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Smooth double covers of K3 surfaces

ALICE GARBAGNATI

Abstract. In this paper we classify the topological invariants of the possible
branch loci of a smooth double cover f : X ! Y of a K3 surface Y . We describe
some geometric properties of X which depend on the properties of the branch
locus. We give explicit examples of surfaces X with Kodaira dimension 1 and 2
obtained as double cover of K3 surfaces and we describe some of them as bidou-
ble cover of rational surfaces. Then, we classify the K3 surfaces which admit
smooth double covers X satisfying certain conditions; under these conditions the
surface X is of general type, h1,0(X) = 0 and h2,0(X) = 2. We discuss the
variation of the Hodge structure of H2(X, Z) for some of these surfaces X .

Mathematics Subject Classification (2010): 14J28 (primary); 14J27, 14J29
(secondary).

1. Introduction

One of the main and most famous example of K3 surfaces is given by the Kummer
surfaces, Km(A), which are, by definition, desingularization of the quotient of an
Abelian surface, A, by an involution. Equivalently, one can say that a Kummer sur-
face is a K3 surface which admits a double cover branched along 16 disjoint rational
curves. This double cover is A blown up in 16 points. In [10], Nikulin character-
ized the Kummer surfaces by some properties of their Néron-Severi groups. This
allows to describe the moduli space of the Kummer surfaces in terms of the moduli
space of L-polarized K3 surfaces for a certain lattice L . Nikulin also observed, in
the same paper, that the double cover of a K3 surface branched along the disjoint
union of rational curves is birational to a surface with trivial canonical bundle and
can be branched either on 16 or on 8 curves. In the latter case the cover surface is
birational to a K3 surface. In [6], the moduli space of K3 surfaces which admit a
double cover branched along the disjoint union of 8 rational curves is described in
terms of moduli space of polarized K3 surfaces.
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Since a smooth double cover of a K3 surface branched along the disjoint union
of rational curves is so restrictive, it seems natural to ask what are the conditions
on the branch locus in the more general hypothesis that there exists a double cover
of a K3 surface branched along the disjoint union of smooth curves, not necessarily
rational. Once one determines these conditions, two questions naturally arise. The
first is about the geometry of the double cover: what are the numerical invariants of
the double cover? The second fundamental question is about the existence and the
moduli of the K3 surfaces which admit a double cover with a branch locus of chosen
type. We will discuss both these questions, see Theorems 3.1, 3.2, Subsection 3.2
and Theorem 5.8.

The general setting of this paper will be the following: Y will be a K3 surface
and f : X ! Y is a double cover branched along the disjoint union of n curves C
and Ri , i = 1, . . . , n � 1, where C is the curve with highest genus among C and
Ri . We always assume that X is a smooth (not necessarily minimal) surface and we
refer to this writing that f : X ! Y is a smooth double cover of Y . In Theorem 3.2
we describe the admissible configurations of curves C and Ri , we observe that the
genus of C determines the Kodaira dimension of X say k(X), and that if g(C) 6= 1,
there are very few possibilities for n. More precisely we prove the following:

Theorem (See Theorems 3.1 and 3.2). Let X , Y , C , Ri be as above, L be a di-
visor such that 2L ⇠ C +

Pn�1
i=1 Ri and Xmin be the minimal model of X . The

following facts hold:

• If g(C) = 0, then n is either 8 or 16, X contains n (�1)-curves, k(X) = 0 and
Xmin is a K3 surface or an Abelian surface, depending on n (Nikulin, [10]);

• If g(C) = 1 and k is the number of curves of genus 1 in {C, Ri }, then n � k 2
{0, 4, 8, 12, 16}, X contains n � k (�1)-curves and

k(X) = 1, c21(Xmin) = 0, �(Xmin) = 4�(n�k)/4, c2(Xmin) = 48+3k�3n;

• If g(C) > 1, then n  17, g(Ri ) = 0, i = 1, . . . n � 1, g(C) = n + 4h with
h � �3, moreover X contains n � 1 (�1)-curves and

k(X)=2, c21(Xmin)=g(C)�1, �(Xmin)=4+h, c2(Xmin)=48+8h�(n�1).

The problem of the existence of K3 surfaces admitting certain double covers and of
the description of their moduli is addressed in Subsections 3.2, 5 and 6.

If g(C) = 0, there exists a countable number of equidimensional irreducible
components of the moduli space of the K3 surfaces admitting a double cover
branched along n disjoint rational curves and the dimension of these components is
11 if n = 8, see [6], and is 3 if n = 16, see [10].

If g(C) = 1, there is no an upper bound on n (which is in any case greater
than 1) and the choice of the topological properties of the branch locus does not de-
termine a lattice which characterizes the K3 surfaces admitting the smooth double
cover considered. However, the existence and the geometric description of the sur-
faces X is quite clear. The general results on these surfaces are given in the proof of
Theorem 3.2 and in Subsection 3.2. Explicit examples are constructed in Section 4.
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If g(C) > 1 the problem of the existence is not trivial at all, at least in case
n > 1. In case g(C) = n � 8 (i.e., h = �2 with the notation of the previous
theorem), the existence of K3 surfaces which admit a double cover branched on
C and n � 1 disjoint rational curves is known by geometric constructions due to
Catanese (for g(C) = 2) and to Todorov (for g(C) � 2), see [4, 15, 16]. In wider
generality (if n > 1 and g(C) is not necessarily equal to n � 8), the choice of
specific values for n and g(C) (i.e., of the topological properties of the branch
locus), determines a specific lattice, which can be used to polarize the K3 surfaces
admitting the required double cover. However, the main problem is that once one
knows that the Néron-Severi group of a K3 surface admits certain required classes
(which is a lattice theoretic condition), one has to prove that these classes represent
smooth irreducible curves on the surface, in order to construct the double cover of
the K3 surface branched on these curves. One of the main result of this paper is
the complete description of the K3 surfaces which admit a smooth double cover
branched on n curves such that g(C) = n � 4 � 2 (which corresponds to h = �1).
This result is stated in Theorem 5.8 indeed we produce a list L of 16 lattices which
satisfy the following.

Theorem. For 6  n  16 a K3 surface Yn with Picard number n admits a smooth
double cover Xn with k(Xn) = 2 and h1,0(Xn) = 0 and h2,0(Xn) = 2 if and only
if NS(Yn) 2 L.
In Proposition 5.7 we describe the Néron-Severi groups of the K3 surfaces which
admit the required double covers, obtaining the list L, and in Propositions 5.9, 5.14
and 5.17 we prove that it suffices to know that the Néron-Severi group of a K3
surface is contained in L in order to conclude that the double cover exists.

Theorem 5.8 is the analogous of the results proved in [6,10] under the different
assumption that g(C) = 0. One of the main differences between the results in the
case g(C) = 0 and the one obtained for g(C) = n � 4 � 2 is that in the latter case
there is a finite number of possible Néron-Severi groups (and in fact these are 16).

To prove the existence of the K3 surfaces Yn admitting double covers branched
along n� 1 rational curves and along the curve C of genus g(C) = n� 4 � 2 (and
thus to prove the previous theorem) one describes the geometric properties of the
K3 surfaces with the required Néron-Severi groups. This is done in Subsections 5.3
where we prove the following.

Theorem. Let Yn be a K3 surface with Picard number n. Then NS(Yn) 2 L if and
only if there exists a generically 1 : 1 map ' : Yn ! Pn�4 such that: '(Yn) has
n � 1 nodes all contained in a hyperplane H and H \ '(Yn) is a rational normal
curve in H , counted with multiplicity 2.

Projecting '(Yn) from a sublinear space we can also describe Yn as double cover of
P2 branched along a reducible sextic. As a byproduct of the latter description one
obtains some curious information on the existence of a certain number of curves
which cut out an odd theta characteristic on smooth plane quintic (respectively
smooth plane quartic) and which are moreover tangent to a line (respectively to
a conic), see Corollary 5.19.
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In two specific cases (n = 6 and n = 9) we also provide an easy and self
contained description of the surface Xn , see Subsection 5.4.1. It turns out that
Xn is a bidouble cover of P2. This result, which is of course of a certain geo-
metric interest, also has important consequences in the description of the varia-
tion of the Hodge structure of Xn . One of the reasons for which we concentrate
ourselves on the double cover branched along n � 1 rational curves and a curve
of genus g(C) = n � 4 � 2, is that, under this condition, the surface Xn has
h2,0(Xn) = 2. This is particulary interesting because the existence of the double
cover f : Xn ! Yn implies a splitting of the Hodge structure of the middle coho-
mology of Xn in two sub-Hodge structures of K3 type. One of them is induced by
the pull back of the Hodge structure on the middle cohomolgy of Yn , the other is
its orthogonal complement. In general, this latter Hodge structure of K3 type is not
immediately related to a K3 surface by our geometric construction. On the other
hand, in the specific cases of the surfaces Xn which are bidouble cover of P2, and
are described in Subsection 5.4.1, it is immediate to check that both the sub-Hodge
structures of K3 type defined on H2(Xn, Z) are induced by Hodge structures of
K3 surfaces. Similar results (on the splitting of the Hodge structure of H2(X, Z)
in sub-Hodge structures of K3 type which are geometrically associated to K3 sur-
faces) are provided in Sections 4 and 6, under the assumption that g(C) = 1 or
g(C) = n = 10, respectively.

ACKNOWLEDGEMENTS. I would like to thank Bert van Geemen for many enlight-
ening discussions and suggestions during the preparation of this paper. It’s a plea-
sure to thank also Matteo Penegini for interesting discussions and the anonymous
referee.

2. Preliminaries

The aim of this section is to remind some results which will be useful in the follow-
ing and to fix notation.

2.1. K3 surfaces

Let Y be a smooth complex projective surface.
Definition 2.1. The surface Y is a K3 surface if the canonical bundle of Y is trivial
and h1,0(Y ) = 0.
We recall that given a Z-module V , a Hodge decomposition of weight 2 on V is a
decomposition V ⌦ C = V 2,0 � V 1,1 � V 0,2 such that V p,q = Vq,p. We will say
that a weight 2 Hodge decomposition V ⌦ C = V 2,0 � V 1,1 � V 0,2 is of K3 type
if dim(V 2,0) = 1.

Since the canonical bundle of Y is trivial, the Hodge decomposition ofH2(Y,Z)
induced by the complex structure on Y is of K3 type.
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The second cohomology group with integer coefficients of a K3 surface Y
equipped with the cup product is a lattice. The lattice (H2(Y, Z),[) is the unique
even unimodular lattice of signature (3, 19). So it is isometric to a lattice which
does not depend on Y and is denoted by 3K3.

The Néron-Severi group NS(Y ) := H2(Y, Z) \ H1,1(Y ) coincides with the
Picard group and is an even sublattice of 3K3 which has signature (1, ⇢(Y ) � 1),
where ⇢(Y ) := rank(NS(Y )) is the Picard number of Y . The transcendental lattice
TY , which is defined as the orthogonal to the Néron-Severi group in H2(Y, Z), is
an even sublattice of H2(Y, Z) with signature (2, 20 � ⇢). The standard Hodge
decomposition on H2(Y, Z) induces a Hodge decomposition on TY , which is of K3
type.

Let D 2 NS(Y ) be a nef divisor on Y . In the following we will denote by
'|D| : Y ! P 1

2 D
2+1 the map induced by the linear system |D|.

2.2. Double covers and bidouble covers

Here we recall some known properties of double covers between surfaces (see, e.g.,
[2, Section 17, Chapter I and Section 22, Chapter V]) and the definition of bidouble
covers (see, e.g., [3]).

Let X and W be two surfaces and let f : X ! W be a double cover branched
along the union of the curves Bi . Then the branch locus is B := [i Bi and clearly
the classes of the curves Bi (denoted again by Bi ) are classes in Pic(W ). The divisor
B :=

P
i Bi is the branch divisor of the double cover.

Proposition 2.2. Let f : X ! W be a double cover branched along the union of
the curves Bi . Then there exists a divisor L 2 Pic(W ) such that 2L ' B. If the
surface W is smooth, then X is smooth if and only if the branch locus B is smooth.

In the previous situation we will say that the set of curves {Bi } is 2-divisible, i.e., a
set of curves {Bi } on W is 2-divisible if there exists a class L in the Picard group
such that 2L '

P
i Bi .

Proposition 2.3. Let W be a simply connected surface such that {Bi } is a 2-divis-
ible set of curves on W . Then there exists a unique surface X and a map f : X !
W such that f : X ! W is a double cover branched along [i Bi .

Definition 2.4. Let f : X ! W be a finite map, generically 4 : 1. It is called a
bidouble cover of W if f : X ! W is a Galois cover, with cover group (Z/2Z)2.

2.3. Divisible sets of disjoint rational curves on K3 surfaces

The 2-divisible sets of disjoint rational curves on K3 surfaces are well known and
studied, see, e.g., [10, 11] and here we recall the main results which will be useful
in the following.

Let us consider a set of disjoint rational curves Rm := {R j }, j = 1, . . .m
contained in a K3 surface. If the setRm is 2-divisible, then eitherm = 8 orm = 16,
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see [10]. Clearly the setRm with m � 8 can contain some subsets of curves which
are 2-divisible and one can ask if it is possible that there are more than one subset
of 8 curves which are two divisible. The answer is that this is possible, but if two
subsets of 8 disjoint rational curves are 2-divisible, then their intersection is either
empty or consists of exactly 4 curves.
Definition 2.5. In the following we will denote by:

• MZ/2Z the lattice generated by the classes inR8 and by the class
�P8

i=1 Ri
�
/2;

• M(Z/2Z)2 the lattice generated by the classes inR12 and by the classes�P8
i=1 Ri

�
/2,

�P12
i=5 Ri

�
/2;

• M(Z/2Z)3 the lattice generated by the classes inR14 and by the classes�P8
i=1 Ri

�
/2,

�P12
i=5 Ri

�
/2, (R1+ R2+ R5+ R6+ R9+ R10+ R13+ R14)/2;

• M(Z/2Z)4 the lattice generated by the classes inR15 and by the classes�P8
i=1 Ri

�
/2,

�P12
i=5 Ri

�
/2, (R1+ R2+ R5+ R6+ R9+ R10+ R13+ R14)/2,

(R1 + R3 + R5 + R7 + R9 + R11 + R13 + R15)/2;

• K the lattice generated by the classes in R16 and by the classes
�P8

i=1 Ri
�
/2,

�P12
i=5 Ri

�
/2, (R1 + R2 + R5 + R6 + R9 + R10 + R13 + R14)/2, (R1 + R3 +

R5 + R7 + R9 + R11 + R13 + R15)/2,
�P16

i=1 Ri
�
/2.

The main results onRm are summarized in the following proposition.

Proposition 2.6. LetRm be a set of m disjoint rational curves on a K3 surface W .
Then m  16 and the minimal primitive sublattice of NS(W ) which contains all
the curves inRm is one of the followings:

• h�2im and if this is the case, then m  11;
• MZ/2Z � h�2im�8 and if this is the case, then 8  m  12;
• M(Z/2Z)2 � h�2im�12 and if this is the case, then 12  m  13;
• M(Z/2Z)3 if m = 14;
• M(Z/2Z)4 if m = 15;
• K if m = 16.

Proof. The curves in Rm span the lattice h�2im . Since the even set of disjoint
rational curves consists of either 8 or 16 curves and two disjoint even sets of rational
curves intersect in 0, 4, 8 or 12 curves, the unique possible overlattice of h�2im are
the ones listed in Definition 2.5 (up to the choice of the indices). It remains to prove
the conditions on m. The results for m = 16, 15, 14 are proved in [7,10]. The other
cases can be proved in a similar way using the following facts: if a hyperbolic lattice
L can be primitively embedded in3K3, then there exists a K3 surface whose Néron-
Severi lattice is L; if r(L) is the rank of a lattice L primitively embedded in 3K3
and l(L) is its length, then l(L)  min{r(L), 22� r(L)}. Let m  11 (respectively
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m  12, m  13), for each d 2 N>0 we consider the lattice Lm := h2di � h�2im
(respectively Lm := h2di�MZ/2Z�h�2im�8, Lm := h2di�M(Z/2Z)2�h�2im�12).
Let us denote by L 0

m an overlattice of Lm in which h�2im (respectively MZ/2Z �
h�2im�8 , M(Z/2Z)2 �h�2im�12) is primitively embedded. The rank of Lm and L 0

m
is m+1, the length of Lm is m+1 (respectively m�1, m�3) and the length of L 0

m
is the length of Lm minus 2. By [9], at least one between Lm and L 0

m is primitively
embedded in 3K3, so there exists a K3 surface W with the required Néron-Severi.
On the other hand, if m > 11 (respectively m > 12, m > 13), both the lattice Lm
and the lattice L 0

m do not satisfy the condition r  min{r, 22 � r}, where r is the
rank, so they can not be embedded in 3K3.

3. Smooth double covers of K3 surfaces: admissible branch loci

In this section we discuss the topological properties of the branch locus of a smooth
double cover f : X ! Y of a K3 surface Y . The main results are the Theo-
rems 3.1 and 3.2 in which we assume the existence of a double cover of a K3
surface, branched along n curves, we denote by C the curve with highest genus
among the branch curves, we prove that n and g(C) have to satisfy certain condi-
tions and we describe several properties of X which depend only on the topology
of the branch locus of f : X ! Y ; in particular we will prove that the genus of
C determines the Kodaira dimension of X . Since Theorems 3.1 and 3.2 are stated
under the assumption that there exists a certain double cover, they say nothing about
the existence of these double covers. The problem of the existence is discussed in
Subsection 3.2.

3.1. Classification of the possible branch loci and general properties
of the double cover

Theorem 3.1. Let Y be a K3 surface and let f : X ! Y be a smooth double cover
branched along the union of n curves C , R1, . . . , Rn�1, with g(C) � g(Ri ) for
i = 1, . . . , n � 1. Then:

• The curves C , Ri are smooth and disjoint;
• In order to obtain a minimal model Xmin of X one has to contract all the rational
curves in the ramification locus;

• Denoted by L , the divisor L 2 NS(Y ) such that C +
P

i Ri ⇠ 2L , one has:

KX = ⇡⇤(OY (L)), �(X) = 4+ 1
2 L

2,

pg(X) = 1+ h0(Y,OY (L)), q(X) = �2� 1
2 L

2 + h0(Y,OY (L)),

c21(X) = 2L2, c2(X) = 48+ 4L2.
(3.1)

Proof. AK3 surface is a simply connected surface, so every connected double cover
of Y is branched. Since the surfaces X and Y are smooth, the branch locus can
not contain isolated points, and the branch locus consists of the union of a certain
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number, n, of curves. Again the smoothness of X implies that all the curves in the
branch locus are smooth and they do not intersect.

The values of hi,0, c21, c2 of X are computed by [2, Chapter V, Section 22].
In order to construct a minimal model of X one has to identify the (�1)-curves

on X . Each rational curve in the branch locus of f : X ! Y has self-intersection
�2 (since it is a rational curve on a K3 surface). Its inverse image on X is a rational
curve with self intersection �1. Hence each rational curve in the ramification locus
is a contractible curve in X . Let us denote by �X : X ! Xmin the contraction of all
these curves. We denote by �Y : Y ! Ymin the contraction of the rational curves in
the branch locus, so we have a singular surface Ymin and a commutative diagram

X
f
2:1

//

�X
✏✏

Y
�Y

✏✏

Xmin
l
2:1

// Ymin

where l : Xmin ! Ymin is a 2 : 1 map branched on the singular points of Ymin and
on the image under �Y of the curves in the branch locus of f : X ! Y which are
not rational.

Let us assume that there is a (�1)-curve E on Xmin. In this case we can
contract E to obtain a smooth surface X 0

min and we can also contract l(E) on Ymin
in order to obtain a singular surface Y 0

min and a commutative diagram:

Xmin
l
2:1

//

✏✏

Ymin

✏✏

X 0
min 2:1

// Y 0
min.

Now there are two possibilities: either E ⇢ Xmin is the image of a (�1)-curve
on X which does not intersect the curves contracted by �X , or E is the image of a
curve on X which is not a (�1)-curve but intersects at least one curve contracted
by �X . We immediately exclude the first case, indeed by construction E is not a
ramification curve of the 2 : 1 cover f : X ! Y and by projection formula we can
exclude that there exists a (�1)-curve on X which is mapped to a non branch curve
on Y . So E is the image of a curve on X meeting some of the curves contracted
by �X , and thus l(E) passes through at least one singular point of Ymin. After the
contraction of l(E), there exists at least one singularity of Y 0

min which is worst than
an A1-singularity. On the other hand the double cover X 0

min ! Y 0
min produces a

smooth surface X 0
min, which is impossible. So Xmin can not admit (�1)-curves and

it is the minimal model of X .

Theorem 3.2. Let X , Xmin, Y , C , Ri , n and L be as in Theorem 3.1. The following
facts hold:
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• If g(C) = 0, then n is either 16 or 8. If n = 16, X is the blow up of the Abelian
surface Xmin in 16 points. If n = 8, X is the blow up of the K3 surface Xmin in
8 points;

• If g(C)=1, let us denote by k the number of curves of genus1 in{C,R1,. . .Rn�1}.
Then:

L2 = (k � n)/2; n � k ⌘ 0 mod 4;
(n � k)/4  4; b := k + (n � k)/4 is even.

The map '|C| : Y ! P1 is a genus 1 fibration and there exists a 2 : 1 cover
A ! P1 branched in b points such that X is the fiber product Y ⇥P1 A. The
induced map X ! A is a genus 1 fibration, the Kodaira dimension of X is 1
and

c21(Xmin) = 0, �(Xmin) = 4� (n � k)/4, c2(Xmin) = 48+ 3k � 3n;

• If g(C) > 1, then:

g(Ri ) = 0, i = 1, . . . , n � 1; g(C) = n + 4h, h 2 Z, h � �3;
L2 = 2h; n  17; ⇢(Y ) � n.

The surface X is of general type and

c21(Xmin) = g(C) � 1, �(Xmin) = 4+ h, c2(Xmin) = 48+ 8h � (n � 1).

Proof. The case g(C) = 0, i.e., all the curves in the branch locus are rational,
was considered in [10], where it is proved that the canonical bundle of the minimal
model of X is trivial, so the minimal model of X is either an Abelian surface or a
K3 surface. In the first case n = 16 and in the second n = 8.

If g(C) = 1, then '|C| : Y ! P1 is a genus 1 fibration. Since CRi = 0, all
the curves in the branch locus are contained in the fibers of '|C| : Y ! P1. Then
the k curves of genus 1 in the branch locus are fibers of the fibration '|C| : Y ! P1
and the n�k rational curves in the branch locus are components of reducible fibers.
Let us denote by {Pi } the set of the points in P1 which are the images of the curves
{C, R1, . . . Rn�1} for '|C|. The fibers Ft := '�1

|C|(t) for which t 62 {Pi } are disjoint
from the branch locus, thus f �1(Ft ) is isomorphic to two disjoint copies of Ft and
the restriction of f : X ! Y to f �1(Ft ) is an unramified double cover. Hence X
carries a genus 1 fibration induced by '|C| : Y ! P1 by a base change of order 2,
i.e., there exists a 2 : 1 cover A ! P1, such that X := Y ⇥P1 A. The branch locus
of X ! Y is contained in the fibers over the branch points of A ! P1, and so {Pi }
is the set of branch points of the double cover A ! P1. Each curve of genus 1 in
the branch locus is a fiber, so it is mapped to a branch point Pi , i = 1, . . . , k. The
n � k rational curves in the branch locus are contained in reducible fibers. Let us
assume that a certain number of rational curves in the branch locus are mapped to
the same point Pk+ j . If FPk+ j is a reducible fiber which contains two components
C1 and C2, such that both C1 and C2 have an odd multiplicity in FPk+ j , then C1 and
C2 are contained in the branch locus of the double cover X ! Y . Since the curves
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in the branch locus do not intersect each other, we exclude that C1 \ C2 6= ;. This
implies that the fiber FPk+ j is not of type Im , I I I or I V and thus it is a reducible
fiber of the following types I ⇤m , I V ⇤, I I I ⇤, I I ⇤. Each fiber of these types contains
exactly 4 rational components with odd multiplicity (and they are all disjoint), so
the number of unstable fibers which project to the branch points Pk+ j for j > 0
is (n � k)/4. Thus the number of points Pi which are the branch points of the
double cover A ! P1 is b := k + (n � k)/4. The maximal number of reducible
fibers of type I ⇤m , I V ⇤, I I I ⇤, I I ⇤ in a genus 1 fibration on a K3 surface is 4, thus
(n � k)/4  4. Moreover, since b is the number of branch points of a double cover
of P1, b is even. The invariants of Xmin are computed by (3.1) and by the fact that
the number of the rational curves in the branch locus (and so of (�1)-curves on X)
is n�k. Let us now prove that the Kodaira dimension of X is 1. Since X is a double
cover of a K3 surface, the Kodaira dimension of X is not �1 and since X admits
a genus 1 fibration, the Kodaira dimension of X can not be 2. It remains to exclude
that the Kodaira dimension of X is 0. All the (�1)-curves in X are contained in
fibers, so the fibration X ! A induces a genus 1 fibration Xmin ! A. If X would
be of Kodaira dimension 0, then c2(Xmin) 2 {0, 12, 24}. If c2(Xmin) = 0, then
48+ 3k� 3n = 0 and so n� k = 16. This implies that (n� k)/4 = 4. Since k � 1
and b is even it follows that b = k+(n�k)/4 � 6. This would imply that the genus
of A is at least 2, which is not possible for a genus 1 fibration of Kodaira dimension
0. If c2(Xmin) = 24, then Xmin is a K3 surface and n�k = 8. In this case b � 4 and
thus g(A) � 1, which is impossible, since a K3 surface does not admit fibrations
with a non rational basis. If c2(Xmin) = 12, then Xmin is an Enriques surface and
n � k = 12. In this case b � 4 and thus g(A) � 1, which is impossible, since an
Enriques surface does not admit a fibration with non rational basis.

If g(C) > 1, then C2 > 0 and by the Hodge index theorem R2i < 0. Since
the curves Ri are smooth and irreducible, R2i = �2 and g(Ri ) = 0. The number of
disjoint rational curves on a K3 surface is at most 16 (cf. [10]) and it follows that
n�1  16, i.e., n  17. The classes of the curves C and Ri , i = 1, . . . , n�1 are all
orthogonal and none of them has a trivial self intersection, then the lattice spanned
by these classes has rank n and signature (1, n � 1). Since this lattice is embedded
in the Néron-Severi group of Y , it follows that ⇢(Y ) � n. We recall that also the
class L := (C +

Pn�1
i=1 Ri )/2 is contained in NS(Y ). In particular L2 2 2Z. But

L2 = (2g(C) � 2� 2(n � 1)) /4 and then g(C) ⌘ n mod 4, i.e., g(C) = n + 4h
for a certain integer h. The condition g(C) > 1, implies n > 1� 4h. On the other
hand the condition n  17 implies 1� 4h < 16, i.e., h > �4. The computation of
L2 depends now on the fact that C2 = 2g(C) � 2 = 2n+ 8h� 2. The invariants of
Xmin are computed by (3.1) and by the fact that the number of the rational curves in
the branch locus (and so of (�1)-curves on X) is n � 1. In particular c21(Xmin) > 0
and thus Xmin is either of general type or a rational surface. But X is a double cover
of a K3 surface (and thus in particular h2,0(X) � 1), so X can not be a rational
surface.
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3.2. On the existence of the double covers

An easy and well known example of double covers of K3 surfaces branched along
a unique curve C can be constructed as follows: let Y be a K3 surface such that
NS(Y ) = ZD for a certain divisor D with D2 = 2h > 0. The divisor D can be
chosen to be ample (either D or �D is ample). We set C ' 2D, so C2 = 8h. The
linear system |C| contains a smooth irreducible curve C , whose genus is g(C) =
1 + 4h. Obviously C ' 2D is a 2-divisible divisor, so there exists a double cover
of Y branched along the smooth curve C . This proves the existence of the double
covers described in Theorem 3.2, case g(C) > 1, with n = 1 and h > 0. We
observe that if n = 1, since g(C) � 0, necessarily h > 0. The surface X is minimal
and h1,0(X) = 3h and h2,0(X) = 3+ 4h (because L = D).

From now on we will always assume that n � 2.
The existence of K3 surfaces which admit smooth double covers branched

along the union of disjoint rational curves is well known, and essentially due to
Nikulin, in [10,11].

The existence of K3 surfaces which admit a double cover branched along the
disjoint union of a certain number of curves of genus 1 and (possibly) of rational
curves follows immediately by the existence of genus 1 fibrations (possibly with
unstable reducible fibers) on certain K3 surfaces. Indeed once one has a genus 1
fibration ' : Y ! P1 it suffices to consider a double cover of P1 branched on points
Pi such that the fibers of ' over Pi are either smooth or unstable reducible fibers.
This gives examples of the required double cover. More explicit examples will be
considered in the Section 4.

The existence of K3 surfaces which admit a smooth double cover branched on
the disjoint union of n � 2 curves such that one of them, denoted by C , has genus
greater than 1 is less evident. In the case g(C) = n � 8 (i.e., if h = �2 in Theorem
3.1), the existence of the double cover is known and proved by Catanese, [4], and
Todorov, [15, 16]. In [16] the K3 surfaces Yn admitting a double cover branched
on the union of a curve of genus g(C) = n � 8 and n � 1 disjoint rational curves
are constructed for 11  n  17. The K3 surfaces Yn have a model as quartic in
P3 with n � 1 nodes, the rational curves in the branch locus are the exceptional
divisors on these nodes and the curve C is obtained as intersection of Yn ⇢ P3
and a quadric in P3. In this case, the invariant of Xmin are pg(Xmin) = 1 and
q(Xmin) = 0 and c21(Xmin) = n � 9. In [4, 15] the existence of the double cover
of a K3 surface branched along a curve of genus 2 and 9 disjoint rational curves
is proved by using a bidouble cover of P2. We will consider a similar construction
in Subsections 5.4 and 6.1. The surfaces constructed in [4, 15, 16] provide coun-
terexamples to the Torelli theorem for surfaces of general type with pg = 1 and
q = 0.

The existence of K3 surfaces which admit a smooth double cover branched on
the disjoint union of n � 2 curves such that one of them, denoted by C , has genus
g(C) = n � 4h is proved in case h = �1 in Section 5. More general results are
discussed in Section 6, under milder conditions on n and h.
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4. Double covers branched on at least one curve of genus 1

This section is devoted to the K3 surfaces which admit a double cover branched on
curves of genus 1 and possibly curves of genus 0. In particular, we will produce
examples of fibrations X ! A for which the values of (h2,0(X), g(A)) are (3, 0)
(Subsections 4.1 and 4.4), (2, 0) (Subsections 4.2 and 4.5) and (2, 1) (Subsections
4.3 and 4.6)). The main difference between the fibrations considered in Subsections
4.1, 4.2, 4.3 and the ones considered in Subsections 4.4, 4.5, 4.6 is the presence or
not of a section for the fibration. We will discuss the possibility to obtain the double
cover of the K3 surface as bidouble covers either of F4 (if the fibration has a section)
or of P1 ⇥ P1 (if the fibration has a bisection, but not a section).

Let us assume that Y is a K3 surface which admits a smooth double cover
branched on n disjoint curves {C, R1, . . . , Rn�1} such that k > 0 curves in
{C, R1, . . . , Rn�1} have genus 1 and the remaining n � k are rational curves. The
intersection form computed on these curves gives a diagonal matrix whose diago-
nal consists of k zeros and (n � k) entries equal to �2, which of course has rank
n � k. By adding the class L ' (C +

P
i Ri )/2 the rank of the matrix does not

change. Let us assume that the rational curves are Ri , for i = k + 1, . . . n. The
primitive sublattice of NS(Y ) which contains the curves {C, R1, . . . , Rn�1} is the
same as the primitive lattice which contains C and Ri for i � k + 1 (since Ri with
i  k + 1 is linearly equivalent to C). It necessarily contains L and it is degenerate
(the kernel has dimension 1). If n�k = 4, its non degenerate sublattice is isometric
to D4. Indeed the class (C+ Rk + Rk+1+ Rk+2+ Rk+3)/2 is a class in NS(Y ) and
the intersection form computed on Ri , i � k and on L is the degenerate lattice fD4.
Similarly if n� k = 4 f one finds that the non degenerate sublattice of the primitive
sublattice of NS(Y ) which contains C and Ri is D

f
4 .

Since the lattice spanned by the curves {C, R1, . . . , Rn�1} is degenerate and
does not contain classes with positive self intersection, it can not be the Néron-
Severi group of a projective K3 surface. Hence there exists on Y a (multi)section
for the fibration '|C| : Y ! P1. So there exists a divisor P such that PC = m > 0.
While PRi = m for all Ri such that g(Ri ) = 1, there are several possibilities for
the value PR j if g(R j ) = 0 . Indeed if g(R j ) = 0, PR j has to be non negative,
surely not greater thanm, and can depend on j . In the following we will make some
(arbitrary) choices on m and k, in order to describe explicitly some examples which
seem to be of particular interest.

4.1. The K3 surface Y with NS(Y) ' U

We are assuming that on the K3 surface Y there is a smooth irreducible curve of
genus 1, denoted by C . Then C2 = 0 and '|C| : Y ! P1 is a genus 1 fibration. We
now assume that the fibration '|C| : Y ! P1 admits a section P , so that P2 = �2
and PC = 1. The lattice spanned by C and C + P is a copy of U and the elliptic
fibration on the K3 surface has a Weierstrass form, which is

y2 = x3 + A8(t : s)x + B12(t : s).
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For a general choice of A8 and B12, homogenous polynomials of degree 8 and 12 re-
spectively, the singular fibers are 24I1. Since this elliptic fibration has no reducible
fibers, it is not possible to construct a smooth double cover of Y branched on C
and some rational curves, but it is possible to construct a double cover branched
along the disjoint union of k smooth genus 1 curve. So, retraining the notation
of Theorem 3.2, we have n = k = b, which is an even number. In this case the
surface X is smooth, minimal and it carries an elliptic fibration X ! A, where
A is a smooth curve with g(A) = (k/2) � 1. For a general choice of A8 and
B12, the surface X is not a product and h1,0(X) = g(A) = (k/2) � 1. The
divisor L := (C +

Pk�1
i=1 Ri )/2 is linearly equivalent to k/2 times the class of

the fiber of the fibration, i.e., L ' (k/2)C and L2 = 0. Then h1(Y, L) = k/2
and so h0(Y, L) = 1 + k/2. This implies that the birational invariant of X are
h1,0(X) = k/2� 1 and h2,0(X) = 2+ k/2.

The case k = 2 is of particular interest, since in this case A ' P1 and so
the elliptic fibration defined on X has a rational basis. In this case the Weierstrass
equation of the elliptic fibration on X can be chosen to be

y2 = x3 + A8
�
t2 : s2

�
x + B12

�
t2 : s2

�
. (4.1)

The singular fibers of this fibration are 48I1. The elliptic fibration (4.1) clearly
admits three commuting involutions (which are in fact involutions of the surface X ,
which preserves the elliptic fibration (4.1)):

◆1 : ((t : s); (x, y)) 7! ((�t : s); (x, y)),
◆2 : ((t : s); (x, y)) 7! ((�t : s); (x,�y)),
◆3 : ((t : s); (x, y)) 7! ((t : s); (x,�y)).

(4.2)

By construction, for the quotient it holds X/◆1 ' Y .
We observe that h2,0(X) = 3, and indeed the holomorphic 2-form defined on

the elliptic fibration (4.1) (in the affine subset s = 1) are tr dt^dx/y for r = 0, 1, 2.
We observe that ◆1 preserves the form tdt ^ dx/y but not the forms dt ^ dx/y and
t2dt ^ dx/y and indeed the quotient X/◆1 ' Y has exactly one holomorphic 2-
form, since it is a K3 surface. The involution ◆2 preserves the form dt ^ dx/y and
t2dt ^ dx/y, but not tdt ^ dx/y, so X/◆2 is a surface with two 2-holomorphic
forms. The third involution, ◆3, does not preserves any 2-holomorphic form, hence
h2,0(X/◆3) = 0.

Let us consider the involution ◆2: its fixed locus is contained in the fibers over
t = 0 and t = 1. The fiber over t = 0 is preserved by ◆2, which acts on this fiber as
the elliptic involution, hence on this fiber there are exactly four isolated fixed points.
In order to study the action of ◆2 over t = 1, we have to consider the change of
coordinates (t, x, y) 7! (T, X,Y ) := (1/t, x/t8, y/t12). The involution ◆2 acts
on (T, X,Y ) in the following way (T, X,Y ) 7! (�T, X,�Y ). Now the fiber on
t = 1 is the fiber on T = 0 and also on this fiber ◆2 acts as the elliptic involution
and thus it fixes exactly 4 isolated points on this fiber.



358 ALICE GARBAGNATI

We observe that ◆2 switches all the fibers over t 6= 0 and t 6= 1 (mapping a
point of the fiber over t to its opposite in the fiber over �t). Hence X/◆2 admits an
elliptic fibration with rational base with 24I1 singular fibers which do not contain
singular points of this surface and two fibers such that each of them contains 4
singular points of this surface. The minimal resolution of X/◆2 is an elliptic fibration
with singular fibers 2I ⇤0 + 24I1 and thus the Euler characteristic of this surface is
36. This implies that the Kodaira dimension of X/◆2 is 1 and h2,0(X/◆2) = 2.

The quotient X/◆3 carries a natural fibration in rational curves, since the in-
volution ◆3 acts on each fiber of X ! P1 as the elliptic involution, and thus the
fibration induced on X/◆3 is a fibration in rational curves, in particular X/◆3 has
Kodaira dimension �1.

The involution ◆3 (and also ◆2) induces on Y ' X/◆1 the elliptic involution
and it is known that the quotient of Y by the elliptic involution is isomorphic to the
Hirzebruch surface F4.

So F4 ' X/h◆1, ◆3i, i.e., X is birational to a bidouble cover of F4 and hence
we have the following commutative diagram:

X

{{w

w

w

w

w

w

w

w

w

✏✏ ##

G

G

G

G

G

G

G

G

G

X/◆1

##

F

F

F

F

F

F

F

F

F

X/◆2

✏✏

X/◆3

{{x

x

x

x

x

x

x

x

x

F4

4.2. The K3 surface Y with NS(Y) ' U � D4

Let us assume that NS(Y ) ' U � D4. In this case Y carries an elliptic fibration
with singular fibers I ⇤0 +18I1. So it is possible to choose the curve C to be a smooth
fiber of this fibration and Ri , i = 1, . . . 4 to be the components of I ⇤0 which have
multiplicity 1. This choice corresponds to n = 5, k = 1, b = 2 and thus it produces
a surface X which admits an elliptic fibration over P1.

Up to a choice of the coordinates of P1, we can assume that the fiber of type
I ⇤0 is over t = 0. So, by [8, Table IV.3.1], the elliptic fibration on Y has equation

y2 = x3 + t2A6(t)x + t3B9(t).

The Weierstrass form of X is

y2 = x3 + A6
�
t2
�
x + B9

�
t2
�
. (4.3)

The singular fibers of X are 36I1 and X has the following invariants h1,0(X) = 0,
h2,0(X) = 2. The 2-holomorphic form of X are tr dt ^ dx/y with r = 0, 1.

The three commuting involutions (4.2) are defined over X . The involution ◆1
preserves the form tdt ^ dx/y, the involution ◆2 preserves the form dt ^ dx/y and
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the involution ◆3 does not preserve any holomorphic form on X . So both X/◆1 and
X/◆2 have exactly one 2-holomorphic form induced by the ones of X .

Here we consider the action of ◆1 on X : its fixed locus is contained in the fiber
over t = 0 and t = 1. On the fiber over t = 0, the automorphism ◆1 acts as the
identity. In order to analyze the action of ◆1 over t = 1, we have to consider the
change of coordinates (t, x, y) 7! (T, X,Y ) := (1/t, x/t6, y/t9). The involution
◆1 acts on (T, X,Y ) in the following way (T, X,Y ) 7! (�T, X,�Y ). Now the fiber
on t = 1 is the fiber on T = 0 and on this fiber ◆1 acts as the elliptic involution
and thus it fixes exactly 4 isolated points on it.

We observe that ◆1 switches all the fibers over t 6= 0 and t 6= 1. Hence X/◆1
admits an elliptic fibration with rational base, with 18I1 singular fibers which do
not contain singular points for the surface and one fiber which contains 4 singular
points for the surface. The minimal resolution of X/◆1 is an elliptic fibration with
singular fibers I ⇤0 + 18I1. This implies that the Kodaira dimension of X/◆1 is 0 and
h2,0(X/◆1) = 1, i.e., the minimal resolution of X/◆1 is a K3 surface.

Similarly one obtains that the minimal model of X/◆2 carries an elliptic fibra-
tions with a fiber of type I ⇤0 over t = 0 and the other singular fibers are 18I1, hence
the minimal model of X/◆2 is a K3 surface and it is indeed Y .

The K3 surfaces which are the minimal model of X/◆1 and X/◆2 carry elliptic
fibrations which generically have the same properties (i.e., the Mordell-Weil group
is trivial and the singular fibers ar I ⇤0 + 18I1), hence their Néron-Severi groups
generically are isometric, and indeed isometric to U � D4.

As in Subsection 4.1 the surface X/◆3 carries a fibration in rational curves and
has Kodaira dimension �1.

This construction is quite similar to the one of the previous section, but the
main difference is the value of h2,0(X). In this context h2,0(X) = 2. The fact
that X is a smooth double cover of a K3 surface implies that there is a sub-Hodge
structure of H2(X, Z)which is of K3 type (the pull-back of the one of Y ). But since
h2,0(X) = 2 also the orthogonal to this sub-Hodge structure is another sub-Hodge
structure of K3 type. Here we proved that also this second Hodge structure of K3
type is the pull back of the Hodge structure of a K3 surface (i.e., of the minimal
model X/◆1).

4.3. The K3 surface Y with NS(Y) ' U � D4 � D4

Let us assume that NS(Y ) ' U � D4 � D4. In this case Y carries an elliptic
fibration with singular fibers 2I ⇤0 +12I1. So it is possible to chose the curve C to be
a smooth fiber of this fibration, R1 to be another smooth fiber and Ri , i = 2, . . . 9
to be the simple components of the fibers I ⇤0 . This choice corresponds to n = 10,
k = 2, b = 4 and thus it produces a surface X which admits an elliptic fibration
over a genus 1 curve A.

The singular fibers of X are 24I1 and X has the following invariants: h1,0(X)=1
and h2,0(X)= 2.
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The fibration X ! A has a certain Weierstrass equation of the form y2 = x3+
C(⌧ )x + D(⌧ ), where C(⌧ ) and D(⌧ ) are rational functions on A. By construction
there is an involution ◆A : A ! A such that A/◆A ' P1. The functions C(⌧ ) and
D(⌧ ) are invariant under ◆A and thus there are three commuting involutions defined
over X :

◆1 : (⌧, x, y) 7! (◆A(⌧ ), x, y)
◆2 : (⌧, x, y) 7! (◆A(⌧ ), x,�y)
◆3 : (⌧, x, y) 7! (⌧, x,�y).

(4.4)

These involutions are the analogous of the involutions (4.2) defined in Subsection
4.1. Similarly to Subsection 4.2, one has that X/◆1 and X/◆2 are two surfaces which
admit an elliptic fibration over A/◆A ' P1 whose singular fibers are 12I1 + 2I ⇤0 ,
hence their minimal models are K3 surfaces which generically have Néron-Severi
group isometric toU � D4� D4 (and indeed one of them is the K3 surface Y ). The
surface X/◆3 has a fibration in rational curves with basis A, and thus its Kodaira
dimension is �1.

As in Subsection 4.2 we proved that both the sub-Hodge structures of K3 type
of X are obtained by pull back of the Hodge structure of a K3 surface.

4.4. The K3 surface Y with NS(Y) ' U(2)

Let us assume that NS(Y ) ' U(2). On the K3 surface Y there is a smooth irre-
ducible curve of genus 1, denoted by C with C2 = 0, and '|C| : Y ! P1 is a genus
1 fibration. Moreover the fibration '|C| : Y ! P1 does not admit a section, but
admits a bisection P , so that PC = 2, which is a smooth curve of genus 1, so that
P2 = 0. The lattice spanned by C and P is a copy of U(2). The K3 surface Y is
a 2 : 1 cover of P1 ⇥ P1 branched along a curve of bidegree (4, 4). Let us denote
by (x0 : x1) the homogeneous coordinates of the first copy of P1 and by t an affine
coordinate on the second copy of P1. Then one has the following equation for Y :

y2= t4 p1(x0 : x1) + t3 p2(x0 : x1) + t2 p3(x0 : x1) + tp4(x0 : x1) + p5(x0 : x1) (4.5)

where pi (x0 : x1) are homogenous polynomials of degree 4 in (x0 : x1). For
each fixed value of t , the equation (4.5) is the equation of a 2 : 1 cover of P1(x0:x1)
branched in 4 points, i.e., the equation (4.5) is the equation of a genus 1 fibration
Y ! P1t .

Now we consider the double cover of Y branched along two smooth fibers of
the fibration Y ! P1t , e.g., on the fibers over t = 0 and t = �1. This double
cover is the surface X , which is a minimal surface and admits a genus 1 fibration
over P1 whose equation is

y2= t8 p1(x0 : x1)+ t6 p2(x0 : x1)+ t4 p3(x0 : x1)+ t2 p4(x0 : x1)+ p5(x0 : x1). (4.6)

This fibration has 48 singular fibers, all of type I1, and the invariants of the surface
X are h1,0(X) = 0, h2,0(X) = 3. The involutions (4.2) are well defined also on
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this genus 1 fibration and we can consider the quotients X/◆1 and X/◆2 and X/◆3 as
we did in Subsection 4.1. So we obtain that X/◆1 ' Y while X/◆2 is a surface with
Kodaira dimension 1 and h2,0(X/◆2) = 2, and X/◆3 carries a fibration in rational
curves, its Kodaira dimension is �1 and h2,0(X/◆3) = 0. We obtain the following
commutative diagram:

X
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t

t

t

t

t

t

t

t

t

✏✏ $$

J

J

J

J

J

J

J

J

J

J
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u

u

u

u

u

u

u

P1 ⇥ P1

hence X is a bidouble cover of P1⇥P1. More precisely: the surface X/◆1 ' Y is, by
definition, the double cover of P1(x0:x1) ⇥P1(t :s) branched along the curve of bidegree
(4, 4) Z4,4 := V (t4 p1(x0 : x1) + t3sp2(x0 : x1) + t2s2 p3(x0 : x1) + ts3 p4(x0 :
x1)+s4 p5(x0 : x1)). Denoted by F1 and F2 the curves in P1⇥P1 which corresponds
to (t : s) = (0 : 1) and (t : s) = (1 : 0), the surface X/◆2 is the 2 : 1 cover of
P1 ⇥ P1 branched along the union of Z4,4, F1 and F2 and the surface X/◆3 is the
double cover of P1 ⇥ P1 branched along the union of F1 and F2.

4.5. The K3 surface Y with NS(Y) ' U(2) � D4

Let us assume that NS(Y ) ' U(2) � D4. In this case Y is a double cover of
P1 ⇥ P1 and the genus 1 fibration induced by the projection on the second factor
has a fiber of type I ⇤0 . This corresponds to a specialization of the equation (4.5): we
assume that the branch locus of the double cover Y ! P1 ⇥ P1 splits in the union
of a smooth curve of bidegree (4, 3) and a smooth curve of bidegree (0, 1). So the
equation of Y is

y2 = t
⇣
t3 p1(x0 : x1) + t2 p2(x0 : x1) + tp3(x0 : x1) + p4(x0 : x1)

⌘
(4.7)

where pi (x0 : x1) are homogeneous polynomials of degree 4 in (x0 : x1). Hence, in
analogy with what we did in Subsection 4.4, the double cover X has the following
equation:

w2 = t6 p1(x0 : x1) + t4 p2(x0 : x1) + t2 p3(x0 : x1) + p4(x0 : x1) (4.8)

where w := yt . The surface X carries a genus 1 fibration with singular fibers 36I1
and with basis P1t . So everything is analogous to the case studied in Subsection 4.2,
except the fact that here the fibrations have no sections.
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4.6. The K3 surface Y with NS(Y) ' U(2) � D4 � D4

If NS(Y ) ' U(2)�D4�D4, the K3 surface Y is a 2 : 1 cover of P1⇥P1 branched
along the union of two curves of bidegree (0, 1) and one curve of bidegree (4, 2)
and the equation of the K3 surface in this case is

y2 = t
⇣
t2 p2(x0 : x1) + tp3(x0 : x1) + p4(x0 : x1)

⌘
(4.9)

where pi (x0 : x1) are homogenous polynomials of degree 4 in (x0 : x1). The fibers
over t = 0 and t = 1 are of type I ⇤0 , the other singular fibers are 12I1.

Considering, as in Subsection 4.3, the double cover of Y branched along two
smooth fibers of the fibration and the eight smooth rational curves with multiplicity
1 in the fibers of type I ⇤0 , one obtains a surface X which has a genus 1 fibration
whose base is a genus 1 curve A. The birational invariants of X are h1,0(X) = 1
and h2,0(X) = 2. The involutions (4.4) are well defined and the quotient surfaces
X/◆1 and X/◆2 and X/◆3 have properties analogous to the corresponding surfaces
described in Subsection 4.3.

5. The case g(C) > 1, h = �1

In this section we discuss the double covers f : Xn ! Yn of K3 surfaces with
the following properties (corresponding to the case g(C) > 1 and h = �1 of
Theorem 3.2):
Condition 5.1. Yn is a K3 surface and f : Xn ! Yn is a smooth double cover
branched on n smooth disjoint curves such that n�1 branch curves, denoted by Ri ,
are rational and the remaining curve, denoted by C , has genus g(C) = n � 4 � 2.
Moreover ⇢(Yn) = n.
One of the main results of this section is the existence and the classification of
the K3 surfaces Yn satisfying Condition 5.1. To prove this result we show that the
geometric Condition 5.1 on Yn is equivalent to a lattice theoretic condition on the
Néron-Severi group of Yn , indeed in Theorem 5.8 we will prove that Yn is as in
Condition 5.1 if and only if its Néron-Severi group is contained in the finite list of
lattice given in Definition 5.6. The proof of Theorem 5.8 is essentially contained in
two subsections: in Subsection 5.2 one produces the list of lattices and the meth-
ods of that section are lattice theoretic. In Subsection 5.3 the K3 surfaces whose
Néron-Severi group is contained in the list are described from a geometric point of
view, and this allows to conclude that they coincide with the surfaces satisfying the
Condition 5.1.

Subsection 5.4 is devoted to two specific examples, in which the cover sur-
face Xn can be described as bidouble cover of P2. The results of this section are
related with the following problem: if Yn and Xn are as in Condition 5.1, then
h2,0(Xn) = 2 and there exists an involution, the cover involution, denoted by
◆X , such that Xn/◆X ' Yn . The involution ◆⇤X acts on H

2(Xn, Z) and splits the
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Hodge structure of H2(Xn, Z) in two sub-Hodge structures: one is induced on
H2(Xn, Z)◆ and the other on

�
H2(Xn, Z)◆

�?. Since H2(Xn, Q)◆X ' H2(Yn, Q),
the Hodge decomposition on H2(Xn, Q)◆X is of K3 type, i.e., H (2,0)(Xn)◆X has di-
mension 1. But then also

�
H (2,0)(Xn)◆X

�? has dimension 1, so the Hodge structure
on
�
H2(Xn, Z)◆

�? is of K3 type. Clearly the variation of the sub-Hodge structure
on H2(Xn, Z)◆X depends on the variation of the Hodge structure on H2(Yn, Z), but
one can ask if also the variation of the sub-Hodge structure on

�
H2(Xn, Z)◆

�? is
related to the one of a K3 surface. In Subsection 5.4 we show that at least for two
different surfaces Xn the answer to this question is yes, and indeed the Hodge struc-
ture on

�
H2(Xn, Z)◆

�? is induced by the one of a K3 surface (which is in general
not isomorphic to Yn).

5.1. General facts

Proposition 5.2. If Yn is a K3 surface as in Condition 5.1, then n � 6 and the
birational invariants of Xn are �(Xn) = 3 and h1,0(Xn) = 0 and h2,0(Xn) = 2. In
particular they do not depend on n.

Proof. Let Yn be as in Condition 5.1. The condition g(C) > 1, implies that n > 5.
The class L :=

�
C +

Pn�1
i=1 Ri

�
/2 has self intersection L2 = �2, since C2 =

2n � 10. Thus either L or �L is effective. But LC = n � 5 > 0, so L is effective.
For every effective divisor V with self intersection �2 on a K3 surface, the space
h0(V ) has dimension 1 (indeed if V would be linearly equivalent to an effective
divisor V 0, then V 0 should be a fixed component of |V |, since VV 0 = �2 and thus
V�V 0 should be an effective divisor. But V�V 0 = 0). It follows that h0(Y, L) = 1
and applying (3.1) one finds the statement.

Proposition 5.3. If Yn is a K3 surface as in Condition 5.1, then there exists an
effective class D with D2 = �2 on Yn such that C ' 2D+

Pn�1
i=1 Ri and DRi = 1.

Viceversa if Y is a K3 surface such that ⇢(Y ) = n � 6 and there exists on Y n
rational curves D, Ri , i = 1, . . . n � 1 such that DRi = 1 and Ri R j = 0 if i 6= j ,
and a smooth irreducible curve C such that C ' 2D +

Pn�1
i=1 Ri , then Y admits a

double cover satisfying the Condition 5.1.

Proof. Let Yn be a surface as in Condition 5.1. Then L :=
�
C +

Pn�1
i=1 Ri

�
/2 is a

class in NS(Yn). So also L �
Pn�1

i=1 Ri =
�
C �

Pn�1
i=1 Ri

�
/2 is a class in NS(Yn)

and we call this class D. We observe that D2 = �2, DC = n�5 > 0 and DRi = 1.
In particular D is an effective divisor.

Let Y be a surface which contains the curves D, C and Ri . Since C ' 2D +Pn�1
i=1 Ri and C +

Pn�1
i=1 Ri ' 2

�
D +

Pn�1
i=1 Ri

�
and thus {C, Ri } is a 2-divisible

set of disjoint curves. Hence there exists a smooth double cover of Y branched
on the union of C and Ri . Since C2 = 2n � 10, the smooth curve C has genus
g(C) = n� 4. So the double cover of Y branched on the union of C and the Ri ’s is
as in Condition 5.1.
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Remark 5.4. In Corollary 5.20 we will be able to prove a stronger result on D: the
effective class D necessarily corresponds to a smooth irreducible rational curve.
Remark 5.5. If we assume that on a K3 surface there exist n rational curves D
and Ri , i = 1, . . . , n � 1 with DRi = 1 and Ri R j = 0 for i 6= j and a smooth
irreducible curve C such that C ' 2D +

Pn�1
i=1 Ri , then we are essentially saying

that in the linear system of C there is a reducible curve which splits in the union
of the n rational curves D and Ri . In Proposition 5.3 we assumed that n � 6, in
order to obtain a double cover as in Condition 5.1. In the case n = 5 the curve
C is a smooth curve of genus 1, and defines a genus 1 fibration '|C| : Y ! P1.
The splitting of a curve in the linear system of C as 2D+

P4
i=1 Ri implies that the

genus 1 fibration '|C| : X ! P1 has a fiber of type I ⇤0 . So, in a certain sense, we
are generalizing the construction considered in Subsections 4.2, 4.3, 4.5 and 4.6.

In case n < 5, we have
�
2D +

Pn�1
i=1 Ri

�2
< 0, so there is no smooth irre-

ducible curve C linearly equivalent to 2D +
Pn�1

i=1 Ri .

5.2. The Néron-Severi group of the surfaces Yn

In this section we investigate the possibilities for NS(Yn): our goal will be to con-
struct a list L of all the lattices such that if Yn is a K3 surface as in Condition 5.1,
then NS(Yn) 2 L.

Let Yn be as in Condition 5.1. By Proposition 5.3 the classes D and Ri are
contained in NS(Yn), where D2 = R2i = �2 with DRi = 1 and Ri R j = 0 if i 6= j .
So the lattice spanned by D and Ri is contained in NS(Yn). Since both NS(Yn) and
hD, Ri i have rank n, the inclusion hD, Ri i ,! NS(Yn) has finite index.

Let L(1)
n be the lattice which is represented by the matrix

L(1)
n '

2

6
6
6
6
4

�2 1 1 . . . 1
1 �2 0 . . . 0
1 0 �2 . . . 0
...

...
...

. . .
...

1 0 0 . . . �2

3

7
7
7
7
5

. (5.1)

It is generated over Z by the classes d, r1, . . . rn�1 such that d2 = r2i = �2 with
dri = 1 and rir j = 0 for i 6= j .

Equivalently we can say that L(1)
n is generated over Q by the vectors c, ri ,

i = 1, . . . , n�1 such that cri = rir j = 0 if i 6= j with c2 = 2n�10 and r2i = �2,
and in order to have a Z basis we add the class l := (c +

Pn�1
i=1 ri )/2. We observe

that d = l �
Pn�1

i=1 ri is such that d
2 = �2 and dri = 1, i = 1, . . . , n � 1.

Hence L(1)
n is a hyperbolic lattice of rank n with d(L(1)

n ) = (�1)n�12n�2(n�5)
and (L(1)

n )_/L(1)
n ' Z/(2n � 10)Z ⇥ (Z/2Z)n�3.

We also define some other lattices, which are overlattices of finite index of
L(1)
n .
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If n � 9, then we define L(2)
n as the overlattice of index 2 of L(1)

n obtained
by adding to a Z basis of L(1)

n the class
�P8

i=1 ri
�
/2. We have d(L(2)

n ) =

(�1)n�12n�4(n�5) and if n 6= 9, then (L(2)
n )_/L(2)

n ' Z/(2n�10)Z⇥(Z/2Z)n�5;
if n = 9, then (L(2)

9 )_/L(2)
9 ' (Z/2Z)7.

If n � 13, then we define L(4)
n as the overlattice of index 2 of L(2)

n obtained
by adding to a Z basis of L(2)

n the class
�P12

i=5 ri
�
/2. We observe that L(4)

n is
an overlattice of index 22 of L(1)

n . We have d(L(4)
n ) = (�1)n�12n�6(n � 5) and

(L(4)
n )_/L(4)

n ' Z/(2n � 10)Z ⇥ (Z/2Z)n�7.
If n � 15, then we define L(8)

n as the overlattice of index 2 of L(4)
n obtained by

adding to a Z basis of L(4)
n the class (r1 + r2 + r5 + r6 + r9 + r10 + r13 + r14)/2.

We observe that L(8)
n is an overlattice of index 23 of L(1)

n . We have d(L(8)
n ) =

(�1)n�12n�8(n � 5) and (L(8)
n )_/L(8)

n ' Z/(2n � 10)Z ⇥ (Z/2Z)n�9.
If n � 16, then L(16)

n is the overlattice of index 2 of L(8)
n obtained by adding to

a Z basis of L(8)
n the class (r1+r3+r5+r7+r9+r11+r13+r15)/2. We observe that

L(16)
n is an overlattice of index 24 of L(1)

n . We have d(L(16)
n ) = (�1)n�12n�10(n�5)

and (L(16)
n )_/L(16)

n ' Z/(2n � 10)Z ⇥ (Z/2Z)n�11.
Definition 5.6. Let us denote by L the following list of lattices:

L :=

8
>>>>>><

>>>>>>:

L(r)
n with r = 1, 2, 4, 8, 16 and
if r = 1 then 6  n  12
if r = 2 then 9  n  13
if r = 4 then 13  n  14
if r = 8 then n = 15
if r = 16 then n = 16.

9
>>>>>>=

>>>>>>;

Proposition 5.7. Let Yn be as in Condition 5.1. Then n  16 and NS(Yn) 2 L.

Proof. We assume that Yn , C and Ri are as in Condition 5.1, so the classes c := [C]
and ri := [Ri ] are contained in NS(Yn), as well as the class 12

�
[C] �

P
i [Ri ]

�
=

1
2
�
c �

Pn
i=2 ri

�
= d. This implies that the lattice L(1)

n is contained in NS(Yn).
Since this lattice has rank n and we assume that ⇢(Yn) = n, this inclusion has
a finite index. We now construct the possible overlattices of finite index of L(1)

n
which can be admissible Néron-Severi groups of Yn .

The discriminant group of L(1)
n is generated by the n � 2 vectors c

2n�10 + r1
2 ,

ri+ri+1
2 for i = 1, . . . , n � 3 and thus an overlattice of L(1)

n is obtained by adding a
linear combination

w = ↵1

✓
c

2n � 10
+
r1
2

◆
+

 
n�3X

j=1
↵ j

✓
ri + ri+1

2

◆!

such that w2 2 2Z, to the lattice L(1)
n .
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So we are assuming that w 62 L(1)
n , but w 2 NS(Yn). Now we distinguish two

possibilities: either 2w2L(1)
n or 2w 62L(1)

n . If 2w2L(1)
n , then w generates a copy of

Z/2Z in NS(Yn)/L(1)
n and thus it is equivalent modulo L(1)

n to
�
�0c+

Pn�1
i=1 �i ri

�
/2

with �i 2 {0, 1}. If 2w 62 L(1)
n , then 2w = (2↵1c)/(2n�10) is a non trivial element

in NS(Yn)/L(1)
n . This implies that c is a divisible element in NS(Yn), i.e., there

exists a 2 N such that c/a 2 NS(Yn) and thus 2a2|c2 = 2n � 10. This can happen
only if (n, a) = (9, 2), (13, 2), (14, 3), (17, 2), so for n = 9, 13, 14, 17 we have to
discuss also this possibility (in the last part of the proof).

Let us first assume that c is not divisible in NS(Yn) so that w is of the form�
�0c +

Pn�1
j=1 � j r j

�
/2, mod L(1)

n where �i 2 {0, 1}.
If �0 ⌘ 0 mod 2, then we are adding a linear combination of the classes of the

rational curves Ri with coefficients in 12Z and the classw satisfies the conditions on
the 2-divisible set of disjoint rational curves given in Proposition 2.6. If we assume
n  16, thanks to results reminded in Proposition 2.6, the unique overlattices of
L(1)
n obtained by adding classes w of the form

�Pn�1
j=1 � j r j

�
/2, � j 2 Z/2Z, are the

lattices L(2)
n , L(4)

n , L(8)
n , L(16)

n defined above.
If �0 ⌘ 1 mod 2, then the class d � w =

�
c �

Pn�1
i=1 ri

�
/2 � w mod L(1)

n
is a linear combination of the classes of the rational curves Ri with coefficients in
1
2Z, so d � w is a vector of type

�Pn�1
j=1 � j r j

�
/2, � j 2 Z/2Z. Since dn 2 L(1)

n ,
the lattice obtained by adding the vector w is the same lattice obtained by adding
the lattice d � w and so we are exactly in the previous case (i.e., the overlattice
is obtained by adding a linear combination of the classes of the rational curves Ri
with coefficients in 1

2Z). Hence if we assume n  16, we obtain again the lattices
L(2)
n , L(4)

n , L(8)
n , L(16)

n defined above.
In order to prove that n  16 and the other results on the possible Néron-Severi

groups, we remind (once again) the following: let r(L) be the rank of a lattice L
which is primitively embedded in 3K3 (for example the Néron-Severi lattice of a
K3 surface) and l(L) be its length, then l(L)  min{r(L), 22� r(L)}.

Let us consider the lattice L(1)
n . As we said, its discriminant group is generated

by the n� 2 vectors c
2n�10 + r1

2 and
ri+ri+1
2 for i = 1, . . . , n� 3. Hence the rank is

r(L(1)
n ) = n and the length is l(L(1)

n ) = n � 2. This lattice can be the Néron-Severi
of a K3 surface only if n�2  min{n, 22�n}. In particular if n � 13 then NS(Yn)
can not be isometric to L(1)

n .
Let us now assume that n � 9. In this case we have a set of n � 1 disjoint

rational curves which can contain a (sub)set of 8 disjoint rational curves which is
2-divisible. Let us assume that there is exactly one (sub)set of 8 disjoint rational
curves which is 2-divisible and (up to a choice of the indices) we assume that it
is {r1, . . . r8}. So we add to the basis of L(1)

n the class
P8

i=1 ri/2 obtaining the
overlattice L(2)

n . Here we have to consider two cases: n = 9 and n > 9. If n = 9,
then L(2)

n contains the vector v =
�
c +

P8
i=1 ri

�
/2 and the vector

P8
i=1 ri/2, thus

it contains also the vector c/2 (and this is the case where c is divisible). The basis
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of the discriminant group of L(2)
9 is given by (c/2)/2 and (ri + ri+1)/2 for i =

1, 2, 3, 4, 5, 6. The length is l(L(2)
9 ) = 7. If n > 9, then the discriminant group of

L(2)
9 is generated by c/(2n � 10) + r9/2, (ri + ri+1)/2 for i  n � 3 and i 6= 8, 9.
In this cases the length is l(L(2)

n ) = n � 4. As in case L(1)
n , also in this case the

comparison between r(L(2)
n ) = n and l(L(2)

n ) gives condition on n. If n � 14, then
NS(Yn) can not be isometric to L(2)

n .
Similarly if n � 13 we have a set of n � 1 disjoint rational curves which can

contain two subsets of 8 disjoint rational curves which are 2-divisible and up to a
permutation of the indices this can be done in a unique way. So let us add to the
basis of L(2)

n also the class
P12

i=5 ri/2. We obtain the lattices L
(4)
n . The length of

this lattice can be computed as before and it is l(L(4)
n ) = n � 6. So, if n � 15, then

NS(Yn) can not be isometric to L(4)
n .

If n � 15 (respectively 16) we have a set of n � 1 disjoint rational curves
which can contain 3 (respectively 4) subsets of 8 disjoint rational curves which
are 2-divisible and up to a permutation of the indices this can be done in a unique
way. So let us add to the basis of L(4)

n (respectively L(8)
n ) another 2-divisible class.

We obtain the lattice L(8)
n (respectively L(16)

n ). The length of this lattice can be
computed as before and it is l(L(8)

n )=n � 8 (respectively l(L(16)
n )=n � 10). So, if

n�16 (respectively n�17), then NS(Yn) can not be isometric to L(8)
n (respectively

L(16)
n ).
If n=17, the K3 surface Yn should contain 16 disjoint rational curves. In this

case Y17 should be a Kummer surface and NS(Y17) contains also the sum of all these
classes divided by 2. But then it also contains the class c/2

�
=
�
c�

P16
i=1 ri

�
/2+

P16
i=1 ri/2

�
. Its self-intersection should be c2/4 = (34 � 10)/4 = 6. Since c/2 is

orthogonal to the classes r j , then NS(Y17) should be an overlattice of finite index
of h6i � K in which K is primitively embedded. Anyway there are no admissible
overlattice of h6i � K in which K is primitively embedded and which has index
greater than 1, so NS(Y17) should be equal to h6i�K , which is impossible, because
the length of h6i � K is 7 and its rank is 17.

The unique cases which remain open are the cases where c is divisible, which
can appear if (n, a)=(9,2), (13,2), (14,3), (17,2). We already discussed the divisi-
bility of c in case n = 9, obtaining the lattice L(2)

9 . We excluded the case n = 17.
Let us consider the case n = 13. In this case, since

�
c �

P12
i=1 ri

�
/2 is contained

in NS(Yn), if c/2 is contained in NS(Yn), then we have that
P12

i=1 ri/2 2 NS(Yn),
but the sum of 12 disjoint rational curves can not be 2-divisible on a K3 surface. So
we exclude also this case. It remains only the case (n, a) = (14, 3). Since we have
13 disjoint rational curves, we know that there are exactly two 2-divisible subset of
8 disjoint rational curves, so obtain an overlattice of index 223 of L(1)

n . This lattice
is a 2-elementary lattice of rank 14 length 8 and its discriminant form take values
in Z. But there exist no K3 surfaces whose Néron-Severi group is characterized by
these invariants (see [12, Table 1]).
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5.3. The existence and the geometry of Yn and the existence of Xn

In this section we prove the existence of the K3 surfaces Yn admitting the even set
of curves required by Condition 5.1. This immediately implies the existence of
the surfaces Xn , double covers of Yn branched along C [

S
i Ri . In the following,

for each value of (n, r) such that L(r)
n 2 L, we prove the existence of the surface

Y (r)
n such that NS(Y (r)

n ) ' L(r)
n , we describe the geometry of the surface Y (r)

n and
we prove that the classes c and ri considered in Subsection 5.2 are supported of
smooth irreducible curves. This allows to conclude the existence of the smooth
double cover X (r)

n ! Y (r)
n as in Condition 5.1. The results of this section (Proposi-

tions 5.9, 5.14 and 5.17) together with Proposition 5.7 imply the following theorem,
which concludes the classification of the K3 surfaces admitting a double cover as
in Condition 5.1.

Theorem 5.8. There exist K3 surfaces as in Condition 5.1 for every integer n such
that 6  n  16. More precisely, a K3 surface Yn as in Condition 5.1 exists if and
only if NS(Yn) 2 L.

5.3.1. The lattice L(1)
n

Proposition 5.9. If 6  n  12, then there exists a K3 surface Y (1)
n such that

NS(Y (1)
n ) ' L(1)

n . Moreover one can assume that c is the class of a pseudoample
divisor on Y (1)

n .
If n > 6, then '|c|(Y (1)

n ) ⇢ Pn�4 has n�1 nodes, all these nodes are contained
in the same hyperplane H ' Pn�5 ⇢ Pn�4, they are all contained in a rational
normal curve in Pn�5 and the hyperplane section H \ '|c|(Y (1)

n ) consists of this
rational normal curve with multiplicity 2.

If n = 6, the map '|c| : Y (1)
6 ! P2 is a 2 : 1 cover branched along the union

of a line and a smooth irreducible quintic.
The set of curves given by (the pull back of) a smooth hyperplane section of

'|c|(Y (1)
n ) and the rational curves contracted by '|c| is 2-divisible so the K3 surface

Y (1)
n admits a double cover X (1)

n ! Y (1)
n as in Condition 5.1.

Proof. Existence of Y (1)
n . The rank of L(1)

n is n and its length is n � 2. By [9,
Theorem 1.14.4], a lattice L admits a primitive embedding in 3K3 if l(L)  20 �
rank(L), we conclude that L(1)

n admits a primitive embedding in 3K3 if n  11. In
order to extend this result to the case n = 12 we consider the discriminant group of
L(1)
12 . It is (Z/14Z) ⇥ (Z/2Z)9 and it is generated by the vectors

d1 := c/14+ r1/2, d6 := (r5 + r6)/2,
d2 := (r1 + r2)/2, d7 := (r8 + r9)/2,
d3 := (r2 + r3)/2, d8 := (r9 + r10)/2,
d4 := (r3 + r4 + r7 + r8)/2, d9 := (r7 + r8 + r9 + r10)/2,
d5 := (r4 + r5)/2, d10 := (r4 + r5 + r6 + r7)/2.
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Since the sublattice generated by d9 and d10 is orthogonal to the one generated by
di with i = 1, . . . 8 with respect to the discriminant form and the discriminant form
computed on d9 and d10 is the same as the discriminant form of U(2), then [9,
Theorem 1.14.4] guarantees that L(1)

12 can be primitively embedded in 3K3.
By the Torelli theorem, there exists a K3 surface (and in fact a (20 � n)-

dimensional space of K3 surfaces) Y (1)
n such that NS(Y (1)

n ) ' L(1)
n .

The divisor c is pseudoample and without fixed components. The class c can be
chosen to be a pseudoample class, since it has a positive square and we can assume
that the chamber of the positive cone which corresponds to the ample cone has c in
its closure. By [13, Theorem page 79], since c is pseudoample, it has a fixed part
if and only if it is c = aE + 0 where a 2 N, while |E | is a free pencil and 0 is
an irreducible (�2)-curve such that E0 = 1. Here we exclude this case if n > 6.
Indeed, if c ' aE +0, then cE = (aE +0)E = 1. So there should exist a class E
such that cE = 1. Each class in NS(Y (1)

n ) ' L(1)
n is of the form ↵c +

Pn�1
j=1 � j r j ,

where either ↵,� j 2 Z or all the numbers ↵, � j for j = 1, . . . n� 1 are non integer
and contained in 1

2Z. So we are looking for ↵, � j for j = 1, . . . , n � 1 such that
�
↵c+

Pn�1
j=1 � j r j

�
c = (2n�10)↵ = 1. This is impossible if n > 6. Hence if n > 6

then |c| has no a fixed part.
The linear system |c| defines a map to Pn�4, which is 1:1 provided that n > 6.

Indeed, by [14, Section (4.1)], '|c| is either 1:1 or 2:1 and by [14, Theorem 5.2] it
is 2:1 if and only if one of the following conditions hold:

• There exists a smooth curve B of genus 2 such that c ' 2B;
• There exists a smooth curve E of genus 1 such that cE = 2.

The existence of the curve B would implies that c/2 2 NS(Y (1)
n ) ' L(1)

n , which is
easily proved to be false, since we have an explicit Z basis of L(1)

n . The existence
of the curve E can be excluded in a similar way. Indeed if E exists, its class is
↵c+

Pn�1
j=1 � j r j , where either ↵,� j 2 Z or all the numbers ↵, � j for j = 1, . . . n�1

are non integer and contained in 1
2Z. Since E should be a smooth curve of genus

1, and
�
↵c +

Pn�1
j=1 � j r j

�2
= (2n � 10)↵2 � 2

Pn�1
j=1 �2j = 0 and since cE = 2,

c
�
↵c +

Pn�1
j=1 � j r j

�
= 2(n � 5)↵ = 2. Hence we have two possibilities: either

n � 5 = ↵ = 1, but we are assuming n > 6, or n � 5 = 2 and ↵ = 1
2 . In the latter

case
�1
2c +

P6
j=1 � j r j

�2
= 1 � 2

P
j �

2
j  1 � 264 = �2, so the class of E does

not satisfy E2 = 0 and hence such a curve does not exist on Y (1)
n .

The surface '|c|(Y (1)
n ) has n�1 nodes, all contained in the same hyperplane.

The orthogonal to c in L(1)
n , say c

?
L(1)
n , is spanned by the classes ri . So the classes

ri form a bases of the root lattice orthogonal to c. By [1, Lemma 3.1], there exists a
basis of the root lattice of c

?
L(1)
n which is supported on smooth irreducible rational

curves. Thus we can assume that ri are the classes of smooth disjoint rational
curves. Since cri = 0, the curves ri are contracted to simple nodes on '|c|(Y (1)

n ).
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We recall that the vector L(1)
n contains also the class dn :=

�
c �

Pn�1
j=1 r j

�
/2.

Since d2n = �2 and dnc = n � 5 > 0, the class dn is effective, and thus also
2dn is effective. But if the nodes '|c|(Y (1)

n ) ⇢ Pn�4 would not be contained in a
hyperplane, the divisor 2dn = c�r1�. . .�rn�1 is not effective, since it corresponds
to the hyperplane passing through the nodes '|c|(ri ). Thus all the nodes are on
the same hyperplane, denoted by H . By construction the class of the hyperplane
section H \'|c|(Y (1)

n ) is 2dn , where dn is an effective class. If the curve represented
by dn would be reducible, then there exist two vectors wn, un 2 L(1)

n , possibly
coinciding, such that dn = wn + un , un and wn represent effective divisors and
do not contain the curves represented by ri as components. So we can assume that
wn = ↵c +

Pn
j=2 � j r j and un = � c +

Pn
j=2 � j r j with ↵, � j , � , � j 2 1

2Z. By
wnc � 0, unc � 0, we deduce that ↵ � 0 and � � 0; from dnc = (wn + un)c =
n � 5 and c2 = 2n + 10, we deduce that ↵ + � = 1

2 and so ↵ = 0 and � = 1
2 (or

viceversa). Similarly, by wnri � 0 and unri � 0 and dn = wn + un and � = 1
2 ,

one deduces that wn = 0 and dn = un . Hence '|c|(dn) ⇢ H \ '|c|(Y (1)
n ) is the

class of a rational curve in H ' Pn�5, of degree n � 5 = cdn , i.e., it is a rational
normal curve in Pn�5. Since dnri = 1, the curve represented by dn passes through
n � 1 given points (and this determines such a curve in Pn�5 uniquely) and the
hyperplane section H \ '|c|(Y (1)

n ) is this curve with multiplicity 2.
The case n = 6. In this case c2 = 2. Since there exists no a class E such that

cE = 1 and E2 = 0, the class c can not be expressed as aE + 0 where |E | is a
free pencil, 0 is a rational curve such that E0 = 1. Thus, by [13, Theorem page
79], |c| has no fixed part. Hence '|c| : Y (1)

n ! P2 is a 2 : 1 cover, branched on
a (possibly singular and reducible) sextic. The classes r j correspond to irreducible
rational curves (as in case n > 6) and they are contracted by '|c|. So the branch
locus of the double cover '|c| : Y (1)

n ! P2 has 5 singular points, which are simple
nodes. The class d2 has self intersection �2 and cd2 = 1, so d2 is effective and
'|c|(d2) is a line passing through the nodes. The pullback of the branch locus is
represented by the class 3c � r1 � r2 � r3 � r4 � r5, which split into the sum of
d2 and d2 + 2c. So the branch locus splits in the union of 2 curves, one of them is
the line '|c|(d2) and the other is the quintic '|c|(d2 + 2c). The latter is irreducible
because otherwise there should be other divisible classes in L(1)

6 which represent
the components of this quintic (alternatively one can observe that NS(Y (1)

6 ) ' L(1)
6

is a 2-elementary lattice of rank 6 and length 4, so Y (1)
6 admits a non symplectic

involution acting trivially on NS(Y (1)
6 ) which is exactly the cover involution of the

map '|c| : Y (1)
6 ! P2. The rank and the length of NS(Y (1)

6 ) allows to compute the
topology of the fixed locus of this involution, and those of the branch of the cover,
which consists of the union of a smooth rational curve and a smooth curve of genus
6, cf. [12]).

The K3 surface Y (1)
n admits a 2-divisible set and thus has a smooth cover

Xn . This is clear by what we said above: if n > 6, let us consider a smooth
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hyperplane section of '|c|(Y (1)
n ) with a hyperplane which does not contain any

nodes of '|c|(Y (1)
n ). It is a smooth irreducible curve on the K3 surface, denoted

by C and the class of C is exactly the vector c. The curve C is orthogonal to the
smooth irreducible curves contracted by '|c|, whose classes are r j . Since dn =
�
c �

Pn�1
i=1 ri

�
/2 2 NS(Y (1)

n ), we have that c +
Pn�1

i=1 ri = 2
�
dn +

Pn�1
i=1 ri

�
and

thus c +
Pn�1

i=1 ri is 2-divisible. This allows us to construct the double cover Xn as
in Condition 5.1. The case n = 6 is analogous except for the fact that the curve C
is a 2 : 1 cover of the hyperplane section of projective space |c| ' P2.

Remark 5.10. The surfaces '|c|(Y (1)
n ) as in Proposition 5.9 satisfy the hypothesis

of [16, Lemma 3.7]. Thus, the choice of the curve C in the branch locus of the
double cover of Y (1)

n is not unique. We observe that the same is true also for the
surfaces '|c|(Y (i)

n ) with i = 2, 4, 8 considered in Propositions 5.14 and 5.17

Proposition 5.11. If NS(Y (1)
n ) ' L(1)

n and n > 6, the projection of '|c|(Y (1)
n ) ⇢

Pn�4 from the (n�7)-dimensional projective space generated by n�6 of the nodes
'|c|(ri ) ⇢ Y (1)

n exhibits Y (1)
n as double cover of P2 branched along a sextic which

splits in a line and a smooth quintic. There are n� 6 conics in P2 such that each of
these conics intersects the branch reducible sextic with even multiplicity in each of
their intersection points.

Proof. Let us consider the map '|c| : Y (1)
n ! Pn�4 and let us choose n � 6 nodes

in '|c|(Y (1)
n ). They span a linear space, Pn�7, of dimension n � 7 and the image

of the projection of Pn�4 by Pn�7 is P2. Since the degree of '|c|(Y (1)
n ) is 2n � 10,

the intersection of '|c|(Y (1)
n ) with a generic linear space of dimension n � 6 which

contains Pn�7 consists of 2n � 10 points, counted with their multiplicity. Since
Pn�7 contains n � 6 nodes of '|c|(Y (1)

n ), there are other 2 = (2n � 10) � 2(n � 6)
points of intersection between '|c|(Y (1)

n ) and a generic linear space of dimension
n � 6 which contains Pn�7. So the projection of '|c|(Y (1)

n ) by Pn�7 is a 2 : 1 map
'|c|(Y (1)

n ) ! P2.
The image, under the projection from Pn�7, of the rational normal curve H \

'|c|(Y (1)
n ) is in the branch locus of the 2 : 1 map '|c|(Y (1)

n ) ! P2, since it has
multiplicity 2. Without loss of generality we can assume that the n � 6 nodes
spanning Pn�7 are '|c|(Ri ) for i = 1, . . . , n � 6. Then the 2 : 1 map '|c|(Y (1)

n ) !

P2 is induces on Y (1)
n by the linear system |c �

Pn�6
i=1 ri |. We will denote by h the

divisor c �
Pn�6

i=1 ri .
The curves Ri with n� 5  i  n� 1 are contracted by the map '|h| : Y (1)

n !

P2 (indeed they correspond to the nodes of '|c|(Y (1)
n ) which are not contained in

Pn�7). The class of the branch locus is 3h �
Pn�1

i=n�5 ri = 3
�
c �

Pn�6
i=1 ri

�
�

Pn�1
i=n�5 ri . The branch curve is a reducible sextic with 5 nodes, the images of Ri
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for n � 5  i  n � 1. It is reducible since the image of the rational normal
curve H \ '|c|(Y (1)

n ) is sent, by the projection to P2, to a component of the branch
locus. Since its class is dn :=

�
c �

Pn�1
i=1 ri

�
/2 and hdn =

�
c �

Pn�5
i=2 ri

�
dn =

(2n � 10 � 2(n � 6))/2 = 1, one deduces that '|h|(dn) is a line in the branch
locus. Thus the curve 3h �

Pn�1
i=n�5 ri �

�
c �

Pn�1
i=1 ri

�
/2 = 3

�
c �

Pn�6
i=1 ri

�
�

Pn�1
i=n�5 ri �

�
c �

Pn�1
i=1 ri

�
/2 =

�
5h �

Pn�1
j=n�5 r j

�
/2 is a (possibly reducible)

quintic in the branch locus. The points of intersection between the line '|h|(dn)
and the quintic '|h|

��
5h �

Pn�1
j=n�5 r j

�
/2
�
are the 5 points '|h|(ri ) with i � n � 5.

Since
��
5h �

Pn�1
j=n�5 r j

�
/2
�2

= 10, the curve represented by this class has genus
6, which is indeed the genus of a smooth plane quintic.

We now consider the image of the curves Ri if i  n�6. In this case hRi = 2,
thus '|h|(Ri ) is either a line or a plane conic, which splits in the double cover
'|h| : Y (1)

n ! P2. The first case is impossible, since the pullback of a line not
contained in the branch locus on Y (1)

n is linearly equivalent either to the class h or
to a class h � R j , for j � n � 5 but Ri is linearly equivalent neither to h nor to
h � R j . Thus '|h|(Ri ) is a plane conic, which splits in the double cover. Indeed
both the classes ri and 2h � ri are mapped on the same conic by '|h|.

To recap: the map '|h| : Y (1)
n ! P2 is a 2:1 map whose branch locus has 5

singularities (in the points '|h|(R j )with n�5  j  n�1) and is the union of a line
(which is '|h|(dn)) and a smooth quintic

�
'|h|

��
5h �

Pn�1
j=n�5 r j

�
/2
��
. There are

n�6 conics which split in the double cover (which are '|h|(Ri ), for i  n�6). Since
Ri R j = 0 if i 6= j , these conics never pass through the nodes of the branch locus.
Since they split in the double cover, their intersection with the branch locus has an
even multiplicity in every intersection point and since they never pass through the
singular points of the branch locus, this implies that they are tangent to the branch
locus in every intersection points. Moreover, if n > 7, two of these conics never
intersect in points which are on the branch locus (otherwise their inverse image on
Y (1)
n should intersect, but this never happens since Ri R j = 0 if i 6= j).

Remark 5.12. Let us consider the K3 surface Y (1)
12 such that NS(Y (1)

12 ) ' L(1)
12 .

Then the map '|h| defined in Proposition 5.11 exhibits Y (1)
12 as double cover of P2

branched along the union of a quintic Q and a line L . Moreover there are 6 conics
Fi for i = 1, . . . 6, with special properties with respect to Q and L , indeed they are
such that:

• It holds Fi \ Q \ L = ; for every i ;
• The multiplicity of intersection of Fi and Q is even in each of their intersection
points (in particular Fi is tangent to Q in every intersection points);

• The multiplicity of intersection of Fi and L is even in each of their intersection
points (in particular Fi is tangent to L in every intersection points);

• An intersection point of the two conics Fi and Fj is never contained in Q [ L .



SMOOTH DOUBLE COVERS OF K3 SURFACES 373

Each of these conics is an odd theta characteristic of Q, but they also have the
peculiarity that all of them are tangent to the same line.

We recall that it is always possible to find tangent conics to a smooth quintic,
since as we noticed, these correspond to the odd theta characteristics of the quintic.
But in order to find the previous configurations of Q, L and Fi one has to fix a quin-
tic which is such that there exists 6 odd theta characteristics which are associated
to conics with a commune tangent line. The existence of this configuration can be
proved exactly by the existence of the K3 surface Y (1)

12 . Moreover, since Y
(1)
12 lives

in an 8 dimensional space, we expect that 8 is also the dimension of the space of
quintics with this property. In Corollary 5.19 we improve the bound on the number
of conics with the same properties as the Fi ’s.

Proposition 5.13. Let Wn be a K3 surface which admits a model '(Wn) ⇢ Pn�4
whose singularities are at worst simple double points. If there is a hyperplane
5 ⇢ Pn�4 such that '(Wn) \ 5 is a rational normal curve in 5 ' Pn�5 with
multiplicity 2, then '(Wn) has n � 1 nodes, all contained in the same hyperplane
5 of Pn�4.

If the Picard number of Wn is n, then Wn admits a 2 : 1 cover as in Condi-
tion 5.1.

Proof. Let us denote by H the pseudoample divisor such that '|H | : Wn ! Pn�4.
Then H2 = 2n � 10. Each hyperplane section of '|H | is represented either by
the class H or by the class H �

P f
i=1 Mi where Mi are classes in NS(Wn) which

represent smooth rational curves contracted by H . In this case we are considering
the hyperplane section of '|H |(Wn) passing through f nodes, which are '|H |(Mi ).
Since the curves Mi are contracted by '|H | and HMi = 0 and since the singularities
of '|H |(Wn) are at worst double points, MiMj = 0 if i 6= j . Moreover M2

i = �2,
because Mi are smooth rational curves. Let us assume that a hyperplane section
of '|H |(Wn) is a curve D counted with multiplicity 2. Thus the class of 2D is a
hyperplane section, so either 2D ' H or 2D ' H �

P f
i=1 Mi . By hypothesis

D is a smooth rational curves on Wn , so D2 = �2, so either (H/2)2 = �2 or��
H �

P f
i=1 Mi

��2
= �2. The condition (H/2)2 = �2 implies H2 = �8, which

is not possible. The condition
��
H�

P f
i=1 Mi

�
/2
�2

= �2 implies n�5� f = �4,
i.e., f = n � 1. So there exist n � 1 nodes on '|H |(Wn) and a hyperplane passing
through all these nodes which cuts a rational curve on '|H |(Wn) with multiplicity
2, whose class is D. The degree of the curve represented by D is DH = n � 5,
hence D is a rational normal curve in Pn�5. By the assumptions the classes H and
Mi form a 2-divisible set of disjoint curves, so there exists a smooth double cover
of Wn and it is as in Condition 5.1, since the genus of a generic curve in |H | is
H2/2+ 1 = n � 4.
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5.3.2. The lattice L(2)
n

Proposition 5.14. If 9  n  13, then there exists a K3 surface Y (2)
n such that

NS(Y (2)
n ) ' L(2)

n . Moreover one can assume that c is the class of a pseudoample
divisor on Y (2)

n and if n > 9, '|c|(Y (2)
n ) ⇢ Pn�4 has n � 1 nodes.

All these nodes are contained in the same hyperplane H ' Pn�5 ⇢ Pn�4, they
are all contained in a rational normal curve in Pn�5 and the hyperplane section
H \ '|c|(Y (2)

n ) consists of this rational normal curve with multiplicity 2.
If n = 9, the map '|c/2| : Y (2)

9 ! P2 is a 2 : 1 cover branched along the
union of a conic and a quartic. Denoted by V2 : P2 ! P5 the Veronese map,
'|c| : Y (2)

9 ! P5 is the composition V2 � '|c/2|.
In all the cases theK3 surface Y (2)

n admits a smooth double cover X (2)
n ! Y (2)

n
as in Condition 5.1.

Proof. The proof is very similar to the one of Proposition 5.9. In particular the
proof of the existence of the K3 surfaces Y (2)

n ' L(2)
n is analogous and we omit it.

As in proof of Proposition 5.9, one can assume that c is pseudoample and
using [13, Theorem page 79] and [14, Section (4.1) and Theorem 5.2] one proves
that |c| has no fixed part and defines a 1 : 1 map if n > 9. In particular we observe
that '|c| is 2 : 1 if there exists a smooth curve B of genus 2 such that c ' 2B. The
existence of the curve B would imply that c/2 2 NS(Y (2)

n ) ' L(2)
n , which is easily

proved to be false if n > 9 (we observe that on the other hand this is true if n = 9).
The root lattice of c

?
L(2)
n is spanned by the classes ri . By [1, Lemma 3.1], there

exists a basis of the root lattice c
?
L(2)
n which is supported on smooth irreducible ra-

tional curves. Thus we can assume that ri are the classes of smooth disjoint rational
curves. Since cri = 0, the curves ri are contracted to simple nodes on '|c|(Y (2)

n ).
As in proof of Proposition 5.9 one has that the class dn :=

�
c�

Pn
j=2 r j

�
/2 2 L(2)

n
is effective and so all the nodes are on the same hyperplane, denoted by H . By
construction the class of the hyperplane section H \ '|c|(Y (2)

n ) is 2dn , where dn is
an effective class. If the curve represented by dn would be reducible, then there
exists two classes u and v such that u + v ' dn with uc > 0 and vc > 0. Since
all the elements in L(2)

n are linear combinations of c and ri for i = 1, . . . , n � 1
with coefficients in 1

2Z then u := ↵c +
Pn�1

i=1 �ri and v := ac +
Pn�1

i=1 bri with
↵,�, a, b 2 1

2Z . By uc > 0, it follows that ↵ > 0 and by vc > 0, it follows that
a > 0. By u + v = dn , it follows that ↵ + a = 1

2 , which is impossible, since both
↵ and a are contained in 12Z and are positive.

The case n = 9. In this case c2 = 8. Since the class
P8

i=1 ri/2 is contained
in NS(Y (2)

n ), also the class dn +
P8

i=1 ri/2 = c/2 is contained in NS(Y (2)
n ). There

exists no class E such that (c/2)E = 1 and E2 = 0, so the class c/2 can not be
expressed as aE + 0 where |E | is a free pencil, 0 is a rational curve such that
E0 = 1. Thus, by [13, Theorem page 79], |c/2| has no a fixed part. Hence '|c/2| :
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Yn ! P2 is a 2 : 1 cover, branched on a (possibly singular and reducible) sextic.
The classes r j correspond to irreducible rational curves (as in case n > 9) and they
are contracted by '|c/2|. So the branch locus of the double cover '|c/2| : Y (2)

9 ! P2
has 8 singular points, which are simple nodes. The class d9 has self intersection
�2 and (c/2)d9 = 2, so d9 is effective and '|c/2|(d9) is a conic passing through
the points '|c/2|(ri ). The pulllback of the branch locus is represented by the class
3(c/2) � r1 � r2 � r3 � r4 � r5 � r6 � r7 � r8, which splits into the sum of d9 and
d9 + c/2. So the branch locus splits in the union of 2 curves, one of them is the
conic '|c/2|(d9) and the other is '|c/2|(d9 + c/2). Since (c/2)(d9 + c/2) = 4 and
(d9 + c/2)2 = 4, the curve '|c/2|(d9 + c/2) is an irreducible smooth plane quartic
curve. As in proof of Proposition 5.9, one can also observes that Y (2)

9 admits a non
symplectic involution whose fixed locus is a rational curve and a curve of genus 3.
The divisor c is hyperelliptic, by [14, Theorem 5.2], since there exists a curve B
of genus 2, whose class is c/2, such that c ' O(B). The map induced by |c| is
described in [14, Proposition 5.6]: '|c| : Y (2)

n ! P5, is the composition of the map
'|c/2| and the Veronese embedding P2 ! P5.

There exists the smooth double cover X (2)
n . This is clear by what we said

above: If n > 9, let us consider a smooth hyperplane section of '|c|(Y (2)
n ) with a

hyperplane which does not contains any nodes of '|c|(Y (2)
n ), n > 9. It is a smooth

irreducible curve on the K3 surface, denoted by C and the class of C is exactly the
vector c. The curve C is orthogonal to the smooth irreducible curves contracted by
'|c|, whose classes are r j . Since dn =

�
c �

Pn�1
i=1 ri

�
/2 2 NS(Y (2)

n ), we have that
c +

Pn�1
i=1 ri = 2

�
dn +

Pn�1
i=1 ri

�
and thus c +

Pn�1
i=1 ri is 2-divisible. Similarly, if

n = 9, we denote by C a curve in |c|, which is a smooth curve of genus 5, and by
Ri the curve contracted by '|c| and we obtain that {C, Ri } is a divisible set and by
construction the double cover branched on C [i Ri satisfies the Condition 5.1.

Proposition 5.15. If NS(Y (2)
n ) ' L(2)

n and n > 9, then there exists a choice
of n � 6 nodes '|c|(Ri ) ⇢ '|c|(Y (2)

n ) such that the projection of '|c|(Y (2)
n ) ⇢

Pn�4 from the (n � 7)-dimensional projective space generated by these nodes ex-
hibits Y (2)

n as double cover of P2 branched along a sextic which is the union of
a line and a smooth quintic. There are n � 6 conics such that each of these in-
tersects the branch (reducible) sextic with even multiplicity in each intersection
point.

For n > 9, there also exists a choice of n � 9 nodes '|c|(Ri ) ⇢ '|c|(Y (2)
n ) such

that the projection of '|c|(Y (2)
n ) ⇢ Pn�4 from the (n � 10)-dimensional projective

space generated by these nodes exhibits Y (2)
n as double cover of V2(P2) ⇢ P5,

where V2 is the Veronese embedding P2 ! P5. Indeed the surface Y (2)
n admits

a 2 : 1 map to P2 branched along the union of a conic and a quartic. There are
n�9 lines which intersect the branch locus with even multiplicity in the intersection
points and which do not pass through the nodes of the branch locus.
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Proof. The proof is very similar to the one of Proposition 5.11 and we omit it. We
only make some useful remarks: one can assume that the nodes of '|c|(Y (2)

n ) which
form a 2-divisible set are '|c|(Ri ) for i = 1, . . . 8. Then the projection from the
linear space generated by the nodes '|c|(Ri ) for i = 1, . . . n � 6 contracts exactly
5 rational curves of Y (2)

n , i.e., the curves Ri for i = n � 5, . . . , n � 1. Indeed
one can explicitly determine the number of (�2)-classes orthogonal to c�

Pn�6
i=1 ri

and observe that it is 5, up to the choice of a sign. This implies the smoothness
of the quintic which is a component of the branch locus of the 2 : 1 map to P2 in
the statement, indeed the branch locus has exactly 5 singular points which are the
intersection points of the line (image of the class dn) and the quintic.

In the second statement one has to observe that the divisor dn+
�P8

i=1 ri
�
/2 =

�
c �

Pn�1
j=9 r j

�
/2 is contained in the Néron Severi group, hence the divisor c �

Pn�1
j=9 r j is 2-divisible. Since c �

Pn�1
j=9 r j corresponds to the projection of

'|c|(Y (2)
n ) ⇢ Pn�4 from the (n � 10)-dimensional projective space generated by

n � 9 of the nodes '|c|(Ri ) ⇢ '|c|(Yn) with n � 9 < i  n to P2, one obtains that
the map '|c�

Pn�1
j=9 r j |

is the composition of '|(c�
Pn�1

j=9 r j )/2|
and the Veronese embed-

ding V2, by [14, Proposition 5.6]. The irreducibility of the conic and the quartic in
the branch locus of the double cover of P2 can be proved as before. The lines which
are tangent to the branch locus are given by '|(c�

Pn�1
j=9 r j )/2|

(Rk) for k � 9.

Remark 5.16. Let us consider the K3 surface Y (2)
13 such that NS(Y (2)

13 ) ' L(2)
13 .

Then the map '��
�
⇣
c�
P12

i=9 ri
⌘
/2
�
�
�
defined in Proposition 5.15 exhibits Y (2)

13 as double

cover of P2 branched along the union of a quartic R and a conic B. Moreover there
are 4 lines Gi , i = 1, . . . , 4, with special properties with respect to R and B, indeed
they are such that:

• It holds Gi \ R \ B = ; for every i ;
• The multiplicity of intersection of Gi and R is even in each of their intersection
points (in particular Gi is tangent to R in every intersection points);

• The multiplicity of intersection of Gi and B is even in each of their intersection
points (in particular Gi is tangent to B in every intersection points);

• The intersection points between two lines Gi and G j are never contained in
R [ B.

Each of these lines is an odd theta characteristic of R. This result is similar to the
one of Remark 5.12, but in this case the existence of the configuration of curves
R, B and Gi is a direct consequence of the existence of 4 bitangent lines for the
quartic R. Indeed once one fixes R and 4 bitangent lines Gi to R, there is a 1-
dimensional family of conics which are tangent to all these lines and thus it is surely
possible to choose B in this family (one possibly has to exclude the conics passing
through the intersection points between R and Gi ). In Corollary 5.19 we improve
the bound on the number of lines with the same properties of the Gi ’s.
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5.3.3. The lattices L(r)
n , r > 2

In this section we state results on the lattices L(r)
n and on the K3 surfaces Y (r)

n such
that NS(Y (r)

n ) ' L(r)
n in case r > 2. The results and the proofs are analogous to

the ones described for the cases r = 1 and r = 2 in Subsections 5.3.1 and 5.3.2
respectively.

Proposition 5.17. Let n = 13, 14 (respectively n = 15, n = 16), then there exists
a K3 surface Y (4)

n (respectively Y (8)
15 , Y

(16)
16 ) such that NS(Y (r)

n ) ' L(r)
n for r = 4

(respectively r = 8, r = 16). Moreover, one can assume that c is the class of a
pseudoample divisor on Y (r)

n and '|c|(Y (r)
n ) ⇢ Pn�4 has n � 1 nodes.

All these nodes are contained in the same hyperplane H ' Pn�5 ⇢ Pn�4, they
are all contained in a rational normal curve in Pn�5 and the hyperplane section
H \ '|c|(Y (r)

n ) consists of this rational normal curve with multiplicity 2.
The K3 surface Y (r)

n admits a smooth double cover X (r)
n ! Y (r)

n as in Condi-
tion 5.1 for r = 4, 8, 16.

Proposition 5.18. If NS(Y (r)
n ) ' L(r)

n r = 4, 8, 16, then there exists a choice of
n � 6 nodes '|c|(Ri ) ⇢ '|c|(Y (r)

n ) such that the projection of '|c|(Y (r)
n ) ⇢ Pn�4

from the (n� 7)-dimensional projective space spanned by these nodes exhibits Y (r)
n

as double cover of P2 branched along a sextic which is the union of a line and a
smooth quintic. There are n� 6 conics such that each of these conics intersects the
branch reducible sextic with even multiplicity in each intersection point.

There exists a choice of n� 9 nodes '|c|(Ri ) ⇢ '|c|(Y (r)
n ) such that the projec-

tion of '|c|(Y (r)
n ) ⇢ Pn�4 from the (n�10)-dimensional projective space generated

by these nodes exhibits Y (r)
n as double cover of V2(P2) ⇢ P5, where V2 is the

Veronese embedding P2 ! P5. Indeed the surface Y (r)
n admits a 2 : 1 map to P2

branched along the union of a conic and a quartic. There are n � 9 lines which in-
tersect the branch locus with even multiplicity in the intersection points and which
do not pass through the nodes of the branch locus.

Corollary 5.19. There exist a quintic Q, a line L and at least 9 different conics Fi ,
i = 1, . . . , 9 in P2 such that:

• It holds Fi \ Q \ L = ; for every i;
• The multiplicity of intersection of Fi and Q is even in each of their intersection
points (in particular Fi is tangent to Q in every intersection points);

• The multiplicity of intersection of Fi and L is even in each of their intersection
points (in particular Fi is tangent to L in every intersection points);

• The intersection points between two conics Fi and Fj are never contained in
Q [ L .

Each of these conics cuts an odd theta characteristic of Q.
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There exist a quartic R, a conic B and at least 7 different lines Gi , i = 1, . . . , 7
in P2 such that:

• It holdsGi \ R \ B = ; for every i;
• The multiplicity of intersection of Gi and R is even in each of their intersection
points (in particular Gi is tangent to R in every intersection points);

• The multiplicity of intersection of Gi and B is even in each of their intersection
points (in particular Gi is tangent to B in every intersection points);

• The intersection points between two conics Gi and G j are never contained in
R [ B.

Each of these lines cuts an odd theta characteristic of R.

Proof. The existence of these configurations follows directly by the existence of the
K3 surface Y (16)

16 .

Corollary 5.20. With the same notation of Proposition 5.3, the effective divisor D
on Yn such that C ' 2D+

Pn�1
i=1 Ri represents a smooth irreducible rational curve

if NS(Y (r)
n ) ' L(r)

n , for every admissible pair (n, r).

Proof. The class of the effective divisor D coincides with the class dn := (c �Pn�1
i=1 ri )/2 which is sent by the map associated to a certain divisor, to a line l in

P2. In the (singular) double cover of P2 branched along the line l and a smooth
quintic, the pull back of the line l is still irreducible. Then one blows up the 5
singular points of the double cover: the class dn is the class of the strict transform
of the pull back of the line l, so it is the strict transform of an irreducible curve. We
deduce that D is irreducible on Y (r)

n .

5.4. The surfaces X(1)
6 and X(2)

9 , bidouble covers of P
2

In this section we consider two interesting examples: the smooth double covers
of the K3 surfaces Y (1)

6 and Y (2)
9 . The peculiarity of these examples is that the

Néron-Severi groups of both the surfaces Y (1)
6 and Y (2)

9 are 2-elementary, so each
of these surfaces admits a non-symplectic involution which acts trivially on the
Néron-Severi group. The main result is that this involution lifts to an involution of
the double cover surfaces, X (1)

6 and X (2)
9 . Indeed we will show that the surfaces

X (1)
6 and X (2)

9 are bidouble covers of P2. This provides a very clear geometric
description of the surfaces X (1)

6 and X (2)
9 and has an interesting consequence for the

Hodge structure of their second cohomology groups.

5.4.1. The surfaces Y (1)
6 and X (1)

6

Let Y (1)
6 be a K3 surface such that NS(Y (1)

6 ) ' L(1)
6 . With the same notation as

Proposition 5.9, we have that '|c| : Y (1)
6 ! P2 is a double cover branched along
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the line l := '|c|(d6) and the quintic q := '|c|
�
(5c �

P5
i=1 ri )/2

�
. We denote

by ◆Y the cover involution on Y (1)
6 . By Proposition 5.9, Y (1)

6 admits a double cover
X (1)
6 ! Y (1)

6 which satisfies Condition 5.1. Let us now consider the curve C ⇢ Y (1)
6

which is the curve of genus 2 contained in the branch locus of the double cover
X (1)
6 ! Y (1)

6 . It is sent to a line by the map associated to its linear system, i.e., by
'|c|. We denote by m the line '|c|(C) ⇢ P2. We observe that m 6= l, indeed l is in
the branch locus of the double cover '|c| : Y (1)

6 ! P2 and m is not.

Proposition 5.21. Let S(1)
6 be the bidouble cover of P2 branched on m [ l [ q with

multiplicity 2 on each component. Then the surface X (1)
6 is birational to S(1)

6 .

Proof. The surface S(1)
6 , a bidouble cover of P2, is uniquely determined by the data

Di with i = 1, 2, 3 and Li for i = 1, 2, 3 as in [3, Proposition 2.3], where Di are
the effective divisor corresponding to the branch of the three double covers of P2
and 2Li ⌘ Dk + Dj . In our situation the curves in the branch locus are l, m and
q and their classes in Pic(P2) ' ZH are respectively H , H and 5H . Assuming
D1 ' [m] = H , D2 ' [l] = H , D3 ' [q] = 5H we have L1 ⌘ 3H and L2 ⌘ 3H
and L3 ⌘ H . These data determine S(1)

6 uniquely. Moreover S(1)
6 is a smooth

surface, since l and m and q are smooth and have simple normal crossings. Let us
denote by Y (1)0

6 the double cover of P2 branched along l [ q. The surface Y (1)0
6 is a

singular model of the K3 surface Y (1)
6 , obtained by the contraction of the 5 rational

curves Ri . By construction S(1)
6 is the double cover of Y (1)0

6 branched along the 5
singular points of Y (1)0

6 and the pull back of m on Y (1)0
6 . Since the singular points

of Y (1)0
6 correspond to the 5 rational curves Ri on Y (1)

6 and the pull back of m on
Y (1)0
6 is the image of C ⇢ Y (1)

6 under the contraction map Y (1)
6 ! Y (1)0

6 then S(1)
6 is

birational to the double cover of Y (1)
6 branched along C and the curves Ri , so it is

birational to X (1)
6 .

By construction, we have the following commutative diagram:

S(1)
6

!!

C

C

C

C

C

C

C

C

✏✏}}{

{

{

{

{

{

{

{

Y (1)0
6

""

E

E

E

E

E

E

E

E

W (1)0
6

✏✏

V (1)0
6

||y

y

y

y

y

y

y

y

P2

where W (1)0
6 is the double cover of P2 branched along m [ q and V (1)0

6 is the double
cover of P2 branched along l [ m. The minimal model W (1)

6 of W (1)0
6 is a K3
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surface (sinceW (1)0
6 is a double cover of P2 branched on a reducible sextic) and each

minimal model V (1)
6 of V (1)0

6 is a smooth rational surface. In particular h2,0(W (1)
6 ) =

1 and h2,0(V (1)
6 ) = 0.

The surface S(1)
6 admits three commuting involutions, �1, �2 and �3, such that

S(1)
6 /�1 ' Y (1)0

6 and S(1)
6 /�2 ' W (1)0

6 and S(1)
6 /�3 ' V (1)0

6 . Hence the Hodge struc-
ture of H2(S(1)

6 , Q) splits in eigenspaces relative to the actions of �1 and �2. In
particular we will denote by H2(S(1)

6 , Q)(✏,⌘), with {✏, ⌘} 2 {+1,�1} the intersec-
tion of the eigenspace of the value ✏ for �1 and the eigenspace of the value ⌘ for �2.
So we have the following decomposition:

H2
⇣
S(1)
6 , Q

⌘
= H2

⇣
S(1)
6 , Q

⌘

(+1,+1)
� H2

⇣
S(1)
6 , Q

⌘

(�1,+1)

� H2
⇣
S(1)
6 , Q

⌘

(+1,�1)
� H2

⇣
S(1)
6 , Q

⌘

(�1,�1)
.

The Hodge structure on H2(S(1)
6 , Q) induces a Hodge structure on each eigenspace

H2(S(1)
6 , Q)(✏,⌘). Since S(1)

6 /h�1, �2i is P2 and h2,0(P2) = 0, we have that
H2,0(S(1)

6 )(+1,+1) is trivial. The same holds for H2,0(S(1)
6 )(�1,�1), which corre-

sponds to the subspace invariant for �3, and S(1)
6 /�3 is a rational surface. The

Hodge structure of both H2(S(1)
6 , Q)(�1,+1) and H2(S(1)

6 , Q)(+1,�1) is of K3 type:
one is induced by the Hodge structure of H2(Y (1)

6 , Z), and the other is induced by
the Hodge structure of H2(W (1)

6 , Z).
Since the transcendental part of the second cohomology group of a surface is

not influenced by birational transformations, we deduce that on TX (1)
6
we have two

sub-Hodge structures of K3 type and each of them is induced by the Hodge structure
of the transcendental part of the second cohomology group of a K3 surface.
Remark 5.22. Generically the Néron-Severi groups of the K3 surfaces W (1)

6 and
Y (1)
6 are isometric, since both Y (1)

6 andW (1)
6 are the minimal resolution of the double

cover of P2 branched along a line and a smooth quintic. However, the surfacesW (1)
6

and Y (1)
6 are not isomorphic, in general, since the specialization of one of them

(assuming for example that there exists a plane curve which meets m [ q always
with even multiplicity) does not imply the same specialization for the other. Thus,
under certain choice, one can obtain different Néron-Severi groups for W (1)

6 and
Y (1)
6 .
Remark 5.23. We underline that our construction is strongly related to the pres-
ence of the involution ◆Y on Y (1)

6 . Indeed the involution induced by �2 (and also
by �3) on Y (1)0

6 is the same involution induced by ◆Y 2Aut(Y (1)
6 ) on the contracted

surface Y (1)0
6 . Equivalently we can observe that ◆Y induces an involution ◆0Y on Y

(1)0
6

and the two lifts of this involution on S(1)
6 are �2 and �3.
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5.4.2. The surfaces Y (2)
9 and X (2)

9

Let Y (2)
9 be a K3 surface such that NS(Y (2)

9 ) ' L(2)
9 . With the same notation as

Proposition 5.14, we have that '|c/2| : Y (2)
9 ! P2 is the double cover branched

along the conic u := '|c/2|
��
c �

P8
i=1 ri

�
/2
�
and the quartic q := '|c/2|

�
c �

�P8
i=1 ri

�
/2
�
. We denote by ◆Y the cover involution on Y (2)

9 . By Proposition 5.14,
Y (2)
9 admits a double cover X (2)

9 ! Y (2)
9 which satisfies the Condition 5.1. Let us

now consider the curve C ⇢ Y (2)
9 which is the curve of genus 5 contained in the

branch locus of the double cover X (2)
9 ! Y (2)

9 . Since the class of C is c and the
double cover Y (2)

9 ! P2 is defined by the linear system of the divisor c/2, the
image of C in P2, is the conic v := '|c/2|(C) ⇢ P2. We observe that u 6= v, and
indeed u is in the branch locus of the double cover '|c/2| : Y (2)

9 ! P2 and v is not.
This situation is very similar to the one analyzed in Subsection 5.4.1 (indeed

only the degree of the curves in P2 changes) and so one obtains similar results.
Proposition 5.24. Let S(2)

9 be the bidouble cover of P2 branched on u [ v [ q with
multiplicity 2 on each component. Then the surface X (2)

9 is birational to S(2)
9 .

By construction, we have the following commutative diagram:

S(2)
9

!!

C

C

C

C

C

C

C

C

✏✏}}{

{

{

{

{

{

{

{

Y (2)0
9

""

E

E

E

E

E

E

E

E

W (2)0
9

✏✏

V (2)0
9

||y

y

y

y

y

y

y

y

P2

where W (2)0
9 is the double cover of P2 branched along v [ q and V (2)0

9 is the double
cover of P2 branched along u [ v. The minimal model W (2)

9 of W (2)0
9 is a K3

surface (since W (2)0
9 is a double cover of P2 branched on a reducible sextic) and

a minimal model V (2)
9 of V (2)0

9 is a rational surface. In particular h2,0(W (2)
9 ) = 1

and h2,0(V (2)
9 ) = 0. So also in this case the Hodge decomposition of H2(X (2)

9 , Z)
splits in eigenspaces and in particular one finds two sub-Hodge structures of K3
type, both of them induced (by pull back) by the Hodge structure of the middle
cohomology of the K3 surfaces Y (2)

9 and W (2)
9 .

Remark 5.25. As we already observed the construction of the surfaces X (2)
9 and

X (1)
6 as bidouble cover of P2 is strongly related to the presence of the involution ◆Y

on Y (2)
9 and on Y (1)

6 and thus to the fact that the lattice NS(Y (2)
9 ) and NS(Y (1)

6 ) are
two elementary. These two lattices are the unique two elementary lattices which
appear in the list L.
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5.5. The K3 surfaces Yn admit a lot of different double covers

If Y (1)
6 is a K3 surface with NS(Y (1)

6 ) ' L(1)
6 , then Y

(1)
6 admits the 2 : 1 map '|C| :

Y (1)
6 ! P2, described in Proposition 5.9. In Subsection 5.4.1 we described the
geometry of the smooth double cover X (1)

6 of Y (1)
6 branched along the 2-divisible set

{C, Ri }. We observe that the surface Y (1)
6 admits also another smooth double cover,

which is of the type described in Subsection 4.5, i.e., branched along a smooth
curve of genus 1 and 4 rational curves. Indeed, if one considers the pencil of lines
in P2 through the point '|C|(R5) (which is a singular point of the branch locus of the
double cover '|C| : Y (1)

6 ! P2), this induces a pencil of curve of genus 1 on Y (1)
6 ,

whose class is E ' C � R5. Hence '|E | : Y (1)
6 ! P1 is a genus 1 fibration with a

bisection, whose class is R5. This fibration has a unique reducible fiber, which is of
type I ⇤0 and corresponds to the line l ⇢ P2 (i.e., with the unique line of the pencil of
lines in P2 which is contained in the branch locus of the cover '|C| : Y (1)

6 ! P2).
The components of the fiber of type I ⇤0 are the curves Ri , i = 1, . . . , 4, and the
curve D, counted with multiplicity 2.

In the linear system |E | there exists a smooth curve of genus 1, and we denote
it by E . Let us now consider the set of disjoint curves {E, R1, R2, R3, R4}. This is
a 2-divisible set on Y (1)

6 , indeed

E + R1 + R2 + R3 + R4 ' C � R5 + R1 + R2 + R3 + R4
' (C + R5 + R1 + R2 + R3 + R4) � 2R5

' 2(L � R5) 2 NS
⇣
Y (1)
6

⌘
.

So one can construct a double cover of Y (1)
6 (which is of course totally different

from X (1)
6 ) which is branched along E and Ri , i = 1, 2, 3, 4. This is indeed what is

done in Subsection 4.5.
Now let us consider the K3 surfaces Yn such that NS(Yn) ' L(1)

n for n > 6.
All these K3 surfaces admit a model as double cover of P2 branched along the
union of a line and a quintic, by Proposition 5.11, which is associated to the linear
system |C�

Pn�6
i=1 Ri | (with the same notation of the proof of Proposition 5.11). So

there is a smooth irreducible curve of genus 2 in the linear system |C �
Pn�6

i=1 Ri |
and we denote this curve by M . The set {M, Rn�5, . . . , Rn�1} is a 2-divisible set
of disjoint smooth curves, so Yn admits not only the double cover branched along
{C, R1, . . . , Rn�1} but also a double cover branched along {M, Rn�5, . . . , Rn�1}.
This latter cover is of the type described in Subsection 5.4.1, i.e., it is branched
along a smooth curve of genus 2 and 5 disjoint rational curves. Moreover, by the
same argument as before (i.e., considering the pencil of lines through a singular
point of the branch locus '|C�

Pn�6
i=1 Ri |

: Yn ! P2) one proves that Yn admits also a
double cover branched along a smooth curve of genus 1 and 4 rational curves, i.e.,
a double cover as in Subsection 4.5.
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Similarly, for all the admissible n, the K3 surfaces Y (2)
n such that NS(Y (2)

n ) '
L(2)
n admit a double cover branched along the union of a smooth genus 1 curve and
4 smooth rational curves (as the double cover descried in Subsection 4.5) and a
double cover branched along a curve of genus 5 and 8 disjoint rational curves (as
the one described in Subsection 5.4.2). Indeed, by the Proposition 5.15, the surfaces
Y (2)
n admit a model as double covers of P2 branched along the union of a conic u
and a quartic q. Let us denote by {Rn�8, . . . Rn�1} the curves contracted by this
double covers and by M a curve which is the pull back to Y (2)

n of a generic conic in
P2. Then the set {M, Rn�8, . . . Rn�1} is a 2-divisible set of smooth disjoint curves,
so there exists a smooth double cover of Y (2)

n branched along this set.
Let us now consider the pencil of conics in P2 passing through 4 of the eight

points u \ q (we can assume that these points are the contraction of the curves
Rn�8, . . . , Rn�5). This pencil of conics induces a pencil of genus 1 curve on Y (2)

n
and thus a genus 1 fibration Y (2)

n ! P1. We denote by E a smooth fiber of this
fibration. The set {E, Rn�4, . . . Rn�1} is a 2-divisible set of smooth curves on Y (2)

n
and so Y (2)

n admits a smooth double cover branched along a curve of genus 1 and 4
rational curves.

More generally speaking, if one proves that the linear system|C�
Pk

i=1Ri |con-
tains a smooth irreducible curveM , then it has genus n�4�k and{M,Rk+1,. . .Rn�1}
is a 2-divisible set which allows one to construct a double cover of Y (r)

n branched
along a curve of genus n � 4� k and n � k rational curves.

6. Remarks on the cases g(C) > 1, h 6= �1

In this section we would like to describe some generalizations of the previous results
to the case h 6= �1. In particular we will investigate the existence of K3 surfaces
admitting a double cover as in Condition 6.1 providing results both in the case of the
biggest possible value of n and in the case of the lowest possible value of n. Then
we discuss an example, which is a generalization of the construction described in
Subsection 5.4.
Condition 6.1. Let S(h)

n be a K3 surface with ⇢(S(h)
n ) = n and let Z (h)

n ! S(h)
n be

a smooth double cover branched on n curves such that n � 1 of them, denoted by
Ri for i = 1, . . . , n � 1, are rational and the remaining curve, denoted by C , has
genus g(C) = n + 4h. We assume h � �3 and g(C) � 2.

Proposition 6.2. If n = 17 there exist K3 surfaces as in Condition 6.1 if and only
if h is even. In this case S(h)

17 ' Km(A(h)) where A(h) is an Abelian surface with a
polarization of degree 4+ h.

If n = 16 there exists a K3 surface as in Condition 6.1 for every h � �3.
If h � 1 there exists a K3 surface as in Condition 6.1 with n = 1.

Proof. Let us assume that n = 17 and that S(h)
17 satisfies Condition 6.1. Then,

by construction, the classes of the curves C and Ri , for i = 1, . . . , 16 span, over
Q, the Néron-Severi group of the surface S(h)

17 . By [10], if there are 16 disjoint
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rational curves on a K3 surface, then the minimal primitive sublattice of the Néron-
Severi group which contains these curves is the Kummer lattice K . So the lat-
tice K is primitively embedded in NS(S(h)

17 ), and hence S(h)
17 is a Kummer surface

Km(A(h)) for a certain Abelian surface A(h), cf. [10]. Moreover, the class C is
orthogonal to K and the class

�
C +

P16
i=1 Ri

�
/2 is contained in NS(S(h)

17 ). Since
�P16

i=1 Ri
�
/2 2 K ⇢ NS(S(h)

17 ), it follows that C/2 2 NS(S(h)
17 ). So S(h)

17 has a
polarization, orthogonal to K which has degree (C/2)2 = (g(C) � 1)/2 = 8+ 2h.
Since the orthogonal to K in NS(Km(A(h))) is isometric to NS(A(h))(2) and
NS(A(h)) is an even lattice, it follows that 8 + 2h ⌘ 0 mod 4, i.e., h is even.
Moreover, since on Km(A(h)) we have a polarization (C/2) with degree 8+ 2h, on
A(h) there is a polarization of degree 4+ h.

Let us now consider an Abelian surface A(h) such that NS(A(h)) ' h4 + hi
and let us consider the Kummer surface Km(A(h)). This is a K3 surface on which
there are 16 rational curves, denoted by Ri , with i = 1, . . . , 16, arising from the
desingularization of the quotient A(h)/◆A. Moreover there is a polarization, say
H , induced by the polarization on A(h) and with degree 8 + 2h. The divisor H
is pseudoample and without fixed components, thus a general member of the linear
system |2H | is smooth and will be denoted byC . Now it is clear thatC+

P16
i=1 Ri is

a 2-divisible set, which allows one to construct a double cover of S(h)
17 ' Km(A(h))

as in Condition 6.1.
The case n = 16 is similar: one first observe that the curves Ri , with i =

1, . . . , 15 spans the lattice M(Z/2Z)4 and then one observes that in this case C2 =
2g(C) � 2 = 30 + 8h = 2(15 + 4h). Denoted by d := 15 + 4h one obtains that
d ⌘ 3 mod 4. Then [7, Theorem 8.3] implies that there exists a K3 surface S(h)

16
whose Néron-Severi group is an overlattice of index 2 of h2di � M(Z/2Z)4 obtained
by adding exactly the vector (C +

P15
i=1 Ri )/2 to h2di � M(Z/2Z)4 . But this is the

vector which is associated to the required double cover. Viceversa, let S(h)
16 be a K3

surface whose Néron-Severi group is an overlattice of index 2 of h2di � M(Z/2Z)4

obtained by adding (C +
P15

i=1 Ri )/2 to h2di � M(Z/2Z)4 , where C is the class
spanning h2di and the Ri ’s are a basis of the roots lattice of M(Z/2Z)4 . Then, by [5,
Theorem 5.2], the Ri ’s represent smooth irreducible curves and C is a polarization,
whose linear system contains a smooth irreducible curve. Since {C, Ri } is an even
set, by the properties of the Néron-Severi group, we conclude that the K3 surface
S(h)
16 is as in Condition 6.1.
The case n = 1 and h � 1 was already discussed in Subsection 3.2.

6.1. The cases h = 0 and h = �2, an example

In Subsections 5.4.1 and 5.4.2 we considered two K3 surfaces which are double
covers of P2 branched along a sextic B which is reducible and has exactly two
components, in one case a line and a quintic in the other case a conic and a quartic.
Both these K3 surfaces admit a smooth double cover and it turns out that the smooth
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double cover is birational to a bidouble cover of P2 branched along the union of
three curves, two of which are the components of the reducible sextic B. It is
now natural to consider the unique remaining case of sextic which splits in two
components, the case of a sextic B which is the union of two cubics b1 and b2. In
this section we consider the K3 surface Y which is a double cover of P2 branched on
B = b1 [ b2. We show that Y admits two double covers (X and Z ) as in Condition
6.1 (for different values of h) and both these double covers are bidouble covers of
P2 branched along b1, b2 and a third curve. One of these double covers is the one
constructed in [4, 15].

Let us consider a K3 surface Y whose Néron-Severi group is the lattice gen-
erated over Q by the classes c and ri for i = 1, . . . 9 with c2 = 2 and r2i = �2
if cri = rir j = 0, i 6= j and which is generated over Z by the same classes and
by
�
c +

P9
i=1 ri

�
/2. Then NS(Y ) is a 2-elementary lattice with rank 10, length 8

and whose discriminant form takes values in Z. The divisor c can be chosen to be
pseudo ample and '|c| : Y ! P2 is a generically 2 : 1 cover branched along the
union of two cubics b1 and b2. The class of each component of the ramification
curve in Y is

�
3c �

P9
i=1 ri

�
/2 and the intersection points b1 \ b2 are '|c|(ri ).

In the linear system |c| there is a smooth irreducible curve C2 of genus 2, and
we denote by l the line '|c|(C2). Similarly, in the linear system |3c| there is a
smooth irreducible curve C10 of genus 10 and we denote by b3 the cubic '|c|(C10).

By construction, the set {C2, R1, . . . R9} is 2-divisible on Y and the smooth
surface X which is the double cover of Y branched along C2 [

S9
i=1 Ri is an ex-

ample of smooth double cover of a K3 surface as in Condition 6.1 with n = 10 and
h = �2. This is the case already considered in [4, 15].

Similarly, the set {C10, R1, . . . R9} is 2-divisible on Y and the smooth surface
Z which is the double cover of Y branched along C10

S
[9i=1Ri is an example of

smooth double cover of a K3 surface as in Condition 6.1 with n = 10 and h = 0.

Proposition 6.3. Let U2 be the bidouble cover of P2 branched on b1 [ b2 [ l with
multiplicity 2 on each component. Then the surface X is birational to U2.

LetU10 be the bidouble cover of P2 branched on b1[b2[b3 with multiplicity 2
on each component. Then the surface Z is birational to U10.

In particular, we observe that there exists the following diagram:

U10

!!

C

C

C

C

C

C

C

C

✏✏}}|

|

|

|

|

|

|

|

Y 0

!!

B

B

B

B

B

B

B

B

W 0

✏✏

V 0

}}|

|

|

|

|

|

|

|

P2

where W 0 is the double cover of P2 branched along b2 [ b3 and V 0 is the double
cover of P2 branched along b1 [ b3. So the minimal models of the surfaces Y 0, W 0,
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V 0 are all K3 surfaces, denoted by Y , W and V . We have h2,0(U10) = h2,0(Z) = 3
and the Hodge structure of U10 (and thus of Z ) splits in three sub-Hodge structures
of K3 type, each of them induced by the Hodge structure of a K3 surface (i.e., of Y ,
W and V ).
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