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Unbounded convex polyhedra as polynomial images
of Euclidean spaces

JOSE F. FERNANDO, JOSE MANUEL GAMBOA AND CARLOS UENO

Abstract. In a previous work we proved that each n-dimensional convex polyhe-
dron X C R”" and its relative interior are regular images of R". As the image of
a non-constant polynomial map is an unbounded semialgebraic set, it is not pos-
sible to substitute regular maps by polynomial maps in the previous statement.
In this work we determine constructively all unbounded n-dimensional convex
polyhedra X C R” that are polynomial images of R”. We also analyze for which
of them the interior In}(ﬂ{) is a polynomial image of R”. A discriminating object
is the re;cession cone C(X) of K. Namely, X is a polynomial image of R" if and
only if C (X) has dimension n. In addition, Int(X) is a polynomial image of R™ if
and only if C(X) has dimension n and X has no bounded faces of dimension n—1.
A key result is an improvement of Pecker’s elimination of inequalities to represent
semialgebraic sets as projections of algebraic sets. Empirical approaches suggest
us that there are “few” polynomial maps that have a concrete convex polyhedron
as a polynomial image and that there are even fewer for which it is affordable to
show that their images actually correspond to our given convex polyhedron. This
search of a “needle in the haystack™ justifies somehow the technicalities involved
in our constructive proofs.

Mathematics Subject Classification (2010): 14P10 (primary); 14P05, 52B99
(secondary).

1. Introduction

Amap f := (fi,..., fm) : R* — R™ is polynomial if its components f; €
R[x] := R[x1, ..., X,] are polynomials. Analogously, f is regular if its compo-
nents can be represented as quotients f; = i—’; of two polynomials gi, hr € R[x]
such that iy never vanishes on R”. By Tarski-Seidenberg’s principle [5, 1.4] the
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image of an either polynomial or regular map is a semialgebraic set. A subset
8 C R”" is semialgebraic when it has a description by a finite boolean combination
of polynomial equalities and inequalities.

It is quite natural to wonder about for properties that a set in R must satisfy
in order to be the image of a polynomial map f : R” — R™. To our knowledge,
this question was first posed by Gamboa in an Oberwolfach week [16]. A related
problem concerns the parameterization of semialgebraic sets of dimension d using
continuous semialgebraic maps whose domains are semialgebraic subsets of R sat-
isfying certain nice properties [17]. The approach proposed by Gamboa in [16] sac-
rifices injectivity but chooses the simplest possible domains (Euclidean spaces) and
the simplest possible maps (polynomial and regular) to represent semialgebraic sets.
The class of semialgebraic sets that can be represented as polynomial and regular
images of Euclidean spaces (even sacrificing injectivity) is surely much smaller than
the one consisting of the images under injective continuous semialgebraic maps
of nice semialgebraic sets. Of course, more general domains than the Euclidean
spaces can be considered and compact semialgebraic sets deserve special attention:
balls, spheres, compact convex polyhedra, ...For instance, in [19] the authors de-
velop a computational study of images under polynomial maps ¢ : R® — R?
(and the corresponding convex hulls) of compact (principal) semialgebraic subsets
{f =0} C R3, where f € R[x1, %7, x3] (this includes for example the case of a
3-dimensional ball).

The effective representation of a subset S C R™ as a polynomial or regular
image of R” reduces the study of certain classical problems in Real Geometry to its
study in R”. Examples of such problems appear in Optimization, with the advan-
tage of avoiding contour conditions and reducing optimization problems to the case
of Euclidean spaces (see for instance [22,23,26,29] for relevant tools concerning
optimization of polynomial functions on R") or in the search for Positivstellensétze
certificates [27]. These representations provide Positivstellensatz certificates for
general semialgebraic sets, whenever we are able to represent them as regular or
polynomial images of R”. Recall that classical Positivstellensatz certificates are
stated only for closed basic semialgebraic sets. Further details are described care-
fully in [9,12].

If S is a non-compact locally compact semialgebraic set in R”, it admits a
(semialgebraic) Alexandrov compactification by one point. In addition, there is a
doubly exponential (in the number n of variables describing 8) algorithm triangulat-
ing each compact semialgebraic set (see [5, Chapter 9, Section 2] and [18]). Thus,
locally compact semialgebraic sets can be considered as finite simplicial complexes
(up to losing one vertex), but we remark that the known algorithm can produce a
doubly exponential number of simplexes. The algorithms developed to show that
certain semialgebraic sets with piecewise linear boundary are polynomial or regu-
lar images of R" are constructive (including those provided in this article), but the
degrees of the involved maps are very high; however, it would be interesting to es-
timate the smallest degree for which there is a suitable polynomial or regular map,
and to compare its complexity with the doubly exponential one for the triangula-
tions of semialgebraic sets.
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So far we have found partial answers to the representation problem of semial-
gebraic sets as polynomial and regular images of Euclidean spaces [6-8,11], but a
full geometric characterization of these sets seems difficult to be obtained at present.
On the other hand, we have also focused on finding large families of semialgebraic
sets that can be expressed as either polynomial or regular images of R", giving con-
structive methods to obtain explicit maps producing them [6,7,9,10,15,28]. In
particular, we have focused our interest in determining whether convex polyhedra,
their interiors and the corresponding complements can be expressed as polynomial
or regular images. We understand that these types of semialgebraic sets are the sim-
plest among those with piecewise linear boundary, and their full study is the first
natural step to understand which semialgebraic sets whose boundaries have “nice
properties” are either polynomial or regular images of R”".

In [9] we proved that every n-dimensional convex polyhedron KX c R” and
its interior are regular images of R”. This result cannot be extended directly to
the polynomial case because the image of a non-constant polynomial map is an
unbounded semialgebraic set. Our purpose in this work is to determine all n-
dimensional convex polyhedra X C R” such that X and/or Int(X) are polynomial
images of R". Here, Int()X) refers to the relative interior of K with respect to the
affine subspace of R” spanned by X, which coincides with the interior of K as a
topological manifold with boundary. For these unbounded convex polyhedra, their
representations as polynomial images of Euclidean spaces provide a priori simpler
Positivstellensitze certificates and optimization approaches that if we use regular
maps because polynomial representations do not involve denominators.

In [7,8,11] we found obstructions for a semialgebraic set of R” to be a poly-
nomial image of some R". Two distinguished ones that are relevant to us here are
the following:

Condition 1. The projections of a polynomial image of a Euclidean space are either
singletons or unbounded semialgebraic sets.

Condition 2. If a semialgebraic set 8 C R” is a polynomial image of R" and Z is
an irreducible component of dimension n — 1 of the Zariski closure of CI(8) \ 8,
then Z N CI(8) is unbounded [8, Corollary 3.4].

Let us translate the first condition for convex polyhedra in terms of the recession
cone. Given a point p in a convex polyhedron X C R”, the set of vectors v €
R” such that the ray with origin p and direction v is contained in X is called the
recession cone of X (see [30, Chapter 1] and [25, II Section 8]). This set does
not depend on the chosen point p. We will see later in Proposition 2.1 that if the
dimension of the recession cone C(K) of a convex polyhedron X is strictly smaller
than its dimension, then X has bounded, non-singleton projections and neither K
nor Int(X) are polynomial images of an Euclidean space.

On the other hand, translating the second condition to our polyhedral setting
turns into the fact that if X C R” is an n-dimensional convex polyhedron with a
bounded face of dimension n — 1, then Int()) is not a polynomial image of R".
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Taking the previous obstructions in mind, our main results in this work, which
are the best possible ones, are the following:

Theorem 1.1. Let KX C R”" be an n-dimensional convex polyhedron whose reces-
sion cone is n-dimensional. Then X is a polynomial image of R" and Int(X) is a
polynomial image of R"+1.

Theorem 1.2. Let XCR" be an n-dimensional convex polyhedron without bounded
facets and whose recession cone is n-dimensional. Then Int(X) is a polynomial
image of R™.

This means that for convex polyhedra, their interiors and the corresponding com-
plements the known obstructions for the representability of general semialgebraic
sets as polynomial images of Euclidean spaces are enough.

The proofs of Theorems 1.1 and 1.2 are rather technical and partly rely on ad
hoc constructive arguments. With respect to the constructions we use to prove both
results, it is difficult to determine how far from being “optimal” they are. Even in
the simplest non-trivial case of the open quadrant Q := {x > 0,y > 0} of R%, we
have made several trials [7,10,15] to find the “best” possible representation of Q as a
polynomial image of R?. The criteria to measure the “goodness” of a representation
are debatable, and we ourselves have been oscillating between the simplicity of
the involved polynomial maps and the clearness of the proofs provided (an ideal
situation would be to find examples where these two properties come together). A
main difficulty, which permeates this work, is that our proofs are of constructive
nature because we lack general principles that could provide a simpler and more
direct existential approach to tackle the problems related to the representation of
semialgebraic sets as polynomial images of Euclidean spaces. We point out here
some obstacles that quickly arise when confronting them:

e The rigidity of polynomial maps hinders their manipulation in order to obtain
the desired image sets;

e It is difficult to compute the image of an arbitrary polynomial map and, as far as
we know, there are not feasible algorithms to achieve this;

e The family of polynomial images do not behave nicely with respect to the usual
set-theoretic operations or geometric constructions.

We enlighten the latter fact with some examples.

Example 1.3 (Convex hull of a polynomial image of R"). The convex hull of a
polynomial image of R" needs not be a polynomial image of R". The semialge-
braic set

S = {y > (x4 1D%(x — 1)2} c R?

is a polynomial image of R?. Indeed, the upper half-plane H := {y > 0} c R?isa
polynomial image of R? by [7, Example 1.4, (iv)] whereas § is the image of H via
the polynomial map H — 8, (x,y) — (x,y + X+ D2(x — 1)3).
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The convex hull of § is the semialgebraic set
C:= {y> (x+ 1)%(x — 1)2}U{y>0,—1 <x <1},

which is not a polynomial image of R? by [8, Theorem 3.8].

Example 1.4 (Minkowski sum of polynomial images of R"). The Minkowski sum
8 + T of two polynomial images § and T of R" needs not to be a polynomial image
of R". We take the semialgebraic subsets

8§ ={x>0,y>0,x+y>1} and T:={x>0,y >0}

of R2, both of which are polynomial images of R? by [8, Theorem 5.1] and [7,
Theorem 1.7]. Their Minkowski sum is

8+T:={x>0,y>0,x+y>1},

which is not a polynomial image of R? by [8, Corollary 3.4].

Example 1.5 (Connected intersection of polynomial images of R"). If the inter-
section 8 N'T of two polynomial images S and T of R" is connected, then 8 N7 is
not in general a polynomial image of R". The semialgebraic subsets & := {x < 1}
and T := {x > —1} of R? are polynomial images of R? whereas their intersection
8 N T, which is connected, is not a polynomial image of R? because it does not
satisfy Condition 1 above. Observe that S, T and 8 N T are convex semialgebraic
sets.

Example 1.6 (Connected union of polynomial images of R"). If the union SUT
of two polynomial images 8 and T of R" is connected, then 8 U T is not in general
a polynomial image of R". The semialgebraic subsets § := {x > 0,y > x?} and
T :={y > 0,x > y?} of R? are polynomial images of R? whereas their union
§ U T, which is connected, is not a polynomial image of R? by [11, Theorem 1.1].
In fact, 8 and T are convex sets, but their union 8 U J is not.

We suspect that with the current knowledge it is difficult (or even plausibly impos-
sible) to find two convex semialgebraic sets which are polynomial images of R”
whose union is convex but not a polynomial image of R”. The reason is the fol-
lowing: if two convex semialgebraic sets S and T satisfy all known obstructions to
be polynomial images of R" and their union 8 U T is convex, then such union also
satisfies all those known obstructions. So we have no known “a priori” tools to find
such an example. In this regard, it would be relevant to determine whether the union
of two convex polynomial images of R" is also a polynomial image of R" whenever
such union is a convex set. A result of this nature will definitely help to determine all
convex semialgebraic sets that are polynomial images of R”. However, at present
we feel far from achieving this goal.

If we restrict our attention to the family § of n-dimensional closed convex
semialgebraic subsets of R” with piecewise linear boundary that are polynomial
images of R”, then 8§ and T are by Theorem 1.1 n-dimensional convex polyhedra
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whose recession cone has dimension z. If the union 8§ U T is convex, then S U T is
again an n-dimensional convex polyhedron with recession cone of dimension 7, so
it is a polynomial image of R” by Theorem 1.1. Analogously, if we are interested
in the family & of n-dimensional open convex semialgebraic subsets of R” with
piecewise linear boundary that are polynomial images of R”, then S and T are, by
Theorem 1.2, n-dimensional convex polyhedra without bounded facets and whose
recession cone has dimension . If the union 8 U T is convex, then 8 U T is again
an n-dimensional convex polyhedron without bounded facets and whose recession
cone has dimension n. By Theorem 1.2 this union is a polynomial image of R”.

In both cases above the result arises “a posteriori” because the union, if convex,
of sets of either the family § or & is again a set of the family § or &. We guess it is
really difficult to develop a general strategy to prove “a priori” (without knowing the
characterizations provided by Theorems 1.1 and 1.2) that the union, if convex, of
two convex semialgebraic sets with piecewise linear boundary that are polynomial
images of R” is again a polynomial image of R”.

In order to circumvent these difficulties we have developed alternative strate-
gies that rely on some constructions introduced in Pecker’s work [24]. The Tarski-
Seidenberg principle on elimination of quantifiers can be also restated geometrically
by saying that the projection of a semialgebraic set is again semialgebraic. An al-
ternative converse problem, to find an algebraic set in R”*t% whose projection is a
given semialgebraic subset of R”, is known as the problem of eliminating inequal-
ities. Motzkin proved in [21] that this problem always has a solution for k = 1.
However, his solution is rather complicated and is generally a reducible algebraic
set. In another direction Andradas-Gamboa proved in [1,2] that if § C R” is a
closed semialgebraic set whose Zariski closure is irreducible, then 8 is the pro-
jection of an irreducible algebraic set in some R”*X. In [24] Pecker gives some
improvements on both results: for the first one by finding a construction of an al-
gebraic set in R"*! that projects onto the given semialgebraic subset of R”, far
simpler than the original construction of Motzkin; for the second one by character-
izing the semialgebraic sets in R” which are projections of a real variety in R"*+!.
In Section 3 we modify Pecker’s polynomials introduced in [24, Section 2] to take
advantage of them in order to prove both Theorems 1.1 and 1.2.

To ease the presentation of the full picture of what is known [9, 11-14,28]
about the representation of semialgebraic sets with piecewise linear boundary as
either polynomial or regular images of some euclidean space R” we introduce the
following two invariants. Given a semialgebraic set S C R™, we define

p(8) :=inf{n >1:3 f: R" — R” polynomial such that f(R") = 8},
r§) : = inf{n >1:3 f:R" — R" regular such that f(R") = S}.

The condition p(8) := +00 expresses the non-representability of S as a polynomial
image of some R” whereas r(8) := +o0o has the analogous meaning for regular
maps. The values of these invariants for the families of convex polyhedra and their
complements are shown in Table 1.1. Here, X C R”" represents an n-dimensional
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convex polyhedron and its complement 8 := R” \ X is assumed to be connected.
In addition, we write S := R” \ Int(X).

Table 1.1. Full picture.

XK bounded XK unbounded
n=1 n>2|n=1 n>2
r(X) 1 1 n
r(Int(X)) 2 " 2
pX) 1 n, +00 ()
p(Int(X)) +oo 2 | mn+l, 400 ()
1(8) 2
r(g) “+00 n ! n
p(d) 2
p(S) 1

Let us explain the (marked) cases in Table 1.1 which follow from this work:

(x) (n, +00): An n-dimensiogal convex polyhedron K c R” has p(X) = n if and
only if its recession cone C(X) has dimensjon n. Otherwise, p(K) = 4o00;

(x) (n,n + 1, +00): If the recession cone C(X) of an n-dimensional convex
polyhedron X has dimension < n, then p(Int(K)) = +oco. Otherwise, if
X has bounded facets, p(Int(X)) = n + 1 and if K has no bounded facets,
pnt(K)) = n.

Structure of the article. The article is organized as follows. In Section 2 we in-
troduce some basic notions, notations and tools that will be employed along the
article. In Section 3 we analyze further properties of Pecker’s polynomials and we
introduce some variations that fit the situation we need. In Section 4 we prove The-
orem 1.1 whereas Theorem 1.2 is proved in Section 5. We end this article with an
appendix that collects some useful inequalities for positive real numbers.

2. Preliminaries and basic tools

We proceed first to establish some basic concepts, notations and results. This sec-
tion can be considered as a sort of toolkit, where diverse techniques and auxiliary
tools that will be needed later are introduced.

2.1. Basic notation

Points in the Euclidean space R" are denoted with the letters x, y, z, p, ¢, ...and
- - . . n =
vectors by v, w, ...Given two points p,q € R", pg represents the vector from
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p to g and pqg the segment joining them. Given an affine subspace W C R”,
we use an overlying arrow W to refer to the corresponding linear subspace. This
notation is extended in the following way: Given a finite union of affine subspaces
X =X U-.--UX,, we will denote X the union of the linear subspaces X i, so that

-

X=X U---UX,.

4
The vectors of the standard basis of R” are denoted &; = (0, ..., 0, (1), 0,...,0
fori =1,...,n.
An gffine hyperplane of R" will usually be written as H := {h = 0} using a
non-zero linear equation /. It determines two closed half-spaces

H":={h >0} and H :={h <0}

In fact, these half-spaces depend on the linear equation 4 chosen to define H.
Whenever needed, we will clearly state the orientation that is being considered.
An affine subspace W of R” is called vertical if W contains the vector &,.
Otherwise, we say that W is non-vertical. In general, whenever an affine object or
map is denoted with a symbol, we will use an overlying arrow on it to refer to its
linear counterpart. -
Given a set X C R and a set of vectors V C R”, we define

X+‘7:={x+17: xeX,ﬁGV}CR”.

Whenever X and V are convex sets, the set X + V is also convex. Given a set
X C R" and a vector v € R", the cylinder of base X in the direction v is defined as

Xv:={x+A0:x€X,1eR]}
and the positive cylinder of base X in the direction v as
Xt i={x+A0:xe€X,1>0}L

We will use analogous notations X% and X9 when X is a set of vectors instead
of a subset of R”. As special cases, the line through the point p with direction v is
written as pv, whereas the ray with origin at p and direction v is written as pv .
Given X, ..., X,, C R", we denote Span(X1, ..., X;;) the affine span of their
union [ J/L, X;.

2.2. Convex polyhedra and recession cone

A subset X C R”" is a convex polyhedron if it can be described as a finite in-
tersection of closed half-spaces. The dimension dim(X) of K is the dimension
of the smallest affine subspace of R” that contains X and Int()) represents the
relative interior of J with respect to this subspace. If K has non-empty interior
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there exists a unique minimal family {Hj, ..., H,} of affine hyperplanes such that
X =N, Hl.+. The facets or (n — 1)-faces of X are the intersections F; := H;NK
for 1 <i < m. EachfacetJ; := H; N ﬂ';’zl H;r is a convex polyhedron contained
in H;. For 0 < j < n—2 we define inductively the j-faces of X as the facets of the
(j 4+ 1)-faces of K, which are again convex polyhedra. The O-faces are the vertices
of X and the 1-faces are the edges of K. A face € of X is vertical if the affine
subspace of R” spanned by € is vertical. Otherwise, we say that € is non-vertical.
A convex polyhedron is non-degenerate if it has at least one vertex. Otherwise, it
is called degenerate. For a detailed study of the main properties of convex sets we
refer the reader to [3,25,30].

We associate to each convex polyhedron X c R” its recessionqcone, see [30,
Chapter 1] and [25, II. Section 8]. Fix a point p € K and denote C(K) = {v €
R*: pvt C ZK} Then (‘,’(fK) is a convex cone and it does not depend on the choice

of p. The set (‘3(9() is called the recession cone of X. It holds G(IK) { }if and
only if X is bounded. The recession cone of K := (i_, HlJr

hé HY) = hH, {Zk,v, oy >0}
i=1

i=1

where the non-zero vectors vy, ..., Us span_’the lines containing the unbounded
edges of K. If a non-zero vector v € Int(C(X)), then K does not have facets
parallel to v. _

If K is non-degenerate we may write I = Ko + C(XK) where Ky is the convex
hull of the set ofqvertices of K. If P ¢ R" is a non-degenerate convex polyhedron
and k > 1, then C(R¥F x P) = R¥ x é(fP).

Recall that each degenerate convex polyhedron can be written as the product of
a non-degenerate convex polyhedron times an Euclidean space. Besides, a convex
polyhedron is degenerate if and only if it contains a line or, equivalently, if its reces-
sion cone contains a line. Consequently a convex polyhedron X is non-degenerate
if and only if all its faces are non-degenerate polyhedra.

The next result justifies the fact that the recession cone of a polyhedron plays
an important role when we are trying to express it as a polynomial image of R":

Proposition 2.1. If the dimension of the recession cone é(ﬂ() of an n-dimensional
convex polyhedron K C R" is strictly smaller than n, then both K and Int(X) have
bounded non-singleton projections. Consequently, under the previous hypotheses
both K and Int(X) are not polynomial images of R™ for eachm > 1.

Proof. We may assume C(X) is contained in the hyperplane {x,, = 0}. Consider
the projection  : R" — R, x := (x1, ..., x;) > x,. Suppose first that X is non-
degenerate. As dim(X) = n, we can choose a set of points W := {py, ..., pr} C
X that contains all the vertices of K and spans the whole space R”. Then K =

X+ é(ﬂ() where X, is the convex hull of W. As X is a compact polyhedron and
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has dimension 7, the projection n(X;) is a non-trivial bounded interval. We have
n(X) = n(XKp) + n(@ (X)) = n(Kj) because n(@ (X)) = {0} Consequently, both
n(K) and n(Int(JC)) are bounded non-singleton intervals.
Assume next that K is degenerate and suppose K = R¥ x K’ where 1 < k <
n and X' ¢ R"¥ is a non-degenerate convex polyhedron of Rk, Choose the
notation (X1, . .., X,) for the coordinates of R"*. As C(K) = R*F x C(K'), we
may assume C(X') C {x, = 0}. Let t : R” — R"* denote the projection onto
the last n — k coordinates and let 77 : R*~¥ — R denote the projection onto the last
coordinate, so that = 1 o . We have

(%) = n (Rk x JC/) — (fo1) (Rk x Jc’) — (K.

By the non-degenerate case 7(X’) and 77(Int(X’)) are bounded non-singleton inter-
vals, as required. O

Other results that follow from the use of the recession cone are the following.

Lemma 2.2. Let X C R” be a convex polyhedron and let H := {h = 0} be a
hyperplane of R" such that X C {h > 0}. Then dist(K, H) = dist(po, H) for each
point py contained in one of the faces of X of minimal dimension and in addition

K C (h> Mgy,

Proof. Assume first that X is a non-degenerate convex polyhedron and write K =
Ko+ G(ﬂ() where Ky is the convex hull of the set V of vertices of K. As X C {h >
0},then u := min{i(p) : p € V} > 0and h(v) > 0forallv e C‘(CK) Observe that
h(g) > p for all ¢ € X and dist(X, H) = dist(pg, H) where pg € V is a vertex
such that &(pg) = w. In addition, X C {h > h(pg)} C {h > @}. As the convex
polyhedron X is non-degenerate, {po} is a face of K of minimal dimension.

If K is degenerate, we assume K = K’ x R¥ where K’ ¢ R"~¥ is a non-
degenerate polyhedron. As XN H = @, we have H = H' x R where H' := {h =
0} is a hyperplane of R” % and n — k > 1. We abuse notation using the fact that the
linear form % only depends on the first n —k variables. Applying the non-degenerate
case to X', H' and 1 we find a vertex go of X’ such that dist(K', H") = dist(go, H').
Observe that & := {go} x R is a face of K of minimal dimension and h(p) =
h(go, 0) = h(qo) foreach p € E. The statement now follows straightforwardly. [

Corollary 2.3. Let X C R”" be a convex polyhedron and let Hy := {h1 = 0} and
= {hy = 0} be hyperplanes of R". Suppose that X N Hy C {h, > 0}. Then
there exists € > 0 such that KX N {—e < h; < ¢} C {hy > 0}.

Proof. Define P := KX N {h; <0}. As KN H; N{hy <0} = &, we may assume
P c {h; > 0}. By Lemma 2.2 there exists ¢ > 0 such that P C {h; > &}. Thus,
KN{—e <h; <e&} C {hy > 0}, as required. O
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2.3. Vertical cones and convex polyhedra

Along the article we will make frequent use of one particular direction in R”, the
one given by the vector &, = (0,...,0,1). Set x" := (x1,...,x,—1) € R 50
that a point in R" = R x R is written as x := (x’, x,,). The vertical cone of
radius § > 0 is defined as

:S/ = {(U/, vy) € R": ”U/” = (Svn}.
Given a set A C R" we define the vertical cone of radius § > 0 over A as
Y(A):= A+ C) = [x+7v: x €A, T)eég}.

If A is a convex set, then CJ(A) is also a convex set.
We establish now some results relating vertical cones and unbounded polyhe-
dra.

Lemma 24. Let X C R” be a convex polyhedron such that &, € Int(é(ﬂ()).
Then there exists § > 0 such that for each p € R" the inclusion @:3’({ pH\{p} C

{p} + Int(C(K)) holds.

Proof. As &, := (0,...,0,1) € Int((f(JC)) there exists & > 0 such that the ball

B(&,, §) of center &, and radius § > 0 is contained in Int(@(fK)) As @(SK) isa
cone with vertex O,

CY\(0) C (51 T eBE,,9), 4> 0) < Int (€(X)).

From this inclusion readily follows that C‘fg({ pH\{p} C{p}+ Int(é(ﬂ()) for each
peX. O

Proposition 2.5. Let X C R”" be a non-degenerate unbounded convex polyhedron.
Assume X C {x, > 0}, the intersection & := {x, = 0} N K is a face of K and

the vector &, € Int(C(X)). Then there exist positive numbers § < A such that
Cy(&) Cc K C CL(©).

Proof. By Lemma 2.4 we can choose 8 > 0 such that C{({p}) C {p} + é(ﬂ() for

each p € &, so that the inclusions C{(£) C € + e (X) c X hold.

We prove next X C €% (€) for A large enough. We may assume that 0 €
Int(€). Observe first that for each p € € we have {p} U {x, > 0} = Uy S U{PD),
)

EU{x, >0} = Cl(©).
keN
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Write C(K) = {d°/_; AiU; : A; > 0} where the non-zero vectors vy, ..., Uy span
the lines spanned by the unbounded edges of K. We may assume that the last
coordinate of v; is positive for i = 1,...,r and identically zero for v; with i =
r+1,...,s. Consequently, C(€) = {3 ;_, .  Aivi : A; > 0}. Pick ko > & such
that:

(1) All the vertices of K are contained in GZO (&);
(2) The rays 05, C € (&) fori =1,...,s.

As @ZO (&) is convex (because € is convex) and {0} + é(JC) is the convex hull of the

rays 017;r fori =1,...,s,wededuce that both sets {0} + é(fK) and the convex hull
Ko of the vertices of K are contained in CZO (€). Consequently,

K =Ko + CI) C €Y, (&)

and taking A := ko we have X C CY (€), as required. O

24. Projections of affine subspaces and convex polyhedra

Given a hyperplane H C R" and a vector v € R" \ H, we denote byn; : R* > H
the projection onto H with direction v. For each X C R”, the set n{l(ng(X )
coincides with X v, so it does not depend on the chosen projection hyperplane H but
only on the vector v. Write x” := (x1,...,x,—1) and x := (x/, x,,). We use often
the vertical projection 7z, : R" — R", (x/,x,) — (x’,0) onto the coordinate
hyperplane {x,, = 0} and we reserve the notation 7, for this particular projection.

Proposition 2.6. Let fJg C {x, > 0} C R”" be an unbounded convex polyhedron
whose recession cone C(X) has dimension n and assume &, € Int(C(X)). Then
the restriction p = 1,|y5 : 9K — R*™! x {0} defines a semialgebraic homeo-
morphism.

Proof. We prove first: p is surjective.

Pick a point x := (x/,0) € R"~! x {0} and consider the ray xé&,". Choose now
yeX.Ase, € InE(é(fK)) and é(ﬂC) has dimension 7, there exists ¢ > 0 such that
W =8, 4+ eyx € C(K). The ray yw+ C K and

+

. 1 - . .
zi=y+-w=x+-& eywtnxglcKnxe,.
&

™ | =

Consequently, z&,” € KNxe,5 C {x, > 0}, so there exists a point p € IKNxe, ,
which satisfies 7, (p) = x. In addition, x&,” N X = pe,f.

We show next: p is injective. It is enough to show: for each x := (x/,0) € R”
the intersection xe, N 3K is a singleton.

We have already proved that xé, N K = pe, for some p € 9K. If the ray
pe,} meets 9K in a point y # p, then either K N p&," is a bounded interval or



UNBOUNDED CONVEX POLYHEDRA AS POLYNOMIAL IMAGES OF EUCLIDEAN SPACES 521

K N pé, c aK. As both situations are impossible because €, € Int(é(ﬂ()), we
conclude Int(pe,h) C Int(X), so o Y p(p) = {p}.

To prove that p is a homeomorphism, it is enough to check that it is a closed
map and in fact it is sufficient that the restriction p|5 is a closed map for each
facet F of K. Let H be the hyperplane spanned by J and let us check that 7, |y
is a closed map. As &, € Int(C(X)) c R"\ H, the restriction .| g is an affine
bijection and in particular a closed map, as required. U

Let us consider now a set X C R” and a projection w3 : R" — H. The
set ngl(ng(X)) = X0v contains X. If we consider now finitely many vectors

U1, ..., Us, the set X' := ();_; X¥; also contains X. It seems natural to wonder
under which conditions can we assert that X’ = X. When X is a finite union of
affine subspaces of dimension < n — 2 we have the following result.

Proposition 2.7. Ler X := | ;- X; C R" be a finite union of affine subspaces X;
such that d :== dim(X) <n — 2 and X; 7¢_ X ifi # j. Let Q be a non-empty open
subset of R" \ {0}. Then there exist finitely many vectors vy, ..., Vs € S such that

(i—; XU; = X. Besides, we can choose these vectors so that v; ¢ U’j_zll Xv; for
i=1,...,s.

Proof. As X = |J/_, X; and each X; is an affine subspace of R” with X; ¢ X if
i # j,the affine subspaces X1, ..., X, are the irreducible components of X as an
algebraic subset of R”. Given v € R"\ {6} , the set X ¥ is also a finite union of affine
subspaces of R”. For each irreducible component X; of X the set X; is an affine
subspace that either coincides with X; or has dimension dim(X;) + 1 and contains
X;.If p € X;V\ X;, then X;v = Span(p, X;). Set X := U, X;.

For p € R" \ X define [p, X] := /L, Span(p, X;). The set m denotes
the union of the linear subspaces Span(p, X;) associated to the affine subspaces
Span(p, X;). We have dim([p, X]) = dim(m) <d+1and p ¢ Xv for each
vector v € R" \ [177)]

Pick 9; € Qandlet Y}, ..., Y} be the irreducible components of ¥; := X.
If each Y. 1’ C X, we are done. Otherwise, assume Y, 11, ..., Y] are the irreducible
components of ¥ not contained in X and pick p; € Y f \Xfori=1,...,r. As
T, := Ule[pi, X] is a finite union of affine subspaces of R"” whose dimensions
are strictly smaller than 7, there exists U5 € Q\ (Ty UY}). We have pid Y, =Xv
fori =1,...,r.Let Z be an irreducible component of Y| N Y> that is not contained
in X. As Z C Yq, there exists an irreducible component Y 1’ of Y| not contained in
X such that Z C Yli. In addition, Z C Y, 1’ because p; € ¥ 1’ \ Z. Consequently,
dim(Z) < dim(Yf) because Z and Yf are affine subspaces. Thus, the dimension of
every irreducible component of Y] N ¥> not contained in X is strictly smaller than

the dimension of some irreducible component of Y} that is not contained in X. We
conclude dim((Y] N Y2) \ X) < dim(Y7 \ X).
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Next, for each irreducible component Y 112 of Y1 N Yz not contained in X (and

indexed with j = 1, ..., £) we choose a point g ; 1j € Y12 \ X and consider the set
U] 1[gj, X]. There exists U3 € €\ (Tz U Y1 U Yz) and we have ¢q; ¢
Y3 := Xv;3 for j = 1,...,£. The dimension of each irreducible component of

Y1 N'Y, N Y3 not contained in X is strictly smaller than the dimension of some
irreducible component of Y1 N Y> that is not contained in X. Again, this implies
dim((Y; NY,NY3) \ X) <dim((Y; N Y2) \ X).

We repeat the process s < d +3 < n + 1 times to find vy, ..., Uy € Q such

that )
i—1

U; ¢?] U-~-U?i_1 = U}?ﬁj
j=1
fori=l1, ...,s and all irreducible components of ();_; Y;:=(")_, X1; are contained
in X. This holds because in each step dim(((_, ¥;) \ X) <dim(((Z] Y)\X) for
k > 2. Consequently, (;_; Xv; = X, as required. O

2.5. Separating hyperplanes in convex polyhedra

Given two semialgebraic sets 81, 8, C R", we say that a hyperplane B := {b =
0} C R” separates 81 and S, if the semialgebraic sets 8; lie in the different half-
spaces {b > 0} and {b < 0} determined by Band BN§; C §; NS, fori = 1, 2.
Consequently, 5 N8y C Band BN§; =8 NS, fori =1, 2.

We are concerned here about hyperplanes that separate two adjacent facets of
a convex polyhedron.
Lemma 2.8. Let F| and F, be two non-parallel facets of a convex polyhedron X C
R”". Let H; := {h; = 0} be the hyperplane spanned by F; and assume X C {h| >
0, hy > 0}. For each A > O denote B, := {b), := h1 — hy = 0}. Then B),_separates
F1 and F» and meets Int(K).
Proof. Observe that F; C {b, < 0}, F, C {b;, > 0} and B, NTF; = {h; =
0,h, =0}NK =F  NF, fori =1, 2,s0 B, separates F| and F;. Let us check:
B, NInt(K) # 2.

Pick x; € Int(F;). As Int(x1xz) C Int(X), it is enough to check: B) N
Int(x1x2) # 2.

Setv = xl_xE and write each point z € Int(x7x7) as

z2=2zy =x1+pu0=x2— (1 — p)v € Int(x1x2),

for some 0 < g < 1. Observe that h1(x;) = 0, ha(x2) = 0, h1(¥) > 0 and
hy (V) < 0. All reduces to find a value 0 < p < 1 such that Zu € B;. To that end,

0=b).(zp) =h1(x1+ud)—rha(x2 — (1 — w)v) = 1h1(B) + A(1 — wha (D)
—1ha (V)

hy(©) — Mo (D)

As0 < pu < 1, we have z;, € B; NInt(x71x2), as required. O

~ n =
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We have denoted 7, : R" — R”, x := (x1,...,x,) = (x1,...,%,-1,0) the
orthogonal projection onto the hyperplane {x,, = 0}. Let us assume that a convex
polyhedron X is placed so that one of its facets F is vertical and &, € C(X).
The following result relates the projection of Int()X) under 7, with the union of
the projections under 7, of the intersections of Int(X) with a family of separating
hyperplanes between F and its adjacent facets.

Lemma2.9. Let X C R”" be an unbounded convex polyhedron and F one of its
jfgcets. Assume that F lies in the hyperplane {x,_1 = 0} and the vector &, €
C(XK). Let Fy, ..., F, be the non-vertical facets of X and assume that all of them
meet F. Let B; be a hyperplane of R" that separates F and F; and meets Int(X).
Then 7, (Int(X)) = J;_; 7, (B; N Int(XK)). Consequently, Int(K)&, = |J:_,(B; N
Int(X))e,.

Proof. We prove first:

7 (Fi) \ 071, (K) C 70 (Bi N Int(XK)) 2.1)

fori=1,...r.

Take x € 7, (F;) \ 97, (K). As F; is non-vertical, x&, N K = pe,’ for some
p € F;. We claim: xé&, N 3K = {p}.

Otherwise, pé,” C X and {x} = 7,(x&,) C 37, (X). The latter inclusion
follows because all the facets that contain pe, are vertical, so their projections are
contained in 97, (X), which is a contradiction.

Let us check: B; is non-vertical.

Otherwise, pick g € FNF; C B;. AsF C {x,—1 = 0}, theray g&,7 C B;NTF.
As B; separates F and F;, we have g, C B;,NF C FNTF;,s0 F; should be vertical,
which is a contradiction.

The line x€, meets B; in a point z. We claim: z € Int(péj) C Int(X), so
x = 1m,(z) € 7, (B; N Int(K)).

As 1, (F) C a7, (K) because F is vertical, x & 7, (F). Consequently, p € B;
because otherwise p € B, NF; € FNTF; and x = 7,(p) € 7,(F), which is a
contradiction.

Letq e FNTF; C B,; and let b; = 0 be a linear equation of B;. As B; is non-
vertical, we may assume b; (&,) > 0, so Int(qé,f) C {b; > 0} because b;(g) = 0.
Asgé, C F,wededuce F C {b; > 0},s0F; C {b; <0}. As p € F; \ B;, we
have b; (p) < 0. Write z = p + A&, s0

0=bi(z) = bi(p) + 1bi(8,) ~ 0 < —bi(p)=rbi(&,)

and A > 0. Thus, z € Int(pé,"), as claimed.
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Notice that 7, (K) = ;_, 7. (F;). By (2.1)

7 (Int(X0)) = 7, (K) \ 077, (X) = (U Ty (91')) \ 977, (X)
i=1

= | J@a (@) \ 97,(30) € | ma(Bi N Int(K)) € 7, (Int(K),

i=1 i=1
s0 7w, (Int(X)) = J;_; 7 (B; N Int(X)), as required. O

To illustrate the meaning of Lemma 2.9, Figure 2.1 shows how the projection
73 : R3 — RR? acts on a polyhedron K with two non-vertical facets 7, . These
facets are separated from & by the hyperplanes By, B;.

Figure 2.1. v, (Int(X)) = 7, (B; N Int(K)) U 7, (B2 N Int(K))

2.6. Nonvertical hyperplanes and polynomial functions

In many of our arguments non-vertical affine subspaces play a special role because
of the way we place our polyhedra in space. If we consider a finite collection of non-
vertical hyperplanes, it is intuitively clear that we can find a polynomial function
G € R[x'] := R[xy,...,X,—1] whose graph {x, = G} lies “above” all these
hyperplanes. In fact, we can say more.

Proposition 2.10. Let {H; }fle be a finite family of (non-vertical) hyperplanes with
linear equations H; := {h; = 0} oriented so that h;(&,) > 0. Then there exists
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G € R[] such that G > 1 on R"! and its graph A = {x, = G} C R" satisfies
k
A&F ={x, = G} C [ )thi > 1. (22)
i=1
In particular, H; N Aé;}f = @ fori =1,...,kand A&, C {]_[ff:1 hi > 1}.

Proof. Write h;(x', x,) = (a;, X') + ajnX, + b; where a; € R, a;p, bi € R and
ain = h;(é,) > 0. Denote

1
pi (%) == ——((a, ') + bi)
din
and observe that H; = {x, — p;(x’) = 0}. Foreachi = 1, ...,k consider the
polynomial
1 Z2+1
G; :=1—|——+pl e R[x'].
ain 2

We have G;(x") > 1+ # + |pi(x")| > 1 for each x’ € R""!. Define G :=

le G; € R[x']. Tt holds G(x") > G;(x') > 1foreachi =1,...,kand x’ €
R”~1. Let us check (2.2).
Pick (x', x,) € R”" such that x,, > G(x). Then

hi (X', xn) = (@}, X' +ainxn + bi > ainxy — |(a;, x')+b;i| > a;nG(x)—|{a}, x') +b;|

1
>ainGi(x)—|(a;, x")+bi| > ain (1+f+|Pi(x/)|)—|(a,{,xl)+bi|>1.

n

Consequently, A&, C ﬂle{h,- > 1} C {]_[i-‘:1 h; > 1} and H; N A&, = & for
i=1,...,k,asrequired. O

Remark 2.11. By including an extra hyperplane Hy of equation x, — b = 0 where
b € R we can find a corresponding polynomial G (x’) satisfying the previous state-
ment and such that {x, > G} liesin {x,, > b + 1}.

In order to construct polynomial maps f : R” — R” with polyhedral images we
will resort to maps fixing pointwise finite collections of hyperplanes in R”. These
maps will often leave vertical lines invariant. Under these hypotheses the following
immediate but useful application of Bolzano’s Theorem applies. Given a function
¥ R — R we write ¢(£o0) := lim;_, 1 ¥ (f) Whenever the previous limit
either exists or is equal to o00.

Lemma 2.12. Let v : R — R be a continuous function and let —00 < a < b <
400 be such that Y (a) = a and Yy (b) = b. Then la, b[ C ¥ (la, b[).



526 JOSE F. FERNANDO, JOSE MANUEL GAMBOA AND CARLOS UENO

Corollary 2.13. Let f := (f/, f,) : R" — R" be a continuous map and let x =
(x', xp) € R" be such that f(xé,) C x&,. Then

(1) For each pair of points p1, p» € x&, with f(p;) = p;, it holds Int(p1p3) C
fnt(p1p2));

(ii) Assume that V(1) := fn,(x’', ) satisfies ¥ (+00) = +00. For each p € xé,
such that f(p) = p we have Int(pé,) C f(Int(pe,)).

3. Variations on Pecker’s polynomials

One main result in this section and the key to prove the main results of this article
is Lemma 3.2. In 3.4 we present some of its consequences that will help us to
establish a link between Pecker’s results and Theorems 1.1 and 1.2. Denote x’ :=
(X1, ..., Xp—1) so that each point x := (x1,...,x,) € R” = R*! x R will be
written in this section as x = (x/, x,). As before, R[x'] := R[x1,...,Xu—1],
R[x] := R[x%1,...,x,]and 7, : R" — R", x := (x/, x,) — (x/,0).

Definition 3.1. A tuple g := (g1, ..., &m» gm+1) € R[x']"! such that g, > 1
on R~ is called an admissible tuple of polynomials of length m + 1. We associate
to g the semialgebraic set A(g) := {g1 > 0,...,gn > 0,x, = 0} C R”", which
does not depend on gy, 1.

Lemma 3.2. Let g := (g1,---, 8&m»> &m+1) € R[x'1" ! be an admissible tuple of
length m + 1. Then there exists a polynomial Q4 € R[x] such that:

() {Qq =0} C A(@)e, N {Ix,| > max{gn 1, \/%}};
(ii) For each (x',0) € A(g) there exist a positive root r > gp11(x’) of the uni-
variate polynomial Qg(x’, t) and a value t > r such that Qg(x/, t)=—1;
(iii) The set 8(g) := {Qg4 < 0, x, > 0}&, satisfies 7,(8(g)) = A(g). In addition,
for each (x', x,,) € 8(g) there existr, > 0 and t, > 0 such that x, = ry, + t,
and Q4(x’,ry) = 0.

Figure 3.1 sketches the graphical meaning of Lemma 3.2. Its proof relies on
Pecker’s construction [24, Section 2] that we recall next.

3.1. Pecker’s construction
Define:

ar(Yi, -+ Vi) == Yer1 (Y1 + -+ ¥k) € Zly1, ..., Yit1]- (3.1

Ify; >0fori =1,...,k+1,it holds ax(y1, ..., Yk+1) > 0. Consider Pecker’s
polynomials defined as follows:

Pi(y1,t) =t —yi,
Pm-‘,—l(Yl’ .. -,Ym—i-l, t) = Pm(al(YI, Yz)v .. ',am(Ylv .. ,Ym-l—l)’
(= @i+ +Ym))).
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@0}

A(g)

Figure 3.1. {Qq < 0} C A(8)&, N {x, > max{gn41, AZL}).

3.1.1. Basic properties of polynomials Py,

The previous polynomials satisfy the following properties [24, Theorem 1]:

(i) Py € Zly1, .., ¥m, t]is a homogeneous polynomial of degree om=1.

(i) Ifeach y; > 0and P, (y1, ..., Ym,t) =0,then0 <t < 221'-":1 Vis

(iii) If all the y; are non-negative, the polynomial P,,(y1, ..., ym, t?) in the vari-
able t has only real roots;

) If Pyy(Y1s - -+ s Yims t2) has a real root, then all the y; are non-negative;

™V Pu(yis- o Yj-1,0, Y415 ¥Yms £) = (Pt (Y1 - Vi1, Yjtls oo -
Ym’ t))za

i) Pu(¥1s--os Yms t2) is irreducible in R[yy, ..., ym, t] and monic in each
variable.

3.1.2. Further properties of polynomials Py,

The polynomials P,, satisfy in addition the following properties:

(i) Ifeach y; > 0and Py, (y1, ..., Ym,t) = 0, then

<1—\/§>gw <t= <1+\/§)g)’i§

@ii)) If m > 2 and each y; > 0, then P, (y1, ..., ym,0) > 0;
(iii) Define A1(y1) := y1 and

Ar1(F1s - YirD) =A@ (Y1, ¥2)5 -+ -5 ak (Y15 - -+ Yit1))
€ Ly, ..., Yig1l.
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Then A,, is a homogeneous polynomial of degree 2"~! and there exists a

homogeneous polynomial B,,_1 € Z[y1, ..., Ym—1] of degree 2"~ ! —m with
non-negative coefficients such that A,, = B,—1 ]_[;":1 Yis
(iv) Given values y; > 0fori =1, ..., m, there exists
=0 ifm=1,

m
1=y itm =2,
i=1

such that Py, (¥1, ..., Ym, tm) = —Anm (Y15 - -+ s Ym) < O.
Proof. (i) It m = 1 the result is clearly true, so let us assume m > 2. Denote

: ) ) 2 2
Sm = D imy VisTm = D i<jokem YiYk ad @ 1= 3L vi . AS S5 = G + 2,
notice that

" 2 y3+ v} 2 2r
2: 2 2: J m

I .1yi m—1 2 = Z ik m—1
1=

I<j<k<m m—1, =,

Consequently,
2 2m m-—1,
Sy =qm +2ry > —Tm 2rm < S 3.2)
Let 7o € R be such that P, (y1, ..., Ym, to) = 0. By definition
Pm()’l’,ym,t)
= Pyt (@11, ¥2)s oy @1 (V15 Yim)s (£ — 1+ -+ ym))?),

0 ug := (fo — S,)? is a root of the polynomial Py, —1(a1(¥1, ¥2), -+ - »@Gm—1(V1, - - -,
Ym), ). Aseach a;(yy, ..., yi+1) > 0 (see (3.1)), we deduce from 3.1.1(ii)

m—1 m—1

wo = (to —sm)> <2 @iy, ..., yix1) =2 yip1 (1 4+ i)
i=1 i=1

=2 Z yj)’k:2rm’

1<j<k<m

or equivalently,
15 — 28mto + qm < 0.

The previous condition is equivalent to

Sm =N 2w = Sm =S5~ qm <10 = Sm +S% = dm = Sm + v/ 2rm. (33)



UNBOUNDED CONVEX POLYHEDRA AS POLYNOMIAL IMAGES OF EUCLIDEAN SPACES 529

By (3.2) we have /2r, <,/ %sm and by (3.3)

m—1 m—1
l—y——sm <Sm —V2m <t0 XSy +V2rm < |14+ —— | sm,
m m

so the statement follows.

(ii) By (i) the polynomial P, (y1, ..., ym,t) € R[t] has no real roots in the
interval ] — oo, 0]. By 3.1.1(1) & (vi) Py (y1, ..., Ym, t) is a monic polynomial of
even degree, so

lim P,(yi,..., Ym,t) = +00.
——00
Consequently, Py, (y1, -, Ym,0) > 0.

(iii) We proceed by induction on m. For A1 (y;) = y1 and A2(y1, ¥2) = V1Y2
the statement is true by setting B) = By = 1. Assume the statement true for m.
Then

Am-l-l(Yl, MR Ym+1)
= Am(al(YL Y2)7 ey aM71(yl’ ceey Ym), am(Ylv ey Ym+1))

= (Hak(m,-.-,ym)) Bpn-1(a1(y1,¥2)s -+ @m-1(¥1, -, Ym))
k=1
m+1 m
(1_[ Yk) (H(Y[ + ctr + Yk)) Bm—l(al(Ylv Y2)7 LIRS am—l(ylv MR ] Ym))
k=1 k=2
m+1
= (l_[ Yk) B (Y1, ¥Ym),
k=1

where

Bm(Ylv aYm)

= (H(Yl + cte + Yk)) Bmfl(al (Ylv YZ)’ L) amfl(Yh L] Ym))
k=2

In addition, A, 1 is by induction a homogeneous polynomial of degree 2" (because
A is a homogeneous polynomial of degree 2" ~! and each a; is a homogeneous
polynomial of degree 2) and the equality

Ant1 (Y15 Yms) = Y1 Ymt1 B (Y1, - oo Ym)
shows that B, (y1, ..., Ym) is a homogeneous polynomial of degree 2™ — (m + 1).
Besides B,, € Z[y1, - .., Ym] has non-negative coefficients by induction hypothesis

because each a; € Z[y1, ..., Vi+1] has non-negative coefficients.
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(iv) We work by induction on m. For m = 1 the polynomial P;(y;, t) = t—y;
achieves the value —A{(y;) = —yj fort; := 0. Form =2

Pa(y1, y2, £) = (£ — y1 — »2)* — y1)2,

and this polynomial attains the value —Az(y1, y2) = —A1(a1(y1, y2)) = —y1)»2
for 1 := yi + y2.
Given y; > Ofori =1, ..., m, consider the non-negative values

al()’l» )’2), -'-,am(yl’ ,Yerl)

Suppose by induction that there exists a real number

m
t, > Zai(yl,---,ywrl)
i=1

such that
Pm(al()’I,yZ)’,am(YIa,ym-i-l),trln) (34)
= —An(a1(y1,Y2) s a1, vy Ymt1))- '
In particular, #/, > 0 and
m+1 m+1
it =i+ D vz ) i
i=1 i=1
Using the definition of P, and (3.4) we have
Pm—',—l(yl» ey Yms Ym+1, tm+1)
m—+1 2
=Pun|ai(yi,y2), . s am, ooy Ymg), (lm+1 - yi)
i=1
= Pm(al()’l, yZ)a -~-»am(y1’ aym—ﬁ—l)at;{n)
=—An@ 1, y2), .. s a1, - oy Ymg1))
= _Am+1(y1, "-7ym)9
as required. O

3.2. Modified Pecker’s polynomials

Fix m > 2 and denote

m—1 m—1 2
Co=|1—,/ — and f¢(m) :=(m+1)2 —m- +m.
m
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Consider the polynomial

Qm(Yh e vaa t)

¢ tom . | (3.5)
= C_+Ym Y1 Ym) Pulyl, - s ¥Ym—1, —, t ).
m Y- Ym

Then:
(i) Om(1s .-\ Ym, t2) = 0 if some y; < 0. In addition,
{Qm(Ya tz) <0,ym = 1} Cly1>0,....,¥m=1>0,vm =1};
(ii) If each y; > 0, the polynomial Q,,(y1, - .., Ym, t) achieves the value —1 at

some

1
t=yi+ Aty ———.
Vi Vm

Proof. (i) As £(m) is an even positive integer, the first factor of Q,, is non-negative.
By 3.1.1 (i) and (vi)

m—1 1
Fm(Ylv’Ym,t)=(Y1Ym)2 Pm <Y1’~~-,Ym174,t>
Yi ' Ym

is a polynomial of degree (m + 1)2"~!. Consider the projection 7,1 : R"*! —
R™, (y,t) — y. By [24, Corollary 1, page 308] the hypersurface {F,,(y, t?) =
0} ¢ R”™*! projects under 7,41 onto the open orthant Q := {y; > 0, ..., y, > 0}.
Thus, for each 7 € R the polynomial F,(y, t*) has empty zero-set on R” \ Q. As
R™\ Q is connected and the origin 0 € R™\ Q, we deduce F,,(y, t?)- Fu (0, %) > 0
for every y € R™ \ Q. By 3.1.1(i) & (vi) the polynomial P,, is homogeneous and
monic in each variable, so F, (0, #2) = 1 > 0. Thus, F), (v, 2) > 0on R” \ Q and
the first part of the statement follows.

If y,, = 1, the first factor of Q,,(y, t?) is strictly positive. We have proved
above that the factor F}, is strictly positive on (R™ \ Q) x R. Consequently,

C{y1>0,...,¥m-1>0,y, = 1}.

() Fixy := (31, ..., ym) € Q:={y1 >0, ..., ym > 0}. By 3.1.2(iv) there exists
1
tn=2y1+-+Yn1+—— (3.6)
yl ...ym
such that

1 1
Pm()’l»u"le,;’tm):_Am (ylw--’le,4>- (37)
Y1 Vm Y1 Vm
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By 3.1.2(iii) we can write

1 ) _ By 1(¥1, - Ym—1) (3.8)

Y1 ¥Ym Ym

where B,,—1 € Z[y1, ..., Ym—1] is ahomogeneous polynomial of degree m=l_
with non-negative coefficients. Consider the rational functions

szl
m—1
) (Y1 ym)’

Am (Yl? '*-7ym—1’

Om1(¥Y1, .-, ¥Ym) = (Y1+"'+Ym+7
Vi Ym

m" 1 —m)
Om2¥1, .-, ¥Ym) = (Y1 +"'+Ym+7>
Vi Ym

* Bm—l(Yls e ey Ym—l)
1 |
O3, -, ym)=|vi+-+ym+——) —.
Vi Ym/) Ym

We claim: Qp 1(y) > 1, O 2(y) = 1 and Qp3(y) > 1.

The inequalities Oy, 1(y) > 1 and Q,,3(y) > 1 are straightforward. We
proceed with Q,,2(y) > 1. As B, _1 is a homogeneous polynomial of degree
2= _ m whose coefficients are non-negative integers, we write

Bua(yi,..coym) = Y ay -y
v|=2m—1—m
where v := (v1, ..., Vn—1) € NU{OD"™ ! |v| = vi+-- -4 Vy_1 and a, € NU{0}.
Fix a, # 0. By Lemma A.1(iii) and since vi 4+ - -+ 4+ vy = 2m=1 _ i we
have

1 m@m 1 —m)
<y1+...+ym+m> avyi}l _..y:lm_—ll

m—1 1 m Vi
=a [] ((y1+--~+ym+—) )’i) >a, > 1.
Y1 Vm

i=1
Consequently, O, 2(y) > 1, as claimed.
By (3.6) we have

1,
£+ym2tm+YmZyl+"'+ym+7-
Cn Vi Ym

Therefore, by (3.7) and (3.8)
tm £om) om—1 1
Qm(}”tm):(_‘i‘ym) O ym) Py (yla-'-,ym—l’i,tm)
< _Qm,l(y)Qm,Z(y)Qm,3(y) < -1

By 3.1.1(vi) lim;— yo0 Om(y,t) — +o00. Thus, there exists t > 1, for which
Om(y,t) = —1, as required. 0
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3.3. Proof of Lemma 3.2
Consider the polynomial

’ Lo / ’ ’ X%Cm+1
Qg(x , xn) = 81 (x )Qm+1 gl(x ), ey gm(x ), I, —], 3.9)

" g2 (%)

where Q41 is the polynomial constructed in 3.2, Cppyq := 1 — /mi+1 and £y =

2¢(m + 1) 4+ 2" *1 is large enough to guarantee that Q g is a polynomial.
(i) We have to show

(Qg < 0} C A@8E, N {|xn| > max {gmﬂ, %}} .

By 3.2(i)

gm+l
Clg1>0,...,gm >0} =A(g)e,.

x2C

We check now

8m+1
<0} C {|xn| > max ,———— 0t 3.10
{Qg_ } {l nl {gm-H m}} ( )
Fix (x",0) € A(g). As Q4(x’, ;) = Qg(x’, —x,) and the leading coefficient of
Qq(x’, x,) with respect to x,, is positive, limy, +00 Qg(x’, x,) = +00.

By 3.1.1(iii) the univariate polynomial Q4(x’, x,) has 2" real roots. As it
defines an even polynomial function and by 3.1.2(i) none of its roots is zero, 2!
of them are positive and 2" ! are negative. Let 7 > 0 be the smallest of the positive
roots of Q4(x’, x,). We have

Pt g](x/) g (x/) 1 72Cm+1 -0
" P g () g () g2 ()

and each g; (x") > 0. By 3.1.2(i) and Lemma A.1(i)

r2Cpmpai " 1
———F>C gi F i [ I — >C > 0.
o) =\ s+ ey ) = O

Thus, r2 > grznﬂ(x’), sor > gm+1(x’). In addition,

rzcm+1 Cint1 < gm—&—l(x/)
2 Y — ()C/) e (x’) e "= '
g1 () T & 8m \/gl (x") - gm(x')
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Consequently,

Em+1 (X/)
g1(x) - gm(x)

3.3.1. We claim: ing(x’, xn) < 0and x, > 0, then x, > r. As r is the smallest
positive real root of the univariate polynomial Qg4(x’, x,), it is enough to show:
Qq4(x",0) > 0.

This follows from 3.1.2(ii) because g; (x’) > 0 fori =1, ..., m and

Qa(x'.0) = 041 () Qi1 (g1(x). - gm(x'). 1., 0)
= g1 () (&1() -+ g (&)™

Pt (gl(x’), e am(). mo) - 0.

By (3.11) and 3.3.1 the inclussion (3.10) holds.
(ii) If (x/,0) € A(g), we have g{(x") > 0, ..., gn(x") > 0. By 3.2(ii) there
exists

r > max { gm+1(x"), (3.11)

1
o>g1(x)+-+gn(x)+ ————F—= >0
0= g1(x) gm(x') 21 (X)) gm(¥) =
such that Q,11(g1(x)), ..., gmn(x"),1,10) = —1. Define 1; := Cf;’JrlgmH(x/)
and observe
0alx 1) = 8124, (¥) Qo (81 (). - 8 (). 110) = g%, (<) < —1.

As Qg(x",11) < —1, we know by 3.3.1 that r; > r. We have Q4(x", 1) < —1 <

Qg(x’,r) =0, so there exists r <t < t1 such that Q4(x’, 1) = —1.
(iii) Statements (i) and (ii) provide the first part of (iii) whereas 3.3.1 issues the
second part of (iii), as required O

34. Consequences of Lemma 3.2

Let g := (g1, ..., 8ms1) € R[x']"*! be an admissible tuple of polynomials and
let us consider the corresponding polynomial Q4 € R[x] introduced in Lemma 3.2
and the associated semialgebraic sets A(g) and S(g). The latter semialgebraic set
was introduced in Lemma 3.2, where we also proved some key properties of S(g).

Theorem 3.3. Let h € R[xX'] be positive semidefinite on A(g) and let P € R[x] be
strictly greater than 1 on 8(g). Assume in addition g, +1 > h on A(g). Define

=01, fa): R" > R",
x = (x', x,) > (x’,xn (1+ P()c)Qg()c))2 + h(x') (P(x)Qg(x))z) .
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We have:

(i) A@)&, N %y > h(x)} C £(8(9)) C A@)&, N (2%, > h(x))}. In particular,
if h =0, we have f(8(g)) = A(@)&,
(ii) Whenever x, > 0, P(x)Qg(x) > 0 and h(x") > 0, the inequality f,(x) > x,
holds. In particular, this happens if x € (A(g)&,  \ 8(g)) N {P > 0};
(iii) Ifh(x")>0and P(x',x,) >0 for x, large enough, then limy, _, 4 oo fn (X', xp) =
+00.

Proof. (i) The polynomial map f preserves vertical lines.

3.4.1. We prove first: A(g)e, N {x, > h(x)} C f(8(g)).

3.4.2. Pick a point (x’,0) € A(g). We claim: the polynomial Qg4(x', x,) has
degree £y := 20(m + 1) + 2"+ and its leading coefficient is strictly positive.

By 3.1.1(i) and (vi), (3.5) and (3.9) the degree of Qg4(x’, x,) is £o and its
leading coefficient is (Cj,4181 - - - gm)zm > 0.

3.4.3. By Lemma 3.2(ii) there exist points p := (x’,7) and ¢ := (x’,r) such
that r > r > gu41(x’) > 1, Qqg(x’, 1) = —1 and Q4(x',r) = 0. In particular,
pé, C 8(g), so P is strictly greater than 1 on pe, . Consider the polynomial
by (%) =14 P(x', x,) Qg(x’, x,). We have

$r(r) =1, ¢u@®) =1+4P(,1)Qg(x,1) <O and  lim ¢ (xy) = +o0.

Consequently, there exists s € |r, [ such that ¢,/ (s) =0, so [0,400[C ¢y ([s, +00[).
Consider also the polynomial

Ox (%) 1= fu(x', %) = %092 (%) + h(x") (P (x0) — 1)?
and observe that

Oy (8) = h(x/) and lim @ (x,) = +oo.
o

Xp—>+
Thus, [A(x"), +00[ C @ ([s, +oo[) and
('} {xn = h(x')} € £(p&)) € FS().

We conclude A(g)e, N {x, > h(x')} C f(S8(g)).

3.4.4. Let us check next: f(8(g)) C A(g)e, N {2x, > h(x)}.

Pick a point (x/, x,) € 8(g). By Lemma 3.2(iii) (x’,0) € A(g) and x,, >
gm+1(x") > h(x"). Consider the polynomial ¥/(x,) := P(x’, ;) Qg(x’, X,), s0
the last component of f can be rewritten as f,(x’, x,) = x,(1 + Y (22))? +
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h(x/)wf/(xn)~ Asx, > h(x') >0,
Jn (X/, xn) =Xp + wf/ (xn)(xn + h(x/)) + 29 (Xp)Xn

2 2
= (\/ Xp + h (X )Yy (xn) + X7n> + x, — (xin)

o < Xn )2 _ mh() R k()
=T\t he)) Tt hG) T e =T

Consequently, f(8(g)) C A(g)é, N {2x, > h(x)}.

(i1) The statement follows from the required inequalities and the definition of
the coordinate function f;,(x).

(iii) Pick x’ € R"*~! such that A(x) > O and P (x’, x,,) > O for x,, large enough.
If (x’,0) ¢ A(g), then Qg4(x’, x,) is positive on {x, > 0}. By (ii) f,(x', x,) = x,
if x, is large enough, hence

XHE)IEOO fn (X/’ xn) = +o00.

If (x’,0) € A(g), the polynomial Qq(x’, x,) has degree £y := 2¢(m + 1) + om+l
and its leading coefficient is strictly positive (see 3.4.2). Consequently,

lim f,(x', x,) = +oo,
Xp—>+00

as required. O

Figure 3.2 illustrates the action of the polynomial map f in Theorem 3.3 on
the semialgebraic set S(g).

Figure 3.2. Theorem 3.3: (a) Case h # 0. (b) Case h =0.
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3.5. Lower dimensional semialgebraic sets

Fix1 <d <n—2andwritey := (x1,...,%4), 2 := (Xg+1, ..., Xn—1) and
x = (y, z), so that x := (x1,...,X,) = (¥, x,) = (¥, 2, X,,) and we identify
R" = RIxR" 14 xR, Let gl,...,8& € Rlylandlete > 0. Denote I, := ]—¢, &[
andsetm :=r +2(n — 1 —d). Given g,;+1 € R[x'] such that g,,, 41 > 1 on R 1,
consider the admissible tuple

A

Ge = (81, 8 Kar1+& ... Ky 1 + 6,6 —Kaql, .., € — Xn_1, Gmt1)

and the polynomial Qj, constructed in Lemma 3.2. Consider also the associated
semialgebraic sets A(g.), S(g.) and

A(Ge) := A@e) N {xap1 =0, ..., %, =0}
={g1>0,...,8 >0,%411=0,...,%, =0} C R".

Recall that é:{ ={(,v,) € R": ||V| < 8v,} is the vertical cone of radius § > 0

and given aset T C R” the set CY(T') := T + é)s/ is the vertical cone of radius § > 0
over T.

Theorem 34. Let ¢,5 > 0 and assume gp4+1 > 1 + &~ ”_Sd_l. Let P € R[x] be
> 1 0on 8(g.). For each k > 1 consider the polynomial map

fi iR > R, x = (X', %) = (v, 2, x0) = (3, AX)z, Bi(x)xp),

where A .= (1 + Pngg)2 and By := A+TAk. We have:

(i) limy, 400 Bk(X', X3)x, = +00 for each x’ € R"~1;
(i) 8(fe) C CY(AY(Ge)):
(iii) AYGe)8; C fi(8(§e)) C C5(AY(Ge)):
(iv) For each A > 2§ there exists ko > 1 such that ifk > ko and x € C% (Ad(ﬁg))\
8(@e), then fi(x) € CYs({x}).

Proof. (i) Pick x’ € R*™1. If (x/,0) ¢ A(g,), then by Lemma 3.2(i) Q4 (&', %)
is positive on {x, > 0} and limy, 400 Br(x', x,)x, = +o0o. If (x',0) € A(ge),
the polynomial Qg4(x’, x,) has positive degree and its leading coefficient is
strictly positive (see 3.4.2). In addition, by Lemma 3.2(iii) 7,(8(g:)) = A(ge),
s0 limy, 100 Bi(x’, xp)x, = +00.

(ii) Pick a point x := (x', x,) = (y,2,xy) € 8(§). By Lemma 3.2(iii) we
may write x = (y,z,r, + t,) wherer, > 0,1, > 0 and Q4 (v, z,rp) = 0. By
Lemma 32() (v.2,ra) € A@)& N (0 = gus1). 50 (v,0,0) € A?(g,) and
z € I" 91 Thus, |Iz|| < ev/n —d — 1. We claim: (0, z, x,) € CY.
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AS (y7 <, rl’l) € {Xn Z gm—‘,—l}, we deduce

\/7
8xp = 8rp 2 0gmy1(y,2) =2 6————— =evn—d—1=|z] = [0, 2)|,

s0 (0, z, x,) € é}’ and
v, 2, %) = (3,0,0) + (0, z, x,) € CY(A(@e)).

(iii) We show first: A (§e)é" C fi(8(§e)).

Pick a point p := (y,0,0) € Ad (§:). By Lemma 3.2(ii) there exist values
0 < gmr1(x") < r < t such that 05 (y,0,r) = 0and Q5 (y,0,1) = —1. As
(»,0,r) € {Q = 0,x, > 0}, we deduce (y,0,r), (y,0,7) € 8(ge). Define
dy(xp) = A(y,0,%,) =1+ Pz(y, 0, %,)Qj5, (v, 0, x,) and observe

¢y(r) =1 and ¢y,() <O. (3.12)

Thus, there exists s € |r, ¢[ such that ¢,(s) = 0. If we set g := (y,0,s5) €
8(ge), then A(g) = 0 and Bi(q) = 0, so fi(q) = p. In addition, qé,;Ir C
8(ge). As fr(g) = p, the polynomial map f; preserve vertical lines and by (i)
limy, 400 Bk (¥, 0, x,)x, = 400, we deduce

pé, C fi(g&,)) C fi(8(8e)).

hence A4(§:)et C fi(8(8e)).

3.5.1. We prove next: f¢(8(g:)) C Gga(ﬂd(ﬁa)). Pick a point x := (y, z,x,) €
8(§.) and let us check: (0, z, x,) € €Y.

By (ii) (. z, x) € 8(ge) C ev(ﬂd(ge)) so we write (y, z, x,) = (0, 0,0) +
(y1, 2, xp) where (yo, 0,0) € A%(@,) and (y1, z, x,) € G’ Consequently,

Sxp = 11, DN = Izl = 110, 2|l
and (0, z, x,,) € é:s/

3.5.2. We show next: (0, A(x)z, By (x)x,) € CY,.
Observe that

A(x) _ A(x) . 1 <1
2Br(x)  A(x) 4+ AF(x) 14 ART(x) T

As (0,z,x,) € é‘g,
26 Br(x)xn = 2B (0) [0, 2) || = A0, 2)[| = [1(0, A(x)2) Il

hence (0, A(x)z, Br(x)x,) € é\zl(s
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As (v,0,0) € A(g,), we conclude
fe@) = fi(v.z,x0) = (3,0,0) + (0, A(x)z, Br(x)x) € Cos(A?(@e)).

(iv) Take a point x := (x/,x,) = (y,2,x,) € C% (.Ad(gg)) \ 8(ge). We claim:
0, 2, x,) € Y.

Write x = (y1 + Y2, 2, %) where (y1,0,0) € A4(§;) and (y2,2,x,) € éVA.
This implies that Ax, > [[(y2, 2)I| = llzll = [1(0, 2)||, hence (0, z, x,) € G’

As x, > 0and x ¢ 8(§.), we deduce Q3. (x) > 0. We have
Je(x) —x = (0, (A(x) — Dz, (Bi(x) — D)xp).
Let us write

A—1:2P2Q@8+P4Q§k,
1 2 4 2k 2 ¢
Bk—lzi(ZPQgs—kPQ +Z< )PQgS)).

Consequently, on {Q3 > 0}

2%
22t (14 (3) P+ 2 ()(P0p)
B —1 " =3 i
A—1 4+2P2Q,

_ 2+ 2k + (1 +k@k—1)P? Q5 k+1
- 442P2Q; -2

Let ko > 1 be such that ko + 1 > 2. For k > ko

Bi—1 k+1
>

b
|
|
| >

By3.5.1(0,z,x,) € C‘V C C’V Thus, Ax, > ||(0, z)||, so for k > ko

268
26(Bi(x) = 1xn = (B (x) = ) =10 2) | = (A(x) = D] 0.2) [ = 0. (Ax) = D2) ],

because A(x) 1 > 0 (recall that Qg (x) > 0). Therefore, (0, (A(x)—1)z, (Br(x)—
Dx,) € 625’ S0 fy(x) —x € st,as required. O

Figure 3.3 illustrates the behavior of the polynomial map f for k large enough.
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Figure 3.3. Behavior of the polynomial map f; (Theorem 3.4).

4. Convex polyhedra as polynomial images of R”

The purpose of this section is to prove Theorem 1.1. We prove first this result for
pointed cones, that is, unbounded convex polyhedra X C R” with only one vertex

p.Insuch case KX = {p} + é(ﬂ().

Proof of Theorem 1.1 for pointed cones. Assume X is a pointed cone with vertex
p and denote €, := X for the sake of clearness. Let H be a hyperplane such that
C, N H = {p}. Let H' be a hyperplane parallel to H such that P := H' N C, is a
bounded convex polyhedron of dimension n—1 (see [13, Lemma 3.2]). Assume p is
the origin, H := {x, = 0} and H' := {x, = 1}. By [9, Theorem 1.2] there exists a

regular map g := (g1, ..., gn—1, 1) : R*71 — R"~1 x {1} such that g(R*~!) = P.
Write g; := Z—(‘) where hg, h; € R[x'] and hy is strictly positive on R"~!. Consider

the polynomial map
[R>S R (X, x,) = xﬁh(x’),

where h 1= (hi, ..., hy—1, ho). We claim: f(R") = C,,.
- - -
Pick a point y € €, and consider the vector v := Oy and the ray Ov *. Observe
that 0™ C €, and the intersetion H' N0+ =: {z} C P is a singleton. Thus,
there exist x’ € R”~! such that g(x’) = z and A > 0 such that y = Az. Denote

X, = ‘/W and observe that
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Consequently, C,, C f(R"). Conversely, if x € R", then

70 = 320() = 2o () = o) ().

As x2ho(x") > 0 and g(x') € C,, we conclude f(x) € C, because C, is a cone
with vertex the origin. Thus, f(R") = C,, as required. O

We divide the proof of Theorem 1.1 for the general case into three parts. The
rest of the section is devoted to prove them. As a degenerate convex polyhedron
K c R” can be written in suitable coordinates as K = P x R* where P is a non-
degenerate convex polyhedron, it is enough to approach the non-degenerate case. If
k > n — 1, then X is either R” or a half-space, so it is trivially a polynomial image
of R". Thus, we assume in addition n > 2. Let X C R” be an n-dimensional
non-degenerate convex polyhedron whose recession cone has dimension n. Let X
be the union of the affine subspaces of R” spanned by the faces of K of dimension
n — 2. We will prove the following statements.

Proposition 4.1. There exists a polynomial map h : R" — R”" such that h(R") =
X\ X.

Proposition 4.2. There exists a polynomial map g : R" — R”" such that g(X \
X)=%X.

Corollary 4.3. There exists a polynomial map f : R — R” such that f (R"+1) =
Int(X).

4.1. Proof of Proposition 4.1

Take a point p € Int(X). Consider the pointed cone C, := {p} 4+ C(K) C Int(X).
We have already proved that €, is a polynomial image of R", so it is enough to
show that X \ X is a polynomial image of C,. The idea here is to use C, as a
seed to fill the polyhedron K by means of a sequence of polynomial maps whose
images make C, grow until we obtain K \ X. We start by placing the polyhedron
X in a convenient position (using affine changes of coordinates) in order to make
our arguments clearer.

Denote the facets of K with F1,...,F,. By Lemma 2.7 there exist vy, ..., U5 €
R” such that

K -1
()Xo =X and ¥ € It(€IO)\ [ Xk (4.1)
k=1 k=1
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4.1.1. Assume X is placed in R" so that X C {x, > 0} and v; = &, € Int(C(X)).
Thus, X has no vertical facets. Let Z C R" denote a finite union of non-vertical
hyperplanes W, := {w;, = 0}, where w; denotes a linear equation of W, such that
wy(€,) > 0 for each £. This type of sets will be useful for the inductive process.
Choose a facet F; of K and let h; (%', x,,) = h;(¥',0) + x, = 0 be a non-zero
linear equation for the (non-vertical) hyperplane spanned by &;. The affine change
of coordinates

¢i :R" > R", (x',x) > (X', hi(x',0) + x,)

maps F; onto 7, (F;) C {x, = 0} and keeps the vector &, invariant. To lighten the
presentation we preserve the notations for all our geometric objects after applying
the affine change of coordinates ¢;. Write

Fi:={gi1>0,...,8m>0,%x, =0},

where each g; ; is a non-zero linear polynomial. Let P; := P; 7z be the square of
the product of non-zero linear equations of the hyperplanes containing the facets
of X, the hyperplanes containing the facets of C, and the hyperplanes W,. By
Proposition 2.10 there exists g; ,,+1 € R[x'] strictly greater than 1 on R”~! such
that

{xp > gi,m-H} C ep N{P > 1}.
Let g; := (gi,1,---, &i,m»&i,m+1). By Lemma 3.2 there exist a polynomial Qg

such that the semialgebraic sets A(g;) = Int(F;) and 8(g;) = {Qq4 < 0, %, > 0}&,
satisfy

8(gi) C A(gi)en N {xy = gimy1} CA@)E, NEC, N (P > 1}. (4.2)

Consider now the polynomial map
2
fi=fizi= it fin) R R, = (2,0 o (¥ (14 P06 Qg ().

4.1.2. We claim:

(i) fi(Fje,\X)=5F;é, \Xand f;(Int(F;)&,;") =Int(Fj)e,fforj=1,...,r.

In addition, f; (K \ X) =X\ X;

(i) f;(Cp) = Int(F)e,  UC,;
(iii) fi|lz = idz.
Let us prove the previous statements:

(i) By Proposition 2.6 1, |35 : 9K — R"~! x {0} is a semialgebraic home-
omorphism, so X = | J;_; F;&, and X\ X = (J;_,; F;&, \ X. Thus, once we
prove the first part of the statement we will have in addition the second.

Pick a point x := (x",x,) € F; C 0K forsome j = 1,...,r. If j # i, then
ma(x) ¢ Int(F;) = A(gi), so Qg is by Lemma 3.2 strictly positive on xé&, . Thus,
for each (x', 1) € xé," we have

fin(& 1) = t(1+ Pi(x', 1) Qg (', 1)) = 1 = x,.
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As fi(x) = x, we have f;(x&,}) = x&, and fi(Int(xé,")) = Int(xe,"). Conse-
quently,

fi(Fegi\X)=F;8 \X and f (Int(F;)&,) =Int(F;)&, .

n
Assume now j =i.As 0F; = F; N Uj#i Jj, we have
(89’,)én+\X = U (971 ﬂ?])éj\X
J#

As f; preserves vertical lines,

@Fne, \ X =JA@FEnFHpe\x) = (U FinFpe;i\ X)
J#i J#i
= fi(@FDE, \ X).
To finish it is enough to check f;(Int(F;)€,") = Int(F;)é,". By Theorem 3.3(i)
and (4.2)
Int(F;)&," =Ag)e, = fi(8(g)) C fi(A)&,") = fi(Int(F)&,") CInt(F))&, .

The latter inclusion follows because f; preserves vertical lines and f; ({x, > 0}) C
(x, = 0). i i
(i) As &, € Int(C(XK)) = Int(C(C,)), the restriction map Talae, €, —

R"~1 x {0} is by Proposition 2.6 a semialgebraic homeomorphism. Consequently,
Cp, =0C,8, . Pickx := (x', x,) € 0C,. If y := m,,(x) ¢ A(g;),then Qg (x', 1) >
0 for ¢t > x, by Lemma 3.2, so

Fin(& 1) = 1(1 4+ Pi(x, 1) Qg (&', 1)) = 1 = x,
for (x',1) € x&,7. As f;(x) = x, we deduce f;(x&,) = x&,. Thus,
fi(Cp \A@)E,) = €, \ A(a&, = €, \Inu(T))&,".

By Theorem 3.3(i), (4.2) and (i)

InuFpe,” = A@)e, = fi(8g)) C fi(Ag)e, NCp)

= f;(Int(FHeé, N EC,) C In(F)e, .
Consequently,
ft(ep) = fl (ep \A(gl)én_'—) U fl (A(gl)én_'— N ep)
= (Cp \ Int(F))&,") UInt(F))&, = €, UInt(F))8&, .

(iii) This is immediate because P; vanishes identically on the hyperplanes contained

inZ.
Figure 4.1 illustrates how the polynomial map f; acts on the cone C,,.
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Figure 4.1. Behavior of the polynomial map fi over C,.

4.1.3. Fix 1 < k < s and consider X placed in R” (by means of an affine change of
coordinates ) so that X C {x, > 0} and vy = &,. We preserve the names for all
our geometric objects after applying the change of coordinates ;. Set X; := Xv;

and Z;_| := U;‘:_II X, which are unions of hyperplanes because each (n —2)-affine
subspace in X is parallel to none of the vectors ¥ ;. In addition, each hyperplane in
Zi_1 is not parallel to vy (see 4.1). Foreachi = 1, ..., r consider the affine change
of coordinates ¢; described in 4.1.1 and the polynomial map f; x := f; z introduced
in4.1.2 taking Z := ¢;(Zy—1) and Zp = &.

Define the polynomial map

2 2 2 —1
Fy = frro---o fix where fi:=¢; o firod.
We claim:

(i) Cp UK\ Xp) = Fr(Cp) for1 <k <s;
(i) €, U (K\Z; X)) € Fi(€p UK\ NEZ] X)) and Fi(K\ X) = K\ X for

1 <k<s.

To prove (i) we use recursively 4.1.2. Indeed,

Fe(@p) = (frx o0 o) (fik(Cp) = (frk 0+ 0 fox)(€p UInt(F &)
= =C,UInt(F)E, U---Ulnt(F&, =C, U (X \ X&)
=Cp U (K \ Xp).

Figure 4.2 shows the action of polynomial map Fj on the cone C,.

We show now (ii). As each polynomial map f: appearing in the definition of

Fy satisfies by 4.1.2 (i) f; (KK \ X) = K\ X, we have F;,(X \ X) = KX\ X. By

4.1.2G1) fiklz,, =idg,_ fori=1,...,r. AsX; C Zy_fori =1,...,k—1,
; . k—1 k—1

we have fi’k|ﬂ’;;: X; = ldﬂ];;i X so Fr(Y)\ ﬂj=1 Xj C Fr(Y'\ ﬂj:l Xj) for
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31

O (¢}

Figure 4.2. Behavior of the polynomial map F over C,.

eachY cR". As X C ﬂ];;ll X j, we deduce by 4.1.2

k—1 k=1
Fy (ep U (9(\ ﬂ X,-)) = Fi(Cp) U Fy (((JC \ XD\ ﬂ X/>)
j=1 j=l1

k—1
D (Cp UK\ X)) U (Fk(iK\X) \ ﬂ Xj)

Jj=1

k—1
= (€, UK\ X)) U ((K\X)\ﬂxj>
=1

J
k
=e,,u<ﬂ<\ﬂx‘,->.

j=1

4.14. Let us finish the proof of Proposition 4.1. Define for k = 1, ..., s the poly-
nomial map
Fy :=l//k_loFkol//k : R" — R”.

As €, is a pointed cone, we have already constructed a polynomial map A : R" —
R" such that ho(R") = C,,. We claim: the polynomial map

hizﬁxo-noﬁloho

satisfies h(R™") = K\ X. It is enough to show: (I:"s o---0 ﬁl)(Gp) =X\ X.
Using recursively 4.1.3 we deduce

C, UK\ X)) =F1(Cp) cK\X
C, UK\ (X1NX2) C (FroF)Cp) CcK\X

e,,u(ac\ﬂxj) C (Fyo---0F)(Cp) C X\ X,
=1

J
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To illustrate this process Figure 4.3 shows how ﬁz acts on F 1(C p)- As

K\(ﬁX,):fK\X
j=1

and C, C X'\ X,

J<\X=e,,u(5<\< xj>> C (Fyo---0F)(Cp) Cc X\ X,
=1

J

so h(K\ X) = K\ X, as required. O

Cp Cp

Change of
coordinates
Uy

Change of

coordinates
—1
(2

Figure 4.3. Behavior of the polynomial map ﬁz.

4.2. Proof of Proposition 4.2

Let € be a face of X of dimensiond < n—2. We write x := (x/, x,) := (y, 2, xp) €
R4 X R"4-1 x R. Assume X N{x, =0} = &, K C {x, > 0} and &, €
Int(C(K)). Write Int(€) := {g1 > 0, ..., g > 0} x {0} c R¢ x {0} where each
gi € R[y]ﬁ:: R[xi, ..., Xg]- By Proposition 2.5 there exist positive numbezs 8, A
such that €%, \ {0} C Int(C(X)) and C¥;(E) C K C CL(E). As &, € Int(C(X)),
the hyperplanes spanned by the facets of K are non-vertical. Let P € R[x] be the
product of linear equations of these hyperplanes, so 3K C {P = 0}. Fix ¢ > 0. By

Proposition 2.10 there exists g € R[x] such that g > 1 + 87”!_8(1_1 on R"~! and
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{x, = g} C {P > 1}. Denote I, := ]—e¢, +¢[ and consider the admissible tuple of
polynomials

gé‘:(glv'-'igrixd-i-l+8v'-'7xn—1+878_xd+15"-78_xn—17g)'

If we write m :=r +2(n — 1 —d), then g, consists of m + 1 polynomials. Rename
gm+1 := g. The admisible tuple g, has associated a polynomial Q §. constructed

in Lemma 3.2 and semialgebraic sets A(g,), S(g:) and A%(g,) provided in 3.5.
Observe that Int(€) = A%(g,). By Lemma 3.2 8(§:) C {X, > gm+1} C {P > 1}.
For each k£ > 1 consider the polynomial map

Ji 'R = R, x = (X', xp) = (3,2, %) = (9, AX)z, Br(x)xn),

where A = (1 + P2Q@£)2 and B; = A+TAk. Note that £, 8, A > 0, gna1, G
and P satisfy the hypotheses of Theorem 3.4. Let kyp > 1 be the positive integer
constructed in Theorem 3.4(iv).

4.2.1. Main claim:
Let T be a semialgebraic set such that XK\ X C T C K. Fork > kg
S =Tulnt(€) c X. 4.3)
To show (4.3) we prove the following facts for k > ko:
Fact 1. fi(T) \ Int(T) = (T \ Int(T)) U Int(E).
Fact 2. Int(7) C fi(Int(7)).

Once they are proved and since Int(T) = Int()K), we conclude

fie(T) = (fie (D) \ Int(K)) U (fi(T) N Int(K))
= (T\ Int(X)) UInt(&) U Int(K) = T U Int(€)

and equality fi(T) = T U Int(E) follows.
4.2.2. Proof of Fact 1
We show first: (T7\ Int(7)) U Int(€) C fi(T) \ Int(T).
As G\ {0} C Int(C (X)), Theorem 3.4(ii) provides
S(ge) cG}{(A"(gg)) N{x, > 0} C Int(&) + Int(é(ﬂ()) C Int(K)=Int(T) C 7.

By Theorem 3 .4(iii) the inclusion Int(€) C fx(8(§:)) C fx(7T) holds for k > 1,
hence

Int(&) = Int(E) \ Int(T) C fi(T) \ Int(T). (4.4)
As filn\mn = idmmyg) because 3T C {P =0},

T\InK(T) = fu@\Int@) C fi@  ~  T\Int@) C (D) \ Int(T) (4.5)
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and the inclusion (T \ Int(7)) U Int(€) C fi(T) \ Int(T) follows from (4.4) and
(45).

To prove fi(T) \ Int(T) C (T \ Int(T)) U Int(E), pick a point x € T such
that fx(x) ¢ Int(T). If x € T\ Int(7T), then fr(x) = x € T \ Int(T) because
Sl = i - If x € Int(T), then x € 8(8e).

Otherwise, as Int(T) C CY (Int(€)), we deduce by Theorem 3.4(iv) that fi(x) €
(‘3‘2’5({x}) C {x}+ Int(é(fK)) C Int(X) = Int(7T), which is a contradiction.

As x € 8(g.), we have by Theorem 3 .4(iii)

fie(@) € fi(8@e)) C €Y (Int(€)) C Int(&) + Int(C(X)) C Int(E) U Int(T),

so fr(x) € Int(E). Therefore, the inclusion fi(T) \ Int(T) C (T \ Int(T)) U Int(E)
holds, as required. O

4.2.3. Proof of Fact 2

As Int(T) = Int(X), we have to check: Int(K) C fr(Int(X)). Its proof is long and
requires a topological argument based on a result by Janiszewski [20].

Pick a point xp = (x(’),xon) = (y0, 20, Xon) € Int(K), so xo, > 0. If
z0 = 0, consider the intersection xo&, N K = x;€,7, where the point x| :=
(350,0,r) € 3K must satisfy 0 < r < xp, and xo€, N Int(K) = Int(x;&,").

Ky,
As Alysc = 1, we have By(yo,0,r)r = AQODEA G0N, —_ ) By Theo-

rem 3.4(i) limy, 400 Bk(30, 0, x,)x, = 400. Asr < xpp, there exists s > r
such that Bg(yo, 0, s)s = xon, SO0 fx(30,0,s5) = (0,0, x0,) = xo9. Note that
(30,0, 5) € Int(X), so xp € fix(Int(X)).

4.2.3.1. By Fact 1 for T = K we have f(K)\Int(K) = (K\Int(K)) UE c K, so
fir(X) c XK.

4.2.3.2. We assume next that zg # 0 and let us prove: there exists x1 € Int(K) such
that fi(x1) = xo for each k > kq.
The proof of 4.2.3.2 is conducted in several steps.

4.2.3.3. Consider the 2-dimensional plane IT determined by the points (yp, 0, 0),
(0, 0, xon) and xg. Let us show: fx(P) C P where P .= K N II.

As fr(x) = fi(y,z,xp) = (v, A(x)z, Br(x)x,) for x := (y, z, x,), we have
Jfx(IT) C II. Since f3(K) c K, it holds

Ji(@) = fiXNID C fi(K)N firl) c KNI =7D.
4.2.34. Set coordinates (u, v) in IT with respect to the affine reference

R = {0 = (30,0,0); i) = (o, ﬁﬂ)ﬁu = (0,0, 1)}.
20
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Observe that O + uw; + vy = (yo, ”i—gnu, v) and

- - 3 3 Z
fk(O + uwi + vwg) = (yo, A (yo, 0 —u, v> —Ou, By, (yo, —Ou, v) v)
llzoll llzoll llzoll

< a(u, v) + a(u, v)k )
= | a(u, v)u, v s
2 R

where a(u, v) := A(yg, Mo ||u v) € R[u, v]. Consider the polynomial map

k
= (Gi1,Gr2) : R* > R%, (u,v) > (Ol(u, v)u, o, ) + o, v) U) )

2

Note that xo = (||zoll, xon)® =: (a, b)®, so a, b > 0. Consider the algebraic curve

Y, ={a(u,v)u—a =0} = Gk_ll(a) C {u > 0}.

4.2.3.5. We claim: r := max{es/n —d — 1, a} > ug for each (ug, v9) € Y,.
If ugp > a, then a(ug, vo) < 1. As P2 is the square of a polynomial,

<0
Q. (yo, —— U0, vo) <0.
llzoll

ug, 0) € A(ge). In particular I"*d*1 S

By Lemma 3.2 we have (yq, 1= ugy € , SO

IIZ [ ’ Hz I

ug < (e, 7747V )| =en—d—1<r.

4.2.3.6. Consider the convex polygon Py := PN {0 < u < r + 1} and the singleton
{g} := 0Po N {u = a}. Write g := (a, ¢)x. Let us check: Y, N 3Py = {q}.

As IT meets Int(X), we have 0P = dKNIT. AsY,N({fu =0}U{u=r+1}) =
<, then

Y,NdPyCcY, NP CY,NdXCcY,N{P=0}CY,Nla=1}=Y,N{u=a}.

Thus, Y, NdPy =Y, NdPoN{u=a} C {g}. Asqg € 3P\ fu=0}U{u =
r+1}) c 0K, wehave a(a,c) = A(g) = 1. Asqg € {u = a} N{a(u, v) = 1}, we
conclude ¢ € Y,,s0 Y, N3Py = {q}.

4.2.3.7. Given a connected topological space T and different points p,q € T, we
say that K C T separates p and ¢q if these points belong to different connected
components of T \ K. Given S C R?, we say that S is “upperly unbounded” to
refer that it is unbounded in the direction of the second coordinate. We claim: There
exists an upperly unbounded connected component Z of Y, NPy passing through g
such that Z \ {q} C Int(X).
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wlz vl @2

u=0 q u=r+1

Figure 4.4. Description of the fake situation.

To prove this claim we will make use of Janiszewski’s Theorem (see [20] or [4,
Theorem A)): If K| and K, are compact subsets of the plane R? whose intersection
is connected, a pair of points that is separated by neither K| nor Ky is neither
separated by their union K1 U K»>. The proof of our claim is conducted in several
steps:

Step 1. The line {u = 0} C {a(u,v)u —a < 0} and the line {u = r + 1} C
{a(u, v)u —a > 0}.

The first inclusion is clear. To prove the second denote ¢ (u, v) := a(u, v)u—a
and observe thatif {(r + 1,v) <0,thena(r +1,v) < 1. As P2 is the square of a
polynomial, we deduce Qj, (yo, ”i—gu(r + 1), v) < 0. By Lemma 3.2 we have

(yo, 4+, 0) e Ae)-
120l

In particular, ﬁ(r +1)erd-Tand

r+1< |04 )| =evn—d—1<r,

a contradiction. Consequently, {u =r + 1} C {a(u, v)u —a > 0}.

Step 2. Let M > 0 be such that all the vertices of Py and all the upperly bounded
connected components of ¥, NPy are contained in {v < %}. Consider the compact
convex polygon P( :=PoN{v < M} C [0,r +1] x [0, M]. Let Zy, ..., Z; be the
connected components of ¥, N Py. Suppose that none of them meets both 3Py and
{v = M} (see Figure 4.4). Assume Z1, ..., Z are the upperly bounded connected
components of ¥, N Py and Zs4 1, ..., Z; are the remaining ones, so they meet
{v = M} but they do not meet 3Py. Define K| := (dPg N {v < %}) Ui (Zin

Py) and Kp 1= 9P, U Uf=s+1(zi N P;) (see Figures 4.5 and 4.6). Observe that
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KiNKy, =030PyN{v < %} is connected. Consider the positive real number

. M . (1
€:=min {dlst(Kl, 8Tgﬁ{vz?}), dlst< U(Zi NP, 9PN {v < ZTM}>} .

i=s+1

LetO < p < %besuchthatql = (p, %) €ef{¢t <0landgy == +1—p, %) €
{¢ > 0}.

We have ¢(g1) < 0and ¢(g2) > 0. Consequently, K1 UKp = (Y, NP) UdP,
separates the points q1 and q;.

[

0_
u=20 q u=r+1 u=20 q u=r+1
Figure 4.5. Positions of K| and W;. Figure 4.6. Positions of K> and Wj.
Step 3. Let us check: neither K| nor K, separates the points q| and q».

The points g1, g2 belong to both open connected subsets

Wy = {p eInt(Py) : 0 < dist(p, <8fP60 {vf %})) < %}

Wy = {p € Int(P;) : 0 < dist (p, <81P6 N {v > %})) < %}

of Int(fPé)) whereas K1 N W> = & and K, N Wy = &. Thus, ¢q1, g2 are separated
neither by K| nor by K5, which contradicts Janiszewski’s theorem.

Step 4. Consequently, there exists a connected component Z; of Y, N Py that
meets both 9P and the line {v = M}, as shown in Figure 4.7. As all the upperly
bounded connected components are contained in {v < % }, we deduce Z; is upperly
unbounded. In addition, Y, N 0Py = {¢},s0q € Z j and

Zi\{g} C Zj\ 3Py C P\ 3P = Int(P) C Int(X),

as claimed in 4.3.2.7.
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4.3.2.8. We are ready to finish the proof of 4.2.3.2. By [5,2.9.10] Z; is the union
of a finite set § and finitely many Nash paths I'; that are Nash diffeomorphic to
10, 1[. We may assume that I"; is upperly unbounded. Let ¢’ € CI(T";) \ 'y and let
Yo : [0, 1] — Z; be a semialgebraic path such that y(0) = ¢ and (1) = ¢’. Let
v1 : [1, +oo[ — T'1U{q’} be a semialgebraic parameterization such that y; (1) = ¢’
and define

w(@) ifte[0,1],

B = (B1, B2) : [0, +00[ — Zj, 1 > {yl(t) if € [1, +oo[.

As I'y is upperly unbounded, lim;_, , B2(f) = +00. We have

B a a \*\ p(0)
Greb)= (“’ ((M) " (M)) ) 2 )

As0 < B1(t) <r+1fort € [0, +o0[, we have

<a+ak <(a)+<a)k
r+1 @+ D=\ Bi@) Bi1(t)

for t € [0, +o0[. Consequently,

a a \"\ B0
li = . 4.6
5 (((fh(t)) i (ma)) ) 2 )T “o

As xo = (a,b)x € Int(Po) Ngé,F,q = (a,c)r € 3Py and €, € C(Py), we have
c <b.Asq = Gi(q) = (GoB)(0) and using (4.6), there exists 7y € ]0, +o0[ such
that (G o B)(to) = (a, b)xr = xo, so there exists x1 := B(t) € Z; \ {g} C Int(X)
such that G, (x1) = xo and 4.2.3.2 holds.

4.2.4. Conclusion of proof for Proposition 4.2

Let &1, ..., &y, be all the faces of K of dimension < n — 2. We use the symbol
LI to stress unions that involve only pairwise disjoint sets. We have K N X =
LI, Int(€;). By 4.2.1 there exist polynomial maps g¢ : R” — R” such that

-1 14
8t <<9< \Xul | Int(&-)) = K\ X)u| &)
i=1 i=1

for ¢ = 1,...,m. Consequently, g := (gm o---0g1) : R?" — R” satisfies
g\ X) =K\ X)uEKnX)=1IX,as required. O
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u=0 q u=r+1

Figure 4.7. Description of the authentic situation.

4.3. Proof of Corollary 4.3

By Propositions 4.1 and 4.2 there exists a polynomial map fp : R” — R”" such that
JoR™) = XK. Let x’ := (x1, ..., xy,—1) and consider the polynomial map

fi (R 5 R

. 2 2
x o= (X', X, Xn1) > (&, Xt Gnxngr — D,y Gnxngr — D+ x7),

whose image is {X,+1 > 0} (see [7, Example 1.4 (iv)]). Assume that &, € e X
and let

. 1 5
f2 . Rn—‘r g Rn’ (Xl, e 7-xﬂ7-xn+1) = fo(-xlv e 7-xl’l) +xn+len~

We have fo({x;+1 > 0}) = Int(XK), so Int(XK) is the image of the polynomial map
f = (fro fi): R™! — R" as required. 0

5. Interiors of convex polyhedra as polynomial images of R”

In this section we prove Theorem 1.2. Each degenerate convex polyhedron K C R”
can be written in suitable coordinates as KX = P x R¥ where P is a non-degenerate
convex polyhedron and Int(X) = Int(P) x R¥. If k > n—1, then Int(K) is either R”"
or an open half-space. The second case is a polynomial image of R” by [7, Example
1.4 (iv)]. Thus, we will prove Theorem 1.2 assuming in addition that the convex
polyhedron X is non-degenerate and has dimension n > 2.

The general strategy is the following. By Proposition 4.1 we know that if
X c R”" is an unbounded non-degenerate convex polyhedron with n-dimensional

recession cone é(iK) and X is the union of the affine subspaces of R” spanned by
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the faces of K of dimension n — 2, then X \ X is a polynomial image of R". For
each unbounded facet F of I we devise a procedure to “erase” it from K \ X in
two steps: (1) first we “push” Int(F) “inside” Int()K) to obtain a polynomial image
8 of R” contained in X \ (X U JF) and (2) we fill the gap left between 8 and F to
express K \ (X U JF) as a polynomial image of R". We “erase” all the facets of the
initial image X \ X to obtain Int()X) as a polynomial image of R”. To lighten the
proof of Theorem 1.2 we develop next some preliminary work. In the following we
write x” := (x1, ..., x,—2), x" == (x", x,—1) and x := (x', x,,).

5.1. Preliminary construction

We first introduce the type of polynomial maps that will allow us to push the interior
of a given facet F of a convex polyhedron X inside Int(X).

Lemma 5.1. Let X C R” be a convex polyhedron of dimension n and let F be a
facet of K. Assume F C {x,_1 =0}, K C {x,_1 > 0} and é,_1 € C(K). Let T
be a semialgebraic set obtained by removing the interior of some facets of X from
X\ X and let F € R[x] be a polynomial such that {F = 0} N Int(F) = & and F
is identically zero on the facets of K different from F. Consider the semialgebraic
set R .= {F = 0} N {x,—1 > 0} and the polynomial map fy : R" — R", x
x + F2(x)&,_1. Then

(i) fo(Int(xo8," ) = Int(xo," ) and fy(xo) = xo for each xo € {F = 0};

(i) TNRE,” | C fo(T) cT\F.

Proof. (i) Write xo := (xo1, - . . , Xon). Consider the continuous function
V:R—>R, 11+ F(xo+18,_1).

As ¥ (0) = 0 and ¥ (¢) > t for each r > 0, we have ¥ (]0, +o0o[) = 10, +o0[, so
fo(nt(xoe," ) = Int(xo&," ) and fy(xo) = xo.

(ii) Observe that fo(xé,’ltl) C Xé:,l foreachx e R". As é,_; € é(ﬂ() and
C X, we deduce fo(T) C 7. In addition, if x := (x”, x,_1, x,) € T is such that
fo(x) =x + F*(x)é,_1 € F,then x,_; =0 and F(x) =0, so

x e (K\X)N (X1 =0} N{F =0} = Int(F) N {F =0} = &,

which is a contradiction. Thus, fo(T) c T\ F.

Let us prove now T N iRérf_l C fo(7). Pick apointx € TN fRéI_l and write
x =y -+ Aé,_| where y € Rand A > 0. Observe that x&,_; N K = ze,_1 where
either z belongs to a facet of X different from F or z := (x”,0, x,,) € Int(F). In
the first case F(z) = 0,s0by (i) fo(z) = zand x € zé:_l NT = fo(zé,jr_1 NJ).
In the second case, yé;_l C zé;_l NT. As F(y) = 0, we have by (i) fo(y) = ¥

and x € yé)r;'r_1 = fo(yé;_l) C fo(7), as required. O

In order to take advantage of Lemma 5.1 we need a polynomial 42 € R[x] with
some added specific characteristics, that we proceed to describe below.
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5.2. Pushing an open facet inside the interior of a convex polyhedron

Assume now that a convex, unbounded polyhedron X with n-dimensional recession
cone is placed in R” so that &,_1, €&, € C(K),F = {x,-1 =0} NK C {x, > 0}
and X C {x,—; > 0}. Observe that &, € é(ff). Denote the facets of K with
Fi,...,F, and let h; = 0 be a non-zero linear equation of the hyperplane H;
spanned by F;. Suppose KX = {h; >0, ..., h, > 0},

e ¥, ..., are non-vertical and among them F1, ..., F, are those non-vertical
facets of X that meet JF;
o Foy1,...,F, are verticaland F, = F.
As &, € C(X), we may assume ﬁi(én) = 1fori = 1,...,r, so that h; =

h; (%', 0) + x,,. Define

bi := hi — %p—1 = hi(x/,0) — %1 + Xy, (5.1
b; =h; — 2%, = hi(x/, O) — 2%, 1 + X,. 5.2)

The hyperplanes B; := {b; = 0} and B] := {b; = 0} separate by Lemma 2.8 the
facets F; and F and meet Int()X). Consider now the affine change of coordinates

¢ R" - R" x:= (x’,xn) — (x',xn —I—h,-(x’, O)), (5.3)
which satisfies B := ¢;(B;) = {x, — x,-1 = 0} and B/* := ¢;(B)) = {x, —
2Xn_1 = 0}

5.2.1. Denote the union of all the facets of K that do not meet F with §. By
Lemma 2.2 and Corollary 2.3 there exists &g € R such that

0 <gp<min{l, dist({x,—1 =0}, 9)} and XN {x,—1 <&} C{x, >0}. (54
Aseach B; N K N{x,_1 < &0} C {x, > 0}, there exists by Lemma 2.2 § > 0 such
that B; N K N {x,_1 <&} C {x, > 8} fori =1,...,r. Set & := min{g, %} > 0.

5.2.2. Define Ky := XN {x,_1 < &} and observe that Int(K) = Int(KX)N{x,_1 <
¢}. Consider the family of hyperplanes containing the non-vertical facets of K
together with all hyperplanes B;. By Proposition 2.10 there exists a polynomial G;
such that

r S

{2, > G;} C b.opl>11n hiop l > 11 clbjog !t > 1

" ! Q{ Jo } ]Q{ ! } { Lo } (5.5)
= {x, > 2x,-1 + 1}.

Define B; := B; N Int(XKp). We claim:

Bié, NInt(K) C B;e," U (b, <0} NInt(Kp)) C Int(Ko). (5.6)
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As e, € é(ﬂ() and B; C Int(Kp), we have
Bie,5 C Int(Ko). (5.7)
In addition, B; (—&,) ™ C {b; < 0} C {b; < 0}. Consequently,

B;&, NInt(X) = (B;&, UB;(—&,) ") NInt(Ko)
= B;&, U (Bi(—&,) " NnInt(Kyp))
C Big,F U ({b} <0} NInt(Ko)) C Int(Ko).

5.2.3. Write ,(B;) = {gi,1 >0, ..., g m > 0} where each g; ; € R[x/] is a poly-
nomial of degree one. We may assume g; 1 = x,—1. Consider the admissible tuple
9i = (&i1s---s &im»> .m+1) Where gi my1 € R[x'] is a polynomial satisfying

gimt1 > max {Gi, 1+ [y, O1Igir @i}, (=1..00ir)  (5.8)

and the associated semialgebraic sets A(g;) = m,(B;) and 8(g;) C B;&,. In
addition, by (5.5) we have g; u+1 > G; > 2x,_1.

5.2.4. We claim: h; (x',0) < 0on A(g;) C m,(B; N Kop).
Pick a point x := (x’, x,,) € BiNXKy. Then h; (x’,0) = x,—1 —x, < €—38 <O.

5.2.5. By the choice of ¢ > 0 the non-vertical facets of Kg are Fjo := F; N{x,—1 <
e} fori =1,...,r and all of them meet the facet F of K. By Lemma 2.9

Int(K)&, N {xn_1 < &} = Int(Ko)&, = U (B; N 1Int(Xp))&,
i=1
(5.9)

r

i i=1

i=1 =

5.2.6. Denote 8*(g;) := ¢; (8(g;)) = {(x', x, + hi (x',0)) : (x/, x,) € 8(g;)} for
i = 1,...,r. Then there exists a polynomial P € R[x", x,] with empty zero-set
such that the zero-set T of the polynomial R(x) := x,_1P(X", %,) — 1 satisfies
Fc{0<x,_1 <e}, T C{R>0}and

8(gi) C 8*(gi) CTe  N{R > 1}. (5.10)
Proof. The inclusion 8(g;) C 8*(g;) holds because by 5.2.4 h;(x’,0) < 0 on

A(g;). Write g; j := (a;j, (x¥/, 1)) where a;; € R". Pick My > 1 such that ||a;;|| <
M for each pair (i, j). We have

|gij (x")] = (@i, &', DY < llai I, DI < Mo/ l1x']1% + 1.



UNBOUNDED CONVEX POLYHEDRA AS POLYNOMIAL IMAGES OF EUCLIDEAN SPACES 557

Ifx,—1 <eand M := Mp,/1 + siz,then

|gi, i (x| < Moy/ X2 + 1 < Mo/ [Ix"]12 + &2 + 1
M
< My/|Ix"|2 4 &2 < ;(nx”nZ +¢&?).

Pick x := (x, x,) € 8*(g;), then (x/, x, — h;(x/,0)) € 8(g;) C {x, > 0}. By
Lemma 3.2(iii) we have (x’,0) € A(g;), so h;(x’,0) < 0. By Lemma 3.2(i) and
(5.8)

(5.11)

gim1(x)
8i2(x) - gim(x)
1

1
> .
VI /82 () - gim (X))
As0 < ¢ < 1, we deduce by (5.11)

Xn — h'(x/a 0) =
n i \/an1

— hi(x',0).

N

2 1
X, +1>2x,>

1
. > .
TV /8ia () gim () T S (WM IIx |+ g2)m]

Consequently,

Sm

Xp_1 >
n—1 = Mm_l(x,%—{— 1)2(||x”||2—|-82)m_1

for each point (x’, x;,) € 8*(g;). Define

(5.12)

M (2 1) (1) + 62)"

gl’l’l

P:=3

and observe that by (5.12) each §*(g;) C Fé,’f_l where

1
.= X”_IZF .

In addition, I" C {0 < x,_1 < €}, Fé;r_l C {R >0} and

8*(gi) C {xn—l > %} ={x,1P-1=2} C{R > 1},

as claimed. O

527. Let F := R[[;_ V) ]_[i;} hi € R[x] be the product of the polynomial R,
the linear equations b’j of the hyperplanes B;. and the linear equations Ay of the
hyperplanes Hj spanned by the facets of K except that of F. It holds {F = 0} =
ru U;‘:l B;. U Ui;i H. As B} is a separating hyperplane for J and J;, we have
?DB} C FNF; C 9. Inaddition, I" C {0 < x,—1 < &},s0 {F = 0}NInt(F) = 2.
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528. Let Int(X) ¢ T € K\ X be a semialgebraic set obtained by removing the
interiors of some facets F; of K from K \ X such that F; # F. Define

r e—1
P.=TN (ré,j_l ulJw; <ou Ufﬂ) ,
j=1 i=1

To:=TN{x,_1 < ¢}, (5.13)
Po :=ToNP.

We claim:

(i) {xa—1 >} CTE 5
G To \ F=PyU U;‘:l B]é;r

Proof. (i) This inclusion follows from the fact that I' C {0 < x,_1 < ¢} can be
understood as the graph over the hyperplane {x,_; = 0} of the regular function %,
which depends on the variables (x”, x;,).

(ii) Observe that Int(Tp) = Int(Xp). By the choice of ¢ the convex polyhe-
dron K satisfies the hypothesis of Lemma 2.9, hence Int(Tp)e, = Int(Xp)e, =
U;:l B ;€. By (5.6) we have

Int(Tp) = Int(To) N (Int(Tp)&,) = U (B;&, NInt(Tp))
j=1

C U (B]én_’_ U ({b/J < 0} N Int(‘To))) cPou U 'B]ér-:_
=1 =1

In addition, dTo\F C PNTy = Py (use (i) to guarantee that ToN{x,_; = &} C Po),
so by (5.7)

To\.rf:Int(To)U(aTo\gj)C:P()UU'Bjé,j_C‘To\EF,
Jj=1

as required. O

The interest of the semialgebraic set P comes from the following result, which
is illustrated in Figure 5.1.

Lemma 5.2. The polynomial map fo : R" — R"*, x — x 4+ F?(x)&,_ satisfies
PcC o cT\T.

Proof. The inclusion fy(T) C T\ F follows from Lemma 5.1 and 5.2.7. We prove
next P C fo(7).

Pick x := (x”, x,—1, x,) € P and consider the intersection P N x&,_;. This
intersection consists of finitely many intervals of the line x&,_; whose endpoints
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Figure 5.1. Behavior of the polynomial map fp (Lemma 5.2).

belong to {F = 0} = I'UJ), B U Uf;ll Fi, so they are fixed by fy. As
limy, |00 fo(x”, Xp—1, x4) = 400, we have by Corollary 2.13

xePnxeé,_1 C fo(PNnxé,_1) C fo(T).
Thus, P C fo(7), as required. O

The image of the polynomial map fp is contained in T\ F and contains P. The
semialgebraic set P leaves a “gap” inside T in a neighborhood of the facet F. Our
next goal is to construct another polynomial map to fill the gap that fy(7T) leaves
inside T\ F.

5.3. Filling the interior gap of the convex polyhedron

Let X c R" be an unbounded convex polyhedron with recession cone é(CK) of
dimension n. Let X be the union of the affine subspaces of R” spanned by the faces
of X of dimension n — 2.

Proposition 5.3. Ler F be one of the unbounded facets of X and let Int(X) C T C
K\ X be a semialgebraic set obtained by removing the interiors of some facets F; of
K from X\ X such that F; # F. Then there exists a polynomial map F : R" — R”"
such that F(T) = T\ F.

Proof. Assume first that K is placed as described in 5.2, take into account all con-
siderations developed thereafter and keep the used notations. We have constructed
a polynomial map fp : R” — R” such that P C fo(T) C T\ F (see Lemma 5.2).
By 5.2.8(i)

T1:=TN{x,—1 >} =PN{x,_1 > ¢}

Fix 1 <i < r and consider the polynomial

r S

Po =1 (25007 ) [T (moo).

j=1 k=1
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Figure 5.2. Erasing an unbounded facet of a convex polyhedron.

By Lemma 3.2 and equations (5.5) and (5.8) we have §*(g;) = ¢; (8(g;)) C {Pio >
1}. For each T C R" we denote T* the set ¢; (T'). It holds

r S
(Pip =0} = U B}*U U H.
j=1 k=1

Define P;; := R od)i_l. By (5.10) 8(g;) C {R > 1}, hence 8*(g;) C {P;; > 1}.
Define P; := (P;oP;1)? and note that

8(gi) C 8%(gi) C{Pio > 1}N{P; > 1} C{P > 1}.



UNBOUNDED CONVEX POLYHEDRA AS POLYNOMIAL IMAGES OF EUCLIDEAN SPACES 561

Consider the polynomial maps
fi=(fit,..., fin) : R" > R",
(s x0) > (¥ 201+ Pi) Qg (4 + 25,1 (P () Qg (1))°)

and )

fir=¢7"o fiog (5.14)
Note that g := g;, P := P;, gm+1 = 8i.m+1 and h := 2x,_ satisfy the hypotheses
of Theorem 3.3.

5.3.1. We claim: each polynomial map f; satisfies f;(T1) = T}.

To prove that f;(T)) = T} it is enough to show: fi(T7) = TJ7. It holds
‘JT C{xn—1 = &,%, =0}

As 8(g;) = {Qg < 0,%x, =0} C {x,-1 < &}, the polynomial Qg is positive
on T7, as well as P;, which is a square, and x,—1. Thus, the inclusion f;(T7) C 7
holds by Theorem 3.3(ii) because €, € C(X). As the non-vertical facets of K* are
contained in { ; = 0} and by Theorem 3.3(iii) limy, .o fi(x', x,) = 400 for each
x" € {x,_1 > 0}, we deduce by Corollary 2.13 T} C f;(T}).

5.3.2. Let us study the behavior of f; on Py U i/._:ll Bjé, . We claim:

Po U
J

i i—1
B;éf c fi (?Ou U Bjéj) CHi(To\F)CTo\F. (515

1 j=1

By 5.2.8(ii) to prove the previous chain of inclusions it is enough to show

i i—1
PoulJBierf c fi (ng ulJ Bjé,j) and  f;(T3 \ F*) € Tg \ F*. (5.16)
j=1 j=1

Pick a point x := (x', x,) € P; UJ)_, B%e," and consider the ray P = x&, N

P& € {x, = 0}, which is a finite union of intervals inside the ray x&, N {x, > 0}
whose endpoints belong to

r S
r*ulJByulJHf =P =0}
=1 k=1

so they are fixed by f;. In addition, by Theorem 3.3(iii)
lim f;,(x',t) = +oo,
1— 00

because x’ € {x,_1 > 0}, hence by Corollary 2.13 ?S,x C fi(P§ ) Thus,

i—1 i—1
Psul JBe c £ (in gy Bjé,j) : (5.17)
j=1 j=1
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Observe that B¥e, = B;e, because ,(B}) = m,(B;) = A(g;). In addition,
by (53) Bf = {x, — x,—1 = 0} and B* = {x, — 2x,_1 = 0}, so B} =
{x4 — xp—1 > 0} and B*é = {x, — 2x,_1 > 0}. By Theorem 3.3(i)

Bfe, N B*e,l = A&, N (xy = 2x,-1} C fi(8(gi).

As B/(—&,)T NT = {b; <0}NT C P, we have Bfe, N B*(—&,)* C P§. By
(5.10)

8(gi) C T | NA@G)&, N{x, >0} CT*8" NT N0 <x,-1 <&} CP.
Consequently, by (5.13) and (5.17)

Bie, = (Bre, N B*(—&,) U (Bre, nB*e ) c Psu f:(S(gi) C fi(P).
Therefore, P§ U US’:] Bie,S C fi (‘J’g U U’]_:ll Bjéj).

Let us check next: f; (T \ F*) C T§\ F*.
By Theorem 3.3(i) and 5.2.8(ii)

fl(S(gt)) C A(g:)é:— N{xn = %41} = Bfé,j_ C ‘I(’)F \ F*.

The polynomial Qg is positive on {x, > 0, x,_1 > 0}\ 8(g;), as well as P;, which
is a square, and x,_. Thus, the inclusion f;(Tg \ (F* U 8(g;))) C T \ F* holds

by Theorem 3.3(ii) because &, € e (X). We conclude f; (T3 \ F*) C T§\ F*.
5.3.3. Define F := fr 0---0 fl o fo. By Lemma 5.2
PouTiCcPC (T CT\TF. (5.18)
By 5.3.1 and (5.15)
fiT\F) = il U@\ F) CTIU@o\H =T\ F

fori =1,...,r. Thus, by (5.18)

FT)C(fro- o f)T\FHcCT\T. (5.19)
By 5.2.8,(5.15), (5.18) and (5.19) we deduce

70\52T0UUBjéjC(froH-of])(‘Po)CF(T)CT\HT.
j=1

In addition, by 5.3.1 and (5.18) we have J| C F(7) C T\ &. Consequently,
T\F=To\HUT CcFT) CT\T,
so F(T) = T\ &, as required. O

Figure 5.2 shows the combined action of the polynomial map fy : T — fo(7)

appearing in Lemma 5.2 and the polynomial map fi: fo(T) = T\ F constructed
in (5.14).
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54. Proof of Theorem 1.2

By Theorem 4.1 there exists a polynomial map fp : R” — R” such that fp(R") =
XK \ X where X is the union of the affine subspaces of R” spanned by the faces of
X of dimension n — 2. Let ¥, ..., F,, be the facets of X. By Proposition 5.3 there
exists a polynomial map F; : R” — R” such that

i—1 i
F; ((%\X)\U%) =X\ 0\ JF)
Jj=1 j=1

fori =1, ..., m. Consider the polynomial map f := (F, o---0 Fio fy) : R* —>
R". Thus,

FRY = &K\ X\ [T =t0),
j=1
as required.

Appendix A. Some basic inequalities

Some useful inequalities concerning finite collections of positive numbers have
been used in Section 3. We collect them in the following lemma for easy refer-
ence.

Lemma A.l. Let yy, ..., y, be positive real numbers and fix 1 < i < m. Then the
following inequalities hold:

>m+1>1;
1 1
> v mf 1 .
Vieym = Vi +m yi’

m
i) (y1+ 4w+ 55 ) = mm =L

O n+-+tymt
() y1+---+ym+

YiYm

Proof. (i) Denote z := [[;-, y;. It is enough to show

m
1+z Z Vi
<—= Al
2 — (A.D)
Consider the positive real numbers z; := y;z fori = 1,...,m and z,,4+1 = 1. By

the arithmetic-geometric inequality

m+1

m+1 Z i
m+1 l_[ < i=1 )
i=1 m+ 1

As ]—[mJrl zi = 7" and Z;”:ll zi =14z Y /L, yi, inequality (A.1) holds.

i=1
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(ii) By the arithmetic-geometric inequality

+ZYJ

Ymo i
— m, Hyj_ s
Y i

so the statement holds.

(iii) Using (ii) we have

m

1 " 1
<y1+"'+ym+—> viz(yvi+md—) izt m" > m"
Y1 Ym Yi

as required. O
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