orthonormal coordinates for « such that at this point ;5 is the

identity matrix and A‘} is diagonal. All computations bellow are performed at this
point and the subscripts stand for usual derivatives unless we specify otherwise.

Differentiating G twice and evaluating the equations at the maximum point we
have:

_ (VpViwu; +u;VyViu
b |Vu|?

+ 1>0/(’/‘p + vp) =0; (7.5)

(VY Viwuz +u; VsV, Viu + |V, Viul? + |V Viul?

Gpp =

|Vu|?
- ﬁ iV Vit + 47V Vi o
+ " lup + vp P 9 (s + vpp).
Next, we have
ViVpViu = uppi — (3570 )ug — Thittgp (1.7)

q p q
= 8ppi — Xppi — (8[’Fpi)”q - Fpi)“p + Fpinﬁv
where we used that g; H is diagonal. Similarly,

ViV Viu =5 — Tt pg
= 8ppi — Xppi — F_Ifi)‘l? + F_?ﬂxl’é'
Moreover, by applying the covariant derivatives to the equation we get
FPPV,-gp,; = ]’li.

As Vigpp = gppi — U1y gmp, we have FPPgp 5 = h; +FWF£7)LP. Combining with
(7.7) we get that
FPP(V5VpViuyu; = hiug + FPP(T) =T )hpu; — FPP x5

(7.8)
— FPP(951) Juqu; + FPPT g puty.
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Similarly,
FP (V39 Viu)ui = hjus + FP (TF = T7 ) opu
] 7,
- Fppxpﬁiui - Fppriquui.

Let us denote

- P _ P
T._siu1?|r,.p rols

. 4
R = sup |8prl. ,
Psq,i

which are bounds for the curvature and torsion of metric & on B(0, 1).
It follows from (7.8) and (7.9) that, for K := |Vu/|? large enough,

1
?FPP [(V5V,pViwu; + (VY Viu)u |

> —C/K'* — FPP|).,|T/K"* —CF/K'* - RF

1
>—C— —FPP)2 —(R4+T>+1)F,
> % S—(R+T>+1)

where in the last inequality we used

2
AT _1 (25 o
k7 =2\xtT)

By the equation (7.5)
! 2 ” 2
=7 [V Vit + 17V Viu| " = =9 up + vyl
By > —i fpAp = hand xp5 > 1 we have

VPP (up +vp5) = ' FPPhp 4+ W1 FPP [ Xp5 + (—vpp)]
> —C + |¥'|[1+ N/2C1F.

We also note that

1 1
EFPP|VﬁViu|2 = F™Igip = Xipl*

1 2 1 2
ZﬁFWU\[ﬂ _EFpp|Xi[7|
1 CF
> — FPP|p, 2 — —.
2K K

(7.9)

(7.10)

(7.11)

(7.12)

(7.13)
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Therefore, combining (7.6), (7.10), (7.11), (7.12) and (7.13), we get that

1
0> FPPGpp > —C — =—FPP|a > — (R+T? + 1)F

2K
1 CF
— _FPPIp 2L
oK %] K

7 =V Py £ P
+ [¥'|[1 4+ N/2C11F.
We may assume that K > C. As ¢ = 2y, we simplify the inequality:
0> Y2 FPPluy + vp)* + Y/ |(1+ N/2C)F — (R+T*+2)F —C.  (7.14)

Now we decrease further § (if necessary) so that 16(R + T2 + 3)C1262 < 1. Hence,
we can choose N > 1 satisfying
N
8(LC1 + NC36?)
On the interval ¢ € [0, L + NC18%], we have |'| > 1/4(L + NC;8%). Hence,
N|y'|

>R+ T?+3.

>R+ T?+3. 7.15
20 > +7T°+ (7.15)

It follows from (7.14) and (7.15) that
FPPlu, +v,l* + F < C, (7.16)

where C = C(A, C1, L). We shall use (7.16) to prove that
—1+1/m
LS A
F'" = m—()Sm—l;i()\) >c>0
m

for some uniform ¢ and for every 1 <i < n. Indeed, since

S,;H_l/m()u) n

F= Y Swo1i) = C,
i=1

m

we have Sj,_1.;(A) < C foreveryi =1, ..., n. By the inequality [67, Proposition
2.1 (4]

n
[[Sn-1:(0) = Cooml S @1~ D/m,
i=1
where C, ,, > 0 depends only on n, m. Thus, the desired lower bound for each
Sm—1:i (1) follows from the equation (S, (A))% = h > 0 and the upper bound for
Sm—1:i(1). We also get the lower bound for each F*'. Finally, from
FPPlu, +v,|* < C

we easily get the a priori gradient bound, |Vu| < C.
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8. C’-estimates

In this section we prove the following estimate

sup |v/—130u| < C, (8.1)
Q

where C depends on ||u ||L°°(§)’ IVu ||Loo(§) and the given data.

If supg |0du| is attained at an interior point of §2, then by a result of Székelyhidi
[62] (see also Zhang [69]) we have for some C > 0, which depends on ||u||s, and
the given data,

|V/=18du| < C (1 + sup |Vu|2) :
Q

Therefore, we only need to consider the case when the maximum point P is on
the boundary. At this point, following Boucksom [8], we choose a local half-ball
coordinate U such that z(P) = 0 and r is the defining function for U N 9<2. Then,
UNQ=1{r <0}NQ. We choose the coordinates z = (z1, ..., 2Zx), centred at 0,
such that the positive x,, axis is the interior normal direction, and near O the graph
U N 0<2 is written as

n
r=—xt Y apzidx+ (1) =o. (82)
jik=1

We refer the reader to the expository paper of Boucksom [8] for more details on this
coordinate.
Recall that A;’s are eigenvalue functions of matrix A, i.e.

ACA) = (A1, .oy Ap).

We often represent quantities in the orthonormal coordinates (w', ..., w") in which
a;;5 is the identity and A’j is diagonal. The following equations will help us in
computing quantities in the orthonormal coordinates once we know their forms in
the fixed coordinates (z!, ..., z").
Suppose at a given point we change the coordinates, w = Xz, i.e.
w' =xuz*,  xix € C,

and we obtain at that point
. . n
v/ —1dZ ndZ =" N =1dw A di;
a=1

n
g —1dz ndZl =) dV/~1dw A di”.
a=1
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It follows that

;7 = XaiXaj, 8ij = XairaXaj-

It is clear that for every 1 <i <n,

n
2
leail =ao; <C.
a=l1

Moreover, the inverse of matrix «; j is given by the formula
alt = xijax'e,
where x'? is the inverse of X. Hence,

Af.i =aPlgis = x""heXy).
In C"*" if we change coordinates B = X AX —1' = (by), then at the considered
point B is a diagonal matrix (A1, ..., A,). Therefore, A, is smooth at the diagonal
matrix B (see e.g., [61]) and

IF  df g
— = L 22— S
abkl g abkl fa akOal

oF 0F 0by

n
il ja
= — :E Ef(Sk(S[xk-xfzxjfx-.
a%akOalXki aXai
Ba,-j 8bk1 8a,-j &l a—l

An easy consequence from the above formula is that
LPJ .= FllgPl = xpa f,xie
where F'/ = 9F /da;; at A’] is a positive definite Hermitian matrix.

To derive the desired a priori estimate we will use the linearised elliptic oper-
ator, for a smooth function w,

Lw := Lﬁfaja,;w = Fij(xﬁiaja,;w.

f::Zfi

1<i<n

It is worth to recall that

where f; = df/0); are eigenvalues of F'/ with respect to metric «.
Following Guan [26] (see also Boucksom [8]) we construct the important bar-
rier function.

Lemma 8.1. Set b = u — r — ur?. Then, there exist constants u > 0 and T > 0
such that

1
Lb<—-F
- 2

and b > 0 on the half-ball coordinate U of radius |r| < t.
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Proof. By shrinking the radius of the half coordinate ball U, we have r is plurisub-
harmonic in U. Then _
OfLr:Lerjﬁfo. (8.3)
As bjj := 0;0;b is a Hermitian matrix and o7 > 0, we can represent
bjﬁ = XajVYaXap,

where y, € R are eigenvalues of b, ; with respect to the matrix o ;- Hence,

n
Lb = Zfaya,
a=1

which does not depend on the choice of coordinates of . Thus, to verify the desired

inequality at a given point, we compute, at this point, in orthonormal coordinates of

aand A = aP (x5 +ujp) = (A, ..., Ay) diagonal. Sois L = (fi, ..., fa).
We now compute, as r <0,

Lb = L%u; — Lr — 2urLr — 2uL’|r;|?
= Liigi; - LiiXiE — Lr +2ulr|Lr — ZML”;’,-2

] (8.4)
=" fiki + Qulr| = DLr — L7 (x;; + 2ur}).
i=1
We have Y 7, firi = h and
Qulr| — V)Lr < 2Culr|F. (8.5)

Notice that x;; > «;; = 1. The last negative term (8.4) will be divided into three
parts. First

—Liy:/2 < —F)2.

Next, we use L X;7/4 to absorb the right-hand side of (8.5) (i.e., the second term
in (8.4)), provided that

Culr| = 1/8.
We will use the part L (% + 2/“"12) for w large to absorb the first term in (8.4).
We claim that

Lii <% +2w,-2) > coun (8.6)

for some uniform cg > 0. In fact, if m = 1, then it is obvious. We may assume that
m > 1. Observe that |Vr| > 0 at 0, then decrease 7 if necessary, we have

n
Vr2 =Y 17> ¢ (8.7)

i=1
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for a uniform ¢; > 0 on U. By Garding’s inequality [25, Theorem 5] with A" =
(X11 + 2;u"1, R 2ur?) and Sy,_1.;(A), we have

" 1

X-T m m—1
> (B 2uril?) Spria () = m [ S (/4 + 2ulril?) | 101
i=1

1

mpcmh <22|r,| I ka)

1 ki
muih’”’l 4 g
2
. Zzlm
4" m i=1
1 1
Qmmpum "L
m
— 4m71 Cl ’
m

where we used y,;; > 1 for the third inequality and used (8.7) for the last inequality.
To obtain the inequality (8.6), we only need to notice that

[Si )]/ mS, 110

m

Li=f =

Therefore, the uniform constant we get is cg = C(cy, h, m) > 0. So we can choose
u > 0 large enough to get the desired inequality for Lb.
It remains to check that b > 0. Since # > 0 it is enough to have that

—r —ur? = r|(1 = ulr) = 0.

This easily follows by further decreasing (if necessary) the radius t of the half-ball
coordinate. O

We are ready to prove the second order estimates for u at the boundary point
0 € 9R. Following Caffarelli, Nirenberg, Kohn, Spruck [12] (see also [8]) we set

tl =x17t2 = )’l, 1t2n72 = )’nfl»Ianl = ant2n = Xn.

Let Dy, ..., Dy, be the dual basis of dty, ..., dty,—1, —dr, then

0 Vt, d .
Dj=_——— for 1<j<2n,
ot ¥, 0Xp
and
Dy — 1 0
n = Tx, X,

Because u = 0 on 92, we can write, for some positive function o,

u=ar.
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Then,
ou/0x,(0) = —a(0).

So, |0(0)| < C. Moreover,forl < j <2n—1,

0)=0(0
aior, O =7 Q550

)

3%u 3%r
I
and hence tangential-tangential derivatives |9y, d;; u| are under control.

Next, we bound normal-tangential derivatives:

Theorem 8.2. We have

9%u
3tj 0x,

O)|<C for j<2n—1,

where C depends on u, |Vu| and the given datum.

Proof. Without loss of generality we fix j = 1 and we shall show that
| D2, D1u(0)] = C.
The derivative D1, acting on functions, is equal to

01 + 07 +7 (0, + 9p),

(8.8)

where d denotes the usual partial derivatives and 7 := —:'l is a smooth real-valued

Xn
function near 0. Recall that we use the subindex to denote usual derivatives in
direction d/0z;, . .., d/9z, and their conjugates if there is no other indication. This

gives
Diu=uy +uj +7(u, + ug).

Following Caffarelli, Nirenberg, Spruck [13] and Guan [26,27], our goal is to con-

struct a function of form

w=Diu— Y |ul® = |up — uil” + pib + palzl,

k<n
satisfying the following:

(1) w(©0) =0;
(i) w > 0ondU;
(iii) Lw = LP/9;05w < 0 in the interior of U,

where b is the barrier function constructed in Lemma 8.1, constants w1, iy > 0 are

to be determined later.
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To see the first property (i) we note that, for i < n,

2u:0) = 240y = V=T 0) =0,
0x; ayi
and 5
1n(0) — 1 (0) = —/—1 ay” 0) = 0.

Moreover, D1u(0) = b(0) = 7(0) = 0. Therefore, the first property follows.
Next, we verify the second property (i1). We claim that there exists a constant
2 > 0 such that
w>0 on dU.

To see this consider two parts 92 N U and oU \ (a2 N U) of the boundary U
separately.

Part 1: On 02 N U. We know that Dju = b = 0, and near 0

n
Xy = Z ajkzjZk + 0(|z|3).
jk=1

By writing x, = p(t1, ..., tan—1) = p(t) we deduce that
p(t) = Z kijtit; + O(t),
i,j<2n

where (k;;) = [;:g;’f (O)] is uniformly bounded. Since u(¢, p(t)) =0,

ou/dt; + ou/dx, - dp/ot; =0
fori < 2n. Applying for y, = t2,—1 gives
|du/dyal* < Clt]* < ClzP.

Similarly, for i < n,
uil* < Clz|*.
Therefore, w > 0 on 92 N U for uy > 0 large enough.

Part 2: On 39U \ (32 N U). On this piece |z|?> = 2 with 7 being the radius of U.
Since b > 0 on U, we have w > 0 as soon as

n
pat® > Dyl + Y Juil.

i=1

This is done by choosing u > 0 large as the right-hand side is under control by the
C!-estimate. Thus, the second property is satisfied.
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To verify the third property (iii), Lri w;p < 0 in the interior of U, we fix an
interior point zo € U. Below we compute at this fixed point. The estimation will
be split into several steps.

(1) Estimate for Dju. We start by computing
LPI(Dyu) 5 = L [uy + ug + Flun +ui)]
=LV [uljﬁ +uijp i+ Mﬁjﬁ)]
5j= ~ 8.
LI (7 4 ) p P+ 7 ] (89)
+ Lﬁjfjﬁ(un +ui)
=11+ L+
Let us denote K := supg |Vu|?, which is bounded by the C'-estimate.

Lemma 8.3. There exists a constant C depending only on o such that for any fixed
Jsq

n
|LP7g0p| < € filhal
i=1
Similarly,
- n
|L7Pgps| < € filhal
i=1

Proof. Recall that we have o;; = XaiXaj, 87 = XairaXqj, and LPJ = xPa f,xie
Therefore, - . ‘
LP)gu5 = xPa fox/XpgApXpp = X7 fakaXag.

Thus, the conclusion follows. The second inequality is proved in the same way. [

(1a) Estimate I, and I3. We first easily have

\I3| = |LPIF5(un + ui)| < CK:F
<CF.

(8.10)

Since two terms in I, are conjugate, so we will estimate one of them. We proceed
as follows:

FjQun +ui)p =7j[2un — (un — ui)lp
= 2;']'14,113 — fj(un — u,—,),;
= 27j8np = 2 jXnp =TV,
where we wrote V = u,, — uj.
By Lemma 8.3, we have for F|A| :== )", filAil,

2LP77;gu5] < CILP! gu51 < CFIA|.
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A straightforward estimate gives

‘ZLﬁjijn,;

<CF.

Cauchy-Schwarz’s inequality implies that
pig Vibizr o Libiy
|LPF V| = SLPR + SLPI(V) vy
1 -
<CF+ ELl’f(v)jv,;.
Thus, the above estimates give
|| < C(F + FIA]) +Lﬁ-"(V)jV,;. 8.11)
(1b) Estimate I;. We have
Urjp =ujpt = 8jp1 — Xjpl-
Covariant differentiation in direction d/dz; of the equation F(A) = h gives
FligPV,g;5 = LPI [gj,;l —rlq].gq,;] = hy. (8.12)
It follows that N N
‘Lp'/uljﬁ‘ = ‘Lp'/(gjﬁl - Xjﬁl)‘
= [+ LT 005 = 1755 8.13)
< CO+ )+ |L7T] g5
<CI+F+ FlrD,

where we used Lemma 8.3 for the last inequality.
_ The remaining terms in /; are estimated similarly, when the index 1 is replaced
by 1, n or n. Therefore,
|| < C(1+ F + FIAD. (8.14)

Combining (8.10), (8.11) and (8.14) yields
(LPI(Dyu)j5| = €1+ F o+ FIAD + L7 (V) (8.15)

We continue to estimate the other terms in the formula for w.

(2) Estimate for — ) ", _, lug)?. By computing

(ukug) jp = ukjpiy + Ukl 5 + Ukjllpp + UkpUE ;- (8.16)
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Similarly to the estimation of /1, we have

L7 g + gz )| = KA+ F 4+ FIa)
k<n
< C(1+F + FIrl).

For the third term, with k fixed, LP/uyjuz; > 0. The last term in (8.16) will give a
good positive term. By using Lemma 8.3,
LP upug; = L7 (g5 — xup) (857 — X i)

(8.17)
> L7 gi58;5 — C(F + FIAD.

The following result is similar to Guan’s [27, Proposition 2.19] in the real case.
Lemma 8.4. There exists an index s such that

Y LV gipgir = mm’ TN g,

k<n i#s

where T;’s are the eigenvalues of the matrix a; ; 3

Proof of Lemma 8.4. First at the given point let £ = (¢;;) be a unitary matrix such
that o = E'AE, where A = diag(ty, ..., 1,). Wlthout loss of generality, we can

assume X = A2E so that « = X'X and Xij = r e;j. Again we have formulas
o5 = XqiXqj and oli = yiayia, Moreover,

LP) = xPa fox)®, g5 = XipApXp;.
Thus, for a fixed k < n,

LPIgrpg i = xP? fax® xprhpXpp XcjheXek

n

2 2

=Y firflxal.
i=1

n

2 2 2 2

E |xik] =E xikl” = Ixinl” = 7 (1 = leinl?),
k=1

k<n

we have

S:=) LM ggip = Zm 7i (1= leinl?).

k<n
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If forevery 1 <i < n we have |e,-,l|2 < %,then

: n
min; 7;
§>— S i
i=l

Otherwise, there exists an index s such that |es,|* > % It follows that

1
Z |ein|2 =< E

i#s
Then,
- min; T;
S=Y" firtn(t—lewl) = 3 firdr(l = lewl) = =5 3 fird.
i=1 i#s is
Thus, the lemma follows. 0

It follows from Lemma 8.4 and (8.17) that for some index s,

= min; T;

> LPuipug; = == 3 fid} = C(F + FIA).

k<n i#s
Therefore,

min; T;
L (—Zluk|2> < —#Zﬁk?—l—C(}'—i—flM). (8.18)
k<n i#s

(3) Estimate for —|V |2 = —|u, — u;|2. We compute

(VV) ;5= (njp — uajp)V +V(uij5 — unjp)
+Vi(V); +(V),Vs.
Since LP/V;(V)p > 0, we get, similarly to (8.13), the following
Pi(_ v _1PI(V) V-
LPI(—1|V]| )jﬁ <-L (v)jvp + C(1+F + FIA]). (8.19)
Combining (8.15), (8.18) and (8.19) gives us

min; T

Lw < — 2’ SN fiki 4+ CA+ F+ FIM) + miLb + paL(121).
i#s

By this and Lemma 8.1 we get that, for some index s,

min; T; 231

Lw<— > fird + CFIA+ (CHpa - 7) F. (820
i#s

Recall that 1, was chosen to have the property (ii) and ;1 > O can be chosen freely.
To archive the third property of w we need the following
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Lemma 8.5. Let ¢ > 0. There is a constant C, > 0 such that for any index s,

FIrl =

n
filhil <€) fid] + Co F.
i=1 is

Proof of Lemma 8.5. Since Y '_, fix; = h, we have

FIM<2) " filkil +h
i#s

1

2
§Zﬁ<eki +g>+h
i#s
582ﬁk,-2+cg.7:,

i#s

where we used the fact that F is uniformly bounded from below by a positive
constant. O

Using Lemma 8.5 we get from (8.20) that

min; T;
Lw < (— o ’+Ca)2ﬁx?+(uz+c+cg—ﬂ)f.
2 2 2

Thus, we choose ¢ so small that the first term on the right-hand side is negative, and
then choose 1 so large that the second term is also negative. The third property
(iii) is proved.

We are ready to conclude the bound for tangential-normal second derivatives.
By the maximum principle we have w > 0 on U. Therefore, as w(0) = 0,
Dy, w(0) < 0. It follows that

Dy, D1u(0) < C.

The properties (i), (ii) and (iii) also hold, with the same argument, if we replace w
by the function

B = —Diu— Y |ugl® = up —uzl® + p1b + polzf.
k<n

Therefore, Dy, D1u(0) > —C. Thus, we get the desired bound for | Dy, D1u(0)|. O
The last estimate we need is the normal-normal derivative bound.

Lemma 8.6. We have
9%u

—O0)] <C,
8X%()_

where C depends on h, Cy, C1, and the bounds of tangential-normal derivatives.
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Proof. Since 4u,; = 9%u/ 8x,21+82u /0 y,%, the normal-normal estimate is equivalent
to
luni(0)] < C.

Moreover, as |”ij| < C withi 4+ j < 2n, we get that for j < n,

i
‘ Aj

= ‘aﬁi()(jl; + ujﬁ)‘ < C.
Hence, it follows from
n n

> A=Y 0

i=1 i=1
that A? > —C,sois g, > —C. It implies that u,; > —C. Therefore, it remains to
prove that u,; < C.Byu = or, with o > 0, we have for j, k < n,
uj,;(O) = or(O)rj,;(O).

Let Sbea(n — 1) x (n — 1) unitary matrix diagonalising [u j #lj,k<n. It means that

for j, k < n,
u;p(0) =" 8%,dpSpk.
p
Since r is strictly plurisubharmonic in U, we getthatd, > 0,p =1,...,n—1. By
elementary matrix computation we have for D = (dy, ..., d,—1) a diagonal matrix
and the column vector V = (uyj, ..., u(n_l)ﬁ)t,

S0 ] $*0\ _( D SV
01)WMijlij<n*\ 0 1) T\ ves* upi )

By |ujal, |”nj| < Cfor j < nand x;; > 0, we may assume that u,; is so large
(otherwise we are done) that g; P= Xty JT(O) > 0, i.e., positive definite. So

ri(A) >0
foreveryi =1, ..., n. Hence,
1 1
(detA)» < Cm,n[Sm()\(A))]H = Cm,nh-
By detg; 7 = deta;; - det AS. we get that det g; 7 < C. Since
[gij']i,j<n = [Xi]']i,j<n >0
and
detgl.j = gpi det ([gi]]i,j<n) + O(1),

we have g,i; < C. Thus, the normal-normal derivative bound at a boundary point is
proven. O

Altogether, we have proven the C>-estimate (8.1) and completed the proof of
Theorem 1.1.
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9. Appendix

The results in this section are classical. It is a natural generalisation of properties
of subharmonic functions (see, e.g., [35]). However, we could not find the the
precise forms that we need in the literature. Some of them have been pointed out
recently by Harvey-Lawson [31]. Our setup here is simpler than the one in [31],
therefore we have several finer properties. We emphasize here the use of a theorem
of Littman [47]. For the readers’ convenience we give results with proofs here.

9.1. Littman’s theorem

We briefly recall a simpler version of a result of Littman [46,47]. Roughly speak-
ing it allows to approximate a generalised subharmonic function (with respect to a
uniformly elliptic operator L) in a constructive way.
Let D be a smoothly bounded domain in R”, n > 3. Consider the partial
differential operator L defined by
Lu = (b"u) S (v’ (x)u)xi

XX
and assumed to be uniformly elliptic there. Its formal adjoint L* is given by
L*v = bij(x)vx,-xj + bi(x)vxi )

where coefficients b/ (x), b’ (x) are smooth function on D.
We say that u € L] (D) satisfies Lu > 0 weakly if

loc
/u(x)L*v(x) >0 9.1)

for any non-negative function v in C%(D) with compact support in D. The natural
question is to find a sequence of smooth functions u; such that Lu; > 0 and u;
decreases to u. The usual convolution with a smooth kernel will not give us the
desired sequence.

Before stating Littman’s theorem let us introduce some notations. We denote
by g(x, y) the Green function of the operator L, with respect to domain D and with
singularity at y € D; as constructed for example in [53]. The subindex x means
that L acts on functions of x. The basic properties of g are:

Lig(x,y)=0 onD\{y},

and
gx.y)=0(x -y ") asx — y.
In particular, g(x, y) — 00 as x — y. Furthermore, let us denote A = {(x, x) :

x € D}, then o
g€ C’(DxD\A)NC*D x D\ A);
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also g(x, y) =0forx € dD and a fixed y € D. If we denote » = |x — y|. Then
g@.y) =0(*™"). gy =0("™"). guy=0(7").

Fix a function p(t) = 1 —t*fort € R. So p0) = 1and p(t) > § > O for |¢| < &g
small enough. It is easy to see that

Lip(lx —y|) <0 for|x —y| <28 and x, y € D.
Let ®(t) > 0 be a smooth function supported on [0, 1] satisfying

®(t) - 0 exponentially as t — +oc;

/OO P(t)dt = 1.

—0o0

For § > 0 we write Ds = {z € D : dist(z,dD) > §}. Forh > 0,x € D,y € Dys
we define a function G (x, y) on D x Dy; by letting

Gu(x,y):=0 for |x—y| =25,

and for |x — y| < 26,

Gp(x,y) = / ®(s — h) max{g(x, y) —sp(x,y),0}ds.

—00

Notice that G, (x, y) =0 for |x — y| > § and & > hs, where

1
hs 1= 8—max{g(x,y) 8 <|x—y| <28, (x,y) e D x ng}. 9.2)
0

Another remark is that

00 g/p
O(s — h)ds — p/ O —h)ds (9.3)

—00

Gp(x,y) —glx,y) =g(x, y)/

g/p

is continuous for x € D and y € Dys and it belongs to C 2(D x Dsg) as the rate of
g(x, y) growing to oo is polynomially while ®(¢#) — 0 exponentially. In particular,
Gp(x,y) = +o00 as x — y with the same order of growth as g(x, y).

By a direct computation we get that

G g/p
G _ _, / O (s — hyds < 0. (9:4)
oh o0

Gy,

The formula also shows that =3+ € C 2(D) and it compactly supported is a function

of x. Hence,
Jy = /L;Ghdx =1
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for every h > hs. Indeed, by the property [47, 4.f] we have limj,_.» J, = 1, and
for any constant ¢ we have Lc = 0. Therefore,

0Jy/0h =/Lj(8Gh/8h)dx = /aGh/Bh Ly1=0.

Since coefficients b/ (x), b' (x) are smooth, we have

Gu(x,y) — g(x,y) € C*(Das)

as a function of y uniformly with respect to x (c.f [47, 4.e]). Hence, G}, is a Levi
function satisfying
LyGp(x,y) = O(lx = y|"™")

for any O < A < 1 (see also [53, (8.5) page 18]). Therefore, for u € Llloc(D) and
h > hs,

un(y) = / u(x)LEGy(x, y)dx = /| | (HELGa y)dx 9)
X—y|<

is well defined. Notice that the support of G, (x, y), as a function in x, shrinks to y
ash — +oo.
We are ready to state a theorem of Littman [47].

Theorem 9.1 (Littman). Letu € LIIOC(D) be such that Lu > 0 weakly in D in the
sense of (9.1). Then, {up(x)}n>ns, defined by (9.5), are smooth functions satisfying:

o Luy >0,

e uy is a nonincreasing sequence as h — +00, uj converges to u in LI(D23);

e U(x) := limy_ oo up(x) is upper semicontinuous, and U (x) = u(x) almost
everywhere.

9.2. Properties of w-subharmonic functions

Let w be a Hermitian metric on a bounded open set & € C”. Let us denote

_ 2
Ay = ol —
15) w’'(2) 97i97)

(9.6)

We first recall:

Definition 9.2. A function u : Q — [—00, +0o0[ is called w-subharmonic if

(a) u is upper semicontinuous and u € LIIOC(Q);

(b) for every relatively compact open set D €2 and every h € C%(D) and A,h =0
inD,ifh>uonoD,thenh>uonD.

As in the case of subharmonic functions we have the following properties. These
properties are proved by using the above definition (see also [35, Theorem 3.2.2]).
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Proposition 9.3. Let Q be a bounded open set in C".

(@) Ifu; > up > --- is a decreasing sequence of w-subharmonic functions, then
u:=lim;_, { o u;j is either w-subharmonic or = —00;
() Ifu, v belong to SH (w), then so does max{u, v}.

Proof. (a) is obvious. We shall prove (b). It is rather standard (see [30]), but
probably it is not so well known. We include the proof for the sake of completeness.
Observe that

. log(ej” + e/Y)
max{u,v} = lim ——.
j—+oo J

By a simple computation we get that

e*dd’u + e®ddv  e"T’d(u — v) Ad(u — v)
(eu + ev) (6“ + ev)Z :

dd€log(e" +e’) =

It follows that % log(e/* + €/v) is w-subharmonic. So is max{u, v}. O

The subharmonicity is a local notion meaning that a function is subharmonic
in a open set if and only if at every point there exists a neighbourhood such that the
function is subharmonic in that neighbourhood. The precise statement is

Proposition 9.4. The following are equivalent for an upper semicontinuous and
locally integrable function u in 2.

(1) u is an w-subharmonic function in ;
(2) In a neighbourhood U of a given point a, if ¢ € C*(U) such that g —u > 0
and g(a) = u(a), then
Ayqg(a) = 0.

Proof. (1) = (2). We argue by contradiction. Suppose that there exist a neighbour-
hood U of a point @ and ¢ € C*(U) satisfying ¢ > u and ¢(a) = u(a), but

Aypq(a) < 0.

By Taylor’s formula we may assume that g is quadratic and there exists ¢ > 0 such
that A,q < —e on a small ball B(a, r). Solve

Apv(z) = —Anq, v=0 ondB(a,r).

Notice that by maximum principle we get that v(a) < 0. Let h = v 4 ¢g. Then,
Aph =0,and h > u on B(a, r). However, h(a) = u(a) + v(a) < u(a), which is
impossible. The first implication follows.

(2) = (1). We also argue by contradiction. Suppose that there exist an open
set D € Q and a function h € C%(D) and A,k = 0 in D, which satisfies u < h
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on d D, such that {u > h} is non-empty. Without loss of generality we may assume
that D is a small ball B and 7 is continuous on B. Set for ¢ > 0

ve(z) = h(z) — elz|?.

Then, the upper semicontinuous function (¥ — v;) takes its maximum at a point
a € B,so
u(z) < ve(z) +ula) —ve(a) forze B.

By Taylor’s formula

2

1
h(z) =h(a) + R(P()) + 3 92107,

=: H(z) + O(|z — al®),

@ (zi —ai)zj —aj) + O(|z —al’)

where P(z) is a holomorphic polynomial. Therefore, A, H(a) = 0. Consider the
function

q(2) = u(a) — ve(a) + H(z) — elz* + §|z —al?.

Then, it is easy to check that A,q(a) < 0, g(a) = u(a) and g(z) > u(z) in a
neighbourhood of a. This is impossible and the proof is completed. U

Since w-subharmonicity is a local property we easily get the gluing lemma.

Lemma 9.5. Let U C V be two open sets. Letu € SH(w,U) andv € SH(w, V).
Assume that
limsupu(z) <v(¢) V¢iedUNV. 9.7

z—>¢

Then, u € SH(w, V), where

P max{u, v} onU
I ) onV\U.

Proof. Consider
v — max{u, v +¢e} onU
7 lv+e onV\U.

If x € U, then there is a small ball B(x,r) C U. Hence,
u, = maxf{u, v + &} (9.8)
is w-subharmonic in B(x, r). Similarly, for x € V\ U by the assumptionon dU NV,

there is B(x,r) C V suchthatu, = v+e&on B(x,r). Thus,u, € SH(w, V). Since
ug \y 4 we can apply Proposition 9.3 getting the lemma. O
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The proposition above shows that we only need to check the w-subharmonicity
of a function on a small ball, but it is not clear whether a sum of two subharmonic
functions is again subharmonic. We shall need another criterion.

By linear PDEs potential theory, e.g., see [53], for any ball B(a, r), there exists
a Poisson kernel P, , for the operator A,,. Namely, for every continuous function
@ on dB(a, r), the function

h(z) = / o(w) Pa r(z, w)do, (w),
dB(a,r)

is the unique continuous solution to the Dirichlet problem
Aph(z) =0 in B(a,r), h=¢onadB(a,r),
where do, (z) is the standard surface measure on 0 B(a, r).

Lemma 9.6. Let u : Q@ — [—00, +00[ be a locally integrable upper semicontinu-
ous function. For Qs = {z € Q : dist(z, dR2) > &}, 8 > 0, consider the function

M(u,a,r) zf u(z) Py r(a, z)doy(z), a € Qs,
dB(a,r)

where r € [0, §]. Then, u is an w-subharmonic function if and only if
u@a) < Mu,a,r)
fora € Qs,r € [0, 8]. Furthermore, M (u, a, r) decreases to u(a) asr goes to 0.

Proof. We first prove that it is a necessary condition. Take ¢ > u to be a continuous
function on 0 B(a, r). Then

h(z) = / ¢ (w) Py r(z, wdor(w)
dB(a,r)

satisfies A,h = 0and h = ¢ > u on d0B(a,r). It follows from definition that
h > u on B(a, r). In particular,

u(a) < / ¢ (W) Py (a, wydo, (w).
dB(a,r)

As u is upper semicontinuous, we can let ¢ \, u. By monotone convergence
theorem we get the desired inequality.

Now we prove the other direction by contradiction. Assume that there exist a
relatively compact open set D C Q,h € C 0(5) with Ayh =0and 2 > uon oD,
but

c:=sup(u —h) > 0.
D
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As v = u — h is upper semicontinuous, c is finite and F := {v = c} is a compact set
in D. We choose a € F such that it is the closest point to the boundary 9 D. Assume
that dist(a, 9 D) = 25 > 0. Since there exists x € B(a, §) such that v(x) < c, so
there is B(x,€’) C {v < ¢ — €} N B(a, §) for some €, ¢’ > 0. It follows from
Ayh = 0on D that

v(a) < M(v,a,r) Yz e B(a,r),Vr <.

Notice that in our case A,1 = 0 and
/ Py (z, w)do,(w) = 1.
dB(a,r)
Integrating from O to § we get that
dv(a) < / / v(2) Py (a, 2)do, (2)dr < dc.
[0,5] JaB(a,r)

This is impossible. Thus, the sufficient condition is proved.
For the last assertion, let 0 < r < §. Fix a continuous function ¢ > u on
0B(0, 8). As A,h =01in B(a, ) for

h(z) =/ ¢ (w) Ps(z, wydos(w),
9B(a,8)
we get that u(z) < h(z) on B(a, §). Therefore,

Mu,a,r) < / h(w)Py(a, w)do,(w) = h(a). 9.9)
dB(a,r)

Moreover,

h(a) = / ¢ (w) Ps(a, wydos(w).
dB(a,$)

Letting ¢ \( u, we get the monotonicity of M (u, a,r) inr € [0, §]. Moreover, as u
is upper semicontinuous,

nr% M@u,a,r) <u*@a) =ua),
r—

where we used the fact above that f 9B(ar) P.do, = 1. O

An immediate consequence of the last assertion in the above lemma is

Corollary 9.7. If two w-subharmonic functions are equal almost everywhere, then
they are equal everywhere.

We are ready to state a consequence of Littman’s theorem, which says that we can
always find a smooth approximation for w-subharmonic functions.
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Corollary 9.8. Let u € SH(w, Q) and Q' € Q.There exists a sequence of smooth
w-subharmonic functions [u), decreasing to u as ¢ — 0 on .

Proof. We simply choose a smooth domain D C €2 and § > 0 small such that
Q' C Dys and let

[ule(2) == up(z) (9.10)

where up,(z), h = 1/e > hs, is defined in Theorem 9.1. As U(z) := limg[u],
is equal to u(z) almost everywhere and u is also w-subharmonic, it follows from
Corollary 9.7 that U = u everywhere. O

Corollary 9.9. Let {ugloer C SH(w) be a family that is locally bounded from
above. Let u(z) := sup, uy(z). Then, the upper semicontinuous regularisation u*
is w-subharmonic.

Proof. By Choquet’s lemma one can choose an increasing sequence u; € SH(w)
such that ¥ = lim;u;. Then, by Littman’s theorem and the notation in Corol-
lary 9.8, lim;[u], = U € SH(w) and u = U almost everywhere. Asu; € SH(w)
we have

uj <lujle > [ulg asj— +o0

uniformly on compact subsets of 2. It follows that u < U. By upper semicontinu-
ous of U we have u* < U. By the formula (9.5) and J, = 1, limg[u]. < u*. Thus,
u*=U. O

Lemma 9.10. Let u be an w-subharmonic function in Q2. Then,
Apu >0

in the distributional sense. Conversely, if v € LIIOC(Q) and Ayv > 0 (as a
distribution), then there exists a unique function V. € SH(w) such that V. = v
in Ll ().

loc

Proof. Let [u]., e > 0, be the smooth decreasing approximation of . As A, [u], >
0 and the family weakly converges to A, u, we get the first statement. Conversely,
by Littman’s theorem we know that V (z) = lim,_g[v]:(z) € SH(w) and V (z) =
v(z) almost everywhere. Therefore, we get the existence. The uniqueness follows
from the fact that two w-subharmonic functions are equal almost everywhere. [

The following result is rather simple but it is important.

Lemma 9.11. Letu € SH(w). Let K € D € Q2 be a compact set and an open set.
Then,

/ ddu A "' < C(D, D llullprpy-
K
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Proof. Let ¢ be a cut-off function of K and supp¢ C D. Then,
/ dd‘u A" < /qsdd“u Ao
K
= / uddc(d)w”_l)

< C(D. llull 1 (p).

where we used that ¢ is smooth and has compact support in 2. O

1

Lemma 9.12. The convex cone SH (w) is closed in L,

that every bounded subset is relatively compact.

(R2), and it has the property

Proof. Letu; be a sequence in SH(w). If u; — u in LllOc (2),then A,uj — Ayu

in weak topology of distributions, hence A,u > 0, and u can be represented by an
w-subharmonic function thanks to Lemma 9.10.

Now suppose that ||u ;1) is uniformly bounded for every compact subset
K of Q. Let tj = Apuj > 0. Let ¥ be a test function such that 0 < ¢ < 1 and
¥ = 1on K. Then, by Lemma 9.11

:u'j(K) S/S;l//Aa)uj < C”uj”L](K/)’

where K’ = Supp . By weak compactness u; weakly converges to a positive
measure . Let G(x, y) be the Green kernel for the smooth domain D, where
K’ c D C Q. Consider

hj:=uj(z)— / Gz, w)ypj(w).
Notice that since G (x, y) € L'(dA(z)) and ¥ has compact support in D,
/G(z, w)ypj(w) — /G(Z, w) Y p(w)
in L' as j goes to 4+00. Therefore, Aphj=0in K and ||hj||;1 < C. Since
hj(z) = /BD hj(w)P(z, wydo(w),

it follows that ||i;]|c1 < C. Then, there exists a subsequence £ ; converging to
uniformly. Therefore,

hj+/G(z, Wi (W) — u =h+/G(z, W)Y (w)

in LY(K) as j goes to 0o. ]
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Lemma 9.13. Let u; be a sequence of w-subharmonic functions which are uni-
formly bounded above. If u is an w-subharmonic function and u; — u in D'(R),

thenuj — uin Ll (Q), and

loc
limj oot j(z) <u(z), ze€9Q,

(where two sides are equal and finite almost everywhere).

Proof. By Corollary 9.8 for ¢ > 0 small enough,

uj <lujle = lule 9.11)

uniformly on compact sets in 2 as j — 00.If 0 < ¢ € C2° then

/([u]s +6 —uj)pdr(z) — /([u]e + 38 — u)pdi(z)

as j — oo and if § > O the integrand is positive for j large. Hence,
fim oo [ = 0)19a0(@) =2 [ Ilule +5 — ulgdio).

Since ¢, § are arbitrary it follows that u; — u in Llloc.

By (9.11) it is easy to see that mjﬁoouj < u in . Furthermore, Fatou’s
lemma gives

/muﬂm > m/ ujbdh = /u¢>dk,
so we conclude that lim j uj = u almost everywhere. O

Lemma 9.14 (Hartogs). Let f be a continuous function on Q and K € Q be a
compact set. Suppose that {v;}j>1 C SH(w) decreases point-wise tov € SH(w).
Then, for any § > 0, there exists js such that

sup(vj — f) <sup(v — f) +4
K K

Jor j = js.

Proof. Let[v;]; and [v], be decreasing approximations defined in Corollary 9.8 for

v; and v, respectively. As v; converges to v in LIIOC(Q), for any fixed ¢ > 0,

[vj]e — [v]e 9.12)

uniformly on compact sets of €2 as j goes to +00. Since v; < [v;]., we have

sup(v; — f) < sup ([vj]a - f)-
K K
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Let M := supg (v — f). By Dini’s theorem max{M, [v].(z) — f(z)} decreases
uniformly to M on €2 as ¢ goes to 0. Hence, for ¢ > 0 small enough,

sup([v]e — f) = M +6/2.
K

Let us fix such a small ¢. By uniform convergence (9.12), for j > j;

sup([vjle — f) < sup([vle — f) + /2.
K K

Thus, altogether we get the desired inequality. O
A direct consequence of this lemma is:

Corollary 9.15. Let y be areal (1, 1)-formin Q. Letv € SHy, 1 (w) N L(Q). Let
{vj}j=1 C SHy,1(@) N L™(RQ) be such that

dim vi(z) =v(z) VzeQ.
Jj—>+00

Let K C Q2 be a compact set and 5 > 0. Then, there exists js such that for j > js,

vj(z) < supv +34.
K

Proof. We can find a smooth function w in €2 such that

ddw A" ' =y A"l
Asuj =vj+wand u = v + w satisfy assumptions of Lemma 9.14, we can apply
it for f = w to get the statement of the corollary. O

Corollary 9.16. Let {u;};j>1 C SH(w) be a sequence that is locally uniformly
bounded above. Define u(z) = limsup;_, | ., uj(z). Then, the upper semicontinu-
ous regularisation u* is either w-subharmonic or = —o0.

Proof. Let vy = sup ek U Thanks to Corollary 9.9, v} € SH (w) and v}’ decreases
tov € SH(w) or = —oo. Clearly, v > u, and thus v > u* > u. Since vy = v}
almost everywhere, so v = u almost everywhere. Furthermore, it is easy to see that
Ay u > 0. By Lemma 9.13

v = lim[v], < limsup[u], < u*. (9.13)
€ 3

Therefore, v = u™* everywhere. O

We now prove that our definition is indeed equivalent to the definition given
by Lu-Nguyen [51, Definition 2.3], (see also Dinew-Lu [20]).
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Lemma 9.17. A function u : Q — [—00, +00[ is w-subharmonic if and only if it
satisfies the following two conditions:

(1) Upper semicontinuous, locally integrable and A,u > 0 in Q2;
(1) If v satisfies the condition (i) and v > u almost everywhere, then v > u
everywhere.

Proof. We first show that it is a necessary conditions. The only thing that remains to
be checked is the condition (ii). Pick v satisfying (i) and v > u almost everywehre,
we wish to show that v > u everywhere. As J, = 1, it follows from the formulas
(9.5), (9.10), and the upper semicontinuity of v that

lin(l)[v]g(z) < v(2).

Since [v]; > [u]. for ¢ > 0, letting ¢ — 0, we get that v > u everywhere.
Suppose that u satisfies (i) and (ii) above. By Littman’s theorem U(z) =
limg[u], = u(z) almost everywhere, where U (z) is an w-subharmonic function,
which also satisfies (i). Hence, u(z) < U (z) everywhere in 2. Moreover, using the
upper semicontinuity of u as above, we have u(z) > U (z) in Q. O

We define the capacity for Borel sets £ C €2,

¢ (E) =sup{/ ddvAaae ' :0<v<lve SH(a))}.
E

According to Lemma 9.11 ¢;(E) is finite as long as E is relatively compact in €2.

The quasi-continuity of w-subharmonic functions was used in [43]. We give
here the details of the proof. First, the decreasing convergence implies the conver-
gence in capacity.

Lemma 9.18. Suppose that uj € SH(w) N L®(Q) and u; \ u € SH(w) N
L% (2). Then, for any compact K C Q and § > 0,

lim ¢;({fu; >u+8NK)=0.
j—+oo

Proof. Applying the localisation principle [40, page 7], we assume that €2 is a ball
and u; = u = h outside a neighbourhood of K. Let 0 < v < 1 be w- subharmonic
in 2. We have

/ ddv A" ! < % /(u.,- —w)ddv A "L
{u+d<u;}NK

By Stokes’s theorem,

/(uj —u)ddvA " = — / duj—u) AdvAa"!
(9.14)
+ /(uj —uw)dv Ada" .
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We shall show that both integrals on the right-hand side tend to 0 as j goes to
+00. Hence, we get the lemma. The second one is easier. Indeed, by Schwarz’s
inequality [55],

1

<C (/(uj —u)dv/\dcv/\a)”_l)7
%
X (/(uj —u)w") .

Therefore the second integral of the right-hand side in (9.14) goes to 0 as j — +o00.
Similarly, we use the Schwarz inequality for the first integral in (9.14). Let
K CD&Qsuchthatu; =uonQ\ D.

‘/(uj —uw)dv Ada!

5C</d(uj—u)/\dc(uj—u)/\a)"1)7

1
2
X (/ dv/\dcv/\a)”_1> .
D

/d(uj—u)/\dc(uj—u)/\a)nl

‘/d(uj—u)/\dcv/\a)"1

Again by Stokes’s theorem

= —/(uj —u)dd(uj —u) Ao+ /(uj —uw)d(uj —u) Ado" !
= f(uj —u)ddu A" — /(uj —u)ddu; A"

+ %/dc(uj —u)* Ado™!
< f(u,- —u)ddu A"+ %/d%uj —u)? Ado" !

Thus, the fist integral goes to 0 as j — 400 by the Lebesgue dominated conver-
gence theorem. For the second integral we use Stokes’ theorem once more

/dC(uj —u)? Ado" N = — f(u,- — u)?dd°w™™!
<C /(uj —u)’o".

The right-hand side also goes to 0 as j — oo. Thus, we get the lemma. O

Lemma 9.19. Let u € SH(w) N L°(2). Then for each ¢ > 0, there is an open
subset O of Q such that ¢1 (O, Q) < & and u is continuous on Q2 \ O.
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Proof. We may assume that €2 is a small ball because of the properties of capacity:

o If E C Q) C Q,thenc|(E, Q) <ci(E, 2);
e iU, Ep =3, ei(E)).

Let SH(w) N C*(2) 3 u; \( u and fix a compact set K C . By Lemma 9.18
there exists an integer j; and an open set

1
Olz{uj,>u+7}CQ, (9.15)

such that ¢; (O N K, Q) < 27K, If Gx = Uj=1 O;. Then, u j, decreases uniformly
tou on K \ G¢. Hence, u is continuous on K \ G.

Applying the argument above for a sequence of compact sets K; increasing
to Q we get open sets G that ¢;(Gj, Q) < e27/. Let O = U;G, the lemma
follows. N
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