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On existence and uniqueness
for non-autonomous parabolic Cauchy problems
with rough coefficients

PASCAL AUSCHER, SYLVIE MONNIAUX AND PIERRE PORTAL

Abstract. We consider existence and uniqueness issues for the initial value prob-
lem of parabolic equations d;u = divAVu on the upper half space, with initial
data in L? spaces. The coefficient matrix A is assumed to be uniformly elliptic,
but merely bounded measurable in space and time. For real coefficients and a sin-
gle equation, this is an old topic for which a comprehensive theory is available,
culminating in the work of Aronson. Much less is understood for complex coeffi-
cients or systems of equations except for the work of Lions, mainly because of the
failure of maximum principles. In this paper, we come back to this topic with new
methods that do not rely on maximum principles. This allows us to treat systems
in this generality when p > 2, or under certain assumptions such as bounded
variation in the time variable (a much weaker assumption that the usual Holder
continuity assumption) when p < 2. We reobtain results for real coefficients,
and also complement them. For instance, we obtain uniqueness for arbitrary L?
data, 1 < p < o0, in the class L>°(0, T'; LP(R™)). Our approach to the exis-
tence problem relies on a careful construction of propagators for an appropriate
energy space, encompassing previous constructions. Our approach to the unique-
ness problem, the most novel aspect here, relies on a parabolic version of the
Kenig-Pipher maximal function, used in the context of elliptic equations on non-
smooth domains. We also prove comparison estimates involving conical square
functions of Lusin type and prove some Fatou type results about non-tangential
convergence of solutions. Recent results on maximal regularity operators in tent
spaces that do not require pointwise heat kernel bounds are key tools in this study.
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1. Introduction

We consider the problem
oru(t, x) =div (A(t, x)Vu(t,x)), t>0,xeR" (1.1)
where A € L*°((0, 00) x R", .#,,(C))) satisfies uniform ellipticity estimates:

JA > Osuchthat V&, n € C", |(A(t, X)E, )|
< A|&||n| forae.t > 0and x € R";
J) > Osuchthat V& € C", Re((A(t, x)&, &)

> )\|é|2 forae.t > 0and x € R".

(1.2)

The divergence and gradient are taken with respect to the x variables only. We
mention right away that our results extend to systems of parabolic equations with
ellipticity (1.2) replaced by a Garding inequality on R” uniformly with respect to 7.
For the sake of simplicity, we only consider one equation, but complex valued coef-
ficients. We also restrict to ¢t > 0 since we are interested in the initial value problem
with data at ¢+ = 0. More precisely, we shall study three problems.

(1) Construct weak solutions for general L? initial data and prove sharp estimates;

(2) Show when a weak solution has a trace at ¢t = 0 and is uniquely determined
by it;

(3) Establish well-posedness as a consequence.

These problems have been studied in [3,30]; see also [28] and the references therein.
Here, we obtain striking results for systems and L? data, as well as new results (e.g.,
concerning well-posedness classes) for the case of a real equation. For example, we
prove uniqueness results for arbitrary L? data, an issue left unresolved by Aron-
son. Furthermore, even in the case of a real equation, our methods are technically
innovative: they have to be so to circumvent the loss of maximum principles. In
particular, we do not rely on the local regularity theory for solutions which culmi-
nated in [31,32], and do not require a priori knowledge of boundedness or regularity
properties of solutions in our approach.
Recall the meaning of a weak solution.
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Definition 1.1. Let 0 < a < b < 00, Q be an open subset of R” and Q =
(a,b) x Q. A weak solution of (1.1) on Q is a (complex-valued) function u €
L} (a,b; H. (Q)) such that

// u(t, x)orp(t, x)dxdr = // A(t, x)Vu(t,x) - Vo(t, x)dx dt (1.3)
0 0

forall ¢ € €°°(Q). For0 < a < b < oo and 2 = R", we say that u is a local (in
time) solution on (a, b), and when Q = Ri“ := (0, 00) x R" we say that u is a
global weak solution.

Recall that well-posedness for the Cauchy problem consists in proving existence
and uniqueness for global (or local) weak solutions of (1.1) # in some solution
space X, converging, as ¢ tends to 0, to an initial data f in a space of initial data Y,
in some appropriate sense. In this case, X is said to be a well-posedness class for
(1.1) for Y data.

This problem is well-understood for global solutions of the heat equation when
Y = LP(R") and X = L*((0, o0); LP(R™)), for p € [1, 00].

First, the heat extension of f € Y is easily seen to belong to X. Conversely,
use of the maximum principle and form methods allow one to prove that all weak
solutions (which are, in fact, classical solutions) in X have a trace in Y and are
given by the semigroup. The most efficient arguments seem to be the ones designed
for Riemannian manifolds, because they do not rely on any explicit formula for
the heat kernel. Strichartz, in [35], proves this result for 1 < p < oo, even for
global solutions with [|u(z, -)||Lr®n) possibly growing as ¢ — oo (but not faster
than exponentially). For p = 1, we refer to [29] for a neat proof, and another
argument for 1 < p < oco. For p = oo, see [18] for a uniqueness result under a
continuity assumption.

Back to the Euclidean case for the non-autonomous problem (1.1), it was Aron-
son [3] who obtained the most complete results for real equations in divergence
form. He considers the energy space L>°(0, T; L>(R™)) N L>(0, T; H'(R")). He
proves that all solutions u in this space have a trace ug in L>(R"), and are uniquely
determined by this trace. It follows that this class is a uniqueness class. Aron-
son also obtains existence given an L initial data, hence defines a propagator I
such that u(¢,-) = I'(¢,0)up for ¢+ > 0. The same strategy, with a slightly dif-
ferent energy space, was employed by Lions [30] earlier for complex equations,
and it yields the same solution. For real equations, however, Aronson also proved
pointwise Gaussian decay of the propagator in [2]. This allows one to define weak
solutions by the integral representation

u(t, x) = fRnk(r,o,x,y)uo(w dy

for ug in various spaces of initial conditions. For solutions satisfying an integral
condition

T
2
ull3 :=/ / P 02 dr dx < 00
0 RH
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for some a > 0, Aronson proves uniqueness in this class, and existence given

ug € L2(e_y|x|2dx) (with an assumption linking ¥ > 0,7 > 0 and a). This covers
uo € LP(dx) with 2 < p < oo, but note that ||u] ¢ is not comparable to ||ug| r»-
Aronson’s class may thus not be optimal for uniqueness (one could look for a larger
one). We are not mentioning here the results for non-negative solutions as they are
clearly outside the scope of the present article, since we want to address complex
equations.

Let us come back to the heat equation and consider solutions given by u(z, x) =
etA f(x) for, say, f € L?. In harmonic analysis, there are other well-known esti-
mates for such solutions given in terms of the non-tangential maximal function and
the Lusin area functionals:

lu*lle ~ IVullyp2, 1< p <oo. (1.4)

Here 772 denotes the tent space of Coifman-Meyer-Stein. See Section 2.1 for its
definition. We denote by u™* the non-tangential maximal function

X+ sup |u(t,y)l.
ly—x|<v/7

A key feature of these estimates is that they hold also for some p < 1, and play a
fundamental role in Hardy space theory.

For example, ||u*||L» < oo characterises the real Hardy space H? as shown
in [20]. When 1 < p < o0, an implicit argument (it is done for harmonic func-
tions but the same idea applies to caloric functions) in [20], using Fatou type results
(based on the maximum principle), shows that all weak solutions of the heat equa-
tion satisfying |lu*||L» < oo are given by the semigroup, and thus are uniquely
determined by their traces in L? at + = 0. As we have comparability of norms,
uniqueness in such a class is an optimal result for L? data. It is not known to us
whether the condition [|Vu|r,2 < oo with u vanishing at oo yields uniqueness
(recall that V is only with respect to x) except when p = 2.

Our approach to (1.1) starts as in Aronson [3] or Lions [30], by considering
energy solutions. If u is either one’s solution (it turns out that they are the same) for
a data ug € L>(R"), one obtains the energy equality

T
luoll?, =2§Re/0 /R A(s, x)Vu(s, x) - Vu(s, x) ds dx + [u(T)|3,.

By taking the limit as T — oo, provided that u is a global weak solution and that
lu(T)|| 2 — 0O, one obtains

o0
||u0||iz = ZERe/ / A(s, x)Vu(s, x) - Vu(s, x) ds dx.
0 n

This equality suggests that it should be possible to work directly in the largest pos-
sible energy space to begin with, consisting of global weak solutions with Vu €
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L2(R1+1) = L%(L?). We prove that this is indeed the case, and establish well-
posedness of the Cauchy problem for L?(IR") data in this energy space. We also
show that such solutions are continuous from [0, co) into LZ(R"), norm decreasing
in time with limit O at oo, and satisfying this energy equality, of course, together
with

luollL2 = llullpoocr2y ~ IVUll2(r2)-

This is to be expected but note that the lack of a priori control on the L?(R") norm
in our energy space is a difficulty which we overcome thanks to a structural lemma
for this space. As a consequence, we recover, by restriction to finite intervals (0, 7'),
the Aronson/Lions solutions. This gives rise to a propagator I' (¢, s) that sends a data
at time s to the solution at time 7. The only available estimates for this propagator in
full generality are Gaffney type estimates, which are localized L? Gaussian bounds.
The same holds for the backward in time adjoint equation. Using properties of this
adjoint propagator to create test functions for (1.1), our main result towards unique-
ness is an interior reproducing formula for local weak solutions under a certain
control.

Theorem 1.2. Let u be a local weak solution of (1.1) on (a, b) x R". Assume

1
b 2
M = (/ / lu(z, y)|*dy dt) e dx < 00
Re a B(x,\/z)

for some 0 <y < y(a,b, A, A). Then u(t, ) = L', s)u(s, ) for everya < s <
t < b, in the following sense:

/u(s,x)F(t,s)*h(x)dx: u(t,x)h(x)dx Vh € €.(R").
n R"

Note that the control is in terms of local L2 estimates on . This is the only available
information. Also the presence of the square root in the control turns out to be very
useful.

Once this is proved the matter reduces to controlling u near the boundary ¢t = 0
to be able to take a limit as s tends to O in u(¢, -) = ' (¢, s)u(s, -).

We thus need to work with solution spaces for which the hypothesis of this
result can be checked. A natural choice is to use a modification of the maximal
function u*, adapting the one introduced by Kenig-Pipher [27] in the context of
elliptic equations:

s 3
N(F)(x) := sup (][s ][ |F(z, Y)Izdydf> .
5>0 \J 5 JB(x,v/6)

However, note that the space of all measurable functions with || N(F)||zr < oo does
not seem to have a trace space at t = 0, even allowing limits in the weakest possible
sense. Hence, finding the initial value relies on the equation as well, using the inte-
rior representation above. When 2 < p < oo, we prove well-posedness of global
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weak solutions of (1.1) in the class X? = {u € Lﬁ)c(Ri“) D IN@)|r < oo}

with arbitrary data in L?. In particular, when p = oo, we establish the conservation
property r(, 01 =1

in L120C (R™), for all ¢ > 0. This seems to be new under the sole ellipticity assump-
tion.

For p = 2, we also establish, via a different argument, that both L°°(L2) and
X? are well-posedness classes for L? data. The corresponding solutions agree with
the energy solutions. In particular, for any given global weak solution, we have the
a priori equivalences

||”||L°°(L2) ~ ||V”||L2(L2) ~ ||1\7(”)||L2-

The above results can also be considered for local solutions or for global solutions
with growth when ¢ — oo. Combining this with the interior representation, we
obtain a representation for classes containing global weak solutions having arbitrary
growth as t — oo (but still controlled as |x| — o0). This is quite new as well.

Imposing more properties on the propagators, such as uniform L? bounded-
ness in some range of p, allows us to consider the classes L°°(L?) as above when
p # 2. This is true for small perturbations of autonomous equations (coefficients
independent of ) or when the coefficients are of bounded variation in time. This is
far less demanding than the usual Holder regularity assumption. We expect that this
will give substantial improvements to maximal regularity results for the associated
inhomogeneous non-autonomous problem.

Another consequence is that a pointwise upper Gaussian bound condition on
the propagator kernel (as obtained by Aronson for real equations) yields unique
determination of weak solutions from their traces at ¢t = 0 in the classes L°°(L?),
when 1 < p < oo. Note that this pointwise upper Gaussian bound condition has
been characterized in [21] in terms of local L2 — L™ estimates of weak solutions
of (1.1) and of the dual backward equation. For p = 1, we obtain, under this
assumption, two criteria to decide whether or not a weak solution in L®(L') is
determined by its trace in L' or in the space of Radon measures. This requires
some further regularity on the propagators.

Our work also includes a non-autonomous analog of the Fefferman-Stein e-
quivalence (1.4). Namely we prove that, for all weak solutions of (1.1) of the form
u(t,) =T(t,0)f with f € L>N LP?, we have the a priori comparison

IN@)llr ~ | Vullyp2, 1< p < oo. (1.5)

In fact, the control of || Vul|7p2 by IN ()|l e is valid for any global weak solution
and 0 < p < oo and it is only for the converse that we use the form of the solution.

Finally, we prove Fatou type result on non-tangential almost everywhere con-
vergence at the boundary. To do so, since solutions may not be locally bounded, we
replace pointwise values by averages on Whitney regions.

The paper is organised as follows. In Section 2 we recall the definitions of
various function spaces and operators used in this article. We also recall results
from [5,10] that play a key role here.
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In Section 3 we develop a new approach to the L? theory, including well-
posedness in the largest possible energy space and, as a consequence, the existence
of a contraction operator L2(R"), called propagator, that maps the data & to our
solution u at time ¢. By restriction, this propagator gives both Lions’ energy solution
and Aronson’s energy solution.

In Section 4 we prove the fundamental a priori estimates for weak solutions
(either general weak solutions or energy solutions given by the propagator), includ-
ing reverse Holder estimates, and appropriate integrated off-diagonal bounds. The
latter are a replacement for the pointwise heat kernel bounds available in the case
of real coefficients.

In Section 5 we prove our existence and uniqueness results. This includes the
key interior representation result, Theorem 1.2, well-posedness in L% (L?) and in
XP for p > 2, and the conservation property. Under an additional assumption on
the L? behaviour of the propagators, we prove well posedness in L°°(L?) for all
p € (1, 00].

In Section 6 we show that this additional assumption is satisfied for a range of
values of p in two important situations: when A is a small L perturbation of a
t-independent matrix, and when A is of bounded variation in time. We also show a
local result when the dependency with respect to ¢ is continuous.

In Section 7 we complete the picture by showing an L? analogue, for p €
(1, 00), of the norm estimates available for energy solutions when p = 2. This
is an analogue of Fefferman-Stein’s equivalence of maximal function norms and
square function norms in Hardy space theory.

In Section 8 we show non-tangential convergence results to the initial data for
our weak solutions.

In Section 9 we focus on p = 1, assuming that our propagators have pointwise
kernel bounds (as in the case of real coefficients). We then get a complete theory
for Radon measures as data and solutions in L (L"), or L! data and solutions in a
subspace of L>®°(L").

Finally, in Section 10 we mention an easy extension of our results: similar
well-posedness results hold for global weak solutions # such that norms (in the
corresponding solution space) of (¢, x) — 1o, 1)(#)u(t, x) can grow as T tends to
00o. A posteriori, we show that this growth is bounded.
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conducted.



394 PASCAL AUSCHER, SYLVIE MONNIAUX AND PIERRE PORTAL

2. Preliminaries

2.1. Function spaces
Vector valued spaces

When dealing with function spaces over (a,b)xR", we write L? (X) for the Bochner
space of X (R") valued L” functions L (a, b; X (R™)) or L?(a, b; X(R"; C")) (as
long as no confusion can occur).

We denote by Z the space €,>°((0, co) x R") and by 2’ the space of distribu-
tions on (0, 00) x R". We denote by % (L?) the space of L? (R")-valued continuous
functions on [0, co) that tend to O at infinity.

The homogeneous Sobolev spaces HY(R")

There are many ways to define the homogeneous space H'(R"). We depart a little
bit from tradition of having this space as a space of distributions modulo constants,
as this simplifies its use in (1.1).

We denote by H*(R") the standard inhomogeneous Sobolev space for s €
R, and we equip L>(R"; C*) with the standard complex inner product, which we
denote by (-, ) or ;2(-,*)r2.

We set H'(R") = {u e 2'R") ; Vu e L2R"; C”)}, and equip this space
with the seminorm u# +— ||Vu| ;2. With this definition, the following properties
hold:

(1) H'®R" c H'(R") ¢ LIOC(R”) (set inclusions);
(2) 2(R") is dense in H'(R™): for all u € H'(R") there exists a sequence
(¢) jen of functions in Z (R") such that [|V¢; — Vull —— 0;
]—)OO

3) H (R™)/C is a Banach space equipped with its quotient norm;
4) HY(R") S (]R”) (set inclusion);
(5) The dual of HY(R") can be identified with the dual of H!(R") /C, and with
H™'(R")={divg; g € L>(R"; C")} equipped with the norm f I fllg-1 =
inf{llglle . f = divg}. Moreover, for all u € H'(R"), all g € L2(R", (C”),
and f = div g, we have that

a-{fouw) g = =128, Vu) o = g (f Tul) g e

In partlcular H'(R") C H™'RY c % (R") (embeddings), and, if u <
H'®R") N LER"Y) = H'(R") and f € H~'(R") N L2(R") then

~(fou) = . J@ux)dx = 2(f, u)p2
These properties are well known. We shall often write g1 (u, f)g-1 to mean
r-1{f, u) ;1. Having this in hand, we have that, for A satisfying (1.2) and almost

every t > 0,
L(t) = —div A(t, )V
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defines a bounded operator from H! (R™) to H™! (R™), which is onto and has C

as its null space (if one uses H'!(R")/C, we thus have an isomorphism). More

precisely, for all u, v € H! R, g1 (L(®u, v)g-1 = 12(A(t, )Vu, Vv) 2, and
Mullgr = IL@ullg-1 < Allull g1

Now assume that A is constant in ¢, and set L = —divAV and D(L) = {u €
H''; Lu € L?}. Then L is the maximal accretive operator on L2(R") associated
with the form (u, v) — ;2(AVu, Vv);2 on H'(R"). In particular, it is sectorial and
— L generates an analytic semigroup of contractions (e ~'£),-¢. Also, the solution
of Kato’s square root conjecture in [8] implies that

1 1
sup H Ve_’LuH < sup HLfe—fLuH < Hm” < |Vl Yu e H'(R").
t>0 L? t>0 L? L?

Therefore, as e L1 =1 in leoc (see [5, Section 2.5]), we have that {e~"L; ¢ > 0}

extends to a uniformly bounded family of bounded operators on H'(R"). Finally,
we use the space L?%(a,b; H'(R")) for —0co < a < b < +o0, endowed with

1
the seminorm u +—> ( fab IVul(t, .)||i2 dt)7. It follows from the above discussion
that %w((a b) x R") is dense in L?(a, b; H'(R")), that L*(a, b; H'(R")) C
L?(a,b; L10 (RMHNS(IR™)), and that its dual can be identified with L?(a,b;H '(R")
through the pairing

b
L2(a.b; =0 W) 120 b 1) Z/ -1 (@ ), u, )i d
a

b
= —f L2t ), Vu(t, ) 2 dt,

for any ¢ € L?(a, b; L*>(R™)) such that f = divy,and u € L*(a, b; HY(RM)).
Homogeneous Lions spaces W (0, o0)

We define the following spaces that are variants of the solution spaces used by Lions
in [30, spaces &/(2) and HB(2) page 147] (see also [16, Chapter X VIII]).

W©,00) i={ue?uel?(H') anddu e L2(H7)]
and
W (0, 00) := W (0, 00) N 6o (L?),

and the corresponding spaces on a time interval (a, b),0 <a < b < 00
W(a,b)i={ue (€@ b xR) s uel(a,b; H') and due L2 (a, b H)],

and W(a, b) = W(a bYNE ([a, b]; L?). An important result of Lions [30, Proposi-
tion 3.1] states that inhomogeneous versions of these spaces (replacing H' and H~!
by H Uand H~ 1) embed into € ([a, b]; L?), (see also [16, Chapter XVIII]), that is,
into W(a, b). With quite a different proof, we prove, in Section 3.1, a version of
this result for W(O, 00).
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Tent spaces TP>?

The tent spaces introduced by Coifman, Meyer, and Stein in [15] play a key role in
our work. For p € (0, oo], the (parabolic) tent space 77> is the set of measurable
functions u on R’JFH such that

1
o0 2
X = (/ ][ |M(f,y)|2dydf> e LP(R"), if p < o0,
0 B(x,+/1)

2 2
i
X > sup </ ][ lu(t, y)|> dy dt) € L®@R"Y), if p = oo,
0o JB

B>x

where we denote by rp the radius of a ball B. Note that T/ is contained in
leoc(]R’ffl). As shown in [15], these spaces are Banach spaces when 1 < p < oo,

reflexive when p € (1, 00), and the dual of 772 is TP for the duality given
by fR)H»l f(t, y)g(t, y)dydt. Their importance for us has two origins. One is el-
+

liptic boundary value problems including the Laplace equation, where tent spaces,
along with closely related objects such as Hardy spaces and Carleson measures,
are already used extensively. Since we consider equation (1.1) weakly in space
and time, it is natural to use such norms rather than the L°°(L”) norms which
would correspond to treating (1.1) as an (non-autonomous) evolution equation in
L?. The other reason why tent spaces are so important in our work comes from the
recent extension of Calderdn-Zygmund theory to rough settings, i.e. the applica-
tion of Calderén-Zygmund ideas to operators such as e ' with L = —div AV,
A € L*®R"; #,(C)) satifying (1.2), that do not, in general, have Calder6n-
Zygmund kernels (see [5] and the references therein). In such a setting, integral
operators such as

t
f [(z,x) > / Ve U=9Lqiy £ (s, -)(x)ds:|
0

are often unbounded on Bochner spaces L”(L?) but bounded on TP2, This is
the subject of our paper [10]. The results we use here are recalled in Section 2.2.
Keeping in mind that 722 = L2(L?), we then use the condition Vu € T?? (here,
we mean that each component of Vu is in 77-2; in general, we shall not distinguish
the notation as this will be clear from the context) as a replacement for the condition
Vu € L?(L?) to attack L” theory. For uniqueness, however, maximal function
estimates on solutions are more suitable than square function estimates.

Kenig-Pipher modified T P-*° space XP

Coifman-Meyer-Stein’s tent space theory also includes maximal function estimates
via the tent spaces 7'7>*° defined as spaces of continuous functions on (0, co) x R”
with u* € L? and with non-tangential limit, where ™ is the non-tangential maximal
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function defined by

ut x> sup lu(t, y)I.

(t,y)€(0,00) xR"
lx—yl<v/7
This maximal function, however, is not appropriate for us because of the lack of
pointwise bounds on our solutions. We thus use a modified version of the non-
tangential maximal function, introduced by Kenig and Pipher for elliptic equations
in [27], and used extensively in [7] (see also [11,22] and further development in the
theory of Hardy spaces associated with operators without Gaussian bounds).

Definition 2.1. For F € L2
N(F) by

1
E) 2
N(F)(x) := sup ][][ |F(t, y)|>dydr ] , VxeR™M
§>0 \J 3 JB(x.V/5)

The corresponding modification of 77-°° is defined as follows.

(R’f’l), we define the following maximal function

Definition 2.2. Let 0 < p < o0o. The space X7 is the subspace of functions F €
L} (R%*!) such that )

I Fllxr == INF)|lp < oo.
This space has been defined in [27]. For 1 < p < o0, it is a Banach space. Duality
and interpolation is studied in [23,24].

Note that, given a parameter 8 > 1, the maximal function N (F) in the defini-
tions above can be replaced by

1

ﬂ282 2
N3(F)(x) = sup ][ |F(r, y)|>dydt | , VxeR",
B(x,B3)

>0 82

since a simple covering argument yields [Ng(F)|, ~ | Fllx».

A difficulty with this norm compared to the one with u* is the lack of stability
by translation: one can check that if 7, F'(¢, x) = F (¢ + s, x), then there is neither
pointwise nor L? control of N (Fy) by N(F) for any p. The same difficulty appears
with the tent spaces T 72 above except when p = 2.

Slice spaces E f

While integral operators such as
t
f > [(t,x) > / Ve "=9Ldiv f(s, -)(x)dsi|
0

act on 772 (see Section 2.2), their (operator-valued) kernels Ve ~"Ediv (for a fixed
t > 0) do not act, in general, on L?(R"). Appropriate substitutes for L? (R") are
the following spaces.



398 PASCAL AUSCHER, SYLVIE MONNIAUX AND PIERRE PORTAL

Definition 2.3. Let p € [1,00] and § > 0. The (parabolic) slice space E f is the
subspace of functions g € leoc (R™) such that

1
5 »
= ([ (Fo o) ) <

This space can also be seen as one of Wiener amalgam spaces, which have been
studied for a long time. However, [12, Section 3] points out that these spaces are

/
retracts of tent spaces, and thus inherit many of their key properties: (E f )* =E (Sp

with ||€||(E6p)* ~ ||€||E§,/, with implicit constants uniform in § > 0, for all p €

[1, 00) under the duality pairing [, f(x)g(x)dx. In particular, slice spaces are
reflexive Banach spaces when p € (1, 0o). The following result is [12, Lemma 3.5]
and compares the norms in £ g’ and in E §’, for &' # 6.

Lemma 24. Let p € [1,00]and 8,8 > 0. Forall f € E(f,, one has f € Ef and

. s\ 2G5 s\ 2G5
min 1, <§> I lgr, S IS Ngp S max g 1, (3) 1N g -

2.2. Maximal regularity operators

Given A € L®R"; .#,(C)) satisfying (1.2), recall that L = —div AV denotes the
maximal accretive operator with domain D(L) = {u € H L(R™) ; AVu € D(div)}.
Recall also that (Lu, v) = (AVu, Vv) forall u € D(L) and v € H'(R"). See
[5,34], for more background on the operator theory of divergence form elliptic
operators.

We consider the associated maximal regularity operator M, initially defined
as a bounded operator from LY(D(L)) to L®(L?) by

loc
t
./\/lLf(t,x)=/ Le 9L £(s, ) (x)ds 2.1
0

for almost every (¢, x) € (0,00) x R" and all f € L'(D(L)). A classical result by
De Simon [17] states that M extends to a bounded operator on L2(LY).

De Simon’s result can be extended in several directions, including L?”(LP)
boundedness, L? (R": L2(0, c0)) boundedness, and 7”2 boundedness.

The LP(LP?) extension is the most well-known. Lutz Weis proved in [37]
that the maximal regularity operator My belongs to -Z(L”(L?)) if and only if
(e7'1);>0 is R-analytic in L? (R"™). This holds in a range (p_(L), p4 (L)) around
2 as shown in [5, Theorem 5.1] (combined with [26, Theorem 5.3]). Note that, for
p outside of [p_(L), p+(L)], —L does not generate a %p-semigroup on L”.
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The L?(R"; L*(0, 00)) extension has recently been considered in [36]. Again
M e L(LP([R"; L*(0, 00))) when p € (p—(L), p+(L)) by a combination of [5,
Theorem 5.1] and [36, Theorem 3.3].

The TP-2 extension is the subject of our work [10]. In [10, Proposition 1.6], we
prove that My € Z(TP-?) for a range of values of p that can be strictly larger than
(p=(L), p+(L)) (recall that, for all & > 0, there exists —L that does not generate a

semigroup on L”(R") for p < f—fz —8).

In this paper, however, we need to use a variant M 1 of My for which the
772 boundedness has still a large range of exponents while the LP(LP) theory
would hold on an even smaller range than for M .

Proposition 2.5. The integral
- t
My f, -):/ Ve "=9Ldiv f(s,-) ds (2.2)
0

defines a bounded operator from L' (H?), where H* = H*(R"; C")), to L (L?).

loc
This operator extends to a bounded operator on L*>(L?).

Proof. To see that M . is well defined, remark that, forall t > Oand all g € H 3

“Veirl‘dngHLz SIvdivelle S lgllye.

Next, we turn to the extension. Remark that for such g, h = L~ 2div g € D(L).
First, g € L?>(R"; C") and by the solution of the Kato square root problem [8],

h e L2R"). Secondly, Lh = Ldivg € L2(R") asdivg € H! = D(L?) by [8].
Using L? boundedness of VL~: , [8], we have the equality in L?

Ve Thdivg = VL_%Le_TLL_%divg
for all such g and all T > 0. It follows
My f = VL P ML 2div f

for all f € L'(H?) and that M extends by density to a bounded operator on
L3(L?). O

The adjoint /\;li e L(L*(L?)) is given as follows.

Lemma 2.6. Forall f,g € 9,

/(MLf(z,-),g(z,-))dt:/ <f(t, -),/ V(e *E) div g(t +, -)ds> dr.
R R 0
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Proof. Let f, g € 9. We have that
/R (ML f (2, g, ) dr
://ll(o,oo)(t—s) <Ve—<'—S>Ldivf(s,-),g(z,-)> ds dr
RJR
=//ﬂ(o,oo)(a)<f(s,-),V(e—“L)*divg(a +s, .)> do ds,
RJR

where we have made the change of variables s =sando =t —son R x R. [

Remark 2.7. The operator, initially defined for g € & by
- oo
T g(s,x) = / V(e™" ) divg(o +5,)(x)do, (s, x) € (0,00) x R"
0

thus extends to a bounded linear operator on L2(L?%).

Proposition 2.8. Let g € [1, 2) be such that sup, . ||\/5Ve*”‘* |l.2@ws)y < oo forall

s €[2,q"). Then M, extends to a bounded operator on TP for all p € (p¢, 00]

n 2
where p. = max {ﬁ, ,H_”q/}.

Proof. We first recall, from [5, Section 3.4], that there exist an exponent g as
above (denoted by ¢ (L*) in [5]), and another one p_(L) > 1 with p_(L) <
max {1, %} such that

sup le ™ y1r) <000 ¥re(p-(L),2]. 23)
>

To prove the result for p < 2, we apply [10, Theorem 3.1] withm = 2, § = 0. To
do so, we only have to show that

nel 1
sup Ht1+7(3_7)Ve_tLdiv H <o
>0 Z(L9,L12)
for all § € (¢, 2] and compute the exponents. Indeed, this estimate and L> — L? off
diagonal estimates imply the L — L? decay with r € (g, 2). See for example [5,
Proposition 3.2]. Write

nel 1
"2y Ldiv = A,B,C,

with A; = t%Ve*%L, B, = t%(%f%)ei%[‘ and C; = t%e*»%l‘div. Observe that C; is
uniformly bounded on L7 using g > ¢ and duality. Next, B; is uniformly bounded
from L7 to L? by [5, Proposition 3.9] and (2.3). Finally A; is uniformly bounded on
L?. For p > 2, we apply [10, Proposition 4.2] withm =2, =0andg =2. [
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Remark 2.9. If we were to use maximal regularity results in L? (L?) or
LP(R"; L*(0, 00))

as in [36] instead of this result, we would need the family {Ve~'Ldiv ; ¢ > 0}
to be R-bounded on L”(R™). As shown in [5], this is false for p < ¢, and ¢
can be arbitrarily close to 2. In the above proposition, however, we allow, at least,
p € [;25. 00l (see [5,9]).

2
Remark 2.10. If ¢’ > n, then p, = % < 1.Whengq' <n, p. = n+”q,. Actually,
we have learned from Yi Huang (personal communication) that in this case, the
exponent p,. can be taken to be the smaller value %, using an improved version

of [10, Theorem 3.1]. This value is in agreement with the number p_ (L) above.

Remark 2.11. We remark that given the ellipticity constants A, A, there is (A, A) €
(0, oo] such that g+ (L*) > 2 4 e(A, A) whenever A satisfies (1.2). This implies
that p_ (L) < max {1, % — &' (A, A, n)} for such L. See again [5, Section 3.4].

We also consider the integral operator R, initially defined as a bounded operator
from L' (H"), with H' = H'(R"; C"), to L{2(L?) by

t
Rif(t, x) = / e~ U9Ldiy f(s, ) (x)ds. (2.4)
0

Note that €, (RTI; C™), the space of compactly supported continuous functions on

R’fl into C” is contained in L' (H!) and is dense in T7*? (of C"-valued functions)
for all p € (0, c0).

Proposition 2.12. Letr p € (0, 0o]. The operator R, extends to a bounded opera-
tor from TP2 to XP.

In the proof below, and throughout the paper, we use dyadic annuli defined as fol-
lows. For x € R",r > 0, set S1(x,r) = B(x,2r),and S;(x,r) = B(x,2/"!r)\
B(x,2/r) for j > 2.

Proof. Let f € CKC(RTI; C™). We have that, for almost every (¢, x) € R’j_“,
> —k
Rrf(t,x)= Ze_(l_Z MLy (270, x),
k=0

where Ky f(t,x) = f%f e~ =9Ldiv f(s,-)(x)ds. Fix x € R" and k € N\ {0}.

e—tL .

Since { ; t > 0} satisfies Gaffney-Davies estimates (see [5, Section 2.3]), we
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have that for any 6 > 0,
1

F) 2
_(1—n—k _
][ ][ lem =2l g, F ke, y)Pdyde
§ JB(xVG)
1

00 P » )
Z (ﬁ ][B( 7 )e*(l—z )L (ﬂs,-(x,ﬁ)KLf(zikf, .))(y)‘ dy dt)
2 x, :

—1

IA
~

1

2
2% =¥ ][][ (KLf fy ‘ dy dr
B(x,2/+1/8)
2k
2i5 e~ sup ][ ][
§'>0 B2 15 )
1

00 2
2:: et 5'>0 (][ ][B(x 2’+1+2~/_))KLf(t y)‘ dydt> '

Note that this estimate also holds for k = 0. Now with 8’ > 0, and j > 1, we have
that

AN

1

(2~ ,y))zdydty

IA

'M8 1M8

~
I
—_

1

4 2
Kpf(t,y)>dydr
(][_ f s KLIC P )

o] 4 t
ﬂ ‘ —(t—s)L q:
< E e le(ﬂ ) s,-) ds
B=AvE: B2 ) /% Se(x,z“”%\/s_/)f( o)

For¢ =1,andt € (%,X),we have that

t
—(@—s)L 5; .
‘ﬁ e div (ﬂsl(x’zjﬂ%\/y)f(& ))(y)ds

2

! 1
=
% t—s
and thus

6/
ﬁ/ ][ jHi+k
& J B2 T2V

1
2 2
dydt] .

2

f

. k
B(x,2/ 22 /50

D=

2
dydr

t
—(=s)L g3 .
/ UL s f(50))0)ds

2
ds) dr

=

<21+1+2f> %

. k
B(x,2’+2+§\/8_/)
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By Schur’s Lemma, we thus have that

Y t
’ , —(t=$)L 3;
e le(]l . s, ) ds
3 B0 2L /% Sl(x,2-’“+§ﬁ>f( )

/ % 00 %
< /][ L ftyPdyd 5(/][ L If(t,y)lzdydt)
8 JB(x, 272V 0 JBx,22 0

Let us now consider £ > 2. We have that

/
][“—’ ]i( IARSE W
> X, )

2
8 t . 1
1 1 4l+jokst
< 2Z'l€_C— —s f s, d ) ds dr
N /%,< NN <B(x21+‘+2+zf|f( Y dy

1
< Y gaI2k /6][ |/ (s, y)I>dyd 2
~ e . S,y yds .
y B(x’21+z+2+’§\/§)

For p = oo, summing in j, k, £, and using the change of angle lemma [6] in T2,
On ¢ gl+jrk
IR fllxr S 25" 5472

we have that
1
( / OO][ 2dyds)
X . [f(s, y)|"dyds
b 0 B(x,2'/+2+“%\/§)

)n —£4¢+J'2k +0+%
<> 2% 20D fllrpe S U f lipes
J.k,t

D=

2
dydt

2 2
dydr

t
~(=9)Lg; (11 , )
/ I(LL g f60)0)ds

2

Lr

the number t depending on n and p. This suffices to sum. For p = oo, we argue
similarly. We note that the proof applies directly to any f € T°>2 and gives a
meaning to R f. O

The operators Ry, and M, are related in the following way.

Proposition 2.13. Let p € (p., o) as in Proposition 2.8 and f € TP?*. Then
VRLf € TP2and VR f = My f in TP2.

Proof. Given Propositions 2.8 and 2.12, we only have to show that, for f € &,
VRLf =Mpfin 9. Let g € Z. As in the proof of Lemma 2.6, we have that
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(where (-, -) is the L? inner product)

[ (s swn) a
R
= / / ﬂ<o,oo><t—s>(Ve—<’—s>Ldivf(s,->,g(r, -))dsdt
R JR
=—/ / 11(0,00)(;—s)<e—<’—S>Ldivf(s, ), divg(, ~)>dsdt
R JR

:—/R(RLf(t, ), divg(r, '))df=/R(VRLf(t, Y, g(t, )dr. -

3. L2-theory and energy solutions

3.1. The space W(O, o0)

We start with a structural lemma about distributions u € W(O, 00). Note that it is
not restricted to solutions of our problem.

Lemma 3.1. Forallu € W(0, oo) there exist a unique v € W (0, 00)N%p(L2(R™))
and ¢ € C such that u = v + c¢. Moreover,

Il < 200l g2 190l g2 -

Proof. Setw = d;u+ Au,and let g € L>(L?) be such that w = div g. Givenr > 0,
we denote by 7, g the time translation of g defined by 7;g(s,.) = g(s + ¢, .) for all
s > 0. We now set, forall t > 0,

v(t) = — /OO D2y (s)ds = — /oo 2 div(t,)(s) ds,
0

t

where the integral is defined weakly as shown below. Indeed, for f € L?(R") and
t > 0, we have that

o0
/0 (118(s), V' £)] ds < gl 212y (s, %) > Ve FO) 212
<L el Il
= —= 1T &l 122 2,
ﬁ t81L2(L?) L

where the last inequality follows from a simple Fourier multiplier estimate. The
argument also gives

[v@) = v(t)],» < € g — gl 22 Vit >0,
L V2 (L7)



NON-AUTONOMOUS PARABOLIC PROBLEMS 405

and therefore v € € ([0, 00); L?) as well as

Qim flo@)l2 =0

as [|tgll 22y —— Oforall g € L*(L?). We now prove that u — v is equal to a
T—>00
constant. By Remark 2.7 we have that

190l 22 = | M a8

<
2y ”g”LZ(LZ)’

hence ”AU”LZ([.'[—I) < ||Vv||L2(L2) S ||g||L2(L2).

Moreover, 0;v € LZ(H_I) and ;v + Av = w in L2(H_1). Indeed, for all ¢ € &
we have that

(v, ) =—(v, d¢) = f ” < / Ooe“—’mw(s)ds, a,¢<z>> dr
0

t

=/OO <w(s), /S e(s_’)A8t¢(t)dt> ds

0 0

Y ’ (s=0)A (=)

_/0 <w(s),/o [a,(e ¢(t)>+e ' Ad)(t)] dt> ds

=(w, ¢) — (v, Ad).

Consider the distribution 7 := u — v € W(O, 00); we have that 9,7 + Ah = 0
in LZ(I-'I_I). Since h € Lz(Hl), we have that h € L?(.#"). We can thus take
the partial Fourier transform F, in the R” variable, and obtain that the distribution
¢ = Fyh € L2(.Y) satisfies

0 — P =0 inP'

where m(¢, £)T denotes the multiplication of T € 2’ by the function m, here the
polynomial (, £) — |£]?. Solving the first order differential equation away from
& = 0, there exists @ € Z’(R" \ {0}) such that

¢ =¢EFa in 2'((0, 00) x (R"\ {O})).

Since £¢ € L*(L?) we have that Soze"‘{ﬂ2 e L>(L*(R™\ {0})). But for any compact
set K C R"\ {0}, Fubini’s theorem tells us that

/oo/ ‘ga(g:)e"f'zf d df = oo
0 K

unless « = 0 almost everywhere on K. Thus o = 0 in 2’(R" \ {0}). This implies
that ¢ is supported in (0, 0c0) x {0}, and hence there exists ¢ € Z’(0, co) such that
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¢ =Cc®3y. But 9,¢ € LZ(H —1) 50 ¢ is constant. Taking the inverse partial Fourier

transform, we have shown that there exists a constant ¢ € C such that u = v + c.
To prove uniqueness, let vy, v; € W(0, o) be such that there exists ¢1, ¢, € C

with u = v +c¢1 = v» + ¢ and define w = v; — vy. We have that w € Sa”o(Lz) and

w = c¢p — c1. Therefore, w = 0, hence ¢; = ¢, and the decomposition is unique.
We now prove the norm estimate. We have already shown that

1 1
sup ()2 = —= Il 2oy < —= (190l 21y + NAul 2oy
150 ﬁ L=(H™') ﬁ L=(H™") L=(H™")

1 (
< 0l p2cgg—1y + Nuall 2 ‘1)-
& \otliezgmn L2(HY)

We now apply the result to the scaled functions u, : (¢,x) a%u(t, ax), and
obtain that

1 1
sup lv(@) |2 < E (; ||3t14||L2(H—1) +a||14||L2(H1)> )

t>0

for all @ > 0. Optimising in a gives that

sup 0l 2 = \/2 100l 21y el 2 gy,
>0

O

Remark 3.2. For each u € W(O, 00), the above lemma gives the existence of the
limit lim; ¢ u(z, ) in 2'(R"), equal to v(0) + ¢. We call this limit the trace of u,
and denote it by Tr(u).

Remark 3.3. Itis a well-known fact that forO < a < b < oo,andu, v € W(a, b)N
€ ([a, b]; L?), we have that r > (u(t), v(t)) € W1 (a, b) and

(L2(u(), v('))Lz)/ = -1 ), vO) g1+ g1 (), V') g1 € L'(a, b).
See, e.g., [1, Section 14].
Remark 3.4. Lemma 3.1 is wrong _if one replaces W(O, o0) by W(a, b) for some
finite @ < b. To see this, take f € H'(R") \ L2(R") and set u(t, x) = f(x) for all
(t,x) € (a,b) x R".

3.2. A priori energy estimates

As a corollary of Lemma 3.1, we obtain the following a priori energy estimate.

Corollary 3.5. Let u € 2’ be a global weak solution of (1.1) such that Vu €
L2(L?). Then there exists a constant ¢ € C such that v := u — ¢ € €o(L?) and is
norm decreasing, Vv = Vu € L*(L?), v is a weak solution of (1.1) and

A
Oz = vl o2y = V2ANVLIL2r2) =4+ 0O 2,

where v(0) = v(0, .), and A, A are the ellipticity constants from (1.2).
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Proof. Since d,u = divg in & for g = AVu € L*(L?), we have that
(B, @) < AlIVull 2022V 1212y

hence d,u € L*(H™"). Thus u € W(0, 00) and Lemma 3.1 imply that there exists
a constant ¢ € C such that v := u — ¢ € W(0, 00) N y(L?), and

Il Loo(z2y < /2 10wl o1y IVuell 22
( (H™H) (L)

<\/2 ||g||L2(L2)||VM||L2(L2) <V2A ||V’4||L2(L2) =~2A ||VU||L2(L2)-

Moreover, as constants are trivial weak solutions of (1.1), sois v. Letb > a > 0.
Forall U € L%(a, b; H'(R")), we have that

b b
/ -1{0sv(s, ), U(s, ) g ds = —/ / A(s, x)Vu(s,x) - VU (s, x) dx ds.
a a R?
For U = v, Remark 3.3 and ellipticity give that
b
lo(a, )72 = v, )3, = —2%/ f-1{05v(s, ), v(s, ) g1 ds
a

b
= 25)‘%6/ / A(s, x)Vu(s,x) - Vu(s, x)dx ds
a JR"

> 21 [|Vvl2,

(a,b;L2)
This glves the norm decreasing property and letting a — 0 and b — oo, yields
2A||Vv||L2(L2) < ||v(0, -) ”2L2' This completes the proof of Corollary 3.5. O

These a priori estimates can be localised. This is well-known, but we include
an argument for the convenience of the reader, and to record some explicit constants
for later use.

Proposition 3.6. Let (a,b) C (0, 00), xeR", r>0. Letu e L?(a, b; HY(B(x, 2r)))
be a local weak solution of (1.1) on (a, b) x B(x,2r).Then u € ¢ ([a,b]; L3(B(x,r)))
and there exists k > 0 such that for all ¢ € (a, b], we have

) dic® A2 1 b 5
”u(b, ')||L2(B(x,r)) = 7 + m ; ||M(S, .)”LZ(B()C,Z}”)) dt,

1
/”vu(s )||L2(B()C }’))d _m(l-"_(b a) )/ ”M(S )||L2(B(X zr))d
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Proof. Let n € €.°°(R") be a real-valued function supported in B(x, 2r), such that
n(y) =1forally € B(x,7), Inllc < 1,and ||Vl < 7. We have that

2Kk
IVl 120,y xrr) = - el 22,0y x BGx,2ry) T VU L2((0,6)x B(x,2r)) < O©-

Therefore, nu € L*((a, b), HOI(B(x, 2r))). Note that this space is the closure
of €>°((a,b) x B(x,2r)) in L%*((a,b), H (B(x,2r))). Let ¢ € ¢ >°((a,b) x
B(x,2r)). Since u is a local weak solution, we have

‘// u(t, y)o,¢(t, y)dydt
(a,b)x B(x,2r)

< AIVull 2@,y x B, 2r) VO L2 (0.6 x Bx,27)) -

Using the known duality between HO1 () and H~'() for any open subset Q of R”,
this shows that ,u € L*((a, b), H~'(B(x, 2r))) and the same holds for d; (nu).
Moreover, the integral on the left is — ;24 p: g-1(B(x,2))) (011, ¢>L2(a,b;H01(B(x,2r)))‘
By Lions’ result [30, Proposition 3.1, nu € € ([a, b]; L2(B(x, 2r))) (see also [16,
Theorem 1, Chapter XVIII]). Calculating for all @’ € (a, b):

b
Inu(b, ) 72— lInuia’ )17 =2me/ F1 (e 2 (B (1O @), () g e ey A
a

b
= 290 [ (B0, ) 0y
a/

b
= —25“6/ / n(A(, y)Vu(t,y) - n(y)Vu(t, y)dy dt
a JB(x,2r)

b
+4ERe/ / n(y)A(, y)Vu(t,y) -u(t, y)Vn(y)dy dz.
a JB(x,2r)
Therefore,

b
Inub, )12, + 22 / InVe(s, 112, ds
a/

2

b ) 4k A? 5
||7IVU(57 )”2 + 7”“(5‘7 .)||L2(B(x,2r)) ds7

< llnud, )13, +x/

a’

and thus

b
b, )1 +A/ 1nVuts, V12 ds < Inu(a, )12
a (3.1)

b K2 2 )
+ /a/ ?”u(& .)||L2(B(x,2r)) ds.
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Integrating in a’ between a and b gives the inequalities:

1 dic? A2
”I/l(b’ ')”%Z(B(x,r)) S (m + ) / ”u(s )||L2(B(x zr)) d

b
e —a) / IV (s, M2 pyyy 5 < A / (s = @ Vuls, M2 gpgr ) 9

)/ ”M(S )||L2(B(X zr))d 0

Remark 3.7. The above proof shows that whenever u is a weak solution on (a, b) x

Q with u € L%*(a, b; H'(Q)) then d,u € L%(a,b; H~'(Q)). One can thus take

any ¢ € L*(a, b; HO1 (£2)) as a test function in (1.1) and the integral ff ud;p can

be reinterpreted as — f (0;u(t, -), @(t, -)) dt, where the brackets correspond to the

H™(Q), Hy (Q) duality. Also u € € ([a, b]; L*(Q')) for any Q' with Q" C Q.
Similar estimates hold for the backward equation up to a time 7 > 0:

(om0t

(s, x) = —div A(s, )*Veo(s,x), 0<s<T, xeR" (3.2)
Again a weak solution to this equation on (a, b) x Q is a function
¢ € Lin.(a, b; Hy ()
such that for all ¥ € €>°((a, b) x Q),
b - b -
—/ / o (s, x)os ¥ (s, x)dx ds :/ / A(s, x)*Vp (s, x) - Vir(s, x)dx ds. (3.3)
a JQ a JQ
Lemma 3.8. Let ¢ be a weak solution of (3.2) on (0,T) x Q. Thenu : (t,x)

¢ (T —t, x) is a local weak solution on (0, T) x Q2 of (1.1) in which the matrices
A(t, x) are replaced by A(T —t,x)*,t € [0, T], x € Q.

Proof. Let Y € €2°((0, T) x ). Then v : (¢, x) > (T —1t,x) € €°((0, T) x
Q) and 8,1}(1‘, x) = —(¥)(T —t,x) forallt € [0, T] and all x € 2. Therefore,
we have

T T
/ /u(t,x)atw(t,x)dxdt:/ f¢(T—t,x)8t¢(t,x)dxdt
0 Ja 0 Ja
T -
——/ /¢>(s,x)8sglf(s,x)dxds
0 Q
T -
:/ fA(s,x)*V¢(s,x)-Vi,b(s,x)dxds
0 Ja

T
= / / A(T —t,x)*Vu(t,x) - Vi (¢, x)dx dt
0 Q
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where we have made the change of variable s := T — ¢ twice and we have used
(3.3). O

Proposition 3.9. Let ¢ € L*(a, b; H' (B(x, 2r))) be a weak solution of (3.2) on
(a,b) x B(x,2r). Then ¢ € €([a, b]; L2(B(x,r))) and there exists k > 0 such
that for all d € [a, b), we have

4 2 1 b
16 (@, I a g < | 5 +—— | [ li(s, I, ,ds,
(B(x,r)) w2 b—all, L2(B(x,2r))

1
/ ||v¢(s )||L2(B(x r))d _)\.(b d) <1+(b (l) )/ ||¢(S )||L2(B(x zr))d

Proof. Thanks to Lemma 3.8, we may apply the result of Proposition 3.6 to
u(t,x) :=¢a+b—t,x)fort € (a,b),x e R"andc:=a+b—d € (a,b]. O
3.3. Well-posedness of energy solutions

Definition 3.10. Let ug € L>(R"). The problem
du =divAVu, ue W(0,00), Tr(u)=ug

is said to be well-posed if there exists a unique u € W (0, 00) global weak solution
of (1.1) such that Tr(u) = uyg.

Theorem 3.11. For all ug € L*(R"), the problem
du =divAVu, ue W(0,00), Tr(u)=uop

is well-posed. Moreover, u € €y([0, 00); L?), ||u(t, 2 is non increasing and

A
luollz2 = llullpooz2y = V2AIVUll222) =4/ = lluoll 2.

With some care because we are dealing with an unbounded time interval, it is pos-
sible to adapt the proof of Lions [30, Theorem 5.1] for the existence in order to
construct a solution in W (0, oo). Nevertheless, we give a constructive approach
to the L2-existence theory, that plays a key role in the L? theory developed in later
sections. The approach relies on approximations of A and on taking weak™ limits of
the corresponding sequences of approximate solutions. We thus need the following
lemma.

Lemma 3.12. Ler Ay € L™ ((0, 00); L®(R™; ///n((C))) for k € N be such that
(1.2) holds uniformly in k and

Ar(t, x) k—) A(t,x) for almost every (¢, x) € (0, 00) x R",
— 00
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Let uy, be a global weak solution of 9;,u = div Ay Vu for all k € N, and assume that

sup (llugll oo 2y + IIVugll 2) < oo.
keN

Then there exists a subsequence (uy i) jeN such that (uy j)jEN weak™ converges to u
in L*°(L?) and (Vug;) jen weak* converges in L*>(L?). The limit u € L°(L?) is
then a global weak solution of (1.1) such that Vu € L*(L?).

Proof. Letk € N. Note first that uy, € W(O, 00) since it is a weak solution of d;u =
div Ay Vu such that Vi € L>(L?). Since u; € L*(L?), Lemma 3.1 gives us that
up € 6o(L?). Therefore (ux (0, -))ken is uniformly bounded in L2(R"). Moreover
(Vup)ken is uniformly bounded in L?(L?). We can thus extract a subsequence
(Uk;) jeN using Banach-Alaoglu’s theorem for which there exists u € L%(L?) and

ug € L2(R") with

ug, — u weak* in L®(L?),
Jj— 00
Vup; — Vu  weak* in L*(L?),

j—o00
ug.(0,) —— ug weak® in L2.
J j—o00

For all ¢ € 2 (R") and all + > 0, Remark 3.3 and the fact that uy € %(L?) for all
k € N give that

/ up; (2, Vo (y)dy = / u, (0, Vo) dy
R~ Ry
t
_ fo /]Rn Akj (s, y)Vukj(s, y) ‘Wdy ds.

Since the right hand side converges to fRﬂ uo(y)Wy) dy — fot fR” A(s, y)Vu(s, y) -
V¢ (y) dy ds, the left hand side converges and its limit is equal to fR,, u(t, y)¢(y)dy
for almost every + > 0. Modifying u# for almost no + > 0, we can assume
that the equality holds everywhere. Differentiating in ¢ proves that d;u(z,-) =
div A(t, )Vu(t, ) in H~! for almost every t > 0. Therefore d,u = div AVu in
LZ(I-'I_I) and thus u is a weak solution of (1.1). ]

Remark 3.13. It is even possible to show strong convergence if u (0, -) are inde-
pendent of k.

Proof of Theorem 3.11. We start with the proof of existence of a solution u €
W (0, oo) satisfying (1.1) and u(0, -) = ug.

Step 0. We first consider A independent of . We let L = —div AV and u(t) =
e~ "Lug. From semigroup theory, we know that

u € €,([0, 00); L*(R™)) N €>(0, 0o; D(L))
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is a (strong) solution of d;u + Lu = 0. Moreover, Vu € L?*(L?) and

N o0 2\
ZKIIVMII%z(Lz)Szﬂle/O LZ(AVM(Z),VM(I))LNZ:—/O <||u(l)||Lz> dt=|luoll3,.

Finally, one easily checks that u is a global weak solution as well.

Step 1. We next consider A of the form

N
A(t,x) = Z W) (D ARX) + Djryy 400) () AN+1(X)
k=0

for some N € N, (#x)o<k<n+1 an increasing sequence in [0, oo) with 75 = 0 and
(Ar)o<k<N+1 satisfying (1.2) uniformly. It is convenient to set ty42 = 0o. For
Jj=0,..,N+1,let L; = —div A;V and define

TCa(t,s) = e UL = j=tj-DLj1  ,=(ti1=5)Li

fort € [tj,t;11) and s € [t;,2,41). We define u : 1 — T 4(z,0)up, t > 0. That
u € 6([0, 00); L2(R™)) is easily established using the properties of the semigroups
(e_’ Lj ) +~0- We proceed inductively on k to check the desired properties on u. Since
— L generates an analytic semigroup of contractions

|, x)— ]l(O,t|)FA(tsO)MO(X)HLOO(LZ) < lluoll 2-

Therefore

[, = B0 OVt 0 2 gy = 60 15 10O Ve ug(x) .
< lluollz2-

Moreover d;u(t,-) € L*(R") for all + € (0,1) and 3 (u(t,-)) = Lou(t,-) =

L(H)u(t, ) in L2(R") for all ¢ € (0, ;). Now let k < N + 1 and assume that the

following holds:

|, 20) = L) OT a(t, Ouo ()| oo 12) < lluoll 2,
|| (t,)C) = ]I(O,Zk)(t)VFA(taO)MO(X)“LZ(L2) rg ||M()||L2,
and oJu(t,-) = L(Hu(t,-) in Lz(R") forallt € (0, %)\ {to, ..., tk—1}.

Here, the implicit constants may depend on N but we are inducting on a finite
number of steps and we will get the dependence only on the ellipticity constants in
(1.2) eventually. We want to extend all this to #41. For ¢ € [#, tx4+1) we have that

u(t,-) = Talt, s)u(s, ) = e WLk =1y (5 )
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forall s € (t;—1, tx). Therefore
H(l,x)'—ﬂl(o,zkﬂ)(f)u(f,X)HLOO(Lz) < H(t,x)r—>11(0,,k)(t)u(t,x)||LOO(L2)5 lluollz2-
Using u(t, -) = e~ (~WLiy (g, ), we have
. x) —~ ﬂ(tk,tk+1)(t)vu(t’x)”Lz(Lz) S M, M2 < lluoll 2.

We also have that d;u(z,-) = —Lyu(t,-) = —L(#)u(t,-) in L2(R") for all S
(t, tr+1). This concludes the induction, which proves that u € L®(L>NL2(HY),
and that u satisfies

ou(t,) =—L@)u(t,) Vie (0,00)\{tx; k e N}.

We now show that u is a global weak solution of (1.1). Let ¢ € &, and pick M >
ty+1 such that suppgp € (0, M) x R". For j =0,..., N+ 1,1t {(u(t,-), ¢(t,-))
(where (-, -) denotes the L? duality) is &' on (t j»tj+1) and continuous on [#;, tj41],
hence

tj 1
/ : (M(t, ')7 8t¢(t$ )> dt = (u(tj“rl")v ¢(tj+17)>_<u(tj’)7 ¢(t]7)>
t

Tj+1
+/ (Lju(t,.), ¢(,.))de.
1

Summing in j and using (L ;u(t,-), ¢(t)) = —(A;Vu(t,-), Vo(t)) for all t €
(tj,tj+1), and the fact that supp ¢ C (0, M) x R", we have that

/ fu(ny)a,w,y)dydt:/ fA(t,yww,y)-V¢<r,y>dydt,
0 R~ 0 R~

i.e.,u is a weak solution of (1.1).
Therefore, by Corollary 3.5, [|Vu| 212y ~ lluoll 2 with constants depending
only on A and A from (1.2).

Step 2. We now consider A of the form
o
A (tx) > Y Mg (D Ar(x)
k=0

for some increasing sequence (fx)xen With fo = 0 and limg_. #x = +00 and
(Ag)en satisfying (1.2) uniformly. Define

N
Ay (60 > ) gy (DA + Ty, ooy () Ay 11 (X)
k=0
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for all N € N. Then Ay (%, x) N—> A(t, x) for almost every (¢, x) € (0, 00) X
—00

R"”. Let (uny)nen be the corresponding sequence of weak solutions to d,u =
divAxN Vu obtained in the previous step. By Lemma 3.12, there exists a subse-
quence (up;) jeN converging to u € L*°(L?) in the weak* topology, with u a weak
solution of d;u = divAVu and |[u||foo(2) + Vullp2r2y < |luoll 2 with constants
depending only on the ellipticity constants.

Step 3. We now turn to the case where A € 4([0, 00); L¥(R"; .#,(C))). Ap-
proximating A almost everywhere by matrices of the form

o
(t,X) > Y g (D AL,
k=0

with Ay = A(#, -), which satisfy (1.2) uniformly in k, we obtain from Step 2 a
family of weak solutions (u;) jen, uniformly bounded in L%(L?) and such that
sup jen IVujllp2r2) < oo. Using Lemma 3.12 again we obtain a weak solution u
of (1 1) such that ”M ||L00(L2) + ”VM ”LZ(LZ) g ”M()”LZ.

Step 4. Finally, for a general A € L™ ((0, 00); LX(R"; A, (C))) we can use the
approximations

1

1+
(AJ» Dt x) jf ! A(s,x)ds) € €(10, 00); L*(R"; 4,(CT))),

t

for j > 1 and use Step 3 together with Lemma 3.12 one more time.

Step 5. Let us now prove uniqueness of solutions. Let u, v € W(O, 00) be solutions

of (1.1) with Tr(u) = Tr(v) = ug. The function w :=u — v € W(0, 0o) is a global

weak solution of (1.1) such that Tr(w) = 0. By Corollary 3.5, we have that there

exists ¢ € C,and W € €y(L?) such that w = @ + c. Since Tr(w) = 0, we have

that ¢ = 0 and zlintl) w(t, ) =0in L2(R"). Corollary 3.5 thus yields [|wllpooz2) =
—

3.4. Propagators

Lemma 3.14. There exists a family of contractions {I'(t,s) ; 0 <s <t < 00} C
L(L?) such that

() T(t,t) =1 Vt=>0;

Q) I'e,s)I'(s,r)=T(@,r) Ve=>=s>r>0;

(3) Forallh € L>(R"), and s > 0,t + T'(t, s)h € Go([s, o0); L>(R™));

(4) Forallug € L*(R"), (¢, x) — T'(t, 0)ug(x) is a global weak solution of (1.1).
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Proof. Let uy € L?>(R"). Let u be the solution of the Cauchy problem in The-
orem 3.11. We have u € %o(L?) N L2(H"Y), with |Ju(z, )| ;2 < |luoll,2 and we
define ['(z, 0) as the contraction on L? that maps ug to u(z, -). Similarly, we can
start from any time s > 0 and from any data h € L?, and obtain a unique solution
v € W(s,o0) with u(s,-) = h. We define I['(z, 5) as the operator mapping % to
u(t,-) when t > s. Then (1), (3) and (4) follow by construction, while (2) follows
from uniqueness. O

Definition 3.15. We call {I'(¢,s) ; 0 < s <t < oo} the family of propagators
for (1.1).

The restriction s > 0 only comes from the fact that we work on (0, co) x R”.
This means that, provided that A is defined on R+ and satisfies (1.2), one can
define I'(¢, s) for —oo < s <t < oo and we have the same properties on the full
range of s and 7. One works on (s, co) for arbitrary s and by uniqueness, any two
families are consistent on the common time intervals. There is a similar family for
the backward equation (3.2).

Lemma 3.16. Let T > 0. There exists a family of contractions {I'(t,T) ; t €
(=00, T1} C ZL(L?) such that

() (T, T)=1;

(2) Forallh € L*®R"), t + ['(t, T)h € €p((—00, T1; L?);

(3) Forall h € L*(R"), (t,x) — I'(t, T)h(x) is a global weak solution of (3.2)
on (—o0, T).

Proof. Define

A*(T —s,x) if (s,x) € (—o0, T] x R",

Als, x) = A*(0,x) if (s,x) € (T,00) x R".

Applying Theorem 3.11 on (0, oo) with A replaced by A we get the conclusion of
Lemma 3.14. Denoting the corresponding family of propagators by {L'(z,s) ; 0 <

s <t < oo} C . Z(L?,we define

I'(t,T):=0[(T —1,0) Vte(—o0,T].
It is immediate that [ satisfies points 1 and 2. By Lemma 3.8, we have that (7, x)
(¢, T)h(x) is a weak solution of (3.2) on (—oo, T) x R", which proves point 3. [J

Proposition 3.17. Let T > 0. The families of propagators for (1.1) and (3.2) (up
to time T') are related by

[, T)=T(T,1)* Viel0,T].
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In particular, for all h € L*(R"), t + T'(T, t)*h is strongly continuous from [0, T
into L>(R") and t — T'(T, t)h is weakly continuous from [0, T into L>(R™).

Proof. Let g,h € L2 (R"),and 0 <t < s < T. Let u(s,x) = I'(s, T)h(x) =
(T — s,0)h(x), and v(s,x) = ['(s,t)g(x) for all (s,x) € [t, T] x R". Since

u,v e W(t, T), we have, for almost every s € [t, T],

<asu(s’ ')’ U(S, )) - <A*(S, ')VM(S, ')’ VU(S, )) = 09
(u(s, -), osv(s, -)) + (Vu(s, -), A(s, )Vu(s, -)) = 0.

We therefore have (see Remark 3.3):

T
0= / os{u(s,.),v(s,.))ds = (u(T,.), v(T,.)) — (u(t, .), v, .))
t

= (h,T(T,0)g) — (C(t, T)h, g). 0

Remark 3.18. The restriction 7 > 0 is irrelevant in the previous results and is only
made because we study (1.1) on (0, 00). The adjoint formula is independent of the
choice of the extension of A*(T — ¢, x) for ¢t > T to construct I" in Lemma 3.16.
It follows from this adjoint formula that any result we obtain for (1.1) involving
the propagators I'(z, s) has its counterpart for the adjoint backward equation (3.2)
globally on (—oo, T') or locally on (S, T'), with the propagators I'(¢, s)*, provided
the hypotheses made on the coefficients are stable under taking adjoints.

A key property of I' is that it satisfies the following L> — L? off-diagonal bounds.

Proposition 3.19. For all Borel sets E, F C R", all f € L>(R") and all 0 < s <
< oo,

(E

_d(E,F)?
gD, s)(UpHllp2 <e™® = |pfliz2.,

with a = ﬁ, where A, A are the ellipticity constants from (1.2) and d(E, F)
denotes the Hausdorff distance between E and F with Euclidean norm.

Proof. This result is already in [2]. The simple proof with this constant is taken
from [21]. There, A was assumed to be smooth but this is not necessary. It also
adapts to systems with Gérding inequality instead of pointwise lower bounds. We
reproduce the argument for the convenience of the reader. It is enough to as-
sume s = 0 as one can translate the origin of time to s. Let ¥ be a non nega-
tive, Lipschitz and bounded function on R” with |Vy| < y. For f € L*(R"),
set TV(,0)f = e¥T'(t,0)(e ¥ f) € L?>(R") as ¢ is bounded. Observe that
u(t) =e Vv, 0 f =T¢, O)(e_wf) is a global energy solution of (1.1). Using
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Remark 3.3, we have the chain of equalities and inequalities for almost every ¢ > O:

%nr‘f’(r,mfuiz = %ne'ﬂu(r)niz
=2%Re -1 (3 (eVu)), eV u(®)) g
=2%Re o1 (du(), eV u)) j
= —2%Re ;2(A@)Vu@), V(e u@)));.
= —2%e 2(A@0)e Vu(r), eV Vu()) 2
—4%e (AWM’ Vu(t), eV u()V) 2
< —2Mle! Vu@)7, +4Aylle? Vu@)| 2 lle” u(@)|l 2

(
(

2A%
= =7l u®lz,.

AsTY(,0)f — fin L>(R") ast — 0, we get
2 A2
IV, 0)fll 2 < VN fllp2s k= —

Assume now that supp f C F and let ¥ (x) = inf(yd(x, F), N) for a large N >
yd(E, F). We obtain

_ 2.
IT(2,0) fll 25y < e 79 ED TV (2,0) fll 2 < 7 TVIED £l 5.

d(E.F)
2t

Optimizing with y = completes the proof. O

3.5. Connection with earlier constructions

Suppose we have constructed I'(z, s) for all —oco < s <t < 0o as explained above
after Definition 3.15.

Proposition 3.20. Fix T > 0, let ug € L*>(R") and u(t,-) = I'(t,0)ug for t > 0.
Then u agrees with Aronson’s energy solution on (0, T) xR" and with Lions’ energy
solution on (0, T) x R" of (1.1). In particular, for0 <s <t < T, T'(¢, s) agrees
with both Aronson’s and Lions’ propagators.

Proof. We begin with Lions’s construction [30, Theorem 5.1] (see also [16, Chapter
XVIII, Section 3]). He proves well-posedness of (1.1) in the class W (0, T') with
data ug. By our construction, we have that u € W (0, co), hence its restriction to
(0, T) belongs to W(0, T). Thus, u agrees with Lions’s energy solution on (0, 7).

We turn to Aronson’s construction [2]. This particular part of his article does
not use the specificity of real coefficients. He proves well-posedness in the class
Ar = L>®(0, T; L>(R") N L*(0, T; H'(R")) with data ug. By our construction,
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we have that u € W(0, o0), hence its restriction to (0, T') belongs to Ar. Thus, u
agrees with Aronson’s energy solution on (0, T').

The consequence for the propagator I'(z, 0) is immediate. A translation of the
origin of time to s proves the result for I'(¢, s). O

It follows from this lemma that our propagators are universal for any local
in time problem. This is particularly noticeable for Aronson’s work with real co-
efficients as he constructs the kernel of I'(¢, s) by using approximations by the
propagators obtained by the standard parametrix constructions for equations with
smooth coefficients on bounded cylinders. Our approach is totally opposite as we
construct the “largest” possible object and restrict it. It will be useful to have shown
uniqueness in the largest possible energy class W (0, co) later on.

4. A priori estimates

We first prove a priori estimates for arbitrary weak solutions. We then turn to solu-
tions of the form (¢, x) — I'(¢, 0) f(x) for f in an L? space.

4.1. Reverse Holder estimates and consequences

We consider the parabolic quasi-distance on (0, co) x R" defined by
d((t, ), s, y) = max {VIr sl lx = yl} . (.0, 6. 9) € 0.00) x R”

and denote by B((¢,x), R) = [t — R2,t + R?] x B(x, R) the corresponding ball
of radius R. Remark that (0, co) x R" with this parabolic quasi-distance and the
Lebesgue measure is a doubling quasi-metric measure space. The following lemma
is a particular case of well-known L?” (L?) estimates for weak solutions. See [2].

Lemma 4.1. Let g :=2 + %. There is a constant C > 0 depending on dimension
and the ellipticity constants in (1.2), such that for all u global weak solution of

(1.1), for all (t, x) € (0, 00) x R", and all r € (0, 4), we have

1 1
q 2
(][ lu(s, y)|7dy dS>q <C <][ lu(s, y)I*dy dS) EENC R
B((t,x),r) B((t,x),4r)

Proof. Let (t,x) € (0,00) x R", and r € (0, ﬁ). Pick ¢ € € >°(R") supported
in B(x,2r) suchthat 0 < ¢ < 1, ¢ = 1 on B(x,r) and |[V9|e < % Let

oelt—r?t+r?. By Gagliardo-Nirenberg’s inequality (see [33, (2.2)]), we have
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that

4
/B( )IM(G, nItdy = / uto, eI dy S IV (u(o, I3 llu(o, Hol3

n

IV (u(o, )9) 2 (/B( e y>|2dy>

9 1 t+r2 5 %
Sl ([ [ weoras)
r=Jt—r2 JB(x,4r)

where we have used Proposition 3.6 in the last step. Now let

A= / lu(s, y)|2dy ds.
B((t,x),4r)

We thus have that

/ (o, )4 dy do
B((t,x),r)

A % B t-‘,—r2 5 t—',—r2 5 1
< (—2> f f Vu(o, ) dy do +/ / u(@, )P~ dy do
r K t—r2 JB(x,2r) t—r2 JB(x,2r) r

2 _1 1+16r2 ) A %
—2/ / lu(o, y)|I"dydo | = (—2) :
_r t—16r2 B(x,4r) r

where we have used Proposition 3.6 again and ¢ = 2 + %. This proves (4.1). O

A
N
RS
N—

Observe that the proof applies to any ball B((t, x), r) provided r — 16r> > 0.
Hence we may apply Gerhing’s lemma in the context of a space of homogeneous
type. See for example a proof in [14]. As the constant C is independent of # and the
radius of the ball, we obtain an improvement of ¢ to some g > ¢ that depends only
on dimension and the ellipticity constants. Also, the exponent 2 can be lowered.
See [25, Theorem 2] for the original euclidean proof, and [13, Theorem B1] for a
proof valid in spaces of homogeneous type.

Corollary 4.2. There exist C > 0and g > 2+ %, depending on dimension and the
ellipticity constants in (1.2), such that for all u global weak solution of (1.1), for

all (t,x) € (0,00) x R", and all r € (0, ‘/T?), we have, for all p € [1, 2],

1

2 -
(f (s, )P dy ds) < (][ (s, )17 dy ds)
B((t,x),r) B((t,x),r)
1

N <][ |u(s, y)lpdyd3>p-
B((t,x),4r)

Q=

4.2)
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These reverse Holder inequalities are useful, among other things, to control the
potential growth of leoc norms for solutions in L°°(L7?).

Proposition 4.3. Let p € [1, 0o]. Let u be a global weak solution of (1.1). Assume
thatu € L°°(LP). Then for allb > a > 0, and all w € Lp/(R”),

1
b 2
/(f/ |u(t,y)|2dydt> w(x)dx < oo.
R* \Ja JB(x,v/b)

Proof. We first remark that the case p = oo is trivial, and assume from now on that
p < oo. By Holder inequality, since w € L? (R"), we have

1

b 2
1:=/ (/ / |u(t,y)|2dydt> w(x) dx
n a B(x,v/D)

1

b £
< f(f/ |u<t,y>|2dydr) dx
R* \Ja JB(x,v/D)

If p < 2, then by Corollary 4.2, and a covering argument, we have the following
foralla’ € (0,a) and b’ € (b, 0):

y »
I's / lue, Hpde | < llullzoewr).
a/

If p > 2, then by Holder inequality

b ) 3 b >
lu(t, y)|~dy dt) < (/ f lu(t, y)|? dy dt) .
(/; /B(x,ﬂa) a JB(x,vb)
We conclude as in the case where p < 2 to obtain I S |Ju|lzoo(r). O

Iiroposition 44. Let p € [1, oo] and u be a global weak solution of (1.1) such that
N@) € LP(R"). Then forallb > a > 0, and all w € L”/(R”),

1
b 2
/(// Iu(t,y)lzdydt) w(x)dx < oo.
R \Ja JB(x,v/b)

Proof. Given b > a > 0, there exists M € N such that b < 2M+g < 2p, and
there exists N € Nand {z; ; k= 1,..., N} C B(O, /b) such that B(0, vb) C
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U,ivzl B(zk, v/a). Therefore, for all x € R",

b 3
(/ / iz, P dy dt) <
a JB(x,V/b)

]+l l
(f / e, ) dydz)
1 2Ja B(x+zg,/a)

N (@) (x + zi).

INE
M=

Il
o

Jj=0k

Mz

~
Il
-

Since w € L?' (R™), this gives

1

) .
f(// |u(r,y>|2dydt)2w(x)dx§
R7 a B(x,+/b)

SIN@)I

N
> N@)+z0)

k=1

lwll pr
p

using the invariance by translation of the L? norm. O

Remark 4.5. For p € [1, oo], note that, if u is a global weak solution of (1.1) such
that ess sup,. g |lu(t, .)|l» = M, then sup,_g |lu(¢, .)||L» = M. This follows from
the continuity of # > u(t, -) in leOC (R™) and easy density arguments.

4.2. Estimates for the propagators

Lemma 4.6. Let p € (2, o0].

(1) Forall g € L*(R") supported in a ball B(0, M), and all t € [0, 00),
TG0 gl Sme lighpa

Consequently, for all h € LP (R"™), T'(¢, 0)h can be defined in leoc R");
(2) Forallh € LP(R"), ||(t, x) = (T (¢, 0)h)(x)|Ixr ~ [lhllLr.

Proof. (1) Lett > 0and g € L2(R™) supported in a ball B(0, M). Using Proposi-
tion 3.19, for some ¢ > 0, we have

o
T, 08l < > Is;0.m (. 0)*gll,
j=1
o (- 1) «
Sm Y22 0,0 T (@, 0) g2
j=1

e N T
Swllghpz + Y2072 T gl 2 Sua llgh 2.
j=2
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(2)Letd > 0,x € R". Leth € LP(R"), and j > 1. Using Proposition 3.19 again,
we have that
1

(£l tremt)ol sa)

1

. . S 2
27 ¥ ][ ][ _ Ih(y)[2dy dt
$J B(x,2i+16)

n

. 1
25 e (Mulnl?)” ),

N

AN

where My denote the uncentered Hardy-Littlewood maximal function. Therefore,

1
(Mucin?)*| S Wale.

HN((r,x) - F(z,O)h(x))HLp <Y ke
=zl Lp

We next prove the reverse inequality. Fix z € R". We first remark that the same
reasoning as above gives us

) 2 ; . 1
][ ][ P Oy Pdydr ) 2% e (Murihl?)’ ).
§ J B(x,v/6)

forall j > 1and § € (0,1) and x € B(z,1). Moreover, by continuity of ¢
', 0)(g e nHh) in L?(R") and Lebesgue’s differentiation theorem, we have that
forall j > 1,

1

s 2
L, 0)(Is,c.nh) M Pdydt | — (s, )h)(x)],
(][% ﬁ(x’ﬁ)| (7, 0)(Is;z,n W (V)| dy ) 520 [(Ls;(z, 1)) (X))

for almost every x € B(z,1). As the right hand side is zero for j > 2 and x €
B(z, 1), we deduce by summing that

1
’ 2
2
’ 7[ ', 0) (1 ch dy dr 0
( % B(X,\/g)| ( )( B@z2) )(y)| y ) ﬁ)

almost everywhere for x € B(z, 1) and by difference,

5 :
(f ][ T (r. 0)h(y)[*dy dt) — |h)|
g B(x,+/8) 8—0

almost everywhere on B(z, 1). Hence this holds on R" as z is arbitrary. Since
(t,x) —» (I'(t,0)h)(x) € XP, we are done if p = o0, and, if p < oo, Fatou’s
lemma gives us

I2llLr S W@, x) > T, 0)h(x) | xr. -
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Lemma 4.7.

(1) Let p € [1,00) and § > 0. We have that sup;epo,s7 117 (2, O)HE(Eg’) < 005

(2) Let p € [1,00). Forall§ > 0andall f € Eg’, one has lim;_,o'(t,0)f = f
in E}.
For allt > 0, one also has limg_.o T'(¢, s)* f = '(t,0)* f in E;

(3) For all h € L®(R"), we have that lim,_o (¢, 0)h = h in L?> (R™).

loc

Proof. (1) [12, Proposition 4.2] applies using Proposition 3.19.

(2) [12, Proposition 4.4] applies using Proposition 3.19 and the continuity re-
sults proven in Proposition 3.17 and Proposition 3.14.

(3)Leth € L*°(R"),and M > 0. For ¢t > 0, as in Lemma 4.6 using Proposi-
tion 3.19, we see that ijl I g.m)(I'(7,0) — I)(ILg;0,m)h) converges in L2(R™)
to 1 go,m)(I'(¢,0) — I)h, and moreover,

1

2
( / (D(t,0) — 1>h<y>|2dy> Su I, 0) = DL, 0.0m) 2
BO,M)
o0 4
+ Y el 2,
j=2

for some constant ¢ > 0 depending on M. We conclude using that ||(I"(¢,0) —
Dgll ;2 — 0 for all g € L>(R"). O
t—

Proposition 4.8. Let p e (2,00]. For all h € LP(R™), up,: (¢, x)— (L' (¢, 0)h)(x) €
XP is a global weak solution of (1.1).

Proof. Let h € LP(R"). We first show that Vuy, € L2 (R"*"). Leta, b, M > 0.

For j > 1,seth; =1 S0, mh € L?(R™) and consider the global weak solutions
up; of (1.1) with data i ;. Applying Proposition 3.6 and Proposition 3.19, we obtain
the following for some constant 8 > 0:

1

b 2
(/ / V(T (£, 0)h) (x)|* dx dt>
a JB(O,M)

1

b 2

~ (// I(F(t,O)h,)(x)|2dxdz>
a,b,c,M a/2 JB(0,2M)

et

(4.3)

in(L_1y a4
| g0.2+1anh ;2 <27 e PY R

We easily obtain from this that Z_jzl Vuy; converges to Vuy, € L?(a, b; B0, M)).
Also ijl up; converges to up in Lz(a/2, b; B(0,2M)).
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To show that uj, satisfies (1.1) in the sense of distributions, let ¢ € Z and pick
a,b, M > 0 such that supp¢ C [a, b] x B(0, M). Foreach j > 1,

o . o -
—/O /uhja,¢dxdt+/0 /AVuhj-qudxdt:O

and by the above L? convergences, one can sum in j > 1 and obtain the conclusion
for uy,. This shows it is a global weak solution of (1.1). [

Lemma 4.9. Let g € [1,2) and assume that supy—;<, oo 1T (7, )|l (Le) < 00.
Then, for all r € (q, 2] there exists « > 0 such that for all E, F C R" Borel
sets,forall0 <s <t <ooandall f € L"(R"),

IET @)U p )l < (6 — ) 3G D" ||11Ff||y.

Proof. Let f € L2(R") N LY(R"),x € R"*,t > s > 0. By Proposition 3.6 we have
that

! ‘ !
(][ |F<r,s)f<y>|2dy> < (][ ][ IT (o, s>f<y>|2dydo)
B(x,/t—s) s J B(x,24/t—5)

Covering B(x, 24/t — s) by a finite collection of balls { B(x, —VIZ_S); j=1,..., M}

with M depending only on n and B(xj, Vtz_s) C B(x,4yt—s) forall j =
1,..., M, we can apply Corollary 4.2 to obtain

L ;
(][ IF(t,s)f(y)lzdy) 5(][ ][ N s)f(y)l"dyd0>
B(x,/t—s) s J B(x,4t—s)

n t é n
5(z—s>‘ﬂ(][ IIfIIZd0> =t =97 fll,.

Therefore, forall x e R",t > s >0and h € LY(R")

Uiy D] S —5)" 3G Al o (4.4)
| |,

Let § =4/t —s. Consider the family of disjoint cubes Is := {8 [0, 1["+k8, k € Z"}.
We denote by c¢ the center of a cube Q € 5. We have that

(=)@ D1l )1g € LLIRY, LA(RY)),

with norm independent of r > s > 0 and Q, R € %s. Using Proposition 3.19 with
Riesz-Thorin interpolation, we have that, for all » € (g, 2], there exists o > 0 such
that for all # € L™ (R")

[1oT (. ) Urh)] 2 < (¢ — )" 3E~Dema B gy,
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forall Q, R € Zs,forall t > s > 0. Therefore, there exists ¢, > 0 such that

1

2

IT@ Rl = Y Il )k,
0€%s

B—

SY | DD Mg )(Mohl;,

kez" \ Q€%

v nel 1
< 3 e 10D [ 3 pughis
keZ Qe

_ncl_1 _ncl_1
Se—920 D Y ekl | =@ -T2 DR,
0€%s

where we have used that £, C £, since r < 2. Therefore

nol 1
ITG )l S E—s)"2672)

uniformly for 0 < s < ¢ < co. Using Riesz-Thorin interpolation again to interpo-
late this uniform bound with the L> — L? off diagonal bound from Proposition 3.19
gives the result. 0

Lemma 4.10. Let g € [1,2), and assume that Supgs<, oo IIT'(t, )| £(L9) < 00.

Then, for all h € L1(R"), uy, : (¢, x) — (I'(¢, 0)h)(x) is a global weak solution of

(1.1).

Proof. By (4.4), we have that, for all ¢t > 0, all h € LY(R"), and all M > O:
1180 T @ O 2 Sw IhllLa-

Applying Proposition 3.6, we obtain the following for all ¢ € (a, b) and M > 0:

1 1
b 2 b 2
(/ [ |vr(z,0)h(x)|2dxdr> < (/ ||uB(o,2M)r(z,0>h||izdr)
¢ JB(O,M) a,b,c,M a

S alliza.

To show that uj, satisfies (1.1) in the sense of distributions, let ¢ > 0, and pick
ho € L1(R™) N L*(R") such that ||h — hg|lze < €. The function up, is a global
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weak solution of (1.1), and we thus have the following.

o0 . o0 -
0 n 0 n
o0 o0
5/ f |uh_h0||a,¢|+A/ f Vit |1 V9]
0 R” 0 Rn

S Ntn—nollLoo(ray + “V(uh—h0)||L2(supp(V¢)) Sk —hollLe < e.
This proves that u, is a global weak solution of (1.1). ]

Lemma 4.11. Let g € (2, 00] and assume that Supy; <, oo I (7, )|l 2(Le) < 00.
Then, for all v € [2, q) there exists a > 0 such that for all E, F C R" Borel sets,
forall0 <s <t <ooandall f € L>(R"),

1 d(E.F

_nel 1y _ )2
[T, )Y ArHllr S —s) 2@ e =5 |1pfll 2.

Proof. Using Proposition 3.19 we only have to show that

_neldl 1
(t _s) 2(11/ 2 < Q.

2L L?)

sup )F(t, s)*

0<s<t<oo

For 0 <s <t < oo, we have by Proposition 3.17 and the proof of Lemma 3.16:

I'(t,s)*=T(s, 1) =L —s,0),

where I is the propagator for equation (1.1) with A replaced by

A*(t —s,x) if(s,x) €0, ] x R,
A*(0, x) otherwise.

A(s, X) = {

Since A satisfies (1.2) with the same constants as A, Proposition 3.19 applies to T
and the result follows from interpolation between ¢’ and 2. O

Remark 4.12. For p € [1, o0],

esssup TG, gy =M = sup [T, $)llzwry = M.

0<s<t<o0 0<s<t<oo

This follows, using Proposition 3.14 and Proposition 3.17, from the continuity of
t— (C(t,5)f, g)on[s,o0) and of s = (['(t,s)f, g) on [0, ] forall f, g € Z(or
f € L*®, g € L' compactly supported), a simple measure theoretical argument and
density arguments.
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4.3. Propagators with kernel bounds

We say that the propagators I'(¢,s5),0 < s < t < 00, have kernel bounds if their
kernels k(¢, s, ., .) are measurable functions with

le—y[?

k(t,s,x, y)| < C(t —s) 2 a0, 4.5)

for some C,c > 0,all0 < s <t < 00, and almost all x, y € R".
In this case, ['(z, s) is an integral operator and one has the integral representa-
tion

(. 5)f(x) = /R o5, ) f0) dy

for all f € L>(R") and almost every x € R”. Moreover, as the integral makes
sense for f € LP(R"),1 < p < 0o, one can extend I'(¢, s) to a bounded operator
on L?(R™), uniformly in ¢ > s (recall that I"(s, s) = I).

As mentioned, Aronson’s proved kernel bounds for propagators of real equa-
tions. At this point, it is worth pointing out that the following result, proven by
Hofmann and Kim in [21, Theorems 1.1 and 1.2], extends to our situation.

Proposition 4.13.

(1) The propagators T'(t,s),0 < s <t < 0o, have kernel bounds if weak solu-
tions in leoc (]R'rq) of (1.1) and of (3.2) on RT‘I satisfy scale invariant local
L? — L™ bounds of Moser type on parabolic cylinders. The constants C, ¢ in
(4.5) depend on the ellipticity constants in (1.2) and the bounds in the local
estimates;

(2) Conversely, if the propagators T'(t,s), 0 < s <t < 00, have kernel bounds
then global weak solutions satisfy the scale invariant local L> — L™ bounds
of Moser type on Whitney parabolic cylinders.

The proof in [21] is done for smooth coefficients. In this case, one can use the
classical fundamental solution. However, once we have our notion of propagators,
we can run the argument mutatis mutandis. In particular, supremum is replaced by
essential supremum (or even supremum in time and essentiel supremum in x) in
the local bounds. Also the argument for the first part is done for the propagators on
the full range —oco0 < s < t < o0, but inspection reveals that, to get the estimate
for k(s, ¢, x, y), only local bounds on parabolic cylinders contained in the strip
[s, t] x R"™ are used. This explains our hypothesis on the weak solutions in part (1).

The converse is stated in [21, Theorems 1.2] for the full range. The argument
there does not preserve strips [s, 7] x R” (a modification of the argument could
probably do it) but, if we restrict to parabolic cylinders of Whitney type (as in the
definition of the maximal function N), then the argument gives the desired local
bounds.
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5. Existence and uniqueness results

5.1. Main result
Here, we prove interior representation from a weak control on solutions.

Theorem 5.1. Let u be a local weak solution of (1.1) on (a, b) x R". Assume

b 2
M := (/ f lu(z, y)|*dy dt) e dx < o0
R~ a B(x,\/E)

for some y < 4(ba——a) where « is the constant in Proposition 3.19 (¢ = #). Then
u(t,) =T, s)u(s,-) foreverya < s <t < b, in the following sense:

/ u(s, x) T, )*h(x)dx = u(t,x)h(x)dx Vh e E.(R").
n Rn
Proof.

Step 0. For & € €.(R"), its support being included in B(0, p) for some p > 0, we
have for all j > 1 and for all x € R” that

(Ix]—p)?

12 ,S (ﬂlxlfp + e_ﬁ b ]1|x|>,o> ”h“L2 (5.1)

)

llSj(X,«/E)h‘

(recall that S;(x, +/b) denotes the annulus B(x, 2/ T'V/b) \ B(x,2//b) if j > 2
and the ball B(x, 2+/b) if j = 1) and therefore, for y < %,

2 _paj .
sup (eml B ||[1Sj(x’\/5)h||Lz> Slhll2, YjeN. (5.2)

xeR”?

If [x] < p, then (5.1) is immediate. Let |x| > p: ||ﬂSj(x,JE)h||2 # 0 only if
B(0, p) N Sj(x,v/b) # . Pick y € B(0, p) N S;(x, +/b) and we have that

‘ 1 ‘
<=yl + Iyl =2 WVb4p, andthen (x| —p)? <4/,
This implies (5.1). Now, for y < %, we have that

2
2 _gUxl-p)? N 7.8 2 2
sup (e’”‘ e P m ): ePr <oo and sup (11|x|5pe7’|"| ): e’ < oo,
xeR” xeRn

which proves (5.2).

Step 1: We show that for all a < s < ¢ < b and all k € 6.(R"), we have that
u(s, )L (t, s)*h € LY(R"). Let p > 0 be such that supph C B(0, p). Using
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Proposition 3.6 and Proposition 3.19, we have the following (with constants de-
pending on ¢, s, b, p):

/Rn lu(s, )|IT(#, 5)*h(x)| dx

=/n <][B(x 7, lu(s, MIIC(, s) h(y)ldy>

1

00 2
2 x
= u(s, d 1 I'@,s (]l _ h) dx
_;fR( o) 1) y) s T (s h)| |
l
4ip

< u(o. y)| dyda) e~ | ug, dx

Xz:/n </ \/B(X [) Sj(x, b 2

Mihll L2 < oo,

where we have used, for any £ >0, oz —84/ + B4/, the fact that Z] 16_547

and (5.2) with B = 225 —eand y < fh in the last line.

Step 2: Some identities. We fix & € €. (R") and leta < t < b. Define ¢ (s, x) :=
(¢, s)*h(x) forall s € [0, t]and x € R”. By construction, the function ¢ is a weak
solution of the backward equation (3.2) with V¢ € L?(0,t; L>(R")) and one has
¢ € €([0,1]; L>(R™)). Let x € €°(R"; R), and let n € €>°((a, t); R). Denote
by €2 a bounded open set containing the support of x . Since u is a weak solution of
(1.1), we have that

2
L2(a,b; =1 @) (st DXN) 124 b 1) ()

b
—/ /A(s,x)Vu(s,x)-V(¢(s,x)x2(x)n(s)> dx ds.
a Q

Since ¢ is a weak solution of (3.2), Vu € L?
tion 3.6, we have that

and u € €([a, b], Lloc) by Proposi-

loc

2
L2(a,b; H} () {wx=n, 3s9) 12(a,b: -1 (2))

b
=/ /V(u(s,x)xz(x)n(s))-A(s,x)*V¢>(s,x)dxds.
a Q
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Noting that

L2(H*1)<8su’ ¢X2n)L2(H(}) + L2(H(})<MX277’ 8s¢>L2(H*')

b
—I—/ /Xz(x)u(s,x)(b(s,x)n’(s)dxds
a Q

b
- [ (f (s, 09 020 () ) dx) ds =0,
a Q

we get, adding the three equations above,

b
/ / x2uls, x)¢ (s, x)n'(s) dx ds
a Q

b N
=/ n(S)/ (A6, 0Vuts, x) -V (8600 @)
a Q

_v (u(s, x))(z(x)> AG, )V, x)) dx ds.

Calculating, some terms cancel and we obtain

b
/ / x2()u(s, x)p (s, x)n'(s) dx ds
a Q

b
= / n(s) f (A6 0Vuts, 2 V22)) @G, ) (53)
a Q

—u(s, x) (VX2(x) - A(s, x)*Vo (s, x))) dx ds.

Step 3: We now prove that
b —_—
/ / u(s, x)¢ (s, x)n'(s)dx ds = 0. 54
a n

We choose x of the form x — (%) for R > 0 and ¢ € €.>°([0, 00)) supported

on [0, 2], and equal to 1 on [0, 1]. Note that x(y) = 1 for all y € B(0, R) and
IVl < R~!. We have already shown that u(s, -)¢ (s, ) € LY(R") for every
s € (a,t]. Thus the left hand side of (5.3) goes to the left hand side of (5.4) as
R goes to oo by dominated convergence. To prove (5.4), it remains to show that
éVu € L'((c, d) x R") and that uVe € L' ((c, d) x R*) witha < ¢ < d < t such
that suppn C [c, d], so that dominated convergence applies as well as R goes to oo.
Using Proposition 3.6 and Proposition 3.19, this is done as a simple modification of
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the argument used in Step 0 and Step 1.

d
/ f [Vu(s, )||T (¢, s)*h(x)] dx ds

/ /(][B( [Vu(s, DIIT(, 5) h(y>|dy> dx ds

Vv dvyd
> ([, mecorae)
d 2 3
/ ds) dx
c 2

ab »j

Ju( )|dd) Tt g

L[ e Pors) s

We conclude by (5.2) with 8 < (b“ba) and this gives ¢Vu € L'((c, d) xR"). Using
Proposition 3.9, instead of Proposition 3.6, and Proposition 3.19,and d < ¢:

D

1y, D0 (U vih)

S

INNgk — gk

d
/ / lu(s, )||VT (¢, s)*h(x)| dx ds

/f(][B( (s, WIIVE(, 5) h(y>|dy)dxds
(s, 2 dyd
Z/n(/ﬁw“y “)

J=l
1

2 2
*
1y 5, V(1. 9) (nsj(xﬁ)h) ) ds) dx

1
Ju(s, y>|2dyds>
;/R” (/ /B(x vb)
f » \
([ Poaresr Gl o) o
o0 aﬂ
Z/” (/ »/l;(x Jb) luts, y)l dyds> e “ba ”]ISj(x,\/B)h”Lz dx.
J:

By (5.2) with 8 < (b“ D> this gives uV¢ € L'((c, d) x R™). We have thus estab-
lished (5.4).

.
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1
Step 4: Choosing a specific 7. We now pick v € €, >°(— %, %) such that [ v(y)dy =
2

1.Fore € (0, ’%3 A %), we consider n € €,>°(a, t) such that

, _1 o—(s—e¢) 1 o — (t —2¢) v
n(o-)—z_gv(T>—§U<T> o€ (a,t).

Remark that the support of i’ is contained in [a + ¢, t — £] and as it has mean value
0, the same hold for 5. From (5.4) (with s becoming o in the integral), we thus get

that
i ’ v (M) </ u(o, x)¢ (o, x) dx) do
2e Jo_0e 2¢e Rr

1 [i¢ (0'—(2‘—28)> (/ — >
=— V| ——— u(o, x)¢(o, x)dx ) do,
28 Ji—3¢ 2e R”

and thus, changing variables:

/2 v(o) (/ u(s —e(l —20), x)p(s —e(l —20), x) dx) do
_% R~

1
= /‘2 v(o) (/ u(t —2e(1 — o), x)p(t —2e(1 —0), x) dx) do.
—_ Rn

2

Recall that ¢ (¢, x) = h(x) and ¢ (s, x) = ['(¢, s)*h(x). The result will be proven
once we have established that

1

lir% 21 v(a)f u(t —2e(l — o), x)p(t —2e(l — o), x)dx do
e=>0J_1 R~

(5.5)
= f u(t, x)p(t, x)dx

and that

1

lim ’ v(o) u(s —e(l —20), x)p(s — (1 —20), x)dx do
e—>0 ,% R (56)

= / u(s, x)p(s, x) dx.
Rn
Step 5: Proof of (5.5). Set f(r,x) = u(t — 1, x)¢(t — 7, x) fort € [0, — a] and

g(t,x) = fB(x ) f(z,y)dy. After averaging, we have to show that
2

e—0

1 1
1im/2/ v(a)g(2€(1—0),x)dxdo*:/2/ v(0)2(0, x) dx do.
,% R~ ,% R
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It follows from Proposition 3.6 and Proposition 3.9 that for all x € R”*, f €
€(0,t — al; L' (B(x, ﬁ)). Hence g(2¢(1 — 0),x) — g(0,x) when ¢ — 0
for all (o, x).

For t = 2¢(1 — o), we have t € [0,3¢] C [0,¢ — a]. To apply dominated
convergence, we show that sup, .o ;4 18(7, x)| is integrable on R". This is a
variant of Step 1 to get uniformity. Indeed, for all x € R” and t € [0, r — a], by
Proposition 3.6 and Proposition 3.19 witht < b —a

sEISf =TI = D)y
B(X,T)

1
2/ o0
< lu(r—1,y)>dy E H]l F(t,t—r)*(]l . h)‘
(][B(x,% Pt B(x, %) sV
S lu(o’, y)l dydU) e bl hilg2 |-
a JBx,Vb) L Six,v/B)HIL

Jj=1

This estimate is uniform with respect to v and we get integrability as in Step 1 using
Step 0.

Step 6: Proof of (5.6). The proof is exactly the same as that of (5.5) taking now
f(t,x)=u(s —1,x)¢p(s —7,x) fort € [0,s —a] and using T = ¢(1 — 20). [

5.2. Results for p > 2

Our uniqueness results will be based on the following well-know fact. Let X be a
Banach space and Y its dual space. If (yr)ken is a sequence weakly™ converging to
yin Y, and (xz)ren is a sequence strongly converging to x in X, then ({yi, Xx))keN
converges to (y, x). Of course, when X is reflexive, weak™ and weak convergence
coincide.

We illustrate this principle by first proving that L°(L?) is always a class of
uniqueness for L? data. Next we look at L? data for p > 2 using non-tangential
maximal estimates.

Theorem 5.2. For u € 9, the following assertions are equivalent.

Al f e L>(R™) such that, for all t > 0, u(t,-) =T(t,0)f in L*(R");  (5.7)
u is a global weak solution of (1.1) in L°°(L2). (5.8)

Proof. Proposition 3.14 gives us that (5.7) implies (5.8). We now assume (5.8), and
note that sup,_ [lu(¢, -)|l;2 < oo by Remark 4.5. Let r > 0, and pick (#)ken 2
decreasing sequence of real numbers converging to 0, with 7o = %, such that there

exists f € L?(R") with

u(ty,) — f ask — oo, weaklyin LZ(R").
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By Proposition 4.3, we can apply Theorem 5.1, and get that, for k € N and & €
¢ (R"),

/u(z,x)m@b:/ u(te, )T, tr)*h(x) dx.
]Rn Rn

By the continuity results in Proposition 3.17, we have that
IT (., t)*h — T(t,0)*h|l — 0,
k—o00
and thus
ut,)=T(0)f in L*>(R"Y).

This also implies that f = lim,_,o u(z, -) strongly in L?(IR"), and proves the unique-
ness of f. 0

The following corollary is an immediate consequence of Theorem 5.2 and The-
orem 3.11. Recall from local estimates and Lions’ result that a global weak solution
of (1.1) in L% (L?) is a priori in €([0, +00); L2 ).

loc

Corollary 5.3. For all ug € L>*(R"), the problem
du =divAVu, ue L®(L?), u(0,.)=up,

is well posed. Its solution u agrees with the energy solution, and, therefore, is such
that

A
luollz2 = Nl a2y < V2RIVl 22y <\ 5 luoll 2.
We now consider p > 2.

Theorem 54. Let p € (2,00]. For u € 9, the following assertions are equiva-
lent.

3! f € LP(R") such that, for allt > 0, u(t,-) =T(,0)f in LIQOC(R"); (5.9)
u is a global weak solution of (1.1) with N (u) € LP(R"). (5.10)

Proof. Lemma 4.6 and Proposition 4.8 give us that (5.9) =— (5.10). We now con-
sider the other direction and assume that N («) € L?(R"). Since p > 2,Lemma?2.4
and Proposition 3.6 yield, for all 0 < ¢ < §:

r
2
e, Mgr S Nue, gy = / <][( K Jut, )I? dy) dx
1 T \Y Bx.%)

P
t 2 ’
S / (][][ lu(s, )1 dyds) dx | <INy = llullxr,
ri\J5 /B
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the constants being independent of ¢,  (with the usual modification if p = o0o). Fix

8 >0,andlet f5 € E é’ ,and (fx)ren be a decreasing sequence such that #; k—> 0,
—00

to < & and

weak* .
u(ty,) —— fs in Ef.

Foreach j > 1,as E 'j =FE g’ with equivalent norm, the weak™ convergence holds
J
in E’g and ||f5||E1; < liminfy_ oo |lu(t, .)||E1§ < |lullxr, the constant being inde-
i 9 )

pendént of j >1 élnd & > 0. Therefore ’

D=

X = (][ Ifa(y)lzdy> e LP(R") Vj=>1.
B(x,%)

T

Moreover

3
<][B s |f5(y)|2dy> j_)—oo>|f5(x)| fora.e. x € R"

(ij)
by Lebesgue differentiation theorem. By Fatou’s lemma, f5 € L?(R") and
/31l p < liminf || f5ll gr S llullxe.
j—>00 8

By Proposition 4.4, we can apply Theorem 5.1 to obtain, for all k € N and & €
Ce(R"),

/u(tk,x)l"(t,tk)*h(x)dx:/ u(t, x) h(x)dx.
Rr Re

Applying Lemma 4.7, we have that

L(t)'h — T(.0)%h in EV.
—00

Therefore [p, u(r, X)h(x)dx = Jgn f5(x)T(¢,0)*h(x) dx for all + > 0 and all
h € %.(R™), which gives us that u(¢,-) = I'(¢,0)f5 in Ef. This implies that
fs =limyou(t, ) strongly in E(f for p < oo and in leOC for p = oo by Lem-
ma 4.7. Therefore, f5 = lim;_ u(¢, -) strongly in L12OC in all cases and f; is inde-
pendent of §. We write f = f5. This f is unique as lim;_q u(¢, -) in L]ZOC, and
feLP@®) with || fll, S ||1\7(u)||,; as proven above. O

The following corollary is now immediate.

Corollary 5.5. Let p € (2,00] and ug € LP(R™). There exists a unique global
weak solution u of (1.1) in XP such that lim,_ou(t,-) = ug in L120c' Moreover,
lullxr ~ lluollLr.
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An interesting consequence of our result in X is the following conservation prop-
erty of the propagators.

Corollary 5.6. Lett > s. Then
C(t, )1 = 1in L} (R").

Similarly
T, )"l = 1 in L? (R").

loc

Proof. We may assume s = 0 without loss of generality The constant function 1l on
R’fl is a global weak solution of (1.1) and belongs to X°°. By Theorem 5.4, we
have that, for almost every (¢, x) € Ri“, 1 =TI(,0)f(x) for aunique f € L™
such that f = lim,;_,o I'(¢, 0) f in L2_(R"). Thus, f = 1 almost everywhere on R”

loc

and we have shown the equality in leoc (Rf’ﬁl). As weak solutions are continuous in

time with values in leOC (R™), the conclusion follows. The formula for the adjoint is
obtained similarly using that we get the same X°° result for the backward equation
on (—o0, t). See Remark 3.18. O

We finish with a result valid in full generality, getting closer to L? estimates.

Proposition 5.7. Letg > 2 + % be the exponent in the reverse Holder estimates of
Corollary 4.2. Fix p € (2,q). For u € &', the following assertions are equivalent.

Al f e LP(R") such that, for all t > 0, u(t,-) =T(t,0)f in L2 (R"); (5.11)

loc
2a
][ lu(z, -)| de
a

and fﬁa u(t,-)dt converges to f in

u is a global weak solution of (1.1) with sup
a>0

<oo. (5.12)

LpP

In this case, || f|Lp ~ sup H fia lu(t,-)| dt ||Lp
a>0

LP(R"Yasa — 0.

Proof. For the direct part, let f € LP(R") and u(t, -) = ['(¢,0) f. By Theorem 5 4,
we know that u is a global weak solution and that u € X?. Using the reverse
Holder estimates of Corollary 4.2, we see that we may replace the L? averages by
L? averages in the definition of N (u) (up to modifying slightly the parameters).
Hence by Holder’s inequality and averaging

2a
][ lu(z, -)| de

This proves the direct part. In addition, this implies that f Za I'(¢, 0) dt are bounded
operators on L?(IR") uniformly with respect to a. This is true for all p € [2, g).
At the same time, they converge strongly in £(L?) to I when a — 0. By an

p 2a B
5/][ (e, )P dr dx < NI,
Lp R"Ja
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interpolation argument (see the proof of the next result, Theorem 5.9) this implies
the strong continuity at 0 in .Z(L?). In particular, this yields the norm comparison
in the statement.

Let us now prove the converse and assume that u is a global weak solution

of (1.1) with M =sup,. ||fia lu(t, ~)|dt||L1, <o00. Forall § > 0and ¢ < §,
using Lemma 2.4 with p > 2, Proposition 3.6 and the reverse Holder estimate of
Corollary 4.2 again, we have
B
2

lu(t, Mgr S lut, Hgr = / (7[ lu(t, y)|? dy) dx
P 13 [
32 R B(x,A/33)

P
2

%
lu(s, y)|* dyds | d
/(][][f ) .
t I3 %
lu(s, y)| dyds | dx
(£ omrors) )
¢ p é

= lu(s, y)| dsdy | dx
([ (. o wommwa) o)

1
t P »
< lu(s,y)l ds | dydx) = M.

Thus we have the uniform estimate in the slice space E g’ as in the proof of Theo-
rem 5.4 and the same argument applies. This proves the converse. O

1
P

AN

AN

1
Remark 5.8. In the previous theorem, u has further regularity: ( fia lu(t,)|Pde)r €

1
L?(R™) uniformly ina > 0 and || f||zr ~ sup,-¢ H(fza lu(z, -)|P de)r HL,, as one

can check. The largest class in this scale for uniqueness is the one in the statement.

5.3. Results for p < 2

For p < 2 we do not know general results without imposing further properties of
the propagators. Here we assume boundedness of the propagators acting on L?, and
consider solutions in L>°(L?). Note that, by Remarks 4.5 and 4.12, we can assume
uniform boundedness rather than almost everywhere boundedness.

Theorem 5.9. Let1 < g < p < 2. Assume that SUpy—,<; .o III'(¢, $)|l 219y < 00.
Let u € L*((0, 00); LP(R™)) be a global weak solution of (1.1). Then there exists
ug € LP(R™) such that u(t,-) = I'(t,0ug in LP(R"™) for all t > 0. Moreover,
u € 6o([0, 00); LP(R™)) and, in particular, ug is unique.
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Proof. Let u € L°°(LP?) be a global weak solution of (1.1). Let r > 0, and pick
(tx)ren a decreasing sequence of real numbers converging to 0, with 7y < %, such
that there exists ug € L?(R") with

u(ty,) = ug ask — oo, weakly*in L?(R").

By Proposition 4.3 and Theorem 5.1, for k € N and € 6,(R"), we have that

/u(z,x)md):/ u(ty, x)T (1, tr)*h(x) dx.
n RH

It remains to prove that ||'(¢, tx)*h —T'(t, 0)*h|| k—> 0. By Lemma4.9, and the
— 00

fact thatt —#; ~ ¢ for all k € N, we have that sup; . IT'(z, tk)*”g([] 1y < 0 for
allr’ € (p/,q’). Let 0 € [0, 1) be defined by pi =% + 158 Forallh € €2 (R"),

IT(t, ) h =T (t.0)*hll < IT (¢ 1) h =T (1.0 kS T (¢, 1) h—T (1, 0)*h | 5°

ST 00)*h =Tt 0)*h] ;" —— 0.

We now show that u € € ([0, co); LP(R")). Let ¢ > 0 and vy € € °>°(R") be such
that |lug — vollzr < €. Lets, t > 0:

IT(z, 0)ug — I' (s, O)uollLr
<T@, 0)(uo — vo)llLr + IIT(t,0)vg — (s, O)volizr + IT'(s, 0)(vo — uo)llLr

< e+ T, 0)vo — T(s. 0)vol| 4 IT (2. 0)vo — T'(s, 0o}
for 0 € (0, 1] such that % = g + #. Therefore
IT (2, 0)uo — (s, O)uollr < & + llvolG4 IT (2, 0)vg — T'(s, 0)voll5”.

Since (1 — [(¢,0)vg) € €([0, 00); LZ(R™)), there exists § > 0 such that for all

1
t,s > 0with [t —s| < 8, [T, 0)vo — I'(s, O)voll;2 < ( )1—". This proves
that

ol
IT(, 0uo — T'(s,O)uollLr Se Vi, s >0, |t —s| <8,

~

and then the fact that (¢ — I'(z, O)uo) is continuous in L? (R"). In particular,

ugp = lim I'(¢, O)up = lim u(t, -).
t—0 t—0

Since we know moreover that (1 — ['(z, 0)vg) € %o([0, 00); LZ(R")), the same
reasoning shows that ||I"(z, O)ug|| Lr l—) 0. ]
— 00



NON-AUTONOMOUS PARABOLIC PROBLEMS 439

Corollary 5.10. Let 1 < g < p < 2. Assume that SUpy—;<; oo I, $) | .2(L9) <
00. For u € 9, the following assertions are equivalent.

u is a global weak solution of (1.1) in L°°((0, o0); L (R™)); (5.13)
Aug € LP(R") such that u(t, ) = (¢, 0)ug in LP(R™) forallt > 0; (5.14)
u is a global weak solution of (1.1) in X?. (5.15)

In this case, u € 6o(LP) and ||uollp ~ llullzoozry ~ llullxe.

Proof. (5.13) = (5.14) is proven in Theorem 5.9. The implication (5.14) =
(5.13) is a consequence of supy -, .o IT'(Z, ) [.2(Lr) < 00, and Lemma 4.10. So
is the norm estimate ||ug|l, ~ |[u|lLoo(Lr).

(5.15) = (5.13): Let ¢t > 0. Using Proposition 3.6 and Holder’s inequality, we
have that

lut, )llp = (/n][g( g lu(r, y)|pdydx>
T

P

2
lu(r, )I*dy | dx
/"(][B@#) )
1
¢ P
< /(f][ |u(a,y>|2dydo> a | < 1M,
n \/ 5B

(5.14) = (5.15): Letr € (g, p),and x € R",§ > 0. Using Lemma 4.9 we have

that
5 3
][][ DG Ouo(y) P dydr ) < (Muzluol™ ()
§ I BV

with constants independent of x, 8. Therefore || N (u)[|r < lluollr < llullzoewr)
as we have shown in the proof of Theorem 5.9 that ¢t — I'(¢, 0)ug is continuous in
LP(R™). Moreover u is a global weak solution of (1.1) by Lemma 4.10. [

N

S|

9

54. Further results

Without any assumption on the propagators, we have proven well posedness results
in the class X? for p > 2. We now consider solutions in L°(L?) under an L”
boundedness assumption on the propagators. Note that, contrary to the case p < 2,
we do not need to make assumptions about the boundedness of the propagators for
different values of p.
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Proposition 5.11. Let p € (2, 0o]. Assume that SUpy<s<; oo 112, $) || z(Lr) < 00.
Foru € 9, the following assertions are equivalent:

u is a global weak solution of (1.1) in L (L?); (5.16)
Aug € LP(R") such that u(t, ) = T, Qug in LP(R") forallt > 0. (5.17)

In this case, |lugllp ~ llullpeowry ~ llullxr.
Moreover, if p < 00 and SUpy<;<;—oo 1T (2, )|l 2(Lr) < 00 for some r €
(p, o0) then u € 6o(LP).

Proof. Proposition 4.8 and the assumption give us that (5.17) implies (5.16), with
luollLr ~ llullLoo(Lry. We now prove that (5.16) implies (5.17). Proceeding as in
the proof of Theorem 5.9, we only have to show that

IT (@, $)*h — T, 0%l —o Y
§—>

forallz > 0 and h € €.(R"). Let M > 0 be such that 4 is supported in B(0, M).
Forall j > 1and ¢ > s > 0, we have that

|1, 0.80) (T (&, 8)* = T(2,00)h]|, v

S 27D 1,0, (D1, )F = T2, 0.

For each j > 1, the right hand side converges to O when s — 0 by strong continuity
of s — T'(t,s)*h by Proposition 3.17. Combining this estimate with Proposi-
tion 3.19, we have the following for all j > 2, and some constant ¢ > 0:

L1y 4l
| s, 000 (Tt $)* = T, 00|, Spr 27" 7P e |1 2,

with constant independent of s when s < t/2. Therefore, we can apply dominated
convergence for sums to obtain

[T $)*h =T, 0)*h| <> | Ls;0.m (T, ) =T, 0], —20.

= —0

The uniqueness of ug follows from convergence in L12OC of u, since we know that

u(t,-) = I'(z,0)ug for all ¢+ > 0. The equivalence of norms follows from the above
and Corollary 5.5.

If we assume that p < oo and that supy,; ., III'(Z, $)|| 217y < 0o for some

r € (p, 00), then we obtain that u € 6(L?) exactly as in the proof of Theorem 5.9.

O

An interesting corollary is the following weak maximum principle without
continuity.



NON-AUTONOMOUS PARABOLIC PROBLEMS 441

Corollary 5.12. Assume that C = supy;, . IT'(#, )|l 2(L) < 00. Then any
global weak solution u of (1.1) in LOO(RT']) satisfies

sup [lu(t, )l ro®ry < CIl fllLoe®n),
t>0

where f is the initial value of u (which exists as limit in the leoc sense).

We end this section with another corollary assuming pointwise bounds. Remark
that this does not include p = 1.

Corollary 5.13. Assume the propagators I'(t,s), 0 < s < t < 00, have kernels
bounds. Let 1 < p < 00. Foru € 9’, the following assertions are equivalent:

u is a global weak solution of (1.1) in L°°(L?); (5.18)

Auy € LP(R") such that u(t, ) = (¢, 0)ug in LP(R™) forallt > 0; (5.19)

u is a global weak solution of (1.1) such that i € LP (R"), (5.20)
where

i(x) = supesssupy. a7 lu(t, y), x¢€ R".
t>0

In this case, u € 6o(LP) and |luollp ~ lullzoory ~ llillp ~ llullxr.

Recall that solutions have no reason to be defined at each point, hence the variant
of the pointwise maximal function.

Proof. As mentioned, I' (¢, s) extends to uniformly bounded operators on L? when
t > s > 0. Corollary 5.10 and Proposition 5.11 thus yield the result, at least for
the modified non-tangential maximal function N (u) instead of the standard non-
tangential maximal function u*. However, ||N @) |lzr ~ |lullLr. Indeed, we first
observe that N () < ii. A converse inequality & < N g(u), for some B > 0, follows
from the local boundedness properties of solutions as stated in Proposition 4.13.
Since | N ()|l Lr ~ [N )| Lr, the proof is complete. O

6. Close to constant or bounded variation time dependency

In this section, we obtain well-posedness results for L? data when p < 2. It seems
to us that one should be able to extend the following results to p > 2 but this would
require other methods and we leave this open.
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6.1. More about gradient bounds for semigroups

We need to use the following quantified version of the boundedness property for the
gradient of semigroups for autonomous problems.

Definition 6.1. For 1 < g <2, A, A > 0, M : [2,9") — (0, c0), let us define
M(A, A, q, M) C L®R"; #4,(C)) by A € M(A, A, q, M) if and only if A
satisfies (1.2) with constants A, A, and the following holds for L = —div AV,

vive |

<M@r)<oo Vrel24q).

sup

t>0 Z(L")

As mentioned in the proof of Proposition 2.8, this implies that there exists a function
M’ 511,210 (7. 2] = (0, 00), such that

sup e L yp < M'(p) <00 Vpell,2]N (ﬂz] .
>0 (LP) n—+gq

Recall that for p = 2, M’(2) = 1 by the contraction property ot the semigroup.

Remark 6.2. Any A constant, or even continuous and periodic or almost periodic
on R” belongs to M (A, A, 1, M) for some function M (see [5, Section 3] and the
references therein).

Definition 6.3. Let A € LOO(RTI; M,(C)) and I C R, be a bounded interval.
We define A; = f, A(t,.)dr € L®(R"; #4,(C)).

Lemma 64. If A € LOO(RQ’_H; My, (C)) satisfies (1.2), then there exist g € [1, 2),
and M : [2,q") — (0, 00) such that

Ap e MN, N, q, M) for all bounded interval I.

Proof. 1t is immediate that A; satisfies (1.2) with constants A, A. We need the
existence of ¢ and M that works for all A;. This is provided by Remark 2.11. [

6.2. Existence and uniqueness for p < 2 with BV (L) coefficients

Definition 6.5. We denote by BV (L®®) := BV([0, 00); L®°[R"; .#,(C))) the
space of functions A : (0, 00) — L®R"; .#,(C)) with (semi-)norm

o0
1Al By L) =sup{> [ Altir1.-) = At ) || Lo (t)ken non decreasing in [0,00) }
=0

If the semi-norm is zero then A is independent of . The BV condition can thus be
seen as a (large) perturbation of the autonomous case.
Let

o
At x) = M) (O AL(x),
k=0
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with Ay € L®R"; #,(C)) for all k € N, and (#)ien increasing from 7y = 0 to
0o. It is easy to see that A € BV (L) if and only if ZZO:O |Ak+1 — AxllLe < o0,
and in this case the sum equals || A|| gy (L). Moreover, if all Ay satisfy (1.2) with
same ellipticity constants A, A, then so does A. This is representative of the general
situation thanks to the next lemma.

Lemma 6.6. Let A € LOO(RTL]; My (C)) N BV (L) satisfy (1.2) with constants
A, M For j e N,and (t,x) € R'jjl, let us define

m+1

Aj(t,x) = Z 11[2,,; m+1)(t)][ ¥ AGs,x) ds.

Then

(i) Forall j € N, A; satisfies (1.2) with constants A, A;
(i) For almost every (t, x) € (0,00) x R", A;(¢, x) j_)—og A(t, x);

(iii) Forall j € N, [|Ajllpyv=) < lIAllBv(L>).

Proof. (i) and (ii) follow directly from the definition of A; and Lebesgue’s differ-
entiation theorem. We turn to (iii). By the discussion above

00 m+2 mtl
2J 2J
I45lavas =3 ][ Afs, x)ds — ][ Als, x)ds
m+1 m
=0 27 2J L>®

ds <[l AllBv(>). O
LOO

2" /OO m+1 A"
) Ao

Lemma 6.7. Let g € [1,2), M : [2,q") — (0,00), and A, . > 0. Let A €
LRI 4,(C)) N BV (L™) be of the form

(o.¢]
At x) =Y g (0 A (),
k=0

with Ay € M(A, A, q, M) for all k € N, and (ty)reN increasing from ty = 0 to oco.
Then, for all p € (max{(l, n+q -1, 2), and vy € LP(R™),
[v:(t, x) = T(t,0)vo(x)] € L>(LP)

and |lvollp ~ llvliLoe(Lry, with constants depending only on p,q, M, A, A and the
BV norm of A.

Remark 6.8. The range of p within [1 2) depends only on the one of Proposi-

tion 2.8. According to Remark 2.10, + -2 can be improved to -— +q
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Proof. By density, it is enough to assume vy € L>(R") N L?(R"). Then v €
%o(L?). For k € N, set vy = ' (¢, 0)vg and

e~ =Ly ift > g,

wi(t, ) = .
k() 0, ift < 1y,
where L = —div A;V. Observe that, for t € [, tx+1), and s € [t;, ti+1) with
i < k,we have that
I'(t,s) = e~ U= p=(tk—=tk-D L1 ,=(lip1=8)L;

This was proven for finite sequences (¢;) j—o,..,n+1, but uniqueness in Theorem
3.11 gives us this formula even for infinite sequences. Thus we have that v(z, -) =
w(t, -) for all t € [#, tx41]. Observe that for all w € L*(R") and t > tk+1,

e~ =T+ 1) Lt (e*(tk+1*tk)Lkw)

t
= e ULy / e~ U=kt div (Apq 1 — Ap)Ve O Wy do.
Tk+1
Hence, for t > t;41,

t
Wi (7, ) = wi(t, -) — f e~ =it div (Ag 41 — Ap) Vg (o, -) do.

Tie41

Therefore, by Proposition 2.8 and the value of p, we have that

” 11[tk+1s00)v(wk+1 — wi) || T2

= ||ML1<+1 Hz(ﬂﬂ) HAkH — Ak HLOO H 141,000 VWi H Tp2"

The norms ||M L1 Lg(rr2y are uniformly bounded from our assumption Ay €
M(A, X, q, M) for all k € N. Thus there exists a constant C > 0, depending only
on p, g, M and the ellipticity constants in (1.2), such that

[Vwksr [ o2 = (14 CllAkrr = Ak o) [Vt 72
Iterating, and using [9, Proposition 2.1], we have that
k
IVwellzr2 < ]_[(1 + CllAj+1 — AjlLo) [ Vwollzpe < eCTATBVE) [y 1,
j=0

since Z;’;O |Aj11 — Ajllpee = [|Allpv(Loe) for this particular A. So far, we have
not used that 1 < p < 2 in the statement. We note for further use that

A 00
sup ) VO | e < CTANBVE 0 . (6.1)
€
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The estimate on wy is sufficient to control ||v(z, -)||Lr when 1 < p < 2 as we
now show. Let t € [t,tx+1) for some k € N. Using successively that Ay €
M(A, A, g, M) for all k € N, [5, Corollary 3.6 and Theorem 5.1] , a change of
variable s +— s — f; in the fourth line and p < 2 in the fifth line in applying
[9, Proposition 2.1], we have the following chain of inequalities, with constants
independent of ¢ and k:

—(t—t)L
o, HLe = lle” TROLky| 1y

S lvellze
1

0 2 2
</ ‘Ve_SL" vk‘ ds)
0
0 3
- H (/ IVw (s, )|? ds>
0 Lr

S IVwgllgpe < eC1AIBY @) 1yl . O

<

~

Lr

Theorem 6.9. Let A € L“(R’fl; My (C))N BV (L) satisfy (1.2) with constants
A, M Letqg €[1,2),and M : [2,q") — (0, 00) be such that A; € M(A, A, q, M)
for all bounded intervals I of R,..

Let p € (max{l, #’;,}, D! and ug € LP(R™). Then

(1) Supg<s<s<oo T ) .2(Lr) < 00;
(i) The function u : (t,x) — I'(t,0)ug(x) is the unique global weak solution of

(1.1) in L®°(LP) or in XP such that u(0, -) = ug.

Moreover, u € 6o(LP), and |[ulLooLry ~ lluollLe ~ llullxe;

(iii) The solution u given in (ii) is such that Vu € TP, and IVullzp2~lluollLr.
Proof. By Corollary 5.10, we have that (i) implies (ii).

Next, (il) == (iii) is proven, using independent arguments that do not rely
on the BV (L°°) assumption, in Proposition 7.1 and Theorem 7.3.

Let us now prove (i). Assume that ug € L2(R™) N LP(R"). Let {Aj,j e N}
be the family of approximations of A defined in Lemma 6.6. Let u/) denote the
corresponding global weak solution of 9,v = div A;Vv. By Lemma 6.7, we have
that [Jugllr ~ ||u||poo(rry for all j € N with implied constants independent of
J- Moreover |luollz2 ~ |’ poo(z2) ~ [IVu"? || 272 uniformly in j € N. There-
fore, there exists a subsequence (v(j))jeN of (u(j))jeN, a function v € L>®(L?),
and a function u € L°° (L") such that

v —— v weak* in L>®(L?),
Vo) —— Vv weak* in L3(L?),
U(]) —) u We§11(>'< in LOO(LP)
j—o00

! The range can be larger according to Remark 6.8.
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We have that v = u as distributions, and that v is a global weak solution of (1.1).
By Theorem 3.11, it follows that v(¢, x) = I'(¢, O)ug(x) for all + > 0 and almost
every x € R". Therefore, for all t > 0, |[T(z, QuollLr = llv(t, e < |luollrr.
Thus I'(¢, 0) extends to a bounded operator on L? (R"), with norm independent of 7.
Starting at s > 0 instead of O gives in the same way that sup, ¢, ooy II'(7, $) [ 2(Lr)
is controlled by the BV (L) norm of A on the interval [s, co), which is smaller
than the one on [0, 00). O

Remark 6.10. Curiously, we are not able to prove (iii) using the approach of Lem-
ma 6.7.

Remark 6.11. In the general situation, we can obtain all values of p € (1,2) if
n = 1,2, and all values p € (nz% —¢e(A,A),2)ifn = 3. If A(z, x) depends only
on ¢ or is periodic and continuous with respect to x for all # > 0 with common
period, or even almost periodic for all # > 0, then we obtain p € (1,2) in any
dimension.

6.3. Existence and uniqueness for p < 2: small perturbations of autonomous
equations or continuous coefficients

We now turn to an existence and uniqueness result for small perturbations of an
autonomous problem or for continuous coefficients on a finite interval. We start
with the following variant of Duhamel’s formula.

Lemma 6.12. Let f € L>(L?) and h € L>(R"). Let A € L®(R", .#,,(C)) satisfy
(1.2) and L = —div AV. Define, for all t > 0,

ut,)=e th+ R f@,-),

where

t
RLf:(l,x)H/ e~ 9L diy f(s, ) (x)ds,
0

is the bounded operator from T22 to X?* from Proposition 2.12. Then u is the
unique element of W (0, o) such that, for all ¢ € 9,

(u, 0:¢) = (AVu, Vo) + (f, Vo),
and Tr(u) = h.
Proof. We first assume that f € 2. Define vy : (¢, x) — e "Lh(x) and
v=v9+ R/

By semigroup theory, v € € (L?), and satisfies 8;v = —Lug + div f. By Proposi-
tion 2.13 and Step 0 of the proof of Theorem 3.11, we have that Vv € L*(L?), and
thus

(v, 8i9) = (AVv, Vo) + (f, V),

for all ¢ € 2, as well as Tr(v) = h.
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Now, we turn to a general f € L?(L?%), and let ( fi)ken be a sequence of
functions in & converging to f in L>(L?). Define, for all k € N,

ur =vo+Rrfr, and wu=v9g+ R/
Then uy —> uin X2 and Vuy k—) Vu in L%(L?), using Propositions 2.12

and 2.8. Therefore
(u, 9:9) = (AVu, Vo) + (f, Vo),
for all ¢ € 9. Since Tr(vy) = h for all k € N, and Tr is continuous from W(O, 00)

to L2 by Lemma 3.1, we also have that Tr(u) = h.
We turn to uniqueness. Let i € W (0, 0co) be another solution of

(a, ;) = (AVu, Vo) + (f, Vo),
for all ¢ € &, with Tr(it) = h. Then w = u — i is a solution of
dhw =divAVw, we W(0,00), Tr(w)=0,
and thus u = i by Theorem 3.11. O

Corollary 6.13. Let A € LOO(RiH, My (C)) and A € L*R", #,(C)) satisfy
(12). Let L = —divAV. Forallt > 0 and h € L>(R"), the following holds in
LZ(Rn)..

t
C(t,00h = e 'Lh +/ e~ =9 div (A(s,.) — A)VI(s, 0)h ds. (6.2)
0
Proof. Let h e L2(R"), define vy (¢,-) =e 'Lh,and f(t,-)=(A(t,) — A)VI(¢,0)h
for all > 0. We have that f € L?(L?) by Theorem 3.11. Define u = vg + R f,
and u(¢,.) = I'(¢,0)h for all + > 0. Using Lemma 6.12, we have the following, for
allg € &
(u, 01¢) = (AVu, Vo) + ((A — A)Vu, V¢).

Since i € _W(O, 00) is a global weak solution of (1.1) with Tr(z) = &, we have that
u—1u e W(0,o00) is a global weak solution of 9,;(u — &) = div AV(u — &), with
Tr(u — u) = 0. Therefore u = u by Theorem 3.11. O
Theorem 6.14. Ler g €[1,2), and M :[2, q") — (0,00), and let A€ M(A, A, q,M).
2

Let p € (max{l, an’}’ 2) and assume

14— Al 1 63)

£ = — Al < ——, .
||ML||£(T1L2)

where L = —div AV. Then

sup [T, )l 2ry < 00.

0<s<t<oo

Consequently, the conclusions of Corollary 5.10 hold in any open subinterval (r, 2)
on which (6.3) is valid.
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Proof. Let ug € LP(R") N L?(R™), and define u(z,-) = I'(¢,0)ug. We want to
show that |lul|zorry S |luollzr With constant independent of ug.

Let us first assume that A is of the form

4/ -1 m+l

2J

Ajt.x) =Y 11[%,,%.)0)][ A(s, x)ds + 1) o) (DA®X),
= i .

m
2.

for some j € N and almost every (¢, x) € (0, oo) x R”. With this hypothesis, apply-
ing (6.1) 4/ + 1 times, we have the a priori information that Vi € 772 with norm
depending on j. However, we first show that || Vu| 7,2 ~ |lug|lL» independently
of j. Then we deduce a bound on ||u||x» and, finally, a bound on ||u|| zoo(zr).

t

Step 1. Using the representation (6.2) with v(z, -) = e~ Ly forall t > 0, we also

have that B
IVullzp2 < IVVllpp2 + IML(A — A Vullrpa.

Using [5, Corollary 6.10] and Proposition 2.8 (Recall that p > % which is the
exponent found in [5] and p < 2), this gives us that

IVullzp2 < Clluolle + el MLl zirr2) | Vullzp.2,

for some constant C > 0. Therefore, with C’ = C(1 — SIIMLIIL(T,;J))_], in-
dependent of j, we have ||Vull;p2 < C'|lugllrr. Using (6.2) with L = —A and
w(t, ) = ePug for all ¢+ > 0, together with a classical conical Littlewood-Paley
estimate for w, we have that

luollLr ~ IVwlizpe S IVullgp2 + IMoa(A = DVullpp2 S [ Vullzpe.

Step 2. Using Proposition 2.12 together with the representation (6.2) with L = —A
and Step 1, we have that

lullxr S lwllxe + 1Vulizp2 S lwllxe + lluollze.

The L? boundedness of the non-tangential maximal function for w yields ||w| xr <
lluollLr, hence [lullxr S lluollLe.

Step 3. For ¢ > 0, using Holder’s inequalities as p < 2 and Proposition 3.6, we
have

llu(z, I, =f ][ lu(t, x)|” dx dy
R J B(x,+/1)

P
2
5/ (f Iu(t,x)|2dx> dy < lullp-
R \J B(y. /1)

For all ug € L?(R") N L?>(R"), we thus have obtained from this and Step 2 that

sup [lu(t, )llLr S lluollLe
t>0
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The operators I'(¢, 0) thus extend to bounded operators on L”(R"), and one has
the uniform estimate sup,_, [|I'(#, 0)|| ¢ ry < co. Furthermore, we obtain strong

continuity of I'(¢,0) at 0 in LP(R") from the one on L?(R™) as we work for p in
an open interval. Thus, ||ug|lL» < |lullL>r). In conclusion, we have shown that

lullxr ~ lluollLr ~ IVullpp2 ~ llullLoorr)y.

The same reasoning gives us that supy.,; oo IT'(Z, $) || 2Lry < 00. Note that the
bound is uniform for all j.

The rest of the proof is identical to the proof of Theorem 6.9, using the family
{A;, j € N} of approximations of A at the beginning of the proof rather than the
approximations given by Lemma 6.6. O

Theorem 6.15. Assume A € € ([0, T]; L°(R"; #,(C))) and that there are q €
[1,2), and M : [2,q") — (0, 00) such that A(s,-) € M(A, A, q, M) forall s €
[0, T]. For p € (max{l, %,}, 2), we have that

sup ||II(E, 9l gwry < oo. (6.4)

0<s<t<<T

Consequently, the conclusions of Corollary 5.10 hold replacing t > 0byt € (0, T1],
global solutions by local solutions on (0, T), and 6o(L?) by € ([0, T]; L?).

Proof. Let ug € LP(R") N L2(R") and define u(t,-) = I'(¢,0)ug. We want to
show (6.4). To do so, we adapt the proof of Theorem 6.14. For ¢ > 0, choose
8 > 0 according to the uniform continuity of A on [0, 7] such that ||A(s, ) —
A(s’, )Le < gif |s —s'| < 28. We may assume that § = 21,( for some k € N,

We begin by replacing A by A;(t, x) = 251/;01 ll[ﬂ (m+1>T)(t)A(”;—jT, x), for
2j 0 2

Jj > k. We still denote the solution by u to keep the notation simple. With such
coefficients, we know from (6.1) that | Vu|rp2 < oo qualitatively.

Step 1. Using the representation (6.2) with v(, -) = e "fuy, L = —div A0, )V,
we have

1M0,26)Vull7p2 < 110,26y VU 7p2 + ||]1(0,25)ML(A]' —AQO, DV lrp2.

Note that the truncation implies that the only values of A(s, x) that play a role are
those for s € [0, 28]. Thus as j > k, we obtain,

110,28 Vtllpp2 < Clluolle + eIMLll orr2) 110,28 Vil 7p.2,
( )

for some constant C > 0 independent of j. Therefore, having first chosen ¢ > 0
with e|Mp || gpr2y < 1, using the finiteness of | (025 Vull7p.2, we have

110,20 Vatllpp2 < C'lugllzr, with €' = C(1 — el MLl gzr2)) "
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Step 2. Set w(z, ) = €' Aup. Using Proposition 2.12 together with the representa-
tion (6.2) with L = —A and step 1, we have that

I 28yullxr S IMo,20wlixr + 110,26 Vel pp2 S lwllxe + lluollze-

The L? boundedness of the non-tangential maximal function for w yields ||w| xr <
lluoll L, hence || 10 25 ullxr < NluollLe-

Step 3. For 0 < ¢ < §, using Holder’s inequalities as p < 2 and Proposition 3.6,
we have

e, H7» =/ ][ lu(t, x)|” dx dy
R J B(x, /D)

)4
2
sf (][ |u<r,x)|2dx) dy < Mol
R” B(y,/1)

For all ug € L?(R") N L2(R"), we thus have that

sup flu(t, e < lluollze.
0<t<$

Therefore, the operators I'(¢, 0) extend to bounded operators on L”(R"), and one
has the uniform estimate supy_;s [|I'(¢, 0) || #(r) < 0o. Furthermore, we obtain
strong continuity of I'(¢, 0) at 0 in L?(IR") from the one on L?(R") as we work for
p in an open interval. In conclusion, we have shown that

luollLr ~ sup |lu(z, )lcr.
0<t<é

Given the form of Aj, one can obtain similarly sup,,s<;<;<m+1)s II'(7, $)ll 2wr)

< 00. Iterating at most % times, using the reproducing formula for the propagators,
we obtain supy, <, <7 [T, $)|l.z@wr) < 00.

We conclude for A as in Theorem 6.9 using the above approximations A; of
A, remarking that the bound obtained for the propagators of A; are uniform for j
large enough and depend solely on the uniform continuity assumption and 7.  [J

Remark 6.16. In this argument, we only used properties of the semigroups for each
coefficients A(s, -) on a bounded interval. Thus we may replace the assumption
A(s,) € M(A, A, q, M) forall s € [0, T], by A(s,-) € M7(A, A, g, M) for all
s € [0, T']. The subscript T means that we consider the supremum in Definition 6.1
taken on (0, T']. For example, any A € L*¥(R", .#,,(C)) that is uniformly continu-
ous (or even that belongs to V M O) on R” belongs to M7 (A, A, 1, M) for some M
and all T > 0; see [4]. In particular for any A € €([0, 00); L*°(R"; .#,(C))) such
that A(s, -) is uniformly continuous on R”, uniformly for s > 0 (the uniformity in
s is imposed to guarantee that we have the same function M for all A(s, -)), we
can apply our result with p € (1, 2) and obtain global solutions in %’ (L?) (but not

. . Lo . . +1
bounded). For example, it applies to any A which is uniformly continuous on R ™"



NON-AUTONOMOUS PARABOLIC PROBLEMS 451

7. Square functions and maximal functions a priori estimates

We prove here some comparisons between conical square functions in L?(R"),
namely ||Vu| rp2 and non-tangential maximal functions in L?, namely |u| x» for
weak solutions of d;u = div AVu. In the case of autonomous equations, such
bounds are obtained in [22] for p > 1. It is tempting to study the cases where
p < 1 as well, but this is outside the scope of the present work.

7.1. Controlling the maximal function by the square function for 1 < p < o0

As a consequence of Proposition 2.12 and classical Littlewood-Paley theory, we
first obtain the following control of the maximal function by the square function.

Proposition 7.1. Ler 1 < p < 00, ug € L*(R"), and u(t,-) = T'(t,0)uo for all
t>0.IfVu e TP2 thenu € XP, and

lullxr < IVullzp2

with implicit constant independent of u.

Proof. Set v(t,.) = e'®uq for all t > 0. Using (6.2) with L = —A and Proposi-
tion 2.12, we have that

lullxr S Mvlixr + IR-allzzr2, xmllA = Lz [ Vullzpa.

Using (6.2) again, together with the classical conical Littlewood-Paley estimate,
and Proposition 2.8, we also have that

Iollxr SHvFllr SUVUlze2 SIVUllzp2 +HIMoa(A=DVullrp2 SIVullze2. 0

M n
Note that the range can be improved to p > 27,

for the classical conical Littlewood-Paley estimate.
As a corollary, we have the following improvement of Theorem 3.11.

which is the same range as

Corollary 7.2. For all ug € L*(R"), the problem
du=divAVu, wueX? Tr(u)=uo

is well-posed. Moreover, the solution u is the energy solution, ie. u(t,-) =
'(t,0)ug forallt > 0, and

< < !
luollz2 = llullpooz2y S Nullxz S WVull2w2y =/ 55 uoll 2
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Proof.

Existence. Let u(z,-) = I'(¢,0)ug for all # > 0. By Proposition 7.1 and Theo-
rem 3.11, we have that

[ 1
lullx2 S IVullg2z = ||VM||L2(L2) = m lluoll 2.

Uniqueness. We have by Proposition 3.6 that ||| oo/ 2) S llullx2 forall u € X2,
and L>°(L?) is a class of uniqueness as shown in Theorem 5.2. O

7.2. Controlling the square function by the maximal function for p € [1, 2)

Theorem 7.3. Let u be a global weak solution of (1.1). Let p € [1, 2), and assume
thatu € XP. Then Vu € T?? and

IVullzpa < llullxe,
with constant depending only on the ellipticity parameters in (1.2).

Note that the proof works for 0 < p < 1 as well with the definitions of 7”2 and
XP extended to these values.

Proof. The proof is highly similar to its autonomous counterpart in [22, Theorem
6.1], itself based on Fefferman-Stein’s original argument for L = —A in [20].
The only difference is that we need to use cut-off functions rather than integration
by parts to localise near the boundary of truncated cones, Proposition 3.6 instead
of Caccioppoli’s inequalities, and Kenig-Pipher’s maximal function instead of the
maximal function used in [22]. We include the full proof for the convenience of the

reader. Let e, R, 0 > 0 with ¢ < %. Pick B > 0 to be determined later. Recall that

1

ﬂ282 2
Npg(u)(x) = sup ][ lu(z, y)|* dy dr Vx e R".
B(x,B3)

>0 82

Define E = {x € R" ; Ngu(x) <o}, and E*={x € E; Vr >0 |B(x,r)NE| >
%|B(x,r)|}. Let B = E¢, B* = (E*)‘,and, forx € R", o > 0,

Fs,R,a(x) — {(Z,Y) € [0,00) x R"; ly —x| <oatande <t < R} )

as well as RERE(E*) = |, pr TR (x).

We also define B5R(E*) = B,(E*) U BR(E*) U B/(E*), where

B.(E*) = {(t, y) €[0,00) x R" ; t € (¢,2¢) and d(y, E¥) < t} ,
BR(E*) = {(t,y) €[0,00) x R" ; 1 € (R,2R) and d(y, E*) <1},
B'(E*) = {(t,y) €[0,00) x R"; 1 € (¢,2R) and 1/2 < d(y, E*) < 1} .
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Note that
RS,ZR,l(E*) — RZS,R,l/Z(E*) U BE,R(E*)
We remark that
o0
/ /][ |Vu(r, y)|>dydt | dx
ex \Jo JB(x, ¥
o
:2/ / ][ s|Vu(s?, y)|>dyds | dx,
*\Jo JBu.%)
and

R
/ (f ][ s|W(s2,y>|2dyds) dx Scn/ sIVu(s?, y)2 dyds,
E* 2¢e B(x,s) RZS.R,1/2(E*)

with ¢, the reciprocal of the volume of the unit ball. We estimate the last integral.
To do so, set

2d(y, E*
XWY)=(1—n<—i%—l>>n<£>(l—n<%>> V&y)eRTﬁ

where n € €°°([0, 00), [0, 1]) is equal to 1 on [2, 00), and equal to O on [0, 1].
Notice that x is almost everywhere differentiable, supported in R®2%-1(E*), and
constantly equal to 1 on Rze’R*%(E*). Moreover, for all (¢, y) € R&2R1(E*), we
have that [V (¢, y)| < 2”"/”17“"/71 For (z,y) € Z’S’S(E*),we have,

1 d(y, E* 45
|a,x<r,y>|sz||n/||oo<;+ (ytz ))< ”’Yt”oo'

The same reasoning gives us that |0; x (¢, y)| < %,for all (z, y) € BR(E*). For
(t,y) € B'(E*), we also have that |3, x (¢, y)| < 2”'7,“0"”21@"?*) < 2””;”"0. Putting

all these estimates together, we have shown that there exists C > 0 such that for all
(t,y) € R**R1(E*), we have that

IVx @, y)I+10:x( y)| <
According to Remark 3.7, provided we show that (s, x) — u(s?, x))(z(s, X) €

L?(e, 2R; H'(R™)), we can use this function as a test function. We assume this for
now, and estimate as follows:

2
/ s ‘Vu(sz, y)‘ dyds
RZE,R,1/2(E*)

<2\ S)'ie/ » sx2(s, A (sz, y) Vu (sz, y) -Vu(s2, y)dyds
RY

ST+ b+ s,
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where

’

5= / SAG, Y)Vu(s?, y) - 1% )V (G, ) dy ds
RnJrl

+

9

Jr = / (35 (x (s, Y)u(s®, »)), u(s®, y)x (s, y)) ds

Ry

b= [ 6P 0 G s ) dy ds

+

Here, we notice that for each s, the bracket is the duality H —L(R"), H'(R"). Hence,
Jr =3 J, dsllx(s, Ju(s?, )2, ds = 0. Moreover,

NS /
BS,R(E*)

VEDS /
BE,R(E*)

u (sz, y)’ ‘Vu (sz, y)‘ dyds,

(2 )\2 dyds
uls”,y .
Ky

This yields
R 5 2
/ / ][ s‘Vu(s,y)‘ dyds | dx
E* 2¢ B(x.%)
2
< /i ; (s{y)‘ dyds
BS,R(E*)

N
(U
BE,R(E*)

() EEY ([ 7o) )

We now consider the following six integrals, recalling that BeR (E*) = Bg(E U
BR(E*) U B/(E*).

dyds
I =/~ lu(s?, y)|? —, 12=-/~ s|Vu(s?, y)|* dy ds,
e (E%) § Be(E*)
dyds
13=f~ lu(s®, > —, 14=/~ sIVu(s2, y)2 dy ds,
BR(E*) N BR(E*)
dyds
15=f~ u(s?, y)I* ——, 16=/~ s|Vu(s2, y)|? dy ds.
B'(E*) § B'(E*)
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For I, we have the following:

5 dyd
I S/: </ s_"dx> lu(s?, y)|? e
B (E*) ENB(y,s)
2¢e 452
dyds dx dydsdx
5/ /][ |u<s2,y)|2y—§// ][ (s, )P 222
e B(x,s) s E Je? B(x,2¢) s

482
/ ][ ][ lu(s, y>|2dydsdx=/ INau(x)]* dx.
E §>0 B(x,26) E

To handle I, we use Proposition 3.6, and a covering argument, to obtain the fol-

lowing:
2¢e
125/ /][ s|Vu(s?, y)|* dy ds dx
¢ JEJB(x,2¢)
452
,S// ][ IVu(s,y)Izdydsdx
g2 B(x,2¢)
/][ ][ lu(s, y)|* dy ds dx = /I/\ﬁtu(x)l dx.
§2/2J B(x,4¢)

In the same way I3+ Iy < fE |INau(x)|? dx. We now turn to Is, I, using a Whitney
decomposition of B*: there exist c1, cp € (0, 1) with ¢; > ¢y, and ¢3 € N, such
that B* = (72 B(xx, rx) for some x; € R" and ry > 0 such that

VkeN c1d(xg, EX) <rp < cad(xg, EY),
Vx € B* |{keN; x e Blx, )} <cs.

We have the following:

00 2r(A+1) dvd

< yds

Is 5 Zf f lu(s?, y)I ——
k=0 /(5 =1 J B s

00 Arg (o +1)? )
S Zr,'f][ ][ lu(s, y)|“dyds.
2

k=0 (——1)2 1£L.2\/§)

Now remark that, for k € Nand s € [rk( 1 —1)2, 4rk( 1 + 12

Ao, E) <d(v EY) < £ < — 2 /5.
1~ il —e2)

Therefore, there exists x,’C € E such that

1
B x;, @ Js)CB x,i,c—z +1 Js ).
1—c 1—c
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This yields

o0 g (- +1)?
Is S ) ri sup ][ ][ . lu(s, y)I* dy ds
=0 keN \JrR2(G-12 J B 2 (DY)

k> 1—cp
2
< |B¥| sup [N, u(2)|°,
zeE

for some y > 4 depending only on c1, ¢z. In the same way, using Proposition 3.6,
we also have that

o0 4r,§($+1)2 )
sy | [ vus Py
k=0 /(=D B 25 V)

0 rArE (D’ , X
S Z lu(s, y)|“dyds < |B*| sup |N,u(2)|”,
~ 2,1 2 2¢p ~ y

k=0 rk(a—l) /2 J B(x, J5)

ZeE

I1—cp

for some y’ > y depending only on ¢, c;. Now fix B = y’. Summing all the
estimates, and taking limits as ¢ — 0 and R — oo, we have the following:

o
/ / ][ |Vu(t,y>|2dydtdx§|3*|az+/|N,su(z>|2dz.
«Jo B(x, %) E

Now we consider the distribution functions defined by

o0 2
gs(0) = |{x e R ; /][ Vut, pPdydr) >t
0 JBx¥H

gn(o) = |{x eR"; Npu(x) > a}|.
We have that |B*| < |B| = gn(0), and that

/ INpu(x)* dx < 2/0 1gn (1) dt.
E 0

This implies

1 o
gs(a)§|3*|+—2/f ][ ” |Vu(t, y)|* dy dr dx
o JeJo JB(x, ¥

1 o
< |B*|+;/ ()] de sgN<a>+/ tg (1) dr.
E* 0

Therefore, as p < 2,

(0,0 o0 o0 o
/ apflgg(o)da §/ aplgN(J)da—l—/ op3/ tgn(t)dtdo
0 0

0 0
o0
< / o gy (o) do,
0

and thus Vu € TP with |Vulzp2 S IINgullLe S llullxe.
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To finish the proof, we check that
(s.20) > u(s? 0 (s, %) € L2 (e, 2R H'(R™)).

We begin by checking ij Jgn (s, ) (s, x)|> ds dx < oo, with constants that
depend on &, R. Indeed, we may split [e, 2R] into a finite number of intervals
[82, B%82]. For each of them, arguing as for /1, we obtain a bound fE Ingu(x) REES

By definition of E and p < 2, this does not exceed o>~ " Jgn INgu(x)|? dx < oo.
Next, fSZR fRn IV (u(s?, x)x%(s, x))|*ds dx is estimated similarly, using Proposi-

tion 3.6 as for /5. O
7.3. Controlling the square function by the maximal function for p € [2, o0]

Theorem 7.4. Let u be a global weak solution of (1.1). Let p € [2, 00]. Ifu € X7,
then Vu € TP? with ||Vull7p2 < ||lullxr and implicit constant independent of u.

Proof.
1

Step 1. In this step we prove the result for p = 2. Let R, & > 0 with R > N

Let x € °°((0, c0), [0, 1]) be supported in [e, é], and such that, for some constant
C >0,

1 C 11
x()=1Vie|2e, —|, IxX'OI<= Vtele 2], |x'(1)|<Ce Vie|—,—]|.
2¢e £ 2¢ ¢

Let 0 € > (R", [0, 1]) be supported in B(0, 2R) and such that
C
6()=1 VxeBO.R). VO < VxeBO.2R)\BO.R).

For M > 0, define ¢y(¢, x) = e’A(llB(o’M))(x) for all (¢, x) € (0, 00) x R". Re-
mark that ¢, is smooth, that ¢,/ (¢,x) increases as M increases with ¢z (f,x) M—>
—00

1 for all (¢, x) € (0, o0) x R", and that

IVopmllpeoz ~ M po,mllBmMo <2, lppll oo roey < 1.

Let Ry > 4R and set ¢ = ¢g,. We want to show

o0
1:=f /IVu(t,x)|2¢>(t,x)29(x)2x(t)2dxdt,S||u||§(2 =:J,
0 R?

independently of u#, Rg, R and ¢. Indeed, if this is the case, then we can let Ry — o0
first by monotone convergence, which implies a control of lea/ 2 f BO.R) IVu(t, x)|?
dx dr and it suffices to let R — oo and ¢ — 0.
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Leta = ¢, b = 1/e and @ = B(0,2R). Let v = ¢0x (we forget the
variables to keep the notation reasonable) and remark that mﬁz € L%*(a, b; HO1 (2)).
According to Remark 3.7, we can use this as a test function to obtain

/oo/ A, -)Vu(t,x)-V(ul/fz)(t,x))dtdxz—/oo<8,u(t, 3, w2, .)> dr.
0 n 0

From ellipticity,

1< /00/ A(t, x)Vu(t, x) - V(uy?)(t, x) dx dt
0 n
+ / f A(t, x)Vu(t, x) - V(wz)(t, x)u(t, x)dx dr
0 n
Sh+hL+15h,

where

’

I = /O Bput, ), (e, ) dr

’

L= /oo/ A(t, X)Vu(t, x) - ¢(t, x)V(t, x)0*(x) x> (1)u(t, x) dx dr
0 n

L= /Oof A(t, x)Vu(t, x) - $>(t, x)0(x)VO(x) x> (D)u(z, x) dx dr
0 n

To estimate /;, we decompose further and obtain 11 < Iy + I12 + 11 3, where
(forgetting to write the ¢ variable)

k)

Iy = fo (3, ubp ), ubpy) di

s

o0
Iy = / WOx -0x3,. u) di
0

o0
Iy = / Wby - 06, w)di
0

In the first integral, the inner product is the H “LQ), HO1 (£2) duality so that we can
use Lions’ theorem again and we have that /1 | = % fooo orllu(t, )0 (t,.) x (1) ||§ dr =

0. In the other two integrals, the inner product can be rexpressed with the L? duality.
To estimate [ », remark first that, if g; denotes the standard heat kernel defined by
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-‘2

&)= (m)_%e_%,we have for all x € B(0, 2R) and for all r > O,

10 (1, 0)| S ’/R 0:81(x — ) g, ry) () d)"

= '/R 0: &1 (x — ¥) 1 B0, Ry)e (¥) dy‘

2 eyl
< C/ 121 o = dy < R72.

12
In this calculation, we used |x —y| > Ryp—2R > 2R, so that |x — y|2 > @ +RZ.
Now define ke € N such that 2% < - < 2%+, We have the following:

2k+1

ke e ke
-2 2 ) k 2 2
LhaSR E / / lu(t, x)|"dxdt S R E 2%ellullye S llullya,
k=0 /2*e R" k=0

using R~2¢~! < 1. Moreover

2¢e %
11,35][ f|u<r,x)|2dxdt+][ f lut, x)1* dx dt S ull3.,
e JRr L JRre
2e

since [}/ ()] < %for allt € [g,2¢],and |x'(t)] < Ceforallt € [% é]

To estimate I, we use Cauchy-Schwarz inequality, Harnack inequalities for
each 9, b.J = 1, ..., n,and Carleson inequality (see [15, Proposition 3]) to obtain

1
hg(/ /|Vu(t,x)|29(x)2¢(t,x)2)((t)2dxdt>2
0 R~

” !
' (/ / |u(t’x)|2|v¢(t’x)|2dxdz)
0 R~
1 o 2t %
r (/ / (][ ][ lu(s, WI* Vo (s, y)|? dyds) dxdt)
0 Jr*\J 1+ J BGx.V/D)
o0 2t %
(f / (f f |M(s, )’)|2 dde) |v¢(t’x)|2dXd[)
0 " \J t J B(x.v1)

1
2t 2
<12 / sup <][ ][ |u(s,y>|2dyds> dz||V¢||§oo,2> SI2J2.
R” (¢,x)el’; t B(x,+/1)

Nf—

N

1

I—=
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For I3, we have by the Cauchy-Schwarz inequality and R~2¢~! <1,

1

( / ~ / lu(t, x)|*|VO(x) 2P (2, x)* x (1)* dx dz)2
0 Rn

~
D=

[3§

1
12 00 2
< — ( / f Iu(t,x)|2x(t)2dxdt>
R \Jo Jrn
I% ke ok+1g %
N 2"8][ / ][ lu(r, y)|* dy dr dx
R (,; e JRrJS B(x,v/2Fe)

: 1

< (2"85)2 Jr<12J1.

Combining all the estimates, we have that I < [ )z +J. As I < oo by definition,
we thus conclude that I < J as desired.

Step 2. In this step we prove the result for 2 < p < oo essentially by establishing a
local version of Step 1. Fix xg € R", Ry, R > 0 with Ry > 4R, ¢ > 0 and consider
x € € (R, [0, 1]) supported in [, 4R?] such that, for some C > 0,

x() =1Vt €2 R?),

C
Ix'(1)] < S Viele 2¢],

C
Ix'(1)] < =7 Ve [R?, 4R?].

We define ¢ (t, x) = etA(IB(xoyRo))(x) for all (¢, x) € [0, 00) x R". We also let
0 € €*°(R", [0, 1]) be supported in B(xp, 2R) and such that

0(x) =1 Vx € B(xg, R), VO (x)| < Vx ¢ B(xo, R).

x| Q

Defining

1=/oo/ IVu(t, x)|%¢(t, x)20(x)%x (1) dt dx,
0 ]Rn

2
J =@ x) 11B(x(,,zR)(X)ﬂ(o,41e2)(t)u(t,x)||X2,



NON-AUTONOMOUS PARABOLIC PROBLEMS 461

we only have to show that I < J with implicit constants independent of u, xg, €,
R, Rp. Indeed, if this holds, then, taking the limit as Ry — oo and then as ¢ — O,

R2
/ ][ |Vu(t, x)|* dx dt
0 B(xg,R)

2
28
SR"f <sup][ ][ |M(t,J’)|211(0,4R2)(f)113(xo,2R>(y)dydt) dx
n \6>0J8 JB(x.V5)

S R_n/ INu(x)|?dx < inf M ((Nu)z) ),
B(x0,4R) yeB(x9,4R)
where M is the Hardy-Littlewood operator on R".

Define C(F)(y) = supBBy(fB forz |F(t, x)|*dt dx)%. Thus if y € R" by tak-
ing the supremum over all B = B(xp, R) > y, we have shown

Cqvub() S [ M@0 ] o).

As p > 2, using the parabolic version of [15, Theorem 3, (2)] and the maximal
theorem, we obtain the conclusion.
We proceed as in Step 1, estimating I < 111+ I12 + I13 + I + I3, where

Iy = /0 (u, 0 (O )0 ) | = 0,

’

o0
11,22/ (u, ubpy - 0x0o¢)de
0

o0
Iy = / (w, ubpy - 06} i,
0

E}

b= / ” / At ) Vu(t, %) - (1, )V (1, )62 (x) 20y, x) dx dt
0 n

L= /Oo/ A(t, x)Vu(t, x) - ¢>(t, x)0(x)VO(x) x> ()u(z, x) dx dr
0 n

Using |8, (7, x)| < Ry ', we have that

R? 2
R -
Ii2 5/ / Iu(t,X)|2|3z¢(t,x)|dxdf§—2/ N1y 2myw)(x)*dx < J,
0 JB(x0.2R) Ry Jrr

and using the properties of x and 6, we also obtain

2e 4R?
11,35][ . IllBocO,zR)(JC)u(t,JC)Izdxdt—i—][2 ‘éIﬂB(xO,2R>(x)u(t,x)|2dxdt,SJ.
& n R n
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Next, as in Step 1, we also have that I, < 12J 2, Finally, by Cauchy-Schwarz

inequality
1
I% 4R? 2
2
LS — / / |1 Bxo,2R) (X)u(t, x)|” dx dt
R R" Je
1
12 S 2 :
< ef o [t 20 (a2, ) dx dr dy
R /R” k;2 2k-1R2 ) B R2S) (0269
<I2Je,
This concludes Step 2. O

7.4. Consequences

We have obtained comparison results only for solutions with L? data. We can re-
move this constraint as follows.

Corollary 7.5. Let 1 < p < 0o. Assume that, for all f € LP(R"), the problem

du=divAVu, weXP, limu(t,)=fin Li.,
—

is well-posed. Then the solution satisfies

ING)ILe ~ [Vullzpe ~ I flLe.

Remark 7.6. We have well-posedness in X? for p > 2 by Corollaries 5.5 and 7.2.
For p < 2, we have well-posedness in X” under the assumptions of either Corol-
lary 5.10, or Theorem 6.9, or Theorem 6.14.

Proof. Let u € X? be a global weak solution of (1.1). By well-posedness in X7,
we know that u(¢, -) = I'(¢, 0) f for a unique f € L?(R"), for all # > 0. Moreover
||]\~/(u)||p ~ || fllp. Consider an approximation f; € LP(R") N L?(R™) converg-
ing to f, and let u; be the corresponding solution. We have that IN wllp ~
|Vug |72 combining Proposition 7.1 and Theorems 7.3 and 7.4. The conclusion
follows from taking the limit as k — oo. O

We wish to make a connection with old ideas in the topic such as those of
Nash, as explained in [19]. Assume A has real coefficients. Then for & € €2°(R"),
h>0,u(t) =T(,0)h,and 2 < p < 0o, one has (if the coefficients are smooth to
ease justifications)

d p p—2
allu(l)llm =pp - 1)/Rn u(t, x)""“A(, x)Vu(t, x) - Vu(t, x) dx
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and in particular
t

IIhllip—Ilu(t)llfp=p(p—1)/ /R u(s, x)P "2 A(s, x)Vu(s, x)-Vu(s, x) dx ds. (7.1)
0 n

This yields the finiteness of the integral when + — oo, which is equal to ||h||§ p as
llu(t)|lLr — 0. Note that for p = 2, we recover the energy equality

o.¢]
||h||i2 = 2/0 /R A(s, x)Vu(s, x) - Vu(s, x) dx ds,

which motivated our approach to the energy space. Our observation is that for
p > 2 and arbitrary global weak solutions with [|u*||Lr < oo (which, as we have
shown, are of the form u(¢) = I'(z, 0)h for a unique & € L? (R")) we have

o0
I ::/ f lu(s, x)|P "2 A(s, x)Vu(s, x) - Vu(s, x)dx ds < ||u*||l£p.
0 R”

Indeed, using the boundedness of A,

/‘00/ |u(s,x)|p_2A(s,x)Vu(s,x) -Vu(s, x)dxds
0 n

5/ C(IVu)(x)*u*(x)P 2 dx
Rn
< [CAVu I3, llu* (127

by Holder’s inequality in the last line and, in the first, [15, Proposition 3] adapted to

1
parabolic scaling, with C (f)(x) is the supremum of ( [y ’ fp £2(t, y)dydt)? taken
over all balls B, r being the radius, that contain x. Next, by [15, Theorem 3, (b)],
we have ||C(|Vul)|lLr < [IVull7p.2. Finally we conclude using our Theorem 7.4.

It is not clear at all that integrals of the form / can play a role when consid-
ering complex equations. In particular, (7.1) does not hold in this case. However,
(modified) maximal functions and Lusin area functionals remain valid tools, as we
have just demonstrated.

8. Fatou type results

Our well-posedness results imply convergence in leOC (R™) or in L?(R") sense for
some p to the initial value. Here, we address almost everywhere convergence issues.
As weak solutions may not be locally bounded, we replace the pointwise (parabolic)
non-tangential convergence by the convergence of (parabolic) Whitney averages.
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Theorem 8.1. Let A be as in (1.2). Let f € L>(R") and u(t,-) = I'(¢,0) f. Then
for almost every x € R", we have convergence of the Whitney averages

b
1im][ ][ lu(t, y) — f(x)[*dydt =0,
§—0 % B(x,\/g)

as well as of the slice averages

lim lu(s, y) — f(x)|*dy = 0.
§—0 B(x,+/3)

In particular, for almost every x € R",

)
lim][ ][ u(t,y)dydt = lim u@,y)dy = f(x).
§—0 % B(x,\/g) §—0 B(x,«/g)

Proof. Considering f(x) as a constant, the convergence of the slice averages fol-
lows from the local estimates in Proposition 3.6 and the convergence of the Whitney
averages.

To show the convergence of the Whitney averages, we use again the Duhamel
formula (6.2) with L = —A, which reads, for almost every (¢, y) € R’}FH s

u(t,y) = e® f(y) + Roa((A = DVu)(t, y) = "> f(y) + v(t, y).

Recall that v(¢, y) only involves (A — I)Vu at times between 0 and ¢. Thus, the
proof of the boundedness from T22 = L2(L?) to X? from Proposition 2.12 shows
that

)
2 2
SUP][ ][ lv(t, y)I~dydrdx S I(A— DVull 12y
/n % B(x,\/g) L2(05‘95L2)

§<e

The right-hand side converges to 0 with ¢ — 0 as [|Vul|;2;2) ~ || f |l 2. Thus the
left-hand side converges to 0. As the integrand is non negative and non decreasing
as a function of ¢, it follows that it converges to 0 almost everywhere, that is

8
][ ][ lv(t, y)|2 dydt — 0 almost everywhere.
% B(x, ﬁ) §—0
Finally, for almost every x € R",

8
][g ][ |etAf(Y)_f(x)|2 dydt — 0
2 B(x,\/g) 5—0

by the known results concerning pointwise non-tangential almost everywhere con-
vergence of the solutions of the heat equation. This completes the proof. O
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Corollary 8.2. Let 1 < p < o00. Consider any A as in (1.2) for which (1.1) is
well-posed on XP with initial space L? (this holds for p > 2 and under conditions
when p < 2). Let u be a global weak solution in X?. Then

8
][ ][ u(t,y)dydt and ][ u(s, y)dy
§ I BV B(x./5)

converge for almost every x € R" to the initial value as § — 0.

Proof. Under our assumption, we know that u(z, -) = ['(¢, 0) f foraunique f € L?
for all # > 0. We invoke the usual argument involving 1) control of the maximal
function N (u) and the one for the slice averages in L?, and 2) existence of limits
almost everywhere for a dense class of f, here L? N L?, from the previous theorem.
We skip details. O

Remark 8.3. Consider A with real coefficients. This results holds for any 1 <
p < oo and can be proven by usual arguments, using the pointwise Gaussian upper
estimate and the conservation property. For p = 0o, one can get convergence under
uniform continuity of f. For p = 1, we have not attempted to describe the space

{u e leoc (R’fl) ; llullx1 < oo}. This would define a Hardy space associated with

a non-autonomous equation.

9. L! theory for propagators with kernel bounds

In this section, we assume that the propagators I'(¢, s), for r > s > 0, have ker-
nel bounds, and that their adjoints have some time regularity. More precisely, we
assume the following:

le—yl2

k(t,5,x,9)| < C(t —5)"2e ™ 7=, ©.1)
VheC.R") |I(t,s)*h —T (1o, 50)*hl| e — 0, 9.2)
s— S0
for some C, ¢ > 0, all fp > 59 > 0, and almost all x, y € R”.

See Section 4.3 for a discussion of the first condition. The second condition can
be checked for real equations as a consequence of Nash’s regularity theorem [32].

Lemma 9.1. Assume (9.1). Lett > s >r > 0. Then
/Rn k(t,s,x,2)k(s,r,z,y)dz = k(t,r,x,y),
for almost every x, y € R". Moreover,
/n k(t,r,x,y)dx =1 9.3)

for almost every y € R". Finally, for any f € L'(R"), t — I'(t,s)f €
“o([s, 00), LY.
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Proof. Let x,y € R" and define I(x,y) = f]R” k(t,s,x,z2)k(s,r, z,y)dz. Note
that the integral converges thanks to (9.1). Next, for f € Z(R"), we have the
following for almost all x € R”

/ 1<x,y)f<y>dy=/ K(t, 5, %, 2) (/ k(s,r,z,wf(y)dy) a:

Rn Rn Rn
:/ k(t,s,x,2)(s,r)f(z)dz =T(t, ) (s, r) f(x)
— T 9) f(x) = /R k(5,5 D F )y,

Using (9.1), we have that the other equality is equivalent to I'(z, r)*1 = 1 almost
everywhere. This is proved in the leoc sense in Corollary 5.6.

Finally, the strong continuity of 7 — I'(z, s) on L!(R") is proven as follows.
As the operators are uniformly bounded on L!(R"), it suffices to check continuity
for functions in a dense class. Let f € L°(R") be compactly supported, and
M > 0 be such that the support of f is contained B(0, M). Then, using (9.1),
T, s)f — T, S)f”Ll(B(O,M)C) — 0 when M — oo uniformly for ¢, ¢" in any
bounded set of [s, 00). So fix r > s and take t' > s with | —¢'| < 1. Let& > 0 and
fix M > 0 so that ['(¢, s) f — T'(t', ) fllL1(go, m)e) < € forall such ¢,¢" . Since
IT(t,8) f =T, ) flloi oy < MZITE, ) f =T, 5) fll2(80.a)» We can
use the strong continuity of T > I'(t, s) on L?(IR") to conclude. The proof for the
limit at oo is similar. O

Theorem 9.2. Assume (9.1) and (9.2). For u € &', the following assertions are
equivalent.

ANug € L'(R") such that u(t, ) = T'(t, 0)ug in L'(R™) forallt > 0;  (9.4)
u is a global weak solution of (1.1) in L (Ll), 9.5)

wces
1 1 .
cos(L') means u € L*®(L") and there exists a weakly convergent
sequence (u(tj,.))jeN in LY(R™), where (tj) jen is a sequence of positive reals
decreasing to 0. In this case, u € 6p([0, 00), LY.

where u € L°

Proof. To prove that (9.4) implies (9.9), let f € LY(R") and define u : (¢, x) —
['(¢,0) f(x) by the intergal formula. By (9.1) and Lemma 9.1, we have that u €
%0(10, 00), L"). It remains to see it is a global weak solution of (1.1). Foralla > 0
and ¢t € (a, 00), we have, thanks to (9.1), that there exists ¢ > 0 such that

" (504

By Lemma 9.1, and density of L' N L?in L', T'(¢,0) f = I'(z, $)I'(%,0) f for all
t € (a, 00). This shows that u is a global weak solution of (1.1).

o S et AUl S 1
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We now turn to the other direction, and assume (9.5). Let (¢;) jen be the se-
quence of positive reals decreasing to 0 such that (u(z;, -)) jen converges weakly in

L'(R"). Call f its limit. By Proposition 4.3 and Theorem 5.1, for all j € N with
t>tj,and h € 6.(R"), we have that

/u(tj,x)r(t,zj)*h(x)dx:/ u(t, x)h(x) dx.
R~ R7

Using (9.2) and also that (J|u(¢;, -)||1) jen is a bounded sequence, the left hand
side converges to f]R" f)(,0)*h(x)dx. This implies u(¢, -) = ['(¢,0)f. The
uniqueness of ug = f follows by continuity at # = 0 in L' (R"). O

We then consider solutions only in L>°(L') and show that such solutions arise
from considering Radon measures as initial data. To do so, we need to impose a
further condition on the kernel, which is satisfied in the case of real coefficients
(see [3, Theorem 9]), again as a consequence of Nash’s regularity theorem [32].

Forall # > s > 0 and almost all x € R", ©6)
y > k(t, s, x, y) is continuous on R”. '

Under (9.1) and (9.6), then for all # > O the integral f]Rn k(t,0, x, y) du(y) makes
sense in the duality of %o (IR") with the space .Z(IR") of Radon measures for almost
all x € R”, and belongs to L' (R") as a function of x. We call this function I' (z, 0) .

Theorem 9.3. Assume (9.1), (9.2) and (9.6). For u € &', the following assertions
are equivalent.

AN e AR") such that u(t, ) = T, 0)u forall t > 0; 9.7)
u is a global weak solution of (1.1) in L°°(Ll). 9.8)

In this case, u € €y((0, 00), L' and is weakly-star convergent to . ast — 0.

Proof. We first show that (9.7) implies (9.8). Let pu be a Radon measure and
u(t,-) = I'(z,0)u for all + > 0. By (9.1) and Fubini’s theorem, we have that
u € L®(LYY. Moreover, for all @ > 0 and ¢ € (a, 00), we have that u (%, ) €
LY(R™) N L®(R"), and, in particular u (%, ) e L>(R"). By the reproducing for-
mula for the kernels in Lemma 9.1 and Fubini’s theorem, u(¢, ) = T" (¢, §) u (%, ).
This shows that u is a weak solution of (1.1) on (% oo) for any a > 0. Hence it is
a global weak solution.

Turning to the other direction, we assume (9.8). Let #p < ¢ and (Z;) jen be a
sequence of positive reals decreasing to 0 and such that ( fR" u(t;, x)w dx) jen
converges for all g € 6o(R") by Banach-Alaoglu’s theorem. Let u € .Z(R") be
the weak™ limit of (u(t;, -)) jen. Let g € €. (R"). Using (9.1) and (9.6), we see that
['(t,1))*g € ¢o(R"), and by (9.2), that

IT(t, ;)" g — T(,0)*gllLe T 0.
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By Proposition 4.3 and Theorem 5.1, we have that

/u(tj,x)F(t,tj)*g(x)dxzf u(t, x)g(x) dx,
R” R~

so that taking the limit as j — 00, we obtain

f ua,x>mdx=/ TG, 0780 du(y) = / f k(2. 0, x, )00 du(y) dx,
Rf’l Rn R"I RV!

and thus
bt(t,X):/]R k(t,0,x,y)du(y),

for all # > 0 and almost all x € R”.

To show that y is unique, let g € 6. (R"), and ¢ > 0. By uniform continuity,
pick 6 > O such that |[g(x) — g(y)| < € for all x, y such that [x — y| < §. Using
(9.1), we have that

/ / k(t,O,x,y)(g(x)—g(y))dxdu(y)‘SSIIMIIJ//-
" J B(y,268)

Moreover, we have that

2

_c&
/ / k(z,0,x, y)(g(x)—g(y)) dx d,u(y)‘ S lellalgliee™r,
"J B(y,28)¢

for some constant ¢ > 0. Therefore,

t—0

lim / / k(1. 0, x, )(g(x) — () dx dus(y) = 0.
By Lemma 9.1, we have that

/ ,, /R (1,0,x, 1) x) dx da(y) — /R ()

- /n/,,k(”o’x,y)(g(x) — g(y) dx du(y),

and thus [, g(x) du(x)= lirlg) Jgn u(t,x)g(x) dx, which proves uniqueness of .
t—

Finally, the continuity on (0, co) and the limit at co follow directly from Lem-
ma 9.1 since u(z, -) = (¢, s)u(s, -) forallz > s > 0 and u(s, -) € L' (R"). O
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10. Local results

We have been interested in global results with scale invariant norms in the interior.
As our estimates depend separately on 1) interior representation and 2) taking limits
as t tends to 0, we can formulate well-posedness for larger classes as follows. Let
X be one of the spaces where we can prove well-posedness for Y data. For T > 0,
let X7 be a local version of X, obtained by truncating functions by 0, i.e. ||u||x, =
(¢, x) = u(t,x)Lo,1)(t)|lx. Let ¥ = N7-0X7. Note that functions in X can
have their X7 norms growing arbitrarily fast as 7 — oo. Functions with bounded

X7 norms belong to X.

Consider the Cauchy problem for (1.1) on ]R’j_'“ withu € X and ug € Y.

In each of the following cases, one obtains uniqueness. Since we can construct
solutions in X, we get a posteriori control at T — oo and the solution belongs to
X . In other words, arbitrary a priori control on the norms for large times implies a
posteriori bounded control. The interested reader can write the precise statements
from our explanations.

For Y = L2(R"), one can take X = L*®°(L?) or X = X?2. In the case X =
L2(H"'), one takes X7 = L%(0, T; H') instead of L2(0, T; H').

For Y = LP(R"),2 < p < 00, one can take X = X7 or the space in Proposi-
tion 5.7 when p < q.

For Y = L?(R"), 1 < p < oo and uniform L? bounds on the propagators or
estimates on its kernel (see above for the relation between g and p), one can take
X = L>®(LP).

ForY = LP(R"), 1 < p < oo and non uniform L4 bounds on the propagators
or estimates on its kernel (i.e. allowing the -Z(L9) norm of I'(¢,s) to grow as
|t — s| = 00), one also obtains well-posedness for X = L% (L), but the solution
has X7 norms that may grow at infinity.

ForY = LP(R"), p. < p <2 and BV (0, T; L) coefficients for all T > 0,
we are in the previous situation with X = L°°(L?).

We also note that the results || Vull7,2 < |lullxr in Section 7 are easily local-
isable in time by looking at the proofs. Thus the further estimates using truncated
maximal functions apply and one can deduce bounds on truncated Lusin area inte-
grals. However, note that the converse ||ul|x» S [|Vu|l7p. is not localisable in time
because the right hand side vanishes when the time becomes small.
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