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Weak type (1,1) estimates for inverses
of discrete rough singular integral operators

MACIEJ PALUSZYNSKI AND JACEK ZIENKIEWICZ

Abstract. We obtain weak type (1,1) estimates for the inverses of truncated dis-
crete rough Hilbert transform. We include an example showing that our result is
sharp. One of the ingredients of the proof are regularity estimates for convolutions
of singular measure associated with the sequence [m*]; see [18].

Mathematics Subject Classification (2010): 42B25 (primary); 1P05 (sec-
ondary).

1. Introduction

Suppose | <o <1+ ﬁ, 0 < 6 < 1 are fixed parameters. For a non-negative
number M we consider a family of operators on £(Z)

> Hifx)

MO <s<m
s-dyadic

£ —m®]) — £(x + [m®]) (.1
> Y ( ) - . xez

MO <s<M m>0
s-dyadic

Hps f(x)

for some sequence ¢; which is uniformly in C fo(% 2). It is by now a routine
fact that the operators H, the truncated Hilbert transforms, are bounded on £7,
1 < p < oo with norm estimates uniform in M and 6. The analogous weak type
(1, 1) estimate seems to be unknown. For a fixed 6, by a rather routine application
of the methods of [4, 16, 18] the operators Hj; can be shown to be of weak type
(1,1) uniformly in M. We intend to return to this issue in the future. The subject
of the current paper has been inspired by [3]. There, a theorem has been proved [3,
Theorem 3], which for our purposes can be formulated as follows:
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Theorem 1.1. Suppose K is a kernel in R satisfying K (x) = Q(x)/|x|¢, where Q
is homogeneous of degree 0, 2 € L1(S?~") and has mean 0. Denote K f = K * f .
Suppose further that for some & € C the operator A1d + K is invertible in L*>(R?).
Then (\1d + K) ™! is of the form A1d + K', where the kernel K’ satisfies the same
assumptions as K .

It immediately implies:

Corollary 1.2 ([3,4,6,15]). In the setting of the above theorem, the operator
(A 1d + K)~ 1 is of weak type (1, 1).

The principal object of the current work is to extend the above theorem to the case
of discrete rough Hilbert transforms Hj,. For a fixed 6 we prove the uniform in
M estimates for ||(1Id + Hy,) ™| ¢1_, 1,00, provided such an estimate exists in the
sense of £2. By the previous general remark, this goal is accomplished through the
following representation theorem, which is the main result of this paper:

Theorem 1.3. Suppose 1 <o <1+ 101W and let 0 be such, thata — 1 < 0 < 1.
Fix » € C and suppose that for some constant C; we have

H (A 1d + Hyp) ™!

o <Cy, forM > M. (12)
Then, there exists M1 = M{(Cy, L) such that for M > M| the kernel of the operator
(A 1d + Hypy) =" has the form

Arld+ BrHy + K, (1.3)

where K is the classical discrete Calderéon-Zygmund kernel, and we have an esti-
mate uniform in M > M;:

ar| + |81 + 1Kl o2 + 1K llcz < C1(Cr, 1), (1.4)

where

IKllcz=sup Y  |K(x—y) — K@l
Yo lx1=2lyl

Moreover, the above restriction on 6 is sharp (we make this statement precise in
Theorem 2.3 in the next section).

Applying standard Banach algebras arguments (see, e.g., [8]), for each fixed M,
the kernel of the operator (1 1d + Hy)~!is in £1((1 + |x])N) for any N > 0.
In particular (A Id + H,,)~! is bounded on ¢!, but the weak type (1, 1) estimate
obtained in this way becomes unbounded when M — oo. Also, by selfduality of
the multiplier problem, the uniform in M upper bound for || (A Id +H 27 215 p1,00
requires assumption (1.2).

It is worthwhile to put our result in a more general context. First we note
that for the convolution Calderén-Zygmund operators in the continuous setting,
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the invertibility theorems are by now classical. Similarly, the resolvent of the dis-
crete Hilbert transform, if it exists as an operator on 0%(Z), is a discrete Calderén-
Zygmund operator. This fact seems to be folklore and can be proved by an ap-
plication of Fourier transform or by the method of [3]. The discrete analogues of
the classical singular integrals have been studied intensively, see some examples
in[1,2,5,10,11,13]. We believe, that our results fit well within this line of research.

ACKNOWLEDGEMENTS. We thank the reviewer for the remarks which significantly
improved the overall presentation of the paper.

2. Main Theorem

Let us recall that we have fixed parameters o, 6 with 1 < o < 1+ 101W ,0<0 < 1.
We introduce a family of algebras, which are subalgebras of the algebra of operators
on £2.

Definition 2.1. We consider the family of operators 7', which are convolution op-
erators on Z, with kernels of the form

T=xld+BHy+ > K, 2.1

Mo <s<00
s-dyadic

(we identify convolution operator with its kernel), where the operator H,, is the
truncated Hilbert transform:

Hyf(x)= Y Hf) (22)
s
with Y . N
Hof () =" o5 (m—> o= D - ot i) 23)
m>0

for some sequence ¢ which is uniformly in Cé’o(%, 2). We require that the kernels
K satisfy:

(s Yo Ky () =0
(i)s supp K C [—s, s];
(i), Yo 1K @? < 25
(i), Y, 1Ko+ 1) — Ky < 2 (1),

for some small positive yp depending only oné =0 — (a — 1).
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For a fixed M we put
I{Ks}llay = sup Dy,
MY <s<oc0
s-dyadic
and
IT 1l 4y = inf {IA] + 18] + I{Ks} 4y} 24

where the infimum is taken over all representations of the operator 7 in the form
(2.1).

In fact Ay is a Banach algebra with the norm C||T'|| 4,, for a certain constant C
independent of M. Moreover

K=ZKS

MmO <s<o00
s-dyadic

is Calderén-Zygmund kernel with constant controlled by [|T'|| 4,, -
We are now ready to formulate the two theorems leading immediately to The-
orem 1.3.

Theorem 2.2. Let 0 > o — 1. Assume that for some fixed ). € C and a constant Cy
all operators 1 1d +H,y are invertible for M > Mo and ||(A 1d + BH ;) ™! lp2_p2 <
Cy. Then for M > My we have ||(X1d + /SHM)’IHAM <C(Cy, M.

Theorem 2.3. Let 6 < o — 1. There exists a sequence of functions ¢s and a
compact set T' C C such that the corresponding Hilbert transform (2.3) satisfies
(A 1d + HM)*lllgzﬁzz < Cy for all M and » € T, and the estimate ||(A1d +
Hy) ! lo1_, 1.0 < C, does not, for any C, hold uniformly in . € I and M.

Remark 2.4.

(i) The range of «’s considered in Theorem 2.2 is not optimal, and can be im-
proved using the methods from [12, 18] or a variant of the argument used in
this work to prove Lemma 3.1;

(i) Theorem 2.2 is probably also true with [m*] replaced by [m“@(m)], where ¢
is a function of the Hardy class considered in [12];

(iii) For values of & < 1 close to 1 Theorem 2.2 could be proved using regularising
effect in £2 of the kernel H ;. Known estimates for the Fourier transform H M
seem, however, to be too weak to cover the entire range of € considered in this
paper;

(iv) In the proof of Lemma 3.7 we could have used a weaker statement of Lem-
ma 3.1, at a cost of a more sophisticated argument. We believe that Lemma
3.1 is of some independent interest, because of its relation to certain type of
Waring problem (see [7,17]). This is one reason we have chosen the variant
of proof we present;
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(v) Condition (1.2) is always satisfied for sufficiently large |1|. If we only consider
real valued ¢, more can be said. Since the kernels Hl; are anti-symmetric,
the Fourier transform H,; is purely imaginary and also anti-symmetric. Thus
(1.2) is equivalent to A ¢ [—i N,i N], where N > 0. Using the estimates
from [7] it can be shown that

o0 dt
N = limsup sup |cq E / sin(&s%) gy (¢1/*) el
M—oo £eR| iz, Jo 1=t
s-dyadic

(vi) We refer the reader to our subsequent paper [14] for a sharper version of The-
orem 2.3.

Theorem 2.2 is an immediate consequence of the following result, which exploits
the mixed-norm submultiplicity properties of algebras Aps. The idea of using such
estimates to solve the problem of invertibility of singular integral operators first
appeared in [3].

Theorem 2.5. Let Ay, M > Moy > 1 be a family of algebras, consisting of
bounded convolution operators on €2, with norms || - || 4 o Satisfying

IT1 T2llay < Ca (ITtll 2 T2l 4y + 1Tl 4y 1720 22 02)

2.5
+ Cae(M)|IT11 A 1 T2l Ay »

IT1 T2l Ay < CallTillay 17211 Ay, » (2.6)

where the constant C 4 does not depend on M and e(M) — 0 as M — 00. Suppose
all operators from the sequence T™) are invertible on €* and satisfy:

T ol o + ITM ), < K K independent of M > My,

Q2.7)
1T 2, ,p <8 < 1.

Then for an My > My, sufficiently large and depending only on K and §, and all
M > My, T™ qgre invertible in Ay, with

@@=, <C=C(K,3),
with C (K, §) independent of M > M.

Proof. We will drop the superscript M and denote 7™ by T'. We first prove that
there exist constants C, Ny and §; < 1, depending only on K, §, C 4, such that

ooy

<Cés{, n=>N. (2.8)

Am
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A simple inductive argument shows an estimate

7., =2 cx |

PEVREE IT N2 21T 1| g+

+ €GN (1Tl Ay 1T 2 g2)

where Gy is a polynomial of degree < 2V, with non-negative coefficients. Suppose
an operator T satisfies (2.7). Then, clearly

Apm

HTZN HA <2Cc)V 8" K +eGn(K., ).

M
Choose Ny such, that

QcoMs g < L

— 4 CA 9
and M| > M so that also
1
M)Gn,(K,§) < ——, M > M.
e(M)Gny(K,$) < iCa > M,
We get
2N0 1
HT < —, M > M.
Apm 2 CA
By (2.6) and a standard Banach algebras consideration we get
1\ 2%
n
7", < <§) - CCy K 5 (2.9)

Suppose that the positive invertible on £2 operator T satisfies (2.7). Then § <
I —T <1—K~!sol — T satisfies (2.7). Applying (2.9) to the Neumann series
representation of 7! we get an estimate || 7! lay < Ck.s5.Ca-

Now, if T is an arbitrary operator, invertible on ¢> and satisfying (2.7), we
apply the above conclusion to 7* T and T T* and the proof of the theorem is con-
cluded. O

The fact that the algebra norms || - || 4,, satisfy the hypotheses (2.5) and (2.6)
will follow from a series of lemmas, which are gathered in the next section.

3. Lemmas

In this section we fix0 = o —144§,56 > 0. Letgp € CC‘?O(%, 2), and, for convenience
let us introduce an operator Hj:
my f(x —[m®]) — f(x + [m*])
Hy f() = oo f() = Y0 (%) SENEAY

m=>0 m

where H; corresponds to the functions ¢ (1) = (p(tl/ %). Let us denote by H;(x)
the kernel of this operator.
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Lemma3.l. Fix 1l <o <1+ ﬁ and 81, > 0. Then there exist functions Gg(x),
E;(x) and an exponent y (81) independent of s, such that

C
Hg x Hg(x) = Gg(x) + Es(x) + ?SO(X) (32)

where
|Gs(x)| + |Es(x)| < Cs™, supp E; C [—s“—1+5L, s“—1+5L] (3.3)

and
|Gs(x 4+ u) — Gg(x)| < Cs™%us™¥|~r0 (3.4)

where the constants C depends only on ¢.

This lemma is the main technical tool we use. We postpone its proof to the next
section. In this section we will apply this lemma to H,, that is with s replaced

1
by sa.

Lemma 3.2. Let € CP(R), ¥ = 1 for |x| < 1, ¢ = 0 for |x| > 2. For a given
convolution kernel K on 7 we define truncated kernels:

Kr() = K- ¥ ().
Then for R > 1 we have
KRl < C UK llp2-, g2,
where the constant C is independent of R.
Proof. This is immediate by taking the Fourier transform. O
Lemma 3.3. For an operator T as in (2.1), we have
A< IIT M2 g2 + €MDIT || ay-
Proof. 1t suffices to observe, that
(Hpm 8o, 80) =0,
and by (iii) of Definition 2.1

2
1K (0)]> < %.

Then, for e(M) < C M—?/2 the conclusion follows from

A=<T8 8> — Z K;(0). O

MmO <s§<00
s-dyadic
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Lemma 3.4. Let T be the kernel of the form (2.1). Then T admits a representation

A+ Y He+ Y KL,

MengM M9§S'<DO
s-dyadic s-dyadic

where:

X

H(x) = (w (%) —y (2s)) Hy (), s> M°, dyadic,

the function  is the same smooth cutoff function as in the previous lemma, the
kernels K satisfy conditions (i), (ii)s and (iv)g from Definition 2.1, and we have:

M+ 18I+ I{K Ml ay < C T ay-

Moreover
Md+ > (BHy+K)) < ClTllpo e + €MT | 4y
M9§s<so
s-dyadic 02502

Proof. This lemma is standard and we include the proof for the reader‘s conve-
nience. Let ¥ be the smooth symmetric cutoff function as in the Lemma 3.2, and
let s be the largest dyadic integer satisfying s’ < M? /2. We let

X 2x

v () = (g) ,and Y*(x) = ¥ (;) _y (T) fors > s/,

and thus
! X
Yo v =y (—) = P (%),
.’ 50
so=s=>s
s-dyadic
with

/

supp W‘/ c{lxl =M% suppy® C{s/2<|x|<2s}, s>5
Given an operator 7" with kernel of the form (2.1):

T=xld+ BHy + Z K,

MO <s<oo
s-dyadic
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we can write the decomposition of its kernel

U - T=21d+8 Y ¥ -Hu+ ) v° K

sg=s>2s" so=s>s’
s-dyadic s-dyadic
where
Y K.
Mo <s<00
s-dyadic
Now we let

=vy* . Hy, s>,
K, =v* - K, s>s.

Observe, that the kernels K satisfy the requirements in the definition of the algebra
A, except, possibly, for the vanishing means. We let

K@) =R = Sy (5) YK,

YEL

where the constants ¢, have been chosen so that
=2 v ()=
X€Z

Note, that the kernels K do have vanishing means, and satisfy all the requirements
of the definition of the algebra Ay, with |[{K }||4,, bounded by [[{K}| a,,. Now
we write the decomposition of kernel 7' (x)

V() - T) =A@ + 8 Y Hi)+ Y Kj(x)

so=s>2s" so=s>s’
s-dyadic s-dyadic
Cs Cog CS() X
F 2 ()G e (3)
s0/2>s>s § 50 50
s-dyadic

where

= 2 YKo =Y Kow ()

s>1>s'
s-dyadic
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and Js//z =0. Let

2¢s 2 s
=i (225 (2) - 20(3)

N N

We will prove below that |Jg| < [A| + C||T ||;2_, 2. This immediately imply
T=xld+p > Hi+ > K/

s>2s' s>s'
s-dyadic s-dyadic

in a weak sense. Moreover, by Lemma 3.2 applied to 5, - T and estimate on A
provided by Lemma 3.3, the partial sums

AMd+B8 Y He+ Y K/

.SOZ.S‘ZZS, 50 >s>s/
s-dyadic s-dyadic

represent an operator with £2 — ¢2 bounded by ClTlp2sp2 + €(M)|T| 4,,,and
by the construction || K" ||4,, < CIIT | a,,-
We will now show the required estimate for Jy, that is

Y KM (T)| = elTlonp + 121

YEZ

We let
1

T 2s+1

K’ = (K +HM) - Yy, Xs X[—s,s]»

and, since the kernel H; is antysymmetric,
2

2
STKM U] =D_KS ) Y xOn)

YEZ YEL YVIEL

2

=YK x x5 (y)

yeEZ

<85 > [KS 1))

yEZ

512 2
< 851K 1, pllxsl
< KS 2
= 2S +1 ” ”52_)52

2
S c ||K +HM||£2*>52

<2|TI% o + 2101,
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where the estimate for ||K¥|,2_, 2 follows by Lemma 3.2. Now we apply Lem-
ma 3.3.

Lemma 3.5. Let 0 < ¢ € C°(R) and ¢5 = %qo(é), with constants ¢ > 0 such
that ||@sll1 = 1. For a given § > 0 and a positive dyadic integer s let s1 be such

thatsa7;+6 <s1 <s.Thenfor0 <y < y(8) we have:

(l) ||§0s1 *Hs ”Kz = v,'
@ T+ = 2P 2 (2

We can take yo(8) = min{z, y (3)}, where y (8) is defined by (3.4).

Proof. 1t suffices to prove (ii) with |h| < Cs since it implies (i). For the moment,
the superscript  denotes the translation of a function by /. We have:

(6= P o =) 7] = (=) 60

1
h 2 h h
+ ”gaxl - §031||@2 Sl/“ +<<(Pg1 _(ﬂsl) * ES9 <§0sl _§0S1>>
=I+I11+111.

In the above we have applied Lemma 3.1 with §; = §/2 to obtain the decomposition
He « Hy = G + % + Ej, satisfying estimates (3.3), (3.4). We have, for y <
y(8/2), where y (§) is defined by (3.4), that:

1] = ‘((wﬁ', —%1) * Gy, ol _§0s1>‘

= <§0sl * (Gh —~ Gs), ol — <psl>

Ihl
||§0s1 ”[1

111]<C Lo(my
- 1/0{ S S
ol
l/oz

Ihl”
e~ gI=Tja+é/a

1 /|h| 8/20
<C-|\|— ,
- s s

<C
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for y < §/2a and 51 > s!~1/¢+%/« By the Holder regularity of g5, we get

(1111 < C |l — @5, | joc | Esll

<c (@)y LD e
s1 s1 S

1
= || ]s|%/2
¢ 8/2a y
sl 0{ sl—1/a+d/a S8 |h|
8/4
g (|h|) e —8/4a
BKY s
for §/4a > y and s as in II. U
Let _ _ _
Ty= Y (He+K.).
MO <5’ <s

where the kernels 7'ZS/, K~ ;/ come from the representation of T in the sense of
Lemma 3 4.

Lemma 3.6. For y < y(8) and s'~1/+3/% < g < s we have

@) s, * Mo+ Tol% < SATIS o + S IT13):

~ y - ~
Gi) llgg + Hy # T ) = 0+ Hy Tl < € (W) QTI2 o+ 51713,
Proof. Immediate, from Lemmas 3.4 and 3.5. O

Lemma 3.7. Ler 0 < [ < gl=Vetd/o 0 — qa=148 < o < s and Y = ¢ — @1,
where @; has been defined in Lemma 3.5. We have for y < yy(6):

() [l * Hs * Hsl ”?2 = \sll%/z"

.. Y
(i) Iy Hs *Hs1<-+h)—wz*Hs*Hn||§2SW%'(%) :
(iii) (191 % Hs * Ko, I3 < 7577
. 14
@v) v * H * KS](‘ +h)—1Y * Hg * Ks1 ”%2 < W . (%) .

Proof. (ii) and (iv) follow from (i) and (iii), since |k| > 1. We will now prove (i).
We again use Lemma 3.1 with §;, = §/2.

I 5 Hy s Ho 17 = (Y1 % Gis, Hyy % Hy 5 Y1)
+ (Y1 * E, Hsl *Hsl * )

1
+ (Wl : mvHﬂ *Hsl *Wl)
=1+11+1I1.
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We estimate each part.

] < Y1 * Gglleee - ”Hsl * Hsl * WIHZI

c |S|171/a+8/a Y 1
Is| Is]

C 1
< —
T s Isl®

1
TT] = (5 Hey oy 5 9] -
1

< M 52 1l <75

C 1
—Sll/ot sl/a

1 1
= o (1-1/a+5/a
- 1
— gl+é/e’

11| = [{Ey, Hy, % Hy, % W1 % Y1)

= |<E3 *HslaHsl * WI * WIH
IEslon - I1Hs 12,
gl=1/a+8/2a 1
—
gl=1/a+8/2a

A

A

< -

— 5 .gl-latd/a
1

< — .

— gl+é/2a

The estimates of |//] is very crude but it suffices for our purposes. The proof of
(iii) is identical. ]

Lemma 3.8. We have that
~ 2 C =02 ~ 1
”Hs*Ts”gz_; IT My +1T1A - W+E(S) , (3.5

. = s C LN (mr = 1
Hsx T+ ) =He x Tullp ==\ 7 ) (T2 HITlA | g F€G))) . (3.6)

T\ [s]

where Ty, Ty have been defined before Lemma 3.6.
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Proof. Itis acorollary of Lemmas 3.6 and 3.7. Let s1 =s1_1/°‘+5/",(p€Cf°(—%, %)

1
251

and @y, Yy be as in Lemma 3.7. Then g = @5, + =1 Y. The conclusion of
[-dyadic
the Lemma follows directly from the formula: ’
Hs*Ts:¢s1*Hs*Ts+ Z Z wl*Hs*(Hs’+Ks/)~ 3.7
wie 5L,

Since the kernels Ty, TS are supported in [—Cs, Cs] for some constant C, from
Lemma 3.6 we conclude that

Qs * H; * ’]Nrs

satisfies (3.5) and (3.6), that is (i), (ii), ,(iii), ,(iv), of the Definition 2.1 for some
s2 = Cs and with the constant Dy, < C||Ts[l,2 2 < CIT |22 + Ce@)|IT |4,
Since s? < s’ < s, each of the kernels

Y1 x Hy + (Hy + Ky), (3.8)

by Lemma 3.7, satisfies (3.5) and (3.6), that is (i), , (ii)y,, (iii), , (iv), of the Def-
inition 2.1 with s = Cs and Dy, < Cs /3¢ || T ||, < CM~"“% | T 4,,. Since

the number of summands in (3.7) is at most C (log M)?, the lemma follows. O

Lemma 3.9. We have:

17Ty = € (T2 P lay + 1T Las 1T 22 ) + €6DIT Ly 1T L

S(a—1+49)

where €(M) < CM~" T« , and the constant C does not depend on M.

Proof. We use the identity

TT = )»T+7\T+Z(Ks+Hs)*Ts+Z(fs+ﬂs)*Tzs,
S N

(where Ty, ’]~I's are defined as in the previous Lemma). We apply Lemma 3.8, and
obtain the estimates in the case s < M. The case s > M is immediate, since
then H, vanish and by the £2 boundedness of Ty, Ty, the kernels K * Ty, K, * T
satisfy conditions (i)¢,, (il)cy, (iil)cy, (iV)cg of Definition 2.1 with appropriate
norm control. O
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4. Proof of Lemma 3.1.

In this section we slightly abuse the notation and denote a generic s by M. We
note that Hyy, introduced in (3.1), is supported in [-C M%, CM®]. Denote Gy =
Hys « Hy. The estimates (3.4) and (3.3) on Gy have been proved in [18], the
estimate (3.4) under additional restriction M 0 < |x|, |x + u| and the estimate
(3.3) for any x # 0. In what follows we will prove (3.4) for the remaining case
ML < x x+u<M % Then the new function G M defined on the whole
Z by Gy (x) = Gp(x) for |x| = M@ L and Gp(x) = Gy ((ME1H3L]) for
x| < Me~1HL satisfies (3.4). Since Gy (x) = Gy (—x), for x| > M1 we
obviously have, for those x, G (x) = Gp(x). We will denote G again by Gy
and define E s (x) by equation (3.2) with additional condition G 3;(0)+ E»;(0) = 0.
Then Ej;(x) obviously satisfies (3.3).

We will apply the method of trigonometric polynomials and we refer the reader
to [9] for all background facts. We begin with some definitions used in the sequel.

Definition 4.1. Let 6 > 0 be small, and §p = 18_0' We consider the partition of the
interval [0, 1) into intervals of the form

ror+1 5
Ir—[m,W>C[O,1), 0<r <M.

For a number A € [0, 1) we will denote by 7 (A) the unique interval of the above

form such that A € I(A). We will write I, = [a(1;), b(I,)) and denote by [(A) =
[(I(A)) =b(I(A)) —a(I(A)) the length of 1(A).

Furthermore, we let m(h, x, A) be the unique, if it exists, non-negative solution of
m+h*—m*=x+A, 4.1)
where x,h e Nand 0 < A < 1. Let

xeN, MO <y < pTw, (4.2)

X
H = :
Mea—T

|lw| = inf [k —w|, weR. 4.3)
keZ

We will consider the following condition for (&, x, A, k):

Vm, mh,x,a(I(A))) <m <m(h,x,b(I(A)))

. ”a k@] “ > M2, 4.4)

Lemma 4.2. If% <m < 2M, satisfies (4.1), and H, x, h, A are as above, then

C'H<h<CH (4.5)
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for some constant C independent of M, x, h, A. Moreover we have the following
estimates:

m(h, x, b(I(A))) —m(h,x,a(I(A)))

4.6
- cal(I;A))m(h, x,027% (1 + 0(M™%)), 0
0
m(h, x,0) = (;—a) (1 + O(M—50))7 where p = ﬁ 4.7)
2
g_ p (m(h,x, br)> (1) mh. x. by)>C
H/C<h<CH M h (48)

I-Cl0,1)

=ceM*™ (14+0(M™™)),

where the choice of b, € I, is arbitrary, and ¢ € C° (%, 2).

Proof. The estimate (4.5) follows immediately from Taylor’s formula. In order to
prove (4.6) we use the mean value theorem and the definition of m(h, x, ¢):

am(h,x,t) 9m(h,x,t) m(h,x,t)z_“< (h )) <M)
= = l1+o0(—))=0(—),49)
ot dx ala — Dh M x

mih, 3 02 mh, v, 027 Q-aymhx, )G 1y
m(h, x, 0)2—« m(h, x,0)2—« x)

Hence:

o oom(h x, ) h

=10 (1+0(5))

o m(h,x, 077 h 1
-1 (1o (57)) (140 5))

Now we prove (4.7). Let x; be such that

x \”
m(h,x1,0) = )

that is
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Using the Taylor’s formula applied to (4.1) we obtain |x; — x| < xM /190 We
have:

‘m(h,XI,O)—m(h,x,O) < C 8m(h,x1,b)|x] _xl

m(h, x1,0) - M 0x1
C\ M _ 1
< — —lx—xi| <M 10,
M x

We now prove the last part, (4.8). Using the estimate (4.9) it is straightforward to
check that

g — Z p (m(h,x,0)>2 m(h,x,O)chxl(Ir) (1 +0 (M_(a—1+8)>>

H/C<h<CH M h
IrcClo,1)
2 2—
= < Z (p<m(ha X,O)) m(h7x70) a) (1 + O (M_(Ol—]+8))>,
H/C<h<CH M h

We apply (4.7) and replace m(h, x, 0) by m(h, x1,0) . We get

(2o ) @) a) 0ot
(oG )Y (@) )weomen

The last equality follows from (4.5), and the fact, that by (4.5)
1 (x) 1
ol —|— =0 forh<C "Horh>CH,
M \ah
and by Taylor’s formula. Now, by the change of variables, the last integral equals
to ¢y M?>~ and (4.8) follows. O

Lemma 4.3. Ler M*~ 1100 < x < M0 . We then have:

m(h, x, a(I)\* (1 _
M*Hy % Hpy(x) = Z (p( v r (|u7h,x,1r|+|*7hfx—l,lr|)+Er(x)’
H/C<h<CH
1-Cl0.1)

where j,:x I and j,:rx 5, are sets satisfying the inclusions:

Ty, D Am € [m(h,x,a()), mh,x,b(1,) : (m?) = 1 —a(l,)},
T, C tm € Imh,x,a()),m(h, x,b(1)) : (m®) = 1 —b(I,)},
Tt D m € Im(h, x,a(lp)), m(h,x, b(1,)) = {m*} <1 —b(I,)},
th,rx,I, c {memh,x,all,)),mCh,x,b(l;)) : {m*} <1—a(l)}.
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Moreover, for the error function Er(x) we have |Er(x)] < CM'™*M?*~% so it
satisfies conditions (3.3) and (3.4) required for G.

Proof. By the definition of Hys, we have:

mi\ M my\ M
M?* Hy « Hy(x) = Y sﬂ(—) (—) iy 1 % Ot ()

—Q
m|,m2€Z M mi M
~ (M1 . /M2
=2 Y ¢ (ﬁ) @ (ﬁ) Stme1—me1 (x) = (F)
my,mo€Z

where we have denoted ¢(z) = sgn (¢) |t|_1(p(t), and used the fact that for m; > m>

and0 < x < M o0 the equation [m{] & [m5] = x can be solved only when
[m{] —[m3]=x.
Now we fix & > 0 and consider solutions to the equation:

M
x =[m{]—[m3]l, mi—my=h, - <mi <2M.

Each solution is a pair m, my, but it is determined uniquely by its larger component
m1. In the following we refer to m as “the solution”. The set J,;rx L consists of
solutions with additional condition

m{ —mj =x+A, A el Cl0,1).
The complementary set, 7, hfx’ L consists of solutions with additional condition
mi{ —mj =x—1+A, Ael Cl0,1).
It is immediate, that if [(m + h)"‘] - [m“] = x then
(m+h)*—m*=x+A,

or
m+h*—m*=x—-1+A,
for some A € [0, 1). Hence
1M< <2M: Ak)x = [m*] —[k¥]} = t o uJr
oM =m=2M:Ehx=mT-kTr= | Ff, VT

H/C<h<CH
IrCl0,1)

Hence, we have

=2y ¥ > #(57)7(57) fmemnt) = .

LCl0.) H/C<h=CH m et | uF
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Since for m; € j,:fo V] jh_,x’A we have, by (4.6),

Imy —m(h, x,a(A)| < CM*™®, |my — m(h, x, a(A))]
<CM*“4+Clmy—m| <CM*>“4+CH <CM*™“,

applying Taylor’s formula for ¢ we get

2
w=2 Y w(W) S 1+ Erw),

I:Cl0.1) H/C<h=CH mj e‘7h+)c‘lr U‘7h_.)c Ir

where the error term Er (x) satisfies
1
|Er| §CM1_°‘#{§M§m <2M: (Elk)x:[m"‘]—[k“]} <CM'™*M*™%. (4.11)

The last inequality, by [18] is true for every x € Z. The first statement of Lemma
follows.
If for some A € I(A) C [0, 1) we have

m+h*—m*=x+A, xeN,

and
{m*}y <1—-0b(I(A)),
then
[(m + h)o‘] — [m“] = X.
So
My +{(m +h)* —m*} <1 —b(I(A)) + A,
and thus
{m+h)*) = {m*}+{(m+h)* —m*} ={m“} + A.

So,

[(m + )] = [m*] =x + A — ({m+R1)*} — {m*}) = x.
Analogously:

m*}y=1—a(I(A) = {m*}+{m+h)* —m*} > 1
= {(m+n)*} ={m*}+A -1,

and then
[(m —I—h)“] — [m“] =x—1.
It follows that
[(m+ )] —[m*]=x = (m*} <1—a((A)).

The required inclusions now follow. O
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Let us introduce the following four functions. Given an interval /. C [0, 1),
let

X1 = X[1—a(l),1-M%]> X2 = X[1-b(I;),1]-
Also, choose a function ¢, smooth, even, positive, monotone on R*, with support

contained in [—M %, M~%], and with integral 1. Extend these three functions as
1-periodic on R (M % << 1), and let

—= -+
wM,I, = X1*@, WM’I’. =X2*,
where the convolutions are on the torus. Using Lemma 4.5 we have the following

obvious estimates:

El

Var g, ") = [Ty,
m(h,x,a(ly))<m=<m(h,x,b(I))
< > Vs 1, ().
m(h,x,a(ly))<m=<m(h,x,b(I;))

| jh_,x A

Now we choose new

X1 = XM= 1-b(1,))> X2 = X[0,1-a(l})]>
and let
+,— +,+

WM’]r = X1*9Q, wM’]r = X2 *¢.

In this case, we have
J’_’_
‘//M,lr (m*) < ’th,rx,lr
m(h,x,a(l;))<m=<m(h,x,b(l))

< > Vg, (m®).
mh.x.a(ly) Smem(h.x.b(,)

k)

| jh-i,_x A

It is straightforward to see that if ¥ is any one of the above introduced functions,
we have the estimates:

Y o] < € logm, (4.12)
keZ

Y ik =cm. 4.13)
k| >M?%0

Lemma 4.4. We have the estimate

1
1ﬂ(m"’)—(m(h,x,l?(lr))—m(h,x,a(Ir)))/ V(1) dt
mh,x,a(l)<m<m(h,x,b(I,)) 0

N C
< > [ [Sr, x, 1| + Sz im B, x, b(1p) = m(h, x, a(l)],
0<|k|<Mo

where Y is any of the functions wﬂjf[ L
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We further have
1
|Sk(hv X, Ir)| = Wlm(ha X, b(lr)) - m(h7 X, a(lr))| (414)

and if (h, x, A, k) satisfies (4.4), moreover we have
|Sk(h, x, I)| < Clm(h, x, b(I,)) — m(h, x, a(l,))|. (4.15)
Proof. Let us denote
J ={m(h,x,a(l;)) <m <m(h, x, b))} (4.16)
We have

D pm®) =90

meJ meJ
< S P F T S [, ()
0<|k|<M?% meJ |k|>M?%
=I+1I

It follows from (4.13) that 11 < | 7| M—%. We will estimate /. We have, as in the
proof of Van der Corput’s difference lemma (see [9]):

: o 1 D_l . o o
2mim%k - 27 i (m+s)*—m%)-k X
E e < D E E e +C-D
meJ meJ
D*M*0 D
§ : § :eZJleYO[m + C|j| ( e + )
mEJ =0 |j|

with the second term of the last expression estimated by | |( M2 O+ Mbo~ 100) <

|JIM~% if we have D = M®%. We have used in the above the the following
obvious consequence of the Taylor’s formula

2
eZm’((m+s)"‘—m°‘) — e2m’omm""l +0 ( s“k ) )

m2—oz

We continue the original estimate:

1 ] 2 C|TJ|
< D, .
<p 2 mm{ Jorkme ] } T um

meJ
Now, if (h, x, A, k) satisfies the (4.4) condition, then
2 M—%/2
Z mln:  TakmaT] } VAR O
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Lemma 4.5. Assume |k| < M?% . We have the estimates

Yo Shx 1) < cH

VoA \m(h, x, b(1,)) — m(h, x, a(l,))|
1/C H<h<CH
< Cl(I;) MP~* 7%/,

Proof. The last inequality is an obvious consequence of (4.6). Based on (4.14) and
(4.15), it is enough to prove the estimate

#{h : (h,x, A, k) does not satisfy (4.4)} < CH M~%/4,

To do so, let us momentarily fix 4, x, A, k which do not satisfy (4.4). Thus there
exists m € J such that

Lt
||otkm"‘_1 || <M~ 7.
Let |k| < M?% . We will show the estimate
kx

akm* ! = m +0 (M_%>.

Since m € J, it satisfies the equation
m+hn*—m*=x+A, a(l(A)) <A <b(I(A)),

and by the mean value theorem

ahm*'=x+A+0 B M® .
M

2

By (4.2) we have MS < H < M1 and consequently, since |k| < M 200 and
280 < §/2,
_ kx

akm® ! = % +0 (Mf‘s/z).

‘We have

H%x < akm* | + M~ <272,

Now, let w € N be the integer approximation of kx thus
kx

h

Now we assume that we have at least H M ~%/4 different h; s, and that (4 4) is false.
Thus, each of these A;’s satisfies

kx =h; w; +e¢; h;, “4.17)

=w+e, le| <2M %72,
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and since kx and h; w; are integers, so are e; h;, and

lei hi| <2H M~%/2,

80/2

Now, for given number z with |z| < 2HM™ we consider the set

.Az ={h; : kx = hjw; + z}.

If for each z the number of elements of A, is less than 5 1 M 30/4 that the total number

of h;’s satisfying (4.17) would be < 1M‘50/4 2HM™ ‘30/2 = HM~%/% which is a
contradiction. Thus, there must be a z for which

#Hhi kx = hjw; +2) > M‘W4 (4.18)

Now, since |z] < MCaxl .k # 0 we have 0 # |kx — z| < M%/2*! and by (4.18)

kx — z has at least M%/* divisors, which is impossible by a well known estimate
on the number of divisors. O

Corollary 4.6. We have

S [T | T [ o w60 = mh . atr | s € mPres,
I, h~H

B MICE N (o

where S is defined by (4.8).

) o (e

Proof. The first formula is an immediate consequence of Lemmas (4.5) and (4.4).
For the second formula we apply (4.6) and the first part. O

5. A counterexample
In this section we prove Theorem 2.3. Fix 1| < o < 1 + ﬁ, 0<é< (“;—1)2
and k = ¢6, where ¢ will be specified later. Let {M;}; be a sequence of integers

satisfying 10M; < Mla+l]_l 19 with @ € C°(1, 2) real valued. We put ¢, = ¢ if
for some [ we have (recall s is dyadic ) s € U_ = [Ml"_l_l'm, Mla_l_‘s] ors €

Uy =M 11 —0.Ire, M;], and ¢; = 0 otherwise. We will consider Hilbert transform

HMOZ = E HS
moe—1-118 <y
s-dyadic

(we use more convienient H instead of H) corresponding to this sequence {¢s},
andd =a — 1 —1.16.
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Fix [ and denote M = M;. By (2.2), Hjse contains two large blocks H, H_
corresponding to summation indices in Uy, U_ respectively. For P = M*@~1=9
and an integer j satisfying, for C sufficiently large, &M*2+09%-a) < j <

CM*CH3=) et I; = [(j — 1)P, (j + 1)P]. Consider A, the setof n € U_
such that for some x € I; the equation

[m*] £ [n*] = x (5.1

has more than 1 solution (a pair m, n, withm € Uy and n € U_); we allow the
different choice of + signs for different solutions. Let m; and m, satisfy (5.1)
possibly with different x1, x, € I; and ny,ny € U_. We define h = my — my and
estimate using m1, mo € U4 and the Taylor’s formula:

m% —ml| < P = hM1-019C=D < cppaa-1=5)

Let H = %; hence |h| < H, that is m, m, are contained in the interval
of length H containing some my satisfying (5.1). If n; € A}, then for some ny # n;
we have two pairs my, ny and my, ny satisfying (5.1). In what follows we assume
that the + signs corresponding to both pairs are minus. By (5.1) we obtain

[n$] = [n5] = [m{] = [m§] = [m] —m§] + A, Ae{-1,0,1}. (52)

We have:
m{ —m5 =m§{ —my +mg —my
= ahlmg_l —ahzmg_l +OH>M*™%), H>M*?<1.
From this:
[m§ —m§1+ A = [ (h1 —h)m§~ "1+ A (5.3)

There are at most 5(4H + 1) different numbers represented by right hand side of
(5.3). By Lemma 3.1, the number of solutions to

[n‘f] + [ng] =k, 0<ny,n <M 179

is at most CM©@—1-9@=®) = Thyg the number of pairs (n1, np) with ny, m; and
ngy, my satisfying (5.2), that is (5.1) for the same x, does not exceed

M(a—l—é)(Z—a) . 21 H < C . M()l—l—l.95.

The case of other choices of + signs follows exactly the same way. So we obtained
|Aj| < Ma_1_1'98.
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Let x be of the form
x = [m*] £ [n*], n¢AjUAj_1UAj+1,[m“]te. (5.5

Then one can easily verify, that x € 1;Ul;_1UI ;. We infer that the representation
(5.5) is unique, and it remains unique if we drop the assumption [m*] € I; (we

a—1-1.18
remark thatifn < M than this statement is immediate and do not require an
argument above ). In particular for x, m, n related by (5.5)

|H; « H_(x)| > L
m-n
H_+«H_(x)=0. (5.6)

Thus (we leave the proof for the reader)

1
Sk \ 7 1
Hy«sH_||,, =C(— | (logM)?, =14+ ——. 5.7
[ s B = € (55) doeM? p=14 6D
We will show the estimate
2
|H % H||,, < Cx?(log M)? (5.8)
where p is as in (5.7). We have
H+*H+= Z Hsl*Hsl.
M170A1K551_525M
51,8 -dyadic

Since this expression contains at most Cx2(log M)? summands, it suffices to prove
that || Hy, * Hy,llep < C. Assume s1 > sp. Since Hy, * Hy, is supported in
[-Cs{, Cs{], by Cauchy-Schwartz, it suffices to have [|Hj, * HS2||§2 < Csl_“.
We have

| Hy, * Hy, |2 = (Hy, % Hy,, Hy, % Hy,) < C Ly Zga
s1s2  S7sy
where, since Hy, * Hy, is supported in [—Cs3, Cs5], the last estimate follows from
the Lemma 3.1. Fix sufficiently small ¢ > 0 and ¥ = ¢§. From the (5.7), (5.8) and
(5.6) we infer that the estimate

—1

cannot hold uniformly with M and p > 1. By the definition, H e is antisymmet-
ric with €2 — ¢? operator norm controlled independently of M, so it has purely
imaginary spectrum contained in some fixed interval D C iR. Let " be a con-
tour in C enclosing D. Then we have ||(A] + H o)~ ! li2.p2 < C. Now, if we
have ||(A1 —|—]HIMa)*1||L;1ﬁZ|,oo < C, uniformly for M and A € I', we should have
I + Hpe) Hepoer < 57 The formula H3, L o A2 + Hpyge) " Nd

-1 @ = 27
implies that the estimate ||H%W lep—er < % holds uniformly in M. This is a
contradiction.

C
I(FL + F) 5 (B + HOlor <
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