Ann. Sc. Norm. Super. Pisa Cl. Sci. (5)
Vol. XIX (2019), 781-825

Parabolic obstacle problems, quasi-convexity and regularity

IOANNIS ATHANASOPOULOS, LUIS CAFFARELLI AND EMMANOUIL MILAKIS

Abstract. In a wide class of the so called Obstacle Problems of parabolic type
it is shown how to improve the optimal regularity of the solution and as a conse-
quence how to obtain space-time regularity of the corresponding free boundary.
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1. Introduction

Obstacle problems are characterized by the fact that the solution must satisfy uni-
lateral constraint, i.e. must remain, on its domain of definition or part of it, above
a given function the so called obstacle. Parabolic obstacle problems, i.e. when the
involved operators are of parabolic type, can be formulated in various ways such
as a system of inequalities, variational inequalities, Hamilton-Jacobi equation, etc.
More precisely, as a system of inequalities, one seeks a solution u(x, ) which sat-
isfies

t Au =0, uzy in Qx (0, 7]

(ur + Au)u — ) =0 (1.1)

u=¢  on 3,(Qx (0, T])

or a solution u(x, t) to

ur+Bu=0 in Qx(0,T]

u>y, oau+uy, >0
(quy +uy)w—v9) =0
u=¢ on 3,(Qx 0, TH\ (I x (0, T]),

on I' x (0, T] (1.2)
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where A and B are (non-negative) definite elliptic operators. Usually, (1.1) is re-
ferred as a thick obstacle problem and (1.2) with ' C 92 (when ¢« = 0) as a
Signorini boundary obstacle problem (or thin obstacle problem if one takes I to be
a (n — 1)— manifold in ). We shall refer to (1.2) as the dynamic thin obstacle
problem if @ > 0 and to nondynamic thin obstacle or Signorini problem if @ = 0.
Recently, there has been an intense interest, perhaps due to the connectivity to jump
or anomalous diffusion, to study (1.1) in all of R” when A is a non-local operator
and especially the fractional Laplacian. Observe that when A is the %—Laplacian
there is an obvious equivalence between (1.1) and (1.2) which is identified by the
Neumann-Dirichlet map, provided that u; term is absent and B is minus the Lapla-
cian, ' ¢ R"~!. This equivalence remains true for any fractional Laplacian if
B is replaced by an appropriate degenerate elliptic operator as it was introduced
in [14].

Every problem of the above mentioned ones and their obvious generaliza-
tions is actually a minimum of linear monotone operators therefore second or-
der incremental quotients are “supersolutions” and satisfy a minimum principle.
That is “for z = (x,¢) with x € Qin (1.1) or z = (x/,1) with x’ € R""!
in (1.2)

u(z +w) +u(z —w) —2u(z)

has no interior minima”. In particular, in the limit D,,,,u# cannot attain a minimum in
the interior of the domain of definition and on the hyperplane in the case (1.2). This
means that minima must occur at the initial or lateral data (minus the hyperplane in
case (1.2)). Therefore for an appropriate data we have an L° bound from below.
This is certainly true if the data is smooth enough or just when the data stays strictly
above the obstacle (Section 2). In fact, we believe that an appropriate barrier would
give interior quasi-convexity of solutions under general data; this is the content of a
forthcoming paper where we discuss the limitations of the smooth fit principle, an
important issue in mathematical finance and numerical analysis.

The purpose of this work is to show that the quasi-convexity property, absent in
the literature so far, has strong implications in the study of the above problems. One
such implication is the improvement of optimal time regularity, i.e. the positive time
derivative is continuous, contrary to a long standing belief that the time derivative
is only bounded. In Section 3 we prove this for a wide class of problems with no
assumptions on the free boundary; let us mention that in the literature there are only
three cases in which the positive time derivative is continuous and all three rely on
the fact that the time derivative is a priori non negative. These are the one-phase
Stefan problem [11], the (non-dynamic) thin obstacle problem ([3] only in n = 2)
and, very recently, the parabolic fractional obstacle problem [10].

For further implications of the quasi-convexity assumption we concentrate on
the (nondynamic) thin obstacle problem or (time-dependent) Signorini problem.
The other cases, i.e. the dynamic parabolic obstacle problem, the nondynamic and
dynamic fractional counterparts, as well as the one with parabolic nonlocal opera-
tors, is a long term project and they will be treated in forthcoming papers. Also,
elsewhere we show how one can get with this approach free boundary regularity



PARABOLIC OBSTACLE PROBLEMS, QUASI-CONVEXITY AND REGULARITY 783

for the already known result [12] of the “thick” obstacle. Actually, in this case,
i.e. the (time-dependent) Signorini problem, we prove the optimal regularity of the
space derivative (Section 4.1), as a consequence of the parabolic monotonicity for-
mula stated in the appendix of [4]. Secondly, we prove that the regularity of the
time derivative (Section 4.2) near free boundary points of positive parabolic density
with respect to the coincidence set is as “good” as that of the space derivative; let
us point out that the results in Section 4.2 are, in fact, independent of the quasi-
convexity. And finally, in Section 4.3, since Section 4.2 yields control of the speed
of the free boundary, we prove (space and time) regularity of the free boundary near
“non-degenerate” free boundary points.

The results of the present paper were presented by the first author in IMPA,
Rio de Janeiro, August, 17- 21, 2015 during the “International Conference on Cur-
rent Trends in Analysis and Partial Differential Equations”. A video of the talk is
available online at http://video.impa.br.

ACKNOWLEDGEMENTS. Part of this work was carried out while the first and the
third authors were visiting the University of Texas. They wish to thank the De-
partment of Mathematics and the Institute for Computational Engineering and Sci-
ences for the warm hospitality and support during several visits the last few years.
I. Athanasopoulos wishes to thank IMPA for the invitation where the majority of the
results of the present article were presented during August 2015 (available online
here).

2. Quasi-convexity

In this section we prove the quasi-convexity of the solution for a wide class of
Parabolic Obstacle Problems. In order to avoid technicalities we shall concentrate
on five prototypes of this class:

Lst prototype (Thick obstacle problem). Given a bounded domain 2 in R”, a func-
tion ¥ (x, t) (the obstacle) where ¢ < 0 on 92 x (0, 7], max ¥ (x,0) > 0 and a
function ¢ with ¢ =0 on dQ2 x (0, T], ¢ > ¢ on 2 x {0}, find a function u such
that

uy—Au >0, u>¢y in Qx(0,T]
(uy — Au)(w — ) =0 in Q x (0, T] 2.1)
u=4q¢ on 9,(2 x (0, T].

2nd prototype (Nondynamic thin obstacle problem). Given a bounded domain 2

in R” with part of its boundary I' C 9<2 that lies on R"~!, a function ¥ (x, t) (the
obstacle) where v < O on (02 \ I") x (0, T], max ¥ (x, 0) > O and a function ¢
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with¢p =0on (022\T') x (0, T],¢ > ¢ on I" x {0}, find a function u such that

u; — Au =0, in 2 x (0, 7]
ohu>0, u>¢ onI'x(0,T]
(@) —v)=0 on I x (0, T]
u=qe on 9,(2\T x (0,T])

2.2)

where v is the outward normal on 0€2.

3nd prototype (Dynamic thin obstacle problem). Given a bounded domain €2 in
R” with part of its boundary I' C 9% that lies on R”~!, a function ¥ (x, t) (the
obstacle), v < Oon (d2\ I") x (0, T], max ¥ (x,0) > 0 and a function ¢ with
¢=00n(@R\T) x(0,T],¢ > onI x {0}, find a function u such that

u — Au =20, in  x (0, 7T]
adu+ou>0, u>y onl x(0,T]
(@oru + dyu)(u —y) =0 on I' x (0, T]
u=qo on 3,(Q\T x(0,T])

(2.3)

where o € (0, 1] and v is the outward normal on 9£2.

4Ath prototype (Fractional obstacle problem). Given a ¥ : R*™! x [0, 00) — R

such that [p,_; Mﬁd}c’ < +ooforall# > 0and ¢ : R*~! — R such that
i (1+|xll;+'”‘ < +oo for some 0 < s < 1, find a function u such that

u+(—A)u>0, u—y >0 on R x(0,7T]
Ou + (=A)’u)(u —y) =0 on R*1 x (0, T] (2.4)
u(x,0) =¢(x) on R* 1,

5th prototype (General nonlocal operators). Assume that ¥ : R"~! x [0, c0) —
R is given and let

Lu:=u; — /Rnl gy, 1) —ulx, 1)K (y —x)dy,

where ¢ : R — [0, 00) is a C2(R) function such that g(0) = 0 and A™'/? <
g"(z) < AY?,z e R for a given constant A > 1. The kernel K : R*~1\ {0} —
(0, 00) satisfies

K(—x) = K(x) forany x € R"~1\ {0}

A-12 AL 1 (2.5)
X{|x|§3}m < K(X) < W for any x € R \{0}
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Then find a function u such that

Lu>0, u—y >0 on R x (0, 7]
(u—v)Lu=0 on R ! x (0, T] (2.6)
u(x,0) = ¢(x) on R*~1,

In the following theorem we prove quasi-convexity for the first, the second, the
third and the fourth prototype problems. The proof for the fifth prototype problem,
although similar, will be treated in a forthcoming paper. The following theorem
can be stated and proved using incremental quotients as it is mentioned in the in-
troduction, for simplicity though, we prove it for the second ¢-derivative. Notice
that the corresponding space quasi-convexity is well known from the outset of the
problems.

Theorem 2.1. Suppose that in the above problems  and ¢ are smooth. If (¢ —
W)IIZO > 0 then

() oo < C,

where C depends on ||Y]|oo and on the boundedness of the fourth space deriva-
tive of the initial data or of the second derivatives in (2.4), and on the second
t-derivative of the lateral data for the bounded domains case. If (¢ — ) | 0 =0
the same estimate holds provided in addition that (0;y — (—A)Wfﬂ o =M > 0
for s € (0, 1] and M sufficiently large.

Remark 2.2. Actually, if in the theorem above one assumes that the data stays
above the obstacle, then the data can be taken to be very general since in its neigh-
bourhood everything smooths out due to the classical theory of parabolic equations,
hence interior quasiconvexity holds and C depends only on || (¥)||cc-

Proof. In all four cases we use the penalization method, i.e. one obtains the solution
u as a limit of u® as ¢ — 0, where u? is a solution, in case (2.1) of the problem

Auf — 0u® = Be(w® —¢Yf) in Q@ x (0,T]

2.7
u® = ¢ +¢ on 3,(2 x (0,T]), @.7)
or, in case (2.2), of the problem
oruf — Auf =0, in 2 x (0, T]
—0puf = Be(uf —¥®) on I' x (0,T] (2.8)
u® = ¢ +¢ on 3,(Q\T x(0,T]),
or, in case (2.3), of the problem
o;uf — Auf =0, in @ x (0,T]
—adu® — oyu® = B.(u® —¥® on I' x (0,T] 2.9)

u® = ¢ +¢ on 9,(2\T x (0,T]),
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or, in case (2.4), of the problem

— (=AY uf — duf = Be(uf — ¥ on R x (0, T]

u®(x,0) = ¢°(x) +¢ on R* 1, (2.10)

where, for ¢ > 0, ¢®, ¥° are smooth functions (with compact support in the case
of the whole R"™1), B.(s) = —Neﬁxsfg(s) with N large enough with ¥ — i,
¢° — ¢ (locally) uniformly as e — 0. If, now, (¢ — ) | ,—o > 0 then differentiating
twice with respect to ¢+ we obtain

Auf, — dufy < Bt — ) (uf, —¥f) in Qx (0,T]

ug = ¢ on 9Q x (0, T] @2.11)
u, (x,0) = A%¢°(x) in @ x {0},
or
dpuzy — Aug, =0, in 2 x (0, T]
—dyuf, > Bt —y)(uf, — ¥f) on I'x (0,T] (2.12)
uf, (x,0) = A%¢°(x) in Q x {0},
or
Opuy, — Auj, =0, in Qx(0,7T]
—adeut, — dyut, > BL(u’ — wg)(uf, - 1//5) on I' x (0, T] (2.13)
u, (x,0) = A% (x) in Q x {0},
or

—(=A)Suf, — duf, = BLuf —Y*)(uf, — ¥f) on R" x (0, T]

2.14
ut, (x,0) = A%p° on R*—1. (.19

To finish the proof, apply the minimum principle to u?,.

If, on the other hand, (¢ —) | —0 = 0, following the steps above, we notice that
since ||B]lco < +00 and B’ > 0 it is enough to have (3t‘/f—(—A)S‘/’)|t:0 >M >0
for s € (0, 1] and M sufficiently large. O

3. A general implication on the optimality of the time derivative

In this section we show that the quasi-convexity property obtained in the previous
section improves the time regularity for a wide class of problems. More precisely,
we prove that the positive time derivative of the solution is always continuous for
this class. Our approach will be as follows: we penalize the problems, we subtract
the obstacle from the solution, then we differentiate with respect to time and we
work with the derived equations. We shall obtain then a global uniform modulus of
continuity independent of &, which will yield in the limit the desired result.

In order to avoid having a lengthy paper, in the present section we concentrate
on the first three prototype problems stated in (Section 2). The fourth and the fifth
prototype problems will be treated in forthcoming papers.
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3.1. The “thick” obstacle problem

In this situation the derived problem takes the form:

Av® — 9v® = B — Y+ f; inQ:=Qx(0,T]
V8 = (¢° —¥*); on d,(2 x (0, T]) (3.1
Ve = A(¢° —¥°) on 2 x {0},

where v¥ = (u® — ¢¥¥), and f = —(AY® — 9,¢%).

Our method, which uses the approach of [9], is essentially that of De Giorgi,
first appeared in his celebrated work [17]. To simplify matters we start with a
normalized situation, i.e. we assume that our solution is between zero and one in
the unit parabolic cylinder. We will prove (Proposition 3.5) that if at the top center
v® is zero then in a concentric subcylinder into the future v® decreases. Then we
rescale and repeat. But before that we need several lemmata. Our first lemma
asserts that if v® is “most of the time” very near to its positive maximum in some
cylinder, then in a smaller cylinder into the future v® is strictly positive.

Lemma 3.1. Let Q1 (xq, to) C O where Q1 (xg, to) := B1(x0,0) x (tg — 1, to] with

By :={x € R" : |x — xo| < 1}. Suppose that 0 < v® < 1 in Q1(xo, to) where V° is
a solution to (3.1), then there exists a constant o > 0, independent of &, such that

/ 1—v°)%dx <o (32)
Q1(x0,t0)

implies that v > 1/2in Q1,2(xo, t).

Proof. For simplicity we drop the ¢, we shift (xg, 79) to (0,0), and write Q; for
01(0,0). First, we derive an energy inequality suited to our needs. Therefore we
set w = 1 — v, so that the equation becomes

Aw — dw = B'(u —)w — 1) — f,.
Choose a smooth cutoff function ¢ vanishing near the parabolic boundary of Qg

and k > 0. Multiply the above equation by ¢?(w — k)™ and integrate by parts to
obtain

l/ o | (cw—0*)] dxdt—i—/ V(¢ — k)7 dxdr
2 Jo, 0

= /Q Bi(u — )2 (w — k) Tdxdt (3.3)
1

+/ [(w— k)+]2(|vg|2 + e8¢ )dxdt + | fig*(w — k) Tdxdt.
01 01
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Integrating by parts in ¢ the first term on the right we obtain

l/ (;(w—k)+)2(x,0)dx+/ V(¢ — k) [Pdxdt
2 /s, 0

=— | Bw—¥)3(*w—k*)dxdi
Qi (3.4)
+ | Bu—y)*(w—k)T(x,0)dx
By

+/ [(w =k (VP +¢o¢)dxdt + | fig>w — k) Tdxdt.
0 0

Now, since 8 is nonpositive and the upper limit of ¢-integration, + = 0, could have
been replaced by any —1 < ¢ < 0, our energy inequality takes the form

max / (;(w —k)+)2dx —f—/ ‘V({(w —k)+)‘2dxdt
By 01

—1=<t=<0

= C/Q ([(w — O PAVER + [8,51) + w — T3]+ 1) + X{w>k}) dxdt
1

with C = 2max{1, ||B|lco(2 + ||(¢s:) " |loo), || f1]lco}, Where we have used the time
quasiconvexity of the solution u«.

Now, we want to obtain an iterative sequence of inequalities; thus we define,
form=0,1,2,...,

1 1 1 1

O i={(,0) ¢ x| = Ru, —R% <120}
and the smooth cutoff functions

XQm+1 S ;m E XQm

with
[Vinl < C2™, |8;5m| < C4™.

Substituting ¢ = ¢, and setting w,, = (w — k,)" we obtain, by the Sobolev
inequality, that

( (;mwm)z%zdxdr)
Qm
<C <4mcf w? dxdt + c4m/ Wdxdt + | Qpm N {w, # 0}|>

<C (4'"c/ w? dxdt + (% + 1) |0 N {wp 750}|).
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Since

(km - km—l)lem N {wm ?é 0}| < L w,i_ldxdt

m

we obtain

|
]

n+

/ (Gmwm)*dxdt < ( / (;mwmﬂ”nﬁdxdt)"” |Om N {wn # 0}

" (3.5)
n+2
<C16" (/({m_lwm_l)zdxdt) .

Setting
I, = /(;mwm)zdxdt

these quantities satisfy the recursive inequality

1425
Iy <C16"1 1.

It is well known from De Giorgi’s work (see for instance [19, Lemma I1.5.6, page
95]) that I, — 0 as m — 0 provided that

Iy < 71 O

=: 0.
0= a2t
Our second lemma asserts that if v® is very tiny “most of the time” in some

cylinder, then in a smaller concentric cylinder, v¥ goes down to 1/2. The fact
that B/ > 0 renders v®, more so any nonnegative solution to (3.1), a subsolution
(subcaloric).

Lemma 3.2. Let Q| be as in Lemma 3.1. Suppose that v¢ is a subsolution to (3.1)
and that 0 < v < 1 in Q1. Then there exists a constant & > 0, independent of ¢,
such that

(v®)2dxdt <&
01
implies that v¢ < 1/2in Q2.

Proof. 1t is identical to the proof of Lemma 3.1 except for the energy inequality
which is in fact much simpler. As before we drop ¢. We see that

Av—0v> f; in Qj. (3.6)

Therefore we multiply the equation by ¢?(v — k)™ where ¢ and k are as in the proof
of Lemma 3.1 and integrate by parts to obtain the energy inequality

—1<t=<0

max / (cv—K") dx +/ IV(z(v — k)T | dxdt
By 0

< 2/ (-] <|V§|2 + |8t§'|> dxdt.
0
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Again, we substitute ¢ = ¢, and we set v,, = (v — k)™ where ¢, and k,, are as
in Lemma 3.1. By the Sobolev inequality

/ (Emom)> "5 dxdt < C4™ [ v2dxdt

and since
(ki — ko121 O O {0 # O} < f w2\ dxdi
we obtain
2 2n+2 ”LJFZ 2
/(Cmvm) dxdt < (/(gmvm) dedt) \Qm N {vm # O} "+
s 3.7
) n+2
< C16m</(§m1vm1) dxdt) .
Hence, if
I, = /({mwm)zdxdt
we have
m ik
In < C16™1 |
ie. I, > 0asm — 0 provided that
Iy < 71 O
=:0.
0= 2(n+l)2Cer»2 D

The next lemma is the parabolic version of De Giorgi’s isoperimetric lemma.
One version of this lemma is proved in [15] and with proper adjustments applies to
our situation. We state it as our next lemma.

Lemma 3.3. Given €| > 0, there exists a 81 > 0 such that for every subsolution v®
to (3.1) satisfying 0 < v® < 1in Q1 and

{(x, 1) € Q1 :v® =0} = 00l Q1.
{(x, 1) € Q1 :0 <v® < 1/2} < 81|01,

N
/ |:<v€——> j| dxdt < Ce
0. 2
R

/
where R = coyg for og > 0 and some 0 < ¢ < 1.

then
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In order to achieve our decay estimate to zero we shall take a point v®(0,0) = 0 at

the top center of QO and show that in O % (0, 0), for some R < 1, v¥ is pointwise
strictly less than one. This is the content of our next lemma.

Lemma 34. Let Q1 and o be as in Lemma 3.1. Suppose that v® is a solution to
(3.1) such that v¢(0,0) = 0and 0 < v® < 1in Qy, thenv® < 1—Co in Q(0,0)
where C is independent of ¢ and R = g

Proof. Again, we drop ¢. Since v(0, 0) = 0, by Lemma 3.1
(1 —v)dxdt > o.
01

Then it follows that

v<1-2nai|= ol0n

e 2 (-9

and we see that w is a subsolution to (3.1). Following De Giorgi’s method we will
consider a dyadic sequence of normalized truncations

Therefore, we set

wi = 2w — (1 - 27k)]+,

still subsolutions to (3.1). We will show that, in finite number of steps kg = ko (1)
(where &7 is defined in Lemma 3.3 and Ce; < g, where ¢ is that of Lemma 3.2),

Hwg, > 0}] =0.

Note that, for every k,one has 0 < wy < 1 and |[{wy =0}N Q1| > %|Q1|. Assume,
now, that for every k |[{0 < wr < 1/2} N Q1| = §1|Q1]|. Then, for every k,

Hwi = 0} = Hwi—1 = 0} + {0 < wr < 1/2}| = {wi—1 = O} + 1] Q1.

Therefore, after a finite number of steps, say ko > 1/81, we get [{wy, = 0}| > |Q1].
Thus wy, <0, i.e. ko[ — (1=2"k0)r =0orw < 1 —2"%0, Suppose, now, that
there exists k¥’ with 0 < k’ < kg such that

1
HO < wy < 5}

By Lemma 3.3 applied to wys with op = %, and consequently by Lemma 3.2 applied
+2)

< 81101l

to wy/ 41, we obtain wy 1 < 1/2 in Q 5, where R = %, ie.w<1—2"&
Hence in both cases w < 1 — 2~ *o+2) i Qporv<l-— 2—ko+4) 5 | 0
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The estimates obtained above are all independent of €. We would like to iterate
the lemmata above to force the maximum of v® to decrease to zero in a dyadic
sequence of decreasing parabolic cylinders in order to obtain the continuity of v°.

Proposition 3.5. Let v® be a solution to (3.1) in Q then
|0 (x, 1) — W) T (x0, 10)| < Coo(lx — x0l* + |1 — 10])

for any (x,t) and (xg, to) in Q, where C is independent of € and w denotes the
modulus of continuity.

Proof. 1t is enough to consider only the case when (v¥)*(xo, fp) = 0, since, oth-
erwise, v® satisfies a nice equation with smooth data and with regular boundary.
Therefore, for simplicity, we take (xo, 7o) = (0,0) and Q; as before. Again, we
drop the ¢ and we set

Ok = 0Qgr,, My :=supv
Ok
where Ry := 2 M and
_ Uk
vVi=—
My,

where v (x, 1) := v(Rix, (R)*t). Then v satisfies
AV — V> f; in Q.

Therefore, by Lemma 3 4,
supv <1 —Co,
Q R’

or, in our original setting,
sup v < [k Sup v
Ok+1 Ok

where i = 1 — C(supg, vH)!*3 . So, even, if ux — 1 ask — oo, My — 0.
To finish the proof, we use a standard barrier argument to get the continuity
from the future. O

Theorem 3.6. If u be a solution to (2.1), then (u — w)?’ is continuous.

Proof. 1t is well known that a subsequence of v® will converge uniformly to the
unique solution of (2.1). ]
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3.2. The (nondynamic) thin obstacle problem or Signorini problem

Let us extend ¢ to all 2, i.e. we take any function V(X' xp 1) such that VE(x,0,1) =

VEWX, 1), YE(X', xp, 1) < On 3,((2\T) x (0, T1), and BB—I/f(x’,O,t) = 0. Then our
problem takes the form

AVE — 008 = fy in Q x (0,7T]

—3,0° = ﬁ;(jf —¥f)v® on T x_(O, T] 58)
V' = (¢F —¥°), on 3,(Q\T x (0, T])

Ve = A — ¥°) on Q x {0},

where v¢ = (uf — ¥¢); and f = —(AYE — 8, ¥%).

We shall repeat the approach of Section 3.1 but, instead of parabolic cylinders,
we take parabolic rectangular cylinders with one of its sides lying on I'. We nor-
malize again, i.e. our solution is between zero and one, and we prove that, if v? is
zero on the top center and on I" in such a cylinder, then in a concentric subcylinder
into the future v® is smaller than one. Then we rescale and repeat.

Our first lemma asserts that if v® is “most of the time” very near to its positive
maximum in some cylinder sitting in (R”*!) against the hyperplane x, = 0 and
going backwards in time then in a smaller cylinder into the future, v® is strictly
positive.

Lemma 3.7. Let Q1(xy,0,t) C Q x (0, T] where Q1(x(,0, 1) = Bi(x;,0) x
(to — 1,10], B1(x},0) = Bj(x{) x (0,1), Bj(xo) = {x" : |x" —xy| < 1} and
Q' (xy. 10) = Bj(x() x (1o — 1, 10]. Suppose that 0 < v* < 1in Q1(xo, to) where
V8 is a solution to (3.8). Then there exists a constant o > 0, independent of ¢, such

that
][ X{1—ve=0}dx’dt —1—][ (1 —v%)%dxdt <o
0 (x4,10) Q1 (x0,t0)

implies that

N =

in Q1/2(xo, o).

Proof. For simplicity we drop the superscript €, shift (xg, 0, 79) to (0, 0, 0) and write
0, for 01(0, 0, 0). We first derive an energy inequality associated to our problem.
Setting w = 1 — v the problem becomes

Aw — dw = — f; in Qx(-7T,T]
dw=p(u—v¥) onT x(-T,T]
w=1—(¢—v), on d(Q\T x (=T,T]
w:l—A((b—lﬂ) on Q x {—T}.

(3.9
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Choose a smooth cutoff function ¢ vanishing near the parabolic boundary of Oy,
excepton Q' ,and k > 0. Multiply the above equations by ¢ 2(w—k)* and integrate
by parts to obtain

/ [V(Cz(w —k)+)Vw+§2(w —k)*B,w] dxdt

01

= | w-kbtowdx'dt+ | f,22(w—k)Tdxdt
o 01

and
le Ba’[(“w — )]+ | V(e - k)*)ﬂ dxd

= / 9, [{2(w — k)t B — w)]dx/dt
2 (3.10)
—/ 20, (w—k) B — lﬁ)dx/dt—l—Z/ L (w—k) T Bu—y)dx'dt
0, 0,

4 / (VeI + ¢0:0)[(w — k) Pdxde + | fig*w — k)T dxdr.
01 01

Now, using the fact that g is bounded and negative, (# — ), is bounded below, and
since the upper limit of the #-integration ¢ = 0 can be replaced by any —1 < ¢ <0,
we obtain

! max / [(w—k)*¢] dx +/ IV((w —k)*¢)[Pdxdr
B 0

2 —1<t<0 '

< ||ﬁ||oo|}(u—w);||oof

cldx'dr + IIﬁlloo/ (w — k)" d;¢dx'dt
Q1N{w>k} 0}

+/ [(w =P (IVE P + 8¢ )dxdt +/ fit*(w — k) tdxdt
01 01
and, a fortiori, we have the “energy inequality”

max / [(w —k)+§]2dx +/ |V ((w —k)+§)|2dxdt
By o

—1<t<0

< C(/Q/ (302w — )T + xwsky)dx'dt (3.11)

1

+ / [w = P(VEP + 8:¢)dxdr + | 2w - k)+dxdt),
01

0

where C = C max{1, ||Bloo (2 + (1) " lloo), I filloo}-
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Now, having our energy inequality, we shall obtain an iterative sequence of
inequalities. We, therefore, define

o = 5 (1-277). Rm=1(1+i>,

4 om
Om = B x (R3,.0]. By := B, x[0,Rul, By, =B ={x'| <Ru}.
O, ={(x1,...., %4, 1) : =Ry < X; < Ry, =R <1 <0},

and we choose smooth cutoff functions ¢, such that xo,,.; < &m < X0,,» V&l <
C2™ and 0 < 9,¢,, < C4™. We set w,, = (w — k,;)™ and we denote by

I, := max /(;mwm)zdx+/|V(§mwm)|2dxdt.

—R2<t<0

We want to prove that for every m > 0, I,, < oM™ with g > 0 and M > 1
to be chosen. The proof is by induction. For 1 < m < 2 we choose ¢ such that
4Co < M~2,and for m > 3 we have

I < C16" ( / (W1 Em1)?dxdt + / (wmlqmozdx/dr)

(3.12)

IA

C16m< (wm—lgm—l)zdxa’t_2/(wm—1é‘m—l)(wm—lfm—l)xnd-xa't
c16™ |:

/ (Wm—1&m—1)*dxdt

1/2 1/2
+( f(wm_lcm_nzdxdz) ( /W@m_lwm_oﬂdxdt) ]

where we used the divergence theorem and Holder’s inequality. Now, by Sobolev’s
inequality, we obtain

(Win—1Lm—1)*dxdt

QWI
n 2
pnt2 "2 "2
5(/ (Wm—18m—1)"n dxdt) </ X{wm.;«éO}dxdf)
Om—1 Om-1
am 15
<2 5.

Therefore, by substituting in the above we obtain
m m

sm ([1F5 L g2 2t
Iy < C2%m (1 T2 12,

Hence, if we choose M = 28" and ag = C _%2_8"(’”2), the claim is proved. ]
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From this point on we observe that, since 8/ > 0, the boundary integral is
nonnegative and can be omitted; then by reflecting about the hyperplane we are in
the same situation as that of Section 3.1 with square cylinders. Therefore we have
arrived at out main result:

Proposition 3.8. Let vé be a solution to (3.8) in Q; then
|09, 1) — W) (00, 10)| < C(1x = x0? + It — 10])*

for any (x, t) and (xo, t9) in Q and some 0 < a < 1, where C and « are indepen-
dent of ¢.

Proof. It is enough to consider only the case when (v¥)"(xg, fp) = 0. For sim-
plicity, we take (xg, fo) = (0, 0) and Q; as before. Again, we drop the ¢ and we
set

Ok := ORr,, My :=supv
Ok

where Ry := § My and

where v (x, 1) := v(Rix, (Ri)*t). Then ¥ satisfies

AD—8,0> f; in O

and
supv <1 —Co,
QR/

or, in our original setting,
Miq1 < px M.,

where uy = 1 —C(%—:)H%. So,even,if uy — 1ask — oo, My — 0. As a matter
of fact My ~ 2% and Ry ~ 27%.

To finish the proof, we use a standard barrier argument to get the Holder con-
tinuity. O

Theorem 3.9. Let u be a solution to (2.2); then (u — 1//),Jr is Holder continuous.

Proof. 1t is well known that a subsequence of v® will converge uniformly to the
unique solution of (2.2). ]
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3.3. The dynamic thin obstacle problem

Let’s extend 1 to all 2, i.e. we take any function 1}8(x/,)~c,,,t) such that ﬁa(x’,O,) =
gge(x’, 1), (X', xp, 1) <¢ on 9p,((Q\I')x (0, T]) and % (x’,0,1) = 0. Subtracting
¢ from the solution and differentiating with respect to ¢ we obtain

AV — v = —(AYF — 8,9, in Qx (0, 7]
—a ;v — 0,0 = ,3;(1/{8 - &8)1)8 —i—aa,x}f on I x (0, T]
- _ (3.13)
vt = (¢F —¥°), on 3,(Q\T x (0,T])
V8 = A(¢>8 — 1/}8) on © x {0},

where v¢ = (u® — ¥¢);. In order to avoid technicalities, in this more complex
situation, and bring forth the main idea, we shall assume throughout this section
that (AY¢ — 3;9¢), = 0.

We shall repeat the approach of Section 3.1 but, instead of parabolic cylinders,
we take “hyperbolic” hypercubes with one of its sides lying on I"'. We normalize
again, i.e. our solution is between zero and one, and we prove (Lemma 3.13) that,
if v® is zero on the top center and on I" in such a hypercube, then in a concentric
subhypercube into the future v® is smaller than one. Then we rescale and repeat.
The rescaling, of course, is hyperbolic appropriate for the boundary term on I" but
diminishes the time derivative in the heat equation; this though does not prevent us
to obtain the continuity, as it was done in [5].

Our first lemma asserts that if v® is “most of the time” very near to its positive
maximum in some hypercube sitting in (R”*!) against the hyperplane x,, = 0 and
going backwards in time, then in a smaller hypercube into the future v is strictly
positive.

Lemma 3.10. Let Qr(x(, 0, 1) C Q x (0, T] where Qr(x,,0, 1) = Bgr(x{, 0) x
(to — R, 10], Br(x{,0) = By(x0) x (0,1), Br(xo) = {x" = (x1,...,%-1) :
Ix] —x;| < R,i=1,...,n—1}and Qr(xy,0) = Byp(x}) x (to — R, 10]. Suppose
that 0 < v < 1in Qg(xg, ty) where v is a solution to (3.13). Then there exists a
constant ¢ > 0, independent of ¢, such that

][ (1 —v®)2%dx'dr + ][ (1 —v%)%dxdt <o
Q' (x).10) QR (x0.10)

implies that

V8 >

1
8
R
g

in Qy3(x0, t) = Bj(x() x (0, ) x (to — &, 10].
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Proof. For simplicity we drop the superscript ¢, shift (xop, 0, fp) to (0, 0,0) and
write Qr for Qr(0,0,0). We first derive an energy inequality associated to our
problem. Setting w = 1 — v, the problem becomes

Aw —ow =0 in Qx (—7T,T]
adw + dyw = B(u— V) +adPy; on T x (-T,T]

N B (3.14)
w=1-—(¢—v), on 3,(Q\T x (=T, T])
w=1-A(¢p—¥) on Q x {—T}.

Choose a smooth cut-off function ¢ vanishing near the parabolic boundary of Oz,
except on Q’,and k > 0. Multiply the above equations by ¢ 2(w—k)T and integrate
by parts to obtain

/ V(&2 = 0")Vu + 2w — ot | drdi— | ¢ w—kTo,wdx'di=0
Or

Ok
and
/QR UVGQW 09| + 5w - k)*)z} dxdt
_ /Q/ 22w — k) Bt — W) + ar — adyw)dx'dr
- /Q (w =+ (Ve P + ¢¢)dxdt
and

o w21,
E/Q/R | (cw — k") |ax'ar

1 2
+ f [53,[(;(11) =]+ V(e = o) ]dxdt
Or
E /Q [P w = kT B — ) ]dx'di— " 20w — k)" Bu — y)dx'dr (3.15)
+2 2w —k)TBu—y)dx'dt +af 3¢ ((w— k)+)2dx/dt
0% (o

+af 2w -kt yudxdr + / (IVSI* +¢ag)[(w — k)+]2dxdt.
0% Or

Now, using the fact that § is bounded and negative, (u — ), is bounded below, and
since the upper limit of the 7-integration ¢ = 0 can be replaced by any —R <t <0,
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we obtain

2 max / [(w—k)+§]2dx/+% max / [(w—k)*¢]Pdx
; B

2 —R<t<0 Jp —R<t<0
+/ IV((w — k") dxdt
Or
= lIBllooll(u — 1ﬁ)nlloo/

OrMN{w>k}
+oz/
Ok

+ / [ — Ve + 10,8 ])dcds
Or

¢2dx'dt +211Blloc f (w — k) 19r¢ dx'dt
0%

[w — 18 ldxdt + allYi oo / (w — k)t dx'di
A

or

—R<t<0JpB —R<t<0

o max / [(w—k)J“{]zdx/—i— max / [(w—k)+§]2dx
g By

+/ IV((w —k)*¢)[Pdxdt
Or

SC(/Q/R

+ c/ [(w— k) (IVE P + 10,¢])dxdr,
ORr

[ — B PIac] + (w — (1 + 8,2 dx'ds +/
QrN{w>k}

;“zdx/dt)

where C = 2max{||B|lco, | — ¥);;lloos 1, @||¥1]loc} and, a fortiori, we have the
“energy inequality”

@ max / [(w—k)+g]2dx/+/ IV((w — k)t o)Pdxdt
® Or

—R=<t<0JpB

=C <'/Q [(w - k)+]2|at§| +w-kta+ |0;¢]) + §2X{w>k}dx/dl‘ (3.16)

’
R

+/ [w - P(Ve? + |a,;|)dxdt>.
Or

Now, having this energy inequality at disposal, we shall obtain an iterative sequence
of inequalities. More precisely, the method consists in taking a sequence of decreas-
ing cutoff functions in space and time ¢,, that converges to the indicator function
of Qg/4 and simultaneously a series of cutoff functions of the graph of u, u,, that
converge to (w — 7/8)" and prove by iteration that in the limit (w —7/8)* = 0 on
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Oy /4. Therefore we define

9 1 R 1
"6 16( ) R 4( +2m>

Q,, ={(x1,....x0,1) : =Ry <xi < Ry, —Ry <t <0}

and we choose cutoff functions ¢,, depending only on x" and ¢ and such that x o/ L=

Cm < X0, IVEml < C2™ and [0;gm| < C2™. We set upy, = (u — kn)t and we
define

I, Z/ (é‘mum)zdx/dt'i‘/ /|V(§mum)|2dxa'la
o 0

n+6)2~m-1

where 0 < § < 1 is chosen such that 2”2_(+T < 27™m=4 holds. We also
choose M as in [5] satisfying oty = %(5”)_’"_1 < 27m=6_ p-m >
CAm D ==+ > 140 — 1),

We want to prove simultaneously that for every m > 0, I, < M~ and that
un =0on Q) X {%}. The proof is by induction and is identical with Step 2a and
Step 2b of [5, Lemma 2.2 ], except that

gy * HOw)|| < 1HH G llootayz 1y /Q udx'dt
R

2n+2 n 2 n+2 C 2 1
= < 2e ) O =y

T2

for o small enough. So we concentrate on Step 2c, where we will show that

1+
Ly < C4mOHmD [ Ty > q4n - 13,

By the energy inequality,
b = [ g1
+C [czm f (Wi Cm—1)>dx'dt + (1 + czm)% / (wm{m_l)zdx’dt]
+C [(1 + sz)%|Qm—1 N {wnm # 0} + | Q)1 N {wy # O}
+(C2™)? f (wmg“ml)zdxdt:|

1 1
+C |:E /(wmgm—l)dedt + E|Qm—1 N {wy, # O}|:| ’
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where we have used Young’s inequality. Since w,, < w;—; and {w, # 0}
{wm—1 > 274}, we have

I, < C2™ / (Win—1&m—1)*dx'dt + C4™ / (Win—1Cm—1)dxdt.

Also, the integral of the second term, satisfies

/ (W1 Em1)dxdi < / |(Wn—20m_2) * H () Pdxdi

=< ||H||il(QR)/(wm—Zé‘m_z)zdx/dt.
Therefore one has

I, < C4™ /(wm—zé“m—z)zdx/dt

n—1

< c4’"(/(wm_2gm_2)2#1dx/dt> B [{wm—2 # 0} N Q;n_2|% (3.17)

< C4m(1+ﬁ)/(wm3§m3)2ﬁdxldt-

By Sobolev’s inequality

n

n—1
Iy < c4" D) ( / (W —3En—3)°dxdt + f |A‘/2<wm3;m3)|2dx/dr>

where AWy —3¢n-3) = — 55 (Wn—34m—3). Since

/ | A2 (wi—3Em—3)[dx'dr < f |V (Wmn—38m—3)|dxdt,

we have

(A WA
Ly < C4" 00 T forevery m > 14(n — 1) + 1
and so I, — 0 as m — oo provided that

Iy < 77 hgmn=l) — .
Hence, to complete the proof, consider the function w defined by
Aw — 0w =0 in Qg
on 9,(Qrys\ (xa = 0} (3.18)
g on Q/R/4.

Then w < 7/8 in Qg/g and by the maximum principle w < w.



802 IOANNIS ATHANASOPOULOS, LUIS CAFFARELLI AND EMMANOUIL MILAKIS

Our second lemma asserts that if v® is very tiny “most of the time” in some
hypercube (as above) then, in a smaller concentric hypercube, v® goes down from
1to07/8.

Lemma 3.11. Let QR(x(/), 0, t9) be as in Lemma 3.10. Suppose that v¢ is a subso-
lution to (3.13) and that 0 < v¢ < 1 in QR(x(/), 0, o). Then there exists a constant
o > 0, independent of €, such that

][ (v®)2dx'dt + ][ (v®)2dxdt <&
Q' (x410) QR (x),0,10)

implies that

<
A
o N IEN

in Qr3(x0, 0, 7).

Proof. The proof is identical to the proof of Lemma 3.10 except from the energy
inequality. For simplicity again we drop the ¢ and take (x{, 0, 7o) = (0, 0, 0) with
Or = 0r(0,0,0). Since B’ > 0, v satisfies

{Av—atsz in Qg

3.19
—adv — v > ady; on Q. (3.19)

Choose again, a smooth cutoff function ¢ vanishing near the parabolic boundary of
Or except on Q' and k > 0. Multiply the above by ¢%(v — k)T and integrate by
parts to obtain

/ [v(gz(v — )V + 2w - k)+8,v]dxdt — | 2=k o,vdx'dr <0
Or Ok
or

[0+ o) o

+ | 2w —k)" ey, + adv]dx'dt
Ok

< /QR ((v - k)+> [|V;|2 + g“at{]dxdt

an
o

5/ a, (cw—k)™) ]dx’dt—i—/ [a,[(g(u—k)+]2)+|v(g(v—k)+)|2]dxdz
O

a/ [(v—K)"] Iatgldx/dt+a||1/fn||Loo/ (v —k)Tdx'dt
0% 0%

+/ [ — B P(IVE P + 18,¢ ) dxdsr.
ORr
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Taking again as upper limit any —R < ¢ < 0, we obtain

o« max / [{(v—k)+]2dx/+/ V(¢ — b)) [Pdxdr
® Or

—R=<t<0JpB

<C { / [[(v — P18l + (v — k)*] dx'dt
Q%
+/ [0 = (Ve + |8t§|)dxdt}
ORr

where C = 2max{1, o|| ]|}
Now, since we have our energy inequality, the rest is as that of Lemma 3.10
and we define
G 1= C==Dgn(n=) 0

We proceed, now, by using the parabolic version of De Giorgi’s isoperimetric
lemma. This lemma is proved in [15] and with proper adjustments applies to our
situation. We state it as our next lemma.

Lemma 3.12. Given €1 > 0, there exists a 61 > 0 such that for every subsolution
V8 to (3.13) satisfying 0 < v® < 1in Qg and

l{(x, 1) € Qg : v* =0} = 00| Ok,

{Gx,1) € Qr:0 < v® < 1/2} < 81| Qkl

][ / |:(v€ - %>+i|2dx’dt +][Q , |:(v€ — %>+i|2dxdt < C /e,

where R" = 2R for o > 0.
We are now ready to obtain our basic decay estimate to zero.

Lemma 3.13. Let QR(x(/), 0, t9) and o be as in Lemma 3.10. Suppose that v¢ is
a solution to (3.13) such that vg(x(’), 0,270) =0and0 < v® < 1lin QR(xé, 0, 1).
Then v < 1 — Co in Qr/(xy,0, to) where C is independent of ¢ and R" = {7 R.

Proof. We drop the ¢, take (x(’), 0, #p) to be (0, 0, 0) (by translation), and set Qg =
0r(0,0,0). Since v(0,0,0) =0, by Lemma 3.10

][ (1 — v)%dx'dr + ][ (1 — v)’dxdt > o.
0% Or
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Then it follows that there exists a constant ¢y < 1 such that

Hv <1-— %}OQR‘ > coo |QR].

0=t (-(-3)

and observe that w is a (nonnegative) subsolution to (3.13). Again by De Giorgi’s
lemma, the normalized truncations, i.e.

Therefore set

+

Wy = 2k<w —(1- 2_k)) ;

are still subsolutions to (3.13). We will show now that in a finite number of steps
ko = ko(81) (81 as in Lemma 3.12) there holds [{wy, > 0}] = 0. Note that for
every k,0 < wy < 1l and [{wy = 0} N Q| > 01| QRr|. Set C /€1 < o where €] is
defined in Lemma 3.12 and ¢ in Lemma 3.11. Hence we assume that for every k,
O < wy < %} N Qr| > 81| Qg|. Then, for every k, one has

Hwi = 0} = {wik—1 =0} + {0 < wr—1 < 1/2}| = {wg—1 = O} + 61| Okl

Hence after a finite number of steps, say ko > 1/81, we get [{wg, = 0} > |Qg|.
Thus wy, < 0,i.e. 250w — (1 —27%)]* =0 orw < 1 —27%0, Suppose, now, that
there exists k', 0 < k' < ko, such that

oo

By Lemma 3.12 applied to wy, and consequently by Lemma 3.11 applied to wy/4 1,
we conclude that w1 < 7/8 in Qgr, where R’ = %R, jie.w<1-— %2*("/“).

A fortiori, in both cases we have w < 1 — 2=®0+%) in Qp  thatis v < 1 —
2 ko=64 O

< 4.

The estimates we obtained above are all independent of ¢ and remain invariant
under hyperbolic scaling much the same way as in [5]. Although the time derivative
term diminishes in the rescaling, we still obtain the continuity of the time derivative.

Proposition 3.14. Let v° be a solution to (3.13) in Qr. Suppose that 0 < v¥ < M,
where M is independent of . If v¥ (0, 0, 0) = O then

v (¥, X, 1) < (X1, 2l 11]),

where w is a modulus of continuity (required to be monotone and to satisfy w(0) =
0) independent of .
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Proof. We drop as usual the ¢. Set

Ok == Or, = (—Re, R)"™" x (0,7) X (—Ry, 0] and M := supv
Ok

where R, :=riR,r; := %Mk. Define

<

Uk
= " where vi(x,1t) := v(rkx’,rkxn,rkt)-
k

Then v verifies

AV —r 0 =0 in Og
—ad— v =p'(u—Y)o+¥; on Qf

where 1}1 = a0/ My.. We apply Lemma 3.13 to v to obtain

(3.20)

supv <1 —Co.
QR/

Hence in our original setting

sup v < g Sup v,
Ok+1 Ok

where g = 1-C(supg, v)"~!. Therefore 1y — 1ask — oo only ifsupy, u — 0
which yields a modulus of continuity. Finally, a standard barrier argument yields
the continuity from the future, too. O

Theorem 3.15. Let u be a solution to (2.3) then (u — w):r is continuous with a
uniform modulus of continuity.

4. Further implications on the (nondynamic) thin obstacle problem or
(time dependent) Signorini problem

In the present section we shall concentrate on the nondynamic parabolic “thin”
obstacle or parabolic Signorini problem and we will show how the quasi-convexity
yields the optimal regularity of the solution as well as free boundary regularity. The
other cases, as it was mentioned in Section 1, will be treated in forthcoming papers.
Since it is easier to work with the zero obstacle, we extend the obstacle as it was
done in Section 3.2 in all of €2 and subtract it from the solution which we still denote
by u.

More precisely, given 2 C R”, an open bounded set with smooth boundary
dQ and I' C 9 lying in R"~!, we consider the following problem:

Au—ou=f, in Qx((-T,T]
ou=>0, u>0 on I'x (-T,T]
uoyu =0 on I' x (—T,T]
u=¢—y on d,(Q\T' x (=T, T]),

.1
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where v is the unit outward normal, the functions ¥ (x/, ) and ¢ (x, t) are smooth
functions, satisfying the compatibility conditions of Section 2, and f := —(AY —
d;%). Notice that the extended ¢ can be chosen, with no loss of generality, in such
a way so that f is independent of x;,,.

The methods to follow can be easily extended to cover a more general non-
homogeneous term f. But, in order to avoid minor technicalities and set forth the
ideas involved behind it, we work with (4.1).

4.1. Optimal regularity of the space derivative

The solution to the problem (4.1) is globally Lipschitz continuous in space and
furthermore the space normal to the hyperplane derivative enjoys a C% parabolic
regularity, for 0 < o < % up to the hyperplane (see [1,2]). We will prove in
this subsection that, actually, o = % Recently, in [16], the optimal space deriva-
tive regularity was also obtained using the parabolic Almgren’s frequency formula
approach.

First, we want to complete what had started in [4], i.e. to prove a parabolic
monotonicity formula analogous to the elliptic one for the global zero obstacle case.
We thus take in (4.1) f = 0 and the domain 2 to be the half space R’,. In this
situation, it is clear, perhaps by appropriately blowing up the local solution, that the
solution u is convex in the tangential and time directions. For simplicity we take
the origin to be a free boundary point. The proof of the monotonicity result relies
on the following eigenvalue problem (see the appendix of [4]):

Lemma 4.1. Set

_-bi?
S 1V (y, =D Pe™ =5 dy
Ao = 1nf e ,
weH'(RY) 2 1y,
Jiar w20y, =De™ - dy

w=0 on R"~!

where
R :={x = (', x») € R" : x,, > 0}
and
R .= {(x/,O) x e R x, < O}.
Then Ag = 1/4.

Let w be any function in RT}F x [—1,0] that is caloric in R x [~1, 0], where
RY = {x = (", x,) € R" : x, > 0}. We assume that w has moderate growth at
infinity,

RZ
/ wz(x, —1dx < Ce¥+
Br
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for some positive constant C, R > 0 large and some ¢ > 0. We also set

1 2
7e_%, t>0

G(x,1) = { (dmt)/? 4.2)
0 t <0.

Lemma 4.2. Set w(x,t) = uy, (x,t) where u is a solution, with the above restric-
tions, to the problem (4.1), and assume that w(0,0) = 0. If

1 0
o) := ﬂ/ f IVw|?G (x, —s)dxds,
2 ), R"

then ¢(t) is increasing in't.

Proof. Note that Aw? = 2wAw + 2|Vw|?>. We compute ¢’ (), with a usual molli-
fication argument, to obtain

10 1
o'(t) = _W/ /n IVw|*G(x, —s)dxds + 72 /Rn IVw(x, —1)|>G(x, t)dx
+

t3/2/ / < Aw —ww,) G(x, —s)dxds

+ 11/2/ [Vw(x, —t)| G(x,t)dx.

By integrating by parts and noticing that AG + G; = §(0,0), w(0,0) = 0 and
G(x,0) = 0, we obtain,

(p'(t):—4%/2 w?(x,—1)G(x, )dx+ 11/2f IVw(x, —)|>G(x, t)dx
(4.3)

B 4;3/2/ / 2ww,G(x',0, —s)dx'ds.
—t JR—1

Hence, by the eigenvalue problem of Lemma 4.1 and the complimentary conditions

of the solution on R"~!, ¢/(¢) > 0. O
Theorem 4.3. If u is a solution to the global convex case of (4.1) then Vu €
cl/21/4 o

ot up to the coincidence set.

Proof. It is enough to prove that u tends to zero in a parabolic C! fashion as (x, t),
a point in the noncoincidence set, approaches a point (xg, fp) in the coincidence set
which we take to be the origin. Set w = uy,, then w satisfies the hypothesis of
Lemma 4.2. In particular, w vanishes at the origin, therefore

1 0
m/ /R IVw(x, s)|>G(x, —s)dxds < C. (4.4)
—t 1
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Since w vanishes on at least half of the space for all # < 0, the Poincaré inequality
implies that

J

w2(y,—r2)G(x—y,t—|—rz)dy§4r2/ |Vw(y, —r2)|2G(x—y,t+r2)dy. 4.5)
KL

n
+

Since w? is a subsolution across x, = 0 we have, for every (x,) € Qr_/2 and
s <r/2,
w?(x, 1) 5/ w?(y, $)G(x — y,t —s)dy. (4.6)
Rn
Now integrate (4.6) with respect to s from —r2 to —r2/2 to obtain
—r2)2
rzwz(x, t) < / wz(y, s)G(x —y,t —s)dyds 4.7
—r2 n

and combining with Poincaré inequality we have

—r2/2
wi(x,1) <4 / IVw|>?G(x — y, t — s)dyds (4.8)

—r2
for every (x,¢) € Qr_/2‘ Hence by (4 .4), the proof is complete. ]

Now, we remove the restrictions previously imposed and we show how to im-
prove the 0 < a < 1 in the C* regularity to get C'/? regularity. First we prove a
lemma, which uses the normal semi-concavity, the tangential semi-convexity, and
the time semi-convexity.

Lemma 4.4. Let u be a solution of (4.1) in QT with Vu, u € Cj:f Then there
exists a § = 5(a) > 0 such that

0.0, ¢ T({ux, < =r***}n 0})
for everyt € [—r%,01 and 0 < r < 1, where T'(A) denotes the convex hull of the
set A.

Proof. 1If
(x',0,—r?) e {ur, < —r“'“s}

then Iy
u(x/, h, —rz) < oty 4 7112

ra+m8

since uy,y, < M. Take h = for some m > 1; in this case

r2a+(m+l)8

/ 2 _
u(x,h, r)f i
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Moreover, if we restrict the considerations to |x/| < ﬁ , then

/ 5 s 20+ (m+1)8
ulx',h,—r )+ Mx'|" < ——— 49
(' =) + M o “9)
provided that § < 25’1:1") . On the other hand, since u;; > —M; and u;" is Holder
continuous whose exponent, with no loss of generality, can be taken to be the same

o as above, we have

M
u(0, h, —r?) > u(0, h, 0) — max {0, c;h%r?} — 71r4

M
> —coh"** — max {0, c1h®r?} — 754 (4.10)

> —¢r (a+mé)(14a) )

Finally, if we choose § > % andm > 1+ % we get a contradiction to (4.9)
above. Note that the same argument applies for any ¢ € [—r2, 0]. U

We provide now our monotonicity formula for solutions to the local situation.
Lemma 4.5. Let § > 0 and u be a solution to the Signorini problem (4.1). Set

W = Uy, and

0
o(r) = 1/ / IV(qw)(x, $)|>G(x, —s)dxds
r —}’2 Ri

forr < 1 where n € C3°(By) withn = 1 and ny,|g ngn-1 = 0. There exists a
universal constant C > 0 such that

(i) If2a+ 8 > 1thenp(r) < C;
(i) If2a + 8 < 1 then o(r) < Cre+o—1,

Proof. We compute
21 2 2 2
IViw)|” = E(A(nw) — 3 (nw)”) = 2nwVnVw — nw”An (4.11)

and
/ e 2 2
o'(r) = ~53 /r2 /Ri (A(w)* — 8, (nw)*)G (x, —s)dxds
+ 2/ |V(nw)(x, —r2)|2G(x,r2)dx (4.12)
Ry

1 0
+ — (2nanVw + nszn)dxdt.
r2 —r2 "
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We integrate by parts to obtain
1 0
1 _ 2 2
@) =575 / / (Vow)*VG + 3, (nw)*G)dxds
2}"2 —r2 1

1 0
~ 52 / / [(w)?],(x', 0, )G (x', 0, —s)dx'ds
AT 4.13)

0
+ i2 / _/ (2nVwVn + nw?An)G (x, —s)dxds
r —r2 1
+2/ |V (qw)(x, —1’2)|2G(x,r2)dx.
RY

Integrating again by parts, we obtain

1

0
¢'(r) = ——/ / (nw)z(AG + 0;G)dxds
2}’2 2 Rﬁ-

1[0 ) /
B ﬁ/_ﬂ fRn_l(nw)vG(x, —s)dx'ds

1
~ 52 ./[R” (nw)z(x, —rz)G(x, rz)dx (4.14)

1 0
T _2/ / (nAnw® + 2nwVnVw)G(x, —s)dxds
r —r2 1

+2/
R"l

+

V(nw)(x, —r2)|2G(x, r2)dx.

Since w(0, 0) = 0, we have
1
@' (r) = ——/ (w)*(x, —r?) G (x, r¥)dx
2r2 ]Rf;_

+2/ |V(nw)(x, —r2)|2G(x,r2)dx
R
— L 0 2 G _ )d /d
272 /_rz/Rn—l nwnw,G(x, —s)dx'ds (4.15)

0
+ 2/ / nAnw2G(x,—s)dxds
r 2 JR"

2 0
+—2/ / nwVnVwG(x,—s)dxds
R
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or

1
¢'(r) = ——/ (w)*(x, —r?) G (x, r¥)dx
2}’2 Rﬁ_
+ 2/ |V(nw)(x, —r2)|2G(x, rz)dx
RY
1 0 2 2
+ — Vn*Vw G(x, —s)dxds
27‘2 —r2 )Jlr
1[0 5
+ —2/ / nAnw G(x, —s)dxds
r —r2 Ri

1 0
+ —2/ / nwf G(x, —s)dx'ds
r —r2 JRn—1

and finally
1
¢'(r) = 22 /Ri(nw)z(x, —r?)G(x, r?)dx
+ 2/ |V (w)(x, —r2)|2G(x, rz)dx —Cr?.
RY

Now, consider the truncated function W = —(w + r*+%)~ and note that

811

(4.16)

[ 1vm e PGt = [ (om0l )as
RY R

Hence we have

@' (r) > —% /]R” [n(w — W) + nwl?(x, —r?)G(x, r?)dx
+

+ 2/ |V(77E)(x, —r2)|2G(x, rz)dx —Cr®
R

and
1
o' (r) > —33 nz[(w —w)? 4+ 2w(w — w)]G(x, rz)dx —Cr®
r R'jr
or
, 3 2at2s-2 « 3 dats—2
o (r)=—zr —Cr*>—Zr :
2 2
Therefore

3 1 3 1
1 — N SR S W SR S o S
o) —er) = 2(2a+8—1>+2<2a+8—1>r

Since ¢(1) is universally bounded the proof is complete.
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Next, we state our main result of this subsection:

11
Theorem 4.6. Let u the solution of (4.1), then Vu is C;}* up to the hyperplane
R-1

Proof. Let w = uy, and w be as in the proof of Lemma 4.5. Fix s > 0, choose
R > 0 large enough and ¢ < s. We define a cutoff function n = n(x) so that
suppn € Bry1(0),n =1o0n Bg(0) and |Vy| < C.

Then

(A = 3)(qw)? = 20*|VB| + 8wnVwVny + 2(nAn + [Vn|?)w?

) 4.17)
+ 20°W(AW — 3: ).

Recall that (A + 9¢)G(x, —§) = 6(0,0); therefore using (4.17), an integration by
parts, along with the fact that » is compactly supported, we obtain

2/__‘8/n 2 IVw|>G(x, —&)dxdé

=— /R n?w?G(x, e)dx + / w2 G(x, s)dx
—8/__/ WnVnVwG (x, —&)dxdé (4.18)
—2 /_ _ [ (nan+1VaP )G ir, 6dxde

—2/_8/ *W(AW — 3 W) G (x, —£)dxdE.

Observe that

—R?/4[E|

— —¢
[ [ wnvnvaiGe oaxas <c [ [ wiva i
—s JR? —s JBr+1\Br |%—|n/

0
< Ce R/A4+e0 / / || ViD|dxdE.
—s JBry1\Br

Using the Cauchy-Schwartz inequality, we conclude that the last three terms on the
right hand side of (4.18) behave in the same way, in particular they decay to zero as
R — o0. Therefore we conclude that

()20, 0) < /R PG, s)dx

or, after rescaling,

() (x, 1) < /Rn(nﬁ)z(y, $)G(x =y, t = s)dy (4.19)
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for every (x,1) € Q:F/Q and —r? < s < —%. By Poincaré inequality for Gaussian
measures (see [7]) we have that

/ (v, )G (x — y.1 — 5)dy
R (4.20)

<20l [ Vom0 PG =yt = s)dy
for (x,1) € Q) and —r* <'s < —Z. Combine (4.19) and (4.20) to obtain

(7w)*(x, 1) < Cls| /R Vo) (. 9)PG —y.t —s)dy  (421)
+

2 . . . .
for every (x,1) € Q:r/z and —r? < 5 < —%. An integration with respect to s in
(4.21) shows that

—r2/2

2. 1) < C / Vo), PG — v, — s)dyds
) R~
forevery (x, 1) € Qj/z. Now the dichotomy for ¢(r) in Lemma 4.5 provides a C 1/2
modulus of continuity for w, as in [4, proof of Theorem 5]. O

4.2. Holder continuity of the time derivative near a free boundary point of
positive parabolic density

Although the positive time derivative is always Holder continuous (see Section 3.2),
one does not expect to obtain continuity of the full time derivative without further
restrictions. The purpose of this section is to show that, indeed, Holder continuity
of the full time derivative can be achieved near free boundary points of positive
parabolic density with respect to the coincidence set. In order to achieve this de-
sired result we employ the well known “hole filling” method of Widman (see [22])
adapted for parabolics by Struwe (see [21]). As it was mentioned in the introduc-
tion, the results of the present section are independent of the quasi-convexity.

Definition 4.7. A free boundary point (x,, 0, f9) is of positive parabolic density
with respect to the coincidence set if there exist positive constants ¢ > 0 and rg > 0
such that

043, 0, 19) N {u = 0}] = ¢| @, (x}, 0, 10)]

forall r < rg.



814 IOANNIS ATHANASOPOULOS, LUIS CAFFARELLI AND EMMANOUIL MILAKIS

So the main result of this subsection is stated as follows:

Theorem 4.8. Let (xq, tg) be a free boundary point of positive parabolic density
with respect to the coincidence set to problem (4.1). Then u; is Holder continuous
in a neighborhood of (xo, ty).

Proof. Since, by Subsection 3.2, u,+ is Holder continuous, it suffices to prove the
theorem for u; . Actually, we will show that u;” decays to zero in parabolic cylin-
ders shrinking to the free boundary point (xg, o). We consider the penalized so-
lution u® of (4.1) in Qr*(xo, o) with r < rg, where rg is as in Definition 4.7. For
simplicity we take (xo, 7o) = (0,0) and r = 1. Differentiate with respect to ¢ to
have as in (3.8)

AvE — 8¢ = ff, in Of
(4.22)

—0,v° = BL(u)v® on QF,
where v° = (u°),. For any (&, 7) € QT we want to multiply the equation by an
5
appropriate test function and integrate by parts over the set Q7 (£, 7) := Q% &, N
5

{x, =0} C QT. This will lead us to an estimate which will be iterated to yield the
desired result.

The aforesaid appropriate test function will be the product of following three
functions:

e The first one is the square of a smooth function ¢ (x, ) supported in Qf{(‘;‘, T)
5
such that ¢ = 1 for every (x,t) € QJ{(E, 1), |V¢| < ¢ with supp(V¢) C
5
(B (6. 7)\ B (6,0) x (r = 35,71, 0 = & < e with supp(&) € B3 (6, 7)
5 5

(T - %7 T — %)’
e The second one is a smoothing of the fundamental solution G (x, t) of the heat
equation (see (4.2)), i.e.

GE (e, = (Gl — &, 7 — DX (x, Dpseny
+px—§1— T)X(x, D EsE. )X (X, D<)

where Es(€,7) :={(x,1) e R"" 1t <1, G(x—&,1—1) > Si,,},the “heat” ball

4 n/2 2
% - %)X(x, 1){t<0}-

Notice that G((f’r) is a C! function everywhere in R"*! except at (&, 7). In order
to deal with this problem we just translate the singularity outside of our domain
by a small amount ¢’ > 0 and then we let & to tend to zero, for simplicity we
omit this technicality;

e Finally the third function is (v®)~ which can be smoothed out by the standard
way; again we omit it for the sake of simplicity.

of “radius” § about (£, 7), and p(x,t) := Bi,,(log
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Therefore we multiply the equation in (4.22) by §2G§E’r)(v8 )~ and integrate by
parts over QJ{(S , T) to obtain
5

/+ (V(2657@)7) vor + (2657 0°)7) o )
0}&)
T /Q oy (7057 007) puyarar (423)
3 ’
5
— / . £2GEP ()~ frdxdt.
Q%(faf)

By calculating appropriately and by noticing that due to the non negativity of B, the
boundary integral term has the right sign, so it can be omitted, we obtain

Lo fe
4(R))
5
N2
5/ fo’f)<|V§|2+§§;> ((v*?) ) dxdt
03¢0
5

1 N2
n —/ vc;ff”v;z((f) ) dxdt—i—/ £2GED (%)~ fidxdt.
2 Joten 010
5 5

2 1] . ey — T o\ —
V(e [T OE V) ) G ke (1) )ZDdxdt

Using the fact that supp(n) = Es(&, t) where u 1= —(A + 8,)G((f’r) with du =
ﬁdEg(S, 7) and |Es(&, t)| = 45" (see [18]) and that, for § small enough, one has

the inequalities 0 < G < C(n) in (B} \ BY) x (=2,0),and c(n) < G¥™ <
5 3

C(n) in Bj X (—%, —%), we have
5
¢,7) eN—|2 €\—
f Gy |IV) ™| dxdt—{—][ () dEs(, 1)
07 ¢.1) Ef 1)
5

<C) / h (@) (4.24)
-3

4
5

0
+Cn) ((v®)7)2dxdt + C(m)M
-3 JBi\B}
3\B|

5

where M := ||v®]|ool| f1|loo-
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Now, we first let ¢ tend to O in order to obtain (4.24) for v, then we let 6 to go
to 0, and, finally, we take the supremum over (¢, 7) € QT to obtain, a fortiori,
g

_4
/+ G(x, —0)|Vu|Pdxdi + supw)2 < Cn) | /+(v_)2dxdt
B4

5

2
! 2 -5
5

5

(4.25)
+C sup (v)*+CM.
QT\Qir
5

Next we want to control the first integral of the right hand side of (4.25) by one
similar to the first integral of the left hand side of (4.25). To do this first we multiply
the equation in (4.22) by ¢2(v®)~, where ¢ is a smooth cutoff function supported
in By x (—1,1) ,forany ¢t < —35,¢ =1on B% X (—%, t), and vanishing near its

parabolic boundary with |V¢| < ¢ and 0 < ¢ < c, then we integrate by parts over
this set intersected by R’| to have

t
/ f (V(E2@)7)Vo* + (2@)7)a" ) dxdr
-1JBf
t
=—/ / (£2(0%)7) B (uf)vidx'dt
-1JB]

t
—/ / c2(v9)” fdxdr.
-1JBf

Again, exploiting the positivity of 8" and letting & go to zero, we arrive, as above
but in a much simpler way, at the following inequality

t
/(v_)z(x,t)dx—l—/ / |Vv_|2dxdt§c/ (v7)2dxdt + C(n)Mr"+?
+ _2 Jp+ +
Bg_1 5 B% Q1

Vte(— % —%). Observe that a sufficient portion of the coincidence set is present
in Q1 so that the parabolic Poincaré inequality can be applied to dominate the inte-
gral on the right hand side of the above inequality. Therefore, since the second term

on the left hand side is non negative, we have, for every —% <t< —21'5,

/ (v)2(x, )dx < C(n) / |Vo™ [*dxdt + C(n)M.
By of
5
We then integrate the above inequality with respect to ¢ from —% to — % to get

_4
/ . (v)2dxdt§C(n)/ IV (v)2dxdt + C(n)M.
-3 JB} of

4
5
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Insert this in (4.25) above and, using the fact that G(x, —t) > c(n) for —% <t <

4
— 35,10 have

/+ G(x, —1)|Vv~ |2 dxdt + sup(v™)?

Q) 0}
5

5

(4.26)

<C) /+ +G(x,—t)|Vv_|2dxdt+ sup W)H | +C' )M,
Q) \Q% QT\QJLr
5

Set w(p) := fQ,T G|Vv~ |2 dxdt + SupQ;(v_)z, then add C(n)w (%) to both sides
of (4.26) and divide the new inequality by 1 + C (n) to have

w (%) <io(l)+c, “4.27)

where A = lf((:”()n) . Iteration of (4.27) implies that there exists an « = @ (}) € (0, 1)

and a constant C = C(n, ||u¢||cos, || ft|lco) such that

w(p) < Cp*

for every 0 < p < 2. This concludes the Holder continuity from the past. The
continuity from the future follows, now, by standard methods. 0

Remark. After the presentation of the present paper in IMPA (August 2015), we
have been informed by A. Petrosyan that a similar result to our Theorem 4.8 has
also appeared in [20].

4.3. Free boundary regularity

In the study of free boundary regularity it turns out that in order to achieve smooth-
ness of the free boundary one has to focus his attention in a neighborhood of certain
free boundary points, which we shall call them non-degenerate, (see Definition 4.9
below). A good candidate for a non-degenerate free boundary point must include
one of positive parabolic density of the coincidence set. The fact, that u, is Holder
continuous at such a point (see Section 4.2), yields a control of the speed of the in-
terphase, a crucial step for our further analysis of the regularity of the free boundary.
Since it is more convenient to work with the zero obstacle and with the right hand
side of the equation to vanish at the point, which, for simplicity, we take it to be the
origin, we set i (x’, x,, 1) = u(x’, xp, 1) — Y (x', ) + %Hw(O, 0)x2 (H := A—2,).
Observe that {iz(x’, x,, 1) = 0} = {u(x’, x,,, 1) = ¥ (x’, )}, and upon reflection in
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Bf = {(x,1) € R : x> 4+ 12 < 1} i satisfies:

u(x’,0,¢) >0 in Bf N {x, = 0}
w(x', xy, t) = a(x', —x,, 1) in B}

Ab(x', xp, 1) =00 (x", xp, )= Hyr(0,0)— Hy(x,t) in Bi" \ {u =0}
A (x', xp, 1) =0, (x’, X, 1) <HY(0,0)—Hyr (x', t) in Bf.

For simplicity of notation we replace u with & for the rest of this section.

Now we pass the u; term to the right hand side of the equation and if we
assume that H is at least C“ we can apply the elliptic theory developed in [6,13]
and extended in [8] at the ¢-level of the point. In the Appendix we show how we
apply the elliptic theory in our case. Consequently, if the origin is regular then at
t = 0 the blow up limit vg of the solution u (up to sub-sequences) exists, and, in

appropriate coordinates,
3
cos ( =0 ) ,
2

where p =, /xl2 + x,zl and 6 = arctan(j‘c—’;) (unique up to rotations).

Now, we are ready to state the “hyperbolic” definition of our non-degenerate
free boundary point.
Definition 4.9. Let (xo, o) be a free boundary point and B} (xo, fp) = {(x,1) €
R (x — x0)? 4+ (t — 19)? < r?}, and set

+3/2

SIS

2
vp(x) = 3P

[ := limsup
r—0t

A point (xg, fp) is called a non-degenerate free boundary point if it is of positive
parabolic density of the coincidence set and 0 < [ < oo; otherwise the point is
called degenerate.
With this definition at our hands we state the main result of this section:
Theorem 4.10. Let u be a solution to (4.28). Assume the origin to be a non-
degenerate free boundary point. Then the free boundary is a C'* n-dimensional
surface about the origin.

The following “hyperbolic” blow up sequence will be very useful for our analysis
since, at a point, it preserves the geometry of the free boundary:
u(rx,rt)
r3/2
Lemma 4.11. Let u be a solution to (4.28). If (0,0) is a non-degenerate free

boundary point then there exists a sequence uy; of blow ups which converges uni-
formly on compact subsets to a function ugy such that (in appropriate coordinates)

ur(x,1) :=

2 3 3
up(x,t) = g,o(t)2 cos <§6(1))

where p(t) := \/(x1 + wt)? + x2 and 0(t) = arctan(xlﬁ’wt)for some w € R.
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Proof. Since 0 < [ < oo, it is clear that we can extract a subsequence u,; con-
verging uniformly on compact subsets to a non trivial limit ug. This ug is a har-
monic function for every fixed ¢ outside of the coincidence set; the coincidence
set, due to the density assumption, is a convex cone in R”, or more precisely in
(x', 1) variables. Also, by the discussion above, at t = 0 ug = %,03/2 cos %9 where

P = 4 /xl2 +x2and 6 = arctan(%). Moreover the convex cone is composed by
the two supporting hyperplanes Ax; + at = 0 for ¢t > 0 and Bx; + bt = 0, for
t <0,with A >0,B>0and bA < aB. We want to prove that this convex cone
is actually a non-horizontal half space,i.e. A > 0, B > 0,and bA = aB, and uyg
admits the stated representation; we do this in several steps:

StepI: A > 0and B > 0. For, if A = 0 then for every ¢ > 0 uo(x, t) is harmonic in
all of R", and therefore of polynomial growth. But for # = 0 ug has 3/2 degrees of
growth, therefore, by continuity of u#q, we have a contradiction. Similarly B > 0.

Step 11: For each fixed t, u ~ |x|% as |x| — oo with x - e; > € for some ¢ > 0.
It is enough to show the bound by below. Therefore take a sequence x/) such
that |x/)| — oo with x/) . ¢; > & for every j then by convexity uo(x/), ) >
uo(x, 0)+ (ug); (x, 0)¢, hence by the behavior of ug at ¢ = 0 the result follows.

Step 1l1: For each fixed t,

2 3 3
up(x, 1) = 50(02 cos (59(1)) ,

where for t > 0, p(1) = ,/(x; + §1)% + x2, 6(t) = arctan xlj—nit and fort < 0,
A

o) = /(x1 + %t)2 +x2, 6(t) = arctan i”ht. Indeed, for each fixed ¢ > 0,
7

X1
ug is a harmonic function which vanishes for {x; < —%t} N {x, = 0} and grows
at infinity with % exponent, therefore by Phragmén-Lindelof theorem we obtain the
representation. We can proceed analogously for # < 0.

Step IV: bA = aB. If this is not true we have

a

8y110(0,0%) — 800,07 = (£ — 2 ) preos (La) 20
tuo\Y, tuo\Y, — A B P 2 )

whence, by approximation, a contradiction to the continuity of d,u at the origin.
Set w := % and the proof is complete. U

Finally we prove our theorem:

Proof. Obviously the existence of w in Lemma 4.11 implies the differentiability of
the free boundary at the origin. Also, due to the upper semi-continuity of the elliptic
Almgren’s frequency function, we have the differentiability of the free boundary for
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any nearby point p = (xp, ;) at least when ¢, < 0, since u, is continuous there.
Now, if t, > 0 and p = (x,, tp) still near the origin, we observe that the frequency
function will converge to % and this implies that the positive density will propagate
to p. Consequently, the point p = (x,, t,) will be a free boundary point of positive
parabolic density with respect to zero set, which renders u; continuous there. Hence
we have the differentiability of the free boundary there, too. To prove the continuous
differentiability of it consider two distinct free boundary points nearby, say p and 0.

Assume, on the contrary, that it is not true, that is w (p) does not converge to w (0) as
p — 0. Consider the blow up sequences u 5‘7 ) and uﬁ?) around p and 0, respectively,

P) (x. ) o= LD

where u;; Py . These sequences converge uniformly to

(») _23 3
ug (x,t):= gpz(p, t) cos 59(1), 1)

and
0) 2 3 3
uy (x,1) = 5,02(0, 1) cos 59(0, 1)

respectively, where p(p, 1) := \/(x1(p) + w(p)t(p))? + x2) and

Xn
x(p) +w(p)t(p)

O(p,t) := arctan

So, if w(p) does not converge to w(0) then u(()p ) does not converge to u(()o) , therefore

a contradiction to the continuity of the solution . Hence a C* estimate of the free
boundary normals follows easily. O

Appendix A.

The purpose of this Appendix is to show how to apply the elliptic theory to our case.
First we show that the Almgren’s frequency formula holds even with right hand side
in L? for p > n and secondly we show how to deduce C* free boundary regularity
even with W17 right hand side.

Frequency formula
The main issue in the proof arises when one differentiates the expression
d d 7y, uu,dS
D(r) .= C—]ogw(r) :C_logf M2dS='[dB’7v
2dr 2dr 9B, faB, u2dsS
_ rfBr(|Vu|2+uAu)dx rV(r)

Jyp, u?dS KGR
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Indeed J . Vo) So)
r r
ElogD(r) = ;—i— Vo) — S0)

and working as in [6] we end up

_ 5 faB, uzdS faB, ui,dS
B uuydS u2ds
faBr faB,
" faB,. uludS — "r;l fB, uAudx — %fBr(x - Vu)Audx
faB,. uu,dS

= R(r)+E).

Notice that if the right hand side of the equation were zero, i.e. Au = 0, then we
would obtain as in [6] only the first term, which being non-negative produces the
monotonicity in the frequency formula. Since £(r) # 0 we have, as in [13], to
estimate it, of course, for small . The key point in controlling this term relies on
the following fact obtained in [13] for any fractional power, which includes our %
exponent case (see Lemma 2.13 in [13]). Notice the difference in the power of the
second term; this occurs because we are using instead only the L” bound of the
Laplacian.

2n
/ uds < Cr/ \VulPdx + Cr" 7% (A.1)
3B, B,

and its integrated analogue
2n
/ uldx < Cr2/ |Vul>dx + cr'tT (A2)
B, B,
Now, writing (A.1) as
2n
][ u2ds < Crz][ \Vul2dx + Cr* 7, (A3)
9B, B,
we observe that for any number ag,0 < ag < 1, with
2n
][ uldS > r* v 9 (A4)
3B,

for every r < rg, with ro small enough, it holds

2 cr? 2
8Br - rO Br
2n
CrpF
r? < @ r c ao][ |Vul?dx, (A.0)
—_ rO Br



822 IOANNIS ATHANASOPOULOS, LUIS CAFFARELLI AND EMMANOUIL MILAKIS

and
][ u’dx < Cr? ][ |Vu|?dx. (A7)
B, B,

Thus, with (A.5), (A.6), and (A.7) at hands, we can estimate the error £ (r) term by
term: the first one

1 1
/ uAudS‘ < ||Au||p</ |u|qu>q < C(/ urqu) IBBrI%
9B, 9B, 9B,
1
n—1, n—1 2
Zer—s+T<][ u2d5> ,
0B,

where % + é = 1and rqg = 2 with % + % = 1. Using (A.5) and (A.6), we obtain

1

n—1_, n—1 2
<Cro Tz (CrZ][ |Vu|2dx>
B,
(A8)

1
n=1_ n—-1 2 40
<Cr qs+2“<][ |Vu|2dx) <cr "7 | |Vu)dx.
B, B,

/ ulAudS
JB,

In the second one, using (A.6) and (A.7), we get

/ uAudx

In the third one of the numerator, using (A.6),

, N\
< Cr‘N(/ |x - Vu| dx)
B

1

n 2 q
5ers“(/ |Vu|2dx) §Cr20/ |Vul2dx.

Finally, by (A.8) the denominator

1
n E n qa
5ers</ uzdx) 5ers“][ |Vu|2dx:Cr20/|Vu|2dx. (A.9)
r B, B,

/ (x - Vu)Audx
Br (A.10)

<(1+¢r?) | |VulPdx. (A1)

‘/ uuvdS‘ < |Vu|2dx+‘/ uAudx
3B, B, . B,

Therefore .
crit7

6(}’)2— ag *
1+Cr2

(A.12)
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Hence, multiplying by an appropriate in order to absorb this error and “cutting” to
accommodate the opposite case in (A.4), we have shown that

r(l + Cora70> d
— 2~ — log max{p(r), r4_“0}

o) = 2 dr

is monotone non-decreasing function in r if Co is chosen large enough.

C1:® Regularity of the free boundary

First we obtain Lipschitz continuity of the free boundary by using the following
approximation lemma which has been proved in [13].

Lemma A.l. Let A be a subset of R"™! x {0}. Assume that h is a continuous
function such that:

(1) Ah <Cin B\ A;
(i) h =0 for|x,| =0 >0,h =00n A;
(iii) 7 > co > 0 for |x,| = g5
@iv) h > —w(o) for |x,| < o, where w is the modulus of continuity of h.

Then there exists oy = og(n, cg, w) and Co = Co(n, co, ) such that, if o < oo and
C <Co,thenh >0in B]/z.

We will obtain Lipschitz continuity of the free boundary by applying Lemma A.1
toh = (Dtu,j)m, where m € N is large and odd, to be chosen later, ur; is the
blow-up family that converges to 1o (see Lemma 4.11) and D, denotes a tangential
derivative. We compute

Ah = m(m — 1)(Deur,)" 2|V (Deur,)|* + m(Deuty,)" " A(Deuy)).  (A13)

Fix (x,t) € B,*j \ {u = 0} and let d be the distance of (x, ¢) to the free boundary.
By Theorem 4.8 we know that 0;u, ; is Holder continuous, therefore |V (D u, j)| ~
d=P1 and A(D,urj) ~ d=P2 for B1, B2 positive. If we choose m large enough, Ah

in (A.13) remains bounded and Lemma A.l applies. As a result (D,urj)m >0
in Bik/z and the same is true for D, Uy, since m is odd. This shows that the free
boundary is (locally) the graph of a Lipschitz function.

To prove C - regularity we proceed as in [13, Section 7]. Firstly, we observe
that since (D,u,j)m is positive in Bf/z and Oy, is Holder continuous at (0, 0),
of [13, Lemma 7.3] can be applied to an appropriate multiple of (Du,;)™, for m
large and odd. Then using Harnack inequality we obtain a nondegeneracy condition

(Drur_,' (X, t))m Z Cd,

where d is the distance of (x, ¢) to the coincidence set. The C!+* regularity will be
a consequence of the boundary Harnack inequality, for the Laplacian with bounded
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right hand side, applied to two positive directional derivatives. The first part of the
boundary Harnack principle (the Carleson estimate) can be proved with the right
hand side due to the nondegeneracy condition. In our case, we make use again of the
fact that d;u,; is Holder continuous and that m can be chosen large enough to ensure
the validity of [13, Lemma 7.5] for (D. urj)’”. The proof of the second part of the
boundary Harnack inequality follows the corresponding proof of [13, Lemma 7.6 ].
Finally, the C!: regularity of the free boundary is obtained by applying a standard
iterative argument to the ratio (D-u)"/(D;u)™ of two directional derivatives of u,
see for instance the [6, proof of Theorem 6].
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