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Singular p-Laplacian parabolic system in exterior domains:
higher regularity of solutions and related properties
of extinction and asymptotic behavior in time

FRANCESCA CRISPO, CARLO ROMANO GRISANTI AND PAOLO MAREMONTI

Abstract. We consider the IBVP in exterior domains for the p-Laplacian par-
abolic system. We prove regularity up to the boundary, extinction properties for

2 2 . 2
pE <ﬁ ﬁ) and exponential decay for p = n—_(_’l
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1. Introduction

The p-Laplace equation is a prototype example of non linear PDE. We consider the
parabolic singular case 1 < p < 2 for vector valued functions, namely

U — V- (|Vu|p_2Vu> =0 in(0,T) x Q

u(t,x)=0 on (0,7T) x 022 (1.1)
u(,x) =u.(x) on {0} x €,

where Q is a bounded or exterior C> domain of R” and u : @ — RV a vector
valued function, withn > 2 and N > 1.

Problem (1.1) is widely studied in the case of bounded domains €2 and in the
case of the Cauchy problem. We would like to say that, in the case of 2 bounded,
the literature can be split in two branches. A former is a classical theory which is
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essentially devoted to the analysis of the Holder’s regularity of the gradient of weak
solutions, see [1,5-8,14-18,22,24-26,28,31]. The latter is more recent and it is
based on the local or global W24-regularity! for suitable exponents ¢, see [1,3,11,
21,27]. In this connection it is important to point out that only in [11] is obtained
the L°(0, T; W>49(K2)) regularity up to the boundary with an exponent ¢ > 2. It
is deduced by the aid of the results in [4,12] related to the boundary value problem
associated to the elliptic case. On the other hand if we exclude the special case
of the Cauchy problem, the initial boundary value problem in unbounded domains
appears overlooked. The same is for the boundary value problem associated to the
steady equations. The last problem very recently has received contributions for the
elliptic problem and for a perturbed elliptic problem [10, 13].

The aim of this paper is to fill the gap of results between the cases of the IBVP
for €2 bounded and IBVP for Q2 exterior domain. Particular regards are posed to the
questions of the regularity and extinction properties of the solutions.

This paper is the natural evolution of a project, concerning the regularity of
the p-Laplace system, whose previous chapters are the papers [10,11]. The former
deals with the parabolic problem on bounded domains and the latter concerns the
elliptic system on exterior domains. A common feature of the high integrability
results in [10, 11] (likewise [4,12,13]) is the connection between the power g of
summability of the second spatial derivatives and the exponent p which describes
the singularity of the operator: as g increases, p must approach 2 from below.
Roughy speaking, in the scalar parabolic case, the second derivatives become more
integrable as the equation get closer to the heat equation. Together with this con-
straint, even for bounded domains (see [11]) we can find other restrictions on p
which sound to be more technical than intrinsic to the problem. To get rid of some
of these, we refine the duality method exploited in the quoted paper, resorting to a
further adjoint problem. The result is obtained for a bounded domain and extended
to the case of an exterior one. Our technique allows us also to push upward the
exponent of integrability of D?u. In this respect we remark that we obtain a power
that is higher than the space dimension, achieving the Holder continuity of Vu up
to the boundary, even for an exterior domain.

We like to point out that the special issue about the square summability of D?u
deserves a particular consideration, since the result becomes very clean requiring
simply p > nz_fz

We want to remark that we do not analyze the regularity of the solution, instead
we exhibit the existence of a regular solution and we use its uniqueness.

In order to tackle the mathematical question related to the extinction of the
solutions, we need a L*-theory for s € (1,2). In this respect we point out that the
result of uniqueness holds with the stronger hypothesis of initial data in L* N L?.
We would like to remark that we cannot omit the Z? assumption on u,. Actually the
difficulties are related with the non-linear character of the system and the weakness
of the L*-theory for s < 2. However the same difficulties are met in the IBVP on

1 After the submission of the present article, the authors became aware of the arXiv preprint [9]
concerning the global regularity.
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bounded domains. The character of unbounded domains and the non-linearity of
the p-Laplacian give a special interest to the technique and to the results. Among
the results, we obtain the following generalized energy relation:

||u(t)||2+cf ||Vu(t)||5p < ||uo||2 forall r > 0, 1.2)

where c is independent of u,. The above generalized energy inequality assumes
a particular interest even in the case of linear parabolic systems. Actually, for the
following IBVP
—Au =0, in(0,7T) x Q,
u,x) =0, on (0, T) x 9%2, (1.3)
u(0, x) = u,(x), on{0} x €,

it is well known that the energy equality

t
lu(®)|3 +2/0 IVu()13 = lluoll3 (1.4)

holds for any # > 0. In the case of a L?-theory, g € (1, n], the above relation is
replaced by estimates of the kind

IVu@)lly <clt— to)_% lu(to)llg, forallz >t > 0. (1.5)

It is evident that (1.5) cannot imply
t
/ IVu(D)|dt < cllus|}. forallt > t; > fo,
t

but it can only furnish the weaker property ||Vu|, € sz (t9, 00), where L%) is the
Lorentz space. Hence estimate (1.2) has a special interest in the case of p = 2
(linear case), because it reproduces for all s € (1, 2] a property that was relegated
only to the L2-theory.

The following theorems are proved in Sections 6, 7 and 10.

Theorem 1.1. Letbe p € ( ok 2), Q a bounded or exterior C* domain of R", n >
2and u, € LZ(Q). Then, for any ¢ > 0, D%y € L®(, T; LZ(Q)), where u is the
unique solution u of (1.1) and

@2 p)y+1 2

| D2y < —=luolly "+ ol (1.6)
tp=T tr
cg— 2)(2 4(p—1
withy = —g'f(nﬁé) éDn) ifn>3o0ry = 2)foranyr € (2, pzl) N [2, 2+ —(z(lip)g]

if n = 2. Moreover, for any q € [2, 2 + g’ipy] and ¢ > 0 we have that u; €
L (e, T; L1(RQ)) and

2-p)y+1 .
s (Dlg = ;l+y IIMOII( PV de.in 0, T), (1.7)

withy = y(q’) given by (4.8).
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Theorem 1.2. Let E C R*, n > 2 be a bounded C* domain, p > nz—j_lz and
q € [2 24 4(p ] Moreover, following Definition 2.1, let

_ v
C(q)

$(q) = 1
inf {2 — —— ifg = n.
m{ C<q>} yq=n

qg>n
If p > max{¢(2), ¢(q)} then, the unique solution of (1.1) belongs to L*°(e, T
W2>4(E)), for any ¢ > 0.

ifq #n

Theorem 1.3. Let Q be an exterior C* domain of R", n > 2 and p > 2. For

n+2
any q € [2 2+ 4(p 1)] there exists p(q) < 2 such that if p € (p(q), 2) and u is
the unique solutlon of (1.1) then D*u € L®(e, T; L1(Q)).

Theorem 1.4. Let Q be an exterior C* domain of R". Assume p € (-2 T +1) and
U, € L5 (Q) N L5(Q), with sex := n(% — 1) and s > sex. Then there exists a so-
lution u of problem (1.1), in the sense of Definition 9.1, which enjoys the extinction
property

ut) =0 forall t> T (1.8)

where

Vex

] Uo
ex —= 2

Ifu, € L=(2) N L2(2), then the solution u is unique. Moreover, if p = n+1 and
uo € LY(Q) N L5 (Q), s € (1, 2], then we get the exponential decay

C N —1/(n+1)
lu(@®)2 < 8—y||uo||g‘e—‘<’—£>““olh . forallt >&>0. (1.9)

Theorem 1.4 furnishes a result typical of the p-Laplacian parabolic problem, that is
the extinction of the solution in a finite time. This property depends on the nature of
the domain €2 of the IBVP. For 2 bounded we refer to DiBenedetto [14]. The known
result in the case of unbounded domains is related to the Cauchy problem see [14]
and [19]. This case is characterized by the fact that the extinction of the solution
holds with initial data belonging to L%x(£2) With Sex ‘= n( z_ 1). In Theorem 1.4

we prove this kind of result for p € (n i l) It is 1mportant to stress that we
need an L®-theory s < 2 of existence as a key tool in order to prove the extinction.
This is in harmony with the result of the Cauchy problem. In Theorem 9.2 we
develop a L*-theory of existence of solutions which are regular for ¢t > 0. However
we are not able to prove uniqueness unless for initial data u, € L5(2) N L3(Q).
We complete this kind of results by proving that in the case p = nz% the solutions
admit an exponential decay in time.

We complete the introduction furnishing a generalized energy inequality re-
lated to the solutions of the linear IBVP for parabolic systems (1.3).
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Theorem 1.5. Let Q2 be an exterior domain and u, € L° (Q2) witho € (1,2]. Then
there exists a unique solution to problem (1.3) such that u is smooth for t > 0 and

t
lu@))|? +2(c — 1)/ IVu()|>dt < |lu.)|?, forallt > 0. (1.10)
0

Theorem 1.5 is proved in Section 11.

The plan of the paper is the following. In Section 2 we introduce the notation,
the function spaces, our notion of solution and some results concerning the elliptic
problem. In Section 3 we quote the existence theorem for the parabolic problem
on bounded domains furnishing the explicit estimates which are hidden in the orig-
inal result; further we prove our existence theorem on exterior domains. Section 4
contains two adjoint parabolic problems which are used in Section 5 to estimate the
time derivative in L7(€2) by duality. The integrability of the second spatial deriva-
tives is investigated in Section 6 and Section 7, respectively in L? and L9, using
the elliptic results with u, acting as a force term. In Section 8 we obtain the Holder
regularity of the gradient by Sobolev-Morrey embedding results. Section 9 is en-
tirely devoted to the existence theory with initial data in L*(£2). In Section 10 we
investigate the extinction and exponential decay of the solutions. Finally, in Section
11 we apply the methods of Section 10 to prove the energy inequality in L*(£2),
with 1 < s < 2, for linear parabolic IBVP.

ACKNOWLEDGEMENTS. The authors are grateful to the referee who pointed out
three critical points in the proof.

2. Notation and preliminary results

We denote by 2 an exterior domain, i.e., the complementary of a compact con-
nected set of R”. In this context, we can find a real number Ry > O such that
(R™\ ) € B(0, Rp). On the other hand, we reserve the letter E for bounded sub-
sets of R”. In some statements the letter €2 is used at the same time for bounded or
exterior domains and the occurrence is explicitly enhanced.

For any R > 0 we define a smooth cut-off function hg : R" — [0, 1] such
that

1 ifjx] <R

c
h = Vhg| < —. 2.1
R(X) =1 if x| > 2R, IVhel = 5 2.1)

Together with the usual Lebesgue, Sobolev and Bochner spaces we also make use
of some other suitable spaces in the framework of exterior domains. First the
space Wol’p(Q) which is the completion of C§°(£2) in the norm |1, := [[Voll,
and that, in the case of a bounded domain, coincides with W(} "7 (). We intro-
duce also the Banach space V(R2) := 171\/01 "P(€) N L*(Q) and the Bochner space
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vPr,T; Q) = {v e LP(O, T; V() : Yy € L?(0, T; V(Q))} with the norm
Il == l1¥lleeorvie) + ”wtlup’(oj;v(g)/) (see [32, Sec. 23.6]). The symbol
(-, -) stands for the duality pairing between a Banach space and its dual.

We begin with the definition of a quantity which is crucial in most of our re-
sults.

Definition 2.1. Let E be a bounded C? set of R”. For any g > 2 we set

2
[D7vllg

C) = .
@ 1AVl

veW, 2 (E)NW24 (E)

We remark that C (g) is always finite and it is related to the Calderén-Zygmund The-
orem. Moreover it is possible to show that there exists a constant K, not depending
on g (but depending on E), such that C(g) < Kgq. For the details see [30].

Let us introduce our notion of solution, which retains more regularity than an
ordinary weak solution. We want to focus the attention also on the set of test func-
tions which is chosen in order to apply previous regularity results. In Remark 2.3
we state the equivalence with other sets of test functions to which we will switch
from time to time, as needed by the context.

Definition 2.2. Let Q be a bounded or exterior domain with boundary of class C?
and u, € L?(Q). A field u: (0, T) x Q — R is said a solution of system (1.1) if

we LP(0.T:V () N C(0. T]: LX), t7Vue L™, T: LP(Q)) . 22)
w, € LPO.T:V(Q)), t 1, € L¥O, T: LX), £ 3 Vu, e L20, T:LP(Q). (2.3)

T
fo[(u,wt)—(|Vu|p_2Vu,V1ﬁ>]dt:—(uo,w(O)), VY eCR(0,T) x Q) (2.4)

and
lim [[u(t) — usll2 =0.
t—0t

Remark 2.3. We observe that, since u(r) € C([0, T]; L3()), by using a suitable
cut-off function in time, we obtain that, forany 0 <s <t < T

t
[ L = (19072 Ve, )| de = o @) = . v,
Vi € C(0, T) x Q).

(2.5)

Moreover, resorting to a density argument, we can take the test functions v in the
space W12(0, T; L2(2)) N L?(0, T; V()), obtaining an equivalent definition of
solution which coincides with the one given in [11]. Always by density (see [32,
Proposition 23.23]), u is a solution in the sense of Definition 2.2, if and only if, for
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any0<s<t<T

t
[ fowowe = (191772 V. 9) ] de = Gutor, o) = @) w0,

Yy e VPP, T: Q) and u(0) = uo,

(2.6)

hence we can test the equation with the solution itself.

In view of Sections 6 and 7 we report, for the reader’s convenience, three
results on the regularity of the p-Laplacean elliptic system. If we set

2n
n(p—1+22-p)

2
any number in (2, —1> ifn=2,

ifn>3

2.7)

=

we have:

Theorem 2.4 ([10, Theorem 1.2]). Let 2 be a C? bounded or exterior domain of
R" and p € (1, 2). Assume that | € Lf(Q) N (Wol’p(Q))’. Then the unique weak
solution of the system

—V - (|VulP™2Vu) = f inQ
u=0 onoQ 238)

has second derivatives in L*(2) and
2 = =
D ullz <c (IIfIIfl,pr + A7 ) .

Theorem 2.5 ([12, Theorem 1.1]). Letr be E a bounded C* domain of R",

n>=2pe(2- ﬁ,z) with C(2) as in Definition 2.1. If f € L4(E) with

q > mfornz3orq>2forn=2and

ng(p —1) ,
— ifqg <n
~_ Jn—q2-p)
4= any number <n ifg=n
q ifqg>n

then there exists a unique u solution of (2.8) such that u € Wol’é (E)N w24 (E) and

1
71
lullog <cllfllg -



920 FRANCESCA CRISPO, CARLO ROMANO GRISANTI AND PAOLO MAREMONTI

Theorem 2.6 ([10, Theorem 1.1]). Let Q be a C? exterior domain of R*, n > 2.
Assume that f € L"(R2) N (Wol’p(Q))’, withr € (n, 00). Then, there exists p(r) €
(1,2) such that if p € (p(r), 2) there exists a unique solution u of (2.8) with

1 1
1 D%l < (ufn”l}p, + IIfIIr’”) .

We observe that, by Remark 2.3, the notion of solution used in the above results
(see [10,12]) is compatible with the one given in Definition 2.2.

We end this section with a “reverse” version of the Holder inequality ([2, The-
orem 2.12])

Inequality 2.7. LetO<p<1land p' = % If feLP(Q)and0< [, lg(0)|? dx <
oo then

1/p , 1/p'
/ g dx = ( / oL dx) ( / 18(0)|” dx) .
Q Q Q

3. Existence results

In the case of a bounded domain we quote here the following result taken from
[11, Theorem 1.1]. The statement is not exactly as the original one, where the
quantitative estimates are not present. They are somehow hidden in the proof and
we want to make them explicit since we need them in view of the corresponding
result in the case of an exterior domain.

Theorem 3.1. Let E be a bounded C? subset of R" and u, € L>(E). Then, for any
p € (1,2), there exists a unique solution of problem (1.1) in the sense of Definition
2.2. Moreover we have the following estimates with constants c¢ not depending on
|E]

lu@)l5 < 2lluoll3 forae.t €0,T], (3.1)
1 2
t7|[Vu@®)|lp < lluolly forae.t €[0,T], (3.2)
1 Z
t7 Jur ()l =1, < clluolly forae.t €[0,T], (3.3)
tHlu ()2 < clluoll2 forae.t €[0,T], 34
T
/0 IVu@)||hdt < |IuoII%, (3.5)
T 2 2 »
/ 2 I Vu D)l de < clluolly - (3.6)
0

Proof. The proof is based on a two steps approximation of the singular system via
parabolic systems depending on two parameters. Furthermore the authors use the
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Faedo-Galerkin approximation method with smooth initial data and then they pass
to the limit by density. It results that the estimates depend on four parameters and
the passage to the limit has to be carefully managed. It is of no interest to replicate
here the actual existence proof but, for the reader convenience, we perform only the
formal computations treating the solution as it was smooth enough. We refer to the
original paper [11, Appendix] for the rigorous proof.

We begin with the classical energy estimate to get (3.1) and (3.5). We fix
s € (0, T'] and we multiply (1.1); by u. Integration in time and space gives

%IIM(S)II% + /OS IVu@)1pdr < Jluol3. (3.7
Now we multiply (1.1); by u; and integrate over E
2, 1d p
llus (D115 + ;EIIVu(t)IIp =0.
Multiplying by ¢ the above equation we get

2 p p
tu + —— (¢]|V = Vu
lluell5 It ( I ””p) [ ”p

and integrating this identity over (0, s)
N 5 S
/0 tluy (D1l5 dr 4 5| Vuls)ll, < /0 IVu@)|} dr. (3.8)

Hence by (3.8) and (3.7)

N
fo tlur ()13 dt + s|Vu@)Ilh < lluol3 (3.9)

which gives (3.2).
Let us differentiate (1.1) with respect to ¢ getting

Uy —V - ((p — )| VulP(Vu ® Vu) - Vu, + |Vu|!’*2vu,) —0.
Multiplying the above identity by u, and integrating over £ we obtain

1d 2 p=2 2 p=2 2
Sl + |1Vl 7 V| < @ = p 1917 v |

and, multiplying by ¢>

1d p=2
S (P B) = 13 + (p = 2 19201 Vi

2
<0.
2
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Finally, integrating in time over (0, s), using (3.8) and (3.7) we achieve

y p=2
Pl ©13+2p -1 [ 1vul T v
0

2 N
L dr= 2f tllu,l|3 de
0 (3.10)

N
< 2[ IVulZ dr < 2jus|2
0

and (3.4) is proved.
By the definition of negative Sobolev norm and using estimate (3.9) in (1.1)
we get

2(p—1
ol 7

s P

C

s -1, =1V - (VP 2Vus) ) -1, < Va5 =
that gives (3.3). )

Concerning estimate (3.6), by Holder’s inequality with exponent % 55 Us-
ing (3.9) and (3.10), we have

2
5 opt2 5 2-p p(p=2) pQ@=p) P
/tp ||Vutllfjdt:/ t e tz(/ IVul~ 2 |Vuy|P|Vu| 2 dx )| dt
0 0 E

2-p

s 2-p P
5] 2 (/ |Vu|p2|Vu,|2dx>t P (f |vu|de> dt
0 E E
s ) 2 2— 2Q=p)
=ft | (I val})
0 2
4

= clluslly - O

p=2 £ 2 P
|Vu|= Vu, 7odt < clluolillucll,

Theorem 3.2. The same results of Theorem 3.1 hold true for an exterior C* do-
main.

Proof. To prove the thesis for an exterior domain we define a sequence of bounded
sets invading 2. For any k € N, k > Ry, let be uk the unique solution of problem
(1.1) on Ej := Q2N B(0, k) in place of E. First we extend ukt00in [0, T]1x (\ Ex)
obtaining a function defined in [0, T'] x 2. We remark that the estimates (3.1)-(3.6)
in Theorem 3.1 do not depend on the measure of the domain, hence we can consider
all the norms computed on €2 instead of Ey.

Let be ko the smallest integer greater than Ry and consider the sequence
(U Yk -

By (3.1), (3.4) and (3.5) we can extract a subsequence (not relabeled) such that

Py weakly-* in L>(0, T; L%(2)), (3.11)

uk —~u weakly in L? (0, T; V()), (3.12)
uk(1) = u(t)  weakly in L>(Q) forae. 1 € [0, T]. (3.13)
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Letus fixt € (0,T] and ¢ € 1234 (0, T; ©2). By the weak convergences (3.12)
and (3.13) we get at once

t t
[ (¢ on)as — [ we.no) as (3.14)
Wk (1), v (1)) — (u(r), ¥ (1)) forae. r € [0, T]. (3.15)
By (3.5) we get that there exists a function y € LY O, T; LP/(Q)) such that

|Vt [Pk — x weakly in L' (0, T; L7 (). (3.16)

We want to prove that x = |Vu|?~2Vu. Since u* is a solution of problem (1.1), by

Remark 2.3, we can use uX itself as a test function in (2.6) getting

T T
/ (V"2 Vit vuk) ar :/ (¥, ub)di+ (uo, u* (0) — (uk (T), uk (T))
o 0 (3.17)

1 1
= =5 [t + S luell3-

For any fixed R > O let us consider the function & g defined in (2.1). If £ > 2R, we
can use uhp as a test function in equation (2.6) to get

T L T |
/ (|vuk|P Vuk,V(uhR)) dt:/ (uk,(uhR),)dt—i—‘uo(hR)?
0

0

— (uk(T), u(T)hR>.

2
2

By (3.16), (3.14) and (3.15) we can pass to the limit as k — oo in the above identity
to gain

T T L2 12
/O (X,V(uhR))dt=/0 <u,(uhR),)dr+(uo(hR)z Z—HM(T)h;e SEAD)

In order to pass to the limit as R — oo, we will examine each term separately.

T T T
/ (X,V(uhR))dt=/ (X,(Vu)hR)dt—l—/ (x,u ® Vhg))dt.
0 0 0

As far as the first term is concerned, by dominated convergence we have

T T
/(x,(W>hR>dt—>/ (. V) dt.
0 0

For the second one, considering that VA # 0 <= R < |x| < 2R, we have

lu ® Vhg| Sc‘£| SZC‘E‘.
R X
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Since 1 < p < 2, by Hardy inequality (it is not restrictive to suppose that 0 ¢ )
we get

lu® Vgl < e 2] < clvul, < +o0 (3.19)
Xlp

hence

T T T
/0|(x,u®VhR>|dts/0 X1 e ® Vhgll, dtSC/O 1l 1Vl di < +o0.

Once again we can apply the dominated convergence theorem to obtain

T
/ (x,u® Vhg)dt — 0.
0

Now we remark that
uhg —> u strongly in L?(0, T; V(R2)). (3.20)

Indeed
Vu — V(uhg) =Vu(l —hgr) —u ® Vhg

and, since u € L?(0, T; V(R2)), by the absolute continuity of the Lebesgue integral
with respect to the domain of integration and (3.19), we get the claim. This allows
us to pass to the limit in the term containing the time derivative

T T T
/ (u, (uhpg);)dt = / (uhpg, us)dt — / (u, u;) dt
0 0 0

by (3.20) and since u; € LY (0, T; V(2)). In the end, by dominated convergence,
we also get

Collecting the above results and passing to the limit in (3.18), we have

112 512 2 2
uothe)? || = [umng | — ol — ey

T T 1 1
/O(X,vwdz:/o <u,ut>dt+||uo||%—||u(r)||%=§||uo||§—§||u<T>||%. (321)

By monotonicity we have

T
0< / (|vuk|"*2w’c — VY|P3V, Vuk — vw) dt.
0
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Hence, using (3.17), (3.16), (3.12) and the lower semicontinuity of the norm in the
weak limit, we have

T
0 < timsup — [ (D)2 + > fuoll2 —/ (|Vuk P72 vut, V) di
k 2 2 0
T
—/ (IVy P2V, Vuk — V) dt
0

1 1 T T
s—§||u<T)||§+5||uo||§—/o (x,wndt—/o (IVY P2V, Vu — V) dt.

Substituting (3.21) in the above inequality we get
T
0< f (x = VY172V, Vi = vy dr.
0

If we choose ¢ = u + A¢ for generic ¢ € V”’p,(O, T; ) and A # 0, we divide by
A and finally we let A to 0, by the dominated convergence theorem we get that

x = |Vu|P2Vu.

Passing to the limit on k in the definition of solution written for uk, we get that
u is a solution in Q. The estimates (3.2)-(3.6) for u on 2 follow by the lower
semicontinuity of the norms in the weak limits. O

4. L1 estimates for parabolic auxiliary problems

In this section we deduce some estimates on the L4 norm for the solution of some
parabolic systems with smooth coefficients. The aim is to use them in the next
section for the evaluation in L7 of the time derivative of the solution of problem

(1.1).

Let v(¢, x) be a function such that

1

sup s|| (u n |w(s)|2)7 12 = M, v) < +00. 4.1)
s€[0,t]

In order to apply known regularity results we introduce a time-space Friedrichs’
mollifier J;, and we define the following smooth tensor

3ij dap
(U + [Ty (Vo) (t — s, 1)) 2
o= ) VR 8 Iy (VO)(E 5. )

(e + Iy (Vo) (£ — 5. 1)) 2"

(By(t;5,X))iajp =
42)
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For any fixed o € (0, ¢] and v > O let us consider the parabolic problem

Ve (1) —vAY (1) =V - (By(t; 0 — 7, x)VY (1)) =0, in (0,0) x E,
Y(t,x) =0, on (0,0) x JE, (4.3)
¥ (0, x) = Yo(x), on {0} x E.

Lemma 4.1. Let E be a bounded C* domain of R". For any ¥, € CP(E) let ¥

be the unique solution of (4.3). Then, for any p € (1,2) and q € [2, 2+ ?2(‘:)12)] it

results

v (@llg = 1¥sllg VT €[0,0].

Proof. The existence and uniqueness of the solution of (4.3) follows, for instance,
by [20, Theorem IV.9.1] which also gives € L4(0, o; W>4(E)NWy 2 (E)), ¥r €
L9(0, o; L1(E)). For brevity of notation we set

(r=2)
2

an(uv) = (4 (V)P

Since ¢ > 2 we can multiply the system by ||9~21 and integrate over E obtaining

1d

——||w||3+v/ |w|q—2|vw|2dx+v<q—2>/ 194V -y |* dx
th E E
+/Ea,,(u,v<o—r))|vw|2|w|‘f—2dx

+<q—2>/Ean(u,v<a—r>>|w|q—4|w-de
) . 2
=<P—2)f 21Vl — o) VY
E (4 14y(Volo — 1)) 2
W19 (Vo =) V) (Jy (Voo —T) - Y) (T - )
(it + 10y (Vo(o —T)P) 2

dx

+(p—2)(g-2) . dx
= (p-2h+(p-—-2q—-2h.

‘We observe that

] < /Ean(u, v(o — t))llﬂlq_zlvw|2dx =:Ji.
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By Cauchy-Schwarz’s and Holder’s inequalities it results

p—4
2

|12|§/E</L+|Jn(Vv(0—f))I2) W1TH 1 (Voo = D)V IVY - ] dx

1
< (fEan(u, v(o — r))h//w—“wﬁwzdx)z

: (/Ean(u, vio — YITHVY - w|2dx>2 = J2J}

hence
1d by
——\Yllg+(p—DJIi+(@q—=2)r<=2—p)g—2J]J;
q dt
] 44
= Ji+ = (2 p)*(q —2)* .
‘We want to choose ¢ such that
1 £ 2 5
—=<p—1, ~2-pr@g—-2"=<qg-2 4.5)
2e 2
and this is always possible if
1 2

< .
2(p=1 " (@ =22 - p)?
An easy computation shows that the above inequality is verified for any p € (1, 2)
if
4(p — )}
2 - p)?
Choosing an ¢ satisfying (4.5) and substituting it in (4.4) we get

q € |:2,2—|—

td g
—lvlg <o. -

For any fixed z € (0, 7),v > 0 and ¢, € C;°(E) we consider the following
problem, adjoint of (4.3)
@s(s) —vA@(s) — V- (By(t; 5, x)Vo(s)) =0, in (0,7) x E,
o(s,x) =0, on (0,¢) x 0F, (4.6)
#(0,x) = ¢go(x), on{0} x E.
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Lemma 4.2. Let E be a bounded C?* domain of R". For any ¢, € Coo(E) let ¢ be
the unique solution of (4.6). Then for any p € (1,2) andr € [2 - 4(’;—;1), 2]

oIl = lleollr Vs € [0, 1].

Proof. For any arbitrary function ¥, € C8° (E) and o € [0, t], let ¥ be the solution
of problem (4.3). The system (4.6) has an unique solution, by [20, Theorem IV.9.1],
and the solution g is also regular enough to multiply (4.6) by ¥ (o0 — s). Integrating
the product by parts on [0, o] x Q2 gives

(@(9), ¥o) = (o, ¥(0)) +/0 (@(s), Ys(0 —5)) ds —v A ((s), AY (o —)) ds
—/0 (V- (By(t: )VY (o —5)), ¢(s)) ds =0.

Since ¥ is a solution of (4.3), substituting in the integrals ¢ — s = 7, we get

(p(0), ¥o) = (9o, ¥(0)) . 4.7
Since r € [2p2+4 2] we have that ' € [2 2+4(p_1)] and we can apply Lemma 4.1
T T2 PPy '
to get
(@0, Y (@N] = @oll- 1V (@)l = lollrll¥oll
for any v, € C3°(E). By a density argument and (4.7) we get the thesis. O

Lemma 4.3. Let E be a bounded C? domain of R", p > ;X5 r € [2— 270, 2]

and ¢, € C°(E). If ¢ is the solution of problem (4.6) we have

Q-p)y -pY

1 1
le@ 2 < eM(u,v) gl (17 =@ =97) . Vs e O]
with M (v, ) defined in (4.1) and
_ . n@=nr)
y=yr):= r(2p—2n+np) * (4.8)
Proof. We refer to [11, Lemma 2 4] remarking that even if the range for r is differ-
ent, the proof remains unchanged. O

5. Estimates for the time derivative

We begin the section gathering some results taken from [11, Section 3] concerning
the following non-singular (x> 0, v > 0) parabolic system on the bounded C?
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domain E

(r=2)
2

v,—vAv—V-((,u+|(Vv)|2> Vv):O, in(0,7) x E,

5.1
v(t,x) =0, on (0,T) x 0F,

v(0,x) = vo(x), on{0} x E.
We have the following results, for which we refer to [11, Propositions 3.1 and 3.2]

Proposition 5.1. Letv > 0, u > 0 and p € (1,2). Assume that v, belongs to
CG°(E). Then there exists a unique weak solution v of system (5.1) such that

veC(0,T; L2(E)) N L0, T; Wy *(E)),
v € L®(0, T; L*(E)) N L*(0, T; W'(E)),
lim [[v(t) —vol2 =0.
t—07t

Moreover
1 1
7V H < ¢B(u, vo)?, 52
L P (1, vo) (5.2)
1
It vell oo 0,7 12(E)) = ¢B(1, Vo)?2 (5.3)
where ,
B(u, w) := w3+ u>TIE|. (54)

With this tool at our disposal we can state the following crucial result:

4(p—1)
(2—-p)?

domain of R". Let u be the unique solution of (1.1) corresponding to u, € L*(S).
Then t'tY u; € L0, T; L1()), with y = y(q’) given by (4.8). Moreover the
following estimate holds

Proposition 5.2. Let p > %, q € [2, 24 ] and Q2 a bounded or exterior C?

Cc 2— 1 .
e @llg < ~14y luo| P *Y aein (0, T). (5.5)

Proof. The proof follows substantially the one of [11, Proposition 5.1]. For the
reader’s convenience we reproduce here only the main lines to make clear the fun-
damental role played by the adjoint problem (4.6). First we consider a bounded
C? domain E and a solution v of the system (5.1). We have to keep in mind that
v depends on the parameters v, i an also another one, say m, used in the approx-
imation of the initial data in L?(E) by means of smooth functions. We regularize
(5.1); in time, introducing another parameter p arising from the mollifier, and we
differentiate with respect to ¢. Finally we multiply the result by ¢ (¢ — 7) where ¢
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is a solution of (4.6) hence it depends on 5. Omitting the indexes v, u, m, p, n and
performing only the formal computations we get

p__4
(vn(w — VAU = (p =2V - (1 + [VUOR) T (Vo(D) @ Vu(@)) - Vo (7)
p=2
+(n+ 1vo0) 7 vw)) Lt — 1) =0.

An integration of the above identity on E and between % and ¢ with respect to 7,
provides

W (), @0) — (vt (%) 9 (%))
t t
—_ / (e (@), @t — 7)) dT — v / (Voe (1), V(i — 7)) de
2 2

p—4

—(p- 2)/: ((u +IVo@P?) °

t
- / ((M+|Vv(r)|2) 7V (1), V(/J(t—t))
2

f (v (1), =@ (t — T) + vAp(t — 7)) dt

(Vu(r) ® Vu(r)) - Vo (1), Vo(t — ‘L')) dt

(- 2)] Vu(r) ® Vo(r) - Vgofp— 7)

(1 +1Vo(D)?) 2

t _
—/ Vot =) Vu:(7) | dt

2—p

2 \(n+1Vo@P?) >

t
=[ (v (1), = (t — T) + VA@(t — 1)) dt
3

V(1) | dt

+/" v. Vu(t) @ Vu(t) - Vo(t — 1) + Vo — 1) _

iz 7 | v (7) | dr.
2 (1 +1Vu(D)]?) 2 (1 +1Vu(D)]?) 2
At this point we have to remark that if we replace Vv with J,(Vv) in the denom-
inators of the last integral, we obtain that the right-hand side is zero, since ¢ is a
solution of (4.6). This can be made rigorous by a careful passage to the limit as
n goes to 0. The details are completely described in the proof of [11, Proposition
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5.1]. In the end, by (5.3) and Lemma 4.3, we get

t t
(v (@), po) = <Ut <5> @ <§)> <

“(3)

¢(3)

2 2
1 Q2-ply
_ ¢Bu, vo)2 M, v) 2 [lgolly
- t tv '
Using the definition of M (i, v) given in (4.1) and (5.2), we get
MG, v) < ¢ (W3TIE + B, v)) < B, v.)
hence oo
—PY
CB(M7 UO) 2
(Ve (1), @o) < ?“%”q/
, (2—2p)}/
for any g, € L7 (E). It follows that v, (1) € LI(E) and ||v,(t)[lg < EUtel 2

To conclude the proof we need to pass to the limit in all the parameters. The process
is quite involved and it is described in [11, Proposition 3.2 and Theorem 1.1]. The
result is the convergence of v to the solution u of (1.1) likewise the smooth initial
data v, approximate u, in L2(E). Moreover we get that B(u, v,) — c||uo||% and
the thesis for a bounded domain follows.

To extend the result to an exterior domain €2 we use the same sequence { £} of
bounded sets invading €2 as in the proof of Theorem 3.2. In estimate (5.5) the norm
of u, is evaluated on Ej but it can be increased uniformly with respect to & to the
norm on the whole Q. Hence we have that ¢! 17 u(r) € L%°(0, T; L4(R)) and (5.5)
holds true also in 2. O

6. L? estimates for D?u

In this section we prove L®(¢e, T; L?(2)) estimates for the solution of problem
(1.1). Despite the fact that our main interest goes towards exterior domains, we
consider also the case of a bounded domain. Indeed, in this case, we improve [11,
Theorem 1.2] removing some constraints on p and moving down its lower bound.

Proof of Theorem 1.1. Let us fix ¢t > 0 and consider the system (1.1) as an elliptic
problem in the variable x. By Proposition 5.2 we get that u;(t) € L9(2) for any

q € [2, 24 g’i ;)12) ] We want to apply Theorem 2.4 using u,(¢) as the force term.

To this aim, we show that u; belongs to L () with 7 defined in (2.7). We remark

that the number 2 + g’: ;)12) is an increasing quantity with respect to p € (1, 2). In

%, 2) , hence we have that, for any p in this interval,

our hypotheses p € (

4p-1 n*+4

2
e
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We need to compare the two quantities 2 f‘ and 7. Consider first the case n > 3.
By a straightforward computation it is easy to check that

n?+4 2n n3 —4n? 4+ 12n — 16
> A= >
4 np—1D+22—p) p 2 +4)(n —2)

and

n —4n? +12n — 16 2n

4 3 2
— -2 4dn“ — 24 32>0.
D2 <n+2 n n- +4n n+ >

But

nt =2+ 4an® —24n4+32=n—2)*n*+2n+8) >0 VneN,n>3.

Hence, for any p € (n+2,2) we have that 7 € [2, 2+ 4 (2 )]

p)
If n=2 it is enough to observe that the intersection (2, ﬁ) [2 2+ 4

) - p)z]
1S not empty.

In both cases, by Proposition 5.2, u;(t) € L (2) and, by Theorem 3.2, u;(¢) €
W_l’p/(Q). We can apply Theorem 2.4 with f(x) = u, (¢, x) obtaining that u(¢) €
W?22(Q) and, by (3.3), (5.5)

) Ll Ll c (27p)?+1 c
|D u(t)HZSC(IIut(t)II;’ +|qu(t)llfl,p,> < 1z luolly ™ —IIMoII (6.1)
tpfl tp
with 7 = y(#) = Y288 if n > 3 (for the notation see (4.8) and (2.7)) or
y=ve) = 22) forany r € (2, = 2)n[2,2+ 4(‘0 1)] ifn =2. O

7. Higher integrability of D*u

In this section we increase the integrability of D?u to a power greater than 2. The
greatest exponent of integrability depends on p and increases as p approaches 2
from below. In a fashion that is common to this kind of results, see [3,4,10-12],
the range for p is constrained to be close to 2 in dependence of the summability ¢
required for the second derivatives. For a bounded domain, the following theorem
improves the previous result obtained in [11, Theorem 1.2] extending the range for
g and removing some constraints on p.

Proof of Theorem 1.2. We set g(p) = 2 + 4(" )12) and we remark that g is an in-
creasing function on the interval (1, 2). Hence

(p) > 2n _1_’_n2 Vp e 2n 5
8P =8\u12)" T4 PEas2t)
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Since 1—1—% > nforany n > 3 we have that g(p) > n for any p, n in the hypotheses
of our theorem, hence the interval for ¢ goes beyond n (in the case n = 2 the whole
interval is trivially beyond n). Since the behavior is different for ¢ over, behind or

equal to n, we will distinguish three cases.
4(p 1)

Let us consider first the case g € (n 2+

that u; € L*°(e, T; LY(E)). Since p > max{¢(2) (p(q)} and q > n We can use u;
as the force term in Theorem 2.5 to get thatu € L*°(¢, T'; W24(E)).

] By Proposition 5.2 we have

If g = n, choose any p > inf {2 — —} There exists g1 > n such that
g>n C@)
Z—W and, by Proposition 5.2,u, € L*°(e, T; L9 (E)). Again, by Theorem

25,u € L®e, T; W29 (E)) C L™, T; WZ"(E))
Ifg € [2,n), n > 3 thenletg =
2 < g < n,we have

m We remark that, since

_ 2n _ qn
> =2, q< =
n(p—1)+n2-p) gip—1+q2—-p)

< gp).

Applying Proposition 5.2 we get that u, € L (g, T; L4(E)). Following the nota-
. 2~ _ 2 .

tion of Theorem 2.5 we have that g = ¢ and ¢ > W—ﬁZ(Z—p)' Since p > ¢(q)
we can apply the quoted theorem achieving that u € L>®(e, T; W>4(E)). O

Proof of Theorem 1.3. Letusfixq € [2, 24 ‘(‘é’i;;g] and ¢ > 0. By Theorem 1.1 we

have that u, € L>(e, T; L4(2)) and by Theorem 3.2 u, € L*® (e, T; (VT/OI’p(Q))/).
As in the proof of Theorem 1.2 we consider different ranges for ¢.

If ¢ > n then, by Theorem 2.6 there exists p(g) such that for any p €
(P(q),2), D*u € L®(e, T; LY(R)).

If2§q§nwesetﬁ=inf{ﬁ(q) n<gq=< 2+4(p 1)} Forany p > p
there exists g; > n such that p > p(q1). Using the result Just achleved we get that
D?u € L®(g, T; L9 (). By Theorem 1.1 D*u € L™ (e, T; L*(R2)) and we get
the thesis by interpolation. O

The above result is at first sight a little bit confusing about a sort of cross refer-
ence between p and g. Which one depends on the other, or there is simply a mutual
dependence between them? For instance, if we choose p > % which is the best
q we can reach? We point out that, generally speaking, for an exterior domain, the
highest does not necessarily means the best. Fortunately, for our solution we always
have D%u € L™ (g, T; L*(2)) hence we can interpolate and the best g is actually

n

the highest we can achieve. Hence, for fixed p > nzﬁ we can expect to find ¢

which is at best 2 + 4(1’ 1) . But now we have to take one step back and check if

4
(épp)Z P(Q) < P} AS

a result, the statement of the theorem is not very charming, especially because we
are not able to prove (although it sounds very reasonable) that the quantity p(q) is

p > p(q). In this framework, the best ¢ is sup{g < 2 +
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increasing with respect to ¢. Hence we choose to give the result leaving someway
implicit the relation between p and g. On the other side, if we ask which is the
lowest p that is allowed to get D?u in L9 there is a very clean answer which is
stated in the following

Corollary 7.1. Let 2 be an exterior C* domain of R" and g > 2. If

2n 2(q—1—+g—1) 3@)
+2 q-—2 ,pq}

p>max!
n

with p(q) as in Theorem 1.3, then D*u € L™ (g, T; L1(R2)), where u is the unique
solution of (1.1).
4(p—1)

2-p)?
with respect to p. We only remark that the condition ¢ > 2 in the statement is

Proof. The result follows straightforward solving the inequality ¢ < 2 +

not necessary, since for ¢ = 2 the quantity 2(‘17177_2‘]@ tends to 1, giving a trivial
constraint for p. This is perfectly in line with the result of Theorem 1.3 which
holds true also for ¢ = 2. Nevertheless we want to notice that the case ¢ = 2
is covered also by Theorem 1.1 which is sharper, since allows the whole range

2
pE(n—_{_E,Z) [l

8. Holder continuity of Vu

In this section we investigate the Holder continuity of Vu, up to the boundary of
the exterior domain 2. We start introducing the relevant quantity for evolution
problems that is the parabolic Holder seminorm defined by

t, — t, t7 - )
[w]; = sup sup W, ) wf 2l + sup sup wt, ) u;(s x)I. (8.1)
t x#y |-x_y| X t#s |t — 5|2

We rely on the following result on Bochner spaces (see [29, Theorem 2.1] and [11,
Lemma 2.7]).

Lemma 8.1. Let Q be a bounded or exterior C* domain of R", ¢ > 0 and q > n.

There exists a constant C, such that if u € L*(e, T; W24(Q) N Wol’q () and
u; € L®(e, T; L1(2)) then

[Vul, < C (sup (sl + [ D2 )], ) + sup ||u<r>||q)
t t

withh=1-12,
q

Proof. The case 2 bounded is considered in [11, Lemma 2.7]. If 2 is exterior it
is enough to remark that [29, Theorem 2.1] is based on an extension argument and
does not make use of the boundedness of Q2. O
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Let u be the solution of problem (1.1). We choose ¢ > n and we consider
p satisfying the hypotheses of Corollary 7.1. By the Sobolev-Nirenberg-Gagliardo
inequality we have

0 _

lu@®)llg < e[| D?u@ |, I3~ (82)

with 6 = %. Hence, by Corollary 7.1 and (3.1), u € L®(e, T; W>4(Q)).
Since p > % V9=D \we have that ¢ < 2 + ‘g’i ;;2) hence, by Proposition 5.2,

u; € L*®(e, T; L1(K2)). We are now in the position to apply Lemma 8.1 and obtain
the Holder continuity of Vu. Gathering together the estimates for [|u, |4, || D%u|| q
and the interpolation estimate (8.2) we can formulate the following result. In a fash-
ion similar to Corollary 7.1, we write the statement choosing the Holder exponent
A and finding the correct range for p.

Theorem 8.2. Let 2 be an exterior C* domain of R", & > 0 and 1 € (0, 1). If

2n 2+ A—-1—-JOA-MDm+Ar—-1) _( n
n+2’ n+2h—2 P AT

p>max{

with p(-) as in Theorem 1.3, and u is the unique solution of problem (1.1), then Vu
is Holder continuous in [e, T] x Q and its parabolic seminorm (8.1) is evaluated
by

C
[Vul, < g—ﬁlluollﬁ‘

where

_n—2+2)»

2
T n+242x “ZmaX!(z_P)V“’ >’ Q—p)yo+ 1}, B=max{l + y, p'}

andy = y(#) (see (4.8)).

9. Existence with data in L5(Q)

In this section we investigate the existence of a solution of problem (1.1) when the
initial data are in L*(2) with 1 < s < 2. To this purpose we need to adapt the
definition of solution to the new framework in the following way

Definition 9.1. Let Q be a bounded or exterior domain with boundary of class C?
and u, € L5(Q),1 <s < 2. Afieldu: (0,T) x @ — RV is said a solution of
system (1.1) if

wel®0,T: L(Q)NLY (0, T WS’%Q)) ,
; ©.1)
| w0~ (19172 Vv ) dt =~ ), Va0 T <9
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and
lim |ju(t) —u.|ls =0.
t—0t

Before we state the main theorem of this section, we need to define a number which
will be crucial for the existence of the solution. Let be

2 .. 2n 2n
n|—-—1 if <p<
. p n—+2 n+1

Sex =
2
] ir ="

< 2.
n—l—l_p<

Theorem 9.2. Let Q be a bounded or exterior domain of class C* and p € ( s 2).
If u, € L5(Q) with s € (Sex, 2), then there exists a solution u of problem (1.1) in
the sense of Definition 9.1. Moreover we have that, for any ¢ > 0 the estimates
(3.1)-(3.6) hold true in the interval t € [e, T] assuming u(e) as initial data in place
of u, and, for suitable y,a > 0

lluoll§

lu@®ll2 <c t—Vs vt > 0. 9.2)

Proof. Letbe Q2 an exterior domain and, for any k € N, E, = QN B(0, k). We take
k large enough to have (R" \ Q) C B(0, k). If Q is a bounded domain we simply
take E; = Q2 for any k. We can find a sequence {u’;} C C{°(Ey) converging to u,
in L5(£2). Since u e L*(Ep), by Theorem 3.1, there exists a unlque solution of
problem (I.1)in (O T) x Ej, corresponding to the initial data u that we denote

k

by u*. Following Remark 2.3 we fix § > 0 and we use (8 + |uk| ) 22Uk as a test

function in equation (2.6). Integrating by parts we get

t =2 t s=2
/<uf,<8+|uk|2> ’ uk>dr+/ |Vuk}p_2Vuk -V <<8+‘uk‘2> ’ uk) dxdt =0
0 0 JEg

hence
H 5+ |uf (z)| / / |Vuk|? 8—|—|u | )%dxdr
+(s—2)// |vu P2V k|2<8+|uk|2>dedr
: H(aﬂu"})
Since

54 52
A G e R P I L R o
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we have that

Lys t s—2
H(5+|M"(t)|2)2 +s(s—1)/ f Vi | (5 + |u*) T dxdz
s 0 JE

s 9.3)
< (5 [5P)7| -
N
Since 1 < s < 2 it follows that
k $ ko2 1| s kIS
ko = | (54w @ )| < 0318 + ub]. 9.4)
We can apply the Inequality 2.7 with exponents 5 and —*5 to obtain

522 s\ s =
/|Vuk]p<6+|uk|2)2dxz</ |Vuk|p7dx> (f (8—|—|uk|2>2dx> .
Ey Ey Ey
Hence, by (9.3)

s s=2 % s
/ ywk\’%dx5</ \wk|f’(a+|uk|2)2dx> (/ (6+|uk|2>2dx>
Ey Ey Ey

522 3 T
fc(/ k|7 (5 4+ ) 2 dx) H(a+|u§|2)2
Ey K

Integrating in time, by means of the Holder inequality and (9.3), we have

t s 1
// |Vuk{p7dxdr§c (8+|u§|2>2
0 JEy

Since the sequence {u]f,} converges to u, in L*(2), we have that ||u'f,||f < cllusll§
and, letting § — 0, by (9.4) we get

2=s
2

—S

N
(5 e (BB + [E]) 17 0)
N

| O < |uf]} < clluoll} VkeN, vt e[0,T] (9.6)
and, by (9.5), also

t ps
/ / ‘Vuk|17dxdr§c||uo||§, Vi €[0,T]. 9.7)
0 JE;

Extending to O the functions ukin Q \ E} and using the uniform bounds (9.6), (9.7)
we can extract a subsequence (not relabeled) and find a function u such that

uk Xy weakly™ in L* (0, T; L* (),
) \ 9.8)
Vuk — Vi weakly in L (0, T L”T(Q)) .
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By the strong convergence of uX towards u, in L*(£2) and by the weak convergence
of Vu*, letting k — 00 in (9.6) and in (9.7) we get

2

00 T < . .
lull Lo, 752 = lluolls, ||Vu||L 2oL E @ = < clluolls 9.9

=2 . .
Let us define v* = u*(8 + |u¥|?) 27 . A straightforward computation shows that

[Vuk|? < ( + (22; ) ) [Vut|” (5 + || ) 9.10)

The Sobolev’s inequality, (9.10) and (9.3) lead to

t . =L t
/ (/ |vk}p dx) dt Sc/ / |Vvk|pdxdt <c
0 Ex 0 JE

In terms of uy, the above inequality becomes

[

Since s < 2, letting § — 0, by monotone convergence we get

t X n(p+s—2) %
/ </ |u®| dx) dt < clluoll3.
0 E;

N

(6.4 P’

N

n—p

n ﬂ ! 2
() ) g ze(stime L)

If we set s = "(’;ﬂp 2 we have that u* € L~ (0 T; L5 (Ey)) uniformly in k.
We have that
p(s+n)—2n
S]—8§ = —F—
n—p

and if s > sex then s1 — s > 0 hence, iterating the process, we obtain an increasing
sequence {sm} such that Sm+1 — Sm > Sm — Sm—1. In a finite number of steps we

get that uk € S(E)) with 5 > 2. We remark that, if p > 2+"1 then
s1 —s >0foranys € (1, 2) and we have no restrictions on s. On the contrary, if
p =< nz% then 51 — s < 0 for any s € (1, 2) and the iteration is useless. In the end
we get

/ [ 7 dr < cluols ©.11)
and, since § > 2 we can interpolate L? between L°® and L* obtaining
Jo = 1" | 9= ©.12)

2(s —s)
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It we set a = *0=P) — 202P)E9) 4y (9 12),(9.6) and (9.11) we get

s((n=p)(5=2)+2-s)

t t
AHWMSmmWWﬂMFmﬁﬂﬁmﬁsﬂ%m T o)
T

k

Now we go back to the equation (2.6), we use u* as a test function and we differen-

tiate with respect to ¢ getting
Ld, ¢ 2 koIl P
—Enu O]+ [vu* O =0 vielo,T]. (9.14)

By the above equality it follows that, if there exists 7 such that lu*(7)|2 = O then
luk(2) |2 = 0 for any ¢ > f hence we can suppose lluk ()| > 0 for any ¢, otherwise
what follows is trivially true. Multiplying by ¢ we have

td d
0= 2t = et )], =t ],

2— -1d t 2-a d
=l (It ol St ol,) = Skl S leol
and, multiplying by a||u* (r)[|4~>

d a d a a
0= Lty = & (o) - o

Integrating the above inequality, by (9.13), we have

s((n=p)(§=2)+2—s)

lu* @], < ||u | 2P Vie(0,T] (9.15)

Ll

with the constant ¢ not depending on k. Fixing ¢ > 0 and integrating in time the
identity (9.14), by (9.15) we get

s((n=p)(§—=2)+2—5)
/ / |Vuk(0)|P dx dz < —IIuOIIS g PR (9.16)

Estimates (9.15) and (9.16) are enough to say that, up to a subsequence

uk Xy weakly™ in Loo(s, T; LZ(Q)),

. . 9.17)
Vu" — Vu weakly in Lp(s, T; LP(Q)).

We remark that the limit point of above convergences is actually u by the conver-
gences (9.8) and the uniqueness of the weak limit.
By (9.15) and up to further subsequences, we can find ®, A € L?(2) such that

uk(e) =~ O, u¥(T) =~ A weakly in L?(). (9.18)
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The estimate (9.16) allows to find a function y € LY (e, T; Lp/(Q)) such that, up
to a subsequence

Vit [Pk~ x weakly in L¥ (s, T; L' (). (9.19)

Let us choose ¥ € C;°((e, T) x 2) and k large enough to have v/ (, x) = 0 for

any (z,x) € (6, T) x (2 \ Ey). Since u* is a solution on Ex we can use ' as a test
function in (2.4) (substituting u* in place of u and Ej in place of §2). Integrating by
parts we get

T T
/ (uk,wt)dt—f (|w’<|”‘2w’<,vw) dr = 0.

Passing to the limit as k — oo, thanks to (9.17) and (9.19), we have
T T
/ (u,llfz)dt—/ (X, V¥)dt =0 Yy e C° ((¢,T) x Q).
&€ &€

As a consequence of the above identity u; € LV (¢, T; Wol 'P(Q)) and, by density

T T
/(u,,t//)dt—i—/ (x, Vi) dt =0 VweLp(g,T; VTIOI’P(Q)). (9.20)

Now we take ¥ € C° ([e, T] x Q) in (2.6) to get

/T(uk, xpt)—(;wk P72 vuk, w) di = (uk(T), 1//(T)> — (uk(e), w(e)) . (921)

&

Passing to the limit for k — 0o and remembering (9.18) we obtain

T
/ (w, ¥) = (X, V¥)dt = (A, ¢ (T)) — (O, ¥ (e)) . 9.22)

Since u € C([e, T]; L*>(S2)) we can integrate (9.20) by parts to gain

T T
—/ (u, Y)dt + u(T), Y (T)) — (u(e), Y(e)) + f (x, Vy)dr =0. (9.23)
Comparing the identity (9.23) with (9.22), by the arbitrariness of  we get
ue) =0, u(T) = A. (9.24)

Now we choose an arbitrary function ¥ € C{° ([&, T) x 2) and we use it in equa-
tion (9.21) obtaining

fT (5, w) = (|VuP 20k, vy ) de = = (o), v (@) (9.25)

&
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If we apply Theorem 1.1 to the function u* on (%, T) x Ej, using uk(%) as initial

data, we get

Dol < =7 [ G, vreG1]

for suitable o, y > 0. We remark that the constant ¢ does not depend on k. This
is not totally trivial but it is a consequence of Theorem 2.4 and [10, Corollary 3.1]
and it relies on the fact that ¢ depends on the geometric properties of the boundary
of Ej and not on its measure. Now we use (9.15) with ¢ = ¢ to get

[D%t O], = Sl ¥ el T) 9.26)

for suitable o1, y; > 0 and ¢ not depending on k. Now let be K C R” an open
bounded set such that ¥ (¢, x) = 0 for any (¢, x) € [¢, T] x (R" \ K). By estimate
(9.26) we have that u* € L>®(e, T, W>%(K)) uniformly in k and, by the Rellich-
Kondrachov theorem,

Vuk(t, x) — Vu(t,x)ae.in[e, T] x K

up to a subsequence. Since, by (9.16)

T /
_ p
/ /“Vuk|p ZVuk‘ dxdt <c
e K

uniformly in k, we can apply [23, Lemma I.1.3] to obtain that
Vit [PVt — |VulP2Vu  weakly in L (e, T, L? (K)) 9.27)
and, by (9.19)
X = |VulP"2Vu  forae.(r,x) € (e, T) x K.

We remark once again that the function u is defined by the global weak conver-
gences (9.8) hence, by the arbitrariness of ¥ and ¢, we get that the above identity
holds almost everywhere in (0, T') x €2. Passing to the limit for k — oo in equation
(9.25) with the aid of (9.27) we have

T
/ (t, ) — (|W|P*2W, Vw) dt = — (u(e), ¥ (e)). (9.28)

Now we complete the existence proof taking a test function ¥ € Cg° ([0, T') x Q).
By equation (9.28) we get

T
f u, ¥ — (|W|P*2w, vw) dr
0 (9.29)

=/0 (. ) = (1Yl 2V, V) di = (u(e). ¥r(e))
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Using the continuity of the Lebesgue integral with respect to the domain of inte-
gration we get that the first integral on the right-hand side of the above identity
vanishes as ¢ — 0. It remains to estimate the term (u#(g), ¥ (¢)). We have

(@), (@) = o, ¥ O] = |(u(e) = (), ¥ (@)
| (@ v @) = (@) + | (4~ wes w@) | O30
=: Ax(¢) + Bi(¢) + Cy.
By (9.18) and (9.24) we get, for any ¢ > 0

lim Ag(e) =0.
k—00

Since u* is a solution in Ey, for any k large enough to contain the spatial support of
Y, we have (see (2.5))

Bi(e) < /08 ‘(uk, vi) = (V72w vw)‘ dr

= ||uk||L°°(O,T;LS(Q))”wt”Ll(O,a;LS'(Q))

’

Lo A P SO 4 IR
L\2(0=D /) 0,e;L\2(r=D/ (Q))

L2 (0.T5L72 (@)
< B(e)

where, by (9.6) and (9.7), B(¢) is a function not depending on k and infinitesimal
as ¢ — 0. Finally,

Cr < [ub — uo|| W Oy —> 0 fork — oo

by hypothesis on uX. Passing to the limit for k — oo in (9.30) we get

l(u(e), ¥ (&) — (uo, ¥(0)] = B(e) 9.31)

and passing to the limit for ¢ — 0 in (9.29) we get that u is a solution with initial
data u, € L*(R2).

It remains to prove that the initial datum is assumed strongly in L®(2). Let us
fixp € C°(2),0 <8 < T and set ®(x,1) = ¢(x)0(¢) with& € C* ([0, T)) and
0(t) = 1 for any ¢ € [0, §]. Using ® as a test function and reasoning exactly as in
the evaluation of By (¢), by (9.31) we can get

[(u(t) — uo, p)| < B(t)
for any ¢ € [0, §], hence

lim @(®) —uo,9) =0 Vpe Co° (R2).
t—
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The density of Cgo (2) in L($2) gives the weak convergence in L®(€2) of u(z) to
u,. By lower semicontinuity we also get

luolls < liminf [lu()|]s.
t—0t

By (9.9) we have
limsup [lu(?)|ls < lluolls
t—0t
hence

lim [[u()lls = lluolls
t—0t
and the uniform convexity of L*(£2) gives the strong convergence

lim [|u(t) — uol|ls = 0.
t—0t

Finally, the estimate (9.2) follows passing to the limit as k — oo in (9.15) using
(9.17) and lower-semicontinuity. O

10. Extinction of the solutions

Proof of Theorem 1.4. Let us consider, for any R > 0, the smooth cut-off function
hg defined in (2.1). Let us fix 0 € (Sex, s] and consider the solution u# solution
obtained in Theorem 9.2 with initial data u, € L°(£2). Then, for any ¢ > 0 we
have that u solves equation (2.6) in (g, T) x 2 hence we can differentiate it with
respect to ¢ obtaining

(g, W) = — (|Vu|1’*2w, Vw) Vi € VPP (e, T; Q). (10.1)

For any § > 0, and R suitably large, we have that

o=2
2

hru(lul> +8) 7 € VPP(e, T; Q)

hence we can use it as a test function in (10.1) obtaining

172
ne <|u|2 i 5)

g

1d

g2
:/ IVulP~2Vu - (Vhi @ u) (|u|2—|—8) 7 dx
o dt Q

a
o—4
2

)
+/ \VulPhg <|u|2+8) 2 dx+(a—2)/ |Vu|th|u|2(|u|2+8> dx.
Q Q

Since o < 2, setting Eg2r = {x € Q: R < |x| < 2R}, we have

1d o 1/2]|° o2
— il (1l + 5) —I—(o—l)/ VulPhg (Juf? +8) © dx
o dt o N
oot (10.2)
<= VulP =t (jul? +8) 7 dx.

ER 2R
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Applying the Holder inequality with exponents %, %7 and % on the integral
on the right-hand side of (10.2) we get

o—1
/ V| P! <|u|2—|—5) 7 dx
E
- (103)
p—] 2 1/2 n2—p)
< c|Vull” (|u| +5) R"%
L2 (ER2r) Lo (Egag)

Using Inequality 2.7 with exponents % and =% on the integral on the left-hand side
of (10.2) we have

5 o=2
‘/;2|Vu|1’hR <|u|2—|—8) 2 dx:/;z|vu|l7h§e—a (<|u2|+8>h%€) Ty

L VN
> ([Vulhg (Iul +5) hR (10.4)
5 o
3o ||P 1/2 o2
> || [Vulhy ‘(|u|2+6) nle
2 o

Now we remark that

d ) 12 4, 2
EH(M +6) hi

[eg

2
2 12
s

~°d 2 172 16
= 4 3) h
s O dt H(M + R

g (e

hence we multiply inequality (10.2) by || (jul>+8)"% 1}/°|| >~ obtaining, by (10.3)
and (10.4)

1/2 2 3o ||P
i (|u|2—|—5) WY+ o = 1) |[Vulhy
2dt o %
- 172 nQ=p) _
< IVl ‘<|u|2+8> R o .
L2 (Eg2r) Lo (EaR)
Let us integrate in time the above inequality to get
1/2 2 t 3o P
H<|u(t)|2+8) nYl 420 - 1)/ Vulh? | dr
o & %
n@—p y (1 _ 1/2
<cR @ [ 1VulP (1ul? +5) d
& L2 (ER2R) L% (Eag)

12 2
+ H (Iu(s)|2 + a) hle

o
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Keeping count that all the above integrals are evaluated on the bounded set E> g, we
can apply the dominated convergence theorem letting § — O in order to obtain

p
dt

po

2 (10.5)

n27 1 2
<cR"TF / ||vu||" )||u||LU(E2R) dr+Hu(8)hR/”
R,ZR

Hu(z)h”" 37

+ 2(

We remark that

2 — 2
u—1<0 <:>(7>n(——1>:sex
op p

hence, passing to the limit as R — oo in (10.5) we have
t
()15 +2(0 — 1)/ IVullle dt < llu(@l3. (10.6)
&

Using the strong continuity of # in L? for ¢+ = 0 (see Theorem 9.2) we can pass to
the limit for ¢ — 0 in the above inequality obtaining

lu@IIZ +2(c — 1)/ IIVMII dr < |luoll3. (10.7)

Now we remark that, being the right-hand side of (10.7) bounded, we have

lim [lu@®lle = llu@llse,  Nim fuolloe = llttollseys
0 —>Sex O —>S,

: - (10.8)
lim ||[Vu()|re = ||Vu(t)|| psex
O —> Sex 2 v

and, by Fatou lemma
t
[ 19l e < timint [ vty oz
0—>Sex Jg 5
Passing to the lim inf in inequality (10.6) we get

(@113, + 2(sex — 1)/ IVl e dr < u(@)|3,, . (10.9)

By means of the Sobolev inequality, observing that (p N )* = Sex, We have

(10.10)

Sex *

()13, +C/ (D15, dT < Ju(@)ll;
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Now we set w(t) = |ju(t) ||§ex obtaining

t
w(7) +c/ w(®dr <w(e), V0<s<t. (10.11)
&
Let us consider the Cauchy problem
Z4ezb =0

2(0) = ||uo 2
z(t) =0

Sex

whose solution is z(¢) = (IluO ||sex —cz_Tpt) 2= which exists if t < —=—

Ts., -
We want to prove that w(¢) < z(¢) for any 7. By contradiction, let us suppose
that there exists < T,y and § > 0 such that w(¢) = z(¢) and w(¢) > z(¢) for any

t € (7,7 +8) (we remind that u € C ([0, T]; L%(2)). By integration we get

(2 ) (178 ”Sex =

t
z(t)—l—cﬁ 20 dr = z2(). (10.12)
t
Writing (10.11) with & = 7 and subtracting from it identity (10.12) we have
! 4 )4 - - - -
w(t) —z(t) + c/: w(t)?2 —z(t)2dt < w() —z(t) =0, YVt e (t,t+6)
t

which is impossible since w(t) > z(¢). This concludes the proof in the case of finite
time extinction.

The uniqueness of the solution if u, € L%x(2) N L?(2) follows by Theo-
rem 3.2.

Let us now consider the case p— 7 and u, € LY(Q)NLS(Q) with 1 <5 <2.
We remark that in this case sex = 1 and as before, we consider the solution u
provided by Theorem 9.2. With this choice of exponents, inequality (10.9) becomes

lu@ll < lluoll:. (10.13)

Substituting 1 with u in equation (10.1) we get
2n
—||u(t)||2 +2|Vu@®)| 5 = vVte(eT). (10.14)

n+l

By means of the Gagliardo-Nirenberg inequality we have

lu@®ll2 = CIIVM(I)II"+I IIM(I)II'”I

n+1
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hence, by (10.13), we obtain

2 ()13 llu(®)113
T 2 2
IIVu(t)ll%ZC T ze— -
n 1
lu@™ lluollf™

947

Substituting the above estimate in identity (10.14) we get the differential inequality

d 2 ¢ 2
2Ol + —— @l =0 Vi e(T)
4 )
lluto |1
which gives
d 9 c
Tlog (Ju)) = ———,
t n+l
lluoll{
and, integrating on (¢, t)

=2/(n+1)
2 2 —e(t— .
lu@)13 < llu(e)||3 e <=l ,

Thanks to (9.2) we finally get

1/(n+1)

C —_
lu()lla < 8—y||uo||?e—f“—8>””°”n Vi> e

11. The energy relation for linear parabolic systems:
an extension to LY norm, g € (1, 2]

In this last section we prove Theorem 1.5.

Proof. The existence and uniqueness for this problem is a classical result. To ob-
tain the estimate (1.10) we multiply equation (1.3); by u(lul*> + 8)JThR, with hg
defined in (2.1). We remark that, Theorem 1.4 is stated for p < 2 but the computa-
tions in its proof make perfectly sense also for p = 2, since the existence is known.
Hence we can proceed as in the proof of Theorem 1.4, substituting p = 2 to get

(10.7) that becomes

t
||u(r)||?,+2<o—1>/0 IVul2 dt < |uoll2, V¥t >O0.
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