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Elliptic and parabolic problems for a class of operators
with discontinuous coefficients
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Abstract. We study elliptic and parabolic problems associated to the second
order elliptic operator

l/—i—c -V — b|x|

L= A+(a—1)z P

1||2

witha > 0 and b, c real coefficients. We prove generation of analytic semigroup
and domain characterization.
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1. Introduction

In this paper we study elliptic and parabolic problems in L?(R") associated to the
second order elliptic operator

X
L= A—i—(a—l)z_ ,-j—l—cW-V—blxlz
i,j=1
witha > 0 and b, c real coefficients. The leading coefficients are uniformly elliptic
but discontinuous at 0, if a # 1, and singularities in the lower order terms appear
when b or c is different from 0. The operator commutes with dilations, in the sense
that 171 LI = s L, if Liu(x) = u(sx).

In the special case b = ¢ = 0, these operators have already been introduced to
provide counterexamples to the elliptic regularity. Positive results have also been
obtained by Manselli and Ragnedda, see [5—7], who proved existence and unique-
ness results in Sobolev spaces in a bounded domain containing the origin and spec-
tral properties in the two-dimensional case.
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When a = 1, that is when the discontinuity in the second order coefficients
disappears, generation results can be deduced by [3], or by [8, 15,18, 19], where
more general operators have been studied and the domain is explicitly described.
Similar operators, but with singular coefficients only at infinity, have been studied
also in [16,17,20].

If 1 < p < oo, we define the maximal operator L , max through the domain

loc

D(Lpmaw) = {u € L7 (@) N WS (RY\ (0)) : Lu e L7(RY)]

and note that, by local elliptic regularity, L , max is closed and
D(Lp max) = {u e LP(RY); Lu e L?(R") as a distribution in R" \ {0}} .

The operator L j, mi, is defined as the closure, in LP(RN) of (L, Ccx (RN \ {0}) (the
closure exists since this operator is contained in the closed operator L max) and it
is clear that L, min C Lp max-

This paper contains results on generation theorems and domain characteri-
zation. To state them and explain how they are proved we introduce some nota-
tion.

The equation Lu = 0 has radial solutions |x|™!, |x| ™52 where s, s> are the
roots of the indicial equation f(s) = —as?> + (N — 1+ ¢ —a)s + b = 0 given
by

N—-14c—a N—-14c—a
S :=T—\/B, 52 :=T+x/5, (1.1)

where

b N—1+4+c—a\?
D=—-—+4+|——7-—1-—]. (1.2)
a 2a

The above numbers are real if and only if D > 0. When D < 0 the equation
u — Lu = f cannot have positive distributional solutions for certain positive f, see
Proposition 3.11. In the case of Schrodinger operators with inverse square potential,
a famous result due to Baras and Goldstein [2] states the instantaneous blow up of
positive distributional solutions of the corresponding heat equation, when D =
b+ (N —2)?/4 < 0. Our result can be seen as an elliptic counterpart in the general
situation.

We point out, however, that even when b + (N — 2)2 /4 is negative there are
realizations of the operator L in L2(R") which generate analytic semigroups. Such
semigroups are not positive and these realizations are necessarily non self-adjoint,
see [9].
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Assuming D > 0 we show that there exists an intermediate operator L min C
Ly int C Lp max Which generates an (analytic) semigroup in L? (RV) if and only if
% € (s1, 52 + 2). An intuitive explanation (for D > 0) of this result is the follow-
ing. If u(x) = > u;(r)Pj(w) and f = ) f;(r)Pj(w) where (P;) are spherical
harmonics, then the equation w*u — Lu = f,Rew > 0 can be reduced to the
infinite system ODE of Bessel type

N—-1+c¢

() - <b+xn)”i—(2”

o*uj(r) — (auy(r) + ) = fi(r), (13)

where n is the degree of P; and A, = n? 4+ (N — 2)n are the eigenvalues of the
Laplace-Beltrami operator on the sphere SV~!. Each of the above equation has

characteristic numbers s{”), sé"), defined as in (1.1), (1.2) with b + A, instead of

b. The numbers sf") decrease to —oo, whereas sé") increase to +o0o. The equations

(1.3) have more regularizing effect as n increases, since the potentials (=b+2r,)r2
become more and more negative and therefore the most critical equation appears
for n = 0 and corresponds to radial functions. For positive w, (1.3) withn = 0
and fo = 0 has two linearly independent solutions v, 1, v, 2 With the following
properties: v, 1 is exponentially increasing at co and behaves like r =t as r — 0,
Vw2 is exponentially decreasing at oo and behaves like r ~%2 as r — 0. Using
these function one can construct a Green function as for Sturm-Liouville problems.
However, if N/p < s1, then neither v, 1 or v, 2 belong to LP((0, 1), rN-1 dr) and
equation (1.3) with n = 0 cannot be solved for suitable fo. If N/p > s3 + 2, the
function v,, > belongs to the domain of the minimal operator L i, and is therefore
an eigenfunction of any of its extensions. These facts explain the negative part of
our result.

If N/p € (s1, 52), then v, 1 is the only solution of the homogeneous equation
which is in L? near O and v, 2 is the only solution of the homogeneous equa-
tion which is in L? near oo (in both cases with respect to the measure rN=ldr).
This means that there is only one way to construct a resolvent and hence L max
is a generator. By duality, L, min is a generator when N/p € (s1 + 2,52 + 2).
Therefore Ly int = Lpmax if N/p € (s1,82] and Lyjne = Lpmin if N/p €
[s1 + 2,52 + 2) and L i is the unique realization of L between L min and
L max Which generates a semigroup, when these two intervals overlap, that is when
51+ 2 < 7, since it coincides either with L, yjn or with L, max (and with both
when N/p € [s1 + 2, s2]). However, if s, < s1 + 2 and N/p is in between, that is
when

D= —
+ 2a

b N—-1+c—a
a

2 N
) €[0,1) and — € (52,51 +2),
p

both functions v, 1, vy 2 arein LP((0, 1), rN=1dr) and there is no uniqueness even
among the generators of positive and analytic semigroups, see [12]. The choice of
the domain of L i is made to preserve the consistency of the semigroup in the
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Li-scale, by extrapolating the semigroup from those L9¢(RY) for which there is
uniqueness; namely we select v,, 1 to construct the Green function near O but other
choices are possible.

The above arguments can be made rigorous in L? by expansion in spherical
harmonics, but not directly in L”. Instead we use a global argument based on
improved Hardy and Poincaré inequalities which yield complex dissipativity on
subspaces of LP(R") generated by high order spherical harmonics and then we
perform a one dimensional analysis on a finite number of cases.

Before describing in more details the content of the sections, let us discuss
another way to look at the operator. In spherical coordinates we write

N N—1+¢ b A A
a'L =Dyt —— D — o+ 2 = C
r r ar

1.4)

ar?’

where ¢ = a~'(¢c — (N — 1)(a — 1)) and b = a—'b. Clearly L and a 'L have the
same operator theoretical properties and, accordingly, the corresponding numbers
s1,s2 and §1.5y coincide. However, when written in this form, it is easily seen
from (1.1) that these numbers depend only on 5 and & and not on a. This means
that all the results proved in this paper, both on the generation side and on domain
characterization, are independent of a > 0 for an operator as in (1.4), hence they
rely only on the radial part C. This remarkable fact, however, is a consequence
of our results and we have no a-priori argument for showing it, since the operators
C and Ag/r? do not commute. In order to explain better this point we discuss a
situation where a plays arole. From [11, Theorem 3.1] it is seen that the validity of
Rellich estimates

p

Aou
0 dx

Cu + 2%
“t ar?

up
/ | |2 dx <M
RN |x[°P RN

for u € C°(RN \ {0}) does depend on the parameter a and the same holds also for
Calder6n-Zygmund estimates. These facts seem to be, at first sight, in contrast with
the domain characterization for (1.4) which, as said before, depends only on l;, c.
However, no contradiction arises since the generation properties and the domain
characterization depend on the solvability of the set of equations (1.3), whose most
degenerate one is that with A9 = O which is not affected by division by a. On the
other hand, Rellich and Calder6n-Zygmund inequalities can hold in (the closure of)
Ccx (RN \ {0}) which is too small, in some cases, to provide solvability. It turns out
that these estimates are equivalent to a spectral problem and hold in C2° (RN \ {0})
except for countably many values of a, b, ¢ (explicitly computed) and the parameter
a plays a role, since the eigenvalues A ; of the Laplace-Beltrami operator Aq are
changed to Aj/a # Aj for j > 1.

A summary of the contents of the chapters is the following. In Chapter 2 we
define the spaces L2, L’;n which are the closed linear span of functions of the
form ) j fir)Pj(w), where the sums are finite and the spherical harmonics P;
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have degree less than n or greater or equal than n, respectively. We recall their
main properties and study the action of L when restricted to them. We study care-
fully Sobolev regularity of functions of the form v(r) P(w), where P is a spherical
harmonics and v is defined as the mean over SV~! of a Sobolev function u. We
improve Poincaré and Hardy inequalities on the sphere S ~! for functions which
are linear combination of spherical harmonics of high order and then we improve
weighted Poincaré and Hardy inequalities on L, , showing that the best constants
tend to 0 as n — oo (we do not make any effort to estimate these constants which
are related to the eigenvalues of the p-Laplacian A,u = div (|Vu|?~2Vu) on the
sphere). Using these results, we show in Section 3 that L, min = L max generates
an analytic semigroup of contraction in L2, if n is large enough and character-
ize the domain, using Rellich inequalities f)roved in [11] and [10]. The operator
in L, is reduced to a finite number of ordinary differential operators of Bessel
type, whose resolvents can be written explicitly and analyzed in detail. The condi-
tion D > 0 comes from the 1-d analysis and guarantees the existence of positive
solutions near the origin; in contrast, when D < 0 all radial solutions of the homo-
geneous equation u — Lu = 0 oscillate. Finally, we put together the results in Lgn
and in LZ,, to obtain necessary and sufficient conditions for generation in L? (RV).
When these conditions are satisfied, the semigroup turns out to be analytic and pos-
itive. However, it need not be contractive and this explains why the variational
approach based on Hardy inequality does not give the full range of p for which the
semigroup exists. We refer the reader to [3] where the question of non-contractivity
is treated in the case a = 1 and also to [8] where similar phenomena are shown
for certain degenerate operators. Section 4 is devoted to analyze in detail the
operator

N
XiXj
L=A+@-1) ) =Dy,
=
which corresponds to » = ¢ = 0 and to compare our results with those obtained
in [5] where, however, the more restrictive condition a > 1 is assumed.

Notation. We denote by Ng = N U {0} the natural numbers including 0. Often
we use Q for RV \ {0}. When V is an open subset of RN, Cp(V) is the Banach
space of all continuous and bounded functions in V, endowed with the sup-norm,
Co(V) its subspace consisting of functions vanishing at the boundary of V and at
infinity, when V is unbounded. CZ°(V) denotes the space of infinitely continu-
ously differentiable functions with compact support in V. C8 (RN) stands for the
Banach space of all continuous functions in R" vanishing at 0, co. The unit sphere
{Ix]l = 1} in RY is denoted by S¥~! and A is the Laplace-Beltrami operator on
SN=1. We adopt standard notation for L? and Sobolev spaces and write Lf;d for
LP((0, 00), rN=1dr). We denote by C4 := {z; Rez > 0} and write for nonneg-
ative functions f, g, f(z) = g(z) as |z] — 0 (|z] — o0) if % converges to a
positive constant as |z| — 0 (|z] — 00).
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2. The operator L in spherical coordinates

2.1. Spherical coordinates

Introducing spherical coordinates x = rw, r = |x| and w = x/|x| € SN~!

write the Laplace operator as

, We

9? PR SN N
or?2 roar 20"

where Ag the Laplace-Beltrami operator on the unit sphere SV !, see [22, Chapter
IXD).

We recall that a spherical harmonic P, of order 7 is the restriction to S¥~! of a
homogeneous harmonic polynomial of degree n and that the linear span of spherical
harmonics (which coincides with all polynomials) is dense in C(S¥~!), hence in
LP(SN=1). We refer to [21, Chapter IV.2] for a proof of the following well-known
lemma.

A =

Lemma 2.1. If P is a spherical harmonic of degree n, then
AgP = — <n2 + (N —2)n> P

The values ), := n> 4+ (N — 2)n are the eigenvalues of the Laplace-Beltrami
operator —Ag on SN~V and the corresponding eigenspaces consist of all spherical
harmonics of degree n and have dimension d,, where dy = 1,d; = N and forn > 2

<N+n—1) <N+n—3>

d, = — .

n n—2

fueCX RN\ {0}, u(x) =Y uj(r)Pj(w) (here we consider finite sums), then

N -1
Lu(r, w) = Z <au/jf(r) py- it ) = (b+ Anj) ujlr )> Pj(w), (2.1)
" r
J
where n; is the degree of the spherical harmonic P;.
The formal adjoint of L is given by

*=A4(@—1) Z |’|2{D,,+c " | -V —b*|x| 72, (22)
i,j=1

where ¢* = 2(N —1)(a—1) —cand b* = b+ (N —2)(c — (N — 1)(a — 1)).
Observe that, in spherical coordinates x = rw,
N -1 b— A
L=aD, + >~ Fp, _ 0
r r
N -1 * b* — A
L*=ap,, + =T p 2 =80
r

(2.3)

where A is the Laplace-Beltrami operator on SV =1,
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The following lemma follows from elliptic regularity, see [8, Proposition 2.2].

Lemma 2.2. Let 1 < p < oo. Then the adjoint of L, min, Lp max are L;/’max,
* .

Lp/’ min» Tespectively.

Let us compute the numbers s}, 55, D* defined as in (1.1), (1.2) and relative to L*.

We have

2
D*::b_* (W) =D,
a 2a

N -1 * —D(N—-1)—
s¥ ::#:F\/D*:sl 2+(a ) ) c:N—Z—sQ 1.
1.2 2a ’ a ’

(2.4)

Observe that % > §1 is equivalent to N < s3 + 2 and % < s is equivalent to

p/
% > 57 + 2. Similarly, % > 51 + 2 is equivalent to % < 55 and % < s +2is
: N *
equivalent to 7 > ST

L is formally self-adjoint, that is L = L*, if and only if ¢ = (a — 1)(N — 1).

In this case
_N-2_ b (N-2 ?
2= TG 2 )

2.2. The spaces LIJ’

We refer the reader to [11, Section 2] for further information and proofs of the
following results. If X, Y are function spaces over G, Go we denote by X ® Y
the algebraic tensor product of X and Y, that is the set of all functions u(x, y) =
Z?:l fi(x)gi(y) where f; € X, gi € Y and x € G, y € G3. In what follows
we denote by P a spherical harmonic and by deg P its degree. We fix a com-
plete orthonormal system of spherical harmonics {P;, j € Ny} (which is dense in

LP(SN=1) for every 1 < p < 00) and a subset J of Npy.
Definition 2.3. Let J be a subset of Ny and 1 < p < 0o. We denote by L, the

closure of
LP((0, 00), rN7ldr) ® span{P; : j € J}

in LP(RV). We use L’;n, L%, and LY when J identifies all spherical harmonics of
degree > n, < n, = n, respectively.

Let us observe that L? = L{éo and that Lg consists of all radial functions in L?.
Moreover C°((0, 00)) ® span{P; : j € J} is dense in L?. Observe that, by (2.1),
the spaces L‘; are invariant under the operator L. The next lemma clarifies the
structure of the spaces LI}.
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Lemma 24. Let 1 < p < oo and assume that the L* orthogonal projection S :
L2(SN1) - span{P; : j € J} extends to a bounded projection in LP(SN—1),
Then
_ P p
L? =L ® Lio\s

and
L’;:{u elL? :/ u(r w)Pj(w)do(w) =0forae.r >0and j ¢ J}. (2.5)
SN-1

If J is finite we have in addition
L) = {u =Y fi")Pj(w): fj € LP((0, oo),rN_ldr)}
jeJ
and the projection [ ® S : L — L[J) is given by

(I ®Su=>_Tjur) Pj(w),

jelJ

where

Tiu(r) = /SNI u(r o) Pj(w)do(w).

Remark 2.5. Observe that the hypotheses on the above lemma are always satisfied
if J (or No \ J) is finite. In this last case note also that if u € CX° RN \ {0}
then (I ® S)u € C° (RN \ {0}). We also remark that equality (2.5) holds without
assuming the existence of a bounded projection S.

Lemma 2.6. Under the hypotheses of the Lemma 2 4, the dual space of LIJ7 is L‘?/.

Proof. By the lemma above L[J) is the quotient of L” with respect to Lll\)lo\ ; and
hence its dual coincides with the annihilator, say E, of LII\)IO\ J in L? | with respect to

the usual duality between L? and L?', denoted by (, ). Next we note that a function
ve LV belongs to E if and only if (w, v) = 0 for every w = u(r)Pj(w) € L?,
j&Jor

/ v(rw)Pj(w)do(w) =0forae.r >0and j & J.
SN*I

By Lemma 2.4, this means that v € L‘;’/. O
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2.3. Poincaré and Hardy inequalities in L/

In this section we improve Poincaré-type inequalities for smooth functions on the
sphere SV~! which are orthogonal to some sets of spherical harmonics. Then we
use these inequalities to improve Hardy-type inequalities in L2, .

We define -

cz(sM ={v e C®(sh 1) /S]V

= (0 V spherical harmonic P of degree less than n }

1 v(w)P(w)dw

For1 < p < 00,n > 1, we denote by C, ,, the best constant in the inequality
/ |v|pda)§C/ Vool do, ve (SN,
SN-1 SN-1 =
and for 1 < p < oo by c p.n the best constant for which
/ lv|? do < C/ Vool vlP 2 do, ve CZ(sVTH.
SN-1 SN-1 -

Note that C), ,, is defined also for p = 1, whereas c p.n only for p > 1. Moreover,
when 1 < p < 2 the expression |V;v|?|v|P~2, entering the definition of (,~’p,n, is
understood as |V, v|%|v|P~2 X{vs£0}» tO give a meaning where v is equal to 0. How-
ever, if v is smooth, then |v| 514 could be not, and this is source of some technical
complications. -

The constants C, ,, and C), , satisfy the following properties.

Lemma 2.7.

(i) Forn >1, gp n and C,, , are finite and decreasing with respect to n;
(i) Cpy > 0,Cpp —>0asn— o0.

Proof. (i) Since it is clear that C, , and c p.n are decreasing, it suffices to show, by
contradiction, that C, 1 and 51,,1 are finite. Let 1 < p < 0o0. If Cp, 1 = +o00, then
there exists (Um)men C C2(SY 1) such that ||vy, |, = 1 and [Vevull, < 1/m.In
view of the Rellich-Kondrachov theorem, by taking a subsequence we may assume
that v,, — v strongly in L?(SV~1) and hence, since IVeomllp < 1/m, (vy) is
a Cauchy sequence in WP (SN=1) and therefore converges to v in whp(sN=1y,
Since v, € C2(S¥71) and [lumll, = 1, we also have ||v]|, = 1 and v has zero

mean on SV 1. On the other hand, v is constant since

Vrvllp, = mli—>moo Vivmllp = 0.
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This is a contradiction. Concerning 5 p.1, We argue as above when 2 < p < oo, by
replacing v, with |vy, | 51 vm € HY (SN, see (i), Step 2, below.

~ 2
Let us now consider the case 1 < p < 2 and prove that C, , < (Cp,)?. In
fact, by Holder inequality

/ |v|pda)§Cp,n/ [Vev|?P dw
SN—1 SN—-1
2

g 13
<Cp (/ |va|2|v|1’2dw) (f |v|Pdw>
SN—] SN—I

~ 2
and therefore C, , < (Cp )7 < 00.
(ii) (Step 1,1 < p < oo) We first prove the assertion for C), , assuming, by
contradiction, that Cj, , > & > 0. Then there exists v, € C g‘jz(S N=1y such that

/ lva|P dow = 1, / |Vevn|? do < 871,
SN-1 SN-1

By taking a subsequence we may assume that v, — v strongly in L”(SV~1). Since

/ v, Pdow =0
SN—I

if deg P < n, one obtains

for every spherical harmonic P and hence v = 0, which is a contradiction.
(Step 2) We next prove that C, , — 0. For I < p < 2 this follows from the
~ 2
inequality Cj, , < (Cp )7 proved in (i) and Step 1. If 2 < p < oo we argue by
contradiction. Assuming that Cp, , > § > 0 we take as above v, € C g’;,(SN -1
such that

[P do = 1, /N 1 IVevn 2 v|P 2 dow < 8.
-

SN—-1

By taking a subsequence, we suppose that v, — v weakly in L?(SV~!) and then
v = 0 since v is orthogonal to all spherical harmonics, as in Step 1. We define

wy = v,| 21, € CM(SVT).

Then [lwall2 = 1 and Vyw, = [va]* "0, ((p/2)Re(Tr Ve vy) + iIm (T V; v,)) (note
that the derivative of ¢ — |z(£)|2~'z(t) with z € Clis |z]23z[(p/2)Re(ZZ)) +
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iIm(zz)]) so that || V; w2 is bounded because of p > 2. By taking a subsequence
we may assume that w,, — w weakly in H'(SV1) and strongly in L?(SV—1). Set

2 / _2 /
fo=lwal P w, € LY (SVTY), fi= 1wl T hw e L7 (SV)
and observe that f, = |v,|? —29,. Using the estimate
1=2 1—=2 2 1=2
’|Z1| rz1 — |z2] ”Zz) < ?(IZH +1z220)" 7lz1r — 22, z1,22€C,
we obtain by Holder inequality withg =2 — (2/p) > 1
[V p1do

—2 r_
( ) (Iwn|+lwl)1’1|wn—w| do

) = , O\
- (Iwnl + w)) do lw, — w|*dw
p N SN—I
2 p=2 5 2(pp—l)
21’ I lw, — w|“dw .
SN 1

Therefore f, — f strongly in L? (SN=1). Since f,, = |va|?~2v, we have

/SN_I Uy fpdw = /N_l |va|? dew = 1.

On the other hand, since v, — 0 weakly in LP(SV~1) and f, — f strongly in

LP/(SN_I), we have also
/ U fpdo — 0,
SN-1

which is a contradiction. O

Next we prove Hardy-type inequalities for smooth functions in Lg .- Note that
p = 1 is allowed in the second inequality.

Proposition 2.8. For everyn € N, € Randu € C* (RN \ {0}) N LL,(RY) the
following inequalities hold

/ I[P lu(x)|P dx < Ep,n/ P2 Vu() Plu@)|P2dx, 1 <p<oo
RN RN

/ X |PP lu(x)|P dx < c,,,n/ xXP|Vu@)|Pdx, 1<p<oo,

RN RN

where Cp, ,, Cp  are as in Lemma 2.7 and tend to 0 as n — 00.
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Proof. For any fixedr > 0, u(r-) € Cg‘jz (SN-1). Hence using Lemma 2.7 we
obtain

/ Pl o)) dx = /mrﬁ”—l(/ Iu(rw)lpda)> ir
RN 0 SN-1

- oo
Cp,nf rfEN (/ Ve (r @) Plugro) P2 dw) dr
0 SN—1

0
Cp’,,/ PPN+ (/ |Vu(ra))|2Iu(ra))lp_2 dw) dr
0 SN~

~

=Cpn / XA 2 V() P |u () |72 dx.
]RN

IA

IA

The proof of the second inequality is identical. O
Remark 2.9. Lemma 2.7, combined with a Hardy-type inequality (see [10, Propo-

sition 8.3]) which involves only the radial part of the gradient, allows to improve
Proposition 2.8 in the following way:

2
(3 + <N+’3) )/ 1P |u(x)|P dx 5/ P2 V() | (x) P2 dx.
Cpn P RN RN

The classical Hardy inequality holds for p # N. However it holds for every u in
LY.

Corollary 2.10. Let 1 < p < oo,u € WHP(RN) N LY, . Then

/ |x|"Plu(x)|? dx < Cp,1/ [Vu(x)|? dx. (2.6)
RN RN

Proof. Foru € C®(RN \ {0}) N L’;l, (2.6) is a particular case of Proposition 2.8
withn = 1,8 = 0. In the generalicase we observe that 0 = f gN-1 urw)dw =
fsN—l uy(rw) dw and consider a sequence (v,) C CSO(RN) such that v, — u in
WEP@RN). Let u, = v, — wy, with w, (r) = cfon-1vp(ro)dw = [oy_1 (Va(rw)—
u(rw)) do and ¢! is the measure of S¥~!. Then u, € C*@RN \ {0}) N LY, and
up—>u in LP (RN).Moreover, since w), (r) =c [gn-1vp,r (ro)dw= cfSN,l(vnﬁrEra))—
ur(rw)) dw, then w, — 0 in Lr’;d, that is Vw,, — 0 in L?(R") and hence u,, — u
in W-?2(RYN). We conclude the proof by writing (2.6) for each u,, letting n — oo
and using Fatou’s lemma. O

Note that the above proof shows that C®* (RN \ {0}) N W-P(RN) N Lgl is
dense in WP (RN) N L[>J1'



OPERATORS WITH DISCONTINUOUS COEFFICIENTS 613

2.4. Sobolev regularity in L

We denote by W}"’p the spaces WP (RN) N L?. Most of the results in this section
hold also for p = oo but sometimes one has to substitute bounded functions with
bounded and continuous functions. To avoid misunderstanding and to simplify the
exposition we always assume that p is finite.

The following lemma is false when N = 1 (consider a function which is equal
to 0 in a left neighbourhood of 0 and 1 in a right neighbourhood of 0). It is used to
control the singularity at the origin introduced by the spherical coordinates. Even
though it is known, see, e.g., [4] or [23], we provide a proof for completeness.

Lemma 2.11. If1 < p < ooand N > 2, then WE-P(Q) = WkP(RV).
Proof. By induction, it is sufficient to give a proof only for k = 1. We fix n €
C®(RN) such that n(x) = 0 for x € B(0, 1) and n(x) = 1 forx € RV \ B(0, 2),
therefore supp 33771 C B(0,2) \ B(0, 1). Moreover, we define for ¢ > 0, ns(x) :=
n(g)-

Letu € WP(Q). Since nu € WHP(RY), it suffices to prove that v = (1 —
mu € WhP(RN).

For a fixed ¢ € C.(R"), from the definition of weak derivative D§Q) vin Q we
have

d ad
I, :=/ ngv—(p dx —/ nSD(.Q)vgodx = —/ vﬁgodx.
RN Bx] RN J RN axj

N
If 7, vanishes as ¢ — 0, we have D;R )y = D;Q)v e LP?(RV) and therefore the
proof is complete. By the definition of 7., we have

1
IZel < IValliLeleliiee | -

€ JB(0,2¢)\B(0,¢)
For a fixed ¢ > 0, using standard mollifier {p,},, we see that v, := p, x v €
C®@RN \ B(0,¢)) forn > ¢ ', v, > vin WHP@RN \ B(0, ¢)) as n — oo and
supp v, C suppv + B(0, 1) is also compact.

Then taking R := dist(0, suppv) + 1 and @ := x/|x|, we have for x €

B(0,2¢) \ B(0, ¢),

|v(x)|dx>.

lvn (X)| =

R
/ Vo, (tw) - wdt
\

x|

R R
5/ |Vv,,(tw)|dt=/ Vv, (tw)| dt.
| £

x|

Integrating e, (x)| over B(0, 2¢) \ B(0, ¢) and using the spherical coordinates,
we see

1 1 r R
—/ | (X)| dx < —/ (/ (/ |an(ta))|dt> dw) rNlar
€ JB(0,2¢)\B(0,¢) € Je sN=1 \Je

2N e \V!
= <—) [V, (y)ldy.
N JBo,rR)\B©,s) \ VI

A
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Letting n — oo, we obtain

| N
IVnllLell@ll Lo / (—) [Vu(y)ldy
B(0,R\B(0,¢) \|YI

1 e \V !
IIVnIILoollfpllLoo/ (1 A —) [Vu(y)|dy.

B(O,R) |yl

N _
|Z| <

2N —

<
- N

The dominated convergence theorem implies Z, — 0 as ¢ — 0. O

In the following two results we characterize when functions of the form
v(r) P(w) belong to Sobolev spaces. Note that the result depends on the order
of the spherical harmonic P. In the proof of Propositions 2.13, 2.14 we shall use
the following elementary result.

Lemma 212, Let u(rw) = v(r)P(a)) where P is a spherical harmonic. Then
u € WeP(Q) ifand only if v € W1 7 ((0, 00)).

loc
Proof. 1f n is order of P, then Q(x) = r" P(w) is a harmonic polynomial and we
write u(x) = |x|7"v(|x])O(x). If v(r) € W]I;Cp((O 00)), then v(|x|) € W]kp(Q)
by composition, and the same is true for u. Conversely, if u € W10C (£2), then all
radial derivatives of u# of order not greater than k are in LlOC(Q) and then v(r) =
Jon-1 u(r@) P(w) do is in WP ((0, 00)). O

Proposition 2.13. Let 1 < p < 00,0 # P be a fixed spherical harmonic of order
n € Nygand u(rw) = v(r)P(w), withv € Lm1

@) Ifn =0, thenu € whp(RN) if and only if v’ belongs to Lr";d. Moreover the
norms ||ul|1,p and |v|| p.raa + 1V'|| p.rad are equivalent on the (closed) subspace
of Wh-P(RN) spanned by these functions;

(i) Ifn > 1, thenu € WP (RN) if and only if v/ and % belong to Lfad. Moreover,
the norms |u|l1,, and |||l p rad + IVl p.rad + 1V/7 || p.rad are equivalent on the
(closed) subspace of WP (RN) spanned by these functions.

Proof. Q(x) = r" P(w) is a harmonic homogeneous polynomial of degree n and
Dh Q is a homogeneous polynomial of degree n — 1. Therefore writing u(x) =

v(r)Q(x) we see from Lemma 2.12 that u € W1 P(Q) if and only if v €
1oc ?((0, 00)). Moreover, forr > 0,h =1, ..., N we have

()) L P(w) - U(”)DhQ(x)' 27

Dpu(x) = (v r)y—n——- e

If n = 0, since Q = 1, then from (2.7) and Lemma 2.11 we see that u € W!-7(RV)
if and only if v’ belongs to Lgd and the norms [|Vu|, and [|v'|| raa are clearly
equivalent.
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If n > 1 we first note that, by (2.7) and Lemma 2.11, u € Wl’p(RN) if
v, v/r € Lfad and [|[Vull, < C(IV|lp,rad + lv/7lprad). Conversely, let u €
W!P(RVN). Then noting that u, = Vu - £ = v/(r)P(0) € LP(R"), we have
[Vl praa < ClIVull,. On the other hand, Corollary 2.10 yields [[v/7|lprad <
ClIVull p. O

Proposition 2.14. Let 1 < p
n € Ny. Let moreover u(rw)

WLP(RN). Then

< 00, 0 # P be a spherical harmonic of order
= v()P(w), withv € Lgd and assume that u €

() Ifn =0, thenu € W>PRN) ifand only if v’ and ”7/ belong to L . Moreover,
the seminorms || Du| p» Where D?u is the Hessian matrix of u and ||v" | p,rad +
lV'/7 |l p.rad are equivalent on the (closed) subspace of W?2P(RN) spanned by
these functions;

(i) Ifn = 1, then u € W>P@RN) if and only if v"" and ”7/ — -3 belong to L? ..
Moreover, the seminorms ||D2u||p, and V" || p.raa + V' /7 — v/r2||p,rad are
equivalent on the (closed) subspace of WP ([RN) spanned by these functions;

(iii) Ifn > 2, thenu € W2P(RN) ifand only ifv", ¥ and - belong to L? .. More-

T rad”
over, the seminorms ||D2u||p, and V" || p.rad + I1V'/7 || p.rad + ||v/r2||p,md are
equivalent on the (closed) subspace of W>P(RN) spanned by these functions.

Proof. Q(x) = r"P(w) is a harmonic homogeneous polynomial of degree n.
Therefore, writing u(x) = r "v(r)Q(x) and using Lemma 2.12, we see from (2.7)
that forr > 0

i) +n(n+ 2)i’2’)) wpwi P(w)
r r

Dpru(x) = (v”(r) —@2n+1)

+ (v ’Sr) - nw) ((ShkP(a)) + wp D’/an_(]x) + w D:,’g(]x)> (2.8)
v(r) DprQ(x)
2 =2

Observe that D, Q, Dy Q are homogeneous polynomials of degree n — 1, n — 2,
respectively.

The case n =0. Since Q = 1, then from (2.8) and Lemma 2.11 we see that
u € W>P(RN) if and only if v” and Y belong to L?,, with equivalence of the
corresponding norms. Indeed, from (2.8), we immediately see that if v and ”7/

belong to Lﬁid then Dyzu(x) € LP(RN). Concerning the other implication, from

(2.8) we have that, if Dyeu(x) € LP(RY), h # k implies v’ — ¥ e L?

rad

h = k implies that ”7/ + (v” — ”7,) a)ﬁ belongs to L”(RY). By difference, also

v p
V€ Lrad‘

and
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The case n = 1. Q is linear, say Q(x) = x; and Dy Q = 0. The equation (2.8)

becomes
Dpu(x) = (v”(r) -3 (v ir) - %)) W jOp Wk

v'(r) ()
+ ( i r—2> (Snewj + wpd ji +wk3jh)-

Then Dpu € LP(RYN) if v” and (”7/ — r%) € Lr’;d and we conclude that u €

W?2P(RN) by using Lemma 2.11.
Conversely, if u € W27 (R"N), then

XiXj X XiXj
V() P(@) = ity (x) = ;[,—ZDM + 35 (8 - 5 ) D]

= Z D,‘jux;;cj € LP(RN)
iJ

and hence v” € Lfad. Finally, since AgP = —(N — 1) P we have

/

Au = <v” +N=1) (v— = r%)) P e LP(RV),

r

p

: v v
hence, by difference - — 5 € L.

the arguments above.

The case n > 2. If v/, £ and r% belong to Lid, then Dyu € LP(RY), by (2.8)

The equivalence of the norms follows also by

7
andu € W2P(RY) by Lemma 2.11.

Conversely, let u € W2P(RN). Then as in the case n = 1 we obtain v”" € L”

rad”
Since Au = (U” + #v’ — )‘”r%> P and u,, = v” P belong to L?(RY), it follows
that g = Y=1v' — 3, % € LP . Note that v/ — ¢% = fr where f = g/(N — 1)

andc = A, /(N — 1) > 2,since n > 2 and A,, > 2N. Now we show v/r2 € Lfad.

Integrating the identity (v — c7)r=¢ = f r!=¢ between r < s, we obtain

s v(s) —r “vu@r) = /S f@r' = dr.

Since f € Lfad and ¢ > 2, by Holder inequality we see for every é € [0, ¢ — 2]
1

OO 1 OO N—1-ps T (I—ctd)p/ ==L\ 7
/ |f ()|t~ dr < (/ | f@O)PeY P dt) (/ t P dt)
r r r

1

o N—1—ps [ N .
e / FOIPN 1 gp ) et

r
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and therefore, choosing § = 0, the integral on the right hand side converges at
infinity. Hence s~ “v(s) has a limit at infinity which is 0, since v € Lf’ad. Then
letting s — oo, we have

1

v(r)= —r"/oof(t)tlc dt and |v(;)| <Cs </Oo|f(;)|PtN1p5 dt)p P
r r

r

Then we have

o] v(r) p 00 N
/ —=| N lar < cg’/ / PP ldr ) | )PV TP dy
0 r? 0 0
i |
=S [ o tar= sy,
p8 0 Lrad
By difference, v'/r € Lgd and the proof is complete. 0

Observe that for n = 0, 1, a function u can be in WP (RV) even though v/ r?
does not belong to Lfad.

Conversely, now we study the regularity of radial functions defined as means
of WP~ functions or in other words, the continuity of the operator I ® S introduced
in Lemma 2.4, with respect to the Sobolev norm.

Proposition 2.15. Let 1 < p < oo, u € LP(RN) and P be a spherical harmonic
of order n. Let us define

v(r) = / urw)P(w)dw, wkx)=vr)P(w).
SN—]

Then

() Ifu € WHPRN) then w € WHP(RN); moreover |wl1,, < Cllully,, for a
suitable C > 0 independent of u;
(ii) Ifu € D(Lp max) then w € D(L p max) and

-1 An
Lw(x):P(w)(avrr—N —i—cvr—b—i_2 v):P(a))/ Lu(rw)dw.
r r SN-1

In particular if u € W2P(RN) then w € WP (RN) and lwlz,p, < Cllull2,p
for a suitable C > 0 independent of u.

Proof. (i) Clearly v € Lfad and, since v, = fstl u,(rw)P(w)dw and u, = Vu -
~eLr (RN), thenalso v’ € Lgd. This completes the proof if n = 0, by Proposition
2.13 (i). In the case n > 1, by Proposition 2.13 (ii) we have also to prove that
v/r € Lfad. Let w(r) = .[SN*‘ u(rw)dw and vi(x) = w(|x|). The case n = 0

yields vy € WP (RN) and moreover, v(r) = fSN,l(u(rw) —v1(r)P(w)dw. We
apply Corollary 2.10to u — vy € WHP(RN) N L’;] and obtain that v/r € L”

rad*
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(i) From (2.3) and since A is self-adjoint in L?>(SN¥~1) and AgP = —1, P
we get for u € D(L p max)

N—-1+4c b+ XA,
avy, — U= —5 v
r r

N -1 b+ A
/N 1 (aurr — . +Cur — j:Z nu) P(w)dw
gN—

A A
:/ (Lu——;u—%u) P(w)dw
SN-1 r r

A 1
= / (Lu — —;u> dw — - uAoP dw
SN-1 r r= Jgn-1

which is the formula in the statement since Lw = P () (a vy, — @ vy

This yields w € D(L, max). To prove that w € WP (RY) when u € WP (RN)
we apply Proposition 2.14 and note, first of all, that v, = fstl U ro)P(w)dw €

L? . Taking L = A in the formula above we obtain that v,, — %v, + %v elL?

— buy),

rad>
hence NT_]vr — %v e L? . This yields,v'/r € L? ;ifn =0,v'/r — v/r* e L,
ifn =1 (since Ay = N — 1)and v'/r,v/r? Lﬁid as in the proof of Proposition
2.14 (iii). O

Let us show that the projection I ® S is bounded in W57 (RVN), k = 1,2 and
with respect to the graph-norm of L. We point out that this result has been already
proved in [11, Section 2] for 1 < p < coand k = 2.

Lemma 2.16. Let 1 < p < oo and assume that J is finite. Then the projection
I ® S of Lemma 2.4 extends to a bounded projection of WeP(RN), k = 1,2,
Moreover, LU @ S)u = (I ® S)Lu for every u € D(L ) max)-

Proof. Since

I®Su=Y Pjw) /SN_l u(rw) Pj(w) do,

iel
all statements follow from Proposition 2.15. O

Asin [11, Section 2] one deduces the following two results.

Lemma2.17. Let 1 < p < oo, J C Ny. Then 'L C L. If J is finite, the
projection 1 @ S of Lemma 2.4 satisfies for every u € LP

I QS)u=UQ S u.
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Lemma 2.18. Let 1 < p < 00. Then C2°(RN) functions of the form
v="> fi(r)Pj), 29)

where the sums are finite and j € J, are dense in W;"’p with respect to the Sobolev
norm. If u € C° (RN \ {0}), the approximating functions of the form (2.9) can be
chosen to have support in RN \ {0}, too.

The above lemma, in combination with Lemma 2.11, allows to approximate func-
tions in W""P with smooth function as in (2.9), with the f; having compact support
away from 0.

3. Generation of analytic semigroup in L?” and domain characterization

3.1. Generation in Lg n

An operator (A, D(A)) densely defined in a Banach space X is called regularly
dissipative if the set

{{Au,v): u e D(A), ve X, ||v]| =1and (&, v) = ||lu|}

is contained in a sector of the complex plane symmetric with respect to the half-
line (—o0, 0] and of angle less than 7. It is well-known that a regularly dissipative
operator, whose resolvent contains a point in C, generates an analytic semigroup
which is contractive in a sector around the positive axis.

Let us first prove that, if n is sufficiently large, a minimal realization of L is
regularly dissipative on LZ,,.

Proposition 3.1. Let | < p < oo. Then there exists ng € N such that for n > no,
L endowed with domain C°(RN \ {0}) N Lgn is regularly dissipative in Lgn.

Proof. Letu € C2°(RN \ {0) N LIZ’". Note that
X b

Lu(x) = ZD,- (@;jDju(x)) + (c — (N — )(a — 1))W SVu(x) — |x|2u(x),
ij

with @;; (x) = &;; + (a — 1)|x|_2x,-xj. Multiplying —Lu and u* = |u|?~%u and
integrating over R" , we see from integration by parts (for details, see [13]) that

/ (—=Lu)u*dx =/ ZﬁijDiuDj(u*) dx
]RN RN ij
3.1

x * |u|?
—(c—(N—l)(a—l))/ <—2~Vu>u dx+b/ —zdx.
RN\ |X] RN |x|
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Putting a(¢) = Zij Eijé,-é_j for & € C and taking real parts in (3.1) we have
Re (=Lu)u* dx
RN

=(p— 1)/ a(Re(Wu))|u|P4dx+f a(Im @Vu))|ulP~* dx
RN RN

n <b+ (c=(N-D@-1D))WN —2)>/ |u|P dx
R

p N x|

=(p—-1- a)f a(Re (@Vu))|ulP~* dx
RN

+1 —5)/ a(Im(ﬁVu))lulp_4dx+8/ a(Vu)|u|P~? dx (32)
RN RN
+(b+ G 1)(a—1))(N—2)>/ lul?
p RN |x[?

> (p—1 —5)/ a(Re @Vu))|u|P~*dx
]RN

+@1 —5)/ a(Im @Vu)|ulP~*dx + (1 /\a)/ IVu|*|u|P~2 dx
RN RN

+(b+(c—(N—l)(a—l))(N—@)/ -
R

p Nox]2 T

where 0 < § < 1 A (p — 1) and we have used a(§) > (1 A a)|€|>. Applying
Proposition 2.8 with § = —2 we see that

ul? ~
/ 1”4 gcp,,,/ |Vul?ulP~? dx.
R RN

e

Then we have
Re/ (—Luw)u*dx > (p—1 —3)/ a(Re @Vu))|ul?~*dx
RN RN
—_ —4 |u|?
+(1 =8 a(m@Vu)lul’*dx+ K, | — dx,
RN R’V |x|?

where

(c—N—-1D@—-1)N -2 i s(1 ANa)

Kn(8) = b+
" p Cpon
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Note that forevery 0 < § < 1 A (p — 1), K,(§) — oo as n — oo. On the other
hand, taking imaginary parts in (3.1), we have

'Im / (—Lu)u* dx
RN

<|p-2| /RN > (a,-jRe @D;u)Im @D ju)||u|”~* dx
ij

[Im (@Vu)||u|P~*

|x|

+{c—(N—1)(a—1)}/RN

1
<|p-2| (/RN a(Re@Vu))|ulP~* dx) i (/RN a(m@Vu))|u|P~* dx> i

B 2 e \?
+(1Aa)|c—(N—1)(a—1)|(/RNa(Im(uw))|u|P dx) (/RNWCJO )

Taking ng € N such that K,,(§) > 0 for n > ny we obtain

‘Im (—=Lu)u™dx
RN

</ <Re (=Lu)u* dx)
RN

with
p_ _Ip=20  dnraPle—(NV-D@-DP
4p—1-3) 4(1 — 8)K,(8) ' =

Remark 3.2. Observe that £ = ¢, depends on n and ¢, — 2% asn — 00,

forany 0 < 6 < 1 A (p —1). This means that in Lgn, with n large enough, the
angle of complex dissipativity of L min is almost the same as in the simplest case
L=A.

As a byproduct of the previous computation we can give conditions under which

L . min is dissipative on the whole L? (RN).

Corollary 33. If (1 Aa)(p— 1) X524 b+ SODN=DN=D) > 0 thep [, iy
is dissipative.

Proof. Since L has real coefficients, we consider only real functions u € C°(RN \
{0}) and write (3.2) with 6 = 0. Using the Hardy-type inequality of [10, Proposi-
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tion 8.3], we obtain
—/ Luu*dx:(p—l)/ a|Vul?lu|P~2 dx
RN RN
— — — — p
+<b+(c (N —1D(a—-D)N 2))/ |ul dx
R

p N |x|?

>0 Aa)(p— 1)./RN |Vl |u|P~2 dx

4 <b+ (c=(N-D@—-1))WN —2)>/ |ul? dx
R

» v P
2
> ((Ma)(p—l)% +b
c—(@a—1)(IN—-1)(N-=-2) |u|P
* ? )fRNW“” O

To prove generation in Lgn we need the following simple lemma.

Lemma 3.4. Let f, g be continuous functions on R with f > 0 everywhere. If
V e C*(R) N L?(R) satisfies

fV—-V'—gvV' =0
thenV =0.

Proof. Since V belongs to L? (R), we can find sequences (a,) and (b,,) such that
ap - —00,b, - coasn — ooand |V(a,)|, |V(b,)| < 1/n. Since f is positive,
the maximum principle yields|V (s)| <1/n in [a,,b,] and the proof is complete. [

Proposition 3.5. There exists ng € N such that for n > ngy the closure L’; min O
(L,CX (RN \{O})F\L}ZJ ) generates generates an analytic semigroup of contractions
in LZ,,. Moreover, L’Z)’ min COIncides with the maximal operator LY, ..., defined as
L on the domain

D (L ) = fu € LL, A WEP(RY\(0)) : Lu e L2, ]

p,max loc

Proof. By Proposition 3.1 it follows that L’; min Z€nerates an analytic semigroup of

contractions in L%, if (I — L)(C(RN \{0}) N LY,) is dense in LY. Assume that
vE Lgn = (L’z)n)’, see Lemma 2.6, satisfies

/N(u — Lu)vdx =0, ueCEMRV\{opnLL,. (3.3)
R

‘We show that v = 0.
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Observe that, since v € Li/n, (3.3) holds for every u € C2° (RN \ {0}). In fact
this follows by splitting u = u; + u> using the projection / ® S of Lemma 2.4, by
noticing that (/ ® S)u € C° (RN \ {0}), see Remark 2.5, and that L commutes with
(I®S),by Lemma 2.16. By elliptic regularity, v € C*° (RN \ {0}) and v — L*v = 0.
Let P be a spherical harmonic of degree at least n and we define

wr) = / v(r, w)P(w)dw € Lrad
SN-1

and . .
Vis) =:er’w(e’) =er’ /N 1 v(e®, ) P(w)dw € C*°(R).

Then V € LP(R) and moreover
/ Xt s N
Vis)=e'» Dyv(e’, w)P(w)dw + —V(s)
SN-1 p
and

N ¢ o
V'(s) = e\ p T2 / Dy v(e®, w)P(w) dw
SN—l
N N N
+ (— + 1) el s / D, v(e*, ) P(w)dw + —V'(s)
p SN-1 p

N 1
_ a_le(P+2)‘Y/ (aDrrv(es, w) + 7”1) v(e’, a))) Pj(w)dw
SN-1 e’ ’
N N —1+c* , N N,
+{= 41— ) (V)= =V(©) )+ = V().
p a p p

Here c* =2(N —1)(a—1)—cand b* = b+ (c — (N — 1)(a — 1))(N — 2) are the
coefficients of L*, see (2.2). By using

N N—-1+c* b* 1
v—Lv=(1-aDy — —— =Dy 5 — 5 A Jv=0

we obtain, as in Proposition 2.15,

N—1+c*
/ (aDrrv(es,w) + iD,v(eﬂw)) P(w) dw
SN 1 es

/ v(e’, a))+—v(e a))) P(w)da)—/ wd
SN-1 V-1 p

/ 1(”(6 w>+—v(e w)) P(w)da)—/ v, ) AP ()
SN

SN—1 €2S
/ v(e*, w) +
SN 1

A
v(e®, co)) P(w)dw,
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where A = j> 4+ (N —2)j, j = deg P > n. Then V solves
N N
<ezs+b*+k+<N—1+c ——a—a> )V—aV”
p p
2Na ,
+|(—F+a-WN-=-14+cH |V =0.
p

If n is sufficiently large, then the coefficient of the zero order term becomes positive,
hence Lemma 3.4 applies and therefore V = 0. Since this is true for every spherical

harmonic of degree at least n, we conclude that v = 0 and that L’I; min 18 & generator.

The equality L” > min = L’ max follows from the inclusion LZ C L’ max Once
the injectivity of / — L', ., has been proved. However this follows from the same
arguments as before, interchanging the role of L and L* and taking a larger n, if

necessary. O

Precise conditions for the injectivity of 1 — L* in L’;/n can be obtained with
the results of Subsection 4.3, see the proof of Proposition 3.28. In fact, the function
W) = f gN-1 v(ro)P(w)dw € L? raq Satisfies a Bessel equation and its asymptotics
near zero is well known. Since, however n cannot be determined in Proposition 3.1,
we prefer to keep the more elementary proof of Proposition 3.5.

A more precise description of the domain follows from Rellich inequalities.

Proposition 3.6. Ifn is sufficiently large then both LZ min @nd LZ max coincide with
the operator L defined on the domain

D (L) = L2, N WP (RY)

= {ue L2, nw P (®RY) : 1xI7'Vu, x| e LP(RY)}.

Proof. Let W be the space on the right hand side above. The inclusion D(L" 13 min) €
W follows for large n from the Rellich inequalities proved in [11, Section 3] and
the interpolation inequality [11, Lemma 8.1]. Therefore for large n, using also
Proposition 3.5, D(L" W = D(L" ...).- We conclude the proof by showing
that

P, min) = p,max

LY, nw>P(RN) = {u e LI, nWHP(RY) : |x|”'Vu, x| %u € LP(]RN)} :
First of all, let us observe that LZZ N WP (RN) is contained in Woz’p(Q), the

closure of C“(RN \ {0}) in W2P(RV). This is clear if | < p < N/2 since
W2P(RN) = ”(sz) If N/2<p<Nandu € L, then

/ u(ro)dw =0
SN-1

>1°
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forr > 0 and, lettingr — 0,u(0) =0 and u € Woz’p(Q),by [11, Lemma 2.5(ii)].
Finally,if N < p <ocoand u € L? . then u(0) = 0, as above, but also

=2

0 :/ urw)w; dw =/ D;(u(rx))dx =r1_N/ Diu(y)dy.
SNl B B,
Dividing it by r and letting r — 0, we obtain that Vu(0) = 0 and hence u €

Wg "P(Q) by [11, Lemma 2.5(iii)]. The proof is now concluded by observing that
Rellich inequality
[1x17%u], < NV, p)llAul,

and the interpolation inequality
[1x17'vu], < cv, p) (HAul, + 112l )

hold for every u € C°(2) N LgZ, 1 < p < o0, see [10, Section 7.2] and [11,

Lemma 8.1], hence in the closure of the above set, namely in Wg @) N L£2, by

Lemma 2.18. O
Corollary 3.7. If n is sufficiently large, the semigroups generated in Lgn and in
L‘én coincide in Lgn N L;n.

Proof. 1t is sufficient to prove that the resolvents are consistent for A > 0. Assume

that] < p < g < oocandthat f € L‘z’nﬂL%n. Ifu e L‘gn solves Au—Lu = f,then
u € W»P(RN) by the previous result and hence u € Lgln for a suitable p < p; <
q, given by Sobolev embedding. Then Lu € L', that is, u belongs to the maximal
domain of L in L’z’]n. Applying Proposition 3.6 again, we see that u belongs to
W2PLRN) and, iterating the above procedure if necessary, u, Lu € L‘én, hence u
is also the solution of Au — Lu = fin LL,,. O

3.2. Generation in L, : reduction to the 1d case

The space L, can be decomposed as a finite sum

jeJ

where L, = LP((0, 00), rN=1dr), J is finite and {P;, j € J} is an orthogonal
basis of spherical harmonics of degree less than n. Note that we should write Lfad ®
span { P;} since the tensor product is defined for vector spaces. However we keep
the above notation because span{P;} is one-dimensional.

Since each term in the above sum is preserved by L we analyze it in each space

Lf;d ® Pj. Letv(x) = u(r)Pj(w) € CSO(RN \ {0}). By Proposition 2.15 we obtain

N—-1+4c b+
Lv = <aurr+ Uy — 3 ku) P
r r

(3.4)
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where k = deg P; < n. The results in this section, therefore, depend on a detailed

. . . . . p
analysis of the following second order differential operator of Bessel-type in L,

N—-14+c, b+Ai
u —

Lyu =au” + 5
r r

u, r=>0.

We denote by L; , min the closure in Lfdd of L, initially defined on CZ°((0, c0))
and by Lj_ p max the operator L; when endowed with the maximal domain

2,
D(L pama) = {1 € LEg N WP (0,000 : Liw e Ly}

=L* where L* is defined in

A, p’,min

We observe that L* =L* L*

A, p,min A,p’,max’ ~A,p,max
(2.2) and the duality is referred to the spaces Lﬁ;d.

. . _m _w
Note that the equation L, u = 0 has solutions r 1 ,r %2 where

s]()‘) _ N—12—C|l-c—a o sék) _ N—lz—cil-c—a .
and )
D) = b:)L—F(N_I;C_a) A 3=5’
sY\), séM are real if and only if D, > 0 and if D, = 0 we often write s(())‘) = sf)‘) =

sém. Note that when A = 0, D, and sl.(k) reduces to D and s; defined in (1.2) and
(1.1).

3.3. Basic results on Bessel functions

We recall some well-known facts about the modified Bessel functions of first and
second kind, /,, and K, , which constitute a basis of solutions of the modified Bessel
equation
d*v dv
2 2 2 _
z d—zz(z)+zd—z(z)—(z +1)u(z) =0, ze€Cy. (3.5)

We recall that

Z\Y 1 z\2m 7 l-y(2) — 1,(2)
L) = (5) mX:;)F(v—i—l—i—m) (5) - K@= 2 sinmv (36)

where limiting values are taken for the definition of K, when v is an integer. The
basic properties of these functions we need are collected in the following lemmas.
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Lemma 3.8. For everyv >0, as |z] — 00,z € C,,
@I~ 2l 72eRe%, 1)) ~ [z 72eRe,
Ky@] & [ 7278, K@) & Je T2eRes,
Moreover, if v > 0, then as |z]| — 0,z € C,
L@~ 2", L@~ K@~ ™, K@~z
and
@I~ 1, |Ij@)]—0, |Ko@|=~|logzl, [Kj@)|~I|z"
Proof. See,e.g.,[1,9.6 and 9.7]. O

We also need the precise behavior of the derivatives of /,, and K,,.

Lemma 3.9. Ifv € R\ N, then for every 7 € C,,

diz(zm(z)) =" I,_1(2). d%(z“l_v(z)) =, GBT)

In particular, for every @ € Cand z € C,,

a (z”lv (2) + az”Ku(Z)>

dz
_ oo+ (@ - a) SKIL@ ifve ), (338)
2"I,-1(z) —az"Ky—1(2) ifve(,o00)\N.

Proof. The equalities in (3.7) are well-known, see, e.g., [1, Chapter 9, 6.28] or [12,
Section 3]. Therefore by (3.6), we have

L@@+ e k@) = ((1-5 22 ) 2 @) + 52 @)
dz “ vl ¢ Rl T dz 2 sin(vrr) “ vl 25in(v71)Z i

To v o v
=1-—— 2" 1)+ ———7"1_ 1 1(2).

B 2 sin(vrr) 2 sin(vrr)

If v € (1, 00) \ N, then noting that v — 1 > 0 and sin(vrr) = —sin((v — 1)7), we
have the second equality in (3.8). On the other hand, if v € (0, 1), then noting that

1—v>0and
2 sin(vrr)
Iv—l(Z) = Il—v(Z) + TKI—V(Z)»

we deduce the first equality in (3.8). O
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We now consider solutions of the equation @*u—Lu=0,0c¢ Cy. Let

N—l4c—a wr ) wr
Vp,1(r):=r— 2 [, (—) =r—% T, (—) ,
Ja Ja
_ N—l+4c—a wr M wr
vw’z(r) =r 2a KUA <_\/E> =r % TV KV)\ (T/Zl) .

Then we have

(3.9

Lemma 3.10. v,, 1 and v, 2 solve w*u — Lyu = 0 in (0, 00). Moreover Ve, 1(r) =~
@) () )
r”l ,Vp2(r) =172 asr — 0when D, > 0and v, 1(r) r50  vea(r) &
)
r*SO |10gr| asr — 0 when D) = 0. More precisely, r’t v, 1(r) = h(r) is

an entire function with h(0) # 0 and, when v, is not an integer, r" 5 )vw,z(r) =
f@r) +r?g(r) with and f, g entire functions with f(0) # 0, g(0) # 0.

Proof. Let w(r) = rPv(wr/\/a) where g = —W and v satisfies (3.5) with
v = v,. Then

wor=( ) () e () =(G) v (G5) oo

and therefore
2
() (2 o (G o

() ()i e () ()

+pr~ ' (r) — Br2w(r)

w? 26—1 , vy — B2
==w() + ') + w(r)
1 N —1 b+ A
= _ <a)2w(r) — Jw/ r —z ) .
a r
The last assertions follow the definition of vy, 1, vy 2, Lemma 3.8 and the power
series expansion of 1,,, I_,, see (3.6). O

By variation of parameters, all solutions of w?u — Lyu = f,with w € C, and
f € C2°((0, 00)) are given by

vw,Z(r)

ur) = Cc1vp,1(r) + c2vp2(r) + W)

R () F (1) di
0 (3.10)

V. 1(r) [ Nol4c
W t Vw,2(t) f (1) dt

_ N-l+c . .
for some ¢y, ¢; € C, where W(w)t™ « = v;)’lva,’z - vw’lv;’2 is the Wronskian
of v,,1 and v, 2. Note that W(w) > 0 when o is real, since v, 1 is positive and
increasing, vy, 2 is positive and decreasing, near infinity.
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34. Thecase D) <0
Here we show that the condition D, > 0 is necessary to get positive solutions for

all positive data.

~ a

exists a nonnegative function 0 < ¢ € C2°((0, 00)), ¢ # 0, such that the problem

2
Proposition 3.11. Let D, = 222 + W) < 0. Then for every w > 0 there

v —Liv=¢ (3.11)
does not admit any positive solution in (0, 00).

Proof. By scaling we may assume that @ = 1. Suppose that there exists v > 0
satisfying (3.11) in (0, 00). Setting w(s) = e" 2y (e*) we get

N—l+c+3a

aw” (s) = (k + ezs)w(s) — e )Sqﬁ(es), s eR,

where

N—1l4+c—a\?
k=b+k+a<#) <0.
2a

We choose m € R such that (k + %) < k/2 < 0 for s < m. By the Sturm
comparison theorem all non-zero solutions of the homogeneous equation

at’(s) = (k+e*)¢(s) 3.12)

are oscillating for s < m. By variation of parameters we write

w(s) = uz(S)/ ur(r)g(n)de + ul(S)/ uz(0)g()de + crui(s) + cauz(s),

N—1+c+3a . . . .
where ¢1, ¢ € C, g(s) = et S (e) and u;,i = 1,2 are linearly indepen-

dent solutions of (3.12) with Wronskian equal to 1. Since g is compactly supported
we have for s near —oo

w(s) =uy(s) ur(1)g(t)dt + crui(s) + coua(s).
supp g

However w is non-negative, because v > 0, and also oscillating near —oo since
solves (3.12). Hence w = 0 near —oo and therefore

¢ =— / ur(Ogdt, e =0.
supp g
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This gives

w(S)=u2(S)/‘ ur(ng()de + ul(S)/ uz(1)g()dt — uy(s) uz(r)g(r)dt

supp g

—us(s) / w1 (g (Ot — ui(s) / GG

=/ (ur(t)uz(s) — u1(s)uz(r))g(r)dt.

—00

For fixed s the function ¢t — G(s, 1) = u1(t)uz(s) — ui(s)ur(t) is also oscillating
near t = —oo. Therefore, if we choose g # 0 such that G(s, t) < O on supp g, we
get w(s) < 0 and this contradicts v > 0. O

3.5. The case D) >0

Here we show that a suitable realization of L, generates a semigroup in Lﬁld if and
only if sfk) <N/p < sék) + 2. We start with the negative part of the assertion.

Proposition 3.12. Assume that D > 0. If Y < 51", then R(w?— Ly p.max) # Ll

for every w € Cy and o(Ly) = C for every Ly, C L;, p max- If% > sé’x) + 2, then

o(L;) = C for every Ly D Lj_ p min-
Proof. Assume that & < sV and letw € C1. We fix 0 < ¢ € C2((0, 00)),¢ > 0

and consider
f@r) = v,2(r)¢(r) € CZ°((0, 00)). (3.13)

It follows from (3.10) that every solutions of (@* = L)u = f satisfies near O,

u(r) = (61 + ﬁ OOOIN T w2 (O (1) dt) Vo, 1(r) + €2V0,2(r).

Since vy,1 and v, 2 do not belong to L7 ((0, 1), rN=1dr), by Lemma 3.10, if u
belongs to L”((0, 1), ¥N~1dr) then

1 x

B t
W(w) Jo

N—

I+c 2
@ v 2(DI7E (@) dt #0, ¢ =0.

c] =
On the other hand, near oo,
N—1+c

u(r) = c1vp1 () + (% /0 OO dt) Ve 2(r).

Since v,, 1 does not belong to L?((1, 00), rN=1dr) and Vw2 belongs to LP((1, 00),

rN-1 dr), we conclude that ¢y = 0, hence u = 0, which is a contradiction.
Therefore R(w? — Ly) * Lﬁid for every w € C4 and L) C L , max. Hence

o(L;) D C\ (—o0, 0] and, since the spectrum is closed, we have o (L) = C.
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N > S(A)

Next we assume +2and Ly D L pmin- We consider the adjoint

operator (2.2) in Lrad and the relative indicial numbers defined in (2.4) (with b
replaced by b + 1)

Observe that =~ N > sék)—i-Z is equivalent to g < s*(k) Since L

. p/ max is the adjoint of
L;., p,min, then L* cL*

and the previous step yields o (L;) =0 (L})=C. O

A, p’,max

When & o € (s()‘) () + 2) we construct a resolvent using (3.10) with ¢; =
¢z = 0. Since v, 1, vw’z are given by (3.9), we are led to study the following
integral operators:

Rif(r)=r=" % K, (r) / =L (O f () dr,

ﬁlf(r) =T 2 Kl’a(r)/ t s L, (¢) f(2) dt,

Rof(r) =r—" 2 1,¢) | ¢ =K, (1) f () dt,

Rof(r) i=r—" 21 (r) zN’lzZ“’“HKVA(z)f(z) dr.

Note that if u=(R1 f + Raf), thenu’'=Cr~ " (R f + Raf) +(7€1f+7§2f) for

some constant C’.

The main weighted and unweighted estimates of the above operators in Lﬁ;d

are contained in the following two lemmas. Note that, when D, > 0 the inequality
sfk) < N/p < sék) + 2 is equivalent to the existence of & € (0, 1] such that

sf'\) <N/p—20 <s§)”).

Lemma 3.13. Assume that D; > 0. If N~ sé’\) +2, then (1 A r)"2R, and
(IAr) 'Ry are bounded in LYy If % —26 > s{* with 6 € (0, 1], then (1Ar) ™R,
and (1 A r)l_zeﬁz are bounded in Lr[;d‘

Proof. Since the arguments for R | and R, are almost the same as those for R and
R, , we give a proof only in the latter case.
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(The estimate for 72 ) Take § > 0 satisfying % +6 < s()‘) + 2, that is, s S [
N-1

—8>—L Forr <1
P P’

r p
Ile(r)Ipfcr_SéA)p </ t‘gék)+l|f(t)|dt>
0

-1
o) T ), N=l_ g\ P r

<Cr 52 7P </ (2 =T o dt) / | F ()| PeN=1HPe gy
0 0

C r
S(( 0 - 8) 1) 1 2p—1—(N—l+p5) |f(t)|ptN_1+p8dt.
Sy + p'+1)r= 0
This implies
1 r
Ir RSN 0.1y 91 ary =€ fo (r”’“ﬂ"” NAGTEA, dt) N tar

IA
[}

1 1
f (/ rtor dr) | f )PV gy
0 t

é 1
- pN-1
< 5/0 O dr = ||f||L,,((OU,N1d,)

On the other hand, for r > 1, since s(A) +2—N>—-N/p +3,

) 1 r e
Ry F()] < Cr"5 e ( / #EH £ de + / — e’lf(t)ldt)
0 1

_ N—l+4c _ A 5
<Cr= 2 e |2 27N

e .1y, 9=t ar I Lo .1y =1 ar)

_N=1 T N—-14c¢c N-1
+Cr 7 / explt—r+ — (logt —logr)
1 2a p

Ol de

N—1l+c
<Cr= 2 e |r

so+2—N
? e (0,181 ary 1AL 0,1),r8-1 ar)

r N-1
+Cr- p ea( logs)/ e(l—ae)(t—r)|f(t)|t7 dt
1

N—I1+
<Cr= e |t

e (0.1, r8=1 amy 1 N Le0,1),r8-1 ar)

1 1
LCe (/ (1—ae)(r— r)dt> (/re(l—as)(t—r)|f(t)|ptN—1dt>p,
1 1
where o = |N lc _ %l. Note that we used the inequality

[logx —logy| < (—loge) +¢lx —yl, &>0,x,y>1.
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If we choose ¢ satisfying ex < 1, we have

||R1f||Lp((1,oo),rN—l dr)

N—1+c
§C”r_ a e "

sp+2—N
rCtooyrV-1dn | |2 .1yt an 1 N 0.1yr=1 )

1

o0 r P

+Ce™® <(1 —ae)l_p/ f =D £y PN di dr)p
1 1

_ N—-l+c
r 2a e

—r

<C

so+2—N
LP((1,00).r¥ =1 dr) “ | co.yrv-1an £z,

1

o0 o0 >

+Ce™™ ((1 — aa)l—f’/ (f ell=ee)t=r) dr) |f(t)|ptN_1dt>p
1 t

N—1+c¢
§C|:Hr 2 e "

e 1

LP((1,00),rN=1 dr) (©.1),rN=1dr)

+e(1 - aa)‘l} 1f e,

(The estimate for R,) Take § > O satisfying sik) < % —20 —§.Forr < 1,

o o 0 [ Nolie
Raf(r) < Crsi’ / U f()]de + Cr /1 3 e £ ()] dt

r

1

1 -
<t / (6P 42045-N) pHN-1 g !
a r

1
1 p
. (/ |f(t)|Pt(2*29*8)P+N*1 dt)
r

(x) N—1+c
—s =, +I1-N —t
+Cr i ¢ e 1,00y 81 ar I L1000V =1 dry

- C 204618
= T
(s 420 +8 = N)p' + NI/

1
1 P
. (f |f(t)|pl,(2—29—8)p+N—ld[)
r

+ Cr—SYL) ”t%—"_l_Ne_t

”Ll’/((l,oo),rN—ldr)||f||Lp((l,oo),rN*1dr)'
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Therefore

—260
I R2f||Lp((o,1),erl dr)

C 1 1 P
< 1 /rl+p8 |F ()P @ 20=pEN=1 gy 4
(s 420 4+8—N)p'+ N[ \/0 r

2a

st

N—l+c _ _
‘t +1=N ,—t

LP(©D,rM=Ldr) L' ((1,00),rN =1 dr)

W llLr 100081 ar)

1 1
< ¢ 3 ( / | f(£)|Pr@—200P N1 dr)
1 420 48 — N)p' + NI (p§)7 \/0

N—l+c
(SN =t

s

LP((0,1),rN-1dr) LP ((1,00),rN—1 dr)
T

<Clflp,
For r > 1, proceeding as for R we have

—14c

0 wlie
Raf()] < Cr T e / B e f () di
r

N—1 o0 N—1
< Cr‘TeM—log’?)/ 1= OC=D £ ()|t 7 d.

r

Thus ”sz”Lp((]’oo)’erl ary < CISfllLe(1,00),r¥-1 dry» With similar computations
asfor Ry, r > 1. O

Lemma 3.14. Assume that D) = 0. If% < Sé)”) +2, then 1 Ar) 2Ry (1 A
r)l_zeﬁ,l are bounded in Lfad for every 6 € [0, 1). If% —20p = sék) with 6y €
~ 2
(0, 1), then Ry and R, are bounded in Lfdd and X{r<%}|x|_290| logr|”?» R, and
2 ~
X{r<%}|x|1_290| logr| PR, are bounded in Lﬁ;d.

Proof. Since |logr| < c.r ¢ for small r, the assertion for /R follows by arguments
similar to those of Lemma 3.13.

) 0) 4 /
Observing that %o T2~V K (r) € Lrpad, we have for r < %

[ N SNSRI
Raf @) =r™0" [ o0 Ko f@ldr=r=0" |02V Ko@) 171,
r rad
Therefore
26, -2 N, Y
r logr| PR <(log?2) » ||r’o Ko(r , .
| ogr P Ras| 1, 50082 o0 1712z,

Forr > %, the computation is as in Lemma 3.13. O
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We can now prove the main results of this subsection. In the proposition be-
low, the domain of the operator is defined through a suitable parameter 6 € (0, 1].
The proof shows that the definition is independent of the choice of 6, whenever it
satisfies the requirement in the statement.

Proposition 3.15. Assume that D, > 0 and that % € (slm () +2).Then L; p.int
defined by

D(L;. p,int)

N
- {u eD(Lypma) i+ Puel?, v0 € (0,1] satisfying —- = 20 e sy, ;”)}

generates a bounded positive analytic semigroup of angle % in Lrad and
o (L, p,int) = (—00,0]. The domain D(Lj_ p int) coincide with

D(Lx,p,reg)
={ueLl N WEL(©.00) s (1 AN, A AN, (1 A PueLl]
for alllone 0 as above.
Proof. Letw € C. If u € D(Ly, p int) solves w’u — Lu =0 ,thenu = cv,,1 +
20,2, see (3.9). Since v,,,1 diverges exponentially and v, 2 tends to O at infinity,

)
then ¢; = 0. However Vp2(r) = r~%2 asr — 0, hence r— vw 2 & Lrad Then

¢y =0and w? — L is injective on D(L;, p.int). To show the surjectivity we set for
every f € LY

rad’

Ua),Z(r)
W(w)

N—l+c Ve, 1(r)
@ Ve, 1 (1) f (1) di+ W)

u(r)= TR O F () dr. (314

Then w?u — Lyu = f and, using Lemma 3.8,

W (@)u(r)]

__ N—-l+4c—a Rew " Nelte—a Rew
C2 + KU)\ (WI”)/O‘ t 22 +1[V)L <%t) |f(t)|dt
c—a Rew R —l+c—a Rew
+ Ivk(ﬁr)/ R, <Wt)|f(t)|dt
r
—a Rew
Re w Ja N— Lte=a
el R e G
— a Rew
2a Rew Ja N—ltc—a \/E
Rl (G

<cz< ) (R1|Jf|+R2|Jf|><%r>,

(3.15)

ds

)

ds
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where Js f(r) = f(sr) fors > 0 and s = (y/a)/(Rew) in (3.15). From Lemma
3.13 we deduce that u € Lfad. This yields o (L), p,int) C (—00, 0] and the resolvent
estimate || (w?—L;) ™| < C|w|~? follows via the scaling J;. Next, let us show that
o (Ly,p,int) = (=00, 0]. Assume that the resolvent set p(Lj, p,int) contains a point
in the negative real axis. By scaling again it contains the point —1, hence the unit
circle S'. Then the resolvent estimate ||(w> — L;)~!|| < C|w|~2 holds for every
o # 0 and yields that eL+r.int is an entire function in C. Then the generator L p,int
would be bounded. To prove the domain characterization, it is enough to observe
that, by (3.15) and the analogous estimate for u’ involving R;, i = 1,2, Lemma
3.13 yields (1 Ar)20u, 1 Ar)!1 =24’ € Lg(r Using the equation, we deduce that
(A AP0 € Lr’;d. Finally, the positivity of the generated semigroup follows
from that of the resolvent for real w, since the functions vy, 1, v,,2 and W(w) in
(3.14) are positive. O

Proposition 3.16. If D, =0 and % € (s, 5§ +2), then L;_p int defined by

p
rad

_2
D(L.pin) = {1 € DL pma) 5 1y oy logr| Tu e L

with 8y = %(% - sél)) € (0, 1), generates a bounded positive analytic semigroup
of angle % in Lr’;d and o (Ly, pin) = (—00,0]. The domain D(Lj, pint) coincide
with
X{r>%}u”’ X{r>%}”/» Xp>1yH € Ly,
2-26, -2 p
X <1y [logr| Pu” € L

D(L)\ )—— uel w! ((O OO)) ) 2 2 e
,P,reg d 1 ’ ’ —= D
" o {r<;}r] 260 | 10gr| P Lt/ S Lradv

_2
Xipetyr 2 logr|"u € Ly

Proof. Similar to that of the above proposition, using Lemma 3.14 instead of Lem-
ma 3.13. O

The cases sf)‘)

= 0, —1 are special for the domain characterization, since in
these cases the operator L, has a special form. In fact, sf)‘) = 0 if and only if
b+r=0and (N —1+c—a) > 0.Inthiscase L, = aD?*+ N%“D has no zero
order term. Instead sfk) = —lifandonlyifb+A = N—1+4cand N—1+4c+a > 0.
In this case L, = aD? + N+m($ — %2). We refer to Proposition 2.14 for similar
phenomena.

Proposition 3.17. Assume that D, > 0 and that sl(l) = 0 or equivalentlyb+X =0

and (N —1+c¢c—a) > 0. If% € (0, sék) + 2), then u”,”% € Lﬁad for every
u € D(Ly, pint). It follows that

2, — -
D(Lipind) = [ € LD O WL (0,000) 5 . (L An~"' (A anue Ll
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ifl<p< and
D(Lipin) = {u € LD N WL (0,000 s . A an~' ue Lhy) (.16)

if § < p < oo.

)

Proof. If 1 < p < %, then s +2 =2 < 7 and the assertions follow from

Proposition 3.15 since & = 1. Note that in the critical case D) = 0, then & o <

(M + 2 = 2 implies that p > —.

Let us therefore assume that p=> ﬂ . By assumptionb + A =0and (N — 1+
¢ —a) > 0. Observe that s(k) (N — 1 + ¢ —a)/a and that for u € D(L; p int),
g=Lu=au" + = ]+C u’ belongs to L” ;. Setting v = u’ and k = N aH-C > 1
we obtain v/ + lriv = f with f = g/a. Integrating between ¢ and r we obtain

r*u(r) — kv e) :/r foi*dt :frf(t)tN1t1N+kdt.

The integral on the right hand side converges as ¢ — 0, by Holder inequality with
respect to the measure tV ! dt,since p > N/2,hence N —1+p'(1—=N+k) > —1
(in the critical case k = 1 but p > N/2). Then e%v(¢) has a finite limit £ as ¢ — 0.
If¢ #0and D; > Othenk > 1, v(r) = r % and u(r) =~ r*t asr — 0.
Choosing 20 = N/p—38 < 2 in Proposition 3.15 we see that » ~2%y is not in Lrad for
d sufficiently small. If D = 0,thenk = 1 and u ~ logr asr — 0. In this case, we
pick 6o = N/(2p) in Proposition 3.16 and see again that r —2% | logr|~2/Pu ¢ Lrad
In both cases this contrasts with u € D(L;, p,int), hence £ = 0 and therefore

v(r)
T rk+1 f(t)t dt = f(sr)s ds.
Minkowski inequality then ylelds

L

1 1 00
|71 5‘/ sknfmounmddsfkf skds(/° LfaV%N—%—Ncn>”
p.rad 0 0 0

1
k—N
ZWMMASPMZQWMM

since k — N/p > —1 both in the critical and in the non critical case. This shows
thatu'/r € L! | hence, by difference, alsou” € L” |. To show equality (3.16) let us
call W the space on the right hand side. We have just shown that D(L;, p in) C W.
Since W C D(Ljy, p,max) We have only to show that w? — L, is injective on W for

w € C,. However, this follows from (3.9) and Lemma 3.10 since v, | is unbounded
. . . @) . ..

at infinity and v/ , behaves like r %2 ~! when r — 0 in the non critical case and

like 7! in critical case (in the critical case v, 2(r) = Ko(wr/+/a)), hence r~'v] ,

does not belong to Lrad O
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Even though sfk) = —lrequiresonlyb+A =N—-1+cand N—14c+a >0,
we deal only with the special case A = N — 1,b =c =0.

Proposition 3.18. Assume that b = ¢ =0 and that A = N — 1. Then D, > 0 and
s?) = —1, sék) = (N —-1/a. If% € (0, sék) + 2), then u”, “7/ — r% € Lgdfor
every u € D(Lj p int). It follows that

2

D(Ly pint) = {u e Ll W,

rad

P(0,00) : u,AAr) W, QA Puel? }

oc rad

ifl < p<Nand

u  u

2,
D(L;. p,int) = {” € Lgd N Wlocp((O, o)) ; u',u”, P € Lgd} (3.17)
if N < p < oo.
Proof. Note that D, = (N — 1 + a)*/4a®> > 1. Moreover sV = —1, s =
(N — 1)/a > 0 are immediately verified.
If1 < p < N, then sfx) +2=1< % and the assertions follow from

Proposition 3.15 since 8 = 1.
Let us therefore assume that p > N. Foru € D(Lj pint), 8 = Lyu = au” +

Y=L —u/r) belongs to L ;. Setting k = =1 > 0 we obtain u” + é (%)/ =f
with f = g/a.letv=u/r and w = v’ = (u’/r — u/r?). Then

2k
w' + (— + —2> w = !
roor r
and integrating between r and s we obtain

rze_'&‘w(r) - sze_éw(s) = /r f(t)z‘e_]ri dt.

—k/s

The integral on the right hand side converges as s — 0 and then s2e w(s) - 0

as s — 0, as in the proof of the preceding Proposition. Therefore

k

) 4 _k
wr)=r er/ f()te 1 dt.
0

Choose § € (%, %); note that % < % is equivalent to p > % Since 2—p’§ >

0, we have

)
w(r)|? sr—zpe"?”/ |f () ]te™ " dt
0

—2p ke " o—ps rebo 1+ps %2
<r “Pev ' P%dt [ f ()Pt TPe™ 7 dt
0 0

k r k
<= p&)lTrr P / |F ()Pt PP dt.
0
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Therefore noting that p§ 42 — N > 0, we see that
= N-1 1 P N-seps o " 14ps ,—L2
/ lw(r)|Pr* = dr <(2—p'8) p/ pN TP er(/ | f ()Pt TPoe™T dt)dr
0 0

0
rot=p [T [TN-3—ps 2 14ps _—t2
<2-p'8) P/ /r P dr )| f ()Pt TP dt
0

t

<@Q-p'®'? /OO (/OorN—3—P“ dr) |f )PP dr
0 t
<Q2-p"P(ps+2-N)! /OO | )PV dr
0

and hence w = (u'/r —u/r?) in L? . By difference, we obtain thatu” € L” .

To show equality (3.17), let us call W the space on the right hand side. We
have just shown that D(Lj p int) C W. Since W C D(L;, p,max) We have only to
show that @® — L; is injective on W. However this follows from (3.9) and Lemma

)
3.10 since vy, 1 is unbounded at infinity and v, » & r %2 asr — 0, hence does not

ﬁld,sinceN/pfl §s§k). L]

belong to L
The consistency of the semigroups is proved in the next corollary

Corollary 3.19. If p, q satisfy the hypotheses of Proposition 3.15 or 3.16, then the

. I . P q
generated semigroups coincide in L, OV L_ 4.

Proof. This is immediate from the proofs of the above Propositions, since the re-
solvents coincide, see (3.14). O
3.6. Generationin L%,

From the results so far obtained we can easily prove generation in LZ,,. We recall

that 5% coincide with s;,i = 1,2, defined in (1.1), when A = 0 and that we write
so for s1, so when D = 0.

Proposition 3.20. Assume that D > 0. If% € (s1,82+2) thatis s; < %—29 <5
Sfor some 0 € (0, 1], then L int, < defined through the domain

D(Lpnt<n) = {u € L2y 0 D(Lpmar) 5 x| e L7

generates bounded analytic semigroup of angle % in LY,,. The domain D(L p.int,<n)
coincides with

D(L p,reg,<n)
={u e L2, nWEP(RMN(0)); (1A IXD2 2 D2u, (1 AlxD)' =2V, 1x] P u e LP(RN)}

loc
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for all/one 0 as above. In particular, if s; + 2 < % < 8§ + 2, then one can choose
6 = 1 and therefore

D(Lpreg.<n) = {u € L2, 0 WP (RN) ;x| 7V, 572 € LP(RY) ]

Proposition 3.21. Assume that D = 0. If% € (50, S0 + 2), then L jnt, < defined
through the domain

P |20 -3 P
D(Lpint,<n) = ju € L, N D(Lp,max) ;1] |log |x|| Pu € L (B%)

with 6y = %(so - %) € (0, 1) generates bounded analytic semigroup of angle % in

L%, . The domain D(L p int,<n) coincides with
ue WHP@RN\ B)),

|x|>~%% | log |x||”?» D*ue LP(B)),
D(L = L2, AWEP RN\ {0} ; ;
( p,reg&n)_ UELcp 100( \{0}); |x|1_290|10g|x||_%VM€Lp(BI)

7 9

2
x|~ log |x|| " 7u € LP(By)

Proof. (Propositions 3.20 and 3.21). Observe that L2, coincides with L’J7 with a
suitable finite J in Lemma 2.4 and that (3.4) holds. Therefore L endowed with

domain
B (P, pin) © P))
jeJ

generates an analytic semigroup of angle 7 in L”,. Note that we should write

(D(L hnj p.int) ® span {P;}) since the tensor product is defined for vector spaces.

However we keep the above notation since span{P;} is one-dimensional. Let us
first prove that

DL pnt.<n) = P (DL, pin) © Py)
JjeJ
Consider the case D > 0. Letu € D(an],,p,im)- Then, since

(An ;) N ()
s, Ssi<—=-20<s<s, ',

by Proposition 3.15 we have ||x|~2u(r) ® P;(®)|? < ||lx|72u@)|P||Pj|5% €
L'(RV).

On the other hand, given u € D(L p int, <n) We consider the bounded projection
T; defined in Lemma 2.4. Then r—20 Tiu(r) = Tj(|x|_29u)(r) € LZ\d and TjLu =
L, Tju € L? ,. Therefore Tju € D(Ly, . p.int) and

rad"

u= Z(Tju)Pj € @ (D(Lk,lj,p,int) ® Pj) .

jeJ jeJ
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To complete the proof we prove that D(L p reg, <n) = D(Lp int,<n), the inclusion
D(L p reg,<n) S D(Lpint, <n) being obvious. To prove the other inclusion, we show
that @ ) (D(Li,, pin) ® P;) S D(Lpreg<n) Let u € DLy, pind @ Py
for some j € J. Then we may write u(rw) = v(r)P;(w) for a suitable radial
function v € L . Then |x|~*v(r)Pj(w) € LP. Moreover, if s = deg P; and
Qj(x) =r*Pj(w) then

v(r)

rS

0 ,(x)) = (v’(r)—sm> 2 pi(w)+

r r

v(r) DpQ;(x)
S

Dy, (U(F)Pj(w))=Dh(

Since D, Q; is homogeneous of degree (s — 1), we obtain from above |Vu| <
c (Iv’(r)l + Iv(r_r)|> with ¢ depending on P; and then

A A D Vul < et Ar)! =2 (lv/(r)l + 'v(rr”) €L’

The estimate for the second order derivatives is similar, see (2.8). ]
From Corollary 3.19 we obtain

Corollary 3.22. If p, q satisfy the hypotheses of Proposition 3.20 or 3.21, then the
generated semigroups coincide in LY, nL,.

3.7. Generation in L? and domain characterization

In this section we prove the main results of this paper, summarizing the results of
the preceding two sections.

First we observe that the condition D > 0 is necessary also in the N-dimen-
sional case for the existence of positive solutions for arbitrary data. In fact,if D < 0
and f > 0 is radial, then positive solutions u of w?u — Lu = f would give positive
radial solutions v(r) = f gv-1 U(rw) dw of the same equation, by Proposition 2.15.
However, Proposition 3.11 shows that one can find a suitable f for which such a
solution does not exist.

Theorem 3.23. Assume that D > 0. If% € (s1,85 +2) thatis s1 < % —20 < sy
for some 6 € (0, 1], then L endowed with domain

D(print) = {u € D(Lp,max) ; |X|726M € Lp}

generates a bounded positive analytic semigroup on LP . Moreover,

D(Lp,int) = D(Lp,reg)

= {u €D(Lpmax); (LA XD D%u, A Ax)'™Vu, |x|7u € L”}
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for all/one 0 as above. In particular, if s; + 2 < % < 8§ + 2, then one can choose
6 = 1 and therefore

D(Lpin) = {u € WHP(RY); 1517V, x| P € L7

When % & (s1,50 +2), then o (L) = C for every Ly min CL C Lp max-

Theorem 3.24. Assume that D = 0. If % € (s0, S0 + 2), then L endowed with
domain

_2
D(Lpin) = { € D(Lpmae) 3 1317 log x| 7w € L7(8))]

with 8y = %(so — %) € (0, 1) generates a bounded positive analytic semigroup on
L?. Moreover,

ueW>P@RN\ B)),

|x|>72% log |x||”7 D*u € LP(By),
D(L, int)=D(L ==queD(L ; _2
( p,mt) ( p,reg) ( p,max) |x|]_290 | 10g |x|| A Lp(B%),

2
|20 log ||| "7 u € LP(B))

When % & (50,50 +2), then o (L) = C for every L p min C L C L max-

Proof. (Theorems 3.23 and 3.24). We fix n sufficiently large so that Proposi-
tions 3.5 and 3.6 apply and write L” = L2, @ Lgn. Using also Propositions
3.15 and 3.16 we see that L with domain

D(Lpreg,<n) ® D (L’;,,reg> = D(Lpin,<n) ® D (LZ,reg>

generates an analytic semigroup in L” and, moreover, D(L  reg <n) ® D(L'I’,’reg) C
D(Lp,reg) - D(Lp,int)'

Conversely, let u € D(Lp ) and consider the projection (I ® Su =
ZjEJ Tiu(r)Pj(w) € L%, of Lemma 2.4. As in the proof of Propositions 3.23 and
3.24 we have r = Tju(r) = Tj(|x|™%u)(r) € L? and TjLu = Ly, Tju € LY.
Therefore Tju € D(L A p.int) and

I ®Su = Z(Tju)Pj € @ (D(LA,,j,p,int) ® Pj) = D(Lp,reg,<n)-
jeJ jeJ

Finally, u — (I ® Su € D(LY, ,,) = D(LY, os), by Proposition 3.6 and this
concludes the proof of the generation part and domain characterization.
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Let us show that if% & (s1,52+2),theno(L,) = Cforevery L min C L, C

L p max- Assume first that % <syandletw € C,. Let f be defined by (3.13), as in

the proof of Proposition 3.12 where we set A = 0. We still denote by f the radial
function defined in RV by f(lx|). If u € D(L max) solves w’u — Lu = f,then

1
v(r) = 1SV-T /SN_I u(r,w)ydw € D(Lpmax), T = |x]

is radial and solves w’v — Lv = f, by Proposition 2.15 with P(w) = |SV~1|~1.

However, such a solution v does not exist, according to Proposition 3.12, and hence
R(@? — L) C R(@? — Lpmax) # LP(RY). This yields o (L) = C if% < s1 and,
by duality as in the proof of Proposition 3.12, also o (L) = C if % > s+ 2.

The proof of the positivity of the semigroup or, equivalently, of the resolvent
for large w requires some preparation. Let a = (a;;) where

_ _ N—-1+c¢
@j(x) = 8 + (@ = Dlx| Pxixj, v €RV\{0}, y=———— - N+1.

Then

X
Lu = Z ajjDjju +c—

o _ b
5 Vu— —u = |x| Ydiv(|x|YaVu) — —u.
i x| x| |x

|2

Note that y = 0 if and only if L = L*, see (2.2).

Since the matrix a is positive definite with eigenvalue a corresponding to the
eigenvector x/|x|, we have (aw, w) > (aw,, w,) = alwy,|?, where w, is the com-
ponent of a vector w along x/|x|. By the weighted Hardy inequalities with best
constants, see for example the Appendix in [14], we have for every u € W!2(RV)
with compact support in RV \ {0}

9 9
/ (HVu,Vu)leydxzf a2 (Z 2N ey dx
RN RN ar |x| E)r |x|
2
=a/
8r

|x|¥ dx
N+y-2\° 2 2
2a<7> [, it ax
2 RN

N—1l+c—a\? 2
=a N-ltce-a / id |x|” 2 dx.
2a RN |)C|2

Letw > 0,0 < f € C(R). Then fo(r) = fSN—l f(rw) dw is nonnegative,
smooth and with compact support. We write f = fo + g with g € C2°(2) N L’;l

(3.18)

and, using Lemma 2.18, we approximate g in W% 7 (R") with a sequence g, of the
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form g, = Zg;?’ (r)Pj(w) (the sum is finite), g;” € C2°((0, 00)) and supp g, C
K, where K is a fixed compact subset of 2. We choose k such that kp > N, so that
the convergence is also uniform.

Then f is approximated in L”(R") and uniformly by the functions f, =
> ') Pj(w) with f = fo and f* = g" form > 1. The solution u, €
D(Lp int) of the equation @2y — Ly = fm 18 given by construction, by u,, =
Zum (r)Pj(w) where u € D(Ly,, p,int) solves w? u — Ly, u" ; fm and n is the
order of P;. From (3. 14) we easily obtain ug () ~ cr ~S1 withc > 0. For j > 1,the

)
same argument yields [u'}' (r)| < ¢;r™" '

(?»n

, n being the order of P; and then since

< s1, then u,, > 0 in an a small ball B, (depending on m). Moreover, near
1nﬁn1ty u is a multiple of the relative v, 2 and tends to O exponentially together
with its derlvatlve hence u,, and Vu,, tend to 0, exponentially, as |[x| — oo. Let
us fix R > e, multiply the equation w?u,, — Lu,, = f,, by u,, and integrate on
Q2 r = Br \ B with respect to the measure |x|” dx. Since u,, = 0 for |x| = & we
obtain

/ (a) |u,, |+a(Vum,Vu )+ 2Iu I)lxl”dx—i—/ u, aViy, -v|x|” do
Qe r x| 3BR

=— Smttp, x|V dx < / Son x|V dx.
QS,R

QE,R

Letting R — oo all integrals converge, due to the exponential decay of u,,, Vu,,,
and the boundary integral tends to 0. We apply (3.18) to u,, (extended to O in B;),

2
using the exponential decay at 0o, and deduce since b +a (W) =aD >0,
that

b
aP/ |u;|2|x|ydxs/ <w2|u,;|2+a<w;,w;>+sz) |x|” dx
BC c

£ BS

< [ fruglet s
B¢
and finally, since u,, = 0 in B, by Holder inequality,
o [Pl dx < [ 1y Pl ax.
RN RN

Since f,; — O uniformly and the supports are contained in a common bounded set
K, the integral on the right hand side tends to 0 as n — oo. Then

-1 -1
u= <a)2 —Lpn) f= lim <w2 —L p,im> for = lim_u,

m—00
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satisfies, by Fatou’s lemma,
4 12141V LI =124V
W lu™|“|x]|” dx < liminf lu,,|“|x|” dx < 0.
RN n—oo Jpn

This yields u > 0. O

From Corollaries 3.7 and 3.22 we obtain

Corollary 3.25. If p, q satisfy the hypotheses of Theorems 3.23 or 3.24, then the
generated semigroups coincide in LP(RV) N L4(RN).

Remark 3.26. Theorems 3.23 and 3.24 can be stated in Lgn with minor changes,

for every n € Ny, thus extending Proposition 3.5. The conditions D > 0,51 < % <

s2 + 2 have to be replaced by D;, > 0 and sfl”) < % < sg‘") + 2, and similarly for

the others. The description of the domain holds with the same changes. The proof
is the same as in the main theorems. Of course the positivity statement makes sense
only if n = 0.

Example 3.27. Let a be fixed. Fixing ¢ < 0 small enough and choosing b < 0
such that D is small, one obtains s + 2 < 0. Similarly, fixing ¢ > 0 large enough
and choosing b < 0 such that D is small, one obtains s; > N. In both cases
(51, 82+2)N (0, N) = ¥ and therefore no operator L, min C L C L, max generates
a semigroup, for every 1 < p < oo. However, if b > 0 then 5152 = —g < 0 yields
s1 <0,s2 > 0and (s1, s2 +2) N (0, N) £ @. Therefore, for some 1 < p < oo, the
operator L jn generates a bounded positive analytic semigroup on L? (RM).

Next we study when L, iy coincides with L, min or L max.

Proposition 3.28. Assume that D > 0. Then L jne = L max if and only if % €
(51,821 and L ine = L p min if and only if% € [s1+2, s0+2). Therefore, if s1 +2 <
s> or equivalently D > 1, and if% € [s1 + 2,521, then L int = L p min = L p max-

Proof. If% € (s1, s2], then % € (sfk")

and u € D max(L) such that @*u—Lu=0.IfPisa spherical harmonic of order

n, the function v(r) = fSNfl u(rw) P(w) dow belongs to D(L;,,, p max) and satisfies

w*v — L 1,V = 0. Therefore v is a linear combination of the functions v, 1, vy 2

defined in (3.9). Since v, 1 is exponentially increasing at infinity and v,, » does not

,sy‘”)] for every n € Ny. Letus fix w € C

to belong to Lid’ by Lemma 3.10 (since N/p < sék”)), then v = 0. Since this is
true for every spherical harmonic P we get u = 0 and then w? — L p.max 18 injective,
hence L max coincide with L, jy.. However if N/p > s;, then the function v,, >
relative to A, = O is a radial eigenfunction of L max for every o € C,. This
proved the part relative to L max.

By duality, as in the proof of Proposition 3.12, we obtain L int = Lp min if
and only if % € [s1+2,5 +2). O

The equalities above never occur when D = 0.
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=

Proposition 3.29. Assume that D = 0. If% € (50, 50 +2), then L min © Lpint ©
Lp max -

Proof. Since v, 2 belongs to L? rad» @7 — Lp max 1s never injective and therefore
Lpint © Lp max- By duality we get the other part. O

Corollary330 If p satisfies the hypotheses of Theorems 3.23 or 3.24, then
(Lp 1nt) p int*

Proof. As in the proof of Theorems 3.23 and 3.24, we write, for large n, L jnt =
Lpint,<n + L’}] reg in LP(RN) = L2, & Lp In Lgn we have U;J reg L’;, max
hence (Lp reg)* (Lp max) = L;‘) min = L’; reg® 5€€ Proposition 3.5, and we have
to consider only the operator L int, <, in L%, or, equivalently, the 1-d operators
Ly, p.int in L .Forw>0and f € L" | we have

-1 o)
(@2~ Lipan) £ = [ GOD70N
0
where the Green function G is given by

Y
Gty =C {vw,,(r)vw’z(t)t O<r<t<ox (3.19)

Ve, 1 (D) Vg2 () 1Y O<t<r<oo

and y = ¥=14¢ 4 1 — N, see (3.14). Then (0® — (Ly;, p.in)*) " is given by the
Green function G*(r, t) = G (¢, r). To conclude the proof we have to verify that G*

coincides with the Green function of (w? — Lji P int) ! To see this, let us define

Ui 1» Vg o @8I0 (3.9) but referred to LY and y* = N= HC +1—N.Theny* = —y

and the Green function of (a) —(L 2o, 1m) Yy~ is given by (3.19) with v, 1, Vw2, ¥
replaced by vw 1> Vs » 5, ¥* = —y.Since, using (2.4), v* () =10,,i(),1 = 1,2,
the proof is complete. O

Next we characterize when D (L iy) is contained in WZP([RN).
Theorem 3.31.
) If D >0ands; +2 < % < 83 +2then D(Lpin) C W2PRN); moreover
D(Lp’im) = {u 1= Wz’p(]RN) ; |x|71Vu, |x|72u € LP(RN)] :

(i) Ifs; #0and s; < % < s1+2, then D(L in) is not contained in WZP(RN);
i) If s; =0 and s()”) # —1, then D(Lpiny) C w2r(RN) if and only if and
IM) +2< ; < s + 2. In this case

D(Lpin) = {u e W*P(RY) : 1517 Vu e LP(RV) ]



OPERATORS WITH DISCONTINUOUS COEFFICIENTS 647

(iv) If s1 = 0 and s = —1, then D(Lpin) € WP (RY) if and only if s\ +
2 < % < 859 + 2. In this case

D(Lpin) = WP (RV).

Proof. (i) This is a special case of Theorem 3.23.

(i) We assume that s; # 0 and take f > 0 radial with compact support in
the annulus o < |x| < B, a > 0. By construction the solution u € D(Lp jnt) of
the equation © — Lu = f is radial and is given by (3.14) with @ = 1. Therefore
u(r) =cvy,1(r) forr < o, withc > 0. Since rslvl 1(r) = h(r), with i analytic and

h(0) # 0, see Lemma 3.10, it follows that ) ~ —s1h(r)r 17! near 0 (since
s1 # 0) and therefore u'/r ¢ Lrad andu ¢ W p(RN), by Proposition 2.14 (i).

(iii) Assume that sy = O, thatisb = 0and N — 1 4+c¢c—a > 0. We fix n
sufficiently large so that Proposition 3.6 applies and split f = >} _, fx + g where
fiel?,0<k<nandg e L>n, through the projections of Lemma 2.4. Then the
solution u € D(L iny) of the equation u — Lu = fisgivenbyu =) , _, ux +v
with ug € D(Lp j;.int) C Lk ,0<k<nandv e D(Lp reg) By Proposition 3.6,
v e W»P(RVN) and also |x|~' Vv, |x|~?v € L?(R"). Concerning the functions uy,
we have fr(x) = > if j(k) P;k), ur(x) =Y. j ugk) P;k) where the P;k) constitute a
basis for the spherical harmonics of order k& and, by Proposition 2.15,

Wb — Ly = ),

Since 51 = 0, Proposition 3.17 yields ug, ué/r e L rad @nd, by Proposition 2.14
@), up € WHP(RN). Moreover, |x|~'|Vug| = IuOI/r elL?
LP(RV).
(r1) N 2,p (RN i
If 5" +2 < L then uy € W=P(RY) for 1 < k < n, by Propositions

3.15, 2.14 (ii), (iii) and recalling that the numbers s%k") are decreasing. Moreover

lx|"'Vu, € LP(RN), by Proposition 2.13 (ii), since both u;(/r and uk/r2 are in
L

This shows that D(L in0) C {u € W>P(RY) : |x|7'Vu € LP(RN)} := W.
Since clearly W C D(L p max) to show equality we have only to prove that 1 — L is
injective on W. Let u € W be such that u — Lu = 0 and P be a spherical harmonic
of order k. If v(r) = fsN—l u(rw)P(w)dw,thenv— L), v =0, by Proposition 2.15.
Moreover, since u € W, then v, v',v”,v'/r € Lﬁ;d and the equation v — L, v =0
yields also v/r? e Lgd when £ > 1 (since Ay > 0) and also when k¥ = 0 and
p < N/2 by the classical Hardy inequality. It follows that v € D(Lj, p.int), for
k = 0 by Proposition 3.17 and for k > 1 by Proposition 3.15 with & = 1. Then

v = 0 and, since this is true for every spherical harmonic P, then u = 0.
(1)

P yields |x|7'Vug €

However, if N/p < s,7"" + 2, the same argument in the proof of (ii) shows

that one can choose £V (havmg only one non-zero component, say the first) such

1) )
that u(l) =5 as 7 — 0 and then u/l(l)/r — ugl)/r2 ~ —(SI(M) + Dr= h-2,
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It follows that u/l(l)/r — ui])/r2 & Lr’;d, hence u; = u(ll)Pl(l) ¢ W2P(@RN), by
Proposition 2.14 (ii).

(iv) Let us assume now that s; = 0 and si)“) = —1 or, equivalently, that
b=c=0and0 <a < N—1.Thenug € W2P(R"N), asin the proof of (iii) but also
u; € WP (RN), by Propositions 3.18, 2.14 (ii) (but this time lx|~'Vu; could be
notin L?(RN) for p > N). IstQ) +2 < %,proceeding asin(ii) forug,2 <k <n
and for v we obtain that D(L jn) C wWxP[RN) ¢ D(L p max)- let us prove that
D(Lpint) = W2P(RN) by showing that 1 — L is injective on W>?(R"), as in (iii).
Letu € W2P(RN) be such that u — Lu = 0 and P be a spherical harmonic of
order k. If v(r) = fSN*I u(rw)P(w)dw,then v — L), v = 0, by Proposition 2.15.
Since u € WP (RN), Proposition 2.15 yields that v(r) P(w) € W>P(RV), too. If
k = 0, then Proposition 2.14 (i) gives v, v'/r € L? , (and also v/r?> € L” | when
p < N/2, by Hardy inequality) and hence v € D(Ljy,, p,int) by Proposition 3.17,
hence v = 0.

If k = 1, then Proposition 2.14 (ii) gives v", v'/r — v/r? € Lﬁ;d (and also
v'/r e Lgd when p < N, by Hardy inequality and v/r? € Lgd by difference) and
hence v € D(Lj,, p.int) by Proposition 3.18, hence v = 0.

If k > 2, then Proposition 2.14 (iii) gives v”,v'/r,v/r*> € Lf;d and hence
v € D(L;,, p,int) by Proposition 3.15 with § = 1, hence v = 0.

Then v = 0 in all cases and hence u = 0. -

However if N/p < s{AZ) + 2, then we construct a solution ug) ~r% as
r — 0 which does not satisfy ug)/r2 € Lgd and hence ug)Pz(l) ¢ W2P(RN), by
Proposition 2.14 (iii). ]

Observe that, by the classical Hardy inequalities, the conditions |x|~!Vu,
Ix|72u € LP(RN) are automatically satisfied in W2P(RN) when 1 < p < N/2
and the first requires only p < N.

4. The operator L= A + (a —1) Z?fj:l %Dij

In this section we specialize our results assuming b = ¢ = 0. The pure second order
operator has been extensively used as a source of counterexamples but also studied
in detail by Manselli [6], concerning existence and uniqueness of the Dirichlet prob-
lem Lu = f with u vanishing at the boundary of the unit ball, under the assumption
a > 1. We are not aware of previous results in the parabolic setting or in the case
O<a<l.

The following quantities will be important in the discussion

N—1—a\> N—-1l-—-a |N—-1-a
D=[—"") >0, 5= —

2a 2a 2a
N—l—a+ N—-1—a
§H =
2 2a 2a
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Moreover SEM) = —1and

N-1-a ON (N-1-a\?
(*2)

= — [ — _— —1.
*1 2a \/a +( 2a ) =

Observe that sY‘Z) ranges from —oo to —1 as a ranges from 0 to co. Moreover,

s < _2ifand only if 0 < a < 1.

4.1. Thecase0 <a <N -1

Here s1 =0, s = W Note that s, ranges from oo to 0 as a ranges from 0
to N — 1 and that s, = N — 2 when a = 1. The critical case D = 0 corresponds to
a = N — 1, hence to the Laplacian in dimension 2.

Corollary 4.1. Let0 < a < N — 1. Then (L, D(Lp int)) generates a bounded
positive analytic semigroup in LP (RN) if and only if 0 < % <s$H+2= N_TH'”
Moreover, D(L int) = W2 P@RN) if and only ifsf)Q) +2 < % < 8§ + 2.

Proof. The generation part follows from Theorems 3.23 and 3.24. and the domain
characterization from Theorem 3.31 (iv). O

Remark 4.2. Since s\"?) +-2 < 0if and only if 0 < a < 1, the condition s\*?) 42 <
% is always satisfied when 0 < a < I and D(Lp int) = W2PRN) when L is a
generator.

We point out that the same results, but only for elliptic solvability in W2?(B),
B being the unit ball, with Dirichlet boundary conditions, have been obtained by
Manselli [6], under the restriction a > 1 and for kaz) +2 < % < sy 4+ 2.

4.2. Thecasea > N —1

N—1—a

Here the situation is different and s = -

s1 = sp,0or D = 0, does not occur.

€ (—1,0), sp = 0. The critical case

Corollary 4.3. Leta > N — 1. Then (L, D(L p, int)) generates a bounded positive

analytic semigroup in LP (RN if and only lf% < 2. When s1 +2 = % <

% < 2, then
D(Lpin) = {u e WHP(RY) ; |x|7'Vu, x| 2 € LP(RV)| ¢ w2r (RY).

On the other hand, zf% < s1+2, then D(Lpine) & W>P(RY) and W>P(RN) ¢
D(Lp int)-
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Proof. The generation part and the domain characterization when s; + 2 < % <2
follow from Theorem 3.23. Note that D(L p in) is included in but different from
w2P(RN) since p > N/2.

Let us now assume that % < s1 + 2. Since 51 # 0, then D(Lpin) &
W?2P(RN), by Theorem 3.31 (ii).

On the other hand, let u(x) = e ¢ W?2P(@RN). Choosing 6 € (% 1)

such that 260 < % — 51, we see that 51 < % — 26 < s and |x|*29u ¢ LP(RN).
From Theorem 3.23 we obtain u ¢ D (L int). ]

The results collected in the above corollary are different from those obtained
by Manselli in [6], who obtains solvability in W7 for certain parameters. We
explain why this happens and then how Manselli’s results can be obtained with our
methods.

First of all, let us observe that the interval (si, s2) does not intersect (0, N)
(since s < 0) and hence L, max is not a generator for every 1 < p < oo, by
Proposition 3.28. On the other hand, if s1 +2 < N/p < 2, Corollary 4.3 yields
a domain strictly contained in w2p (RV) and L p,int 18 equal to L min (even when
N/p = s1 + 2), by Proposition 3.28, again. In this last range Manselli does not
obtain unique solvability in W27 and this is clear from Corollary 4.3, since we
prove existence and uniqueness in a smaller domain.

Since 0 = s < s1 + 2, there is no uniqueness if % € (0, s1 + 2) and it turns
out that, in a smaller subinterval, Manselli’s domain is different from D (L jn) and
more regular. In what follows we explain how to obtain his results and consider the
operator L y2, = (L, wZr(RNY).

Lemma 44. Leta > N — L If % <5 +2, then 0, 00) C o (L yy2.).

Proof. Let @ > 0 and consider u(x) = n(|x|)ve.1(|x|)wiw2, where v, 1 is de-
fined in Lemma 3.10 with A = A, and satisfies a)sz,l — L,vp,1 =0and n €
C°°((0, 00)) satisfies n = 1in (0, 1] and n = 0 in [2, 00).

The function f := w?u — Lu is identically zero near 0, 0o and belongs to
Lg , where J is the singleton which identifies the spherical harmonic wjw;. Let us
assume, by contradiction, that there exists w € W2P(RN) such that w*w — Lw =
f and consider its projection v(|x|)wjw; in L[J). By Propositions 2.15, 2.14 (iii),
v/r2 € Lﬁ;d. However v — nv,,1 € Lr’;\d is in the kernel of w? — Lj,, hence

v(r) = n(r) v, 1(r) = c1vw,2(r)

for a suitable ¢; € C. Using Lemma 3.10 with A = A, one easily sees that v/r? ¢
Lgd since sfh) < sém and % < sfm + 2. O
Lemma4.5. Leta > N — 1. Ifsl(AZ) +2 < N/p < s1+2, then p(Lpin) C
P(L|W2,n)‘
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Proof. Let w? e P (L pint). We show that w? € p(Ljw2p). Let f e LP(RN). To
solve w?u — Lu = f in W>P(RV), we use the decomposition LP(RY) = L2, @
LY, = (69./61 {]}) @ L%, , where n is given in Proposition 3.6 and J individuates
all spherical harmonics of order less than n. Then f can be decomposed as

F@0 =Y fiOPj@+ f). fielly jed. fel?,

jeJ

By Proposition 3.6, we have i1 := (wz—Lp,im)_l fe D(Lp,im)ﬂLgn c WZP(RN).
If nj = deg P; > 2, we observe that

()»n ) N ()
5| < SE)LZ) —2<s1 <5, ]
p

Thus setting v ,- (a) — L;,, p int) ! fj and applying Proposition 3.15 with 6 = 1
we have v}, v], v, /r vj/r € Lfad. Therefore from Proposition 2.14 (iii) we
deduce that u‘,(x) = v;(r)Pj(w) € W»P(RN).

Ifdeg Pj=1,thenv; = (w? —L;»j,p,im)_lfj € D(Ly,, p,int)- Applying Propo-
sition 3.18 and then Proposition 2.14 (ii) we deduce that u ;(x) := v;(r)Pj(w) €
WP @RN).

If deg P; = 0 we look for solutions of the equation w?v — av” + X=1v/ = £
having the form

wr

wr —
v =cor' Ky, (ﬁ) + (@ = Lpgim)” ' fo = cor™Ky, (—)

Ja
+ Cor'™ <Kvo <3_%) /Or tl_volvo <%> fo@) dt

n(E)[ ) s)

where vy = | | = -3 € (0, 2) C, = W™l (w), see (3.14). Observe that if
g € C2°((0, 00)) w1th g > 0 and g = 0, then for sufficiently small » > 0, we have

_ V ﬂ > 1—v a)_t V ﬂ
v(r) = cor 'K, («/5) + (wao 7Ky, (ﬂ) g(t)dt) r0ly, («/5) .

Therefore by Lemmas 3.9 and 3.8 we see that

. 2sin(vor) [, _ wt
v'(r) ~ 1 1fC0:Cg = Cw'?o t UOKUO % g(t)dt

r 2070 f e £ Cg

Nla

as r — 0. This means that if cp # cg¢, then by N/p < 51+ 2, = ¢ L? raq and
therefore by Proposition 2.14, v(|x|) ¢ W2P([RN). Hence we choose vo as v with
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co = cg,. The linearity and boundedness in Lﬁad of the map fo +— vp have been

already proved in Lemma 3.13. Moreover, vg can be written in the following form:

wr) =c (K, (ZZ /rt‘—vouv “r fo(t) dt
‘\va/)Jo *\Va
o (25) [ () o).

with U, (z) = I,(2) + %KV (z). Using Lemma 3.9 and 3.8 again, we have
lugl < C’ (r”OKUO_l(kr)/ 170U, (k)| fo(n)| di
0
o0
+r“°11—u0(kr)/ tl_”(’Kuo(kt)lfo(t)ldf)
r

with k = ReT;‘). Proceeding as in the proof of Lemma 3.13, we get ||vo|| s
ra
/ / . 4
v vy /1 < C . By difference, we also have ||v <
lopllr  + llvg/7llze, lgollr - By lugllze,

C”fO”L”d- Consequently, by Proposition 2.14 (i) we obtain ug(x) := vo(|x]) €
W2P(RN). Taking
=Y uj+ie WHr(RY),
jelJ

we see that w?u — Lu = f.

Finally, we show N(w? — Ljy2,) = {0}. Let w € W*P(RV) satisfy 0w —
Lw = 0. Setw;(x) = hj(r)Pj(o) with h;(r) = fSN—l w(ro)Pj(o)do € Lﬁ;d
forj e Jiandw = w— 3} ;.,w; € LY,. We see from Proposition 3.6 that

W e N(w?* — L’;,max) = {0}. Hence it suffices to show i ; = 0O for each j. Since

h j satisfies the equation a)zhj - ah/Jf - #h/j + %hj = 0, where k is the order of
P;. Therefore hj = c1,jve,1 + 2, jVw,2. Noting that v, 1 and v, > have exponential
growth and decay at infinity, we have c¢1 ; = 0. On the other hand, since v/ ,/r ¢

L{;d, it follows from w; € WP (RN and Proposition 2.14 that ¢2,j = 0. Therefore
wj:0,andhencew:ﬁ)+zjejwj20. 0

Proposition 4.6. The operator Ly, generates a semigroup if and only if szZ) +
2 < N/p < s1+ 2. In this case the semigroup is positive and analytic.

Proof. The necessity of the condition follows from Lemma 4.4. Instead, if the
above condition is satisfied, the previous lemma implies that the resolvent con-
tains a sector larger than the right half plane and the resolvent estimate ||(w? —
Llwz,p)_1 | < Clw?|~! follows by scaling. Concerning the positivity we note that,

by the proof of Lemma 4.5, (@ — L y2.,)"" coincides with (@ — L i)' on
L’Z’ , and, for @ > 0, is larger than it on positive radial functions, by the choice of
co = ¢, and since C,, = W)~ ! > 0. O
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Remark 4.7. The previous proposition shows that the difference of L iy and the
operator defined by Manselli [6] is only in the subspace of radial functions.

Example 4.8. Let N = 2, p = 2 and assume that » = ¢ = 0. By Remark 4.2 we
have that for @ < 1 there is generation and D (L3 int) = W22(R?). Whena > 1,
we have sp + 2 = 2, s{)‘Z) + 2 < 1. It follows that L|Wz,z generates a bounded
analytic semigroup.
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