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Uniqueness for the two dimensional Calderén’s problem
with unbounded conductivites

CATALIN I. CARSTEA AND JENN-NAN WANG

Abstract. In this work we consider the Calderén problem in two dimensions
with conductivity y € Ww1-2(Q). This condition allows for the conductivity to
be unbounded. We prove a uniqueness result when ||V log v || 2 is bounded by a
fixed constant depending on the domain £2.
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1. Introduction

The inverse conductivity problem, first discussed by Calderén in [8], consists of
determining the conductivity of the interior of an object from measurements of
electrical potential and current taken on the boundary. One aspect of this problem
is weather or not two different conductivity functions might give rise to the same
set of boundary measurements. This question has been considered for different spa-
tial dimensions and under various assumptions on the regularity of the conductivity
function. An early result in dimension greater than two and for smooth conductivi-
ties was obtained by Sylvester and Uhlmann in their seminal paper [18]. Recently,
Haberman and Tataru have shown in [12], also in dimensions higher than two, that
uniqueness holds for Lipschitz conductivities y such that ||V log y||r~ is small.
In [11], Haberman has further improved on this result in dimensions 3 < n < 6.
In dimensions n = 3, 4 he proves uniqueness for conductivities in W!”. We want
to point out that in [11] the conductivity y satisfies ¢ < y < ¢! in particular,
y € L°°. In dimension two, Nachman proved in [14] uniqueness for conductivities
in W2P for some p > 1. Brown and Uhlmann in [7] established the uniqueness
for conductivities in W7 with p > 2. In [2], Astala and Piivirinta proved the
uniqueness for conductivities in L°°. In the recent paper [3], Astala, Lassas, and
Piivirinta have proved a uniqueness result (see their Theorem 1.9) that also applies
to some unbounded conductivities.
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In this paper we will study the two-dimensional Calder6n’s problem in a dif-
ferent class of singular conductivities. Precisely, we prove that uniqueness holds
for the strictly positive conductivity y € W12, with and additional constraint that
[IVIeg vll12(q < C with C = C(£2). It is important to emphasize that we do
not assume y € L. For example, y(x) = log|log|ax]|| or y(x) = (log|ax|)*,

0 <s < % have finite |[Vlogy|| 25 , ), thus can be used to construct exam-

2la
ples. The second of these two examples ‘allso falls outside the conditions required
by [3, Theorem 1.9]. Therefore, our result is not a consequence of previous works.
In view of the unique continuation property for the linear convection equation with
L? coefficients in R? [13], the assumption of y € W2 is most likely optimal for
the two dimensional Calderdn’s problem. It is not yet certain that the restriction on
the L2 norm of V log y is necessary.
This work is inspired by the paper of Cheng and Yamamoto in [9] where they
prove a uniqueness result for the equation

Au—l—l;-Vuzo

with b € L?, p > 2. Here we push theiz result to the optimal case p = 2 (with an
added requirement that the L2 norm of 5 be bounded by a constant) and obtain the
result for Calder6n’s problem as a corollary. The proof relies on reducing the second
order equation to a first order one in the complex plane (see [1,19] for background).
It also employs an inverse scattering method developed by Beals and Coifman in [4]
and by Sung in [15-17]. Along the way we also prove a version of Brown’s result
in [6] regarding the recovery of the boundary values of the conductivity from the
knowledge of the Dirichlet-Neumann map.

2. Statement of the result

We consider a domain @ C R? which is open, bounded, simply connected, and
with sufficiently smooth boundary. For a conductivity y : € — R positive and
bounded away from zero, we will consider the boundary value problem

2.1

{V(qu)(x) =0, xeQ
ulyo = w.

The Dirichlet-Neumann map for the classical Calderon problem is then

ou
A = —,
y(w) V|8Qav

where u is the solution with boundary value w. Equation (2.1) can be put in non-
divergence form as

Au(x) +b(x) - Vu(x) =0, xe€Q

2.2)

ulpo = o,
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where
b :=Vlogy.

For this equation, we consider the Dirichlet-Neumann map

A-(0) u
() = —.
b av

Throughout, we assume y € Wh2(Q) or b e LHZQ(Q), where Lﬁ(Q) denotes the

space of L? real-valued vectors in 2. For both forms of the equation, we consider
strong solutions u € WP (), for some 1 < p < 2. The Dirichlet boundary data

1
then belong to W2 7 ?(39). In the appendix we give a proof of existence and
uniqueness of solutions for the case when [|b|[,2(q) < C, with C = C(p, ).
Our main result is the following

Theorem 2.1. There exists a constant C = C () such that if y1,y» € WH2(Q),
with [|[V1og y12llp2(q) < C and Ay, = Ay, then y1 = y».

This follows immediately from Theorem 2.2 and Proposition 2.3 stated below.

Theorem 2.2. There exists a constant C = C () such that if b 1 lgz € LH%(Q), with
161,21l 12 < C and Al§1 = AEz’ then by = b,.

Note that this second theorem is more general than the first. It is this result that we
will prove below. We also prove the following boundary determination result.

Proposition 2.3. If y € W'2(Q), the trace y|yq can be determined from the
Dirichlet-to-Neumann map A, .

Since the proof of Proposition 2.3 is of a different nature from that of Theorem 2.2,
the principal result of this paper, we have provided it as an appendix.

3. Complex variable notation and the first order form of the equation

We will identify R? with C and use the usual notation dz = dx; + i dx, dZ =
dx; —idxy, and 8, = J(3y, — idyy), 3z = 3(dy, +iy,). Ifu € WHP(Q) is a
solution of (2.2), then w := 3, u € WP (Q) is a solution of the equation

3w+ Bw + Bw =0, (3.1
where B(z) := %(bl + iby). We can also go the other way.

Lemma 3.1 (See, e.g., [19]). Given w € W'P(Q) a solution to (3.1), then there
exists a solutionu € W>P () of (2.2) such that w = 0, u.
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For Dirichlet boundary conditions, as we have in (2.2), w must satisfy

d
2Re (Zw)|pe = B_C;) (the tangential derivative along 9€2). (3.2)

Here 7 is the derivative of a parametrization z(¢) of the boundary 0€2. In the case of
Neumann boundary conditions, we would instead need

ou

QR = 5

20m (zw) .

(3.3)

aQ

For this see [1, Section 16.5]. Note that the relations (3.2) and (3.3) are valid for
real solutions u of (2.2). Since b is a real vector, these relations remain true for
complex-valued solutions of (2.2).

We define the Cauchy transform

1
Ch)z) = ——/ SO o

T Jol—z2

It maps C : LY(Q2) — wha(Q) continuously for all 1 < ¢ < oo (again, see [1]).
The operator C is an “inverse” to the differential operator d; . For f € C*®(Q) N
C()

Co; /Hz) = —%ngn/ 3 f(©) M

Q-Bee ‘C—z 2i

—L(nm/ FO =@ 4y rrirey— [ 1O dg),
€ JoB(z.€)

T2 {—z el —z

SO

1
i Jye§ —z2

Also, defining (¢, f) := fQ @f,forany ¢ € C°(R2) it holds

(0. 0:Cf) =(Coz 0. f) = (¢. f)

de. (3.4)

and so we have
0-Cf = f. (3.5)

Given the mapping properties of the Cauchy transform, the formulas (3.4), (3.5)
extend to any f € Wh9(Q),1 < ¢ < oo.
The Cauchy transform may be used to turn (3.1) into an integral equation.

Lemma 3.2. A function w € WLP(Q) that satisfies (3.1) will also satisfy the inte-
gral equation

w(z) + C(Bw + Bw)(2) = N w(¢)

de.
2mi il —z 3
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Also, if & € Hol(Q2) N WP (Q) and w € WP (Q) satisfies
w(z) + C(Bw + Bw)(2) = ®(2), (3.6)
then w satisfies (3.1) and

1 w({)
— —=dt = ().
2mi BQ;_Z é‘ (Z)

Next we would like to show the existence of solutions to (3.6), with suitable ®. A
contraction principle argument of the same form as the one in the proof of Propo-
sition A.1 would work. Instead, we present a different type of argument which
doesn’t require the norm of the coefficients to be small. Testing the equation (3.6)
against a test function ¢ we get

<¢— <B+l§%> C(¢),w> = (¢, D). (3.7)

Let A := B+ Bw/w € L*(Q), with All2@) =< 2lIBllp2g),and ¢ := C(¢). Let
1 <p< 2 and p* = 2p/(2 — p). In order to obtain an a priori estimate for the
L? norm of w, we would like that

¥y — Ay = |w|” 2. (3.8)
It turns out that one solution of (3.8) is explicitly expressed by

v =C (|w|l’*—2w e_CA> €A,

The left hand side of (3.7) is just ||w] |Z;* @ The right hand side of (3.7) consists

of two terms:
(Il 20, @)+ (A, &) = 1+ 11

Holder’s inequality implies

*—1
L= w1} e g 1211 -

To deal with the second term we begin by noticing that |w|P*_2u') e LP/w=1 ().
With the help of Trudinger’s inequality, we can see that ¢€4, €4 € L4(Q) for any
q < oo (for example, see the computation in [13]). It follows that i is in all L" (€2)
withr < 2p*/(p* — 2). We can then bound the second term

) 2(p* +€)
1T < Al 2 IV lr @ |1 @l Lprveqy With 7 = P re—2
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with € > 0. Since |[Y¥]|1r (@) < Cllwl||? , we get

L”* (Q)

1T < C||w||ip_(9)||A||L2(Q)||<D||LP te(9)-

Putting these together implies that
lwllpr @y = CA + Al 2@ 1PN Lre+e(q)

and
lwllwipgy < CA+ A2 P e ().

If & € WhPT€(Q) for some ¢ > 0 and B € C°(£2), then a solution to (3.6) is

known to exits (see, for example, the proof of [9, Lemma 3.3]). Given B € L3(R)
let B, € C3°(R2) be such that || B, — Bl|;2 — 0, and let w, be the solutions of

wy + C(Bywy + Byy) = @.

Then
lwallwrsergy < ClHlwipreg (1 +11Bl1.2) .
Also

= Wy +C By = wn) + By, — i)
- ((B,, — By)wm + (By — Bm)wm) .

According to the observation above, the right had side is in W!?¢/2() and
||RHS||W1-ﬂ+e/2(Q) <C||B, — Bm||L2||d)||W1-I7+€(Q)(1 +IBll2)-

Applying the a priori estimate to the difference w, — w,, we get
2
Hwa — wally g < ClIBa — Bull211®llyireey (1+ 11Bl112)°

This proves that the sequence of approximate solutions is Cauchy in W7 (). The
fact that the limit is a solution to the equation follows from the continuity of C and
the continuity of products with respect to strong convergence. We have therefore
proven the following.

Lemma33. If1 < p <2, ®€ Whrte(Q), and € > 0 with p + € < 2, then the
equation _
w+C(Bw —I—BtZJ) =®

has a unique solution w € WPT¢/2(Q) and the following estimate holds
||w||wl-ﬂ+e/2(Q) = C||(D||W1-F+G(Q)7 (3.9

where C = C(||A||L2(Q), D, €, ).
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4. CGO solutions (introduction of the parameter k)

In this section, we want to discuss complex geometrical optics (CGO) solutions of
(3.1). These special solutions are useful in Calder6n’s problem. Let k = ky +iky €

C. If w is a solution to (3.1) then ax(z) := w(z)e*%’zz satisfies the equation

0z o (2) + B()ak(z) + e*%(IEHkZ)B(Z)ak(z) =0 in Q. 4.1

We will use the notation
ex(z) = exp (—%(IEZ + kz)) — i lkaxtkyy)

Clearly, |ex(z)] = 1. Analogously to the previous section, we have

Lemma 4.1. Ifa; € WhP(Q), with 1 < p < 2, satisfies (4.1), then it also satisfies
the integral equation

A 1
ak(z) + C(Bak + ex Bk ) (z) = i | zki)

dc.

Conversely, the equation
ak(2) + C(Bak + exBay)(z) = 1 (42)
has a unique solution oy, € WLP(Q) and
el 1oy < C>18112()- 2. P)-
This solution will also satisfy (4.1) and

1 k()

2mi 3Q§—Z

dc = 1.

4.1. Differentiability in k

In order to investigate the differentiability with respect to k of ay , for some fixed
k = ky + ik, we introduce the notations

1 1
S0 = ;(akJrK (z) —ax(z)) and éee = ;(€k+,< (2) — er(2)).
Note that this quantity satisfies the integral equation

8ca + C (BSca + exqic BSc@ + SceBay) = 0.
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We will only consider real valued « (the case of imaginary « will only different by
a minus sign). In this case

8ca + C (BSea + exquc BScar) = —C ((8ce) Bay) . (43)

Let € > 0 be such that p + € < 2, then it follows from (3.9) that

ctllynpsergy = € (16112 P €) el
In order to prove that §,« is Cauchy, we need to estimate the quantity
Ag 0t =800 — §rat.
Note that A, e — 0in C (). It is clear that A (o satisfies the integral equation

Ag o +C (BAK’K/Ol + ek+K/EAK,K/Ol)
= —C ((Avw@) Bay + (et — er) BSca) .

Applying the a priori estimate (3.9) again we obtain

||AK,K/05||W1’P(Q)
< C(Ibll2(q P+ €) (1 A ellLo@) + klI8cel o) + £ [|8cellLo(@)) -

We have thus shown that 8.« is Cauchy in W'P(Q) as k — 0 for real k. Taking
the limit in (4.3) we see that 9 o € WLP(Q) satisfies

o, o + C (Bakxa + ekém) =-C ((ixek)é&k) .

We can again apply (3.9) to conclude that 9 o is bounded in WLP(Q) uniformly
in k. The case of imaginary « is almost identical. We conclude that

Proposition 4.2. The partial derivatives of ay with respect to k exist and o oy,
Iy € L(Cy; WHP(Q)).

4.2. Behavior as k - oo

Because the «y are bounded in W17 () uniformly in k, we can extract a subse-
quence, also denoted oy, such that oy — o in L?" and ar — ap in L? for any
1 <g < p*. Of course, g € WP (Q).

To find the equation satisfied by «p we are going to integrate (4.2) against a
test function ¢ € C2°(2), then for the first term we have

(0, ar) — (@, ao).
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For the second term, since Cop € L®(2) and B € L*(Q),
(9, C(Bay)) = —(BCy, ax) — —(BCy, ag) = (¢, C(Bao)).
To handle the third term, we write
((p, C(eké&k)) =— (ekBCgo, 610> — (ekBC(p, ap — &0).
Since @y — @ strongly in L?(2),
(ex BCo, ax — o) — 0.

As @yBC¢ € L?(R), the Riemann-Lebesgue lemma implies

(ek BCy, &0) — 0.
Putting these together we get that

(9,20 + C(Bag) — 1) =0,
for any ¢ € C°(€2) and so
ag(z) + C(Bag)(z) =1, forall ze Q.

Of course it then follows that

dz o9 + Bap =0,
and applying back the Cauchy transform we need to have

1 ao($)

ﬁ 3Q§—Z

de = 1.

We have thus proved the following.

Lemma 4.3. There exists a subsequence of solutions oy of (4.2) such that oy — o
in WhP(Q)  LP” and ay — ag in L9 for any 1 < q < p*. The limit satisfies the
integral equation

ag(z) + C(Bag)(z) =1, forall z e,

and

1 ao(¢)

2mi BQC—Z

de = 1.

In fact
ap = e B, 4.4)

Proof. We only have to show that the representation formula (4.4) holds. First note
that extending B to the whole plane such that B = Bxgq and using the equation
to extend oy we have that g € 1 + WP(C). Define h := a0e®®) and note that
9; h = 0 in C, so it is holomorphic on C. Since B is supported within the bonded
domain €2, then C(B) and C(Bayg) are both holomorphic on C — Q. Furthermore,
they both decay as 1/z at infinity. It follows then that lim; .o/ = 1 and by

Liouville’s theorem this implies that 2 = 1. O
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5. Cauchy transforms of By and B,

In this section, we would like to show that under the assumptions of Theorem 2.2,
the Cauchy transforms of B; and B; are identical outside of the domain €2. Let
a1 1, a2k € WHP(Q) be the solutions of the integral equations

ajk —|—C(Bjotj,k +€kéj&j,k) =1, for j=1,2.
First note that, according to Lemma 4.1,

1 ay k(¢)

2mi IQ {—Z

d¢ =1, forall ze Q.

Define w(z, k) := e%]gzal,k(z), providing w (-, k) € WHP(Q). It satisfies
9: w; + Byw; + Bjw; = 0.
By Lemma 3.1, there exists a u1 (-, k) € W2P(Q) such that w; = 0, uy and
Aujp +I;1 -Vu; =0.
Denote w := ui|yq € Wz_/_l”p(BQ) and let u, € W2P () be the solution of
Auz—l—l;z -Vupy =0
uzlpe = w.

The existence of #, with boundary condition w is guaranteed by choosing the con-
stant C in the statement of Theorem 2.2 such that Proposition A.1 applies. Then
wy = 0, upy will satisfy

d; wy + Bowy + By, = 0.

Since u1 and uy share the same Dirichlet data, Re (Zw1) = PRe (Zwy). Since we
are assuming the Dirichlet-Neumann maps produced by b1 and b; are identical, the
Neumann data of u; must be the same as u3, so Jm (Zw;) = Tm (Zwy). It follows
then that

wilae = w2lsq-

Define o} , (z) := wa(z, k)e_lsz. It satisfies the differential equation
and, as a1 x[ag = ) ; |aq. We see that o} , satisfies the integral equation

Olé’k +C (Bzoté,k + ekéz&é,k) =1.
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It follows the uniqueness of the solution that océ’ « = @2,k Consequently, we proved
that

Lemma 5.1. o «lsq = a2.klsq.
We know from Lemma 4.3 that we can find a subsequence such that oj y — a0 in
whr(Q), for j =1,2,and
ajo+ C(Bjotj,o) =1.
1 2
The trace operator T maps W7 (Q) to Wl_ﬁ’p(aQ) C L%(BQ) continuously
and is compact from W17 (Q) to LS (3Q) for I < s < 32_—pp Therefore
ajklae = ajolaq, in L*(0R).
Lemma 5.1 then implies
arolae = a20la0-

We can now prove the following.

FE

Figure 5.1. Contour for the determination of eC(B)) (2).

Lemma 5.2. If Ay, = A, then C(B1)(z) =C(By)(z) forany z € C — Q.

Proof. By equation (4.4), we know that e CByo = e_C(B_Z) laq-
Let z € C — . Since e=€(8)) is holomorphic in C — Q, using the integration
contour from the figure, we can write

—C(Bj) —C(Bj)
o L[ S0, L e,
2mi In {—z 2mi |Z|=R {—z

As ¢ — oo, we have e €(B) =1 + (’)(%) S0
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It then follows that
e_C(Bl)(Z) — e—C(Bz)(Z)’

for any z € C — Q. This can happen only if C(B1)(z) = C(B2)(z) + 2mni. Since
both Cauchy transforms vanish at infinity we must have n = 0. O

6. A related first order system

To proceed further, we now would like to apply an inverse scattering method for a
related first order system based on [4,15—17]. A similar idea was also used in [7,9].
We define o

Cj:= eCBJ'e*CBfBj for j=1,2.

Note that, since CB; —CB; = 2iJm (CB;),wehave C; € L?(2) and NCill L) =
[1Bjllr2(q)- We also define the matrix

0 —C;
Q)= (_cj OJ)'

Let 1 (z) be the 2 x 2 matrix valued function that satisfies the integral equation

i} 1 [ ex($)
wje k) = 14C (e Qi) =1 - — Q;k—z

0;Ouic, k) d¢c. (6.1

Consider the orthogonal matrix

S )

Conjugating Q; by R we get

i _ (€ 0
RQ’R_(O Cj)'

Thus, conjugating the integral equation (6.1) by R, we obtain a decoupled system
of four scalar integral equations. We then can apply the same method we have used
to prove the existence of solutions to the equation (3.6) to show (6.1) has unique
solutions (-, k) € WP (). These solutions satisfy the differential equation

0z (2, k) —ex(2)Qj(Dpj(z, k) =0

and the equality

1 (0, k
=__/ KGR 4o forall ze keC.
2 i —z2
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Also, just like the CGO solutions a, the u ; are differentiable in k and 0 1t ;, O, bj €
WP (Q).
Define i
Nz, k) = ez, k).

This new matrix-valued function satisfies the differential equation

dzm = Q1n1.
Let
11

v = (l —l) n,
then .

11 1 i

0z v = 2 (i —i) 01 (1 _l> v = —Civ

Finally let

wy = e By,

and we get that w satisfies the matrix differential equation
0z wi(z, k) + Bi(2)wj(z, k) + Bi(z)wi(z, k) =0, forall zeQ, keC.

Applying Lemma 3.1 to the components of w;, we obtain that there is a matrix-
valued function u; € W27 (2) such that w; = 0, uy and

Auq —|—51 -Vu; =0.

1

Let w := uylgq € Wz_?’p(aQ) and let ur € WP () be the 2 x 2 matrix valued
solution of the equation

Aur +br-Vuy =0

uzlpe = w.
Just as before, we know that both the Dirichlet and the Neumann data of u and u»
coincide. Then w; := 9, uy satisfies

d; wy + Bowy + Bop =0
and
wilae = w2lsq.

Also vy = eCB2 wy satisfies
35 vy = —Ca0p

and since, by Lemma 5.2, eCB log = eCB2 lag we have

nlie = vilg.
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__l 1 —i . (11
nz._z 1 Jvz e, = o )m,

, i
My = e 25,

Let

and finally

This last matrix-valued function satisfies the differential equation
¥z 1y = ex Qo s

and
Kilag = mhlag.

Applying the Cauchy transform to the differential equation we get

wh = @3 + C(ex Q215),

By(2) = —/ @ g L m©O gy

QC—Z 2mwi 3Q§—z

So w5 = pz and we have the following.

where

Lemma 6.1. It holds 11|30 = 12liq-

7. The 9; equation

We now extend 1 (z, k), for j =1,2,t0 z € C\ Q by setting

ek(fi Q;()w; (¢, k) d*¢, forall zeC\Q.

_ 1
Wiz, ky=I+C (eij/,Lj):I—;/Q =

Abusing notation a little, if we write Q; = Q xq, then u ;(z, k) satisfies

iz, k=1 +C(6ijﬂj)
—1——[ %0 B,

T
forallze C, for all keC.

We can easily see that
lim iz, k) =1,

lz] =00

that
i k) e Wh(Q),

and pj(z, k) — I decays like % as z — oo.
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To simplify the notation, we suppress the index j. In other words, the compu-
tations below are carried out for  ;, j = 1, 2, respectively. Define the matrix

(ml(z,k) e_k(z)umz,k))
v(z, k) = - .
e_km21(z, k) u2n(z, k)

Note that
I Qi k) HEy @0
”(Zk)_”r_/ (€—2)C(@) 6] d
T Jo wvu(( k) E—ivlz(f,k)

and v is the unique solution of this integral equation. Repeating the proof of Propo-
sition 4.2, we can show that d;v(z, k) exists in WLP(Q) and it satisfies

N e ( 0 ek(nC(c)uzz(c,k)) &
0w Je\awc@rn@h 0
@ [ [E2ec@ogvnc k) HE Do, (c, k) 2

%agm@,m e @ via g, k)

This can be rewritten as

0 Tk
ek(z)(‘?,;v:< 12( ))

Ty (k) 0O

e (C—2CQ) c® 7.1y

+1/ %ek(g)a,; ni¢. k) FTrer(§)dg vaa(g, k) i

e\ Fa@dpvi@ k) HEEL )9 v k) |

where we define
1 -
Tia(k) = %/ ek (O)C (¢, k) de,

Q (12)

1 -
(k) = %/ﬂek({)c(f)ﬂll({’k)dzg-

Comparing the integral equation (7.1) with

e 0 Tk o1 (k)via(z, k) Ti2(k)vii(z, k) 0 Tk
T\ 0 To1()va (2, k) Tia(k)vay (2, k) (k) 0

1/ MTn(k)vzz(C,k) C(g)le(k)Vzl(f k)
C

_|_ —
4 C@Tm(k)m(; S U ORIED)
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we deduce from the uniqueness of integral equation (7.1) that

- 0 Tk
B v(z, k) = e 1 (D, B ( 120 )) .

Tpi(k) 0
Since
i1 =1 —C(exC) + C(exCC(e—xCann)),
12 = 1—C(exC) + C(exCC(e—xC i),
it follows that (11 = @22, so also T1» = T»1. Now let us denote

_ 0 Tiok)
”’”‘(le(lc) 0 )

and specify T;(k) be as T above defined for C;, for j = 1, 2. At this point we can
also note that

I v(z, k) = ek (@v(z, T (k) = ek ()T (k)v(z, k).
We have the following.
Lemma 7.1. It holds Ti (k) = Ty (k) for all k.

The proof of this is identical to the argument given for the corresponding statement
of [9, (4.25)] as part of the proof of their Lemma 4 .4. The result of our Lemma 6.1
is needed in the proof.

We can now use a known result of Brown on the mapping properties of the
scattering map to conclude that:

Lemma 7.2. It holds C; = C,.

Proof. Note that the off-diagonal entries of Q ; are zero. We use [5, Theorem 2].
There it is shown that the mapping Q — T is invertible, hence injective, provided
1072 < /2. This can be arranged by choosing the constant C in the statement
of Theorem 2.2 appropriately. Since we have already determined that 77 = 7>, it
follows that Q1 = Q». O

8. Conclusion of the argument
By Lemma 7.2 we have that

B1eCB1=CB1 — B, oCB2CB2  for ]l 7 € Q,

and hence S 5B
B1eCB1=CB1 — B oCB2CB2 for )] 7 € C,
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since By = B, = 0in C \ Q. In view of Lemma 5.2, if we let Z := C(B, — By),
then Z € W'2(C) and supp(Z) € Q. Denote

Then we obtain
B, =«B;

and
0; Z = (1 —«)B, for z € C.

By an easy computation (see [9, page 1389]), we can deduce that
lk — 1] = 2|Z]

and thus
|0z Z| < 2|B2| |Z]

holds. Applying the generalized Liouville theorem of [7, Corollary 3.11] (or [1,
Theorem 5.8.3]), it follows then that Z = 0 and so By = B;. This ends the proof
of Theorem 2.2.

Appendix
A. Existence of strong solutions for coefficients with small norm

In this appendix, we will show that if ||l; l12(q) is not too large, then (2.2) has a

1
unique solution for any Dirichlet condition in w2 pP (0€2). The proof is based on
a contraction mapping principle argument.

Proposition A.1. There exists a constant c(p, 2) > 0 such that if ||l;|| 2@ <
c(p, ), then (2.2) has a unique solution u € WP (Q).

Proof. Let H € WP () be the unique solution to the Dirichlet boundary value
problem:

{AH(x):O, x e
Hlyo = .

Defining ug := u — H, the equation becomes
Aug(x) + b(x) - Vuo(x) = —b - VH(x) (A1)
with ug € WO1 "P(Q). Let L(f) be the solution of the inhomogeneous problem

{AU(x) =f xeQ
Ulsg =0.
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Then £ : LP () — W*P(Q) N WO]”’(Q) is continuous (e.g., [10, Theorem 9.15]).
If (A.1) can be solved, then the solution should satisfy

u0:—£(5~Vuo+l;~VH>.
Seeing this, we define the operator T for functions v € W27 () by
Tvi=—L(b-Vo+b-VH).

Since Vv € WI'P(Q) C LP' (), with o = £ — 1, it follows that b - Vv € LP(R).
The same is true of the second term in the definition of 7. Putting these together
we get that there is a constant C(p, €2) > 0 such that

T ol < C(p, Q) (||b||Lz(Q)||v||Wz,p(Q) + ||b||Lz(g)||w||wz_;,,,,(m)) .

SoT : W2P(Q2) — W%P(Q). Moreover, for two vy, v, € WP (), it hods
Tvi — Tuallw2r) < C(p, DD 2 llvi — v2llw2.p(q)-

"4 1 . . . .
If ||b]]| 129 < Too; the operator T is a contraction hence it will have a fixed

point: the solution of (A.1). Uniqueness follows easily from these same estimates.
O

B. Recovering the conductivity at the boundary

Since y € W2(Q) we can consider its trace y|yq € W%’2(8§2). In this section,
following the method of Brown in [6], we will prove that we can recover y |3q from
the Dirichlet-to-Neumann map. We cannot quote the result of [6] directly since
there the conductivity is assumed to be bounded.

First we need to straighten out the boundary. If P € 9€2, then there is a ball
B(P, R) and a diffeomorphism ¢ : 2 — Q such that ¢ (2 N B(P, R)) C {y2 > 0}
and 0 € ¢ (022N B(P, R)) C {y> = 0}. In the new coordinates the equation (2.1),
denoting F := ¢! and v := u o F, becomes

Ok (axjdjv) =0,
where .
aj(y) := v (F(3)3;9" (F (1)) 3¢’ (F () det(DF)(y).
Hereafter, we adopt the summation convention. We can make sure that D¢ €

C'NL*®,and DF € C' N L™, 50 a;j € W2,

loc
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Choose a smooth 1 : R — [0, o0), with supp n C [—1, 1], 77|[ = 1. Also

2° 2
choose o € R? such that

Jid? (P)a ;3" (P)ayg = 8;¢7 (P)8;20:0" (P)Sa,
3 (P)ajdi¢* (P)Sr2 = 0.

In other words, R? 5 « satisfies | D¢ (p)a|=|D¢(P)ez| and Do (P)a L Dp(P)es.
Define yu := D¢ (P)(ia—e2) € C2. Then - = 0,and -t = 2|Dp(P)es|*> > 0.
With these notations we introduce the functions

on () = (N2 ) o (N129) N 0omey =iy (N12y) BV,
where N € N.

Lemma B.1. There is a non-zero constant A such that
1
/Qa,,ma on (135N () dy = NIy (FO)A+0 (N?),

as N — oo.
Proof. Let y(y) := y(F(y))det(DF)(y). We compute

/Qaij()’)aivN()’)ajl_)N()’) dy
=N’ / PO - iy (N'2y) e ay
Q
2
2 GGo) -7 Qi 1/2 —2Ny;
8 [ )= pon iy (V) e dy -
+N / aij (@) (N'2y)(@;9) (Nl/zy) e 2N gy
Q
=N [ a0 Py (N1 2y) e ay
Q

= h+ DL+ 1+ 14
We begin with the estimate of /4. Note that

I\JI'—‘

1
2

N~ 2|]4| < sup/ |al-j(0)|e’2Ny2 dy> dy;

+sup / N / |al~j(y1,0>—a,-j(0>|e—2’vy2 dyz dy,
2

2
i ] 9 — djj ) 0 —
+ Supf -1 / |alj (yl y2)y2 sl )|y2€ 2Nv2 dy, dyy

=N +h+J/
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By direct computation, we have that

Ji = y(F(0))CN™2

for some constant C. If 0 is a Lebesgue point for a;;|,¢ then

D=

1

N 2
N / 1 1aij(y1,0) —aij(0)] dyp — 0,
-N

0=

which gives that also J, = o(N _%). And finally Hardy’s inequality implies

7
J3 < Csup||Vajl|2N7%.
i,j

Hence 14 = O(1). The same type of estimates give I3 = O(N _%).
The first term of (B.1) is easily seen by direct computation to satisfy

I = y(F(0) AN? + 0 (N%) :
Finally, arguing in the same way as in the case of the terms J, and J3 we have
2
N2i = [ Fon0) — yFO ey (V) e gy
Q

2
+ [ @ EL ) =y FEoL i (V) e ay
=o(N"H +O(N7F),

which gives I, = O(N%).

Lemma B.2. It holds ||0; (aijaij)||H,](S~2) = 0(N%).

Proof. We begin by splitting the left hand side into several terms

0 (a0 o) () = a; ONY2 @) (N'2y) (i = e2), E(N)
+a;j(0)N(9;9;¢) (N1/2y> E(Ny)

+ 0 ((aij () = ai;)9; (v (N'2y) EV)) )
=h+DL+1
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Lety € HO1 (2) (we use the norm o] |H01 = |[Vg]|;2) and denote §(y) the distance
between y and a.

_3
2

/ (N (y) dy‘ <lai; (0)] / D0 5 () @) N2yt — e2)le= 2 dy

3(y)
b ot f
/ e 2N» dy

1
o(y)? 2/
() d
<sup o )|(f§28(y)2 y)

_7
<Cligll N3,

hence

_1
11110y = O (N75).

In the same way we get

3
152110y = O (N7F).

For the third term, we have

’/ () 13(y) dy
Q

= ClIVell2

1
X N”zsup f / (@ij(y) — ai;(0))2@;9) (N2 y)e 22 dy

1
2

77 77
+Nsup / N / (aij(y) — aij (0)* Y2 (N2y)e2N72 dy
2

< ClIVoll [N1/2]1 + NJQ] .

We first look at J;,

1
2
Jy < sup / 1 / (at](yl YZ)—azJ(Y1 0)) 2 L) dy
ij -N"2 )’2

1
N2 N
—i—sup/l/
ij —-N"2J0

= K|+ Kj.

2

1
2
(@ij(y1,0) — a;;(0))2e 272 dy
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Using the inequality
S2€_2NS < N_2e_2 forall s € [0, OO),

we get Ki = O(N~!). Using the same methods as in previous estimates, we also

have K, = o(N_%). This gives J; = o(N_%) and similarly also J; = o(N_%).
Then we have

1
15110y = 0 (N¥)
and the lemma is proved. O
Lemma B.3. The boundary value problem
al-(a,-jaij) = 3,’(611‘]‘3]‘111\/), with wN|8§2 =0,
. . 1
has solutions that satisfy ||wy| |H01(Q) =o(N%).

Proof. Existence of weak solutions follows from applying the standard Lax-
Milgram argument in the energy space

H, .= {v - Q— C: [aij(y)aiv(y)ajv(y) dy <00, vy =0¢.
Q

Recall that y is positive and bounded away from zero. So a;; is a positive-definite

matrix function and we can see that H, C H(} (fZ). Since H~! ¢ (H,)' the right
hand side of the equation the usual method can indeed be applied. Integrating the
equation against wy we obtain

||VwN||iz < IVwnll2119; (aij0jun)] g-1

and the result follows. O
We are now ready to prove the result of boundary determination.

Proof of Proposition 2.3. Let P € 92, ¢, F, 2 be as above. Assume ¢(P) = 0

and 0 is a Lebesgue point for a;; so that our lemmas above apply. Almost every
point on the boundary satisfies this, so there is no loss of generality. Define

fyi=A"IN"Tuy 0.
Let u be the solution of

{V(quN)(x) =0, xe

ulpe = fnlag,
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which exists, as argued in Lemma B.3. Then

f fNAnydxzf Y [Vuy|? dy=[aij(y)ai<uNoF>aj(aNoF> dy
02 Q Q

1
=A"'N2 / a;jdiund;iy dy 4+ o(1) = y(P) + o(1).
Q

Taking the limit as N — oo we see that we can determine y |3 almost everywhere
on the boundary from the Dirichlet-to-Neumann map. O
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