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Harnack inequality for kinetic Fokker-Planck equations
with rough coefficients and application to the Landau equation

FRANCOIS GOLSE, CYRIL IMBERT, CLEMENT MOUHOT
AND ALEXIS F. VASSEUR

Abstract. We extend the De Giorgi-Nash-Moser theory to a class of kinetic
Fokker-Planck equations and deduce new results on the Landau-Coulomb equa-
tion. More precisely, we first study the Holder regularity and establish a Harnack
inequality for solutions to a general linear equation of Fokker-Planck type whose
coefficients are merely measurable and essentially bounded, i.e. assuming no
regularity on the coefficients in order to later derive results for non-linear prob-
lems. This general equation has the formal structure of the hypoelliptic equations
“of type II”’, sometimes also called ultraparabolic equations of Kolmogorov type,
but with rough coefficients: it combines a first-order skew-symmetric operator
with a second-order elliptic operator involving derivatives along only part of the
coordinates and with rough coefficients. These general results are then applied
to the non-negative essentially bounded weak solutions of the Landau equation
with inverse-power law y € [—d, 1] whose mass, energy and entropy density are
bounded and mass is bounded away from 0, and we deduce the Holder regularity
of these solutions.

Mathematics Subject Classification (2010): 35H10 (primary); 35B65 (sec-
ondary).

1. Introduction

1.1. The Landau equation

We consider the Landau equation

O f+v-Vif=Vy - (ALfIVuf + BIf1/), (1.1)
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where
ALf1w) :ad,y/ <1 -2 l) w2 f (v — w) dw
R lwl — Jw]

B[f1(v) = ba,y /Rd lwl"wf (v — w)dw,

with y € [—d,0] and a4, > 0. We note that the main physical case is that of
Coulomb interactions when y = —d and d = 3 (giving rise to the Landau-Coulomb
equation in plasma physics); the other cases are hard potentials y € (0, 1] (not
covered here!), Maxwellian molecules y = 0, and soft potentials y € [—d,0). It
can be rewritten as follows:

Of +v-Vif =Vy - (ALfIVL ) + BLf]- Vo f +clf1f, (1.2)

where
Cd,y/ lwl” f(v—w)dw ify > —d
R4

cdyf if y = —d.

clflw) =

We assume that the mass, energy and entropy density of the weak solution f satisfy
the following control at a given space-time point (x, ¢):

M) =<=M(x,t) = / fx,v,t)dv < My (local mass)
R4

1
Cx, )y ECx, 1) = 5/ f@, v, D> dv < Eg (local energy)  (1.3)
R4

H(x,t) = / fx,v,6)In f(x,v,t)dv < Hy  (local entropy).
R4

The weak solutions to equation (1.1) on Uy x Uy, x I, U, C R4 open, U, C
R4 open, I = [a,b] with —co < a < b < +o00, are defined as functions [ €
L, L2 (Uy x U))NLE (U x 1, H) (Uy)) such that ; f+v-Vy f € L2 ,(Uy x

I, HS L)), f satisfies estimates (1.3) and satisfies the equation in the sense of

distributions?.

Theorem 1.1 (Holder continuity for the Landau equation). Assume y € [—d,0].
Let f be an essentially bounded weak solution of (1.2) in By x By x(—1, 0]. Assume

I Our method would apply as well in this case with no changes, we did not include it only
because it requires the additional condition sup,. fv [, x, v)|v|2+7’ dv < oo on the solution,
and we wanted a clean statement.

2 Observe that the coefficients A[ f] and B[ f] are controlled under assumption (1.3), thanks to
Lemmas A.1 and A 2.
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that €(x, t) (equation (1.3)) holds true for all By x (—1,0]. Then f is a-Holder
continuous with respect to (x, v, t) € B% X B% X (—%, 0] and

1+
Ifllca (B, xByjpx(~172.01) = C <||f”L2(Bl><B]><(l,0]) + ”f”LOO(dlele(—l,O])) ;

for some o and C depending on dimension, M1, My, Eq and Hy.

Remark 1.2. After this work was completed, we heard of a nice recent preprint
of Cameron, Silvestre and Snelson [11] that establishes a priori upper bounds for
solutions to the spatially inhomogeneous Landau equation in the case of moderately
soft potentials (y € [—2, 0]), with arbitrary initial data, under the assumption (1.3).
When y € [—2,0], it thus allows us to remove the L°° assumption on the weak
solution in Theorem 1.1.

Remark 1.3. Under the assumptions of Theorem 1.1, it is known [23, 56] that
the diffusion matrix A[f] is uniformly elliptic and B[ f] and c[ f] are essentially
bounded for bounded velocities (see Lemmas A.1 and A.2 in appendix). In particu-
lar, the assumption (1.7) given below, and under which Theorems 1.4 and 1.6 hold
true, is satisfied. Let us add that Theorems 1.1 and 1.6 are new, while Theorem 1.4
was proved in [61,62] with a different method; our method of proof however is new
and, we believe, elementary, and it includes intermediate results used in our proof
of Harnack inequality in Theorem 1.6.

1.2. The studied question and its history

We are also motivated by the study of the following nonlinear kinetic Fokker-Planck
equation

Wf+v-Vif =plf1Ve- (Vof4+vf), t>0, xR veR! (14)

(with or without periodicity conditions with respect to the space variable) where
deN* f=f(x,v,t) >0and p[f] := fRd f(x,v,1)dv. The construction of
global smooth solutions for such a problem is one motivation of the present paper.
The linear kinetic Fokker-Planck equation o, f + v - V, f =V, - (Vy f 4+ vf)
is sometimes called the Kolmogorov-Fokker-Planck equation, as it was studied by
Kolmogorov in the seminal paper [47]. In this note, Kolmogorov explicitely cal-
culated the fundamental solution, which exhibits regularisation in both variables x
and v, even though the operator V,, - (V, +v) — v - V, shows ellipticity in the v vari-
able only. This inspired Hormander and his theory of hypoellipticity [42], where
the regularisation is recovered by geometric commutator estimates (see also [55]).
Another question which has attracted a lot of attention in calculus of variations
and partial differential equations along the 20th century is Hilbert’s 19th problem
about the analytic regularity of solutions to certain integral variational problems,
when the quasilinear Euler-Lagrange equations satisfy ellipticity conditions. Sev-
eral previous results had established analyticity conditionally to some differentiabil-
ity properties of the solution, but the full answer came with the landmark works of
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De Giorgi [17,18] and Nash [53], where they proved that any solution to these vari-
ational problems with square integrable derivative is analytic. More precisely, their
key contribution is the following?: the derivative f of the solution of the variational
problem solves the quasilinear parabolic problem

W f =V (AW, HVyf), t>0, veRY, (1.5)

with f = f(v,t) > 0and A = A(v, t) satisfying the ellipticity condition 0 <
Al < A < Al for two constants A, A > 0 but is, besides that, merely measurable.
Then the solution f is Holder continuous.

The method has been extended to degenerate cases, like the p-Laplacian, first
in the elliptic case by Ladyzhenskaya and Uralt’seva [49]; then degenerate parabolic
cases were covered by DiBenedetto [24] (see also DiBenedetto, Gianazza and Ve-
spri [25-27]). More recently, the method has been extended to integral operators,
such as fractional diffusion, in [9, 10] — see also the work of Kassmann [46] and of
Kassmann and Felsinger [29]. Further application to fluid mechanics can be found
in [12,36,58].

1.3. Main results

In view of the Landau equation and the nonlinear (quasilinear) equation (1.4), it
is natural to ask whether a similar result as the one of De Giorgi-Nash holds for
hypoelliptic equations. More precisely, we consider the following kinetic Fokker-
Planck equation

f+v-Vif =V, - (AVyf)+B-Vyf+s, te€0,7T), (x,v) e, (1.6)

where €2 is an open set of R f = f(x,v,t), B and s are bounded measurable
coefficients depending in (x, v, t), and the d x d real matrices A, B and source term
s are measurable and satisfy

0 <Al <A<AI

|B] < A (1.7)

s essentially bounded,
for two constants A, A. We establish the Holder continuity and the Harnack in-
equality for solutions to this problem. To state the result, one needs cylinders
that respect the two invariant transformations of our equation: define the scaling

(x,v,1) = (r3x, rv, r%t) and the transformation

T iz (xo +x +tvg, vo+ v, fo +1). (1.8)

3 We give the parabolic version due to Nash here.
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Given zg = (xo, vo, fg) € R2*! the cylinder Q;(zg) “centered” at zo of “radius”
r is defined as

0r(z0)= {(x, v, 1) :|x—x0—(t—1ty)vo| <r3, lv—uvg| <r,te (to—rz, to]} . (19

When zg = 0, we omit to specify the base point: O, := Q,(0,0,0).

The weak solutions to equation (1.6) on Uy x Uy x I, U, C R4 open, U, C
R4 open, I = [a,b] with —co < a < b < +o00, are defined as functions f €
L, L2 (Uy xU))NLE (U x 1, H) (Uy)) such that ; f+v-Vy f € L2 ,(Uy x
I, HS L(U,)) and f satisfies the equation (1.6) in the sense of distributions.

Theorem 1.4 (Holder continuity). Let f be a weak solution of (1.6) in Qext :=
0/, (20) and Qint := Oy, (20) withri < ro. Then f is a-Holder continuous with
respect to (x, v, t) in Qin and

1 fllce@m) < C (1F 120w + 15125 0ex))
for some universal « (i.e. o« = a(d, A, A)) and C = C(d, A, A, Qext, Qint)-

Remark 1.5. The boundedness of L? solutions was first obtained by Pascucci and
Polidoro [54]. The Holder continuity was proved by Wang and Zhang in [61,62] by
a different method. See below for further comments.

As a first step, we prove that L? sub-solutions are locally bounded; we refer to such
aresult as an L2 — L™ estimate. We then prove that solutions are Holder continuous
by means of lemma which is an hypoelliptic counterpart of De Giorgi’s “isoperi-
metric lemma”. We finally prove a “quantitative version” of the strong maximum

principle: a Harnack inequality.

Theorem 1.6 (Harnack inequality). If f is a non-negative weak solution of (1.6)
in Q1, then

sup f < C (inff + ||s||L°°(Q|)> ; (1.10)
0~ or
where Q% := Qgr, O~ := Qr(0,0, —=A),C > 1 and R, A € (0, 1) are small (in
particular QF C Q1 and they are disjoint), and universal, i.e. they only depend on
dimension and ellipticity constants.

Remark 1.7. Applying the transformation 77, (x, v, t) = (xo+x +7vo, vo+v, fo+
t), the Harnack inequality holds for cylinders centered at any zo = (xg, vo, %)-

1.4. Comments and previously known results

In [54], the authors obtain an L2 — L estimate but cannot reach the Holder continu-
ity estimate. We prove the L? — L™ estimate using hypoelliptic estimates obtained
by Bouchut [7]. Still, the same crucial step is at the core of both proofs: estabil-
ishing hypoelliptic gain of Sobolev regularity for a kinetic Fokker-Planck equation
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with rough coefficients. Note that in [54], and more recently in [45], this is done by
replacing the linear operator with rough coefficients by the corresponding one with
constant coefficients and treating the difference as a source error term; while in our
paper we use regularisation estimates related to velocity averaging lemma.

Hypoelliptic estimates in [7] are part of the well-developed literature about ve-
locity averaging lemmas and transfer of regularity results. The latter is a smoothing
effect for v-averages of solutions to 9, f + v - V. f = S observed for the first time
in [1,35] independently, later improved and generalized in [28,34] (no smoothing
on f itself can be observed, since the transport operator is hyperbolic and propa-
gates the singularities). And when S is of the form § = V,, - (A(x, v, 1)V, f) + s,
where s is a given source term in L2, the smoothing effect of velocity averaging
can be combined with the H! regularity in the v variable implied by the energy
inequality in order to obtain some amount of smoothing on the solution f itself.
A first observation of this type (at the level of a compactness argument) can be
found in [50]. More recently, Bouchut [7] has obtained more quantitative Sobolev
regularity estimates. These estimates are one key ingredient in our proof.

We give two slightly different proofs of the L? — L™ estimate, one follow-
ing Moser’s approach, the other following De Giorgi’s ideas. We emphasize that,
in both approaches, the main ingredient is the local gain of integrability of non-
negative sub-solutions. This latter is obtained by combining a comparison principle
and a Sobolev regularity estimate. We then prove the Holder continuity through a
De Giorgi type argument on the decrease of oscillation. We also derive the Har-
nack inequality by combining the decrease of oscillation with a result about how
the minimum of non-negative solutions deteriorates with time, adapting a scheme
Luis Silvestre showed us for elliptic equations.

In [61,62], the authors get a Holder estimate for weak solutions of so-called
ultraparabolic equations, including (1.6). Their proof relies on the construction of
cut-off functions and a particular form of weak Poincaré inequality satisfied by non-
negative weak sub-solutions. Our paper proposes an alternate method based on hy-
poelliptic estimates in the presence of rough coefficients, as explained above. It also
provides several tools interesting per se, e.g., our intermediate-value Lemma 4.1 is
adapted to non-local equations of order 2s € [1, 2) in [45].

The C* smoothing of solutions to the Landau equation has been investigated
so far in two different settings: either for weak spatially homogeneous solutions
(non-negative in L' and with finite energy) [6,20,22,60] (see also the related
entropy dissipation estimates in [21,23]), or for classical spatially heterogeneous
solutions [14,51]. The analytic regularisation of weak spatially homogeneous so-
lutions was investigated in the case of Maxwellian or hard potentials in [13]. Let
us also mention that in [56], Silvestre derives an L°° bound on the spatially ho-
mogeneous solutions for soft potentials without relying on energy methods (which
implies as well the smoothing by standard parabolic techniques). Let us also men-
tion works studying modified Landau equations [37,48] and the work [39], which
shows that any weak radial solution to the Landau-Coulomb equation belonging to
L3/ is automatically bounded and C? using barrier arguments. Finally, we high-
light the related results of regularisation for the Boltzmann equation without long-
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range interactions [15,16,19], and the related perturbative results for the Landau
and (long-range interaction) Boltzmann equation [2-5,38,40,63]. To the best of
our knowledge, the regularity of a priori non-negative locally L° solutions (under
our assumption (1.3)) to the spatially heterogeneous Landau equation has not been
investigated so far.

A part of the results of this paper were announced in [33,43].

1.5. Plan of the paper

In Section 2, we prove the universal gain of integrability for non-negative sub-
solutions. In Section 3, we derive from this gain of integrability a local upper bound
of such non-negative sub-solutions. We give two proofs: one following de Giorgi’s
approach and the other following Moser’s iteration procedure. In Section 4, the
Holder estimate is derived by proving a lemma of “reduction of oscillation”. In
Section 5 we prove a Harnack inequality for non-negative solutions. In Section 6,
we prove a local gain of regularity of sub-solutions. In Section 7, we prove that the
velocity gradient of the solution is slightly better than square integrable.

1.6. Notation

We occasionally write A < B in order to say that A < CB for some constant C
which only depends on dimension and ellipticity constants A and A. Such a constant
C is called universal.

The inverse transformation Tzo_l t2>Zg o z is defined by

Zo_l(z) = (x —x0 — (t — f0)vo, v — Vo, t — 1p).

The notation zp o z and z; ! refers to a Lie group structure associated with the
equation.

ACKNOWLEDGEMENTS. The authors would like to thank Luis Silvestre for fruitful
comments during the preparation of this article.

2. Local gain of regularity / integrability

We consider the equation (1.6) and we want to establish a local gain of integrability
of solutions in order to apply De Giorgi-Moser’s iteration and get a local L*> bound.
Since we will need to perform convex changes of variables, it is necessary to obtain
this gain for all (non-negative) sub-solutions. The next theorem is stated in cylinders
centered at the origin.

Theorem 2.1 (Gain of integrability for non-negative sub-solutions). Consider
two cylinders Qint := Oy, and Qext := Qry With 0 < 11 < ro. There exists p > 2
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(only depending on dimension) such that for all non-negative sub-solution f of
(1.6) in Qext, we have

”f”%p(Qim) = C (Cal”f”%z(gm) + CO,l / |S|21f>0> s (2-1)

Qext

with

2 2

I 1 o
Co1 = + gt S+1) and C=Cd ).
rg—ry rg—ry (ro—r1)

Remark 2.2. The exponent p is obtained by the Sobolev embedding H 3 (R¥+1y s
LP R4+ that is to say p := 6(2d + 1)/(6d + 1).

This result is a consequence of the comparison principle and the following gain of
regularity.

Theorem 2.3 (Gain of regularity for sign-changing solutions). Consider zo €
R24+1 and two cylinders Qint := O, (z0) and Qext := O, (20) With 0 < r1 < r9.
Then any (sign-changing) weak solution f of (1.6) in Qext Satisfies

||f||2% 0 )sc(nfniz(Qmﬁ||s||§2(Qm)), (22)
X,V,t int

with C = C(d, A, A Qext’ Qint)-

Remark 2.4. Using Theorem 2.1 and De Giorgi-Moser’s iteration, it is in fact pos-
sible to prove that this gain of regularity is also true for non-negative sub-solutions,
as we will see in Section 6.

Theorems 2.1 and 2.3 are proved in Section 2.3 below.

2.1. Global estimates and gain of regularity / integrability

Let us remark that our weak solutions in f € L{°(I, Liyv(Ux x Uy)))N L)ZCJ(UX X

I, H\(Uy)) are in COI, L2, (Ux x Uy) N H, (1, L2 (Ux x Uy)), following and

adapting respectively the by-now standard arguments in [57] and [30] to the kinetic
case. This justifies the calculations performed in our energy estimates in the sequel.

Lemma 2.5 (Global estimate). Let g be a weak solution of
(O +v-Vi)g=Vy-(AVyg) + V- Hi + Hy in R

with Hy and Hy in L*(R%*?*YY and g, Hy and H; supported in R? x B(0, ro) x R.
Then

1 1
IVogliz2 4+ IID3 gll72 + 11D/ g7, < C<||H1||iz + ||Ho||iz>, (2.3)
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where C = C(1 + rg) and C = C(d, », A). In particular, there exists p > 2 (only
depending on dimension) such that

Igl7, < c(nH]niz + ||Ho||iz), 24

where C = C(1 —f—rg) and C = C(d, A, A).

Proof. Integrating against 2g in R2¢*+! yields

2A/ |Vog|> dx dvdr < / (=2H; - Vyg +2gHp) dx dv dr
R2d+1 R2d+1

A 2
5—/ IvaIdedvdt+—/ |H1|2dxdvdt+2/ |g||Ho|dx dv dz.
2 JRoda+1 A JRr2d+1 R2d+1

Moreover
1
2/ |g||Ho| dx dv dr 55/ |g|2dxdvdt+—/ | Ho|? dx dv dt.
R2d+1 R2d+1 & JR2d+1

Since g is supported in B(0, rg) in the velocity variable, we can use the Poincaré
inequality to get

8/ |g|2dXdUdtSCPV§€/ |V,g|? dx dv dr,
R2d+1 R2d+1
and we choose ¢ such that C prgs = X\ /2. This implies

IVoglis, <C (||H1 17, + ||Ho||iz) : (2.5)

Applying [7, Theorem 1.3] with p =2,r =0, =1,m =1,k =land Q2 =1
yields

2 2

D=

(1+[v?)

Hy

1
HDﬁg Slgh? s + 11Vugll 2

1
+ HD,Sg

L? L? L?

4
+ Vgl 3, (14 [v]?) (Hy + AV, g)

2
3
L2

1
+11Vogll 2 [(1+ [v1?)2 (Hy + AV,g)

L2
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Using the fact that g, Hy and H; are supported in R? x B(0, o) x R, we get

2 2

1

1 1
Dig| SrilVuglia+ (1+15)2IVugli2 | Holl 2

2
3

+ <1 +r§>‘
1
2 2

+ (1+473) 1Vuglz (12 + V081l 2)

S (14+73) (190813 + N2, + 1 90gll 21 Holl 2 )

Dig

d

L? L?

4 2 2
IVugll; (”Hl”zz + IIvallzz>

Combining this estimate with (2.5) yields (2.3). The proof is now complete. O

2.2. The local energy estimate

The gain of integrability with respect to v and ¢ is classical; it derives from the
natural energy estimate, after truncation. We follow here [52].

Lemma 2.6 (The local energy estimate). Under the assumptions of Theorems 2.1
and 2.3, any sub-solution f satisfies

sup f2(-,-,r>+/ |Vuf|2§C(Co,1 f2+/ |s|2) 2.6)
Qint Qint Oext ext

t

for Q' ={(x,v) e R¥: (x,v,t) € Qint}, C =C(d, 1, A) and

int *

Corm (st =0 4
01= rg—r% rg—rl3 (ro — r1)? )

Moreover, if the sub-solution f is non-negative, then

Sup/ fZ(.,.,t)Jr/ IV, f? SC(COJ f2+/ |s|21f>0). 2.7
t Q{m Oint Oext ext

Proof. Consider ¥ € C°(R?>¥ x R) with 0 < W < 1 and integrate the disequation
satisfied by f against 2fW2in R :=R* x [1,0] with 1, € (—rlz, 0], obtaining

[aws [ vvier <2 [ v avnre
R R R
, 2 2
+2/R(B Y, )W +2/Rfsll'.
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Add fR £298,(W?), integrate by parts and use the upper bound on A to get

[ vy o [ wospe
R R
§/f2(8,—|—v-Vx)(\llz)—4/\IJAVUf-fVU\IJ+2/(B-va)fllf2+2/ fsw?
R R R R
5/ fz(at+v-vx)(w2)+4A/<|vvf|w>f(\v+|vuw|)+2/ fsw?
R R R
S/fz[(a,ﬂ-vx)(w2)+8A2r1(|va|2+\112)]+2 fs\IﬂH/ Vo fIPw2.
R R R
We thus get
[ vy [ 1vurpe?
R R

< C (10l + ol VWl + 19,015 + 1) [
RNsupp ¥

2.8)
2+ 2/ FsW?
R

with C = C(d, 1, A). Choose next W2 such that W(r = 0) = 0 and supp ¥ C Qex
and get for 1y € R:

/fz(-,-,tl)\y2(z1)dxdv+/\/ IV, fI?W?dxdvdr <C f2+2/ LF11s].
R2d R2d+1 Qext

If ¥ additionally satisfies ¥ = 1 in Qjn, we get (2.6). We remark that (2.7) is a
simple consequence of (2.6). The proof is now complete. O
2.3. Local gain: proofs

Proof of Theorems 2.1 and 2.3. We first remark that if f is a non-negative sub-
solution of (1.6),then f = f1-¢ and it is also a sub-solution of the same equation
when the source term s is replaced with s1 #>¢.

Fori =1, %, consider f; = fx; where x; and xj,2 are two truncation func-
tions such that

x1 = 1in Qjnt and x; = 0 outside Qnjd,
Xy = lin Qmig  and Xy = 0 outside Qex; -
The function f| now satisfies

B +v-VOfi <V - (AVyfi)) +Vy-Hi + Hy in R+
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with H; and Hy given by

H = (AVux) fi
Hy = (Bx1—AVyx1)- va% +011f% + 51 r=0yx1,

with @1 = (0 + v - Vi) x1. We remark that f|, Hy and H; are supported in Qey;-
We now consider the solution g of

(3 +v-Vy)g=Vy-(AVyg) + V- H + Hy in R¥FL

We remark that g is also supported in Qex¢, and since h := f; — g is a sub-solution
of the equation d;h + v - Vih < V,(AV,h) with zero initial data at ¢t = —rg, the
comparison principle implies that 7 < 0 everywhere, and therefore 0 < f| < g.
It can be proved for instance by observing that 4 is also a sub-solution of the
same inequation and the standard energy estimate implies that its Li’v-norm is non-
increasing along the time variable.

Moreover,

1H 17 S VXl el £ 17200,

1HOE> S (14 1V 1 ) 1V f B gy + It I 122 0

2
+”31{f20} L2(Qext)’
In view of Lemma 2.6, we know that
2
190/ 12y = €0l W0+ 52201 g

Hence,
1HolZ, + 1E 22 S [(1+ 19013 ) (1 + Co) + e |1 £ 2 g

4 (2 n ||va1||§00) 1252011171 gy

In view of the definition of C¢ | in Lemma 2.6, we thus get
2

2 2 <2 2 =2
ol + I S Gl g, + (o =02 |stipsa] .

Lemma 2.5 then yields

2 ~ 2 2 2
Igllzrg,) =€ (COJ ||f||L2(Qext) + Co,1 L 1 Is| 1]’20) .
We then obtain (2.1) by using the fact that 0 < f; < g. This achieves the proof of
Theorem 2.1.
As for Theorem 2.3, Lemma 2.5 can be applied directly to fi and the conclu-
sion follows along the same lines, with some simplifications. O
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3. Local upper bounds for non-negative sub-solutions

In this section, we prove that non-negative L? sub-solutions are in fact locally
bounded.

Theorem 3.1 (Upper bounds for non-negative L> sub-solutions). Given two cy-
linders Qext = Qry(20) and Qs = Qr(20) With 0 < roo < ro, let f be
a non-negative L? sub-solution of (1.6) in Qext with s € L9(Qext) and q >
2p)/(p — 1) with p only depending on dimension. Then for any g >, there ex-
istsik = k(d, A, A, Qext, Oco, 8, q) > 0 such that

{ IsI2a(Qex) = @

1
= f<-inQc.
1F 122000 < ¥ } 27 7%

Remark 3.2. The exponent p = 6(2d + 1)/(6d 4+ 1) is the one given by the gain
of integrability in Theorem 2.1 (see Remark 2.2).

We give two proofs of such a result. The first one sticks to the case ¢ = +o00 with
no lower order terms and use Moser’s approach. The second one deals with the
general case and uses De Giorgi’s approach.

3.1. Moser’s approach

Proof of Theorem 3.1 in the case without source term by Moser’s iteration. Using
tranformations introduced in Equation (1.8), we reduce to the case zg = 0.
We first observe that, for all ¢ > 1, the function f7 satisfies

(O +vV) [T < Vy - (AVy 1) in Qp.

We now rewrite (2.1) with s = 0 from Q,, to Q,,, withr,11 < ry as follows:

2
( / (fqv’) < éc? / £, 3.1
O, 41 0) 0, (0)

where C = C(d, A, A) and

1 T 1

=537 +5—"5+ =) + 1B~ + 1. (3.2)
il Al (rn — n+1)

Choose now g = g, = (p/2)" for n € N and write a,, for (an f2any1/24n)  Using

that for C = C(d, A, A, Qext) > 1 large enough, we have | Qex¢| < C,we get from
(3.1

- L 1
ant1 < (C)2n (Cy)n ay. (3.3)
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Finally we choose
1

r =r,- —
n+1 n a(n+1)2

for some a > 0 (only depending on ro — roo) so that (3.2) yields C,, ~ a*n* as

n — 4o0. In particular, we can choose C = C(d, A, A, || B||L~) large enough so
that C,, < C_'%azn4 and we get from (3.3) that

ani1 < (CaPn*)ina,

The convergence of the following infinite product

0 0 )
(Ca®)ar (nh)ar < 400
=0

n

achieves the proof. O

3.2. De Giorgi’s approach

Proof of Theorem 3.1 by De Giorgi’s approach. We again reduce to the case zg =
0 thanks to the transformation ’Z;_] defined in Equation (1.8). For n > 0 integer,
consider radius r,, time 7}, cylinder Q, and constant C;, as follows

—n 2 1 —n
Tn =Too+ (ro —700)27", Tp=1ty—r,, Cn=§(1—2 ),

and cut-off functions W, (independent of time) as follows

1
. o < - < n
1 in Qf(')n ||VU"I‘I"||L = Pl — In = CO,OO2'
v, = and
0 outside OF | IVaWelize < 5——— < Coe2",
A e

where Cp oo = C (10, Fo) Only depends on rg and r,, and as before

Or ={(x,v): (x,v,7) € Or}.

The energy estimate. Remark that f, = (f — C,)™ is a sub-solution of (1.6) in
Oy, with s, = sly>c,. Then the energy estimate (2.8) obtained in the proof of
Lemma 2.6 yields forall 7,1 <1t < T, <t <0,

f 12 +x/ Vo ful?
0! Oy,

m n

<[ g (el 19w+ 1) [ gie2 [ s
Q;n r r

n—1 n—1

(34)
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Averaging both sides of the inequality in t € (7;,—1, T;) and using the estimates on
the gradients of the cut-off function yields

Uy, := sup / f2< C4”/ fn2+2/ falsl, (3.5)
1e(T,,0)J 0, 0, 0,
where C = C(rg, roo). Remark that,
Uy <Up1<---<Up<k <1 (3.6)

(we choose k < 1).

The non-linearization procedure. Using the (universal) exponent p > 2 given by
Theorem 2.1, we next estimate the terms in the right-hand side of (3.5) as follows
"n—1 3.7

/Q 1

/ Tuls| Sg(fQ,n_I fn”)‘l’|{fn20}ﬂQr,1_]|l_!l"q,

r

o=l ) Nt =000 0,

n—1

(we used that |||l La (., < ¥) if p and g satisfy

We remark that { f, >0} ={f,-1 > C,, —Cy—1 = 2_k_1}, which in turn implies

2, <C4"U,y. (3.8)

n

e 20} 0y, | <2272 /
anfl

Combining these three estimates with (3.5) yields

4 P P P P
U, <Cc2™ /Q P Un_1p+||S||Lq(Qw) /Q 1 Un—lp 71 (3.9)

n—1 n—1

(we also used that f, < f,,—1) where C = C(d, X, A, rp, 7).

Use of the gain of integrability. In view of Theorem 2.1, we know that

2

P
/ L] =€ 8"/ fnzl+4n/ s* 1, >0
o) o 0,

n—1 n—2 n—2
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with C = C(d, A, A, rg, o). We next estimate the terms in the right-hand side of
the previous equation depending of the source term as in (3.7), but with p = 2: we
use (3.8) to get

1-2 op_tn 1-2

/ sy, =0 < @ fum1 > 03N Q| 7 < g2 0 U, ;.
'n—2

Hence, we can use (3.6) and Uy < 1 again in order to write

% 3 4p—4n 1-2 4 1-2
/Q S =c (2 "Upop + 277 Un,j) <c2u, §

n—1

with C = C(d, A, A, 10,70, ¢, 8). Then (3.9) and (3.6) imply

U, < C2% (24"U B
Conclusion. Remark that we can assume that C > 1. We rewrite it as
Vo < B"V (3.10)

where V,, = Uy, B = 28Cand o = % — % — %. Remark that @ > 1 as soon as

1 1/1 1

—<=-lz——).

g 2\2 p
Applying (3.10) recursively, we get

V, < ng+a(k—1)+a2(k—2)+...+ak—| Véxk.

Since

n+a(m— D+ 4o =n(1+oc+- . —i—oz"_l)—a(l—l-Za 4 +(n—1)a"_2)
o —1 d /a" —1
=n —a—
a—1 da \ o —1

@' =1 <na”_1(a )= (@" — 1))

(o — 1)2
_a(a”—l)—n(a—1)< o "
- (o — 1)2 S @—1n"

we have

n

o o
Vis (B V)
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This implies that Uy, = V,, — 0 as n — +00 as soon as

B 7 Vy < (2C)e P < 1

where C = C(d, A, A, 19,7, ¢, §). Hence,

A

roo

which means that f < 1/2in Q,_, . This completes the proof of Theorem 3.1. [

4. Intermediate-value lemma and Holder continuity

4.1. A De Giorgi intermediate-value lemma

An important step in the proof of regularity in De Giorgi’s method for elliptic
equations is based on an inequality of isoperimetric form (see the proof of [18,
Lemma II]). This inequality is a quantitative variant of the well-known fact that no
H' function can have a jump discontinuity, and can also be understood as a quan-
titative minimum principle. More precisely, given an H'! function u with values
[0, 1], and which takes the values 0 and 1 on sets of positive measure, De Giorgi’s
isoperimetric inequality provides a lower bound on the measure of the set of inter-
mediate values {0 < u < 1}. In the present subsection, we establish an analogue
of this inequality adapted to our equation and the combination of the first order
transport operator and the second order elliptic operator in the velocity variable.

We prove the core lemma at “unit scale”. We recall that O, = Bgx By x(—4, 0]
and Q| = By x By x(—1,0], Qy = B3 X B, X (—w?, 0] and we denote the shifted
cube Q = 00,0, -1) =B, x B, x (=1 — w?, —1] (see Figure 4.1).

Lemma 4.1 (A De Giorgi intermediate-value lemma). Ler v = %. For any (uni-
versal) constants 81 € (0, 1), 6 € (0, 1) there exist v > 0 and 0 € (0, 1) (both
universal) such that for any sub-solution f of (1.6) in Q with f <1, |s| < 1, and

|{f > 1 _9} N Qw| > 51|Qw|,
1{f <0}N Q0| = &|0I,

we have
H0< f<1—-06}N By x By x (—=2,0]| > v.

Remark 4.2. While De Giorgi’s isoperimetric inequality is based on an explicit
computation leading to a precise estimate with effective constants, the proof of
Lemma 4.1 is obtained by an argument by contradiction, so that the values of 6 and
v are not known explicitly.
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§

Q-

Figure 4.1. Cylinders involved in the statement of the De Giorgi intermediate-value
Lemma.

Remark 4.3. The compactness argument used in the proof is reminiscent of one
used by Guo in [41] and of one used by the fourth author in [59].

Proof. We argue by contradiction by assuming that there exists a sequence ( fx)k>0
of sub-solutions:

(0 +v - V) fie = V- (AcVofi) + Bi - Vo fi + sk, 4.1)
such that fi <1, |s¢] <1,

Qk—>0
as k — 400
o —> 0

and
Hfk = 1 =6} N 0wl > 811 Qul,

[{fi <0}N Ol = &0,
H0< fi<1—6JN(01UD)| —0 as k— +oo.

The convexity of z > zT together with |s;| < 1 implies that the non-negative part
fk+ of fi satisfies the same inequation, and therefore

@ +v- VO fif =V (A fH) + B - Vo fi +1— (4.2)

for some non-negative measures (ix.
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A priori estimates for fk+. The natural energy estimate is obtained by multiplying
the equation with f,:r\ll2 with a smooth cut-off function W supported in Q», valued
in[0,1]and ¥ = 1 in Q; with

Q1 = Bi x By x (=2,0).
Using the fact that f,:r < 1l and |s¢] <1, we get
k/ Vof e = é/ (02 41902 + |0, + v VUl
R2d+1 R2d+1

+| g2
ea [ Vs

IA

é/ (92 + VWP + Wi, +v- Vowl)
R2d+1

A + 2,2
5 [ Vs P

Hence
x/ v, £ P2 < C/ (\1/2+ VoW [? + W[(3 +v- vx)\m) 423)
R2d+1 R2d+1

where C = C(d, A, A).
We can also multiply the equation by W2 and get

—/ fk+(a,+v-vx)<\lﬂ)=—/ Akvvfk+-vv<w2)+/ By - Vy fHw?
R2d+l R2d+1 R2d+l

w2 W2 dug.
+ _/deﬂ Aydﬂ Hi

Combining the latter equation with (4.3), we deduce
/ \Pzdukfé/ <\IJ2—|—|VU\IJ|2+\IJ|(8t+v-Vx)\IJ|) (4.4)
R2d+1 R2d+1

where C = C_‘(d, A, A).

Passage to the limit. On the one hand, Banach-Alaoglu theorem implies that
f& = FinL®(0p)

and
. AV fE = Hy s
Vofy = VuF  and in L7(Q1), 4.5

B - Vy " = Ho
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for some weak limit F' € LOO(Q IR (L)%JHUI )(Q 1). In particular, (4.3) implies that

/mez <ol (4.6)

for all Q € Q,, with a control depending on Q. On the other hand, the bound (4 .4)
implies that

e = in M(Q1).
‘We thus have
@ +v-VOF=V,Hi+ Hy+1— p. 4.7

By velocity averaging (see [8, Theorem 1.8]), together with the bound (4.3), we
deduce the strong convergence

f,:r — FinL?(Q;) forl < p < +o0.
This implies the convergence in probability, and the function F thus satisfies

HF =1}N Q] = 81]Qul, (4.8)
HF=0}NnQ0| =610/, (4.9)
{0 < F < 1} N (B; x By x (=2,0])| =0.

In view of (4.6), since indicator functions are not in H! unless they are constant,
we have that for almost every (x, ¢) € B] x (—1,0),

either for almost every v € By, F(x,v,t) =0
or for almost every v € By, F(x,v,t)=1.
In other words, F(x,v,t) = 1p(x, t) for some measurable set P C B; x (—1,0).

In view of (4.8) and (4.9), P satisfies

|PN B, x (—w?,0)] >0
(4.10)

|B,s x (=1 —w?, —1)\ P| > 0.
Propagation. We thus get from (4.7)

o0F+v-VyF <Vy,H +Hyp+1 1in Q.

Consider a cut-off funtion & € D(R?) such that

{()dz=1, ¢(z)=1¢(=2), supp¢ C B).
R4 2
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Given vg € Bi, since F only depends on (¢, x), we can use a test-function of the
2
form ¢ (v — vp), and get for all vy € B%,

0+ VP < [ (10 0Vt = i)l + Ho(r. v, 020 = vl | do 1
R

in (x,7) € By x (—2,0). Since F is an indicator function and Hy, H| € LQ(Ql),
this implies for vy € B L

»F +vy-VyF <0 inBj x (=2,0). 4.11)

We next remark that
{ for all (x, 1) € B3 x (—w?,0) and (x9, 79) € B3 x (—1 — w?, —1)
(4.12)

there exists vg € B, so that (xg,vg,%) € Q and (x, 1) =(xo+svo, fo+s).

Indeed, the time shift s is fixed by = 79 + s and belongs to (1 — ?, 1 +w?). Then
the velocity vy is fixed by x = x¢ + svg and satisfies

|x — xo| 203
lvo| = < 5 <o,
t—1 l—w

since w = % < % We can use (4.11) and (4.12) and the second inequality in

(4.10)) and conclude that F = 0 in Q,,, and contradicts the first inequality in (4.10).
The proof is complete. O

4.2. Improvement of oscillation

It is a classical fact that Holder continuity is a consequence of the decrease of the
oscillation of the solution “at unit scale”.

Lemma 4.4 (Improvement of oscillation). There exist Ag € (0,1), w € (0, 1/2)
and B > 0 (all universal) such that any f solution of (1.6) in Q> withoscg, f <2
and |s| < B satisfies

OSCQ% f<2—x.

This lemma is a consequence of the following one.

Lemma 4.5 (A measure-to-pointwise estimate). Given §, > 0, there exist Ay €
0,1, w € (0,1/2) and B > 0 (depending on §, but not on the sub-solution)
such that any f sub-solution of (1.6) in Qy with f < 1 and |s| < B such that

{f <0})N Q| > 8|0 satisfies

f<1—X ae.in Qo. (4.13)
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Proof of Lemma 4.4. Let f be a solution of (1.6) in Q, with oscg, f < 2 and
|s| < B. We can reduce to the case where | f| < 1. Indeed, we remark that there
exists a constant C such that f f — C satisfies (1.6) in Q»(0) with | f | <1 and
the same source term. .

If|{f <0} N Q|=>10]|/2,then apply Lemma 4.5 with §, = 1/2.

In the other case, considering — f implies that the essential infimum of f is
raised. In both cases, we get the desired improvement of the oscillation of f. This
completes the proof of the lemma. O

We now turn to the proof of Lemma 4.5.

Proof of Lemma 4.5. The proof proceeds in several steps.

Choice of parameters. Theorem 3.1 provides us with « correponding to the upper
bound g = 1 on the source term and Qext = Qp and Qo = Q%. Lemma 4.1

applied with 8, and 81 = +/k /| Q| provides us with v and 6 universal. We choose
next kg the smallest positive integer such that

kov > |B1 x By x (=2,0)].

We finally choose 8 such that 8 < ko
Iteration. We define fo = f and

1
fert = Z(fe = (1 =0) =07(f — (1 = 6Y).
They satisfy fi < 1 and
O +v- Vo) fi V- (AVy fi) + B -V, fi + sk

with s; = #s. In particular |s;| < 67508 < 1, which allows us to apply Theo-
rem 3.1 with the upper bound g = 1 as above. Remark that

{fo<0}N Q>8I0 and {fit1 <0} D {fi <O} (4.14)

Our goal is to prove that there exists at least one index k € {1, ..., ko} such that

|{fk = 0} N Qw| =< 51|Qw|‘

Indeed, observing that for such an index &
1

ICfe)+ 200, < [\{fkl >0} N Qw|]2 < /81100 <k,

Theorem 3.1 then implies that

1

lk ki .
fSI_EGISI_EQO m Q%J,

which concludes the proof.
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Let us prove the claim by contradiction. Assume that forall k =1, ..., ko,

/i 20} N Qul = 611 Q0l.

Since fri11 = é(fk — (1 — 0)), this also implies fork =0, ..., kg — 1,

i =1-0}1N 0ol = 81]Qwl.

But (4.14) also implies that for all k > 0,

(fe <0)N QI = 8]0l
Hence Lemma 4.1 implies that fork =0, ...,k — 1,
HO < fi =1 —-0}N(B1 x By x(=2,0)| = v.
Now observe that

k1= 03N(B1 x By x(=2,0)| =[{ fik =0} N (B x By x (=2,0))]
+H{0 = fi =1 -6}N(B1 x By x (=2,0))]
> {fi =0} N (B1 x By x (=2,0)[ +v.

In particular
|B1 x Bi x (=2,0)| = |{fk, <0} N (B1 x B1 x (=2,0))| > kov,

which is impossible for kg as chosen above. The proof is now complete. O

4.3. Proof of the Holder estimate

Proof of Theorem 1.4. Consider an L? solution f of Equation (1.6) in a cylinder
Qext = Oy (z0). By Theorem 3.1, we know that f is locally bounded in Qex. In
particular, f is bounded in Qmia = QO r+r, (z0) and

2

1F 12 0mia) < Co (1 122¢0u) + IS 20(Qer0))

for some constant Co = C(d, A, A, Qext, Omid)- If f = 0 in Qext, there is nothing
to prove. If f is not identically O, recalling that § is given by Lemma 4.4, we
assume that

Il ome <1 and  [Isllzo(gy < B

by considering, if necessary,

F= !
Co (1£ 11 12(0u) + Isllzoo(@er) + B IS0 (0ur0)
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Let z1 € Qin := Qr, (z0). We want to prove that for all » > 0 such that 0»,(z1) C

Omid»
0scg, () f < Cr® (4.15)

for some universal « € (0, 1) and some constant C = C(d, A, A, ro,71). Let
7 > 0 denote the largest » € (0, 1) such that Q2,(z0) C Omia.- We remark that
forr € (0,7), Qo (z1) = ’TZI_I(er) where 7, is defined in Equation (1.8) and

f = f o T satisfies (1.6) in Qo7 with the source term § := s o 77, and the
coefficients A := Ao 7, and B := B o T_,. In particular f and 5§ satisfy

I fllLecoyy <1 and I3]0y < B
and (4.15) is equivalent to: for all r € (0, 7),
osco, f < Cr°. (4.16)
We recall how to scale solutions. For all » € (0, 7), the function
fr(x, v, 1) = f(r3x, rv, rzt)
is defined in Q; and satisfies (1.6) with

Br(x, v, t) = rB(r3x, ro, r2t)

Sr(x,v,t) = r2§(r3x, ro, rzt).
Since oscq,, f < 2, we have oscp, f; < 2 and Lemma 4.4 implies that
0SCQ fr= 0SCQy; f<20
with @ =1 — Ap/2 (we used the fact that 7 < 1 to ensure that ||57 |1 (0,) < B). We

remark that we can assume that 6 > 1/2 and we recall that w € (0, 1/2). We next
apply Lemma 4.4 to 6! f7, with 7 = (w/4)7, which rescales the L bound on the

source term by a factor (w /426071 < 1as compared to ||s7|| > (p,) < B. Hence the
assumed bounds are still valid and we get

0sCQ;, f < 202
with 7> = (w/2)71. Inductively, we deduce that

0sCQ;, f < 20k

with 7 = (w/2)7 /2. This yields (4.16) for r = 7 with

In6 2\
o = and cC=2 = .
In(w/2) r
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If now r € [Fgy1, i), then
£ £ ~a 2\* ~ S
osco, f =oscg, f=Cr=C o) i <Cr

with C = C (2/w)*. Observe finally that the constant C and C are uniformly
bounded above as zg varies in Qi since ¥ > r; — rg. The proof is now com-
plete. O

5. Harnack inequality

In this section, we derive Harnack inequality for solutions to Equation (1.6). We use
here an approach that Luis Silvestre explained to us in the elliptic setting: we start
with Holder continuous solutions and we consider expanding cylinders to control
the spreading of the lower bound of non-negative solutions (see Lemma 5.5). The
Harnack inequality is a consequence of the decrease of oscillation we proved earlier
and a so-called “doubling property” that estimates how the minimum of a solution
propagates with time. Let us first recall the decrease of oscillation proposition.

Proposition 5.1 (Decrease of oscillation). There exist § € (0, 1) and w € (0, 1/2)
(both universal) such that for any r € (0, 1) and any solution f of (1.6) in some
cylinder Qo (2) satisfies

0scg,, ) f = (1= 9) (och,(Z) 428! ||s||Loc> .
Remark 5.2. The conclusion of the proposition is equivalent to
oscgy, foT = (1-8) (och, foT, +287" ||s||Loc>
with 7;(y, w,s) = (x + y + sv, v + w, t + 5) where z = (x, v, t).

Proof. By considering

foT,

f: 9
08CQ,, (z) f/2+ llsllL</B

and a rescaling f,, we can assume that z = 0 and 0sco, fr <2and |sllge < B

(we use here that r < 1). We then apply Lemma 4 .4 to fr and get the desired result
with1 —6 =1 — Ap/2. O
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Figure 5.1. The cylinders O, Q~, Q7[1] and Q~[2]. Harnack inequality relates
the supremum of a solution over Q~ and its infimum over QF. The proof consists
in constructing a sequence of points lying in Q7 [1] and whose corresponding values
explode. Neighborhoods of points included in Q ~[2] are also considered.

5.1. How minima propagate with time

The goal of this subsection is to prove the forthcoming Proposition 5.3. In order to
state it, we introduce two cylinders which contain Q™:

Q col]co2lc o

See Figure 5.1. We recall that Q7 = Qg and O~ = Qr(0,0, —A) and R, A €
(0, 1) are small so that in particular 0* c Q) and they are disjoint. We let Q7 [i]
be equal to 0, (0,0, —A) with R < p; < pp < 1.

In the following propositions, we introduce elongated cylinders Q¢ where the
time is stretched longer in the past than what the scaling would induce:

Qil = B(w/4)3 X Byja x (—1, 0]
Qfl(Z) = Z(B(w/4)3r3 X Bw/ayr X (—V2, 0])‘

Proposition 5.3 (The propagation of minima). Assume that f is a non-negative
super-solution of (1.6) in Q| with a non-negative source term s. There exists ro >
0, R > O (universal) such that for any r € (0,rg) and z € Q~ such that Qfl(z) C
07 [2], we have

min f < Cpy r~ 9 min f

04z) ot
for some universal constants Cpm and g > 0.
We first derive from Lemma 4.5 the following doubling property at the origin. In

the two next lemmas, we conveniently assume that O is the final time of the first
cylinder.
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Lemma 5.4 (The doubling property at the origin). There exists h € (0, 1) (uni-
versal) such that for any non-negative super-solution f of (1.6) in Bg x By x (—1, 4]
with s > 0, we have

inf f > hinf f

0! Q°
with Q' = 04(0,0,4) and Q° = Q9.

Proof. We first notice that since s > 0, the function f is a super-solution of (1.6)
with s = 0. We first prove that

f = bo jnf f (5.1)

Qw/z(O 0.1) Ouys

for some universal constant f; see Figure 5.2.

.

Figure 5.2. The doubling property. On the left, the cylinders Q.4 and Q,/2(0,0, 1).
In the middle, the elongated cylinders Q° and Q'. On the right, the iterated cylinders
0° ..., 0" (Lemma 5.5).

If infp, , f =0, there is nothing to prove. If not, the function

f

§= 7
infp,, , f

satisfies (1.6) in Q> (up to translation in time — this is where we use that s = 0) and
{g = 1} N Qul = |Qw/al = 32100l

for some universal 8,, where Q,, plays the role of Q in Lemma 4.5. We then apply
Lemma 4.5 (with time shifted by +1)to g = 1 — g < 1, we get g > ho in
B(w/2)3 X By x (1 — (w/2)2, 1], that is to say, (5.1) indeed holds true.
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Apply now the result to f(x, v,t) = f(x,v,t —=T)forT € [0,1 — ®?*] and
get

inf > By inf f. (5.2)
B(w/2)3XBw/2X(0,l]f h Qof

By applying (5.2) on time intervals (1, 2], (2, 3] and (3, 4], we propagate the infi-
mum till time r = 4 and get the desired result for h = f]g. O

Applying iteratively the previous lemma, we obtain straightforwardly the fol-
lowing lemma whose proof is omitted.

Lemma 5.5 (The iterated doubling property at the origin). There exists h > 0
(universal) such that for any non-negative super-solution f of (1.6) in Byn X
Bov x (=1, TN), we have

inf £ > b inf f (5.3)
QN Q()
with
o = Bgs x Br, x (Te—1. Te] - for k=1,
where Ry = (w/4)2% and Ty = (4% — 1) for k > 0.

Remark 5.6. In [44], a measure estimate is also applied iteratively to prove a Har-
nack inequality for fully nonlinear parabolic equations in non-divergence form.
We can now prove Proposition 5.3.

Proof of Proposition 5.3. In the following proof, we need iterated cylinders that are
not centered at the origin and with arbitrary radius.

0k (2) = T.(r 0%).

The cylinder OF is first scaled by r (this is r 0 and then centered around z (this is
T.(r 0*)).-
Let zoo € Q7 be such that ming+ f = f(zoo).

Lemma 5.7. There exist R, A, ro (small, universal) such that

a) Forallr € (0,r9) and z € Q7, the iterated cylinders er‘ (z) (k € N) which are
included in {t < 0} are in fact included in Q1(0);
b) The union of the iterated cylinders | J{2 Q% (z) contains Q.

The proof is elementary but tedious. It is given in appendix.
Applying Lemma 5.5, we get

inf f<b™ inf £ <b " minf
0¢(2) 0N @) o+
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with NV such that z,, € va(z), ie.r 1z oza) € OV. In particular, 2 (too —
1) € [TN=1, TN]. Since zoo € QT and z € O, we know that

fo —1 _ 1/2+R2'

4N—1 STN—l <

=", = 72
In particular,
q
2\ 2

where ¢ = —Iny/In2 > 0. We get the desired inequality with Cpm = ((1/2 +
R?) /4)% . The proof of the proposition is thus complete. O

5.2. Proof of the Harnack inequality
We can now turn to the proof of Theorem 1.6.

Proof of Theorem 1.6. We first remark that replacing f(x, v, t) with f(x,v,t) +
|Is|| oot if necessary, we can assume that s > 0. By dividing f by 2;3_1 Is || zoo if
necessary, we can assume that ||s||z~ = B/2 (if s # 0).

We are going to find a universal constant C = Cg such that (1.10) cannot be
false. In other words, we are going to find a universal Cy such that

m+1<CyM 54
entails a contradiction where

M:=sup f = f(z0) and m:=inf f = f(2x0)
0- or

for some zg € O~ and zo, € Q. We used here the fact that u is (Holder) continu-
ous.

Our goal is to construct by induction a sequence (zx)x>0 in QO [1] (we recall
that 0~ C Q7 [1] € O7[2] C O, see Figure 5.1) such that

fz) = A =8y m (5.5)

for some universal 8’ € (0, 1). This implies in particular that f(z;) — +oo as
k — +o00 which is absurd since f is bounded in Q.

Remark first that (5.5) holds true for £ = 0. Let us assume that we already
constructed zo, . .., zx and let us construct zx4. Let zx = (xg, vk, t). We choose
rr > 0 such that

f@) =rm, (5.6)
where ¢ is given by Proposition 5.3. Inequality (5.4) and the induction hypothesis
(5.5) imply

rd < Cu(1 =8~ 5.7)
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From the decrease of oscillation (Proposition 5.1), we know that
l+osco, f=(1— 87! oscy, f
(recall 2871 |s]| > = 1) with
Or=0rzx) and g = Quri/a(zi).
In particular, zx € gx. Let zxk1+1 € Qk be such that
max f = f @)
Then we get

L+ f@r) = (1—8)"" (f(Zk) - H{}in f) : (5.8)

Recall that zz € Q7 [1]. Choosing Cy small, we can ensure through (5.7) that
O (zx) C Q7 [2]. We also remark that

‘]k D) Q?i)/4)2rk (Zk)'
We thus can apply Proposition 5.3 and get

min f < min f < Cpmrk_qm,

9k el
Q(w/4)2rk (zk)

with C’pm = Cpm(4/w)?. The use of (5.6) in the previous inequality yields
n;}li(n f= épmr/?f(zk) = CN‘pm\/ Cu f(zk)- (5.9
Now combining (5.8) and (5.9), we get

T+ ) = (=87 (1= Comv/Ch) £ o).

Use next that 1 < Cy M (this is a consequence of (5.4)) and the induction hypoth-
esis and get

f i) = (=8 (1 = Comy/Ci ) (1 = 8) M — Cy M
>i(1—8)"*M,
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with
j=(1—8)" (1 - épm\/cH) —cy.
We thus choose 8’ such that
(1-8)"" =j

and we can choose C g small enough so that 8’ € (0, 1). In particular we get

fp) = (1 =8 m

which is the desired inequality.

We are left with proving that the sequence {zx} stays in Q7 [1]. The fact that
Zk+1 liesin Qy, (zx) = 77, (0, (0)) implies in particular that [vg4| —vk| < ry which
in turn yields

cl/@o

1/(29) N H
— < <C 1-48)% = :
vk — vol = l§>0 n1=Cy ;0( ) 1—(1—8)l/eD

Using now that the fact that § is explicitely given as a function of § and Cy (see
above), we conclude that |v;y — vg| can be arbitrarily small uniformly in £. We can
argue in the same spirit for |x;z — xg| and |tz — fg|. Since z9 € Q~, we conclude
that we can indeed ensure that z; lies in Q7 [1]. The proof of the theorem is now
complete. O

6. Local gain of regularity for sub-solutions

In this section, we investigate the regularity of sub-solutions to Equation (1.6) be-
yond the gain of integrability proved above. Observe that, on the one hand, Theo-
rem 2.1 applies to sub-solutions but only concludes to the gain of integrability. On
the other hand, Theorem 2.3 proves a gain of Sobolev regularity but only applies to
solutions (not sub-solutions). It might seem, at first glance, that the lack of ellip-
ticity in all directions means the gain of regularity of solutions is false, since in the
elliptic and parabolic case it is entirely based on the energy estimate. However we
show here that, using the local upper bound proved above by the De Giorgi—Moser
iteration, and refined averaging lemmas, this result still holds in essence for our
equation, even though the gain of regularity is only H® with s > 0 small. We prove
the following result:

Theorem 6.1 (Gain of regularity for non-negative sub-solutions). Consider zg €
R24+1 gnd two cylinders Qint := O (z0) and Qext = Qry(20) with0 < r1 < rp.
Then there is some s € (0, 1/3) such that any weak non-negative sub-solution f
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of (1.6) in Qext satisfies
1Nz, om0 = € (11220000 + 15115 (0e0)) (6.1)

withC = C(d, A, A, Qext, Qint)-

Remark 6.2. Since f is sub-solution of (1.6), a non-positive measure appears as
a source term. Since such measure is arbitrary, we necessarily gain strictly less
derivatives in x than what was obtained in Theorem 2.3; this can be seen for in-
stance by considering the Dirac mass belonging to W!/7~1=0-7 and exploiting the
optimality of the regularisation results in [7].

Proof. We define Qpq in between Qjn and Qex¢ and the same truncation functions
as before. Theorem 3.1 implies that

I Lo @mio) S 1N 22(00) F 15112 (00r0)-

We want to apply [7, Theorem 1.3] on f in Qpniq. However since f is only a sub-
solution it satisfies the equation

Uf+v - Vof=Vy - (AVyf)+B-Vyf+s—u in Qext,

where we have included the defect non-negative measure i > 0 accounting for the
inequation. We can now repeat the reasoning from the proof of Lemma 4.1 and
reduce to the case

hg+v-Vig=Vy - (AVyg) +Vy - Hi+ Hy— i in R

with g = f in Qjy and g, the measure i > 0, Hy and H; supported in Qpiq, and
with g, V,g, Hyp and H; bounded in L? on Omid- Then by integrating in x, v, ¢

we deduce that fi has bounded variation in terms of the previous bounds. Since
1

for g > (4d + 2), the space ij{t embeds into the space of continuous bounded

1 g
functions of x, v, ¢, we deduce that the space of measures is included in Wx,,i’tq
and therefore

fi=(1- AM)‘lT (1—Ay)h  with heL? (Omiq) (6.2)

and that the bound on the L9 (QOmiq) depends on the previous bounds above, where
q* = 1/(1—1/q) is the conjugate exponent of ¢g. Observe that ¢* is strictly smaller
than 2 and close to one, for instance g* € (1, 14/13) in dimension d = 3. We
then apply [7, Theorem 1.3] withk = 1,r = %, m=2,8=1,p = q*: we

s

1
deduce that g belongs to W, ,po (observe that we use a full Laplacian derivative
in v in Equation (6.2) in order to be in the framework of [7, Theorem 1.3], even
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though (1 — A,)'/* would have been enough for the purpose of having i € L1,
By interpolation with the L°° estimate, we obtain then that g € H }f’tL% for some

s € (0, %) small enough. Finally, we combine the latter estimate with the energy

estimate g € L;%, . H}! to conclude with g € H £ v.¢- Since the truncation function is
equal to one on the smaller cube Qiy, it translates into f € H , , on Qin and this

concludes the proof. O

7. Gain of integrability of the velocity gradient
This section is devoted to the proof of the following theorem.

Theorem 7.1 (Gain of integrability for V, ). Let f be a solution of (1.6) with-
out lower order terms (B = 0 and s = 0) in some cylinder Q,(z0). There exists
a universal ¢ > 0 such that for all Q[i] = Oy, (z0),i =0, 1,2 withry <ry <o,

Vof € L**(Q>)

24e

-
me Vo f2Hdz < € (/Qm IVuflzdz) , 1)

Wlth C = C(d7 )"7 Av Q2a Qintv Qext)-

Remark 7.2. We decided to remove lower order terms B and s in order to simplify
the presentation of the proof. We believe there is no additional technical difficul-
ties dealing with bounded B and s, and that such a gain of integrability is true for
solutions of the Landau-Coulomb equation under the assumption of Theorem 1.1.

The proof follows along the lines of the one of [32, Theorem 2.1]. It consists in
deriving an almost reverse Holder inequality which in turn implies the result thanks
to the analogous of [32, Proposition 1.3]. The following measure-theoretical lemma
will be used as a black box in the proof of Theorem 7.1. It implies the use of
cylinders with different shape:

Qa0 1) = {z = (rv,0) s Iy =l <1 Ju = o <1, =r? <1 =1 <0},

where x = (x1,...,x4) and v = (vq, ..., vg). The scaling of the equation pre-
serves this family of cylinders but not the Lie group action 7.

Lemma 7.3 (A Gehring lemma). Let g > 0 in Q such that there exists ¢ > 1 such
that for all zo € Q and R such that Q4r(z0) C Q,

q
][ quZ§b<][ gdz) +9][ g?dz
Qr(z0) Qur(20) Qur(20)
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for some 6 > 0. There exists 6y = 6y(q, d) such that if 0 < 6y, then g € Lf;c(Q)
for p €lq,q +¢) and

1 1
<][ gf’dz)p <c¢p <][ g dz)q ,
Or Qur

the constants ¢ > 0 depends only on b, q, 0 and dimension, and c, further depends
on p.

The proof of Lemma 7.3 is an easy adaptation of the one of [31, Proposition 5.1],
by changing Euclidean cubes with cylinders Q.

The proof of Theorem7.11is a consequence of some estimates involving weight-
ed means of the solution. Given zg € R**! they are defined as follows:

~ 1
sz(t) = W/IR%I f(t7x7 U)XZR(xa v, t)dXdU

(for some ¢ defined below) where x> is a cut-off function such that

X2R(X, v, 1) = li[¢R3 (Xi —X,Q)qu(Ui - v?),
i=1

with ¢g(a) = ¢(a/R) for some ¢ such that /¢ € C°(R) and ¢ = 1in [—1, 1]
and supp ¢ C [—2, 2]. We remark that yog = 1in Qg and x2r = 0 outside Q.

Lemma 7.4. Let f be a solution of (1.6) in Q. Then for Q3r(z0) C Qo,

f IvalzdziCR_zj f — forlPdz, (72)
Or(z0) Qr(20)

supf |f<r>—fR<r)|2dxdvsc/ IV, f1% dz, (7.3)
Ql(z0)

te(to—R2,1] Q3r(20)
where QY (z0) = {(x, v) : (1, x, v) € Qr(z0)}.
Remark 7.5. This lemma corresponds to [32, Lemmas 2.1 and 2.2].

Proof. For the sake of clarity, we put zo = 0 and R = 1. Consider 1, € C*(R, R)
suchthat 0 < 7» < 1,72 = 0in (—o0, —221and ©» = 1 in [—1,0]. Use 2(f —
f2) x212 as atest function for (1.6) and get

(AVyf -V fxeradxdvde
+1

2d

~\2 ~\2
[ (= 2) eGmawar— [ vev, [(f—fz) ]Xzfzdxdvdt
R2d+1 R2d+1

- 2/ (f - fz)Ava - Vyx212 dx dv dr.
R2d+1

[ (f0) — fz(O))zxz dx dv + 2/
de R
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Note that the definition of f> implies that the remaining term

—2/ (0 /) (f = f2)xam2
R2d+1

vanishes. This equality yields

/ (fO) - fz(O))zxzdxvarA/ IVy f12 X212 dx dvdr
R2d+1

R2d

2
~ 2 A
= /de+1 (f = 1f) (leatle +[v-Vixalta + TWU‘/XZ'ZTZ) dx dv dt
which in turn yields (7.2). Changing the final time, we also get

sup / [£(0) = O] x2(t) dx dv < C/ |f — fo>dx dvder.
RZd QZ

te(—1,0]

Now the function F = f — fg is such that [ F(x, v, 1) dx dv = 0. In particular, we
have

/ (f = /) drdvdr < c/
D o))
Observe that if there are no lower order terms (B = 0 and s = 0), then we have for

allg € (1,2],
L.

Indeed, in view of the proof of (2.2), it is enough to apply [7, Theorem 1.3] with
such a g and use the Poincaré inequality (assuming the cutoff functions to have
convex super-level sets).

Combining the three previous estimates yields

1 2
(Iva|2+ ‘D,ﬁf‘ > dx dv dz.

L g
D)?f’ dxdvdtsC/ |V, f19 dx dv dr. (74)

3

sup / (f(@ —fz(t))zxz(t)dxdv < C/ |V, f1% dx dv dr.
0

re(—1,0] 03
Finally, we write for t € (—1, 0]

1 ~ ~ ~ ~
5 fQ (fO=Fi®) 0= /Q (f0 = p0) a0+ fg (A = fr0) 00
1 1 1

< f (@) = Fae)xat)
o
| 2
+1Q] (; /Q, (f = H@)x1(x v, 1) dx dv)

=c [ - poroeo,
1

and we get the second desired estimate since x, = 1in Q. ]
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We now turn to the proof of Theorem 7.1. The use of (7.4) is the main differ-
ence with [32].

Proof of Theorem 7.1. Pick p>2 and let ¢ denote its conjugate exponent: %—I—% =1.
We follow [32] in writing (omitting the center of cylinders zg), thanks to (7.2),

][Ql|vvf|2§/%|f—ﬁ|2
< (/Q, If—lez)%/mt:dt (er |f—fz|2>%
5(/Q4|vuf|2>;/[:4dr (/Qtzlf—leqqu (/Q[2|f—fz|f’>2lp

where (7.3) and Holder inequality are used successively.
We now use Sobolev inequalities and Holder inequality (twice) successively to
get

L

1
2 0] 2q
][ IVuf|2§<f |vvf|2) x f /|vvf|4+|Di/3f|‘f i
Q) Qa4 1n—4 \J Q)

1

i
1/3
x / IV, f 12+ 1D P
0}
1 1
2\’ q 1/3 419\
< IV, f] IV, £19 + DY £
Q4 0}
q 2g—1
t 13 42 2(2q—1)
< / /|vvf|2+|Dx £l dr
to—4 0

2q
1
2

L

< ) % q 1/3 g 2q
N(/Q4|vvf|) x(/gzwm 41D f|)

1
i
x(/ |Vuf|2+|D3/3f|2) :
[0}
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We now use (7.4) and get

][Ql Vo fPP S (fg |va|2)% (/Q |vvf|q>ﬁ (/Q |vvf|2)%
N (fg |va|2)% (fg |vvf|q>ﬁ.

Now use and get for all ¢ > 0,

][Ql Vo fIP S (][Q |vuf|2>i (fg |vvf|q>21q
< (fg |vvf|2)i (fg |vvf|f1>2l(’ :

After rescaling, we get the following:

fomrelfw) (e
< 8][Q4R Vo f1? + ce (][Q4R |Vuf|‘7>% )

Apply now Proposition 7.3 in order to achieve the proof of Theorem 7.1. O

Appendix
A. Known estimates for the Landau equation

Lemma A.1 (Lower bound —[23,56]). Assume there exist positive constants M,
My, Eo and Hy such that (1.3) holds true. Then

det A[f1 > c(1+ |v])"

with
. d-—Dy+2)+y ify e[-2,0]
3y +2 ify e[—d, =2),

where c only depends on dimension, y, My, M1, Eq and Hy.
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Lemma A.2 (Upper bounds - [23,56]). Assume there exist positive constants M,
My, Eg and Hy such that (1.3) holds true. Assume that f € L®(R?). Then

C(+ )2 ify €[-2,0]
[A[f]] < ly+2l

Cllflloc ify € [—d, =2),

C(L+ )™ ify €[-1,0]
|B[f1 < et

Cllflloc’ ify € [—d,—1),

C ify=0
lc[f1l < vl ,

Clflg ify € [—d,0),

where C only depends on dimension, y, My, Ey.

B. Proof of a technical lemma

Proof of Lemma 5.7. To justify a) and b), we remark that

+0o0
P cljo cP.
k=1

where

B 4 (4% , 3
P = (y,w,s):szg ol —1),I=p’lwl<p¢,

4 (4
Pt :={(y,w,s>:sz§<3p2—1),|y|5p3,|w|5p},

see Figure B.1.
In what follows, R and rq are chosen as functions of A. In particular,

R < JZ and rp < «/Z
As far as a) is concerned, we should ensure that forall z € Q~ and r € (0, ro),
(zorPT)N{t <0} C 01(0).

Ifz=(x",v,t)andz" = (x,v",t") e rPT are such that z o z+ € {t <0},
we have

0>t +1t"

2 4 2\ 2 2
(—A—R)+§wan)—r)
—4A + (4%/30%) 0%,

%

v
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Figure B.1. Paraboloids containing/contained in the union of iterated cylinders.

where p = |v™"|. This implies in particular
2

2 A,
r=

In particular, for A € (0, 1),

v+ vt < R+0p
< (1 +«/§w/2)«/Z
T x| < R4+ R
< (1 + («/§a)/2)3)A3/2+~/K
< (2+ («/§w/2)3)\/Z.

We thus can choose A small enough (recall w = 1/+/5) to ensure a).
As far as b) is concerned, notice that for z© € Q" and z € Q~, we have

7ozt = (tJ“—t,)cJ“—)c—(t+ — v, v*—v).
Choosing RZ< A< % we have 2R < (4R)% and we get

vt —v| <2R < (4R)3,
|xt —x — (¢t — | <2R* + (A + R*)R=3R>+ AR < 4R,
(since R < land A <1)and

tt —t>A—R2

291
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In particular z ! o zT € rP~ if

, 4 (4
A—R >3

“S@R)S —r?
w

This is in turn implied by

), ¥ i
A>R +ﬂ(4R)3'

Hence, for A given, we can choose R = R(A) small enough to get the desired
inequality and in turn point b). O
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