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An elliptic equation with indefinite nonlinearities
and exponential critical growth in R?

EVERALDO S. MEDEIROS, UBERLANDIO B. SEVERO AND ELVES A. B. SILVA

Abstract. In this paper we study the existence, nonexistence and multiplicity
of positive solutions for a class of semilinear elliptic problems involving indefi-
nite nonlinearities with exponential critical growth of Trudinger-Moser type. The
main hypothesis is that the indefinite term is the product of a weight function, hav-
ing a thick zero set, and a nonlinear function with exponential critical growth sat-
isfying a version of the Ambrosetti-Rabinowitz superlinear condition. Our proofs
rely on a variational approach and sub-supersolution methods.

Mathematics Subject Classification (2010): 35J91 (primary); 35A01, 35J25
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1. Introduction

In this paper we consider a class of semilinear elliptic problems involving a sign-
changing weight function and a nonlinearity with exponential critical growth. More
precisely, we study the existence, nonexistence and multiplicity of positive solutions
for the Dirichlet problem

—Au = du+ W(x) f(u) in Q

P
u=~0 on 0%, (P2)

where @ ¢ R2? is a smooth bounded domain, W € C(Q) is a weight function
that changes sign, f € C(R) has exponential critical growth and A > A, with
A1 denoting the first eigenvalue of the operator —A under the Dirichlet boundary
conditions.

The existence of positive solutions for indefinite elliptic problems like (Py)
has already been established in various contexts in the dimension n > 3. If the
domain 2 is a compact manifold of dimension n > 3, the critical exponent case
f(s) = |s|2*_2s, where 2* = 2n/(n — 2), arises in the prescribed scalar curvature
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problem (see [23]). For manifolds carrying scalar-flat metrics, sufficient conditions
for the existence of positive solutions were given in [18]. In [27] the author studied
Problem (P;) on a compact manifold with homogeneous nonlinearities of the form
f(s) =|s|P~2s, p > 2,by using bifurcation arguments. Results for more general
nonlinearities were obtained by Alama-Tarantello [4]. After that, many authors
have studied indefinite semilinear elliptic problems when the nonlinear term f (s)
has polynomial growth (see [3-5,8,9,12-14,17,20,21,31] and references therein).
Indefinite problems of type (P, ) involving critical growth in the Sobolev case were
treated by various authors, see for instance [4,12,20,21].

We would like to mention the articles [3—5], where the authors studied Problem
(P,) in a bounded domain 2 C R", n > 3, under the hypothesis

fs)

lim =1, 2<p<?2¥, (1.1)

§—> 400 sp—_]
which plays an important role in order to verify the Palais-Smale (henceforth de-
noted by (PS)) condition. Recently, assuming that the weight function W has a
thick zero set, the authors have improved the hypothesis (1.1) by assuming that the
nonlinearity f(s) has subcritical growth and satisfies the Ambrosetti-Rabinowitz
superlinear condition, see [7].

Our main objective in this work is to establish a version for dimension two
of the main result in [4] (see also [25]) when the nonlinearity f(s) has exponen-
tial critical growth and satisfies a version of the Ambrosetti-Rabinowitz superlinear
condition. We recall that f(s) has exponential critical growth at oo if it satisfies
the following condition:

(fap) there exists g > O such that

s—-+oo s’ +00 Va < ap.

. f(s) {O Yo > ap
lim =

It is worthwhile mentioning that Judovic [22], Pohozaev [29] and Trudinger [33]
have extended the classical Sobolev inequalities for bounded domains 2 C R? by
proving thatif u e HO1 (£2) then

/ e < oo, forevery a > 0. (1.2)
Q

Posteriorly, a uniform form of inequality (1.2) has been established by Moser [26],
namely

sup e < oo, forevery o <4m. (1.3)

WEH (@), 1 g =1
Moreover, he proved that the supremum in (1.3) is infinity whenever o« > 4. For
related results in a unbounded domain Q C R?, see B. Ruf [30]. The hypothe-
sis (f«,) has been motivated by the above mentioned results (see also [1, 15] and
references therein).
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Let F(s) = fos f()dt be the primitive of the nonlinear term f(s). In order
to establish our main results, we assume that f : R — R is a continuous function
satisfying:

(f1) There exist g > 2 and a@ # 0 such that lim;_, g+ F(s)/s? = a;
(f2) limg—s 400 s (5)/F (s) = +00;

(f3) limy_, oo 5F(5)/€%0%" = +o00;
(fa) f is locally Lipschitz continuous.

Denoting by ¢ the positive normalized eigenfunction in HO1 (£2) associated with

the first eigenvalue A1, we suppose that the weight function W belongs to C(£2) and
satisfies the hypotheses:

(W) 1= —a [o W(x)g! > 0;
(W2) W changes sign and has a thick zero set, i.e., QF ={xeQ:+tW(k) >0} £
#Jand QT NQ~ =07.

Setting QY = {x € Q: W(x) = 0}, our main result may by summarized as follows:

Theorem 1.1. Suppose (fo,), (f1) — (fa), (W1) — (W) are satisfied. IfBQO is
smooth, then there exists A > Ay such that:

i) For . = A1, Problem (P,) has a positive solution;
ii) For every A € (A1, A), Problem (P)) has two ordered positive solutions;
iii) For every A € (A, +00), Problem (P)) does not have a positive solution.

Remark 1.2. As remarked in the paper [4], the case where A < A is somewhat
standard. A positive solution in this case can be obtained easily by using variational
techniques, provided that the Palais-Smale condition is satisfied.

We quote that there are few results in the same line of [4] involving indefinite non-
linearity with exponential critical growth. In [2], the authors consider an indefinite
problem having exponential subcritical growth in the whole of R?, but the non-
linearity is of the form f(s) = ¢(s)e® with ¢(s) between two powers. In their
approach they used bifurcation techniques and a priori estimate, which is more del-
icate when W changes sign. We also emphasize that Alves et al. [6] studied Problem
(P;) in an exterior domain @ C R? with f(s) having exponential critical growth,
but the authors do not obtain multiplicity results.

Next, in order to establish a result of existence for (P, ), where A is given in
Theorem 1.1, we assume the following additional hypotheses on f and W:

(fs) f(s) =o(s)ass — O;

(W3) Every connected component of Q0 intersects Q.

Theorem 1.3. Suppose (fu,), (f1)—(f5), (W1)—(W3) are satisfied, a0 is smooth
and f is nonnegative. Then Problem (Py) has a positive solution.
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As observed above, Theorem 1.1 provides a version for dimension two from the
result established by Alama-Tarantello [4] when the nonlinear term f (s) has expo-
nential critical growth and satisfies a version of the Ambrosetti-Rabinowitz super-
linear condition. It is worthwhile mentioning that if f(s) has exponential subcrit-
ical growth, i.e., (f4,) holds for oy = 0, then Theorems 1.1 and 1.3 hold under
the Ambrosetti-Rabinowitz condition (see Remark 3.3). The hypothesis (f1) in the
primitive F(s) was assumed in [25] for studying indefinite problems in dimension
n > 3. We point out that in earlier results, hypothesis of type ( f1) was imposed on
the nonlinearity f (s) instead of F(s). We observe that assumption ( f2), which was
introduced in [32] (see also [28]), follows from:

(ﬁ) There exist constants Sy, My > 0 such that
0< F(s) <Myf(s) forevery s> Sp.

The hypothesis (fz) has been assumed in many articles that deal with exponential
critical growth (see [15,16]). Furthermore, note that, under the hypothesis ( fy,),
(f2) is equivalent to the assertion that, for every & > 2 given, there exists s =
s1(8) > 0 such that

0<OF(s) <sf(s) forevery s> s, (14)

which is a version of the Ambrosetti-Rabinowitz condition.

The hypothesis (f3), which has been assumed in the articles [28,34], is used
to estimate the minimax level in order to prove that the (PS) condition is satisfied.

We emphasize that in Section 2 (see Thereom 2.4), by applying the Ekeland
variational principle, we establish an existence result of nonnegative and nontrivial
solution for Problem (Pj) assuming only the hypotheses ( fy,), (f1) and (W7).

We conclude this section by noting that as an application of Theorems 1.1, we
obtain the existence, nonexistence and multiplicity of positive solutions for Problem
(Py) with £(s) = |s]92se%, for g > 1.

The paper is written as follows: in Section 2, we prove the existence of a non-
negative solution via a minimization argument. In Section 3, we use the mountain
pass theorem without the (PS) condition to obtain a second nonnegative solution.
In Section 4, we establish an interval on the parameter A for which Problem (P))
admits positive solution. In Section 5, we present the proof of Theorem 1.1 via an
argument of sub-super solution. Finally, in Section 6, we prove Theorem 1.3.

Throughout, HO1 (£2) denotes the Sobolev space endowed with the inner product

(u, v) = /S;VMVU, u,v e HOI(Q),

and the associated norm is represented by || - ||. We use | - |, to denote the norm of
the Lebesgue space L?(2),1 < p < oo and (-, -} to represent the inner product in
L?*(S2). The symbols C;,i = 1,2, ... will denote various constants.
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2. Existence of a nonnegative solution

Throughout we deal with the existence of weak solutions for Problem (Py), i.e.,
u e HO1 (2) satisfying

(u, v) — XMu, v), —/ Wx)f(u)v =0 forevery v e Hol(Q). 2.1)
Q

Note that hypothesis (f;) implies that f(0) = O and consequently u = 0 is a
trivial solution for Problem (P,). In order to address the existence of nonnegative
solutions for Problem (P,), we set f(s) = O for any s < 0 and we consider the
Euler-Lagrange functional associated to Problem (P, ) defined by

e
2

A +2 1
L(u) = — §|u |5 — L WxX)F ), u € Hy(L), 22)

where u™ = max{u, 0}. By using the Trudinger-Moser inequality (1.2), it follows

from hypotheses ( f4,) and (f1) that the functional I, is well-defined. Furthermore,
using standard arguments we may prove that I; € C! (HO1 (22), R) and its derivative
is given by

(Ii(u), v) = (u, v)—A(u™, v)z—/ W(x) f(u)v, forevery u, veHO1 (2). (2.3)
Q

Since f(s) = 0 for s < 0, critical points of I, are nonnegative weak solutions of
Problem (P;).

In this section we establish the existence of a nontrivial and nonnegative so-
lution for Problem (Py) under the hypotheses (f4,), (f1) and (Wy) for A > A
with A — A; sufficiently small. To this end, we first establish some basic results.
We denote by X p the characteristic function of a measurable set B C 2. Given
u e HO1 (2) and § > 0, we define Q5(u) := {x € Q; |u(x)| < &}. The next basic
result will be used to estimate the functional /, on a neighborhood of the origin (for
a proof see [25]).

Lemma 2.1. Suppose that (Wy) holds. Then, for every § > 0,
—a/ W(x)(p? — lasu — 0 strongly in HO1 (2). 24
Qs (u)

The next estimate plays a crucial role in order to verify that the origin is a local
minimum of [, as well as the geometric hypotheses of the mountain pass theorem
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in the proof of our results. Given ¢ > 0, we may invoke condition (f1) to find
0 < 8 < 1 such that

|F(s) —as?| <es?, forevery 0<s <3. (2.5)

Moreover, using ( fu,), for ¢ > ap we can find C; > 0 such that

|F(s)| < C1|s]e®’, forevery s> 8. (2.6)

Lemma 2.2. Suppose (f,), (f1) and (W) are satisfied. Then, there exist \* > A1
and o, p > 0 such that, for all A < \*,

L) =zo if |ull =p.

Proof. Without loss of generality, we can assume thata > 0. Otherwise, we replace
W and f by —W and — f, respectively. Writing u™ = r¢; + z, with t > 0 and
z € {pi)t, we have [lul> = [lu™ | 4+ 17% + ||z]* and |u™|3 = 12 + |z]3. Hence,
using that Azlzlg < ||z|I?, we obtain

lu=lI> (2 — A1)

L)z ——+ — IIZIIZ—CO()»—M)IIMIIZ—/ W) Fu), (2.7)
2 Q

where X, is the second eigenvalue of the operator —A in HO1 (2). Let us fix

l

0O<e< 7’
294(1 + a)|Wloole1lg

where a, g and [ are given by (f1) and (W}). Moreover,let0 <§ < 1and C; > 0
1/2

be constants such that (2.5) and (2.6) hold, and consider 0 < p; < ﬁ:}:lm. Since

lull > 2}, for u € B, (0) we have

0<tpi(x) < for every x € Q. (2.8)

)
27

Now, setting Q5 := Qs(u™) = {x € Q; uT(x) < 8}, we may write
—/QW(x)F(u)z—/QW(x)F(Lﬂ'):—atq/52+W(x)(gol(x))q—(11+12—|—13), 29)
)

where

hi= /+ WEF (@) —a(@)'], b= /+ W) [a(®)! = ar?(@1(x))7]

25 25
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and
13=/ W) F (u™).
\Qf

Our next task is to estimate the integrals /1, I and /3. In view of (2.5) and (Wy),
we have

1] < 20 Wleat gl + 6200 W o [l (210
QB

From the Sobolev imbedding theorem, we find C, = C»(g) > 0 such that
11| < &29|W|st|@1|d + Callz]|  forevery u € By, (0). .11)

Now we shall estimate the integral I. Given x € Q; and u € B, (0), we may
apply the mean value theorem to find C3 = C3(¢) > 0 such that

()" = 10| < q277! [t )T )] + ]

—1
_ 4 (g—1/q g-1(¢ = D27
=7 |:8 (tp1(x)) @D/ |z(x)]

+q297 2017 < e(tg1())T + Calz()%,
where above we use the inequality ab < qq;la‘I/ @=b 4 %bq with
a =& (1p; ()1~

and b = % |z(x)|. From the Sobolev imbedding theorem, we obtain Cq4 =

C4(e) > 0 such that
|| < ag|Wlaot?@11d + Callzl|? for every u € By, (0). (2.12)

In what follows, we will provide an estimate for the integral /3. Taking u € B, (0),
by (2.8) and the definition of Qs(u™) = Q;, we have z(x) > /2 > tp1(x) for
almost every x € Q2 \ Q; Consequently,

ut(x) = te1(x) +z(x) < 2z(x) forevery x € Q\ Q.

Thus, combining the above inequality together with (2.6) we find Cs = Cs(¢) > 0
such that, for every u € By, (0),

"3'5|W|oof |F(u+)|scl|W|oo/ | ?
o\ Q\QF

) 8

o lut] 2\ V4’
<Csllz / exp g/ ut (_) ,
e Jo] [t

(2.13)
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where ¢’ = g /(g — 1). Assuming further that pjaq’ < 47, and since ||z < [Ju|| <
01, we may invoke (2.11), (2.12), (2.13) and Trudinger-Moser inequality, to find

|+ I+ I] < 29(1 4+ a)|Wloot? 1|8 + Cellzl|?, forevery u € B, (0).
The above inequality, (2.7) and (2.9) imply, for every u € B,,(0),

A — A
20,

1 _
IuszW|F—%a—xmwﬂ+[ —CddQ1mW

+ 1 |:—a /m W(x) (@1 (x)? — 29(1 +a)|W|oo|(P1|Z:| .
§

Therefore, from our choice of ¢,

Ao — A1
20,

[
+ 1 [—a/ W(x)(p1(x)? — —i| :
of 4

whenever u € B, (0). Next, we invoke Lemma 2.1 to find 0 < p < pj such that,
for every u € B,(0) we have —a [q_ W(x)p{ > 1/2. Thus,

1 _
IMMEEWIV—%@—AMMV+[ —Cquﬂww

1 Ay — A _ [
<MMEEWIV—%@—AMMV+[ —CdﬂqﬂwW+—ﬂ

2A0 4

Since g > 2 and lull> = lu= || + A2 + ||z||2,taking p > 0 smaller if necessary,
we find C7 > 0 such that

L) =0 :=C7p9 — CoA —ADp%,  if  |ul = p. (2.14)

If A < X1 the results is immediate. In the case where A > A1 we complete the proof
of Lemma 2.2 by taking A — A > O sufficiently small in the above inequality. [J

Remark 2.3. As a direct consequence of inequality (2.14), if p is sufficiently small
then my, := infueE,,(O) I, (u) =0.

Now, we are ready to establish our first existence result for Problem (P;,).

Theorem 2.4. Suppose that (f,), (f1) and (W1) are satisfied. Then there exists

A* > Ay such that Problem (Py) has a nonnegative solution uy € HO1 (2) such that
I (ug) < 0 for any A € (A1, A™).
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Proof. Let p > 0 and A* > A obtained in Lemma 2.2. For each A € (A, A*), we
define

m = i_nf I,\(u). (2.15)
ueB,(0)

If ¢; > O is the first eigenfunction and A > A1, by (f;) we infer that

L(te1) (A —21) F(tg1)
2= |<p1|§—/QW(x) 2 <0, (2.16)

for t > O sufficiently small. This, together with Lemma 2.2, implies

my; = inf L(u) <0< inf I (u).
ueB,(0) lull=p

Therefore, by the Ekeland variational principle, there exists a sequence (u,) C
B, (0) such that
||I,{(un)|| — 0 and I, (u,) —> my. 2.17)

Since (u,,) is bounded and Ep ) C HO1 (R2) is a closed convex set, we may assume
that there exists ug € Ep (0) and a subsequence of (i), still denoted by (i), such
that u,, — ug weakly in HO1 (), up — uo strongly in L™ (2) forevery 1 <r < oo
and u, (x) — uo(x) for almost every x € 2. We claim that, for each v € HO1 (2),

/W(x)f(un)v—>/W(x)f(u0)v, as n — oo. (2.18)
Q Q

In fact, let E C 2 be an arbitrary measurable subset of 2. Invoking condition
(fap)» if ¢ > ap we can find C > O such that | f(s)| < Cexp(asZ) for all s € R.
We may assume that p given by Lemma 2.2 satisfies app? < 4. Since |[un| < p
we may choose o > « close to og and r > 1 close to 1 such that roe||u, 1% < 4,
and the Holder inequality together with the Trudinger-Moser inequality give

N AN
/|W(x)f(un)v|scl (/ |v|r> /exp ra||un||2( - )
E E Q o, ||
, 1/r
<(C (/ |v|r> ,
E

where r’ = r/(r — 1). Thus, the sequence (W f (u,,)v) is uniformly integrable and
Vitali’s theorem implies that Wf (u,,)v — Wf(ug)v in LY(Q) as n — oo, which
proves our claim. Consequently, by (2.17) we get

(uo, v) — Afug, v), — /Q W) f(ug)v =0, forevery ve Hy(S),
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and thus ug is a critical point of /) which is nonnegative. Since u, — ug strongly
in L™ (Q2) for every 1 < r < o0, invoking the convergence (2.18) we obtain

/ WO f (tn)itn — £ (0)uo]| < €1 / | )16 — o)
Q Q

+‘ /Q W[ f ) — f (o) Juo| = on(1).

In view of I (uy)u, — 0 and I (ug)up = 0, we obtain that [|u,|| — [uol as
n — oo. Thus, u,, — ug in Hol(Q) and consequently 7, (#g) = m) < 0. The proof
of Theorem 2.4 is complete. O

3. Existence of two nonnegative solutions

In this section, we shall prove that [, has in addition to u#p obtained in Theorem
2.4 another nontrivial critical point. Before starting, we fix some terminology and
notation which will be frequently used in this paper. By hypothesis (W2) we have
that int(Q") # . Consider the closed subspace of HO1 (2) defined by

H;)(QO):[veHol(Q);vzo a.e.in Q\QO}

and set

A2 (%) :inf{/ IVul% v e Hp(Q) and /
Qo0

v? = 1}. (3.1)
QO

As a direct consequence of (3.1), we have Af) (0 > ;. Actually, using the

compactness of the Sobolev imbedding HOl (Q) — L%(Q) and the fact that the
eigenfunction ¢ is positive, a standard argument provides the following result (see,
e.g.,[25,Lemma 5.1]).

Lemma 3.1. Suppose that (W3) holds. Then, A?(SZO) > A1 and the infimum in
(3.1) is achieved, i.e., there is vo € Hll) (2°) such that

W)= [

|Vv0|2 and /vé:l.
Qo Qo0

3.1. Boundedness of the (PS) sequence

In this subsection, we state our main result on (PS) sequences for the functional 7.
Since f is continuous, invoking conditions ( fg,),for 8 > 2 we may find C;, C» > 0
such that

f(s) = C1s ' —C,, forevery s=>0. (3.2)
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Lemma 3.2. Suppose (fy,), (f1) and (W2) are satisfied. If L < kf)(QO), then
every (PS). sequence associated with I, is bounded.

Proof. Let (u,) C HO1 (2) be a (PS), sequence associated with I, , i.e., for some
c R,
L(up) — ¢ and || (un)|| >0 as n— oo. (3.3)

Arguing by contradiction, we suppose that ||u, | — oo as n — oo. First, we may
suppose u, > 0 almost everywhere in Q. Indeed, writing u, = u;” — u;;, with
u,jf = max{=£u,, 0}, from (3.3) we obtain ||u, 1> = (I Wn), —uy, ) < op(D)llu, |l
Thus, we have

llu, | -0 as n— oo. 34

Combining (3.3) and (3.4), we can conclude that I, (u;f) — casn — 00. Now,
given v € HO1 (€2), we have

(1) o) = =y o)+ (1 ). ).

Invoking again (3.3) and (3.4) we obtain that ||I/{(uj{)|| — 0 asn — oo, which
implies that (u,7) is a (PS). sequence. Setting v, = u,/||u,ll, in view of the
above claim v, > 0 almost everywhere in 2. Therefore, by the Sobolev imbedding
theorem, passing to a subsequence if necessary, we may assume that there exists
Vo € HOI(Q) with vg(x) > O for almost every x € €2 such that

vy — vo  weaklyin HJ (),

v, = vo stronlgyin LP(Q), 1< p < oo, (3.5)
v, (x) = vo(x) forae. x € Q, ’
v, (X)| < hp(x) € LP(Q),1 < p <oo, forae. x e Q.

We claim that vg = 0. First we observe that vg € H é(QO). In fact, taking ¢ €
C?(Q*) such that ¢ > 0, from (3.3) and u#,, > 0 in €2, we have

on(unll) = (un, unp) — )»/Qu,%w - /Q W) f(un)une. (3.6)

Hence, considering 2 < 8 < 6, with 6 given by (3.2), we obtain

/ W @) f () b < 0u(D).

[ n”ﬂ B

Since supp g C Q7 is compact, we may use the above inequality and (3.2) to get

||un||9—ﬂ/9v2¢> < o, (1).
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Now taking into account that 6 — § > 0 and ||u, || — oo, from (3.5) we reach
/ vg(p =0, forevery ¢ € CX(Q"), ¢ >0. 3.7)
Q

A similar argument implies that (3.7) also holds for every ¢ € C°(27),¢ > 0in
Q. Therefore, vy € H})(QO). From this fact, (W), ||u,| — oo, u, > 0in 2 and
(3.3), we have

1
on(1) = —— (I} (un), v0) = (vn, v0) — )»/ Vp V.-
lln I Q

Taking n — oo and invoking (3.5), we get AP (Q%)|vo[3 < [lvoll* = Alvol5. Since
A< kf) (QO), this estimate implies that vg = O almost everywhere in €2, which

proves the claim. Now we consider ¢y € C2° R with0 <y <1,y =1onQt
and ¥ = 0 on 27, and we use the Holder inequality to obtain

1 1 1 A
Li(up) — 5(1,{(u,,), unp) > <§ - 5) llun|I* — E/Quﬁ

# [ we | grwmy - Fun| 69
Q 0
— 1YV lcltala I

Using conditions (f2) and (W>), we can find C3 > 0 such that

1
/ W(x) |:§f(”n)un1/’ - F(un)]
Q
= / W(x) [lf(”n)un - F(Mn)i| - W) F(uy) > —Cs.
ot 0 Q-

Dividing the inequality (3.8) by |lu,||> and using the previous estimate, we get
C4 > 0 such that

-2 1 s
on(l) = —— — 5|V1/f|oo|vn|2 — Calnls.

20
Taking the limit as n — 400 in the above inequality and using (3.5) we conclude
that 6 —2 < 0, which is a contradiction and the proof of Lemma 3.2 is complete. [

Remark 3.3. If f has exponential subcritical growth, i.e., f satisfies (fu,) With
ap = 0 then, as a consequence of Lemma 3.2, the functional I satisfies the (PS)
condition whenever A < Af) (€9).
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As a consequence of Lemma 3.2, we have the following convergence result:

Lemma 34. Assume (fu,), (f1) — (f3) and (W>) are satisfied. If . < A?(QO),
then any (PS). sequence (u,) C HO1 () associated with I, has a subsequence

still denoted by (uy) converging weakly in HO1 () to a solution u of Problem (P,).
Furthermore,

/W(x)F(un)a/W(x)F(u), as n— oo.
Q Q

Proof. Consider a sequence (1) C HOI(Q) such that
L) — ¢ and | (un)|| -0, as n— oo. (3.9)

By Lemma 3.2, the sequence (u,) is bounded. Therefore, (u,) possesses a sub-
sequence, still denoted by (u,), converging weakly in HO1 (2) to a function u €

HOl (2). By a standard argument (see [28]), we may verify that u is a solution of
Problem (P, ). Furthermore, we may assume that u,(x) — u(x) for almost every
x € Q. Since f(s) =0 forevery s <0, from (3.9) we get that

iz I = 1 ) = ] ] =0 a5 n > o
Consequently, u,} (x) = u; (x) + uy(x) = u(x) = u(x) > 0,as n — oo for

almost every x € 2. Next, considering a function ¥ € CZ° (R?) with0 < ¢ < 1,
¥ =10on Q" and ¢ = 0on Q~, we obtain

(1) vt = e vt = [ ) = [ Wt
Q Qt

Hence, from (3.9) and the boundness of (u;) in HO1 (2), we may find C; > O such
that

/ W) f(uf)uf <Ci, VYneN (3.10)
Qt

This estimate together with (f2) and (f3) implies that given ¢ > 0, we may find
R > 0 such that

, VYneN.

N ™

/ W) f(uh)uch| = / W) f (u)uf <
QTNu,>R]

Q+N[u,>R]
In fact, by (f>) and (f3) given & > O there exists R > 0 such that 0 < F(s) <
£ f(s)s for any s > R, which implies that

/ W) F(u)f)| < s/ W () f (u;})u) (3.11)
Q*tN[u,>R]

Q+tN[uy>R]
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From (f3) (or (f1)) there exists 0 < R} < R such that f(s) > O for any s > R;.
Consequently, there exists C; > 0 (independent of R) such that

/ W () f (] )u = / W () f (1 )+ f W) f ()
Qt Q+tN[0<u,<R] QtNu,>R]
=/ W COf () )uyt + / W) f () )ut
Q+ﬂ[0§un§Rl] Q+m[leun<R]
+ / W) f(u) Y
Q+N[u,>R]

> / W) f () )uy — Ca.
Q+tN[u,>R)
This, together with (3.10), implies that

f W) f () )ut < Cy+ Co.
Q*tN[u,>R]

Choosing & < 55y by (3.11) we can find R > 0 such that

L. W) <
QFN[u,>R]
Let E be a mensurable subset of Q1 with |E| < §. By (3.12) we have

[weore)i=[  were)l+ [ were)
E EN[up<R] EN[up=R]

€
= GlE[+ 5 <&,

(3.12)

N | ™

provided that § < ¢/(2C3). Thus, we conclude that the sequence (W (x) F (uf{)) -
LY(Q)is equi-integrable. Since W(x)Fu)eLY () ,W(x)F(u,f(x))—)W(x)F(u (x))
for almost every x € QT and (W (x)F (")) is equi-integrable in Q7 , by the Vitali
theorem we conclude that

/ WE)Ful) — / W (x)F (u).
+
Similarly, considering the test function (1 — v )u;" , we conclude that

/ W(x)F(uj{)—>/ W (x)F (u).
Q- Q-

Using that F'(s) = 0 for s < 0, we get
/ W) F (uy) = / W(x)F / W(x)F(u) +/ W(x)F (u)

=/ W) F(u),
Q

and this completes the proof. O
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3.2. Estimate of the minimax level

In this subsection, we present an estimate for the minimax level associated with 7.
We recall that by Lemma 2.2 there exist o, p > 0 and A* > XA such that

Lw) >0, if |ul|=p and i <A* (3.13)

As in [28], in order to estimate the minimax level we define the Moser functions.
Let xp € Q1 and R > 0 be such that Bgr(xg) C Q7. The Moser functions are
defined for 0 < r < R by

log§ if |x—xo| <r
1
M, (x) = ——=-11lo if r<|x—x9| <R (3.14)

R
2 log B g|x_x0|
r 0 if |x —xo| > R.

One can see that M, € HO1 (Q), IM,|| = 1 and supp(M,) = Bgr(xo) C QV.
Considering n € N, n > 1, we define the Moser sequence by M, = Mr. It

S|x

follows from inequality (3.2) that, for any ¢ > 0,

BRr(xo)

Since 6 > 2 we conclude that I, (tM,)) — —ooc ast — +00. Thus, I, (toM,) < 0
for some #y > 0 sufficiently large. This together with (3.13), implies that ; has the
mountain pass structure and therefore we can define the minimax level

& 2 0
L.(M,) < EIIMnII —Cyt
BR(x0)

W(x)M? + Czt/ M,.

¢y = inf max Li(y() >0, A<A¥,
yel t€[0,1]

where I' := {y € C([0, l],Hol(Q)) cy0) =0, y(1) = yM,}. We have the
following estimate:

Lemma 3.5. If (fy,) and (f1) — (f3) are satisfied then c;, < 2

a0

Proof. Since I, (tM,) — —oo as t — o0, we infer from (3.13) that there exists
t, > 0 such that
ey < max L, (tMy) = I, (ty My,).
>

We claim that (#,) is bounded. Indeed, suppose by contradiction that there exists a
subsequence such that #, — 4o00. Using that for = ¢, we have %IM (tM,) =0
and || M, || = 1, we get

> f W (x) f (ta M) tn My,
Bg(xp)

:/ W(.x)f(tnMn)tnMn +/ W('x)f(tﬂMn)tnMn (315)
lx—xo| <X

a <lx—xo|<R

=: I1(n) + L(n).
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Given K > 0, from ( f3) there exists so = so(K) > 0 such that

2
sf(s) > Ke**, forevery s > sp.

For n large, we have that ¢, M,,(x) = j;_n,/logn > 5o for all x € Br(xg). There-

fore,
Ii(n) > KaR*>| min W [exp ((ﬂt,f — 1) 210gn>]. (3.16)
BRr(xo) 4

On the other hand, using that f(s) > —Cj for s > 0 we obtain
f(s)s = —Cys, forevery s >0.

This inequality, together with the fact that || Br(xp) Mn = 0n(1), implies

L = —Cy / W ()t My = taon(D). (3.17)

R <|x—xo|<R

Combining inequalities (3.15), (3.16) and (3.17), we get

2 2 . @0 »
t; > KnR min W) |exp((-—¢, —1)2logn) |+ t,0,(1), (3.18)
BRr(xo) 4r

which is impossible if #, — +00. To complete the proof it is enough to verify that
there exists n € N satisfying

21
Io(t, M) < —.
(o 44]

Suppose by contradiction that this fact does not hold. Since || M, || = 1 for every
n € N, we get
2 2m

by 2T +f WO F (taMy).
2 7 a0 JBrax)

Invoking hypotheses ( fy,) and (f1), we can find d > 0 such that F(s) > —ds? for
all s > 0 and a direct calculation shows that

1
M! =0 (—) ) (3.19)
/I;R(xo) " (logn)4/?

Thus, we obtain the inequality

2 9 Ct!
nz__ n

2 = ay (logn)/?’

~
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that is,
q
o Ct
_Ot2_1 > n

T 3.20
axm T T (logn)il? (3.20)

In particular, using that (z,) is bounded, after take a subsequence, lim,,_, 5 t,% =
to > 0. Since g > 2, using estimate (3.20) and passing to the limit in (3.18) we ob-
tain tg > KnR? minER x0) W. Choosing K sufficient large we get a contradiction
and this completes the proof. O

Let A € (A1, A™) and ug be the respective solution obtained in Theorem 2.4.
The next lemma will give us an upper bound for c;,.

Lemma 3.6. Suppose (fu,) and (f1) — (f3) are satisfied. Then, there exists e
(A1, A™) such that

0 <c) < Ii(uo) + 2 /g, forevery A e ()»1,’):).

Proof. Since c; < c, for every A > Ay, in view of Lemma 3.5 and Remark 2.3, it
is sufficient to verify that

0> Li(uo) = inf L(u)=m; —my =0, as A— A].
ueB,(0)

Otherwise, there are sequences A, — )»1* and (u,) C HO1 (€2) with ||u,]| < p such
that I, (u,) — M < 0. We may assume that p < 47 /ap and u, — u. Since
lull < p, we infer by Remark 2.3 that [, (1) > 0. Now, proceeding as in the proof
of Theorem 2.4, we obtain I, (u,) — I, () > 0, which is a contradiction. This
completes the proof. O

The next auxiliary lemma is an improvement of the Trudinger-Moser inequal-
ity due to Lions (see [24, Theorem 1.6]), which will be essential in order to verify
that the functional 7, has a second critical point.

Lemma 3.7. Let {u, € HO] (2); llunll = 1} be a sequence converging weakly to a
nonzero function u. Then, for every 0 < p < 4 (1 — |u||>)~", we have

2
supf eP'ndx < oo.
neNJQ

Now we are ready to state our first multiplicity result for Problem (P, ), when A —
A1 > 0 1is sufficiently small.

Theorem 3.8. Suppose (fu,), (f1) — (f3) and (W) — (W>) are satisfied. Then
there exists \** > A1 such that

i) For every A € (A1, A™), (Py) has two nonnegative and nontrivial solutions;
ii) For A = A1, (Py) has a nonnegative and nontrivial solution.
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Proof. Let us choose A™* := min{A*, A?(QO), A} By using the mountain pass the-
orem without the Palais-Smale condition (see for instance Brezis-Nirenberg [10]),
there exists a sequence (u,) C HO1 (€2) such that

L(up) — 0 and L(uy) = ¢ >0, A€[r;, A™). (3.21)

According to Lemma 3.2 we have that 4, — u weakly in HO1 (£2). Invoking Lemma
3.4, we conclude that I, (1) = 0 and

/ Wx)F(u,) — / W(x)F(u). 3.22)
Q Q
This together with the fact that u,‘f — utin L2(Q) and (3.21) imply that
lim |, |I> = 2(c; + <o), (3.23)
n—oo

where ¢g = fQ[W(x)F(u) + %Iuﬂz]. If A € [A1, A*), we claim that u # 0.
Indeed, if u = O we have that ¢y = 0 and invoking Lemmas 3.5 and 3.6 we get

We claim that
lim / W(x) f (un)u, =0. (3.24)
n—oo Q

Indeed, given o > oy, by the hypothesis ( f,) there exists C = C(«) > 0 such that
[fs) <C exp(asz) for all s € R. Now, we can choose ¢ > 1 and o > «p such
that got||u, ||> < 47 for n large. Thus, using the Trudinger-Moser inequality we get

u 2 ~
/ W (x) f(up)]? < CIngo/ exp qallunllz( - ) <C. (3.25)
Q Q llzen |

Since u, — 0 strongly in Lq’(SZ), using the Holder inequality and (3.25) we get

‘/Q W) f(un)un| < Clf un)lglunlg — 0.

Now, invoking (3.24) and using that / i (un)un, = 0, (1) we obtain u,, — 0 strongly
in Hol(Q), which is a contradiction because I, (u,) — ¢, > 0. If in addition
A€ (A1, A™) then u # ug. Otherwise, in this case we claim that

lim / W () f )ity = / W (x) f (uo)uo. (3.26)
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If this is true, using that u;” — uar strongly in L?($2) we get

2
on(1) = I (un)u, = ||un||2—x|u3|2—/ W (x) f (uo)uo + on(1)
Q
= |lun|I* — lluoll> + I} (uo)uo + 0, (1).

Since 1 )’L(uo) = 0 we conclude that u#,, — ug strongly in HO1 (€2) which is a contra-
diction because
0 <cy= lim I)(u,) = I, (ug) <O.
n—>oo

Thus, it remains to verify (3.26). From (3.23) we may assume that c¢; 4+ ¢9 > 0,
otherwise the result is trivial. Define v, := u,/||u,|| and observe that

uo . 1
v, = V= ——————, weaklyin H, (£2).
! v 2(cx + co) Y 0
If [[v]| = 1 then lim,_, oo x> = 2(ci. + co) = |luoll> and the result follows

immediately. Suppose that ||v]] < 1. Since A > A, by Lemma 3.6, we can take
o > og such that 0 < ¢, < I (uo) + 27 /o, which implies that

T
2(co +¢)) < —.
1—v|?

Thus, we can use (3.23) to obtain po > 0 such that a|ju, ||> < po < 47 /(1 — ||v]]?)
for n large. We now choose g > 1 sufficiently close to 1 in such way that

4

2
aqllupll” < p < 1_7”1)”2,

with p = pog. It follows from Lemma 3.7 that

2,2 2
Sup/ eaq““n” Un < Sup[ ePln = C4 < 00.
neNJQ neNJQ

Passing to a subsequence if necessary, we may assume that u,, — uq strongly in
Lq/(Q). Hence, there exists W,/ € L'(€2) such that |u, (x)lq’ < W,/ (x) for almost
every x € Q. Since W € L*°(Q2), for any measurable subset A C 2 and using the

Holder inequality we get
A Ve o\ /4
< s (/ |un|q) (/ (e) )
A A
1/q' 1/q
Ce (/ \pq,) (/ eaq|un|2v,%>
A A
1/q'
<(Cy (/ ‘I’q/) .
A

’/ W) f (un)un
A

IA
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Since ¥, € L'() and the set A C Q is arbitrary, we conclude that the first integral
above is uniformly small provided that the measure of A is small. Hence, the set
{Wf (u,)uy} is uniformly integrable and Vitali’s Theorem implies that W f(u,,)u, —
Wi (ug)ug in L' () as claimed. The proof of Theorem 3.8 is complete. ]

4. Interval of existence of positive solution

In the next lemma, we prove some regularity properties for critical points of Ij.
As a consequence, we will establish an estimate for the parameter A in order to
Problem (P, ) admits positive solutions. To this end, we will assume the following
hypothesis:

(ﬁ) f is Lipschitz continuous at the origin.

Lemma 4.1. Suppose ( fu,), (f1), (ﬁ) and (Wy) are satisfied. If u € HOI(Q) isa

nontrivial critical point of I, then u € C'(Q). Furthermore, if . > 0 then u > 0
in Q and g—"j < 0 on 02 (Where v is the exterior unit normal to 0$2).

Proof. For any o > o9 and p > 1, condition (fy,) together with the fact that
W e C(R) and the inequality (1.2), implies that for each u € HOl ()

/ W F@lP < C f P _ oo,
Q Q

Thus, u € C'(RQ) by the theory of regularity for semilinear elliptic problems. Next,
taking v = 1~ in (2.3) and using that f(s) = 0 for s < 0, we obtain — fQ [Vu~|? =
0. Hence u~ = 0 and, consequently, # > 0 in 2. Now, using that  is nonnegative
and A > 0, we have

h(x) : = Au(x) + W(x) f(u(x))
> [W+(x)f+(u) + W) f~w)] - [WJ“(X)f*(M) + Wf(x)er(u)] .

Hence, taking c(x) = [WT(x) f~(u(x)) + W~ (x) f T (u(x))]/u(x) > 0 for u(x) >
0 and c(x) = 0 otherwise, we have that u is a solution of

—Au+c(x)u >0 in Q
u>0 in Q
u=>0 on 0%2.

Since f satisfies (ﬁ) and u € L*°(R2), one has ¢ € L*°(2). By the strong maxi-
mum principle for weak solutions of elliptic problems (see [33]), we conclude that
u > 0 in Q. Finally, observing that # > 0 in 2 and # = 0 on 92, we may apply
Hopf’s lemma for weak solutions of class C' of elliptic problems to conclude that

g—ﬁ < 0 on 02 and this completes the proof. O
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In order to estimate the parameter A, we define
A = sup {x > A1:(Py) admits a positive solution u € H(}(sz)} L@

Lemma 4.2. Assume that (fu,), (f1), (ﬁ) and (W) — (W) hold. Then A < 0.

Proof. Let us choose r > 0 such that B, = B,(xg) C QY. We take @] > 0 the
eigenfunction associated with A7 = A1(B;). If u is a positive solution of (P;) by

Lemma 4.1 we have that u € C'(Q). Applying the divergence theorem for the
vector field uVe] and using that 33%‘ < 0 on 9B, (where v is the exterior unit

normal to B, ) we find

8 r
/ VuVei =/ u(—A(p{)+/ u (plda <k§/ uyp. 4.2)
Br Br aBr 31) Br

On the other hand, taking into account that u is a positive solution of (P,) and
supp(¢]) C Q0 we get

/ VuVe; =/ VuVe; =)L/ ugj.
r Q B,

This, together with (4.2), implies that A < A/ and this completes the proof. O

Remark 4.3. If we assume that 9Q2° is smooth, then we see that HO1 (Q=H 5(90)
and so 11(Q0) = kf)(QO). Thus, taking ¢; € HO1 (€29) and arguing as in the proof
of the above lemma we conclude that A < XID (€9).

Theorem 4.4. Suppose (fu,), (f1), (ﬁ) and (W) — (W) are satisfied. Then A1 <
A < oo and for every A € (A1, A), Problem (Py) has a nonnegative and nontrivial
solution u € HO1 (2) such that I (u) < 0.

Proof. By Theorem 2.4, Lemma 4.1 and 42, A} < A < oco. Given A € (A1, A)
consider A € (A, A) and take u € HO1 (2) a nontrivial critical point of /5. By

Lemma 4.1 we have that 7 € C!(Q) and g—z < 0 on d€2. Now consider the contin-
uous function 4, : 2 x R — R defined by

h)(x,s) =ks++W(x)f(s), x e, seR, “4.3)
and its truncation
— _ha(x, u(x)) if s>u(x)
(x, $) = {hx(x,s) if 5 <ux). @4)

Next, we consider the semilinear elliptic problem

4.5)

—Au = hy(x, u) in Q
u=~0 on 0%
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and the associated functional I : HO1 (2) — R defined by
— 1 —
T () = S llull® —/ Hj(x,u), u € Hy (), (4.6)
Q

where Hj (x,s) = [y ha(x,1)dt. Since i € C'(), (4.3), (44) and f(s) = 0 for
s <0, we find C; > 0 such that |k, (x,s)| < C; for every s € R and for almost
every x € Q. This implies that 1, e C! (HO1 (2), R) is coercive and weakly lower
semicontinuous. Therefore, there is u € HO1 (€2) such that

—oco <my =1, w)= inf I;(u) <1I,(0)=0. 4.7)
ueH! (Q)

We claim that m, < 0. Effectively, since # > 0 in  and du/dv < 0 on 92, there
exists 11 > 0 such that 0 < t¢(x) < u(x) for every x € 2, whenever 0 < ¢ < #;.
Thus, from (4.3) and (4.4), we have

2
— t
I, (ter) = E(M —A) —/ W(x)F(te1), forevery 0 <t <t.
Q

Next, invoking the conditions ( f1), (W;) we conclude that ;. < I, (t¢;) < 0 and
the claim is proved. It follows from (4.7) and the above claim that u is a nontrivial
solution of (4.5). Since A < A, from (4.3), (4.4) and the fact that ¥ is a solution of
(Py), we get

/ VuV(u—ﬁ)*':/E;L(x,u)(u—ﬁ)+=/ Ry (x, ) (u —ﬁ)+§/ vuVu—-u)t.
Q Q Q Q

Consequently # < u in 2. Moreover, since f(s) = 0 for s < 0, for almost every
x € 2, we may invoke (4.3), (4.4) and the fact that u is a solution of (4.5) one more
time to obtain

lu™||* = —/ VuVu~ = —/ [ut + W) f)]u™ =0.
Q Q

This implies that 0 < u < u in 2 and I)’L(u) = 0. The proof of Theorem 4.4 is
complete. O

Corollary 4.5. In addition to the hypotheses of Theorem 4.4, suppose that (f3) is

satisfied. If u is a solution of Problem (Py) with .. < A < A, then (P;) has a
positive solution u € C 1) satisfying I (u) < 0 and
ou  du

O<u<u in  and — < — <0 on 0Q.
av v
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Proof. Letu € C 1 () be the solution of Problem (P;), satisfying 0 < u < u in
Q and I, (u) < 0, provided in the proof of Theorem 4.4. Let M > 0 be such that
||oo < M. Since h, , given by (4.3), is locally Lipschitz continuous on Q x [0, M],
we find K > 0 such that |hy (x, s2) — h;.(x, s1)| < K|sp — 51| for every x € Q and
s1, 82 € [0, M]. In particular, if 0 < 51 < s < M, we have

hy(x, s2) — hy(x,s1) > —K(sp — 51), forevery x € Q. (4.8)

The above inequality, our choice of M and 0 < u < u in 2 imply that

—Au—u)+K@u—u)>0 in
(w—u)>0 on 0%.

Therefore, since # # u in ©, we may apply the strong maximum principle and

Hopf’s lemma to conclude that # < u in € and g—z < g—l’f on 92. Finally, applying

Lemma 4.1, we infer that u > 0 in €2 and % < 0 on 9€2, which completes the proof
of Corollary 4.5. O

5. Proof of Theorem 1.1

In this section, to prove Theorem 1.1, we will first establish some auxiliary results.

5.1. An estimate of the minimax level

The next lemma will be essential to obtain an estimate of the minimax-level c; in
line with Lemma 3.6 when f is locally Lipschitz continuous. We also mention that
similar result was proved in [28]. Let us fix r > 0.

Lemma 5.1. Assume that f satisfies (fu,) and (f4), and suppose that (W2) holds.
Given X,y > 0 there exist C > 0 and an open set V.C Q7 such that, forallx € V,
O<s<randt >0,

A

Etz + WX [F(s+1t)— F(s) — f(s)t] = —Ct”. 5.1
Proof. By (W,) we have that Q" N Q0 £ ¢. Since W e C(R), there exists
x1 € 99T N QO such that W(x;) = 0. Thus, given ¢ > 0, there exists § > 0 such
that

|[W(x)| <e, forevery x € Bs(xy).

Since x; € dQT, there exists xo € QT N Bs(x1). Therefore, we can find R > 0
such that
V = Br(xo) C Bs(x1) N Q™.

Consequently,
0<W<e in VcQ.
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First we consider 0 < t < r. Invoking the mean value theorem and ( f1), we find
0 <6 <1andL > 0 such that

F(s+1) — F(s) — f(s)t = [f(s +0t) — f(5)]t = —LO%.

Choosing ¢ < A/2L,forall0 <s,t <randx € V,we get
Ao A 2
5! + W@)[F(s+1)— F(s) — f(s)t] = > —eL)tm>0.
Now, invoking ( f,), we find 77 > r such that for 0 < s <r and t > T we have
A
5’2 + W@)[F(s +1) — F(s) — f(s)t] > 0.

Using the above inequalities and the compactness of the set V x [r, T{], we may
find C > 0 such that estimate (5.1) follows readily. O

With the aid of Lemma 5.1, we have the following estimate:

Proposition 5.2. Suppose (fu,), (f1) — (fa) and (W1) — (W») are satisfied. Then,
for all & € (A1, A*), there exists n € N verifying

2w
max I (ug + tM,) < I (ug) + —, 5.2)
t>0 (o7

where uq is the solution obtained in Theorem 2.4.

Proof. Considering V_C Q™, the open set given by Lemma 5.1, we take xg € Q
and R > 0 such that Bg(xg) C V. Let M, the Moser function defined by (3.14).
Since supp(M,) C Br(xg), we have

/W(x)F(uo—HMn):f W(x)F(uo)+/ W (x)F (uo + t My,).
Q Q\Bgr(x0) BR(xy)

Hence, using (3.2), we obtain #, > 0 such that

max Lo(uo +tMy) = L. (uo + t, My).

To prove estimate (5.2), it suffices to find n € N such that
21
L (uo + taMy) < I(up) + O(_O

Arguing by contradiction, suppose that this estimate does not hold. Since ug is a
solution of Problem (P;) and || M, || = 1, for every n € N, we get

21

IA

Iy (uo + 1, My) — Iy (uo)
o0

12 12
=2 - / W (O)[F (1o + taMy) — F (o) — f (o)t My] — A2 | Myl3.
2 Bg(x0) 2
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Now, invoking Lemma 5.1 with y = 3 and r = |ug|s0, We reach
2 n 3
— + k—|M |2 < —|— Ct M
(200]

Hence, by (3.19) and taking C large if necessary, we obtain

27 12 ct

T o<ty S 53
. ' |2_2+(10gn)3/2 (5-3)

In particular, ¢, / 0. On the other hand, for t = t,, we have j—tl,\ (uo +tM,) =0,
that is,

)\/ (wo+taMy)ty My, + W (x) f(uo+t, My)t, n—tn/v(u0+tnMn)VMn
Q BRr(xo)

=< tylluo + t, My,

where above we have used that || M, || = 1. From (f3), given K > 0, there exists
so > 0 such that

2
sf(s) > Ke*%, forevery s > s0.

Moreover, ug(x) + t, M, (x) > %Jlogn > so for all x € Bg/n(x0) and n large.
Using that ¢, 4 0, for n large we get

logn 1/2
In 2

1/2
rt, (logn)

Since f(s) > —C, fors > 0 and t, M, /(ug + t,M,)) < 1, we conclude that

=

1
5

tulluo + ta My |l = / W (x) f (uo + t, My)t, M,

BRr(x0)
> K min W <ea0(uo+tnMn)2) ta M, _ Cg
Br(x0) I Brya(xo) uo + t, M,
i /
t,% logn tn(l(;%)
> K min W / %0 2 ——t | - Cr
BR(xo) BRr/n(x0) Ftt <logn>

. j'[Rz o tnzlogn
> K min W|—€"" 27" | —Cg.
BR(x0) 2”
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Therefore,

. 71'R2 t,%logn
ta(luoll +2,) > K min W | —-¢* 2 | — Cg
B R (x0) 2n
54

2 (a4

=K min W iez(ﬁt’%_l)]o‘g" — Cg.
Br (o) 2

In particular, this inequality implies that (#,) is bounded. From this and (5.3) we

obtain

. 47
lim t,% > —
n—oo aO

In fact (5.4) implies that lim, o t> = 47 /g and by (5.3) we have > > 47 /g —
C(logn)~3/?. Thus, upon passing to the limit in (5.4), it follows that

47 4 . 7 R?
— | luoll + — )= K| min W) — —Ckg.
o o Br(xo) 2

Choosing K large, we get a contradiction. O

5.2. Local minimum

The next result establishes a global version of Theorem 2 .4.

Theorem 5.3. Suppose (fu,), (f1) — (f4) and (W1) — (W) are satisfied. Then, for
every A € (A1, A), Problem (Py) has a positive solution which is a local minimum
Of I.

Before presenting the proof of Theorem 5.3, we need to state a version of the result
by Brezis and Nirenberg [11] on C 1(Q) versus HO1 (2) local minimizers. Since
we are considering nonlinearity with exponential critical growth, for the sake of
completeness, we present a proof for this setting (see also [19]). We consider the
problem

(5.5)

—Au = g(x,u) in Q
u=~0 on 0d€2,

where  C R? is a smooth bounded domain and g € C (xR, R) is a Carathéodory
function with exponential critical growth, i.e., there exists cg > O such that

lim =

ls|>o00  eos?

g(x,s) 0 Ya > ap, uniformlyin x € Q
= (gao)

+00 Va < ap, uniformlyin x € Q.

Let J : HO1 (2) — R be the functional associated to Problem (5.5) defined by

J(u) = MT —/QG(x,u),

where G(x, s) = fos g(x, t)dt. Then, we have the following result:



INDEFINITE ELLIPTIC PROBLEM IN R2 499

Lemma 54. Assume that g satisfies (g«,). If uo € HO1 (R2) is a local minimizer of
J in the C1(Q) topology, i.e., there exits p > 0 such that

Juo) <J@). v —uollerg < oo (56)

then ug is a local minimizer of J in the HO1 (R2) topology, i.e. there exists § > O such
that
J(uo) = J(v), |lv—uol <.

Proof. Arguing by contradiction, suppose that the conclusion does not hold. Then,
there exists a sequence (p,) with p, > 0, p, — 0 and v, C HO1 (2) such v, —
uoll < pp and J(v,) < J(up). Furthermore, there exists a Lagrange multiplier
“n < 0 such that

—(1 = pn)Awy = g(x, wp + uo) — g(x, uo) in Q
w, =0 on 0%,

where w, = v, — ug. We claim that w,, — 0 in C!(Q) which contradicts (5.6),

because J(w, + ug) < J(ug). To prove this claim, we observe that by condition
(8ay) for any o > a, there exists C > 0 such that, forall n € N,

lg(x, wp +uo) — g(x, up)| = C [exp <2a (wﬁ + u%)) +exp (au(%)] .

Thus, fixing p > 1 and using the Holder inequality together with the Trudinger-
Moser inequality, we get

/ |g(x1 Wy + MO) - g(xs ”0)|p
Q
1/p 1/p
2.2 /2 2
<(C (/;2 exp <2oep wn>) (/Q exp <2app u0)> —|—/Qexp (poeuo)
w N\ /P

<G, /exp 20{p2||wn||2<—n> + Cs.

Q llws |l

We may assume that 205172||u)n||2 < 2ap2,o,, < 4w and so we use the Trudinger-
Moser inequality to obtain a constant C4 > 0 independent of # such that

/ |g(-xa Wp +I/l0) —g(X, u0)|p = C4-
Q

Choosing p > 2 and using the Sobolev imbedding together with classical el-
liptic estimates, we obtain « € (0,1) and C > 0 independent of n such that
lwallcreiy = Clwnllw2rg = C. It follows from the Ascoli-Arzela Theorem
that w, — wp in C'(Q). Since w, — 0 in HO1 (2), we get wp = 0 and this
concludes the proof. O
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Proof of Theorem 5.3. Given A, < A < A, we take A € (A, A) and we invoke
Theorem 4.4 and Lemma 4.1 to find a positive solution u € C 1(Q) of (P5) such
that du/dv < 0 on 9€2. Thus, we may apply Corollary 4.5 to obtain a positive
solution ug of (P,) satisfying

. u oug
O<up<u in  and — <— <0 on 0%, 5.7
av av
and _ _
I,(ug) = inf I,(m) <O, (5.8)
ueH} (Q)

where I is defined by (4.6). In order to conclude that uq is a local minimum of I,
in HO1 (2), by Lemma 5 .4, it suffices to verify that uq is a local minimum of 7, in

the C! topology. From (5.7), there exists § > 0 such that
lluog — u||C1(§) <d=ulx) <u(x) forevery x e Q.

Hence, from the definition of 7, and (5.8), Li(u) = I, (u) > I;(uo) > I (uo),
whenever [lug — u||- 1@ < 8. The proof of the theorem is complete. U

Remark 5.5. Note that, as a direct consequence of the proof of Theorem 5.3, Prob-
lem (P, ) has a positive solution with negative energy for every A < A < A.

In order to prove the existence of ordered solutions, we need the following result:

Lemma 5.6. Let ug > 0 be a local minimum of I, . Assume that there are no critical
points u of I, withu > ug in Q and u # ug. Then, there exist 0 < p; < pp and
o > 0 such that

L(uo +v) — Li(uo) = a, forevery pi < |vl <p2 v=z0.

Proof. Consider 0 < p; < p2 < po such that ug is a minimum of I on By, (uo).
Arguing by contradiction, suppose that there exists a sequence (v,) C HO1 (),
o1 < llvyll < p2 and v, > O such that I, (ug + v,) — I, (ug) = 0,(1). Passing
to a subsequence if necessary, we may assume that v, — v weakly in HO1 (2) and
vy, — v in L%(Q). This, in combination with the fact that ug + v, > 0, implies that

1 A
L. (uo + vy) — Li(uo) = (uo, v) — Auo, v)2 + Euvnn2 — 5|v|§

—/QW(X)[F(MoJrvn)—F(uo)]~l-0n(1)-

Taking po smaller if necessary and by applying the Trudinger-Moser inequality we
can see that [, W(x)F (uo + va) = [o W(x)F (ug + v). Therefore,

1 2 Ao
0, (1) = (uog, v) — Aug, U)2+§||Un|| - §|U|2
- /;2 W(X)[F (up + v) — F(up)] + 0,(1) (5.9)

1 1
= L (uo + v) — L (uo) + Envnn2 —~ 5||v||2 + 0n(1).
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If v = 0, taking the limit in (5.9) and using that ||v,|| > p; > O we obtain a
contradiction. On the other hand, if v # 0, taking the limit in (5.9) and using that
the norm is weakly lower semicontinuous we get

0> I (uo +v) — Ii(up) = 0.

Thus, I (ug + v) = I (1) and consequently ug + v is another critical point of I,
with v + up > up, which contradicts the hypothesis and proof is complete. O

5.3. Proof of Theorem 1.1

Now, we present the proof of Theorem 1.1. In view of Lemma 4.2 and Remark 4.3
we have A; < A < A? (£29). Thus, to prove Theorem 1.1, it suffices to verify that
Problem (P;) has two ordered positive solutions for every A; < A < A. Let ug
be the positive solution of (P,) obtained in Theorem 5.3. In order to find a second
solution u#; of (P;) such that u; > ug in 2, we look for v = u; — ug, a positive
solution of the semilinear elliptic problem

— = — — (— = *) - i
{Av Au— (=Aug) = hy(x, uo +v) — hp(x,up)  in R (5.10)

v=20 on 0%,

with £, defined by (4.3). The functional associated with (5.10) is given by
~ 1 ~
L(v) = —f |Vv|? —/ H,(x,v"), forevery wve H (),
2 Ja Q
where, fors € Rand x € €2,
N
i (x.s) = / [ (. 10 () + 1) — By (r. o) d
0

= Hy.(x, uo(x) +s7) — Hy(x, uo(x)) — hy.(x, uop(x))s™,

with H, (x,s) = foA hy (x, t)dt. Thus, using that ug is a solution of (P, ), for v €
Hol (2), we may write

~ 1 1 1
L) = 2o P4 5 Juo +v*|° —f Hy (w0 + ") = S lluol® + | Hy (e, uo).
Q Q

From (2.2) we infer that

L(v) = %HU‘H2 + L(uo +v") — Ii(ug) forevery ve Hy(Q). (5.11)

Now suppose, by contradiction, that there is not another critical point of I, with
u > ug in €. Then, using Lemma 5.6 and taking p = (p1 + p2)/2, we get & > 0
such that

inf T, (v) > a.
Ioli=p
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Next, considering M, given by Proposition 5.2, there exists #p > O such that
oMyl > p and

L(toMy) = L (uo + toMy) — I (o) < 0. (5.12)
Let us define the minimax level

¢, = inf max INA(y(t)) > 0,
yelte[0,1]

where T' := {y € C(0, 1],H01(S2)) :y(0) =0, y(1) = t9yM,}. Note that by
Proposition 5.2 we have

~

~ 2
o <c¢), <max I (upg + tM,) — I, (ug) < _7r (5.13)
>0 o0

Now, we can apply a version of the mountain pass theorem without the Palais-Smale
condition (see [10]) to obtain a sequence (v,) C HO1 (£2) be a sequence such that

T.(v,) — &, and HT)/L(U,I) 0. (5.14)
Since [|v; [|> = —(I] (vn), v, ), we have that
v, || = 0. (5.15)

Hence, for proving the claim, it suffices to verify that (v;") has a convergent subse-
quence. Combining (5.11), (5.14) and (5.15), we obtain

I,\<uo + v;f) — T+ L (uo). (5.16)

Using that ug is a critical point of I, , for v € HO1 (2), we may write

(. o) = ~{og ) + o v) - /Q [ (. o + v) — i (e uo)] v
= —{vr s o) + (£ (w0 + v7). v).
This, together with (5.14), (5.15) and (5.16) imply that w, = uq + v;| satisfies
|5 wa) | = 0 and  L(wy) — i := ¢, + Li(uo). (5.17)

By (5.13) we have
2
I, (ug) < ¢ < Ly(ug) + P (5.18)
0
Since A\; < A < A < A?(QO), by Lemma 3.2 we may suppose that w, — w =
uo + v with v > 0 and I’(w) = 0 and so w = ug. Furthermore, by Lemma 3.4 we
have

/W(x)F(wn)—>f W(x)F (uo). (5.19)
Q Q



INDEFINITE ELLIPTIC PROBLEM IN R2 503

This together with the fact that w, — uo in L?(R) and (5.17) imply that

lim [Jwal> = 2(ca +¢1) > 0, (5.20)
n—oo

where ¢1 1= [o[W (x)F (1) + %Iuolz]. We claim that

lim / W) f (wn)wy = / W) f (o). (5.21)

n—oo Q Q
If this is true, using that w;" — ug strongly in L?($2) we get

on(1) = I (wn)wn = wal® — Auol2 —/ W (o) f (oo + 0n (1)
Q
= lwall* = lluoll* + I} (uo)uo + o (1).
Since 1 i (up) = 0, we obtain that w,, — ug strongly in HO1 (€2) and hence
L.(up) < ¢) = lim I (wy) = I (up),
n—oo

which is a contradiction. Thus, it remains to verify (5.21). Define z,, := wy,/||wx||
and observe that

uo . 1
Zn — 7:= ————— weaklyin H,(Q2).
" A 2(c) +c1) Y 0
If ||z = 1 then limy— oo lwnll?> = 2(c5. + ¢1) = |lupll? and the result follows

immediately. Suppose that ||z]| < 1. By (5.18), we can take @ > «q such that
0 < ¢ < I)(uo) + 27 /o, which implies that

T
20(c1 +¢)) < ——-.
1—lz||?

Thus, we can use (5.20) to obtain py > 0 such that a||w,||*> < po < 47/(1 —|z]|*)
for n large. We now choose ¢ > 1 sufficiently close to 1 in such way that

4

2
agllw,||” < p < w,

with p = pogq. It follows from Lemma 3.7 that

2,2 2
sup/ edlvnll™an < sup/ el < oo.
neNJQ neNJQ

Arguing similarly as in the proof of Theorem 2.4, we conclude that (5.21) holds.
The proof of the theorem is complete.
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6. Proof of Theorem 1.3

In this section, we present the proof of Theorem 1.3. First, we establish an auxiliary
result. Setting Q* := Q \ Q~, we have that 9Q* is smooth since 990 is smooth
(see Lemma 7.1 in [25]).

Lemma 6.1. Suppose (f1) and (Wy) are satisfied and f is nonnegative. If 3Q is
smooth, then Problem (P,) does not have a positive solution for every A > A1(2%).

Proof. Let u € H (f2) be a positive solution of (P;). Next, take ¢ a positive
eigenfunction on Q* associated with A;(2*), the first elgenvalue of the operator

—A in the space H (2*). By Hopf’s lemma, one has Bvl < 0 on 9Q2*, where v(x)
is the exterior unit normal to Q* at x € dQ*. Using this estimate, the Divergence
Theorem, the fact that u € C1(Q2) and u > 0 in Q*, we obtain

ad
/*VMV¢T=AQ*M%+/*M(—A¢T) <A1(Q*)/;Z*u¢f.

On the other hand, using that ¢ = 0 in 2 \ * and f is nonnegative, we get

[ vuver =i [ i+ [ weorawi =2 [ i,

which implies the desired result. O

Proof of Theorem 1.3. By Lemma 6.1, A < A1(2*). Since the hypothesis (W3)
implies that 1 (%) < 11(220), we may conclude that Ay < A < 11(£20). Now
consider a sequence A, — A (A, < A). Invoking Remark 5.5, we find a sequence
(uy) C HOl (£2) of positive solutions of (P;,) such that I, (u,) < 0. Thus,

A— A, 2
IzA(uy) = I)»n (uy) — |un|2 < IA,Z (u,) < 0. (6.1)

Given ¢ € HO1 (€2), one has

(1h ). ) = (1, @un). @) = (& = ), @2 = =8 = ), @), (62)

which implies that |1 (u,)|| = o,(lu,l). From (6.1), (62), A < A (Q*) <
11(R°) and the argument used in the proof of Lemma 3.2, it follows that the se-
quence (u,) C HO1 (£2) is bounded. Then, passing to a subsequence if necessary, we
may assume that u, — u, weakly in H} (), u, — up in L*(Q) and up > 0 in
Q. Moreover, by Lemma 3.4, we have that / }\ (up) =0and

/W(X)F(un)_)f WxX)F(up).
Q Q
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Next, using that [, , (1,) < 0 we get
lunP=21, (i) + 2hnitn 3 + 2 / W) F () < 2hnlitnl? +2 / W) F ().
Q Q

Consequently, if up = 0 then u,, — 0 strongly in HO1 (€2). Furthermore, by the
same argument used in the proof of Lemma 3.2, we obtain u, — 0 strongly in
L*>(2). Now, taking ¢, the positive eigenfunction in HO1 (€2) associated with the
eigenvalue X1, and using that u, is a critical point of I, for every n € N, we may
write

0=—(1}, wn). ) = /Q [ = 2t + W) f)lpr. (63)

On the other hand, since A, — A1 —> A — X1 >0,u, — 0in L*°(Q),u, > 0in Q,
we may use the hypothesis (f5) to get, for n sufficiently large,

S un)

Up

fQ [ = At + W) £ ()l = /Q [(An — )+ W) ] npr > 0,

which contradicts (6.3). This contradiction implies that upx # 0. Finally, since
u is a nonnegative solution of (P, ), by the Maximum Principle, u 5 is a positive
solution of (P, ). The proof of Theorem 1.3 is complete. O
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