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On the boundedness of slc surfaces of general type

CHRISTOPHER D. HACON AND SANDOR J KOVACS

Abstract. The purpose of this note is to give a new proof of Alexeev’s bound-
edness result for stable surfaces which is independent of the base field and to
highlight some important consequences of this result.

Mathematics Subject Classification (2010): 74K20 (primary); 74B20 (sec-
ondary).

Let k be an algebraically closed field, an slc model (X, B) is a projective semi-log
canonical pair such that Ky + B is ample (see Definition 1.3 below). The main
result of this paper is the following.

Theorem 1 (Alexeev). Fix a constant v > 0 and a DCC set € C [0,1] N Q.
Then there exists an integer r > 0 such that for any algebraically closed field k
and any two dimensional slc model (X, B) defined over k with coeff(B) C € and
(Kx +B)?=v,r(Kx + B) is very ample.

Remark. This result was originally proved by Alexeev in a series of papers, [2—4]
and [5]. The results there are stated for surfaces defined over a fixed algebraically
closed field (of any characteristc) however, as pointed out to us by Alexeev, they
actually hold independently of the field. We believe that this was known to some
experts, however there are some subtleties in Alexeev’s arguments that make the
proof of the results over an arbitrary field not entirely routine. In this paper we pro-
pose an alternative proof which we believe simplifies and makes Alexeev’s original
approach more transparent. The main differences are: A substantial simplification
of the arguments needed from [3]; the use of recent effective Matsusaka results
of [17] and [7] (instead of the original papers of Matsusaka and Kollar); and the
use of ultraproducts (cf. [16] and [6]) to simplify some of the arguments of [4]. Of
course the entire paper is heavily influenced by [4].
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The following result, which is of independent interest, is a key step in the proof of
Theorem 1. This was also proved by Alexeev, but we provide an independent proof.

Theorem 2 (Alexeev). Fix a DCC set €. Let ¥ = {(Kx + B)?} where (X, B)
is a two dimensional slc model defined over k, an algebraically closed field, with
coeff(B) € 6. Then V'is also a DCC set. In particular, there exists a number
3 > 0, depending only on €, such that if 0 < v € ¥, then v > §.

Corollary 3. Fix constants ¢, v > 0 and a DCC set € C [0, 11N Q. Then the set of
all two dimensional e-log canonical pairs (X, B) defined over k with coeff(B) C G,
Kx + B nef and big and (Kx + B)2 < v is degree bounded, i.e., there exists a
constant d > 0 such that for any pair (X, B) as above there is a very ample divisor
H on X such that H* < d and Breq - H < d.

We have the following interesting applications which should allow the construction
of moduli spaces of (semi-log-canonical) canonically polarized surfaces for p > 0.

Theorem 4. Fix a constant v € Q and a DCC set € C [0, 11NQ. Then there exists
a number py > 0 such that if L is an algebraically closed field of characteristic p >
po, (X, B) a pair defined over L such thatdimX =3, f : X — § = Spec L[[¢]]
a projective morphism with connected fibers such that, with n € S denoting the
generic point of S, coeff(B,) € €, (X,, By) is semi-log canonical, and Kx,+ By is
ample with (Kx, + Bn)2 = v, then there exist a separable finite morphism S’ — S,
a projective morphism f' : X' — §', and a pair (X', B") such that (X, By) is semi-
log canonical and Ky, + By is ample for all s € S', and (X;},, B;,) is isomorphic
to (Xy, By) xy n where ' € S’ denotes the generic point.

Theorem 4 will follow as Corollary 2.12 to the somewhat more technical Theo-
rem 2.11 which we only state later. It also implies Corollary 2.13, a variant of the
above statement.

Finally, using Theorem 4 we will we prove another variant:

Theorem 5. Fix a constant v € Q and a DCC set ¢ C [0, 11N Q. For eachm > 0
let Ly, be an algebraically closed field of characteristic p,, > 0 such that lim p,, =
oo and let k = [L,,). Further let (X,,, By) be a pair defined over L,, such that
dim X,, = 3, and let f,,, : X;y — Sm be a projective morphism with connected
fibers to a smooth curve. Assume that for each m € 7. with n € S, denoting the
generic point of Sy, coeff(By, ) € €, (Xm,y, Bm,y) is semi-log canonical, and
Kx,,, + Bm.y is ample with (Kx,, , + Bup)?=v.

Then for all but finitely many m’s there exist a separable finite morphism oy, :
S, — Sw, a projective morphism X, — S, and a pair (X,,, B),) such that

(X150 Biy.s) is semi-log canonical and Ky: + By, is ample for all s € S, and
(Xpu.5» By ) s isomorphic t0 (X 0,,(s)» Bm.oy(s)) for general s € S,,.

As an ancillary result we establish an important connection between bounding the
degree of a projective variety and bounding the degree of its defining polynomials.
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This is, of course, related to the fascinating Eisenbud-Goto conjecture [8], but we
only need a much weaker statement. It turns out that the proof is not complicated
at all, but still the statement might be of some independent interest.

Theorem 6 (Theorem 1.8). There exists a function 8 : N x N — N, such that
ifd,q,n € N, L is a field and X C P" is a projective variety over L such that
dimX = g and degX < d, then I(X) < Ll[xg,...,x,] can be generated by
homogenous polynomials of degree at most B(d, q).

ACKNOWLEDGEMENTS. The authors are grateful to Valery Alexeev for useful
comments and especially for explaining why the results of [4] hold independently
of the field and to Zsolt Patakfalvi and the anonymous referee for helpful remarks.

1. Preliminaries

1.1. Definitions

We follow the definitions of [13] (in particular for discrepancies, terminal, kit and
Ic pairs). A pair (X, B) consists of a demi-normal variety X (see Definition 1.3)
and an effective Q-divisor B on X such that none of the irreducible components
of B is contained in Sing X. The set of coefficients appearing in the irreducible
decomposition B = Zle b; B; is denoted by coeff(B) = {b;|li = 1,...,r} and
we let Breq = Zle B;. Recall that a pair (X, B) is e-klt (respectively e-Ic) if X is
normal and a(X, B) > ¢ — 1 (respectively a(X, B) > ¢ — 1) where a(X, B) is the
total discrepancy of (X, B), in particular b; < 1 — ¢ (respectively b; < 1 — ¢).

We say that €’ C R is a DCC set if given any non-increasing sequence (d;);eN
of elements of € then (a;);cn is constant for all i >> 0. The typical example is
I={1—2LmeN). Welet I, ={0}U{i = Y} jiplit,....iy € I} and
D) = {a = m%w, m e N, f e I, N[0, 1]}. It is well known that [ is a
DCC set if and only if and only if D(/) is a DCC set. Recall the following (see,
eg.[4,2.7]).

Lemma 1.1 (Shokurov’s log adjunction formula). Let (X,S+ B) be a log canon-
ical surface pair where B = Y _b; B; and S is a prime divisor with normalization
v:SY— S, then

(Kx+ S+ B)|sv = Kgv +D]ffSIJ(B) = Kgv +lef(0)5v + B|gv

where the coefficients of Diffsv (B) are 1 or of the form (n —1+Y_a;b;)/n € [0, 1]
for some n, a; € N. In particular, coeff(Diffsv (B)) € D(I) if coeff(B) C I.
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For later use we recall the following elementary observation.

Lemma 1.2. Let (X, S + B) be a log canonical surface pair where S is a prime
divisor with normalization v : S — S. Then for any 1 > A > 0 we have

(Kx + S+ AB)|sv = Ks» + ADiffgv (B).

Proof. Let B = Y b; B;. It suffices to show that (n — 1 + A Y a;jb;)/n > A(n —
1+ Za,’b,’)/n. ]

For a,b € R seta vV b = max{a, b} and a A b = min{a, b}. Similarly,
for A =) a;A; and A" = } ajA; R-divisors set AV A" = ) (a; V a])A; and
ANA =3 (a; na))A;. A pair (X, B) is a simple normal crossings pair or an
snc pair if X is smooth and the support of B consists of smooth divisors meeting
transversely.

Definition 1.3. A scheme X is called demi-normal if it is seminormal, S» and G
or equivalently if it is S, and its codimension 1 points are either regular points or
nodes (cf. [13, 5.1, 10.14]). Let X be a demi-normal scheme with normalization
m : X — X and conductors D C X and D C X. Let B C X be an effective Q-
divisor whose support does not contain any irreducible component of D and B C X
the divisorial part of 7~ Y(B).

The pair (X, B) is called semi-log canonical or slc if X is demi-normal, K x + B
is Q-Cartier and (X, B + D) is log canonical. An slc model (or semi log canonical
model) is a projective pair (X, B) which is slc and such that Kx + B is ample.

Let # : X — U be a projective morphism of normal varieties, then by def-
inition 7,O0x (D) = 7.Ox(|D]). Given an R-divisor D on a normal projective
variety X, the volume of D is defined as

0
vol(D) = lim m(@x(mDD)

m— 00 m"/n!

If D is nef, then vol(D) = DYMX Note that vol(AD) = A4mXyol(D) for any
A > 0. It is easy to see that if f : X — Y is a morphism of normal projective
varieties, then vol(D) < vol(f,D) and if E is an R-Cartier divisor on Y such that
D — f*E > 0is f-excepional, then vol(E) = vol(D).

Let X be a quasi-projective variety then a b-divisor B over X is given by a
collection of divisors By’ on X’ for any birational morphism X’ — X with the
property that if X” — X is another birational morphism and v is a valuation corre-
sponding to a divisor on X" and X", then mult,(By/) = mult, (Bx~). In other words
a b-divisor over X is defined by its multiplicity along any divisor over X. Similarly
one defines R-b-divisors etc.
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Let (X, B) be a pair. Then typical examples of R-b-divisors are as follows.

(1) The discrepancy b-divisor, A = Ap is defined by the equation
Kx =v*(Kx + B) + Ap x'

for any birational morphism v : X’ — X;
(2) The b-divisor L. = Lp is defined by the equation

Kx +LB,X’ = v*(KX + B) + Ep x

where Lp x» and Ep x/ are effective with no common components, for any
birational morphism v : X’ — X;

(3) The b-divisor M = Mp is defined by multg (M) = multg (B) if E is a divisor
on X and multgy (M) = 1 otherwise.

We have (cf. [9, 5.3]):

Proposition 1.4. Let (X, B) be a projective snc pair, f : Y — X a log resolution
of (X, B),and g : X — Z a birational projective morphism such that (Z, g« B) is
also an snc pair . Then

(1) vol(Kx + B) = vol(Ky + I') for any R-divisor T" such that ' — Lpy > O is
[f-exceptional;
(2) vol(Kx + B) = vol(Kx + ©) where ® = B ALg, B x.

Definition 1.5. We say that a set of varieties 2 is degree bounded if there exists a
constant m > 0 such that for each X € 2 there is a very ample divisor H on X
with H9™X) < . A set of pairs 2 is degree bounded if there exists an integer
m > 0 such that for each (X, B) € 7 there is a very ample divisor H on X with
HImX) — y and HIMO-1 B« < m. A set of pairs & is log birationally
degree bounded if there exists a degree bounded set of pairs & such that for any
(X, B) € B there exists a pair (Z, D) € £ and a birational map f : Z --» X such
that Dyeq contains the strict transform of B.q and all f-exceptional divisors.

1.2. Ultraproducts

We briefly recall a few results about ultrafilters and ultraproducts that will be needed
in what follows. The interested reader may consult [16] and [6] for more back-
ground.

We fix % a non-principal ultrafilter on N for the sequel. So % is a non-empty
collection of infinite subsets of N such that

(WDIfAcBcNand A e %,then B € %,
) IfA,Be%then ANB € %,
(3) Forany A C N, either A or N\ A are in %.
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We say that a property P (m) holds for almost all m e N if {m e N| P (m) holds} € Z.
Let (A)men be a sequence of rings then the ultraproduct [A,,] is defined by
[An] = (]_[m eN Am) / ~ where ~ is the equivalence relation defined by
(am) ~ (bw) iff ay, = by, for almost all m € N. [a,,] € [A;] denotes the equiv-
alence class corresponding to the sequence (a,)nen. Note that a, only needs to
be defined for almost all m € N. If, for almost all m € N, the A,, are reduced
(respectively fields), then so is [A,,]. Given a sequence of homomorphisms of rings
Jm : Am = By, then [ fi,] : [A] — [Bi] is a homomorphism of rings defined by
[fnlUam]) = [ fin(am)].

Suppose now that L, is a sequence of fields and k = [L,,]. For any fixed
integer n > 0, we define the ring of internal polynomials

k[-xl’ .. 'axl’l]il’lt = [Lm[xl, . -,xn]] .

Note that the name is misleading as the elements of k[xy, ..., x,]in; are not neces-
sarily polynomials. There exists a natural embedding

k[xl9 vx}’l] — k[-xl7 .- -,xn]int

whose image is the set of elements g = [g,] € k[x1, ..., X, linc Of bounded degree
(i.e., such that there exists an integer d with deg(g,,) < d for almost all m € N).
For an ideal a C k[xy, ..., x,] we put aijp := a - k[x1, - .., X Jint-

We have the following:

Theorem 1.6 ([18, Theorem 1.1]). The extension k[xy, ..., xp]1— k[x1, ..., Xy lint
is faithfully flat. In particular, for an ideal a Ck[x1, ..., x,], GintNk[Xx1, ..., x,]=0.

This theorem implies that the ideals of k[x1, . . ., X, ]int generated in bounded degree
are in a one-to-one correspondence with the ideals of k[xy, ..., x,], and hence they
are all of the form [a,,] for a sequence of ideals a,, < L,,[xy, ..., x,], which are
all generated in bounded degree.

Given the fields L,, for m € N and assuming the above constructions, the
symbol [X},] stands for equivalence classes of sequences of schemes X, of finite
type over L, with respect to the equivalence relation: [X,,] ~ [Yy,] iff X;,, = Yy
for almost all m € N. This [X,,] is called an internal scheme over k. An internal
morphism [ fi;] is defined by (the equivalence class of) a sequence of morphisms
fm @ X — Y, where as usual [ f,] ~ [gm] iff fiu = gm for almost all m € N.
Similarly, an internal coherent sheaf on an internal scheme [X,,], denoted by the
symbol [.%#,,], is defined as an equivalence class of sequences of coherent sheaves
Fm on X, by the usual equivalence relation, [.%,,] ~ [4,] iff %, ~ ¥, for
almost all m € N, where .%,, and ¥, are coherent sheaves on X,, for almost all
m € N.

Claim 1.7. There exists a functor int : X — Xj,; from separated schemes of finite
type over k to internal schemes.
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Construction. First assume that X is affine and define int as follows: let
X — A,iv be a closed embedding defined by the ideal a C k[xy, ..., xy]. As ob-
served above ai; = [a,,] for an appropriate sequence of ideals, and then we define
X, In AZ . by the ideal a,, (it is enough to do this for almost all m € N). Now we set
Xint := [Xm]. A similar construction applies to morphisms (for details see [6,
pages 1468-1469]) which implies that the above defined Xiy is independent of the
embedding we chose at the beginning and hence the construction is functorial. By
patching on an open cover of X we obtain Xjy in the general case and similarly the
same for morphisms. O

Similarly to the functor X — Xj, one may also define a functor .% — Fiy
from coherent sheaves on X to internal coherent sheaves on Xj,¢. The construction
is relatively straightforward; for details and basic properties see [6, pages 1471-
1472].

Notice that since the construction of the functor X — Xj, is based on the
defining ideal sheaf of X and hence for a divisor D C X, the internal subscheme
Dint C Xing is a divisor with corresponding divisorial sheaf O, (Dint) ~[Ox, (Dm)].
In other words, for a divisor, the corresponding internal divisor may be obtained
either as an internal scheme or an internal coherent sheaf. By [6, 3.5(i)] Cartier
divisors correspond to Cartier divisors. An internal pair (X, D) consists of an
internal scheme X and an internal Q-divisor D C X. For a pair (X, D) over k, we
will use the notation (X, D)int := (Xint, Dint)-

Next, we establish the important connection between bounding the degree of a
projective variety and bounding the degree of its defining polynomials promised in
the introduction.

Theorem 1.8. There exists a function 8 : N x N — N, such that ifd, q,n € N,
L is a field and X C P" is a projective variety over L such that dimX = ¢
and deg X < d, then 1(X) < Llxo,...,x,] can be generated by homogenous
polynomials of degree at most 5(d, q).

Proof. Note that if deg X < d, then there exists a linear subspace P4t4~1 ~ p C
P" such that X € P and hence we may assume thatn < g+d—1. We utilize an idea
of Mumford: For any linear subspace T C P of dimension n —g — 2 let Hr denote
the join of X and T, i.e., the union of lines determined by pairs of points given by
X x T. Alternatively, Hr may be defined as follows: consider the projection map
a7 P* ——5 P91 and let Hy := JTT_IJTT(X). Then deg Hr < deg X < d and itis
easy to see (cf. proof of [15, Theorem 1, page 32]) that

X = Hr.
set-theoretically TNX=0

It follows that there exists an ideal J C L[xg, ..., x,] that can be generated by
homogenous polynomials of degree at most d and such that ~/J = I(X). Then the
statement follows by [18, Theorem 2.10(ii)]. O
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Proposition 1.9. Fix d > 0 and let L,, be a sequence of fields. Let X,, be a se-
quence of projective varieties defined over Ly, of bounded degree and dimension for
almost all m € N. Then there exists a projective variety X defined over k = [L,]
such that Xine = [X]. Furthermore, this X admits an embedding to a projec-
tive space over k such that its ideal sheaf is locally generated by polynomials of
bounded degree.

Proof. Since the X, have bounded degree and dimension (for almost all m € N),
we may assume that there are fixed integers d, N > 0 such that for almost all
m € N, X,, is embedded in IP’ with degree < d. Let AN = U C ]PW be
a standard open affine subset and let Umt = [U,,] be the correspondlng 1nternal
scheme. Consider X,, N Uy, C Uy, ~ AN L with defining ideal a,,. It follows from
Proposition 1.8 that the a,, are generated by polynomials of bounded degree and
then so is aje = [am] < k[x1, ..., xN]int. Let a 1= aje N k[x1, ..., xy] and
XV=2z(@c A,ICV =U. By the construction we have that [ X,,NU,,] = (X YYint. Glue-
ing the various XY as before we obtain the required closed subscheme X C ]P’,ICV .0

Lemma 1.10. Ler X C IP’,](V where k = [L,,] and £ a semiample line bundle on X .
If Xint = [Xm] and Ly = L], then £y, is semiample for almost all m € N.

Proof. Since . is semiample, there is an integer » > 0 such that .Z®" defines
a morphism ¢ : X — PY with ¢* IP>M(1) ~ 2% Since (P )i = [PY ]

and (ﬁpM (1))int = [ﬁPM (1], it follows that Lo = q&m(ﬁPM (1)) for almost all

meN (where (@®)int = [¢m]) by [6, 3.5(iii)]. Thus .%, is semlample for almost all
m € N. O

Lemma 1.11. Let (X, B) be a log canonical pair projective over k = k = [Ln]
and let v : X --+ Y be a good minimal model (respectively log canonical model),
then (X, Bw) is a log canonical pair projective over Ly, and vy, : X —-+ Yy, is
a good minimal model (respectively log canonical model) for (X,,, By,) for almost
all m € N, where viny = [vi], Yint = [Yin] and Bine = [Bp].

Proof. Since r(Kx + B) is Cartier, so is 7 (K x,, + By,) for almost all m € N by [6,
3.5(i)]. Let u : X’ — X be a log resolution of (X, B), then following [6, Proof of
411, pm : X, = Xm is a log resolution for almost all m € N and (Kx7/x)int =
[Kx; /x,]- Since the coefficients of Axs = Kx» — u*(Kx + B) are > —1, the same
holds for the coefficients of AX;,, = Kx/, — wy (Kx, -+ By) for almost all m € N
(cf. [6, Section 3]). We only discuss the case of good minimal models (the other
case is very similar). By assumption Ky + By is semiample where By = v, B. By
Lemma 1.10, Ky,, + By,, is semiample for almost allmeN. Let p : W — X and
q : W— Y resolve v, then p*(Kx+ B) > q*(Ky + By) where the inequality is strict
along v-exceptional divisors on Y. But then, if p,, : W,, — X,,, and ¢, : W), = Y},
are the corresponding morphisms, we have p» (Kx, + Bwn) > g, (Ky, + By,)
where the inequality is strict along v,,-exceptional divisors on Y;,. O
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1.3. Effective Matsusaka and birational boundedness

We begin by recalling the following effective version of Matsusaka’s theorem and
a vanishing theorem due to di Cerbo, Fanelli and Terakawa.

Theorem 1.12. Let X be a smooth surface over a field of characteristic p > 0 and
D a big and nef Cartier divisor on X. Let qo := (2vol(Kx) + 9)/(p — 1), then
H' (Ox(Kx +qD))=0foralli > 0and g > qo.

Proof. See [17] and [7,5.9]. O

Theorem 1.13. Let X be a smooth surface and D be a big and nef Cartier divisor.
Letl = D*—5 (respectively | = D? — 9) withl > 0 then if |Kx + D| has a base
point at x € X (respectively |K x + D| does not separate points x, y € X) then

(1) If X is not of general type nor quasi-elliptic of Kodaira dimension 1, then there
exists a curve C C X containing x (respectively containing one of the points
x,y) suchthat D - C < 2 (respectively D - C < 4);

(2) If X is of general type with D? > vol(Kx)+6 (respectively D? > vol(Kx)+9)
or is quasi-elliptic of Kodaira dimension 1 then there exists a curve C C X
containing x (respectively containing one of the points x, y) such that D - C <
7 (respectively D - C < 17).

Proof. See the main theorem of [17] and [7,4.9,4.11]. O

Corollary 1.14. Let X be a normal surface and D a nef and big Cartier divisor
such that D* > vol(Kx), then |Kx + gD| defines a birational morphism for any
q > 18.

Proof. Let u : X' — X be a resolution and D’ = p*D. Pick a general point
x € X' (respectively general points x, y € X’). If C is a curve on X’ containing x
(respectively containing x or y), then gD’ - C > g > 18 and (¢D')?> = (¢D)* >
vol(Kx) 4+ 10 > vol(Kx’) + 10. By Theorem 1.13, x is not a base point of | Ky +
gD’| and |Kx' + gqD’| separates x and y. Thus |Kx + g D] defines a birational
morphism. U

We will also need the following result which is analogous to [9, 3.1].

Theorem 1.15. Fix A € N, § > 0. Let (X, B) be a log canonical surface such
that the coefficients of B are > §, vol(q(Kx + B)) < Aand |Kx + q(Kx + B)| is
birational for some q > 0, then (X, B) is log birationally degree bounded.

Proof. The proof follows [9, 3.1]. For the convenience of the reader we include a
sketch which highlights the main changes necessary to avoid the use of Kawamata-
Viehweg vanishing.

By a standard reduction (cf. [9, 3.1]) we may assume that X is smooth and
|Kx + q(Kx + B)| induces a morphism ¢ : X — Z,ie., |Kx +q(Kx + B)| =
|M| + E where | M| is basepoint-free. Let H be a very ample Cartier divisor on Z
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so that M = ¢*H. It suffices to show that H? and ¢ Breq - H are bounded from
above.
Clearly

H? = M? = vol(M) < vol(Kx + q(Kx + B)) < (¢ + 1)*>vol(Kx + B) < 2%A.

Let Do be the sum of the components of B that are not ¢-exceptional. Note that if
G € |M|, then there is an effective Q-divisor C = E + B — § Dy > 0 such that

8Dg+ G +C ~q (g + )(Kx + B). (1.1)
Letoo =2A + 10. Since B > 0 and g > 0,
vol(q(Kx + B)) > vol(Kx + B) > vol(Kx)
and so o > 2vol(Kx) + 10. Then
¢«Do- H=Dgy -G <Dy -20G < 4vol(Kx + Dg + 2aG)

1 1 2 (1.2)
§4v01((1+<g+2a> (q-l—l)) (KX—i-B)) < 16(1+§+2a> A.

Here the first (in)equality follows as G ~ M = ¢* H, the second is trivial, the third

by Lemma 1.16 below, the fourth by (1.1), and the fifth since ~FUAE2ED <
2(1+1/8 + 2a). O

Lemma 1.16. Let X be a normal surface, M a Cartier divisor such that |M| is base
point free and the induced map ¢ = ¢\m| : X — Z is birational. Let L = 2aM for
some integer oo > vol(Kx) + 10 and D be a sum of distinct prime divisors, then

D-L <4vol(Kx+D+L).

Proof. By standard reductions, we may assume that (X, D) is an snc pair and the
components of D are disjoint and not ¢-exceptional (cf. [9, 3.2]). Now consider the
short exact sequence

0 — Ox(Kx +mL) - Ox(Kx +mL+ D) — Op(Kp +mL|p) — 0. (1.3)

Since R! ¢+ Ox (Kx +mL) = 0 by the Grauert-Riemenschneider vanishing theorem
(see [13, 10.4] for a version that applies here) using the projection formula and Serre
vanishing, it follows that

H' (Ox(Kx+mL)) = H (¢.Ox(Kx+mL)) = H (¢.Ox(Kx)® Oz(mH)) =0
for all m > 0 and hence

H(Ox(Kx +mL + D)) - H*(Op(Kp +mL|p)) (1.4)

is surjective.
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Claim 1.17. It follows that h°(Ox (Kx + L)) > 0 and no component of D is con-
tained in the base locus of |Kx + oM + D].

Proof. Since o > 2vol(Kx) + 10, by Theorem 1.12, HY (Ox(Kx +aM)) =0 and
hence

HY(Ox(Kx+aM + D)) — H(Op(Kp + aM|p))=&H"(Op, (Kp, +aM|p,)

is surjective where D = > D; and each D; is a prime divisor. Since the components
of D are not ¢ exceptional, M - D; > O, HO(ﬁDi (Kp; +aM|p,)) # 0 forall i
and so a general element of H%(Ox(Kx + aM + D)) does not vanish along any
component of D.

The proof that h°(Ox(Kx + L)) > 0 is similar (and easier). ]

Now consider the following commutative diagram

Ox(Kx +mL + D) —_— Op(Kp +mL|p)
Ox(2m —1)(Kx + L + D)) —— Op((2m — 1)(Kp + L|p))

where the vertical maps are induced by a general divisor in |(m — 1)(2Kx + L +
2D)| = |2(m — 1)(Kx + oM + D)|. Since no component of D is contained in the
support of this divisor (Claim 1.17), it follows that

R (Ox((2m — 1)(Kx + L + D)))
— h%(Ox(@m —2)(Kx + L+ D)+ Kx + L))
- dimlm[HO(ﬁX((zm —1)(Kx + L + D)) (1.5)
~ HY@p(@m ~ D)(Kp + LIp)]

> h%(Op(Kp + mL|p)).

Let P(m) = h°(Ox (m(K x + L+ D))), then P(m) = m*vol(K x + L+ D)+o(m?).
Since h%(Ox(Kx + L)) > 0 (see Claim 1.17), we have h°(Ox(2m — 2)(Kx +
L+ D)+ Kx + L)) > P(2m — 2) and hence by (1.5), we have

PQ@2m —1) = P2m —2) = Q(m) := h*(Op(Kp + mL|p))

=mL - D+ o(m). (1.6)

Comparing leading terms of P(m) and Q(m), it follows that

4vol(Kx +L + D) > L - D. 0



202 CHRISTOPHER D. HACON AND SANDOR J KOVACS

2. The proofs of the main results

2.1. Preliminary results

Lemma 2.1. Fix € C [0, 1] a DCC set, then there exists a constant V. > 0 such
that if (X, B) is a kit surface such that p(X) = 1, coeff(B) C €and Kx+ B ~q 0,
then (—Kx)? < V.

Proof. Suppose that (—Kx)?> > V, then for any smooth point x € X there exists
a Q-divisor G ~g —Kx such that mult,(G) > V'/2 (¢f. [14, 1.1.31 ]). Since
p(X) = 1, we may assume that all components of G contain a general point x € X
and in particular are not contained in the support of B. Let ® = (1 —8) B+ 46G such
that (X, ®) is log canonical but not klt. Notice that0 < § < 2/ V1/2 (cf.[14,9.3.2]).
Perturbing G we may in fact assume that there is a unique non-klt center Z for
(X, D).

If Z is a divisor, then (since p(X) = 1) we may assume that G = Z. Re-
stricting to Z we have

0=(Kx+{1-=68B+66G)|z=Kz+Diff((1 — §)B).
Since deg Diffz ((1 — §) B) > 0 then deg(Kz) € {0, —2}. If B # 0, then
2 = deg Diffz ((1 — §)B)

(see Lemma 1.1) easily implies that § is bounded from below (cf. [10, 5.2]) and
hence (—Kx)? is bounded from above. If B = 0 then Kx = 0 and the claim is
trivial.

Therefore we may assume that dim Z = 0. Let v : X’ — X be the extraction
of the corresponding curve E of discrepancy —1 so that Ky + E + &' = v*(Kx +
®) ~@ 0 where ' = v '®. Write Kx + B’ +aE = v*(Kx + B) ~g 0 where
a < 1. We run the first step of the Ky + ®' = — E minimal model program. If the
induced rational map is a Mori fiber space X’ — W, then restricting to a general
fiber F we let ®” = ®'|p, E” = E|r and B” = B’|p, and if the induced rational
map is a divisorial contraction & : X’ — F, then we let ®”, E” and B” be the
pushforwards of @', E and B’. We have that

Kr+d" +E"=0, Kr+B"+aE" =0,
Kr+ B’ + E’" = (1 —a)E" is ample and since ®” > (1 — §) B”, then
B =(1—a)E" +®" — (1 —8)B" > 0.

It follows that B” 20 and Kg + (1 — n)B” + E” =0 for some 0 < n < §.

If dim F = 1, then since the coefficients of B” are in the DCC set &, there
exists a constant 8 > 0 such that deg(nB”) = deg(Kr + B” + E”) > B. But then,
since Kr + B” +aE"” =0, we have

2 > deg(B") > B/n > /8 > pV'/?)2

and so V and hence (—K x)? are bounded from above.
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IfdimF = 2,let (Kp + B” + E")|gr = Kgr + Diffg(B”). Since (F, E")
is purely log terminal, then E” is smooth and by adjunction the coefficients of
Diffg#(B") are in the DCC set D(%) and so

2 + deg (Diffpr (B") = (Kp + B" + E') - E' > f—2> 0

where B = min{)_ b}|b} € D(%'), )_ b, > 2}. Fix A such that K g»+ADiff v (B") =
0, then as E” is rational,

\8}

2
deg(Diffg(B”)) ~ B

However, by Lemma 1.2, we have
(Kp+AB"+E")|gr = Kgr + ADiffgr(B") =0 = (Krp + (1 —n)B" + E")|gr

andsol —§ <1—n <X <2/8 < 1.Butthen

2 2 2
0<l—=-<§<—=< —,
B Vo (—Kx)?
which implies that (—Ky)? is bounded from above. O

Remark 2.2. The following two auxilliary results, (2.3) and (2.4), were also proved
by Alexeev and Alexeev-Mori. In fact, an effective version of (2.4) is proven in [5,
4.6]. Here we provide independent proofs.

Lemma 2.3. Fix € C [0, 1] a DCC set, then there exists an ¢ > 0 such that if
(X, B) is a projective kit surface such that p(X) = 1, coeff(B) C € and Kx +
B ~q 0, then (X, B) is ¢ Kawamata log terminal.

Proof. Suppose that the claim is false. Then there is a sequence of pairs (X, B,)
as above with total discrepancy a(X,, B;) = &, — 1 such that g, is a decreasing
sequence with limit 0. Let 6’ = € U{1 —¢,,},en then € is a DCC set. Suppose that
(Xy, Byr) does not contain a component of coefficient 1 —g,. Letv : X' — X = X,
be a projective birational morphism extracting the corresponding divisor E so that
p(X’/X) = 1 and the exceptional divisor is E. We may write Kx: + B’ + ¢E =
v¥(Kx + B) where e = 1 — ¢g,,. Since p(X’) = 2 there is a second extremal ray
R, (here Ry = [E]). Since (Kx' + B’) - R, = —¢E - Ry < 0, it follows that R,
is Ky’ + B’ negative and hence it can be contracted. Let u : X’ — X’ be the
corresponding contraction. If dim X” = 1, then let F ~ P! be a general fiber. We
have

0=deg(Ky + B +¢E)|p =2+ (B' +eE)- F=—-2+) b +e.

Since b; € %, it is easy to see that e = 1 — g, is constant for n >> 0 which is
impossible. Therefore, we may assume that X’ — X" is a birational contraction.
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Then Kx» + B"” +eS = pu«(Kx + B’ + eE) ~q 0. Replacing X by X” and B by
B” + ¢S, we may assume that B contains a component S of coefficiente = 1 — ¢,.
Write B = B’ + ¢S. We then have

2 =(1—e)S? = (Kx + B +S) - § = deg(Ks + Diffs(B) > § — 2,

where 8 = min{}_ b}|b; € D(¢"), > b, > 2} > 2. But then

Ry
(—Kx)? = B2 > (1—)?$2 > %w —2),

where 1im,,_, oo (1 — £,)%(8 — 2) /&, = +00 contradicting Lemma 2.1. O

Lemma 2.4. Fix ¢ C [0, 1] a DCC set, then there exists a constant § > 0 such that
if (X, B =2Yi_,b;B;) is a kit surface such that Kx + B is big, and b; € €, then
Kx + (1 —68)B is big.

Proof. If this were not the case, then there is a sequence of klt surfaces (X, By)
and a decreasing sequence of numbers §,, > O such that limé, = 0 and x(Kx, +
(1—=6,)By) € {0, 1}. After running a (Kx, + (1 — §,) B,)-minimal model program,
we may assume that Kx, + (1 — §,) B, is nef. Now we run a Kx,-minimal model
program. After finitely many divisorial contractions, we may assume that we have
a Mori fiber space f : X, — Z,. Since each divisorial contraction is automatically
Kx, +(1—38,)By-trivial (see [10,5.1,5.2]), we may assume that K x; + (1 — Sn)B,,
isnefand f is Kx; + (1 — 8,) By -trivial.
IfdimZ, = 1,let F, ~ P! be a general fiber. We have

0= (Kx, + (1 =8)B,) - Fy==2+ (18> nibi,

where b; € € and n; € N. Note that (1 —§,)B;, - F,, # 0. Therefore 2/(1 —4,) is a
decreasing sequence contained in the DCC set {)_n;b;|n; € N, b; € €}. Thus §,
is evenytually constant as required.

If dim Z,, =0, then p(X,,) = 1 and —Kx/ is ample. Since Kx +(1 —8,)B;,=0
and the coefficients of (1 —§,) B;, belong to a DCC set, say 6", by Lemma 2.3 there
exists an ¢ > 0 such that each (X),, (1 — 8,)B),) is &-klt and so by Lemmas 2.6 and
2.5, there is an integer N > 0 such that N Kx: is Cartier. Now consider

N(—Kx) =~ -8B, NKx;.

Since NK; is Cartier (and Ky, is a Weil divisor), by Lemma 2.1 N(—KX;)Z €
{1,..., NV} a finite set of positive integers. Therefore, after passing to a subse-
quence, we may assume that N(—KX;[)2 is constant. But then N(—Kxgl)z/(l —3&n)

cannot be an integer for n >> 0 and this is a contradiction since B, - (—NK X,’l) €
Z.
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Lemma 2.5. Fix ¢ > O then there exists a constant 0 = o(¢) such that if (X, B) is
a projective e-log canonical surface and —(K x + B) is nef, then tk Pic(X) < o. In
particular the number of exceptional divisors of negative discrepancy ag(X, B) <
0 is at most o.

Proof. Let f : X’ — X be a projective birational morphism such that Ky + B’ =
f*(Kx + B) where B > 0 and ag(X’, B’) > 0 for any divisor E exceptional
over X’ (in other words f extracts precisely the divisors of negative discrepancy
ag(X, B) < 0). Clearly —(Kx’ + B’) is nef, X’ is smooth and coeff(B’) € (0,1 —
e]. By [4, Theorem 6.3] (see also [5, Theorem 1.8]) there exists a constant ¢ =
o(g) such that p(X) < p(X’) < o. Finally the number of exceptional divisors of
negative discrepancy is just p(X") — p(X) < p(X’) — 1 and the lemma follows. []

Lemma 2.6. Fix k € N and ¢ > 0. There exists an integer N = N (k, €) such that
if (X, B) is an -kt surface singularity such that the number of exceptional divisors
of discrepancy ag (X, B) < 0is < k then NKx is Cartier and NG is Cartier for
any integral Weil divisor G contained in the support of B.

Proof. (See also [4] and [5]) Let v : X" — X be a partial resolution extracting all
divisors of discrepancy ag (X, B) < 0, in particular X’ has at most du Val singular-
ities which are not contained in the support of B’ where Ky + B’ = v*(Kx + B).
By the classification of kit singularities [1], the weights of each curve in the cor-
responding graph are bounded by 2/¢ (cf. [4, Proof of 7.5]) and so there are only
finitely many possibilities for the corresponding graph. Let G = Kx or G be a
component of the support of B and G’ its strict transform. Then we may write
v¥*G = G’ + )_ ¢; E; where the E; are exceptional divisors and the denominators
of the e; divide t = |det(E) - Ex)|. Butthen 7(G’ + >_ ¢, E;) is integral. Since X’
has only du Val singularities, tv*G is Cartier. By the Basepoint-free theorem ¢G is
Cartier (cf. the proof of [5,4.7]). O

2.2. Proof of Theorem 2

We follow some ideas from [5] and [4] applying techniques from [6]. We may
assume that €' D {1 — $|a € N} U {1}. Note that it suffices to prove the theorem for
log canonical pairs. To see this, consider an slc model (X, B) and its normalization
v UX; - X. Writing Kx, + B; = (v|x;)*(Kx + B), we have log canonical
models (X;, B;) such that coeff(B;) € ¥and (Kx + B)*> = Y (Kx, + B;)>. The
claim now follows easily since if Zis a DCC set, then sois ' = {)_d;|d; € Z}.

Suppose now, by way of contradiction, that (X,,, B;,) is a sequence of slc
surfaces defined over the algebraically closed field L,, of characteristic p, > O,
such that coeff(B,,) C % and

vol(Kx,, + Bn) > vol(Kx,,,, + Bu+1). 2.1

In particular we may fix a constant V > 0 such that vol(Ky,, + By) < V for all
m e N.
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Passing to a log resolution, we may assume that (X,,, B;;) is an snc pair. In
fact, given a birational morphism X, — X,, let B, be the strict transform of By,
plus the exceptional divisor so that vol(Kx, + B;,) = vol(Kx, + Bp) (cf. Propo-
sition 1.4) and coeff(B],) € . Then we replace (X,,, B,) by (X,,, B},). Since
(X, Bim) 1s a snc pair and bigness is an open condition, replacing the coefficients
that equal 1 by 1 — % for some r >> 0, we may assume that (X,,, By,) is klt.

Claim 2.7. [4,7.6] We may assume that the pairs (X,,, B;;) are log birationally
bounded, i.e., there exists a constant d > 0 and birational maps f;, : X, --* Zp
and very ample divisors H,, on Z,, such that H,%l <dand H,,- Bz, <d where Bz,
is the sum of the strict transform of B, and the Z,, --+ X, exceptional divisors.

By Lemma 2.4 it follows easily that there is a finite set of rational numbers ¢”
depending only on ¢ and divisors 0 < D,, < B, such that Kx, + D,, is big and
coeff(D,,) € €. By [4,7.3] we may also assume that the number of components
of By, is bounded by a constant (depending only on %¢). Let w,, : X, — X, be
a minimal model for Kx,, + D,, and D, = (um)«Dm < B,, = (m)+«Bm. Note
that Kx, + D,, is kit and big. Let f,, : X}, — Z,, be the be the corresponding log
canonical model for Ky, + D,, and f,, : X,, = Z,, the induced morphism. Since
the number of components of D, is bounded, it follows easily that the number of
divisors E over Z,, of discrepancy ag(Zy,, (fm)«Dm) < 0 is bounded from above.
By Lemma 2.6, there exists an integer N > 0 depending only on % and V such
that G,, = N(Kz,, + (fin)«Dm) is ample and Cartier. By Corollary 1.14, |Kx, +
qfmGn| is birational for all ¢ > 18 and hence so is |Kx,, + 18N(Kx,, + Dp)|.
Since B,, > D,,, it follows that |Kx, + 18N (Kx, + By,)| is birational. Since
vol(18N (Kx,, + By)) < (18N)2V, by Theorem 1.15 (with ¢ = 18N) it follows
that the pairs (X,,, By,) are log birationally degree bounded.

Claim 2.8. We may assume that f;, : X,, — Z, is a morphism given by a finite
sequence of blow ups along smooth strata of (Z,,, Bz, ) where Bz, = (Bz, )red
and that (Z,,, Bz,,) is an snc pair and is degree bounded.

Proof Let ([Z,], [Bzm]) be the internal pair assoc1ated to the sequence of pairs
(Zm, Bzm) where Bzm = (Bz,)red. Since Z,, and Bzm are degree bounded, it

follows by Proposition 1.9 that there exists a pair (Z, B) defined over k = [Ly]
such that (Z, B)int = ([Z], [Bzm ).Letv:Z — Z be a log resolution of (Z, B)
and B’ = v !B 4+ Ex(v). If (Z/, B’ Yint = ([Z),], [B . 1), then it is easy to see that

Z), and B/Z, are degree bounded (for almost all m € N). Replacing (X,,, B;,) by

an appropriate birational model (X),, B,,), we may assume that f, : X, — Z,
is a morphism with (f,,)«(B,,) < E’Z’,n. Replacing (X, Bn) by (X,,. B},) and
Xm — Zn by X, — Z,, we may assume that f;, is a morphism, (Z,,, Bz, ) is an
snc pair and is degree bounded

Let (Z, B) be the projective pair (over k) defined above so that (Z, B)lnt =
([Zm], [Bzm]) where as above B and Bz, denote the reduced divisors. Let X,
Z,, be a finite sequence of strata such that every divisor £ on X, of discrepancy
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ag(Zy, Bz,) < 01is adivisor on X, . Let B, be the strict transform of B, plus
the sum of all X;, — Z,, exceptional divisors which are not also X, --» X,
exceptional, taken with coefficient 1 — 1/r for some r > 0. Then one can see
easily that vol(Kx,, + Bn) = vol(Kx» + B]) (cf. Proposition 1.4). Replacing
(X, Bn) by the pair (X, B))), we may therefore assume that each X, is obtained
from Z,, via a finite sequence of blow ups along smooth strata of (Z,,, Bz,,). U

For almost all m € N, thi strata of (Z,,, §Zm) are in one-to-one correspon-
dence with the strata of (Z, B) (c¢f. [6, 3.8]). Therefore, we define (X", B™)
by blowing up the corresponding strata on (Z, B) and choosing the coefficients
of B™ to match those of B,,. Let v be any divisorial valuation over Z. Since the
coefficients belong to a DCC set, after passing to a subsequence, we may assume
that the sequence Mpn (v) is non decreasing and hence that lim M gm (v) exists. No-
tice that if Mpm (v) # 0, then v corresponds to either a component of B or to a
divisor exceptional over Z. If moreover Mpn (v) ¢ {0, 1} then the corresponding
divisor is obtained by blowing up Z along some strata of B. Therefore, there are
only countably many divisorial valuations v for which Mpm (v) # Mpg«(v). By a
standard diagonalization argument, we may assume that after passing to a subse-
quence, there is a well defined b-divisor over Z defined by B(v) = lim Mpn (v) for
any valuation v over Z. Let ® := Bz. Let B be the pushforward of B to Z, then
Bz = lim B’ Since & satisfies the DCC, it follows that

By <@ for almost all m € N. 2.2)
Claim 2.9. We may assume that
Lo <B, (2.3)
where ® = By.

Proof. We follow the proof of [9, 5.7] checking that our choices do not affect the
volume of Ky, + By,. Let (Z', B') be the reduction of (Z, B) defined in [9, 5.7], so
that if " = B,,, then we have the inequality of b-divisors

Lo < B’

Recall that the reduction (Z’, B') is given by a finite sequence of cuts where a cut
is defined as follows: given a birational morphism of smooth projective varieties
w : Z' — Z and a subset T of the u exceptional divisors, for every valuation
o€ X, letl'y = (Lo AB)y,, where Y, — Z is the divisorial contraction of the
divisor over Z corresponding to o which defined in [9,54] and ® = Bz. Let ©® =
Acex (Lr, )z, the minimum of the divisors (Lr, )z . The cut of (Z, B), associated
to Z' — Z and T, is the pair (Z’, B'), where B = B A Mg, so that B’Z, =0 ABy
and B’(v) = B(v) for any valuation v corresponding to an exceptional divisor over
Z'. We may assume that Z' — Z is given by a finite sequence of blow ups along
strata of B and so we let Z, — Z,, be obtained by the corresponding sequence
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of blow ups along strata of Bz, for almost all m € N. After possibly blowing up
X" and replacing B™ by its strict transform plus the exceptional divisor, we may
assume that X — Z factors via a morphism X™ — Z’ and similarly we have
morphisms X, — Z,, for almost all m € N.

Now consider the divisors B’ on X" defined by B = B™ A (Mgn)xm
where " = Agex(Lrp)z, I'Y = (Lgn)y, A By, where B7 and By are the
pushforwards of B™ to Z and Y, . Then, as in the proof of [9, 5.7], we may assume
that B = limMpm . Let B}, be the divisors on X,, corresponding to B"". We will
show that vol(K'x,, + B) = vol(Kx, + B,,). Assuming this, we may replace By,
by B;, and the claim follows.

We define ¢, = Bz, and

Fm,a = (Lq)m)Ym,a A BYm.o’

where By,,  is the pushforward of By, to Y, ». Let ©,, := /\Uez(erﬁ)Z’/ﬂ. Itis
easy to see that the divisors Bz,,, By, ., I'm,c and ©,, correspond to the divisors
BY, B;Z , ' and ®™ so that we have

,O',

Br/n = Bm AN (M@m)xm.

It then follows that

B A (Le,)x,, < B, = Bu A Me,)x,, < Bn. 24)
Thus, by (2.4) and Proposition 1.4
vol(Kx,, + Bn) = vol(Kx,, + By,).
Replacing B, by B,, the claim follows. O

Claim 2.10. For almost all m € N we have vol(Kz, +1®z, ) = vol(Kz + ¢ P) for
allz € [0, 11N Q.

Proof. There are finitely many birational morphisms {¢/' : Z — W};<; such that
forany ¢ € [0, 1], there exists ani € [ such that wi is a minimal model for K7+t ®.
Let [1&51] NZn] — [W,in] be the corresponding morphism of internal schemes. It is
easy to see that for almost all m € N this is a minimal model for Kz, 4+ t®z,, and
(Kyi + tlﬁ,’;l’*GDZm)z = (Kyi + tVDz)? (cf. Lemma 1.11). Therefore, the claim
follows. O

Now we observe that
vol(Kx,, + Bn) < vol(Kz, + Bz,) < vol(Kz, + ®z,).

where the first inequality follows as Bz, is the pushforward of By, , and the second
as By < CDZ,,, Cf. 2.2).

m —
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On the other hand, for any ¢ > 0, the pair (Z, (1 — ¢)®) is kit with simple
normal crossings and hence there is a terminalization & : ¥ — Z (given by a finite
sequence of blow ups along strata of (Z, (1 — &)®)) so that (Y, ¥ := L(_se,y) is
terminal. We have that for some A > 0,

¥ <(1-ALoy <Loy < By, (2.5)

where the last inequality follows from (2.3). For almost all m € N we may consider
hm : Ym — Z, given by the same sequence of blow ups along strata of (Z,,, @z, ).
Then, denoting by By,, and W,, the divisors on Y, corresponding to By and W, since
By = limMp~ y, comparing coefficients of divisors on Y, by (2.5), for infinitely
many m € N we have W < Mpgn y and hence also ¥,, < Mg, y,,. It follows that
then

vol(Kz + (1 — &)®) = vol(Kz, + (1 — &)@z, ) = vol(Ky,, + V)

(2.6)

< VOl(Kym + MB,,,,Y,,,) = VOl(me + Bm),
where the first (in)equality follows from Claim 2.10, the second since (Y, V;,) is a
terminalization of (Zy,, (1 —&)®z,,) (observe that W), = (L(1—¢)0,, )z, and apply
Proposition 1.4), the third since ¥,, < Mp,, v, . and the fourth by Proposition 1.4.
Taking the limit as ¢ — 0, by (2.1) we obtain

vol(K7z + ®) < limvol(Kx,, + Bn) < vol(Kx,, + Bn).
Combining this with the above equations and Claim 2.10, we have that
vol(Kz + @) < vol(me + Bm) < vol(sz + <I>zm) =vol(Kz+®) Q.7

for infinitely many m. This is the required contradiction and it completes the proof
of Theorem 2. O

2.3. Proof of Theorem 1

It suffices to show that for any sequence of projective log canonical surfaces
(X, Bm) with fixed volume (K, + Bn)? = v and coeff(B,,) C €, there ex-
ists an integer r > 0 such that r (K %, T B,,) is very ample where ¢y, : X;, — X
is the log canonical model of (X,,, By;;) and B, = ®m,+Bm . Arguing by contra-
diction (and passing to a subsequence), assume that m!(K %, T B,,) is not very
ample for all m > 0. Following the notation in the above proof, let Z — W be
the log canonical model of (Z, ® = Bz). Let [Z,,] — [W,,] be the corresponding
morphism of internal schemes, so that for almost all m € N we have morphisms
hm : Zy — Wy, which are log canonical models for (Z,,, ®z, ). We have

VOl(me + Bm) = VOl(sz + CIDZm) > Vol(KZm + BZm) > VOI(KXm + Bm),
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where the first (in)equality follows since all inequalities in (2.7) are actually equal-
ities, the second since &z, > Bz, and the last as Kz, + Bz, is the pushforward
of Kx, + By.

Since Kz, + Bz, is big and has a log canonical model, and ®7, > By, , it
follows by [11, 2.2.2] that Z,, — W, is a log canonical model for (Z,,, Bz,). In
particular, (h;)«Bz, = (hn)«®Pz, is rational and hence so is /.. But then by
the result over the fixed field k (see [4, 9.2]), we know that there is an integer r
depending only on v = vol(K, + By) and € such that r (Kw + h,®) is Cartier
and very ample. But then r (Kw,, 4 h;,,«®) is Cartier and very ample for infinitely
many m > 0. This is the required contradiction and the assertion of Theorem 1
follows.

2.4. Proof of Corollary 3

We may assume that 1 — ¢ € %. It suffices to show that any sequence of e-log
canonical projective pairs (X, By,) with dim X,, = 2, coeff(B,,) € €, Kx,, + Bm
nef and big and vol(Kx,, + Bj,) < v is degree bounded.

Following the proof of Theorem 2, we may assume that (Z,Bz) is an snc
pair with coefficients < 1 — e. Replacing Z by an appropriate birational model, we
may in fact assume that (Z, Bz) is terminal and hence so are (Z,,, Bz,,). But then
vol(Kx,, + By) = vol(K z, + Bz, ) for almost all m € N by Proposition 1.4 and so
we may assume that (X,,, B,,) = (Z,, Bz, ). Notice that we have replaced X,, by
an appropriate birational model and B,, by its strict transform plus the exceptional
divisors with coefficient (1 — ¢), hence Kx, + B, may no longer be nef. Let
B™ be the divisors on Z corresponding to B,, on X,,. Since the support of B™
has finitely many components and %’is a DCC set, after passing to a subsequence,
we may assume that B” < B"+t! < B2 < lim B’ = B™®. Let B° be the
corresponding divisors on X, , so that B>° > B,,,. We claim that K7 4+ B is big. If
this were not the case, then Z would be covered by curves C with (Kz + B*®)-C <
0. But then, the same would be true for (X,,, B,;,) as for almost all m € N we have

02(KZ'{’BOO)'C:(KX,”"‘BZO)'CIME(KXm"i’Bm)'Cm,

where (C)ine = [Cr]. This contradicts the fact that Kx, + B, is big. Since being
big is an open condition, it follows that Kz 4+ (1 — §)B* is big forall 0 < § « 1
and we may assume that (1 —§) B < B™ < B*. The set of all minimal/canonical
models Z — W for pairs (Z, G) with (1 —§)B*° < G < B is bounded. Arguing
as in the proof of Claim 2.10 the corresponding rational maps Z,, — W, give
minimal/canonical models for (X,,, B,;) for almost all m € N. Corollary 3 follows
easily.

2.5. Proof of Theorems 4 and 5

In the sequel we will use the following notation: If f,,, : X,, — S, is a morphism
of schemes and s € S, a point, then X,, ; denotes the fiber (X,,)s = f_1 (s). More

m
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generally, if S/, — S, is a morphism and s € S, a point, then X,, ; denotes the
fiber product X,,, xs,, {s}.

Theorem 2.11. Fix a constant v € Q,a DCC set € C [0, 11N Q. For eachm € 7Z,
let Ly, be an algebraically closed field of char L, = p,, > 0 such that lim p,, = co.
Let k = [[Ly,]], S a smooth 1-dimensional scheme defined over k, and Sine = [Sp]
the corresponding internal scheme. Further let (X,,, By,) be a pair defined over
L, such that dim X,,, = 3, and let f,, : X;n — Sy be a projective morphism with
connected fibers. Assume that for each m € 7, coeff(By,p) € €, (Xm,y. Bm,p) is
semi-log canonical, and Kx,,, + Bmyis ample with (Kx,, , + Bm,,,)2 = v where
n denotes the generic point of Sp,.

Then there exist a finite separable morphism S'— S,and a projective semistable
family of semi-log canonical models (X', B'Y — S’ such that considering the cor-
responding internal objects, for an infinite subset V. C 7 and for each m € V there
exist an induced separable finite morphism oy, : S, — Sp, a projective morphism
X,, — S, and a pair (X,,, By,) such that Kx, + By,  is ample, (X,
is semi-log canonical (in particular reduced) for all s €8, and (X, !

m, S ’ m S)
. ; m.n" m,n /) is
isomorphic to (X,y, By) for where n € Sy, and 1’ € S,, are the generic points.

Proof. Let F,, = K(Sy) be the field of rational functions of Sy, F,, its alge-
braic closure, and (X, .n» Bm.n) the geometric general fiber of f,;, (obtained by the
base change Spec F,, — Sy). Since coeff(Em,n) C % and VOI(KYmW + Em,n) =
vol(Kx,,, + Bm,n) = v, by Theorem 1 there is a fixed integer » > 0 (independent
of m) such that r(K— —|— B, .n) 1s very ample.

As X, , and the components of By, , have bounded degree (cf. Theorem 1.15),

there exists, by Proposition 1.9, a pair (X°, B°) defined over F' = [F},] such that
(X°, B®)int = ([Xm,nl, [(Bm,p)real). Since r(Kmen + Bj,p) is very ample and

hence in particular Cartier, it follows that coeff(B,,) < { ‘;‘\0 <a< r} and so,
after passing to an infinite subset of Z, we may assume that actually B = [B;].

Let k = [L,,] and note that it is algebraically closed of chark = 0 by [16,
24.1,2.4.2]. By definition Sy = [Si], so K(S) = F = [F,;] by Theorem 1.6
and the construction of the functor Z +— Zj. Since chark = 0, after a possi-
ble base change, resolving and taking the relative semi-log canonical model, one
obtains a semistable family of semi-log canonical models (X', B’) — S’ with a
ﬁnite separable morphism S’ — S Considering the corresponding internal objects
=[X,,], B}, =[B,,],and S = [S,,] proves Theorem 2.11. O

1nt 1nt

Corollary 2.12 (Theorem 4). Fix a constant v € Q and a DCC set € C [0, 11N Q.
Then there exists a number pg > 0 such that if L is an algebraically closed field
of characteristic p > po, (X, B) a pair defined over L such that dimX = 3,
f X — S = Spec L[[t]] a projective morphism with connected fibers such that,
coeff(Bm.y) S €, (Xm.n> Bm.n) is semi-log canonical, and Kx,, , + By y is ample
with (Kx,, , + Bm,n)2 = v, then there exist a separable finite morphism S" — S, a
projective morphism ' : X' — §', and a pair (X', B') such that considering the
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corresponding internal objects for an infinite subset V. C 7. and for each m € V,
(X155 Boy.s) is semi-log canonical and Ky; + By, ¢ is ample for all s € S', and

(X;n’n/, B}’n’n,) is isomorphic to (X,/, Byy) where n € S, and ' € S,, are the
generic points.

Corollary 2.13. Fix constants v € Q,g € N and a DCC set € C [0,1]1 N Q.
Then there exists a number py > 0 such that if L is an algebraically closed field of
characteristic p > po, (X, B) a pair defined over L suchthatdimX =3, f : X —
S a projective morphism with connected fibers, where S is a smooth curve over L
whose geometric genus is at most g, such that, coeff(By, ) € €, (Xm,y, Bm,y) is
log canonical, and Kx,, , + By is ample with (Kx,, , + Bm,,,)2 = v, then there
exist a separable finite morphism S’ — S, a projective morphism ' : X' — §,
and a pair (X', B') such that considering the corresponding internal objects, for an
infinite subset V. C Z and for eachm € V, (X}, ., By, |) is semi-log canonical and

Kx;, + By, , is ample for all s € S', and (X;n’n/, Br,n,n’) is isomorphic to (X,y, By)
where n € Sy, and 0’ € S,, are the generic points.

Remark 2.14. Note that the situation of Corollary 2.13 arises for instance if S is
the “reduction mod p” of a fixed curve defined in characteristic zero.

Proof of Corollaries 2.12 and 2.13. Let L,, be a sequence of algebraically closed
fields of characteristic p,, > O such that lim p,, = oo, (X,,, By,) a sequence of
pairs and X,, — S, a sequence of morphisms defined over L,,, where either S,, =
L, [[]] for each m or S, is a smooth curve over L,, whose geometric genus is at
most g for each m. Suppose that the conclusion of the appropriate corollary fails for
each m. Let k := [L,,] and either let S := Spec k[[¢]] or let S be the smooth curve
provided by Proposition 1.9 (cf. [6, 3.7]). With these definitions the assumptions of
Theorem 2.11 are satisfied and hence we obtain a contradiction. O

Theorem 2.15 (Theorem 5). Fix a constant v € Q and a DCC set ¢ C [0, 11N Q.
For each m > 0 let Ly, be an algebraically closed field of characteristic p, > 0
such that lim p,, = oo and let k = [L,,]. Further let (X,,, By) be a pair de-
fined over L, such that dim X,, = 3, and let f, : X,y — Su be a projective
morphism with connected fibers to a smooth curve. Assume that for each m € 7,
coeff(By,,,) € 6, (Xm,y, Bm,y) is semi-log canonical, and Kx,,, + Bm.y is ample
with (Kx,, , + Bm,,,)2 = v where 1 is the generic point of Sy, .

Then for all but finitely many m’s there exist a separable finite morphism o, :
S, — Sm, a projective morphism X,, — S,,, and a pair (X,,, B;,) such that
(X35> By ) is semi-log canonical and Kx; ~+ By, ; is ample for all s € S,,, and
(X,1.5» By ) s isomorphic t0 (X 0,,(s)» Bm.oy(s)) for general s € S,,.

Proof. Suppose that the conclusion of the theorem fails, i.e., that it fails for in-
finitely many primes p,, . Passing to a subsequence, we may assume that the conclu-
sion fails for every prime p,, and we aim to find a contradiction. Since the statement
is local over the base, we may assume that S,, = Spec(R,,) where R, is a DVR
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with closed point s,,,. Let S, be the formal neighborhood of s, € S, and X , be
the formal nelghborhood of f, '(sm) C X, with induced morphism fm X — S

We have Sm = Lu[[z]] and arguing as in Corollary 2.12 there is a finite cover
S 8= k[[¢]] and a family of semi-log canonical models (X', X' Bl — § which
over the generic fiber is induced by ([X monls [(Bm ,,)red]) Since §’ is a normal

complete 1-dimensional DVR, we may assume that S ~ k[[s]] and o : S5

is induced by the inclusion o* : k[[¢t]] — k[[s]]. Let o*(¢t) = s " g(s) where
(s) € k[[s]] is a unit. Con51der1ng the correspondmg internal objects X! int = [Xom X’ 1,
B, = [B’ ] and S’ — [S,], then S’ = Lulls]] = Su = Lullt]] where

t=s"g(s).

Claim 2.16. Let S, — S, be a finite cover ramified at s,, to order r and s, be the

corresponding closed point on S, . Then S, is isomorphic to the completion of S,

along s,,.

Proof. Let y : §,’n — S, be the morphism induced by the above finite cover
where g;n is the completion of S, along s, , then :S;;n = Spec(L;;[[s]]) and y is
determined by y*(t) = s"h,(s) where we view t € R, a local parameter of
Sm at s;,. Let g, (s) € Ly[[s]] be the elements corresponding to g(s) € k[[s]]
and oy, (s), Bm(s) € k[[s]] such that (o, (s))" = hp(s) and (B (s))" = gm(s),
then «, (s), Bn(s) € k[[s]] are units. Let 7,, : L, [[s]] = Lul[ls]] be a isomor-
phism such that 7, (o (s)) = Bm(s), then 7, induces the required isomorphism
S, — S,. O

Consider now fy, : X,, — S, alog resolution of X,, xs,, S, such that if B,,
is the strict transform of B,, plus the reduced exceptional divisor and the reduced

fiber ( fnj 1(s,’n))red, then Em has simple normal crossings support. Let X m be the

completion of X m along f,; 1 (s;,). Consider a common resolution 7, : Wy, — X m
and oy, : Wy, — X,,. We write

nZ(K;m + §m> = Q;( % T B, + yl"%) +Gp.

It is easy to see that 7, «(G,) > 0 and since gy, (K3, + §,/n) - 71,2(1(; + lNEm) is
m,-nef, then by the negativity lemma, G, > 0 (notice that restricting to the central
fiber and applying the usual negativity lemma, we obtain that G, |(w,,), = 0, and

hence G, > 0 as we are working over a formal neighborhood of s,,).

Claim 2.17. The ring ®q>0 fm,*ﬁgm (q(Kg, + By)) isa finitely generated O, -
algebra. B

Proof. Since the statement is triviallly true over the open subset S, \ {s,,}, we
may localize S, at s,,. Since the natural functor from coherent sheaves over S, to
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coherent sheaves over :S'Zn is exact, it suffices to check the analogous statement for
the 05, -algebra

D70, (a(Kz, +5n)).

q=0

By what we have observed above, this algebra is isomorphic to

7 D v 7 D
D 7i-0x, (a(Ks, + B+ X)) = D 75,05, (K, + B,)
q=0

q9=0
which is finitely generated (since Ky, + B/, is ample over S, . O

We now consider X, = Proj(QaqZO ﬁn,*ﬁgm (q(Kg, + B,))). Note that the
special fiber X!, is isomorphic to the special fiber of X " §;n and in particular

it is reduced. By construction X, — S, is a family of log canonical models and

these log canonical models determine semi-log canonical models over S, \ {s;,}

and over a formal neigborhood of s;, € S;,. Since these semi-log canonical models
agree over the generic point of the formal neigborhood of s, € S, , we obtain a
semi-log canonical model over the whole of ), (which is automatically projective
over S;, since the relative log canonical divisor is relatively ample). This is the
required contradiction and the proof is complete. O
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