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Del Pezzo elliptic varieties of degree d < 4

ANTONIO LAFACE, ANDREA L. TIRONI AND LUCA UGAGLIA

Abstract. Let Y be a smooth del Pezzo variety of dimension n > 3, i.e., a
smooth complex projective variety endowed with an ample divisor H such that
—Ky = (n — 1)H. Let d be the degree H" of Y and assume that d < 4. Con-
sider a linear subsystem of |H| whose base locus is zero-dimensional of length

d. The subsystem defines a rational map onto P"~! and, under some mild extra
hypothesis, the general pseudofibers are elliptic curves. We study the elliptic fi-
bration X — P"~1 obtained by resolving the indeterminacy and call the variety
X a del Pezzo elliptic variety. Extending the results of [7] we mainly prove that
the Mordell-Weil group of the fibration is finite if and only if the Cox ring of X is
finitely generated.

Mathematics Subject Classification (2010): 14C20 (primary); 14Q15, 14E05,
14N25 (secondary).

1. Introduction

Let Y be a smooth del Pezzo variety of degree d at most 4 and dimension # at least
3, and let H be an ample divisor such that —Ky = (n — 1) H. A linear subsystem
V C |H| whose base locus is a zero-dimensional subscheme of length d defines a
rational map onto P! whose general pseudofibers are curves of arithmetic genus-
one. We focus on the case when the general pseudofiber is smooth and denote by

7 X — Pl

the elliptic fibration obtained by resolving the indeterminacy. We call the variety X
a del Pezzo elliptic variety and the fibration 7 a del Pezzo elliptic fibration. In [5]
the case of general V is considered in relation with the Morrison-Kawamata cone
conjecture. In this paper we extend the results of [7] to del Pezzo elliptic varieties of
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degree d < 4. Our first result is about the Mordell-Weil groups of the corresponding
del Pezzo elliptic fibrations (the notation will be explained in Section 3).

Theorem 1.1. The Mordell-Weil groups MW (1r) of the del Pezzo elliptic fibrations
7 X — P! ofdegree d < 4 and dimension n > 3 are the following:

Table 1.1.

d Typeof X MW(x) d TypeofX MW ()

1 X (0) 4 X z3

2 X Z X41, X30 7*
Xss 7)27 Xa 7.® 7/27
X2 (0) X510 Xog0 X0, X5 Z

3 X z? X43 (Z/27)*
Xs11, X2 Z Xo1, X2 Z]2Z
Xsss Z/3Z X10, X11 (0)
X 7)27
X3, X5 (0)

Our second result relates the finite generation of the Cox ring of del Pezzo elliptic
varieties with the finiteness of the Mordell-Weil group of the corresponding ellip-
tic fibration. We recall that an important result along this line was obtained by
Totaro [11] in dimension two and his work has been the starting point for further
developments (see, e.g., [5] and [7]).

Theorem 1.2. Let X be a del Pezzo elliptic variety of degree d < 4 and dimension
n > 3. Then the following are equivalent:

(1) The Cox ring of X is finitely generated;
(2) The Mordell-Weil group of w: X — P"~\ is finite.

We prove Theorem 1.2 showing that any del Pezzo elliptic variety whose corre-
sponding elliptic fibration has finite Mordell-Weil group, is a Mori dream space
and vice versa. Then we conclude by Hu and Keel characterization of Mori dream
spaces [8, Proposition 2.9]. The proof of our second theorem makes use of a de-
tailed study of the structure of the moving and effective cones of del Pezzo elliptic
varieties. In particular we prove the following result.

Theorem 1.3. Let w: X — P"~! be a del Pezzo elliptic fibration of degree d < 4,
with n > 3 and having finite Mordell-Weil group. Then the effective cone Eff(X) is
generated by the vertical classes and the classes of sections and the moving cone
Mov(X) is the dual of Eff(X) with respect to the bilinear form introduced in (2.2).
The intersection graphs for the effective cones are given in the following table.

Each vertex corresponds either to a section or a prime vertical class D explic-
itly given in Table 4.1 of Proposition 4.1, the label in the vertex is —(D, D) while
the label on the edge connecting two vertices D and D' is (D, D’) (we omit the
label when it is equal to 1).
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The paper is structured as follows. In Section 2 we introduce del Pezzo elliptic
fibrations and del Pezzo elliptic varieties and we define the bilinear form on the
Picard group of such varieties. In Section 3 we study the geometry of these varieties
and in the Section 4 we use these results in order to classify the Mordell-Weil groups
of the del Pezzo elliptic fibrations, their vertical classes and sections. Section 5
contains the description of the nef, effective and moving cones of del Pezzo elliptic
varieties and moreover in the same section we prove Theorem 1.2. In the last section
we provide the Cox rings of the del Pezzo elliptic varieties whose fibration has finite
Mordell-Weil group and having degree one an two and a lemma about the Cox ring
of the blowup of the complete intersection of two quadrics at one point.
We work over an algebraically closed field of characteristic 0.

ACKNOWLEDGEMENTS. We thank the referee for careful reading of the manuscript
and useful comments.
2. Del Pezzo elliptic varieties

Let Y be a del Pezzo variety of dimension n > 3 such that —Ky = (n — 1)H,
with H ample and d := H" < 4. It is well known (see for instance [9]) that
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the Picard group of Y has rank one and it is generated by the class H. If d = 1
then Y is a smooth hypersurface of degree six of the weighted projective space
P@3,2,1,...,1)and H is the restriction of a degree one class of the ambient space.
If d = 2 then Y is a double cover of P" branched along a smooth quartic hy-
persurface and H is the pull-back of a hyperplane of P". If d € {3,4} then Y
is a projectively normal subvariety of P"*¢=2 and H is the class of a hyperplane
section.

Let us consider an (n — 1)-dimensional linear subsystem of |H |, whose base
locus Z has dimension zero and length d. In particular, if d = 1 we have Z =
V(x3,...,xp42), i d = 2, Z is preserved by the covering involution and if d €
{3, 4}, Z spans a linear subspace A C P t4-2 of dimension d — 2. Let us denote by
mz: Y --» P"~! the rational map defined by the given subsystem and by 7: X —
P"~! the resolution of the indeterminacy of mz. The variety X comes with two
morphisms:

X # Pn—l
l/ 7
o e
4
7/
Y

where o is the composition of d blowing-ups o1, ..., o4 at points g, ..., g4, re-
spectively. Moreover the general fiber of 7 is a smooth genus-one curve if d <
3orif d = 4 and A is not contained in the tangent space of Y at any point
of Z.

In what follows, by abuse of notation, we use the same letter H to denote the
pull-back of H via o while we denote by E; the pull-back of the exceptional divisor
of o;,fori € {1, ..., d}. Observe that some of the points ¢, ..., g4 can lie on the
exceptional divisor of one of the o;’s. Therefore E; can be either a P"~! or the
union of a P*~! with some other components isomorphic to the projectivization of
the vector bundle Opn—1 @ Opa—1(1). In any case, we can write

Pic(X) = (H, Ey, ..., Eg),

where, with abuse of notation, we are adopting the same symbols for the divisors
and for their classes. We will also adopt the following notation

1
F:=— Kx. 2.1
n—1

Observe that F is the pull-back of a hyperplane section of P"~! via 7, so that
F=H-Y% E.

Remark 2.1. The map o is a composition of blowups at points and we claim that
we blow up at most one point on each exceptional divisor. Indeed, since by assump-
tion a general pseudofibre is smooth, when we blow up a point in the base locus the
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proper transform of a general pseudofibre only meets the exceptional divisor in one
point.

2.1. A bilinear form on the Picard group

We are now going to introduce a bilinear form on Pic(X), where X is the blowup
of Y at r general points. A similar form has been introduced for the blowup of
products of projective spaces in [4] and [3].

Using the above notation for F', we define

(A,B):=F"2%.A-B (22)

for any two divisors A and B on X. Thus the quadratic form ¢ induced by the above
bilinear form is hyperbolic and the matrix with respect to the basis (H, Ey, ..., E;)
is diagonal with entries d, —1, ..., —1. Since (F, F)) = d — r, the sublattice FLis
negative definite if 1 < r < d and it is negative semidefinite if r = d. In the first
case, a basis consists of the classes £y — E3, ..., E,_1 — E,, while in the second
case it consists of the above classes plus F. These are roots lattices of type A,_1
and Ad_l , respectively.

When r = d and the linear system |F| on the blowup X induces the ellip-
tic fibration 7: X — P"~!, we observe that F"~? is rationally equivalent to a
smooth rational elliptic surface S which is the preimage via w of a line. Thus we
have (A, B) = Als - B|s, where the right hand side is the intersection product in
Pic(S).

Proposition 2.2. Let A and B be effective divisors of X with B a prime divisor. If
(A, B) < 0 then B is contained in the stable base locus of | A|.

Proof. Let £ be a general line of P~ and let S be the surface 7' (£). According
to the definition of the bilinear form we have A|g - B|s < 0. Being B prime and £
general, the divisor B|g of § is prime as well. Thus the linear series |A|g| contains
B|s into its base locus and the same holds for the linear series |A|. Varying £ we
get the claim. O

In particular the above proposition implies that the moving cone of X is con-
tained in the dual of the effective cone with respect to the bilinear form. We will
see in Section 5 that under an extra hypothesis on the fibration the two cones are
indeed equal.

3. Types

In this section we are going to describe the possible types of del Pezzo elliptic
varieties of degree d < 4.
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3.1. Degree one

In this case Y is a degree 6 hypersurface of the (n + 1)-dimensional weighted pro-
jective space (3,2, 1, ..., 1). A defining equation for ¥ has the form

X xiofitxifi+x +xifh+xfs+ fo=0,

where f; is a degree + homogeneous polynomial in x3, ..., x,4+2. After applying
the change of coordinates x; — x| — %xz f1— % /3 the above equation takes the
form

Xt 425+ x5 f5+x2fs + f{=0.

By further applying the change of coordinates x +— x2 — % f, and exchanging the
sign of x3 the equation takes the form

xf—x§’+X2f4+f6 =0, (3.1

where with abuse of notation we are denoting by f; the new coefficients after the
last change of coordinates. The blowup o: X — Y is centred at the point ¢ =
(1,1,0,...,0) €Y and the rational map Y--+P"1 s defined by (X1, ..., Xp42) >
(X3, ..., Xp42).

3.2. Degree two

In this case Y is a double cover ¢: ¥ — IP" branched along a smooth quartic
hypersurface ¥ = V (f). A defining equation for ¥ has the form

X2, =f 3.2)

In order to distinguish the different cases that can occur, we observe that the preim-
age of a line £ through a point p := ¢(q) is one of the following:

elliptic curve if [N =4
ga_l(ﬁ) = { rational nodal curve ifeNx| =3 3.3)
union of two smooth rational curves if £ is bitangent to X.

Therefore we distinguish three different cases depending on the position of p with
respect to ¥ and on the dimension of the variety B C [P" spanned by all the bitan-
gent lines to X passing through p.

Case 1. The point p does not lie on ¥ and B is not a hypersurface. In this case the
preimage of p in the double covering ¥ — P" consists of two distinct points ¢; and
q>. We denote by X1 the variety that we obtain by blowing up these two points.

Case 2. The point p does not lie on ¥ and B is a hypersurface. In this case after
a linear change of coordinates we can assume that p = (0, ..., 0, 1). The defining
polynomial for ¥ in (3.2) is

f =x3+1fo+xg+1f1 +X,2,+1f2+xn+1f3 + fa, 34
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where fy € C[xy, ..., x,] is a homogeneous polynomial of degree d, with fy # 0.
Let us consider a point ¢ € ¥ and the line parametrised by Ap + g. The line is
tangent to X at ¢ if and only if f(Ap+¢) has a double zero at A = O or equivalently
if the partial derivative df vanishes at g, where 0 := 9/0x,41, that is g lies on the
polar P,(X) to p with respect to X. In order to be a bitangent line, the discriminant
of the quadratic polynomial f(Ap 4 ¢)/A> must vanish. An easy calculation shows
that this is equivalent to g lying on the quadric Q,(X) defined by the polynomial
(03 £)? —3(3%f)(8* f). Thus the locus of bitangency is

Z:=(BND)ed C =N P )N QH(E). (3.5)

Since we are in characteristic zero, a general generatrix £ of the cone B intersects
Z transversally. Being ¢ bitangent to X, for any z € £ N Z we have the inclusion
T, € T, X. Thus the tangent spaces 7B and T, X are equal, being both equal to
T,Z & T,¢. In particular we have an equality of divisors B N ¥ = mZ for some
m € {2,4}. Being X a quartic hypersurface of dimension at least two, its Picard
group is torsion free, so that by the previous argument the class of Z in Pic(X) is
linearly equivalent to a multiple sL of the hyperplane section L (observe that L
must be a primitive class since L"~! = 4). In particular we have deg B = ms. By
Bertini’s second theorem [2] the intersection of X with a general plane IT through
p is a smooth plane quartic curve C. By (3.5) the degree of Z N IT is at most 8 so
that B N IT is the union of at most 4 lines, which implies that deg B < 4. Therefore
the only possible values for (m, s) are (2, 1), (4, 1) and (2, 2). The case (2, 1) does
not occur since L has degree 4 and can not be contained in the intersection of the
quadric B with a hyperplane. We conclude that deg B = 4 and Z is cut out either
by a quadric or a hyperplane. The defining polynomial for X in (3.2) is therefore

f=g+1, (3.6)
where g € Clxy, ..., x,] is a homogeneous polynomial of degree four such that
B = V(g), while h € C[xy, ..., x,4+1] is homogeneous of degree two, possibly

a square. We denote by Xggs the variety obtained by blowing up the two distinct
points g; and ¢ in the preimage of p.

Case 3. The point p lies on X. As before we can suppose that p = (0,...,0, 1) so
that the defining polynomial for X in (3.2) is

f =x2+1f1 +xl’21+1f2+xn+1f3 + fa, 3.7

where f; € Clxy, ..., x,] is homogeneous of degree d. In this case in order to get
an elliptic fibration we need to blow up the point g; := ¢~ (p) and the point on
the exceptional divisor which is invariant with respect to the lifted involution. We
denote by X the variety that we obtain after the blowing-ups.
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3.3. Degree four

Let us first collect some facts about smooth complete intersections of two hyper-
quadrics Y :=Q0NQ’ < P2 for n > 3 (see also [10]). Observe that any quadric
in the pencil A generated by Q and Q' has rank at least n + 2, since otherwise Y
would not be smooth, and there are n + 3 singular quadrics in the pencil, counting
muliplicities. We claim that there are exactly n 4 3 quadrics of rank n + 2 and their
vertices are in general position in P2, Indeed, let us suppose that either there are
less than n 4 3 vertices or that they are not in general position.

In the former case the pencil of quadrics is tangent to the discriminant hyper-
surface at some point. Without loss of generality we can assume Q to be a cone
of vertex p = (1,0, ...,0) in diagonal form g and the pencil A : g +tg =0
is tangent to the discriminant hypersurface at t+ = 0. If the Hessian matrix of g is
M = (m;;) and that of g’ is M" = (m ;). the above tangency condition is equivalent
to the vanishing of the following derivative

d
EDCt(M + tM/)ll‘ZO'

Expanding the above derivative and using the fact that M is diagonal we see that
the above is equivalent to m}, = 0, thatis p € Q’. This is not possible since it
contradicts the smoothness of Y.

In the latter case there exists a hyperplane H C P"*2 containing all the vertices
and if we restrict A to H we obtain a pencil Ay of quadrics in P**!, containing
at least n + 3 singular quadrics (counting multiplicities). Hence all the quadrics of
Ay must be singular and by Bertini’s theorem their vertices are contained in the
base locus of A . This implies that all the vertices of these cones are in Y and this
is a contradiction since they give singular points of Y.

Let us prove now the following result that will be useful in the next section.

Proposition 3.1. Let Y C P"*2 be a smooth complete intersection of two quadrics
defining a pencil A. Let q1 and g, be two, possibly infinitely near, points of Y such
that the line (q1, q2) is not contained in Y . Then the following are equivalent:

(1) The conics of Y through q| and q> span a hypersurface of Y ;
(2) The line (g1, q2) passes through the vertex of a singular quadric of A.

Proof. To prove (1) = (2), let us suppose that the conics through ¢ and g» span a
hypersurface S, i.e. there exists an (n — 2)-dimensional family of such conics. If C
is a conic contained in Y then its linear span (C) is contained in a quadric Q of the
pencil A which passes through a point of (C) \ C. There is only one such quadric
Q in the pencil since otherwise we would have the inclusions (g1, ¢2) € (C) C Y,
contradicting the hypothesis.

Moreover all such planes have to be contained in the same quadric Q since
otherwise their common line (g, g2) would be contained in Y, again contradicting
the hypothesis. We claim that Q is a cone whose vertex lies on the line (g1, g2).
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Indeed if we take a point ¢ € (g1, g2), the tangent space Ty Q intersects Q along an
n-dimensional quadric that contains all the linear spaces through ¢ . In particular this
quadric must be the union of the (n — 2)-dimensional family of planes containing
the line (g1, g2) and hence it is singular along the whole line. We conclude that Q
must have a singular point on this line.

In order to prove (2) = (1), let p be the vertex of a quadric Q € A lying on
the line (g1, g2), so that this line is a generatrix of the cone Q. We can write ¥ =
O N Q, where Q' is any other quadric of the pencil. We conclude observing that
there exists an (n — 2)-dimensional family of planes of Q containing a generatrix
and each of them intersects Q" along a conic through the two fixed points. U

In what follows we will denote by Q1, ..., O,+3 the singular quadrics of the
pencil A and by py, ..., py+3 the corresponding vertices. By the above discussion,
we can assume that p; is the i-th fundamental point of P"*2 fori = 1,...,n +
3, so that Q; and Q; are defined by diagonal forms. Moreover, after possibly
rescaling the variables, we can assume the quadrics to be defined by the following
polynomials

X3 —x3+xi o +xly X —x3touxi+ootausxl, (38)
respectively, where the coefficients ¢; are distinct and not in {0, 1}.

Let us fix now a plane IT € P"*2 and let us analyze the different types of del
Pezzo elliptic varieties of degree four. By Proposition 3.1 the type depends not only
on the number of points we blow up but also on the number of vertices p; contained
in the plane IT. Hence we are going to use the symbol X}; to denote the variety that
we obtain by choosing a plane IT intersecting Y in k distinct points and containing
[ vertices.

Let us spend few words about the geometry of this construction and about the
possible values of k and [ for X;. We remark that we can write

nny=cnc’

where C := QNI and C’' := Q' NI are two plane conics. We discuss four cases.

Case 1. If IT contains no vertices, then we have two smooth conics, whose inter-
section consists of k distinct points, for k € {1, 2, 3, 4} and hence we get the types
X10, X20, Xéo’ X30, X40. Observe that when k = 2 we have two possibilities: ei-
ther C and C’ are tangent at their two intersection points ¢ and g2, or they intersect

transversally at g and with multiplicity three at g1 (We denote this last case by X’,).

XlO X20 XL:O X30 X4U
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Case 2. If I1 contains one vertex, say pi, then we can suppose that C is a smooth
conic while C’ := T1 N Qg has (at least) a singular point at the vertex p; € TII.
The intersection of C and C’ consists of k points, for k € {1, 2, 3, 4} and we obtain
the types X1, X’zl, X31, X41. As before, when k = 2 we have two possibilities.
Either C’ is the union of two distinct lines and each of them is tangent to the conic
C,or C’ is a double line (which means that IT is tangent to Q1) intersecting C in
two distinct points (we denote this last case by X7,).

Dy
Xll X21 X;l X31 X41

Case 3. If TI contains two vertices, say p; and p;, then we can suppose that both
C and C’ are singular and they can not intersect at the vertices, since Y is smooth,
so that k can be either 1, 2 or 4. Moreover, when k = 1 we deduce that the plane
IT is contained in the tangent space to Y at the only intersection point g;. We are
not going to consider this case since it does not give an elliptic fibration, being
all the fibers singular rational curves. Hence we have only the two types X», and

Xq.
p, p,
p2 p2
X22 X42

Case 4. Finally, observe that if IT contains three vertices, say py, p2 and p3, then
it can intersect Y only at four distinct points (as it follows from (3.8)), giving case
X43.

b, P>

7 AN

43
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Remark 3.2. We provide here an example of defining equations for IT for each of
the following five types:

X43 :H = V(x47x57 e 7xn+3)

X (I =V (x3 — x4, X5,...,Xn43)

Xo1 Il = V(va4+05-X2—\/a4+as—2'X3,X4—X5,~--,xn+3)

X1 :II=Vx —agxr+ (g — 1) x3, X5, ..., X443)

X0 : T =V(2x; — (a4 + as)x2 + (g4 + a5 — 2)X3, X4 — X5, X6, + . ., Xp+3),

where aq + a5 # 0, 2 in cases X31 and Xg.

Remark 3.3. We recall thatif Y = 0N Q' C P"+2 and n > 3, then through any
point of ¥ we have at least one line of Y. So let us fix a point ¢; € Y and a line
¢ of Y, passing through this point, and let us describe the fiber of 7: X — P!
containing the strict transform of that line. The image of this fiber inside Y is the
curve obtained by intersecting ¥ with the P3 spanned by the plane IT and the line
£. This can also be described as the base locus of the pencil of quadric surfaces
obtained by restricting A to the P> that we are considering. Observe that any time
we have a vertex p; in I1, the intersection of Q; with the 3 is a quadric cone
containing a line not passing through p;. Hence it must be the union of two planes
intersecting along a line passing through p;. Therefore, in Case 1 the image of the
fiber inside Y is obtained by intersecting two smooth quadric surfaces sharing a line
and hence it is the union of that line and a rational normal cubic, intersecting in
two points. In Case 2 the base locus is the intersection of a smooth quadric with a
reducible one and then it is the union of two lines and a smooth conic. In Case 3
the base locus is the intersection of two reducible quadrics and hence it consists of
four lines. Finally, in Case 4 we have the base locus of a pencil containing three
reducible quadrics. Thus, after a possible renaming of the coordinates, the pencil
has the form (xl2 - x%) + t(x% - x32). All the quadrics in this pencil are singular
at the point p = (1, 1, 1, 1) and the base locus of the pencil consists of four lines
intersecting at the point p. We remark that in this last case the corresponding fiber
in X is the union of four rational components passing through one point and hence
it is a type that does not appear in the Kodaira’s list of singular fibers for elliptic
surfaces. As a consequence this fibre is not contained in any nonsingular elliptic
surface inside X.

4. Mordell-Weil groups

The main result of this section is the proof of Theorem 1.1 but we postpone it
to the end of the section and we begin by studying the prime vertical classes
of all the del Pezzo elliptic fibrations of degree d < 4, that is classes of prime
divisors whose support does not dominate P*~!. If d = 1, then Pic(X) has rank
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two and is generated by the class E; of the exceptional divisor together with F' =
H—E.

When d = 2, recall that there is a double covering ¢: ¥ — P”" branched
along a smooth quartic hypersurface £ and o : X — Y is the blowup of Y at two
points g1, g» exchanged by the covering involution. If D is a prime vertical class
of X whose class is not a multiple of F, then either D is a prime component of
the exceptional locus of o, or by (3.3) ¢(D) is covered by bitangent lines to X.
Therefore in case X1 there are no vertical classes other than multiples of F'.

In case Xgg we have the two vertical classes 2H — 4E1,2H — 4E;, and as-
suming that Y has the equation (3.6), they are the classes of the strict transforms of
V(xp42 — h) and V (x,42 + h), respectively.

Finally, in case X», E; — E> and H — 2E| are the only prime vertical classes.

The case d = 3 has already been studied in [7] and we refer to that paper for
the classification of the prime vertical classes.

For d = 4, if D is a prime vertical class, then D is properly contained in the
support of w*m (D). Let y be a general fiber of 7 over a point ¢ € (D) and let us
denote by C the image o (y) in Y. Then either (j) C is an irreducible rational curve
or (jj) it contains lines and/or conics.

In case (j), C is singular at one of the points g; € I1 N Y and the union of these
curves gives a prime vertical class having class H — 2E; — E; — Ej. In order to
obtain the class of a fiber we have to add some exceptional prime vertical classes of
the form E; — E; | for some i.

In case (jj), observe that by [5, Section 2.2] through any point of Y there is
only a (n — 3)-dimensional family of lines and hence they can not fill up a divisor.
Therefore the curve C must contain a conic through two points g; and g; of ITIN Y,
possibly infinitely near. By Proposition 3.1 the line {(g;, g ;) passes through one ver-
tex px and hence py € I1. In this case the class of one of the irreducible components
of m*m (D) is of the form H — 2E; — 2E;. For instance, in case X3; we can write
Y = Q1 N Q, where Q is a cone with vertex p; € I1 and Q is a smooth quadric.
Furthermore, Q intersects IT along a smooth conic C while Q1 N IT is the union of
two generatrices and one of them is tangent to C at q; while the other one intersects
C in g3 and g4. Therefore we have the prime vertical class H — 2E; — 2E» corre-
sponding to the conics through ¢ and whose tangent line at g is the line (q;, p1)
and the prime vertical class H — 2E3 — 2E4 corresponding to the conics through
g3 and g4. Observe that the sum of these classes gives twice a fiber. Moreover, we
also have the prime vertical class E; — E» sitting inside the exceptional locus and
the prime vertical class H — 2E; — E3 — E4 which is spanned by the union of the
strict transforms of the singular rational quartic curves of Y obtained intersecting it
with a hyperplane tangent to Y at g .

We summarise the above observations in the following:

Proposition 4.1. Let 7: X — P"~! be a del Pezzo elliptic fibration of degree
d < 4 and dimension n > 3. Then for each type of X the sections and the vertical
classes are as follows:
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Table 4.1. Sections and prime vertical classes of del Pezzo elliptic fibrations with d < 4.

d Type Sections Prime vertical classes (omitting F)
1 X, E;
2 X EnLE2
Xss E, E; 2H —4E,,2H — 4E»
X2 E> E\—Ey, H—2E;
3 Xy Ey Ep B3
Xs11  Ep, Ea, Es H —-3E,2H —3E, — 3E;
Xsss Ei, Ep, E3 H —-3E,H—-3E,, H—3E;3
X2 E, E3 E,—FE3,H—-E| —2E,
X2 E, E3 H-3E{,2H—-3E,—3E3,E,—FE3, H—E| —2E»
X3 E3 E\—Ey),Ey— E3;,H—2E| — E»
Xs E3 E\—E>, Ey— E3, H—3E;

4 Xy E\, Ez, E3, E4
X1 E\,Ey) E3,E4 H—2FE,—2E,,H—2E3;—2E,
X4 E\,E>,E3,E4, H—2E{—2E>,H—2E3;—2E,
H —2F, —2E3, H—2E, —2E4
X43 E\,Er, B35, E4 H—-2E; —2E;, 1<i<j<4

X30 E>, E3, Ey Ei\—E),H—2E| — E3s—E4

X31 E>, E3, Ey H —-2FE, —2E), H—2E3; —2E4
E\—FE, H—-2E,—E;— E4

X20 E3, E4 Ei\—FE3,H—2E\—FE,—E4, E)— E4, H—E| —
2E, — E3

X/20 Es3, E4 E\—FE3,E5—E4, H—2E| — E, — E3

X201 E3, E4 E\—E3,Eh—E4, H—2FE|—2E3, H—2E,—2E,
H—-2FE,—Ey—E4, H—FE| —2E, — E3

X/21 E3, E4 E\—E3,Ehb—FE4yH-2E|—Ey—E4, H—E| —
2E, — E3

X0 E3, E4 H—-2F, —2E3, H —2FE>, — 2E4
E\—E3,Er) — Ey,H—-2E| —2E,

X10 E4 E\—Ey),E) — E3,E3— E4, H—2FE| — Ey) — E3

X1 E4 E\—FEy), Ey—FE3, E3—E4, H—2E; —2E»

Proof of Theorem 1.1. Recall that the Mordell-Weil group of the elliptic fibration
7 : X — P"~!is the group of rational sections of 7 or, equivalently, the group of
K = C(P"")-rational points X, (K) of the generic fiber X, of 7 once we choose
one of such points O as an origin for the group law. Let .7 be the subgroup of
Pic(X) generated by the prime vertical classes and by the class of the section O.
There is an exact sequence [12, Section 3.3]:

0 —— J——Pic(X) — X,(K) ——0. (4.1)
In degree d, the Picard group of X is free of rank d + 1, generated by the classes

H,Ei,..., E;. Observe that if F is defined as in (2.1), then (F, E;) € Zholds
and by Proposition 4.1 and the sequence (4.1) we get the statement. O
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5. Cones

The aim of this section is to provide a description of the nef, effective and moving
cone of a del Pezzo elliptic variety X in order to prove Theorem 1.2. We will show
that the moving cone Mov(X) is a finite union of polyhedral chambers, each of
which is the pullback of the semiample cone of a small modification of X. Accord-
ing to Hu and Keel theorem [8, Proposition 2.9] this decomposition will provide a
proof for Theorem 1.2.

5.1. The nef cones

Given a subset I of {1, ..., d}, in what follows we denote by F; the divisor H —
> ic; Ei. Moreover we denote by ¢; the class of a line in the exceptional divisor E;
and by £ the class of the preimage of a degree one curve of Y.

Theorem 5.1. Let w: X — P"! be a del Pezzo elliptic fibration with n > 3. Then
the extremal rays of the nef cone Nef(X) are all the Fy such that I C {1,...,d}
and (Fy, V) > 0 for each exceptional vertical class V .

Proof. Let us consider the subcone C of the Mori cone of X generated by the fol-
lowing classes:

e ¢; such that E; is a section,;
e ¢; —e¢j such that E; — E is a prime vertical divisor;
e h—e¢;foreachqg; €Y.

Let D := oH — )_m; E; be a class in the dual C*. Then we have the following
inequalities: m; > 0 Vi, m; > m; if the point g; lies on the exceptional divisor

of the blowing-up at ¢g; and finally @« > m; Vi. Let us write {m,...,mg} =
{1, ..., ur},wherer <dand0 = pp < u; < -+ < Wy, and let us denote by
Ii :=={j|mj > p;},foreachi = 1,...,r. Then we can write

-
D=(u—pu)H+ Z(Mi —ui—)Fr;,
i=1

where the Fy, are nef and their product with any effective E; — Ej is non negative.
In order to conclude the proof we need to show that these F; are extremal rays of
the nef cone.

Let us first suppose that X is obtained by blowing up d distinct points on Y.
In this case, we have to consider all the F; as I varies in the subsets of {1, ..., d},
and by induction on d it can be proved that they are vertices of a d-dimensional
hyper-cube. In particular, they are extremal rays of the cone they generate.

In addition, we can also infer that no F7 lies in the convex hull of the remaining
and hence the general case follows. O
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5.2. The effective and moving cones

We now restrict our attention to del Pezzo elliptic fibrations of degree d < 4 and
having finite Mordell-Weil group, proving Theorem 1.3.

Proof of Theorem 1.3. Let us consider, for each del Pezzo elliptic variety X the
cone M of Picg(X) generated by the vertical classes and the sections of . Let

01, - - -, On be the extremal rays of M. We claim that the following inclusions hold
1 Vv
() cone(er ... @i, .. an) S Mov(X) S Eff(X)" € M. (5.1)
i=1

In order to prove the first inclusion let us denote by D; a prime divisor whose class
generates the ray p; and let D be a divisor whose class is in the above intersection.
Observe that the support of D is contained in the union of Dy, ..., D, and more-

over [D] € cone(oy, ..., 5, ..., 0n) implies that, up to multiples, D is linearly
equivalent to an effective divisor that do not contain D; in its support. Since the
above condition is true for any i = 1, ..., n, we conclude that the stable base locus
of |D| does not contain any D;, fori = 1, ..., n, and hence it can not be diviso-
rial. In particular [D] is a movable class. The second inclusion is a consequence
of Proposition 2.2 while the last one follows from M C Eff(X), so that the claim
holds. Now the proof goes as follows. If the degree d is at most three, then the
Cox ring is known (Theorem 6.1 for degree one or two and [7] for degree three)
and a direct computation shows that the rays of M" are movable. When d = 4 and
X is of type X413, X22, X21, the Test function presented in the appendix shows that
the first cone and the last one in (5.1) are equal and hence the two assertions of the
theorem follow. In the remaining cases, we are going to check that the rays of M"Y
are movable.

If X is of type X1, looking at the Magma session in the appendix we see that
the only class we have to check is H — 2E| (all the other rays of M" being nef
classes). We are going to see that the base locus of the linear system |H — 2E| has
codimension two. Indeed, this linear system corresponds on Y to the linear system
of hyperplane sections containing the tangent space at g1, whose base locus is the
union of the lines passing through ¢;. When we blow up g1, the strict transforms
of these lines intersect £ along a subvariety of codimension two. Observe that the
second point g, that we blow up do not lie on this subvariety, since otherwise the
plane IT would intersect Y along a line. Then the base locus of |H — 2E7| can not
be divisorial.

In case Xp, looking again at the Magma session in the appendix we see that
the only classes we have to check are H —2E| and 3H —4E| — 4E;. The first one
can be done as in case X1; while the second one can be obtained as the image of H
via the Geiser involution described in Subsection 5.3, and hence it is movable. [

As a consequence of Theorem 1.3, if X is a del Pezzo elliptic variety of degree
d < 4 such that the Mordell-Weil group of 7 : X — IP"~! is finite, then the effective
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cone Eff(X) can be read from Table 4.1. The graphs of the quadratic form on the
primitive generators of the extremal rays of Eff(X) are listed in Theorem 1.3.

Let us consider an example in which the Mordell-Weil group of the fibration is
not finite and the moving cone is the union of infinitely many chambers.

When the elliptic fibration has degree d = 2 and type X1, we have seen that
the Mordell-Weil group is (o) = Z. The action of o on the Picard group of X, with
respect to the basis B := (H — E| — E;, E; — E, E}),is given by the following
matrix

S O =
S =N
— O

The cone 0% (Nef(X)) is generated by the classes corresponding to the columns of
the matrix

VK2 +k+ 1k —k+12k>+1

0 k+1 k 2k+1 |,

0 1 1 2

with respect to the basis B. We claim that the classes 0% (H) are extremal rays of
the moving cone and generate it, so that the following equality holds

Mov(X) = U ok (Nef(X)).
keZ

First of all, observe that for each k € Z the cones o (Nef(X)) and o*t! (Nef(X))
share the two-dimensional face generated by F and ok(H — E)) = o\ (H — Ey).
Moreover ok (H) + o*t1(H) = 40%(H — E)), so that the union of the cones
ok (Nef(X)) is a convex cone and the classes o%X(H — E;), i = 1,2, are on its
boundary but they are not extremal rays. Now observe that the right hand side cone
is contained in Mov(X).

/ N
H- El/(\o(l\'ef(x))\ \
VN

AN

H/\ Nef(X) B

Finally, since the property of lying on the boundary of Mov(X) is preserved by o¥,
we only have to prove that the two faces (H, H — E;), fori = 1,2, are on the
boundary of the moving cone Mov(X). We conclude observing that if we move
outside from Nef(X) along a direction orthogonal to the face (H, H — E1) (respec-
tively (H, H — E3)) we obtain classes containing E; (respectively E1) in the stable
base locus.
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5.3. Generalized Bertini and Geiser involutions

We consider here a generalization of the classical Bertini and Geiser involutions
to blowups of del Pezzo varieties. Let Y be a degree d > 3 del Pezzo variety
and let Z C Y be a zero-dimensional subscheme such that dim(Z) = [(Z) — 1,
where [(Z) is the length of Z, and the intersection of n — 1 general elements of
L7 :=10y(1) ® Iz| is a smooth curve of genus-one. We denote by o: Yz — Y
the blowup of Y along Z as in Section 2.

IfI(Z) = d — 2, then the general (d — 2)-dimensional linear space containing
Z intersects Y \ Z at two distinct points. The birational involution obtained by
exchanging these two points induces a birational involution oG on the blowup Yz
of Y at Z. We call this og a generalized Geiser involution. Observe that a general
(d — 1)-dimensional linear space A containing Z cuts on Y a genus-one curve C,
preserved by the Geiser involution. The quotient of C by the induced involution
is the P! given by the pencil of hyperplanes in A containing Z. In particular o
restricts to an hyperelliptic involution on C.

When [(Z) = d — 1, denote by F the divisor on Yz defined as before. The base
locus of the linear system | F'| consists of one point g while |2 F | defines a morphism
@. Since F" = 1, we have that F"~! is rationally equivalent to an elliptic curve
C passing through g and the restriction ¢|c is a double covering of a line passing
through the point p := ¢(q). Hence the image ¢(Y7) is a cone V. If we denote by
E the exceptional divisor corresponding to the last blowup of o, we have that the
restriction ¢|g is the 2-veronese embedding v, of P"—1 We conclude that V is a
cone over vy (]P’"_l) and ¢ induces a birational involution op on Y that we call a
generalized Bertini involution. We remark that if X is the del Pezzo elliptic variety
obtained by blowing up Yz at g, then op induces on X the hyperelliptic involution
with respect to the origin given by the exceptional divisor.

Remark 5.2. If Y has degree four and the line (Z) does not contain any vertex
pi, then the indeterminacy locus of the corresponding Geiser involution oG has
codimension two. Moreover, it lifts to an isomorphism in codimension one for the
elliptic varieties of type X1 and X1o. The action on the Picard group of X in each
case is given by the following matrices respectively

31 100 31 100
—4-2-100 -4 -1-200
o] = —4-1-200 o110 = —4-2-100
0 0 001 0 0 010
0 0 010 0 0 001

To prove this, we first claim that the lifted birational map preserves the elliptic
fibration 7 and thus it is a flop. Indeed, if f is a fibre of 7 whose image C in Y is
cut out by a three-dimensional linear space L and we fix a point y € C, then the
plane spanned by y and (Z) is contained in L and thus it intersects C at a fourth
point, so that ¢ (f) = f, which proves the claim. Since ¢ preserves the fibration 7,
its pull-back ¢* must preserve the set of sections of 7 and the set of vertical classes
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of X. A direct calculation shows that the representative matrix for ¢* with respect
to the basis (H, Eq, ..., E4) is one of the above in each case.

As we remarked before, the Geiser involution induces an hyperelliptic involu-
tion on a general fiber and thus on the generic fiber as well. Moreover o9 has a
fixed point on the generic fiber, defined over the function field C(P*~'), which cor-
responds to the only section E£4. On the other hand o> has no fixed points defined
over C(P"1) since it exchanges the two sections E3 and Ey.

5.4. Mori chambers

Let X be a del Pezzo elliptic variety of degree four with finite Mordell-Weil group.
We provide here the Mori chamber decomposition of the moving cone Mov(X) of
X . In the following proposition, we will denote by N the nef cone of X and by

Ni:=cone({F; :ieland F; € NYU{H —2E;}).

Proposition 5.3. Let X be a del Pezzo elliptic variety of degree four such that the
corresponding elliptic fibration has finite Mordell-Weil group. Then the Mori cham-
ber decomposition of Mov(X) is given in the following table.

Table 5.1.

Type of X Cones
Xa3 N,Ni, Ny, N3, N4

X N,Ni, N
X21 NsNlaN276;1(N)70;](N1)5U;](N2)
X1 N, N;

X10 N, Ni,07y(N),075(N1)

Proof. Let X — X; be the flop of the class & — ¢; of the strict transform C of a
line through the point ¢; € Y. Note that such a flop exists by [5]. We show that the
nef cone of X; is N; and then observe that the union of the cones in the table in the
statement is Mov(X) for each type. To prove the claim, we begin by showing that
the primitive generators of the extremal rays of the cone N; are nef in X;. Observe
that each F; € N; is nef in both X and X; since F7 - (h — ¢;) = 0 by our definition
of N;. Hence we only have to check that also H — 2E; is nef in X;. Since H — 2E;
is the pull-back of a class on the blowup Y of Y at g;, it is enough to prove the claim
on Y. By Lemma 6.2 the Cox ring of Y is finitely generated and the moving cone
decomposes as follows:

Mov(?) =cone(H, H — E;) Ucone(H — E;, H — 2E};).

Thus, after flopping & — ¢; the class H — 2E; becomes nef as claimed so that we
have the inclusion N; € Nef(X;). To prove that this is indeed an equality, we show
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that the extremal rays of the dual cone of N; are classes of effective curves of X;.
To this aim we make use of [5, Lemma 4.1] which asserts that if I" is a curve of X
which meets C transversally at k£ points, and no other effective curve of class & —e;,
then the flop image I'” of I has class

[['] =[]+ [C]. (5.2)

By a direct calculation we see that the extremal rays of the dual cone of N; are the
following (here we list only the case i = 1, being the remaining cases analogous):

Table 5.2.
Type Extremal rays Extremal rays
of the Mori cone of the dual cone of N{
X43 ey, €2, €3, €4 —h +e1, e, e3, ey,
h—ei,h—e, h—e3, h—eqs 2h—e1—er, 2h—e1—e3, 2h—e1—ey
X2, X211 ez, ¢4 —h+ey, e, eq4
h—ei, h—e3 2h —e; —ep, 2h — e —e3
el —ep, e3—eyq e3 —ey
X11, X1o h—e1, es, e1—e2 —h+ey, e4,e2 —e3,
) —e3, €3 —é4q e3 — é4, 2/’1—61—82

We are going to show that any class on the right column is effective since it can
be obtained, by means of (5.2), from a curve of X having the same class and not
intersecting any curve with class 7 — ej. The assertion is straightforward for the
classes ¢; and e¢; — e;4+1, with i > 1 and hence in order to conclude we have to
consider the case in which I" is a curve such that [I'] = 2k — e; — ¢;, withi > 1.
We can assume that ' is the strict transform of a smooth conic C of Y passing
through ¢ and ¢; (possibly infinitely near to ¢;). The tangent line to C at g; can
not be contained in ¥ since otherwise the plane spanned by C and this line would be
contained into each quadric of the pencil and thus in Y. This gives a contradiction,
since the line through ¢ and g; is not contained in Y by hypothesis. Therefore any
line of Y through ¢ is not tangent to C at this point so that their strict transforms
do not intersect.

We conclude that N1 = Nef(X) and anagously we can obtain the same equal-
ity for i > 1, proving the assertion for X43, X272 and X (since in these cases the
union of the cones N; is the whole moving cone).

In case X = X»; the chamber 02*1 (N) is the pull-back of the nef cone N =
Nef(X) via the flop 0721. Since o] is the generator of the Mordell-Weil group of
7, we deduce that 021(X) is a del Pezzo elliptic variety of the same type. Thus
each chamber o3 (N;), for i = 1,2, is a flop image of o} (N) exactly as N; is a
flop image of N. In particular the chamber o7} (N;) is generated by finitely many
semiample classes of 021 (X;).

Finally, in case X = X o we proceed as we did for X3, considering o¢ instead
of 07;. ]
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Proof of Theorem 1.2. By [7,Lemma 3.5] (1) implies (2), so let us suppose that the
Mordell-Weil group of m is finite. If d = 1 or 2, then we conclude by means of
Theorem 6.1, while the case d = 3 has been proved in [7, Theorem 3.6]. Finally,
when d = 4, we observe that by Proposition 5.3, if the Mordell-Weil group of the
fibration is finite, then the moving cone Mov(X) satisfies all the hypotheses of Hu
and Keel theorem [8, Proposition 2.9]. O

6. Cox rings

In this section we provide a presentation for the Cox rings of the del Pezzo elliptic
varieties of degree d < 2. We recall that given a normal projective variety X with
finitely generated Picard group, its Cox ring R(X) can be defined as (see [1])

RX)= @ HX, Ox(D)).

[D]ePic(X)

We apply [6, Algorithm 5.4] and we will explain all the steps in the algorithm for
the convenience of the reader. Let Y; be a smooth projective variety with finitely
generated Cox ring Ry, which admits a presentation Ry = C[T1, ..., T;;1/1;. Note
that R; is K-graded, where K| = CI(Y). Define Y| = Spec(R;) and let Y, <Y,
be the characteristic space of Y; with characteristic map p: Y1 — Y;. Let Y be the
blowup of Y7 at a point g € Y;. Let I € R; be the ideal of p‘l(q) in Y1, and let
J C Ry be the irrelevant ideal, i.e. the ideal of Y \ Y7. Then the Cox ring of Y> is
isomorphic to the extended saturated Rees algebra:

R\[IT™ = "™ : J™)™,
meZ

where I = Ry if m < 0. An element of /™ : J°° defines a hypersurface of Y
which has multiplicity at least m at g. We choose a finite set of elements g; € I :

J®, with 1 < i < k and form the subalgebra A = Ri[g1t™™1, ..., gkt~ ™, t] of
R[5, which admits a presentation C[T1, ..., Ty, 4k, S1/12, where
L =T 418" — gt Tk S™ — gi)+ 11 = (S)™. (6.1)

The test to verify the equality A = R[I]% is to check whether the inequality

dim I 4+ (S) > dim I, + (S, T,)), (6.2)
holds, where T, is the product of all the 7;’s, for 1 <i < ry, such that 7; does not
vanish identically at p~!(q).
6.1. Degree one and two

In this subsection we provide a presentation for the Cox rings of the del Pezzo
elliptic varieties of degree at most two with finite Mordell-Weil group. Our main
result is the following.
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Theorem 6.1. Let w: X — P! be a del Pezzo elliptic fibration of degree d < 2
having finite Mordell-Weil group. Then the Cox ring of X and its grading matrix
are listed in the following table:

Table 6.1.
Type Cox ring Grading matrix
CIT, ..., Thy2, S] 32 1... 10
X 2 _ 73 ; 3 00 —1 11
(Tf =T, + T2 f4S* + f6S°) - -

fa = fa(T1, T2, T3S, ..., Ty 125)

1. 11 2 200
CITi, ..., Tpy3, S1, S
Xss 4[‘ et 2] _ —1...-10-4 010
(Th12S] — Tua3S; +2h, T2 Thi3 — 8) —1...-10 0-401
h:=h(T18182, ..., 1,515, Th+1),

g=g(,....T,)

x, CTu. S1. 9] [_} e ?8]
(T2, —S3f =TT, ) ~1...-1 00 0-11

7o FTi81S3, o Tu1 5183, TuSTS3, Tus1)
T 22
Sl SZ

Proof. In order to prove the case X1, let Y7 be the del Pezzo variety given by the
polynomial (3.1) and let ¢ € Y] be the point of coordinates (1, 1,0, ...,0). The
ring Ry equals C[Ty, ..., Ty4+21/11, where I; is the principal ideal generated by
the polynomial (3.1). We take I, J € R; as before and we choose the following
homogenous elements g1, ..., g:

T3,...,Tysr €1
i.e. for all of them we have m; = 1. Observe that the saturated ideal (6.1) is
DL =(Tht24+iS—gi: 1 <i<n)+1

since, after applying the substitution 7>4; = T,424;S foreachi = 1,...,n, the
resulting polynomial T12 — T23 + T f48* + f¢S° is not divisible by S. Finally,
according to (6.2), we need to show that

dim I + (S) > dim I, 4+ (S, T1 T3),

and this is easily checked, being I a principal ideal. We conclude that the ring
CITy, ..., Tauy2, S1/1> is isomorphic to the the Cox ring of the blowup X of Y at
q . After eliminating the fake linear relations and renaming the variables, we get the
claimed presentation for the Cox ring.



1106 ANTONIO LAFACE, ANDREA L. TIRONI AND LUCA UGAGLIA

We now prove the case Xgs. Let Y be the del Pezzo variety given by the poly-
nomial (3.6) and let g € Y| be the point of coordinates (0, ..., 0, 1, 1). The ring R,
equals C[T}, ..., T,421/1, where I; is the principal ideal generated by the poly-
nomial (3.6). We take I, J C R; as before and choose the following homogeneous
elements g1, ..., gn+1:

Ti,....Toel,  Tya—he(I*:J%),
that is the first n sections have m; = 1, while m, | = 4. Observe that the ideal
in (6.1) is

L=(Towi S —gi: 1 <i<n+1)+(T5, 351 + 20 Topis — &),

where i’ = h(T;4351, ..., Tons2S1, Tyy1) and g’ = g(Tya3, . . ., Tont2). Accord-
ing to (6.2), we can easily check that the following inequality holds:

dim I + (81) > dim I + (S1, Ty+1Th+2)-
Thus, after eliminating the fake linear relations from 7, and renaming the variables,

we can conclude that the Cox ring and the grading matrix of the blowup Y7 of Y7 at
q are the following

R, —  ClT. ... Tuy2, S ... 11 20
2 —1...-10-41

(12,554 20 Ts — )

where b = h(T\ Sy, ..., 1,81, T,+1) and g’ = g(T}, ..., T,;). The irrelevant ideal
isJop =(T1, ..., Ty, Tyy2) N (Th+1, S1). We now repeat the procedure blowing-up
Y, at the point qé which lies over g» = (0, ...,0, 1, —1) € Y. Recall that there is a
C*-equivariant embedding of total coordinate spaces

71_>?2 (T177Tn+2)_)(Tl7an+l7Tn+2_h’ 1)

which induces the birational map Y; --+ Y,. The image of ¢, is the point of

homogeneous coordinates g5 = (0, ..., 0, 1, =2, 1). We choose the following ho-
mogenous elements gp, ..., gnt2:
Tty T, 2T + Tui2St € I, TppaSt+20" € (I*: J%),

that is the first n 4 1 sections have m; = 1, while m, o = 4. The ideal in (6.1) is
I=(Thy34i8y —gi: 1 <i <n+2)+ (T, ,8! +2Th2h" — S38”)

where 1" = h(T 445152, ..., T2p435152, Tuq1) and g7 = g(Ty14, ..., Topy3).
After eliminating the fake linear relations from the above ideal and renaming the
variables, we get the statement for Xgg.

Finally, let us prove the statement for X,. Let Y7 be the del Pezzo variety given
by xn 4o — [, where f is the polynomial appearing in (3.7), and let ¢ € Y; be the
point of coordinates (0, ...,0, 1,0). After a linear change of coordinates we can
suppose that fi = x,. The ring R equals C[T1, ..., T,42]/11, where I; is the
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principal ideal generated by the polynomial of Y;. We take I, J C R; as before and
choose the following homogenous elements g1, ..., g,+1:
Ti,o.o.Tuot, Tpp €1, T, e (17:J%),

that is the first n sections have m; = 1, while m, | = 2. Observe that the ideal
in (6.1) is

L= (Tho4iS% —gi: 1 <i <n+ 1)+ (T35 — f — Tons3T))
with ' = S72f(T,4351, ..., Tons1S, T, S%, Tpi1). According to (6.2) it can be
easily checked that

dim I, + (S) > dim I + (S, Tpy1).

Thus, after eliminating the fake linear relations from /, and renaming the variables,
we conclude that the Cox ring and the grading matrix of the blowup Y> of Y] at g
are the following

Ry =

Clty, ..., n+z,S] l... 1 11 20
< f// > —1...-1-20-11
n+2

with f” = S72f(T1S1,...,Ty_1S, T,S%, T,11). The irrelevant ideal of R; is
Jy = (T1,...,T—1, Ty+2) N (T,, S). Now repeat the procedure by blowing up
Y, at the point qé = (0,...,0,1,1,1,0) which is the invariant point with respect
to the lifted involution (77, ..., T;42, S) — (T, ..., Tyt1, —Tuy2, S), and it cor-
responds to the generator of the kernel of the differential dg,. We choose the fol-
lowing homogenous elements gy, ..., gu:

Ti,....T,_1,S €1,

i.e. m; = 1 for all the sections. The ideal in (6.1) is
I3=<T”+3+is2_gi Pl=i §n>+< n+2 f Ty n+1>

where f = Tzn%r3S f! (Tn+4T2n+3SZ, Ty T2n+3S2, Ty+1). After eliminating
the fake linear relations from the above ideal and renaming the variables, we obtain

the statement for X»,. ]

6.2. Degree four

In this last subsection we provide the following presentation for the Cox ring of the
blowup of a del Pezzo variety of degree four at a point. This is used in the proof of
Proposition 5.3.

Lemma 6.2. Let Y be a smooth complete intersection of two quadrics of P"+2.
After applying a linear change of coordinates, the ideal of Y is generated by x»x3 —

x1x3+ f(x4, ..., xXp43) and xpx3 — x1x3 + (X4, ..., Xp43). The blowup Y of Y at
the point g = (1,0, ...,0) € Y has the following Cox ring and grading matrix
CITi, ..., Thys, S [1 11 1... 10]
<T2T3SZ—T1T2+f, T2T3S2—T1T3+g) 0-2-2-1..-11

respectively, where [ = f(Ty, ..., Tyy3) and g = g(Ty, . .., Ty43).
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Proof. After applying a linear change of coordinates, we can assume that g is a
point of Y = Q N Q’, where Q is singular at (1, 1,0,0,...,0) and Q’ is singular
at (1,0, 1,0, ...,0), and that the tangent hyperplanes to Q and Q’ at g are V(T»)
and V (T3), respectively. This proves the first claim.

To prove the second statement, we take Ry to be C[Ty, ..., T,+3]1/I1, where
I is the ideal of Y, and we apply [6, Algorithm 5.4]. We take /, J C R; as before
and choose the following homogenous elements g1, .. ., gn+2:

Tay....,Tppz€l, T, Tse(I?:J®),

that is the first n sections have m; = 1, while m, 41 = my4, = 2. The ideal in (6.1)
is
b = (Thy34iS™ —gi: 1 <i < n+~2)+
HTontaTonts5S* = TiTonsa + [, TonsaTongsS* — TiTangs + ),

where f = f(Tysd, .., Tops3) and g := g(Ty44, . . ., Ton43). According to (6.2)
it can be easily checked that

dim I, + (S) > dim I, + (S, T1).

After eliminating the fake linear relations from /; and renaming the variables, we
get the second statement. O

Appendix

In this appendix we provide some Magma programs used in the proof of Theo-
rem 1.3. First of all we describe the function Test that verifies if the inclusions
in (5.1) are in fact equalities.

/L := ToricLattice(5); \

H :=Basis(L)[1];
E := Basis(L)[2..5];
D := DiagonalMatrix([4,—1, —1, —1, —1]);

Test := function(C)
DualC := Cone([L!r : r in Rays(Dual(C*D))]);
CapC := &meet[Cone(Remove(Rays(C),i)) : iin [1.#Rays(C)]];
return DualC eq CapC;

Qld function; J

We now proceed to use the above function Test to check that (5.1) are equalities
for X43, X22, X21.
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E[31]);

/(343 := Cone(E[1.4] cat [H-2*E[i]-2*E[j] : i,j in [1..4] — i1t]]);
C22 := Cone(E[3.4] cat [E[1]-E[3], E[2]-E[4]] cat
[H-2*E[1]-2*E[2], H-2*E[1]-2*E[3], H-2*E[2]-2*E[4]]);
C21 :=Cone(E[3.4] cat [E[1]-E[3], E[2]-E[4]] cat
[H-2*E[1]-2*E[3], H-2*E[2]-2*E[4], H-2*E[1]-E[2]-E[4], H-E[1]-

kfor Cin [C43,C22,C21] do Test(C); end for;

2*E[2]-

~

/

Finally we compute the primitive generators of the extremal rays of the dual cone

MY for X1 and X 9.

-

end for;

[
1,-2,0,0,0),
{a,-1,-1,-1,-1),
1,-1,-1,-1,0),
(1,-1,-1,0,0),
(1,0,0,0,0)

]

[
1,-2,0,0,0),
,-1,-1,-1,-1),
{1,-1,-1,-1,0),
(1,0,0,0,0),
(3,-4,-4,0,0)

\

> C11 := Cone([E[4] H-2*E[1]-2*E[2]] cat [E[i]-E[i+1] : i in [1..3]]);
> C10 := Cone([E[4] H-2*E[1]-E[2]-E[3]]cat [E[i]-E[i+1]: iin [1..3]]);
> for C in [C11,C10] do

Rays(Cone([L!r : r in Rays(Dual(C*D))]));

\

/

References

[1] I. ARZHANTSEV, U. DERENTHAL, J. HAUSEN and A. LAFACE, “Cox Rings”, Cambridge
Studies in Advanced Mathematics, Vol. 144, Cambridge University Press, Cambridge, 2015.
[2] BERTINI THEOREMS, Encyclopedia of Mathematics, http://www.encyclopediaofmath.org/

index.php?title=Bertini_theorems&oldid=23762.

[3] S. CaccioLA, M. DONTEN-BURY, O. DUMITRESCU, A. LO GIUDICE and J. PARK,
Cones of divisors of blow-ups of projective spaces, Matematiche (Catania) 66 (2011), 153—

187.



1110 ANTONIO LAFACE, ANDREA L. TIRONI AND LUCA UGAGLIA

(4]
(3]
(6]
(7]
(8]
(9]
(10]
(11]

(12]

A. M. CASTRAVET and J. TEVELEV, Hilbert’s 14th problem and Cox rings, Compos.
Math. 142 (2006) 1479-1498.

I. COSKUN and A. PRENDERGAST-SMITH, Fano manifolds of index n — 1 and the cone
conjecture, Int. Math. Res. Not. IMRN (2014) 2401-2439.

articleJ. HAUSEN, S. KEICHER and A. LAFACE, Computing Cox rings, Math. Comp. 85
(2016), 467-502.

J. HAUSEN, A. LAFACE, A. L. TIRONI and L. UGAGLIA, On cubic elliptic varieties,
Trans. Amer. Math. Soc. 368 (2016), 689-708.

Y. Hu and S. KEEL, Mori dream spaces and GIT, Michigan Math. J. 48 (2000), 331-348.
Dedicated to William Fulton on the occasion of his 60th birthday.

V. A. ISKOVSKIKH and Y. PROKHOROV, Fano varieties, In: “Algebraic Geometry, V”,
Encyclopaedia Math. Sci., Vol. 47, Springer, Berlin, 1999, 1-247.

M. REID, “The Complete Intersection of two or more Quadrics”, Ph.D. Thesis, Trinity
College, Cambridge (1972), http://homepages.warwick.ac.uk/ masda/3folds/qu.pdf.

B. TOTARO, Hilbert’s 14th problem over finite fields and a conjecture on the cone of curves,
Compos. Math. 144 (2008), 1176-1198.

R. WAZIR, Arithmetic on elliptic threefolds, Compos. Math. 140 (2004), 567-580.

Departamento de Matemaética
Universidad de Concepcién
Casilla 160-C

Concepcidn, Chile
alaface@udec.cl
atironi@udec.cl

Dipartimento di Matematica e Informatica
Universita degli studi di Palermo

Via Archirafi, 34

90123 Palermo, Italia
luca.ugaglia@unipa.it



