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Weakly hyperbolic systems by symmetrization

FERRUCCIO COLOMBINI, TATSUO NISHITANI AND JEFFREY RAUCH

Abstract. We prove Gevrey well posedness of the Cauchy problem for gen-
eral linear systems whose principal symbol is hyperbolic and coefficients are
sufficiently Gevrey regular in x and either Lipschitzian or Holderian in time.
Such results date to the seminal paper of Bronshtein. Our proof is by an energy
method using a pseudodifferential symmetrizer. The construction of the sym-
metrizer is based on a Lyapunov function for ordinary differential equations. The
method yields new estimates and existence uniformly for spectral truncations and
parabolic regularizations.

Mathematics Subject Classification (2010): 35145 (primary); 350140 (sec-
ondary).

1. Introduction

Consider the Cauchy problem for first order systems,

d
Lu = du—Y Aj(t,x)dyu+Bt.x)u = f, u®,)=g. (1.1)
j=1
The coefficients A; and B take values in the m x m complex matrices.

Definition 1.1. The principal symbol is
d
Tl — A(t,x,£) with A(t,x,8) = Y Aj(t.x)§; .
i=1

The characteristic polynomial is det(vl — A(t, x, §)). The operator is hyperbolic,
assumed throughout, when

forall 7, x, &€ € R x RY x RY, Spectrum A(t, x,§) C R. (1.2)
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Hyperbolicity (1.2) is a necessary condition for the Cauchy problem (1.1) to be well
posed for non analytic data (see [15] for Gevrey data and history). It is not sufficient
for well posedness for C* data. For most non strictly hyperbolic scalar operators,
most lower order terms lead to initial value problems that are ill posed in the C*°
category. The generic ill posedness holds even if the coefficients are real analytic
functions or even constant.

For hyperbolic operators with real analytic coefficients, [8,22] showed that for
Gevrey initial data, G° with 1 < s < sg, there are Gevrey solutions. No condi-
tion of E. Levi-type is needed. It came as a surprise to many, including us, when
Bronshtein [2] proved that the Cauchy problem for linear hyperbolic partial differ-
ential operators, even those with coefficients that are only finitely smooth in time
and Gevrey in x, is well posed for Gevrey data. Bronshtein, Ohya-Tarama [19],
and Kajitani [13, 14] used parametric constructions either by studying the resol-
vent close the imaginary axis or by Fourier integral operator constructions. The
papers [3,4,16,17] use energy methods of increasing complexity. In this paper
we introduce a new energy method that we think is simpler and more natural. Our
estimates are proved in spite of ignoring the detailed behavior of the eigenvalue
crossings.

Well posedness for Gevrey data for hyperbolic systems is often treated by mul-
tiplying the system by the cofactor system to reduce to scalar operators. That ap-
proach at least two weaknesses. First applying the cofactor matrix requires that the
coefficients have a number of derivatives in time roughly equal to the size of the
matrix. Second, this destroys the details of the system structure. For example if a
system is merely two copies of a strictly hyperbolic system, the cofactor approach
immediately replaces the problem with a scalar problem with double roots, which
is much more sensitive to perturbations.

We prove Gevrey a priori estimates for first order hyperbolic systems by con-
structing a pseudodifferential symmetrizer. The symmetrizer is motivated by a spe-
cial Lyapunov function for asymptotically stable first order systems of linear ordi-
nary differential equations. The proof not only gives a priori estimates, but also
quantifies some effects coming from the block structure of the system.

This paper discusses only the existence and uniqueness of solutions. The
method of [S5] gives the natural precise estimate for the influence domain. This
allows one to eliminate our hypothesis that the coefficients are independent of x
outside a compact subset of space.

In Hypothesis 2.8, we associate, to our systems, an index 6 (0 <0 <m — 1).
The value of 8 measures roughly whether the Taylor polynomial of degree N =
max{26, m} of the symbol can be uniformly block diagonalized with blocks of size
0 + 1. It is always satisfied with6 =m — 1.

The uniformly Gevrey s functions on R9 (see definition (2.3)) are denoted
G*(R?) and those of compact support by 9 (R%). In the results below, the Gevrey
index sg is usually cruder, that is smaller, than the sharp results of [3,4,21] valid for
coefficients only depending on time. An exception is the case of uniformly diago-
nalisable systems. The Gevrey index in Theorems 1.3 and 1.5 cannot be improved
for those systems. The result for Lipschitz coefficients in time is the following.
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Hypothesis 1.2. The coefficients A; and B are independent of x for x outside a
fixed compact in R?. The source terms satisfy g 9 (R%),and feLl (R; 9 (R%)).

loc

Theorem 1.3. Suppose Hypotheses 2.8 is satisfied. Define

2+ 60 3+49}

so = max ,
{1+69 2+46

For some 1 < s < so suppose that Hypothesis 1.2 is satisfied and that A;(t, x)
(respectively B(t, x)) are Lipschitz (respectively continuous) in time uniformly on
compact sets with values in G°(R?). Then there is a Ty > 0 and a unique local
solution u € C([0, To]; G (R%)) to the Cauchy problem (1.1).

Remark 1.4. The proof shows that for all constants ¢ > 0 and 7 > 0 the interval
of existence can be chosen uniformly for data satisfying

T 12
/ B2 de + / ( / |f<r,s>|2ec<f>”“ds) dt < .
0

An analogous remark applies to Theorem 1.5.

The next result concerns coefficients that are Holder continuous in time.

Theorem 1.5. Suppose that 0 < « < 1 and that Hypothesis 2.8 holds. Define

{1+K+(2+K)9 {2—!—60 3+49}}
S0 = min .

14+ @2+4+«)o 1+60° 2440

For some 1 < s < so suppose that Hypothesis 1.2 is satisfied and that A (t, x) (re-
spectively B(t, x)) are k Holder continuous (respectively continuous) in time uni-
formly on compact sets with values in G (R%). Then the conclusion of Theorem 1.3
holds.

The idea of the symmetrization is straightforward. We multiply by a positive Her-
mitian pseudodifferential operator to derive estimates. The change of variables
v = P’y replaces the operator L with L — a(D)”. Choosing a > 1 and
0 < p < 1 appropriately, the matrix

M(t»xvé) = A(Z!xvé) + B(t’x) - a(%—)p

has spectrum with real part < —(&)* for all ¢, x, £. For the ordinary differential
equation X’ = M X with M evaluated at a fixed ¢, x, &, the positive definite matrix

R(t,x,&) = /(;OO (eMs)*eMs ds
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defines a strict Lyapunov function, that is RM + M*R < 0. Our symmetrizer is
based on R(¢, x, D). This multiplier method has other advantages. For example, it
yields uniform estimates in % for the filtered operators

o+ x(hD) (ZAjaj—I—B)X(hD) with XES(Rd), x(0)=1, and 0 < h<]1.
J

We use these to prove existence. The filtered operators are related to the spectral
method analysed in [6]. Similar uniform estimates are valid for the parabolic regu-
larizations,

o + Y Ajdj + B — €A.
j

These requires a little work whose details are omitted for sake of brevity. Parabolic
regularizations represent dissipative effects neglected in hyperbolic model equa-
tions in sciences.

2. Three important preliminary results

2.1. Hyperbolicity and spectral bounds
Hypothesis 2.1. Suppose & C R is open, and that A(t,x) € C*(R; C""(Q))
is an m X m matrix valued function. Assume that

Spectrum A(t, x) C R forall (f,x) e R x Q. (2.1

Define
slel
H(t,x,y,8) = ) —0 y* 00 A, 0).

o] <m
The values H (¢, x, y, is) for y # 0 and s real give an extension of A to complex ar-

guments ¢ and x +isy. The Taylor polynomial H appears in the Gevrey conjugation
Proposition 2.6. The next proposition gives spectral bounds on H.

Proposition 2.2. If Hypothesis 2.1 holds then for any T > 0 and compact set K C
Q there exist § > 0and C > 0 so thatforallx € K, |t| < T, |y| < 1and|s| <34,

¢ is an eigenvalue of H(t, x,y,is) =— |Im¢| <Cls|.

The long proof of this result is presented in Section 7.
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2.2. Gevrey conjugation

E)e = JO+IE2 = /1 + 5/ (2.2)

where £ > 1 is a positive parameter that will be chosen large. Denote (§); = (&)
and note that (§) < (&), < £ (§).

Definition 2.3. If I < s < oo, the function a(x) € C*®(R?) belongs to G* (RY) if
there exist C > 0 and A > 0 such that

Denote

|8§‘a(x)| < CAg|?® forall x e RY, forall o € N?.

Denote QS(R") =G RYHN C{)’O(Rd).

Definition 2.4. For0 < § < p < 1, the family a(x, &; £) € C*®°(R? x R?) indexed
by £ belongs to SZf s if forall a, B € N there is a constant Cqup independent of
£ > 1, x, & such that

— 8
|880%a(x, & 0| < Cup (&)1,

Denote S := S‘i’fo.
Definition 2.5. For 1 < s, and m € R, the family a(x, &;¢) € C®[R? x RY)

belongs to S’Z’S’) if there exist constants C > 0 and A > 0 independentof £ > 1, x, &
such that for all o, 8 € N9,

980¢a(x, & 0)] < € APl jo 4 g1 (&)l

We often write a(x, &) for a(x, &; £) dropping the £. If a(x, &) is the symbol of a
differential operator of order m with coefficients ay(x) € G* (R?) then a(x, &) e

S because (9767 < CAWPBNE)TP and (80 aq (1) < Co |81 for any

S
B eN.

Proposition 2.6. Suppose 1/2 < p < 1 ands = 1/p, and let a(x, &) be m x m
matrix valued with entries in S(ls) and 0¢a(x,&) = 0 outside |x| < R for some

R > 0 if || > 0. Then the operator b(x, D) = e”D)Za(x, D)e‘”D>f is for small
|T|, a pseudodifferential operator with symbol given by

0

1 o .
b(x,&) = Z ané‘a(x,é) (rVﬂé)?) 4+ R(x,&) and Dy, = —lgj,

lal<k =

with R(x, £) € §maxip—k(1=p), —1+p}

For completeness a proof is given in Section 6.
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If a were real analytic in x then the sum on the right would be

80{
> a—,a (—iy)* = a(x —iy, & + O(ly*™),  y=1Ve(&),.

lor| <k

When || — o0, then y tends to zero because p < 1. Therefore, this is a very small
displacement in the complex direction. In [8,22] the coefficients were analytic and
one could make such complex displacements. For our problems, the coefficients are
not analytic and the replacement for complex displacement is to put complex argu-
ments into Taylor polynomials. An alternative method is to take an almost analytic
extension of a that satisfies the Cauchy-Riemann equations with error O (|y|*) at
y=0.

Corollary 2.7. Ifa(x, £) € 5, then e"Pia(x, D)e™*P) € Op §° for small |t|.

Proof.  Choose k so that p — k(1 — p) < 0. Then D%a (x,§) (vVg (é)f)“ €
S=U=plel = §0 for ¢ € §°. The assertion follows from Proposition 2.6. O

2.3. The block size barometer 0

We introduce an integer valued parameter 6 (0 < 6 < m — 1) that measures the ex-
tent to which the principal symbol can be block diagonalized by matrices bounded
with bounded inverse. For example in the strictly hyperbolic case, blocks of size 1
are attainable. The easy case of the Kreiss Matrix Theorem! asserts that block size
one is equivalent to ¢/ A0-¥5) ¢ LOO(Rg) locally uniformly in ¢, x. By convention 6
is one smaller than the block size. Block size m and therefore 6 = m — 1 is always
possible. The definition of 6 is not directly given in these terms. The relation to
block size is discussed in the examples.

Assume that A (7, x) € CO(R; C*°(R?)) and (1.2) s satisfied. Proposition 2.2
implies that for any 7 > 0 and compact set K C R? there exist § > 0 and ¢ > 0
such that if ¢ is an eigenvalue of

i )+l
O ol A, x.6) o 23)
alp!
lat+Bl<m

then [Im¢| < c|s|forany [(y,n)| < 1,x € K, |&| < 1,|t] < T. Define
el
Ho(t,x,E5€) == ) — DYA(t, x,£) &%
ol
| <r
Choosing (y, n) = (§,0) in (2.3) we see that there is g > 0, ¢ > 0 such that
¢ is an eigenvalue of H,, (¢, x,&;¢) = |Im¢| < cle| 2.4)

forany x € K, |&| <1, |€] < €p, |t| < T. Introduce 0 defined as follows.

1 ¢iA bounded forward and backward in time, see [20].
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Hypothesis 2.8. Assume the system is 6-regular with integer 0 < 6 < m — 1 in
the sense that for any 7 > 0 and any compact K C R there exist C > O and ¢ > 0
and €y > 0 such that with N = max{20, m}

60 C ¢€5€

Foe = TR < = (2.5)

foralls >0,0 <e <e¢p,|é|=1,xe K, ,|t|<T.

A system that is f-regular is ¢-regular forall 0 < ¢ <m — 1.
Denote

1 «
Hy(p, £, 7,1,x,6) i= ) — DYA(t, x,&) (tVe(£)])" .
lal<N &

The definition of H implies that
Hy(o, o tox,8) = (€ Hu (1, x. 8/ )5 wpte)] ).

Choosing s(&)y, r,o(é)ffl (t >0),&/(&) fors,e,& in (2.5) yields

0 0(1—=p) cst(£)?
T < |efstvernind)| < C (&) ¢ ‘ 2.6)
C <$>§(1—p) ec‘x‘[(&)? - - 19
for |t] < T, € > £y where 1, {( are constrained to satisfy
0<ttf <e. 2.7)

Example 2.9. Estimate (2.5) always holds with &6 = m — 1. Indeed write Hy =
H,n+ Ly where ||Ly|| < Ce™t1. Take an orthogonal matrix 7" such that TH,T ™!
is upper triangular. Let S = diag(l,e,...,€" 1) then STH,,(ST)"' =
diag(A1, ..., An) + K with K| < Ce. From (2.4) we have [ImA;| < cile].
This proves that |ReiSTH,,(ST)"'X, X)| < Cle||X|* for any X € C¢. There-
fore e =€ < ||[(ST)e" STV (ST) || < € for 0 < € < € with some ¢ > 0, ¢y > 0
because ||STLy(ST)™'|| < Ce. Since ||S7!| < Ce~=D and ||S|| < C this
implies the desired bounds,

emflefcse/c < ”eiSHN || < Cef(mfl)ecse'

Example 2.10. If A(z, x, &) is uniformly diagonalizable then (2.5) holds with 8 =
0. Indeed, choose T = T(t, x, &) with uniform bounds of || T'|| and ||T~!| inde-
pendent of (¢, x, £) such that TVA(t, x, 6)T = diag{i A} is diagonal with real A ;.
Then

T enT =57 "HnT and T7'H,, T = diaglir;} + Aj, with [|A;] < Ce.
This implies the desired bounds,

e—cse/c < ”eis’Hm ” < C €.
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Example 2.11. Suppose that there exists T = T (¢, x, §; €) with bounds on || T ||
and ||7~!| independent of (¢, x, &; €) such that T~'H,, T is a direct sum DA;
where the size of A; is at most w. Then (2.5) holds with &6 = pu — 1. This
follows by arguments as in Example 2.9. Our results take account of this purely
system behavior. Roots of high multiplicity but small blocks behave according
to the size of the blocks and not the multiplicity. In particular if each A;(, x)
is block diagonal with r blocks a (¢, x) of the same size £ x £ (m = {r) and
ag(t,x,&) = Z;{ZI aji(t, x)&; has a same eigenvalue T of multiplicity £ at (¢, x, £)
(¢ # 0) then Theorem 1.3 holds with s9 = (4¢ — 1)/(4¢ — 2) (one can choose
6 = ¢ — 1) while previous results assert no more than sy = £r/(r — 1) which
clearly is smaller than (4¢ — 1)/(4¢ — 2) if r > 4.

Example 2.12. Suppose that there is € N such that for any (z, x, &, €) we can
find c(z, x, &, €) € C such that

Rank(Hm(t, X6 €) —c(t, x, £, e)I) <r.

Then hypothesis (2.5) holds with 6 = r.

3. The symmetrizer construction

3.1. Lyapunov function for linear ODE

Suppose that M is a matrix whose eigenvalues all lie in the open left half plane

{Rez < 0}. The solutions X (¢) of the ordinary differential equation X’ = M X

tend exponentially to zero as ¢t ' co. Lyapunov proved that there are positive defi-

nite symmetric matrices R so that the scalar product (RX, X) is strictly decreasing

on orbits. For differential equations the quantity (R -, -) is called a Lyapunov func-

tion. In the partial differential equations context, R is often called a symmetrizer.
There is a remarkable explicit choice

R = /oo (M) e M as. (3.1)
0

For that R,
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Therefore

d
E(RX(t), X (1) = (RX'(1), X(1)) + (RX (1), X'(1))
= (RMX (1), X(1)) + (RX (1), MX (1))
= ((RM + M*R)X(), X)) = — (X(), X (),

proving that (R -, -) is a strict Lyapunov function.
The last identity is easily understood. With X (1) = &' M X (0), the definition of
R yields for s > 0,

(RX(O),X(O)):/O I1X(@)|*>dt and (RX(s),X(s)):/ I1X@))? dt .

N

Differentiating the last with respect to s yields the formula for (RX, X)'.

For applications to partial differential equations one has matrices M that de-
pend smoothly on parameters and it is important that the symmetrizers also depend
smoothly. The standard constructions of Lyapunov functions depending either on
Schur’s unitary upper triangularization or Jordan’s canonical upper triangularization
do not have smooth dependence. Formula (3.1) in contrast does depend smoothly
on parameters. It pays no attention to the spectral details of M. Where eigenvalues
cross and the associated spectral projections usually misbehave, the formula for R
does not.

The inequality RM +M*R < 0 is important. It implies a negativity of symbols
that translates, using the sharp Gérding inequality, to a negativity of operators.

3.2. The symmetrizer R and its derivatives
Assume (2.5) and hence (2.6). Define
M, t T, p,t,x,6) == iHy({, 7, 1,x,§) — a ()}

with
0<p<1<min{a,t}. 32)

Proposition 2.2 implies that there is an ap > 1, ¢ > 0 so that
Spectrum M C {z : Rez < c(ap —a) (S)f} .

We suppose that
a>ay+1. (3.3)

The parameters t, a, T are constrained to satisfy

ci <ct <T, and 2c¢T <a 34
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for some T > c¢; > 0 . For ease of reading, the ¢, 7, a, p dependence of M and R
is often omitted. Introduce the candidate symmetrizer

o0
R(a,t,t,p,t,x,&) := a/ ({_—)Z’ (esM(z,x,S))*(esM(z,x,E)) ds.
0

We need lower bounds on R so that it yields good estimates and need to verify
that R defines a classical symbol. Interestingly, we do not need that R is a Gevrey
symbol.

The parameters ¢, p, a are constrained by

1 <a < ¢, (3.5

Since [|e*M || = e~ &) ||eisHN ||, (3.4) implies

0 (é)ZG(I—P)efclaS(é)fg’/C < HesM H < ct? <§>Z(l—p) efczas(g)g

with ¢1, ¢3 > 0 and C > 0 independent of ¢, 7, a, t, x, &, s. This yields

(Rv,v) = a/oo(f)z”eSMvnzds
0

o0
> 2 o)) ;20 f a(g)je 1) ds
0

—20(1—
> ¢ () )2

This is equivalent to the important lower bound
R > )07, (3.6)

Theorem 3.1. Assume (2.5), (3.4) with K = R¢ and 0 <6 < m — 1. Denote v :=
0 (1—p). Suppose that A(t, x, &) is Lipschitz in time uniformly on compact sets with
values in the S (R xR?). Then R(t, x, &) (resp. 0; R) is bounded in time uniformly

(R? x RY) (resp. S’/l)_pHU (R4 x RY)).

on compacts with values in S/%”_ v d—ptv

That is for all o, B one has

v, 1—p+v

|afagR(t, X, §)| < Cgp Piar:d (S)?V"‘(]—p—‘,—\))‘ﬂl_(p_v)‘al’

3.7
|afagatR(t’ X, é:)| < Caﬁ a—|0{+ﬂ|—1 (g)é_/)+3v+(1_p+V)|,3|_(p_V)|a|

with Cyg independent of a, p, £, 7, t,x,§.

Remark 3.2. The estimate for 8,'? 8;‘ d¢ R is exactly the same as the estimate for a

derivative 97 agR with |y| = |B| + 1. The time derivative is like an extra space
derivative.
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Proof. Denote
X(s:t,x,8) =MDy and  X§(s:1,x,8) =009 X (531, x, &)

Step 1. Estimates for X %‘ We prove, by induction on |o + ], that

— .~ P
X5 = Capls + €)™ (1 +5)0) €TV emen®i 38)
The constraint (3.5) implies that
ag)f) <1, thatis 1<a"'(g),”". (3.9)

The identity (§), = £(£/¢) from (2.2) implies

o2&l < €7 so 9 = £ @00 gy -

Introduce 0

E(s) == (§)y e~
so that |X| < E(s) and E(s)E(5) = (€)/E(s +5). The desired estimate (3.8) is
equivalent to

1X4(5)] < Cap (s + )7 (1 +56)0)” (€))7 Es). (3.10)

The constraints (3.4) and (3.9) imply

M| < Cape),™. (3.11)

(02))

For |o| = 1 differentiate the equation for X to find,
X% =MX*+MPX with X%0)=0. (3.12)

Then (3.11) and Duhamel’s representation yield

|X(s)] =

s y N
/ eO=HM pre) y g 5/ E(s —3)E(5)ds
0 0

=5 (&)) E(s) < (s + (&), ") (&)} Es).

Similarly for |8] = 1, one has X5 = MXg 4+ Mg X with X4(0) = 0 so

| Xgl S[) E(s —=5)(E)E®)S = s)e(§)E(s) = (1 +sE))E)E).

This proves (3.10) for |« 4 g| = 1.
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Assume k > 1 and that (3.10) holds for |o + ] < k. It suffices to prove (3.10)
X}; with |y 4+ 8| = k + 1. Differentiation of the equation for X yields

X4 = MX4 + > Cay.py Mg X52 with  X5(0) =0. (3.13)
ai+or=a, f1+Pr=B
a1+p17#0

Duhamel’s formula yields
A
o =5M (1) yoo| gz
RACISEDS /O ‘e Mg,y Xp, | d5 -
a1+p1#0
The inductive hypothesis estimates the right hand side by

< D /E(s—§><s>§"“‘(§+<s>;1)'“2'<1+‘s‘<é>z)'ﬁ2'

a1 +p17#0 70
A(E)) TP EG)ds (3.14)

< Y0 sy s+ he 4+ sl 1D E).
o1 +p170

If |B1] > 1 so that |B2| < |B], then

s (€)e €)Y (1 p sl < @)V 4+ s(8) )P

and the right-hand side of (3.14) is bounded by (3.10). If | 81| = 0 so that 8, = B
and |o1| > 1, one has
s (g)é_ml‘(s + @)e—l)laﬂ <g>z(|az+ﬂ\+l)
< (S)ZV(W”*U (g)zla-i-ﬂ\ s <§>z(|a1|*l) (S + (g)g—l)mz‘ (3.15)
(g—)‘ékx‘ﬂg‘ (S + (‘i:)g_l)lal

A

implying the same conclusion. This completes the inductive proof of (3.10).

Step I1. Estimates for d; X ;’; . Differentiating the equation X = M X with respect to
t or with respect to x are entirely parallel. With the exception that one can only take
one temporal derivative because M is only Lipschitz continuous in 7. The result is
a bound for X % that is the same as the bound for X with one more x derivative, that
is

|X4| < (s + &) 7N (1 +s05)0) P ) 1D E(s) (3.16)
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Step III. Estimates for E)ﬂ 3"‘R. Begin with the estimate from Leibniz’ rule,

ds . (3.17)

Baa p < ) @) (M) @) (s @)
1970 RIS f (€™ )o@ sy
ﬂ1+f‘2

o) taytaz=a
Thanks to (3.8), the integrand in (3.17) is less than or equal to

ale); ™ s + (€)7) TN 4 stg) P

. <S>z(|5+a—a1|+2)e—cas($)fe—cas(§)f '
The pair of estimates

s+ &7 = (as®)) +a6), )aNE) ;< (as(e)) + a7 (E),”,
1+ s(E) = as€) (@), ") +1 < (as&)) + a"(5),”",

yield
= |B+al p
|8}C38§‘R| < g~ |B+al <S)Z/ a (1 —|—as(§)2’) <'§>§ o 2cas(&); ds |
0
with
g =0-p)Bl—pla] +v(B+al+2)=2v+1—p+V)|B] —(p—V)|x].

Use (1 4 as(£)))Frel ¢=cast®)f < 1 1o find

o0
8f0g R| S a” VPt ()] / a(E)) e @O gs < g IFrel (g)d
0

This is the first estimate of (3.7).

Step IV. Estimates for ath . As in Remark 3.2, the estimate for the time derivative
is the same as taking one additional space derivative. The details are left to the
reader.

This completes the proof of Theorem 3.1. O

4. Theorem 1.3, examples and proof

We begin with some examples illustrating the conclusion.

Example 4.1. If A(¢,x,&) = Z?:l Aj(t, x)&; is uniformly diagonalizable then
one can take & = 0 so that Theorem 1.3 holds with 1 < s < 2. In [13] Kajitani has
proved that the Cauchy problem for uniformly diagonalizable system is well posed
in G2(R) when the coefficients are smooth enough in time.
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Example 4.2. We can always take & = m — 1 and Theorem 1.3 holds with 1 < s <
4m —1)/(4m — 2).

Example 4.3. If (2.5) holds with0 = u — 1,2 < u < m — 1, then one can choose
1l <s <@u—1)/(4u —2) in Theorem 1.3.
Proof of Theorem 1.3.

Step I. Compact support in x. Choose R > 0 so that the support of f, g, and
VixAj, Vi xB are all contained in {|x| < R}. Denote by ¢max an upper bound for
the propagation speed for the constant coefficient hyperbolic operator L on |x| > R.

Finite speed for that constant coefficient operator implies that u# vanishes for
|x] = R 4+ cmaxt witht > 0.

Step II. First a priori estimate. In this section standard notation for the Weyl
calculus of pseudodifferential operators from [7] is used. Consider (1.1). Set v =

DY (T=aty, with small T to be chosen below. Define

Az DT =an g =D} (T=an) 04 B . D) (T=an) g,~(D){(T—an)

and f = e(D)ﬁ(T_‘”)f. Compute

% (R AP (T=an), ,(D)] (T_‘”)u) — (&R v, v)

Forany0 < ¢y < T,onehasc) <T —at <Tfor0<t < (T —c1)/a. T >0
is small, Proposition 2.6 implies that A = Hy + K with

K e §max{p—N(-p),—1+p} 4.2)

Corollary 2.7 implies B € 8°.
Since i A — a(D)f = M + iK the right-hand side of (4.1) is equal to

(% Rv,v) + (RM + M*R)v,v) + (R f, v)
+ ((RGK + B) + (iK + B)*R)v,v) + (Rv, ).

Recall that M € S! and R satisfies (3.7). Therefore

R#M + M*#R = RM + M*R + K; = —a()] + Ki
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ol—p+3v
where aK| € Sp_U’ 1—ptv

Proposition 18.5.7]). Choose a; > ag so that if a > a; one has Ca! < 3a/4.
Then,

with bound independent of a which is large (see, e.g.,[7,

2
—a((D)fu, u) + Re (Kju,u) < —a || (D)f/zun2 +Ca™! H(D)él_’o%v)/zuH
I

IA

~a/)|(D);u
provided
p>1—p+3v, equivalently p > (1430)/(2+30). 4.3)

Note thata 0;R € S‘;:f +13 v oty with a-independent bound so

o )

if2p > 1+ 3v, thatis p > (1 +30)/(2 + 30).
Using (42), R € S/%”_ and B € S0 yield the pair of estimates

v,1—p+v
[((RB + B*Ryv, v)| < C|[(Dy}|* < ce =2 |(D)s/ % ‘2,
(i(RK — K*Ryv,v)| < CH<D);”/2‘N“‘W2UH2 < (D)Q/ZUHZ

because2v+p — N1 —p) =20 —-N)(1 —p)+p<pandl —p+v<p—v
when 2p > 1 4 3v. In addition,

(R fo. 0]+ |Ro, D] < 2Dy Ro[[[ (D) | < [0y v][ [ D) £

Thus there exist ¢, C > 0 so that
d p/2 2 —v 3v 7
(Rv.v) + ca| | < clpy 0T @

The definition of R together with (3.6) and (3.4) show thatif 7] < T and 0 <t <
Ti/a,then R = R* > c (£);".
Introduce the metric

G i=a (@7 ax + (€), 7  ag ). 45)
Then G/ G =a~*(g)7" ™", Use the Weyl calculus with H =a2(£)2" ' "*(R—
c (5)22”) € S((G/G°)~/2, G) satisfying H > 0. The sharp Gérding inequality [7,

Theorem 18.6.7] yields
(Hv,v) = —Clo|*.
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Write 1/2-2 1/2-2
H = a )] " #(R-c@) )@ + K
where K € S(1, G). Introduce u := (D)7 to find

(Hv,v) = a*((R — ¢ (D);*")u, u) + (Kv, v)

2
> _Cl|? = _CH —p+1/2+2v ) .

Since [(Kv, v)| < Cl[v| = C{D); *T/*7"u||2 it follows that
2
(Ru,u) = e [ (D) "u]® = = Ca2 (D)7 F1 242" (4.6)

If —v>2v+1/2 — p,thatis
1460

2+ 60

then there exist constants ¢/ > 0 and ¢y > 0, so that for £ > £, one has

p=

(Ru,u) > ¢ (D), ul’.

Integrating (4.4) yields

u -
[0y, v ScH<D>zv<0)||2+2CM/ [+

e

where M := sup,_, -, [I{D), "E(2)||. Therefore

<M C/ aU{

which gives

2
D)?”f” dr)

2 t
) < (ﬁll(D)Zv(0)||+C ;

l ~
[(D);"v(0)] < 2€ (D)0 +2€ /0 [y 7| .

This proves the following important a priori estimate.

Proposition 4.4. If p > (1 4+ 60)/(2 + 60) then there exist T > 0 and a > 0 and
Lo > 0 such that for any Ty < T one can find C > 0 such that for all u so that

ePNT=anyY 4 e LY([0, T); H*(RY) for |y| < 1, one has

t
(D), e P Ty < C(D)se P u(0)] + C /O (D)3 P T=40) Ly dax

for0 <t <Ti/aand { > £y, where v =0(1 — p).
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Step III. Second a priori estimate. For some values of p and 6, one can improve
the estimate for the left hand side [|(D), V(DY (T— ‘”)u|| in Proposition 4.4. Recall
that d,u = i A(t, x, D)u + B(t, x)u + f and v = e!P¢(T=aDy Then,

L

(4.7)
+((A+B)v, v)+ (v, A+ B)v) + (£, v) + (v. f).
Since i A+ B € §' one has [(( A + B) v, v) + (v, ( A+ B) v)| < CI|(D),*v]|? s0

t
o = O + ¢ [ o1 as + 2/ ol fld-.

< )(p /2

Replacing v by v yields

H<D>fzp_l)/2v(t)H2 < H(Dbﬁp_l)/zv(o) H2

t 2 t ~
+c/ H(D)f;/zvﬂ dr+2/ H(D)EZP_I)/ZUH 1 F2d.
0 0

On the other hand, the reasoning leading to (4.4) yields
d 2 _ (o ~
) el 01 < o )
If

(p—1)/2>—-p+1/2+42v, equivalently, p > (2+40)/(3+40) (4.8)

then we can control (Rv, v) taking (4.6) into account. Since (2 + 49)/(3 + 46) >
(1+4360)/(24360)and 2v — (p — 1)/2 > 0 if (4.8) is verified then

H(D)“’ 1>/2v(z)H < c|(Dyv )| +2C/\/l/ DSV~ °°>/E{H E

where M := Sup, <<y |l (D)ép —o0)/ eE(t)ll. Repeating the same arguments prov-
ing Proposition 4.4 yields the following alternative a priori estimate.

Proposition 4.5. If p > (2 + 460)/(3 + 40), then there exist T > 0, a > 0,
and £y > 0, so that for any Ty < T there is C > 0 such that for all u so that

(D) <T—af>a,fxu e L'([0, T]; H»~=D/2(R)) for |y| < 1, one has
H<D)2p 1)/2 Yy (T —at) H < CH )?u(O)H

C/

for0 <t <Ti/aand { > £y, where v =0(p — 1).
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Step IV. Uniform estimates for regularized equations. Choose y (x) € C§° (R%)
that is equal to 1 on a neighborhood of x = 0 and such that | x (x)| < 1. Consider
the regularized operator

L" = 8 — X(hD)(iA(t,x, D) + B(t,x))x(hD) = 9, —iA" — B".
Denote

[h = PN T—an pho=(DY(T—at) . g ;jh _ Bk and [O:=L.
Denote x, (D) := x(hD) so

~ P _ P ~
Al = P10 5 Ay =PI = 5y A g,

Bh — (D) (T—ar) xn B X o= (D) (T—an) _ xn B xn .

Note that x;(§) € S0 uniformly in 0 < h < £~! because (&); < C|£| on the
support of Vg x (h§).

Recall that A = Hy + K with K in (4.2). Since Hy € S it follows that
x(h§)# Hy# x(h§) = x*(h&)Hy + K|

where K{’ c SO, uniformly in 0 < & < ¢~ 1. Tt is clear that Xh#é#)(h e 59 and
xn#K#tyy € Smaxto=NU=p). =140} ypiformly in0 < h < £~

From here on the pseudodifferential calculus is understood to be uniform in
0 < h < ¢~ Denote HY, = x*(h&)Hy so that

HA(6 701, %,8) = xR (hE) (&) M (1, x, €/€)es mo©) ).

Inserting SX}%(S)Z and ‘c,o(’;‘)g_l (t >0)and £/(&)¢ for s,€,& in (2.5) yields

0 . 6(1—p) csrxﬁ(é)f
T ||est};\’,(€,f,t,x,§) || < C (‘?)@ e

<

—_ 2
C <$>§(1 p) ecsrxh(é)f 70

Define
M" ;:iH]}\l,(E, r,t,x,“g‘)—a(g)f with =T —at

and the corresponding symmetrizer

Rh(t,JC, £) == a /00(5)2) (esMh(Lr,t,x,f;‘))* (esMh(Z,r,z,x,S)) ds .
0

. h _ P h
Since [|e*M" || = e ™" | and 0 < x? < 1 one has

79 (g_.)e—@(l—,O)efclaS(S)f/C < ||esMh ” < cr? <§>2(1—p) 6762“(5)2’
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with ¢1, ¢ > 0 and C > 0 independent of 0 < 2 < ¢~!, ¢ and a. Since
089 M"| < Cop (£),

uniformly in0 < 2 < ¢~ the estimates for R" are the same as those for R, so one
has (3.7) with Cg independent of 0 < h < e x, & and a. Repeating the same
arguments proving Proposition 4.4 proves the following.

Proposition 4.6. If p > (1 + 60)/(2 + 60) then there exist T > 0 and a > 0 and
Lo > 0 such that for any Ty < T one can find C > 0 such that for all v so that
v E Cl([O, T, HSV(Rd)), one has

t ~
[(D);* @)v]| < C|(D);v(0)] +C/O (D) L (v)| dv 4.9)

for0 <t <Ti/aand £ > £y where C is independent of £ and 0 < h < et

Step V. Construction of a solution. Next solve
LMt = (3, —i A" = B")W" = f with v"(0) =g. (4.10)

Since iA + B € C(R; §') and x;, € S~' with h-dependent bound, it follows that

iA" + B" € C(R; §9) so it is bounded from H¥(R?) to H*(RY) for any k € R.

Therefore for any g eH KR4y and f € L]OC(]R; H¥(R?)) there exists a unique

solution v € C'(R; H*(R?)) to the linear ordinary differential equation (4.10).
Assume

f=ePiT=a0r c L1(10, T'; H¥(RY)) and § =" Plig e H(RY).

Denote 7’ := Tj/a and the corresponding solutions to (4.10) by v" € C'([0, T'];
H3(R?)). Then (4.9) yields

t ~
D10l = ¢ ozl +c [ | flar

for0 <t < T’. Therefore {vh} is bounded in L*°([0, T']; H™"). Since L*([0, T'];
H™"(R%)) is the dual of L' ([0, T']; H"(R?)), one can choose a subsequence (still
denoted by {v }) weak* convergent in L*°([0, T']; H~ Y(RY)) to v. Tt is easy to see
that x (hD)v" converges to v weakly in L ([0, T'], H~ V(R%)). Since iA+B maps
L>®([0, '], H~"(R%)) into L>([0, T']; HV~") then x (hD)(iA + B)x (hD)v"
converges to (i A + B)v weakly* in L®([0, T']; H~"~1(R%)). Since it is clear that

T/ !’
/ (30", ¢)dt — —/ (v, dp)dt
0 0
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forany ¢ € C3°((0, T') x R?) it follows that v satisfies Lv= f and v(0) = g, that
is

DY (T=any ~(D)g(T—at)y _ F _ o(D)p(T=an) ¢
The equation Lv = f yields 8;,v € L>®([0, T']; H~"~'(R¢)) which implies v €
C ([0, T']; H™~1(RY)). With u = e~ (P (T=aDy we conclude that

Lu=f for (t,x)€ 0, T)xRY and u(0)=g.

This completes the proof of existence of a solution u with e!” Ve (T—ar)

L>°([0, T, H™"(R%)).

Step VI. Proof of uniqueness. Suppose that u is a solution with vanishing data

f, g. Define 0 < #; < Ty so that u vanishes on [0, #1] x R4 but does not vanish on

[0,11+€) x R4 for any € > 0. We need to show that #{ = Ty. Suppose that 11 < Tp.
Using Remark 1.4 applied to the adjoint operator with time reversed, choose

0 <t <Ty—1t and C > 1 so that for F (¢, x) compactly supported in x and

satisfying . U
0 A s
/0 (/Rd|F(t,§)|2eC<f>” dg) dt < oo @.11)

the adjoint problem

L*nw = F on (n,n+1) xR with w|t=t1+t =0

has a solution in C([t1, #; + t]; G (RY)).
Both « and w being compactly supported in x belong to H'((t1, t; + 1) x R%)
so integration by parts shows that with integrals over (¢, ; 4 1) x RY,

//(u,F) dxdt = /f(u,L*w) dxdt = //(Lu,w) dxdt = 0,

where the initial conditions u(¢;) = w(#; + t) = 0 cancels the boundary contribu-
tions from ¢t = t,and t =t + 1.

Since the set of F' satisfying (4.11) is dense in L*([t1, 1 + t] X R9) it follows
thatu =0 on [t1,#; + 1] X R9. Therefore u vanishes on [0, +¢] x R4 violating
the choice of ;. Thus one must have #; = Ty proving uniqueness.

Step VII. Proof of continuity in time. Compute d;u = e (P >f(T_‘”)(a(D)f v+
dv). Since a(D))v + dv € L®([0, T'l; H~"~1(RY)) it follows that for any 0 <
c<T— Tl

[ (.o + i oP) 9" de e L2q0.17.

This implies that u is continuous with values in G (RY).
This completes the proof of Theorem 1.3. O
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5. Theorem 1.5, examples and proof

Begin with two examples that illustrate the conclusion of Theorem 1.5.

Example 5.1. If A(z, x, £) is uniformly diagonalizable, Hypothesis 2.8 is satisfied
with & = 0. Theorem 1.5 holds with 1 < s < 1 4 k. The examples of [21] show
that the G'** regularity cannot be improved.

Example 5.2. If (2.5) holds with & = u — 1,2 < @ < m then the constraints on s
read

l<s< min{(2,u k) Qi — 1T+ k(e — 1)), (4 — 1)/(4u—2)}.

Proof of Theorem 1.5. We present only the a priori estimate. Existence and unique-
ness follow as in the preceding section. The proof follow the arguments in [9,16].
By hypothesis,

10%(Aj(t, x) — Aj(r, x)| < CAa||t — 7| for 0 <k <1.

Choose x (s) € CJ°(R) such that x (s) = x(—s) with [ x(s)ds = 1. Define, with
0 < § to be chosen later,

R(t,x,&) := (é)?/R(f,x,E) x (@t =) (8)) d.

Since 3¢ x ((t — T){£)3)] < Ca (E)glal,Theorem 3.1 implies that R € S((£)2", G)
with G from (4.5) . It is clear that R > ¢ (£),".

Lemma 53. One has R(1) — R(v) € S(|t — [*(£)," "' 7", G) uniformly int, t.
That is, for all o, B,

8888 (R(1) — R(v))| < Capa™ " Pl|t — o))+ 77 )y -0 IPImtemled,

Idea of proof of Lemma. It suffices to repeat arguments similar to those proving
Theorem 3.1. 0

Since
R(1) — R(1) = (§)} / (R(t) = R®) x(t — v) (£)9) dr,
Lemma 5.3 implies that

Rt)—R@) € S(€)"7' "7 G).
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Similarly,

2R = (8)2 / R(r,x. &) x'((t — D)(E)2) d
= (&) / (R(r) — R(M) x'((t — 1)(&))) dt

implies that

it 3v+1—p+5—kd
3 R(t) € S((€)," T 7T, G). (5.1)
Computing
%(,} DV (T—an), €<D>Z<T—az>u>

yields (4.1) with R replaced by R. It follows that

4 (R oD T=a0y, DT

dt
= (B,ﬁ v,v) + ((ﬁM + M*R)v, v) + (Rf, v)
+ ((RGK + B) + (iK + B)*R)v,v) + (Rv, f)

where i A — a(D)f = M +iK, and K verifies (4.2). In what follows we assume
(4.3) and hence max {p — N(1 — p), —1 + p} < p —2v. Thus

R#M + M*#R = RM + M*R + K;  with aK;e$ 0% .

Write B -
ROM() + M*()R(t)

= (&) / R(O)(M@t) — M) x((t — 1)(§)5)dT
5.2)
+ (&)} f (M*(t) — M* (D)) R() x ((t — T)(§)3)dT

+ (&) / (ROM(1) + M*(D)R(@)) x ((t — T)(€)})d.

Since R(t)M () + M*(t)R(t) = —a(S)g, the last term on the right is equal to
—a (E)g . Proposition 2.6 together with the Holder continuity hypothesis imply that

8888 (M (1) — M(0))| < Cup It — T[<(£), .

The same estimate follows for the adjoint, IBE 8? (M*(t) — M*(z))|. It follows that

(€)? / R (M) = M) x((t —)(E)))dr € S0
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modulo a term in S,(/))—v,l—p-i-v'
side of (5.2). Therefore,

ROM@) + M*)R(t) = —al&)) +Ti + T (5.3)

The same holds for the second term on the right hand

S2v+1—k8 P
where T € Sp_v,l_ijU and 7> € Sp_

For the terms

((Iz’(iK + B)+ (iK + B)*R)v, v) and (Iéf, v) + (ﬁv, f) ,

v,1—p+v*

use the same estimates as in Section 4. For the other terms use (5.1) and (5.3) to
find the pair of estimates

2

El

((I?M + M* R, v) < —(a/4) ”<D>€/2UHZ 4 C”<D>E2u+l—/<8)/2v

~ 2
|(8,Rv,v)| < CH(D>23v+]—,0+(1—/<)8)/2vH .
f2v+1—-—«xé <pand3v+1—p+ (1 —«)d < p (which implies (4.3)), then
both terms are bounded by || (D)f 2y | and can be absorbed in a Gronwall estimate.

With « and v fixed, the region in the §, p plane described by the two constraints is
bounded below by a pair of lines as in the figure.

-

1+ v)l/(l +K)

The minimal value of p satisfying the constraints occurs at § = (1 +v)/(1 +«) and
yields
1+Q+k)o

T 14+ Q2+K)0
The desired a priori estimate follows.

6. Proof of the conjugation Proposition 2.6

Lemma 6.1. Let a(x, &) € S{!) and assume 0%a(x, §) = 0 outside |x| < R with
some R > 0 if || > 0. Set

et (D) a(x, D) TN = b(x, D)

where T € R, then b(x, £) is given by

b(x, &) = / e TEHDITED? 4 (x 4y, £) dyd. 6.1)
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Proof. Write ¢(§) = t(£)} and insert v = e ?Plu(y) = [ ¥ ~¢©)ji(£)d¢ into

P a(x, D) v = / (I E G 6 (—Z“;y ,n> v(y) dydndzdé

to get
D) a(x. Dy D)y = / 1 (x, ¢, 1) () de

where
] = /ei(xg—zé-b-(z—y)f/-ky{—x{) e?® 4 (Z T 77) e P dydndzdé
2’ )
The change of variables z = (y +2)/2,y = (y — z)/2 yields
I 2n/ei&(s—2n+¢) 45 /e—i<z—x)<s—z) PO 4G ) e dndide
_ 2n/e2i(ZX)(n{)e¢(2n{) aG.n. 1) e*© dydz

_ / i NI -) (x 4

and then

N «/‘) andz

D 4(x, Dy e D)y = / ¢ CVE p(x, &) u(y) dydg = Op°(p)u

with
_; _ y
p(x, &) = /e iy P EHVIN-HE) 4 <x+ —, & ) dydn. (6.2)
NCARMNG
Here we remark Opo( p) = b(x, D) with b(x, &) given by

b(x, &) = fe"zf p<x+ 7 f) dzde. (6.3)

Indeed we see

b D = [t (x = ) u(y) dyde
= [ oo, (% + g %) u(y) dydgdzd

= /ei((x—y—z)§+zé°) p (x +;+Z’§) u(y) dydédzde

= /eiz; p(x, &) u(x —z) dzd¢ = Op’(p)u.
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Insert (6.2) into (6.3) to get

. £y £
bx,&) = /e’(“_y”) e¢(ﬁn+$+ﬁ) et R 4 dydndzdc,

Z+Yy n+¢
N ﬁ)

a=a<x+

The change of variables

z+y yzy—z E:§+ﬂ ﬁ:n—i
V2 V2 V2 V2

F—
gives
b(x,s):/e—f(fﬁ”f) P+ D06 5D 4(x 47, £ + 7) djdididE
=/e—i2ﬁ HEDED 4(x 43 8 d3di,

proving (6.1). O

Proof of Proposition 2.6. Insert

1
a(x+y.6) = Y —Dia(x, £)(iy)

la|<k ="

k+1 !
+ Y — (zy)“/ (1 — 6)* D% (x + 0y, £)do
lo|l=k+1 o: 0

into (6.1) to get

1 .
bx.&) =y — / TP E+D=AE=D) pla(x, £)(iy) dydn
loe| <k ™"

k+1 _ Dy_ (1Y .
+‘ le:H : /e i E+D-06=1) ()@ dyan 64)
ol=

1
: f (1 —0)kD%(x + 0y, £)do.
0
Since e~V (iy)* = (—d,)*e ™" the first term on the right-hand side of (6.4) is

1
> aaged’@%)—w—%) _ Dlat.©). (6.5)
o=k =
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Note that 8,0)‘ e?¢ +H-9(E-3) is a linear combination of

n=0

0 p@E) -0 with Y ej=o and || > 1.
j=1

Divide the linear combination into two parts; the sum over ) «; = 1 and |oj| =1
and the remaining sum called r. If | ;| > 2 for some j then s < |a| — 1 and hence
sp — o] < =(1 = p)le| —p < =2+ p so that

0 p(&) - 0 p(E) € ST

Then (6.5) yields

1 3
> —D3a(x,§)(xVe(§))* +r, for re S—1+r,
o

lee| <k ™°

Define
1 1y_pe_1
H()l(g:v 1, M) = o! 87(7€¢(§+2) ¢ 2)

1 ,
— n—le| E BoGE+3) (_a v ,—0E-D)
- piea P! A i
y=a

where the second term on the right-hand side of (6.4) is, up to a multiplicative
constant,

1
> [ Hae mdvan [ -0y Dtatx +0y.6)a9
0

lotj=k+1

1
= ) // e"x"(l—e)kHa(s,en)dndefe—iWDga(y,s)dy.
0

lot|=k+1

Define Eq(n, &) := [ e "D%/(y, &)dy and

1.
Ro= 3 [[ -t meon oo dnde. 66)

la|=k+1

Lemma 6.2. There is ¢ > 0 such that for any § € N",

180 Ea (1, &)] < Cus (6), e,
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Proof. Integration by parts gives

n" ¢ Eq(n, &) = /e_iy” REDIa(y. &) dy.
Then there exist constants A > 0 and Cs such that
1—|6 — 1—|6 _
|82 Ea(n. £)] < Cs&), ™M Al o 4 w15 () 1T < Cast), ™ AP0 115 ()~

Choose v minimizing A [v|! ()=, that is |v] ~ e TA=V/S(n)l/$ so that
APt gy =l < gms 7T AT < pmen)” 0

Returning to the proof of Proposition 2.6, note that H (£, n) is a linear combi-
nation of terms

tofrsoles Y= 2)-pefe- Yo

(€, ) P EFD=0ED)

where 3 B; = B and }_y; =y with [;] = 1 while |y;| = 1, 8+ y = a. Since
(& £n/2), < Cr(£),(n)"! one sees that

02K,y (B2 )| < Cs () 4117270 (e Hiol, (6.7)

For some 0 < 6 < 1 one has

e (s(s+ D) -a(e-1) =2 1, (ag ag_,¢(s+%"> +a¢ a;,¢<s - %”)) (6.8)

j=1
Then (6 +67/2); " < (6 £09/2); " < Cat), ™ ()!*! and

o [o(s+3) -0 (e—2)] o [o(s+3) -0 (¢ -3)]

<Cq (5);‘“'(77)2'“‘ for a=a;+--+a

yield

‘agems%)—«p(s—%) < Cs (&)1 (201 P EHN D=0 E=n/2) 6.9)

Next prove that with some c; > 0,

|pE +n/2) —dp(E —n/2)| < clel (n)”.
Indeed if £ + |&] > |n| then (§)¢ =~ (§ £ 0n/2), for |8] < 1 hence (6.8) gives

B (E +1/2) — $(& —n/2)| < Clz| (n) (& £6n/2)0"
<C'ltlmE)r " <"1t ().
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While if £4|&| < |n| then (£ & n/2)y < C(n) and the assertion is clear. From (6.7)
and (6.9) we have

|8§Ha(é, M| < Cus (SM—IO!\(I—/)) @_)[—ISI <n>lcx|+2|6| eCiltlim? (6.10)
From Lemma 6.2 and (6.10) one has
|92 (Ha (5. M Ea(n, )| = Cas (§),” 711070 () o200 g~ (cmerlrDin”
where ¢ > 0 is the constant in Lemma 6.2. If ¢ — c|7]| > O then
8890 Ri(x, £)| < Cap (), P17 EFDU=P,

Since 1 — (k+ 1)(1 — p) = p — k(1 — p), the assertion follows. O

7. Proof of the spectral bound, Proposition 2.2

7.1. Quantitative Nuij

The first step in the proof of Proposition 2.2 is to prove a quantitative version of
Nuij’s root splitter [18] due to Wakabayashi [23] (see also [5, Lemma 3.1]).

Lemma 7.1 (Nuij). A monic polynomial P(¢) in ¢ of degree m whose roots are
all real, defines for s € R, real Ai(s) < A(s) < -+ < Ap(s) so that (1 +
sd/de)Y"P(¢) = ]_[TZI(Z — Aj(s5)). Then there exists c = c(m) > 0 so that for
s € R,

Ajr1(s) —Aj(s) = clsl, j=1...,m—1.
Proof. Let P(¢) = ]_[’Jf’:l(g — Aj) with A4y < --- < Ay and consider for [ =
1,...,m + 1, the successive Nuij splittings for s > 0 (the case s < 0 is similar),
m
(1 +s5d/de) ' P@&) =[] (¢ = 45),
j=1

where A{ (s) < -+ <Al () < Al(s) <+ <Al (s). Compute

(14s5d/d2)'P(Z) _1+si 1

hl({v S) = (1 —|—sd/d§')l_1P(§‘) = 7; — A‘{I.(s).

(7.1)
j=1

Consider the passage from the roots of the denominator called mother roots to the
roots of the numerator called daughters. The derivative dh;/d¢ is strictly negative
on each interval not including a mother root, and lim;|.0c # = 1. The graph of
h below has four mother roots where the dotted verticals cross the horizontal axis.
The mother roots toward the right may have high multiplicity.
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There is a simple daughter root to the left of the mother roots and a new simple
daughter root between each of the mother roots. Each multiple mother root becomes
a daughter root with multiplicity reduced by one and gives rise to a daughter root

to the left. Each simple mother root yields a daughter to left. The {Aﬁjl (s)} are all
real, separate the {)\f{ (s)}, and the first ones are simple. That is,

Ay < ab(s) <25 (s) < abes) < - < AbF(s) < Al (s),

M) <abs) <o <A s) <Al <o <Al ().
We prove by induction on / > 2, that there exists ¢; > 0 such that
M) — A 5) > s for k=2,...,1 (7.2)

The summands s /(¢ — )Jj (s)) in (7.1) are all negative to the left of the mother roots.
For ! = 1 the first is equal to —1 when ¢ = A{(s) —s. Therefore hl()\% —s,5) <0.
The root )»%(s) lies where the graph of A crosses the axis and therefore to the left
ofki — 5, S0 A%(s) < A} —s.

From A3(s) > A] it follows that 23(s) — A3(s) > s. Therefore (7.2) holds with
c» = 1whenl = 2.

Suppose (7.2) holds for 2 < k < [. Prove the case [ + 1. In (7.1) with
¢ = )»i (s) — s the last m — k + 1 terms are negative and the first k — 1 terms do

not exceed 1/ (Xi (s) — 6s — )‘5(—1 (s)). Therefore by (7.2),

stk—1) <1Jrk—l

1 1
h()»ls—Ss,s)fl—f— — = < —.
() M) —8s—a () 8 =38 8

The right hand side vanishes when § = (k +c—k+e)?— 4c1)/2 > 0. We
have /; (AL (s) — 8s, s) < 0. Therefore A:™! (s) < AL (s) — 8s. Define

o Skt —4a
a1 = min (k teo—vk+a 4c,)/2 > 0.
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Then
ML =2 ) = A1) — ML) + A — AT
> () = AT = cpqas

fork=1, ..., 1. This completes the inductive step, so yields (7.2) for/ = m+1. O

7.2. Three lemmas

This subsection presents three lemmas needed in the proof of Proposition 2.2. De-
fine

Ot t,x,y,s) = det(¢I — H(t,x,y,s)).
Then Q(¢, ¢, x,0,s) =det (¢ — A(¢, x)) and for real ¢, x, y, s, it holds

q¢,t,x,y,s) =det(¢l — A(t,x +sy)) =det(¢] — H+ Ry+1)
= Q(C’t’x’y’s)+R(§’t’x’y’s)

where R(¢,t,x,y,s) isapolynomial in ¢ of degree m—1 with coefficients O(|s Kz}

The next lemma examines what happens when the Taylor expansion and root
splitter are applied simultaneously. Apply Nuij’s root splitter to obtain polynomials
with distinct roots denoted with a tilde,

m

G, t,x,y,8) = (1+53/00)"q (¢, t,x,y,9)=[ [ =4t x,y,95),

/=] (13)

m

0@, 1,x,y,8) = (1+53/00)" Q. 1, x,y, )= [ (¢ = A;(t, x,y,9).

j=1
Lemma7.2. If I x K C R x Q is compact, there is so > 0 so that for (¢, x,s) €
I x K x [—s0, so] and |y| < 1, all roots ¢ of Q = 0 are real.

Proof. We may assume that x +sy € Q when (¢, x) € I x K with |y| < 1and |s| <
so. The definitions (7.3) imply that §(, ¢, x, y,s) — Q((, 1, x, y,s) = R where
R(, 1, x, y, s) is a polynomial in ¢ of degree m — 1 with coefficients O(|s|"t!)
uniformly in (z, x) € I x K and |y| < 1. Lemma 7.1 implies

i1t x, y,8) — Aj(t, x, y,8)| > c(m)|s|.

Let C; be the circle of radius c(m)|s|/2 with center Xj(t,x,y,s) so that
1g (5,1, x,y, )| =(c(m)/2)"|s|" if ¢ €C}. Since |G (£,1,x,y,8)—Q(L, 1, x, y,8)| <
C|s|™t!, Rouché’s theorem implies that there exists s; > 0 suc~h that there is ex-
actly one root of Q(¢,t, x, y, s) inside C; for |s| < s1. Since Q(¢,t,x,y,s) is a
real polynomial, the root must be real. O
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Lemma 7.3. Suppose that Q(x, 1, %,0,0) = det(A] — A(f, X)) = 0. Then there
exists 8§ > O such that when |; — A| <8, |t —1] <8, |x —X| <8, |y| <8, |s| <,
one has Q(¢,t,x,y,5) Z0iflm¢ <0andlms <0 (orlm¢ > 0and Ims > 0).

Proof. Define p(¢,t, x) := det(¢ — A(¢, x)) = ]‘[’J’?:l(; —Aj(t,x)). IfIm¢ <0,
Ims < 0 then

Ot 1,x,0,5) = (1+53/02)" p(¢. t, x) #0.

Indeed,
(1+s3/0¢)p(¢,t, x)
p(.t,x)

=1—|—le/(§ —j(t,x) =0
k=1

implies that ) ;" | 1/(¢ —Aj(t,x)) = —1/s sothatlm /" | 1/(C —Aj(t,x)) >0
provided that Im 4 ;(z, x) > O for all j, which is a contradiction.

That is (1 + s3/9¢)p(¢, t, x) = 0 implies Im¢ > 0. It is enough to repeat
this argument. Since Q()_\, £,%,0,0) = 0 and Q((, t,x,0,s) is a polynomial in s
of degree m with leading term ms™, we can find §; > O so that the roots s of

0@, t,x,y,5) =0

with |s| < so are continuous in (¢, £, x, y) for [ —A| < 81, |t—1| < 81, |x—X| < &1,
Iyl < di. . X o

Suppose that Q(Z, 7, %, ,§) =0withIm¢ <0,Im§ <0, 5] < s0,|¢ —A] <
81, |t — 1] < 81,]% —%| < 81, 9] < 81. Moving g: a little bit if necessary, we may
assume that Imf < 0. Consider F(0) = minjs(g)|<s, IM s(6) where the minimum is
taken over all roots s(6) of Q(f, f,%,09,s) =0with |s(9)| < so. Since F(1) <0,
F(0) > 0 there exist 6 and s(é) such that Im s(é) = 0 which contradicts Lemma
7.2.

The proof for the case Im¢ > 0 and Ims > 0 is similar. O

Lemma 74. Assume (2.1). Let (f, X) € Rx Q and let X be an eigenvalue of A(f, X)
with multiplicity r so that det(A — A(t, X)) = 0. Then there exists § > 0 so that for
all | A=A <68, |t —1] <68, |x—X| <4, |y| <Sand|s| <3,

QO +is, t,x,y,is)| = |s|". (74)

Proof. Define I := {i | Aj(,%,0,0) = A} and I¢ := {i | A;i(7,%,0,0) # A}.
Thenfor |t — 7] < 8,t€l,|x — x| <&,|y| <8,]|s| <8, one has

Q((, t,x,y,is) = 1_[ ({ — 1~\j(t,x, y, is)) 1_[ (§ — 1~\j(t,x, v, is))

jel jelc
= 01(¢, 1, x,y,is) Q2(L, 1, %, y,15) .
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Lemma 7.3 implies that &+ Im 1~\‘,-(t, x,y,is8) >0if =5 < 0and j € I. This shows
that if M > 0, then

101G+ iMs, 1. x,y,is) = 272 T (|x — ReA;| + M|s| + ||m[\j|)
Jjel

for small s € R. The right-hand side is bounded from below by

c(Mls)* > I (Ix — ReAj|+ M|s|+[ImA;]) (7.5

Jp€l,j1<<jr—k

forall 1 <k <r. We prove that there are ¢y such that
~ m ~
Q. t.x,y,8) =0 1.x,y,5)+ > _a(s3/d0) 0. t.x.y.8).  (16)
=1

The definition of Q implies
(1—s8/35)"Q = (1 —s8/3¢)"(1 +53/00)" Q = (1 —s*0%/05*)" Q.
Repeating this argument yields
(1 +s21821/8§2’)m L (1 +s282/8§2)(1 _ sa/ag)’”Q:u _ s4184l/8§4l)mQ

where the right-hand side coincides with Q if 4/ > m + 1.
For |s|M < 1, note that

(((sa/a;)kél)(x FiMs,tx,y, is)‘
syt TT (r—Redy|+misi+|ma;|)

Jp€l. j1<-<jr—k

S M7F[016.+iMs, 1%, v, is)|

by (7.5) and
(((sa/ag)kéz)(x Y iMs,1,x,y, is)‘ < CJsl.

Because M|s| < 1, Leibniz’ rule yields
|(s8/00)' (010 (A +iMs, t,x,y,is)|

l
<MY MIs) Q1 i x. )|
=0

< M_I‘QI(A+iMs, t,x,y,is)‘.
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Therefore using (7.6), |Q(A +iMs, t, x, y, is)| is bounded from below by

QZ(A +iMs,t, x,y, is)’ { ’Ql(k—f—iMs,t,x, y, is)‘
m ~
—cy M ‘Ql(k tiMs,1,x, y, is)‘
=1

. ‘Qz()\ +iMs, t,x,y, is)‘_] } .
Choosing M > 0 large yields
O\ +iMs,t,x,y,is)| > C|Q1()» +iMs, t,x,y, is)| > cM"|s|"
because

Qz(k+iMs,t,x,y,is) = )\—}—iMs—]\'(t,x,y, is)] > ¢ > 0.
J =
jel¢

Since

O +is, t,x,y,is) =Q (A + iﬂ(ﬂz_]s), t,x, ]\7[y, i]\71_1s) > |s|”
with M := /"M , the desired conclusion follows. O

7.3. Proof of Proposition 2.2

Proof. Suppose that (7, X) € {|t| < T} x K and X j are the distinct eigenvalues of
A(t,x) = H(t,x,0,0), possibly with multiplicity greater than one. Then there is
6 > 0 such that Lemma 7.4 holds for any j. Taking 0 < §; < § small one can
assume that |Re ¢ — XM| < & for some w if Q(¢,t,x,y,is) =0and |t — 1] < &1,
|x — X[ < d1, |yl <81, ls] <é1.

Suppose that there were |t — 7| < &1, [¥ — X| < &1, |J| < &1, (5] < 6 and &;
such that

Im¢;@, 2,98 > I3

Clearly § # 0 and § # 0. First suppose that Im ¢; (7, £, y, §) > |§|. Introduce
A) = max{lm;,»(f,;e,ey,ﬁ) L IReg; — il < 3}. 1.7)

Note that A(0) = 0 and A(1) > IS]. Since A(0) is continuous there exist / and
6 such that A(d) = |5| so that (7, X,679,5) = a +i|§| with @ € R and Q(a +
i|§],7,%,69,i§) = 0. This contradicts Lemma 7.4 if § > 0.
If§ <Othen H(f, %,0y,i8) = H(f, %, -0, —i§) yields
O(a —i§,1,%, —63%, —is) = 0.

This contradicts Lemma 7 .4.
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IfIm¢;(7, %, 9,8) < —|§] it is enough to consider the minimum in (7.7). Thus
we conclude that if Q(¢,t, x, y,is) = 0 with |t — ¢] < 81, |x — x| < 61, |y| < 61,
|s| < 81 then [Im¢| < |s|. Since {|t| < T} x K is compact there is 6 > 0 such
that Im¢| < Is| if Q(¢,1,x,y,is) = 0and |t — 7| < &, |x — X| < &2, |y] < &,
|s| < 8. The identity

H(t,x,y,is) = H (z, X, 82, i82_1s>

yields the desired conclusion. U
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