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L? Hardy inequality on C>? domains

PIER DOMENICO LAMBERTI AND YEHUDA PINCHOVER

Abstract. We consider the LP Hardy inequality involving the distance to the
boundary of a domain in the n-dimensional Euclidean space with nonempty com-
pact boundary. We extend the validity of known existence and non-existence
results, as well as the appropriate tight decay estimates for the corresponding
minimizers, from the case of domains of class C?2 to the case of domains of class
Ccl7 with y € (0, 1]. We consider both bounded and exterior domains. The up-
per and lower estimates for the minimizers in the case of exterior domains and the
corresponding related non-existence result seem to be new even for C 2_domains.

Mathematics Subject Classification (2010): 49R05 (primary); 35B09, 35J92
(secondary).

1. Introduction

Let 2 be a domain in R", n > 2 with nonempty boundary, and let § (x) = d(x, 9L2)
denote the distance of a point x € R” to the boundary of Q2. Fix p €]1, co[. We say
that the L? Hardy inequality is satisfied in 2 if there exists ¢ > 0 such that

p
[Vul? dx > ¢ ul” dx for all u € C°(Q). (1.1)
Q Q o ¢

The L? Hardy constant of Q2 is the best constant for inequality (1.1) which is de-
noted here by H),(£2). Itis a classical result that goes back to Hardy himself (see for
example [3,22]) that if » = 1 and 2 is a bounded or unbounded interval, then the
L? Hardy inequality holds and H),(£2) coincides with the widely known constant

cp=|—) .
p
p
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It is also well-known that if €2 is bounded and has a sufficiently regular boundary
in R", then the L? Hardy inequality holds and H,(2) < c,, [1,24]. Moreover, if
2 is convex, and more generally if it is weakly mean convex, i.e., if Ad < 0 in
the distributional sense in €2, then H,(£2) = ¢, [6,11,24]. On the other hand, it
is also well-known (see for example [3,22]) that if @ = R” \ {0} and p # n, then
the LP-Hardy inequality holds and H),(£2) coincides with the other widely known
constant

p—n|’

p

which indicates that the L” Hardy inequality does not hold for R”\ {0} if p = n (for
a short proof of this inequality see [14,15]). It also follows (see [10,24]) that if €2 is
an exterior domain (i.e., an unbounded domain with nonempty compact boundary)
with sufficiently regular boundary and p # n, then the L? Hardy inequality holds
with H,(€2) < cp,n, where

Cp’n =

’

cp,n = min{c,, c;n}.

The L? Hardy constant can be seen as the infimum of a Rayleigh quotient, namely

) Jo |Vul? dx
H,(Q2) = inf = (1.2)
b ueW'r(©) [, l? g
40 Q 5P

where

Whr(Q) = {M € Wll)’cp(Q) [ NlullLr@;s-ry + 1 VullLr) < OO} ,
and |lullpr(q:s-r) = (fQ |u|P8~P dx)!/P is the natural weighted L” norm associ-
ated with this problem. Note that if €2 is a bounded domain with regular boundary,
say of class C', then WI’P(Q) = WOl () (one can use the same argument as
in [24, Appendix B]), while the two spaces do not coincide if, for example, €2 is an
exterior domain and p > n, in which case the first space contains functions that are
constant or even unbounded at infinity.

It is important to note that if the infimum for (1.2) is achieved at a function u,
then u satisfies the corresponding Euler-Lagrange equation

H,(82)
—Apu—a—pl'puzo, (1.3)
in Q, where —A,v = —div(|Vv|1’_2Vv) is the celebrated p-Laplace operator,
and the operator Z,, is defined by Z,v := |v|P~2v. In this case, H,(S2) can be

considered as the principal weighted eigenvalue of the p-Laplacian with respect to
the Hardy weight, and u is a corresponding principal eigenfunction. In particular, it
turns out that if the minimizer u exists, then it is unique up to scalar multiples, and
u does not change its sign in €.



HARDY INEQUALITY 1137

We refer to [24] for an introduction to this topic and to [1,3,6,9-13,22,23,25]
and references therein for more information. We refer also to [2,4,5,7,8,14,16] for
recent developments in this subject.

The focus of the present paper is on the problem of the existence of minimizers
for (1.2). In the case of bounded domains of class C? this problem was solved
in [24,25] where, among other results, it was proved that a minimizer exists for (1.2)
if and only if H,,(£2) < c),. In the case of exterior C 2_domains, it was proved in [10]
that if H,(£2) < ¢, ,, then a minimizer exists for (1.2). Importantly, in [10,24,25]
the assumption that €2 is of class C? is used in a substantial way, and weakening this
assumption seems highly nontrivial. Indeed, many arguments used in such papers
are based on the well-known tubular neighbourhood theorem which allows to use
tubular coordinates near the boundary of a domain of class C 2, Moreover, in [24,25]
the assumption that © is of class C? is used also to guarantee that the distance
function § is of class C? in a neighbourhood of the boundary, which in turn allows
to use 8 for the construction of suitable positive subsolutions and supersolutions of
equation (1.3). However, the tubular neighbourhood theorem does not hold if 2
is of class C'7 with 0 < y < 1 and the distance function § is not guaranteed to
be differentiable near the boundary (the classical example is given by the parabolic
open set Q = {(x,y) € R2 . y > |x|'*7}, in which case § is not differentiable at
all points (0, y) of €2 close to (0, 0)).

In the present paper, we prove that the existence and non-existence results
in [10,24,25] hold under the assumption that €2 is of class Cl7 with y € (0, 1],
and we prove that the decay estimates for the minimizers in [24,25] still hold.
Moreover, we provide decay and growth estimates for the minimizers also in the
case of exterior domains near the boundary and infinity. Our approach develops
some ideas used in [24] for the case p = 2. In particular, we use the notion of
spectral gap and Agmon ground state, and elaborate the constructions of appropriate
subsolutions and supersolutions which replace those considered in [24,25]. To do
so0, we first compute the so-called Hardy constant at infinity, i.e., the constant

Ap,oo(§2) = sup {A eR|IK €Qandu € WIL’CP(Q \ K) such that
) (1.4)
u>0and—Apu—6—pIpu20inS2\K},

where we write A € O if O is open, A is compactand A C O.

We prove that if © is a C!*¥ -domain with compact boundary, then A p,oo(§2) =
cp if Q2 is bounded, and A, «(2) = ¢, if €2 is unbounded.

By a criterion in [28, Lemma 4.6] (proved there only for the linear case), it
follows that if Hj,(£2) < Ap 0 (£2), then the operator —A |, — H’;—(pml'p is critical in
€2, which means that it admits an Agmon ground state, i.e., a positive solution of
equation (1.3) in €2 which has minimal growth near 92 and infinity. We note that
the quantity A, oo (£2) — H,(2) is also referred to as the spectral gap, since in the
linear case (p = 2), A2,00(£2) is the bottom of the essential spectrum of the operator
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—82A, see [24, Section 3]. Thus, the condition A2,00(2) — H2(€2) > 0 implies
that H,(2) belongs to the discrete spectrum, and hence, it is an eigenvalue whose
eigenfunction is the required minimizer.

The last step in the proof of the existence result, consists in proving that in
the case of a spectral gap, the above mentioned Agmon ground state u belongs to
the space W!-7(Q) and this is done by constructing a supersolution v to equation
(1.3) which belongs to L?(£2; §77): indeed, u being of minimal growth, it follows
that 0 < u < Cv near the boundary and infinity, for some constant C > 0, hence
ueLP(R;67P).

In a similar way, the non-existence of minimizers follows by a comparison
principle proved in [24,25] combined with the construction of a suitable subsolution
which does not belong to L”(2; 7).

It is clear that one of the major ingredients of our arguments is the construction
of subsolutions and supersolutions with the appropriate growth and this is used not
only to provide the required estimates for the minimizers, but also for computing
Ap,oo(€2). In [24,25] the construction of subsolutions and supersolutions was done
by using the so-called Agmon trick, namely, the subsolutions and supersolutions
were given by functions of the type 8% + 87 and 6% — 87, respectively, for suitable
constants «, 8 > 0. As we have mentioned above, if 2 is of class C LY with
0 < y < 1 such functions cannot be used. In this paper, we replace them by
functions of the form G% + G# and G* — GP, where G is a p-harmonic function
defined in a neighbourhood of the boundary and infinity. At infinity, the function
G is simply given by G(x) = |x|? for an appropriate 8. Near the boundary of
2, the function G can be any positive p-harmonic function vanishing at 92 (for
example, one may consider the positive minimal Green function of the p-Laplacian,
see Section 2 for details). It is exactly at this point that the regularity of 2 plays
a crucial role. First, the assumption 92 € ClY guarantees that the p-harmonic
function G is of class C17 up to 92 for some y € (0,y). Second, the same
assumption allows to use the Hopf lemma and to conclude that VG (x) # 0 for all
x € 092. The condition VG (x) # 0 is of fundamental importance for our analysis,
since it allows to control the asymptotic behaviour of VG (x)/G(x) as x — 92 in
a precise way as it is explained in Lemma 3.2. We believe that Lemma 3.2 is of
independent interest since it is proved without the use of the tubular neighbourhood
theorem and actually allows to bypass it. We note that the Hopf lemma holds also
if 92 is of class C:Pini (see, [26]) and this allows to gain some generality as it is
explained in Remark 4.2.

Finally, we point out that our results could be of help in relaxing the boundary
regularity assumptions of those statements in [4,5] the proofs of which require the
existence of a minimizer for the variational problem (1.2).

The paper is organized as follows. In Section 2 we recall a number of notions
concerning critical and subcritical operators and in particular, we reformulate and
generalize the criterion [28, Lemma 4.6] in Lemma 2.3. Section 3 is devoted to
the construction of subsolutions and supersolutions, and in particular it contains the
technical Lemma 3.2 which is applied to prove the key Lemmas 3.4 and 3.5. In
Section 4, we prove the existence of minimizers and the corresponding decay and
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growth estimates, see Theorems 4.1 and 4.4, and also Theorem 4.3 for a further
relaxation of the boundary conditions. We conclude the paper in Section 5, where
we prove the lower estimates and the corresponding non-existence results, namely
Theorems 5.1 and 5.4.

ACKNOWLEDGEMENTS. The authors are grateful to the anonymous referee for
reading the paper very carefully and pointing out one blunder of technical type
which was possible to fix.

2. Preliminaries

In this section we recall the notions of positive minimal Green function, Agmon
ground state, and subcritical and critical operators. Moreover, we discuss a crite-
rion for ensuring the existence of Agmon ground states for equation (1.3). We refer
to [15,16,28-30] and references therein for details and proofs, and for extensive
discussions on this subject.

Fix p €]l1, oo[, and let © be a domain (i.e., an open connected set) in R”,
where n > 2. Let V € L> (S2) (in fact, this assumption is not optimal, and we may
assume that V belongs to an appropriate local Morrey space, see [29]). Consider
the operator

Qv W) := —Apu+ Vul"u,
and the corresponding form © defined by

Qv (u, ¢) ::/ |Vu|p_2Vu-V<pdx+/ VulPugdx,
Q Q

forall u € WIL’p (2) and ¢ € C°(£2). As customary in the theory of quasilinear

C
equations, we say that u is a (weak) solution for the equation Qy(v) = 0 in Q

(or simply that Qy () = 0in Q) if u € WIL’CP(Q) and Qy (u, ¢) = 0 for all
@ € C°(2). We also say that u is a subsolution (respectively supersolution) for the
equation Qy (v) = 01in Q if Qy (u, ¢) < 0 (respectively Qy (u, ¢) > 0) forall ¢ €
C2°(2) with ¢ > 0; in these cases, we also simply write Qv (1) < O (respectively
Qv(u) > 0) in Q2. Recall that by Allegretto-Piepenbrink theory [29,30], there
exists a positive solution (or equivalently, a positive supersolution) for the equation
Qv (u) =0in Qif and only if Qy (¢, ¢) > 0 forall ¢ € C°(K2), in which case the
operator Qv is called non-negative in Q2 (and we write Qy > 0 in 2). Obviously,
the operator Qv is non-negative if V > 0.

We recall briefly some basic regularity results concerning solutions of the
quasilinear equations appearing in the present paper. It is well known that if V €
L (€2), then solutions of the equation

(A, + VI u=0
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in Q are in C1%(), and positive solutions satisfies the local Harnack inequality
(see for example [20,21,27]). Moreover, if the potential V' is bounded up to a C'-7
portion of <2, then solutions of the above equation are C* up to this portion.
Furthermore, the Hopf lemma holds for p-harmonic functions in C'¥ domains and
even under weaker assumptions (see Remark 4.2).

Definition 2.1. Given a compact set K contained in €2, we say that a positive solu-
tion u to the equation Qv (1) = 0in Q \ K is a positive solution of minimal growth
in a neighbourhood of infinity in Q (briefly u € Mg}’K) if for any bounded smooth
open set K with K C K & € and any positive supersolution v to the equation
Qv(u) = 0in Q \ K we have that the condition # < v on 0K implies that u < v
on Q\ K.

We have the following theorem which includes the definitions of the notions men-
tioned above.

Theorem 2.2 ([19,29,30]). Assume that the operator Qv is non-negative in Q2 and
fix xog € Q. Then there exists a solutionu € MgV{XO} of Qv (u) = 0, and it is unique
up to a multiplicative constant. Moreover, the following alternative holds:

(A) either u has a singularity at the point xo with the following asymptotic be-

haviour
|x—xo|% ifl<p<n
ux) ~ {—loglx —xo| ifp=n (2.1)
1 if p>n,

as x — Xxq, in which case u is called a positive minimal Green function with
pole at xq for Qv in Q, and the operator Qv is called subcritical in Q;

(B) or u is a global positive solution of the equation Qv (v) = 0 in Q, in which
case u is called Agmon ground state for Qv and the operator Qv is called
critical in Q.

Let €’ be a subdomain of a domain €2 such that Q' C Q. If Qy is non-negative in
Q, then Qv is subcritical in €’ [30]. Therefore, if € is a domain with nonempty
compact boundary and 92 is sufficiently regular, then the p-Laplacian (that is, Qv
with V = 0) is subcritical in €2, and hence, the corresponding function u € Mg V{ o)
is a positive minimal Green function. Such a minimal Green function G provides
us with a positive p-harmonic function defined in a relative neighbourhood of 9<2
which will be used in the sequel. Importantly, if 32 is of class C1'Y with0 < y < 1,
then G is C1¢ up to the boundary, G(x) = 0 and VG (x) # 0 for all x € 92 since
the Hopf lemma holds, see [26].

In the case of linear elliptic equations, it was stated and proved in [28, Lem-
ma 4.6] that the existence of a spectral gap implies the existence of an Agmon
ground state. The statement and the proof in [28] can be adapted to our case and for
the convenience of the reader we indicate here how to do it.
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Lemma 2.3. Let Q2 be a domain in R" such that the LP Hardy inequality holds,
and let V := —H,(2)/8P. If the operator Qv has a spectral gap, ie., H,(2) <
Ap,oo(§2), then Qv is critical.

Proof. Following [28, Lemma 4.6], we set

S:={teR|Q_;5-»>0inQ}, Soo:={tcR|Q_,;5-» >0in Q\K for some K € Q}.

Clearly, S and Sy, are intervals, and since Qv has a spectral gap, it follows that
S=]-00, Hy(RQ)] & Soc € ]—00, Ao, p()].

For simplicity, we set Ao = H,(2). Let 11 € S0 \ S.

Claim. There exists a nonzero non-negative potential 1V € L% (2) with compact
support in €2 such that Q_; 5-r4) > 0in Q.

Since Ag < A1 < Ao, p, there exists a smooth open set Ko € 2 such that the
equation Q_; s-p(u) =0in Q\ K¢ admits a positive solution.

Fix a smooth open set K satisfying Ko € K € 2. We first show that there
exists a positive solution v of the equation Q_; s-»(u) = 0 in '\ K satisfying
v=0o0nadkK.

To this end, consider a smooth exhaustion {€2;};en of £ by smooth relatively
compact subdomains such that xg € €1 \ K and such that K C ;_; € €; for all
i > 1. Let v; be the unique positive solution of the Dirichlet problem

O_ssr) = f; nQ\ K
u=0 on d( \ K),

where f; is a nonzero nonnegative function in C2°(€2; \ Qi_1) normalized in such
a way that v; (xg) = 1. The existence and uniqueness of such a solution is guaran-
teed by [29, Theorem 3.10] combined with the fact that Q_; s-»(#) = 0 admits a
positive solution in € \ Ko.

By the Harnack principle and elliptic regularity (see for example, [29]) the
sequence {v;};eN admits a subsequence converging locally uniformly to a positive
solution v of the equation Q_; s-»(u) = 01in 2\ K satisfying v = 0 on K. Note
that by classical regularity theory we have that v is of class C1'% up to 3K .

Let K be an open set such that K € K| € Q and let minyecyg, v(x) =m > 0.
Lete > O be fixed in such a way that 8¢ < m. Let F beaC 2 function from [0, +o00[
to [0, +oo[ such that F(f) = e forall0 < ¢t < 2¢ and F(¢t) = ¢t for all + > 4¢ and
such that F'(t) # O for all + > 2¢. Assume also that |F'(t)|P72F"(t) — 0 as
t — 2¢, hence the function r — |F’(t)|P~2F"(¢) (defined identically equal to zero
on [0, 2¢]) is continuous on [0, +o0[ (for this purpose, it is enough for example that
F is chosen to be of the type & + (+ — 2¢)? for all t > 2¢ sufficiently close to 2e
and 8 > max{p/(p — 1),2}). Weset v(x) = F(v(x)) forall x € K1 N (2 \ K).
By definition, it follows that there exists an open neighborhood U of 9K such that
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v(x) = e forallx € U N (Q\ K), and there exists an open neighborhood U
of 0K such that v(x) = v(x) for all x € Uy N K; . Thus v(x) can be extended
continuously into the whole of €2 by setting v(x) = ¢ forallx € K and v(x) = v(x)
forall x € Q\ K. By [16, Lemma 2.10] we have that

—Ap0(x) = —[F' @) P [(p—DF" )| Vo@)|P+F (0 (x) Apv(x)] (2.2)

forallx € K \ K. By our assumptions on F and v, it follows that —A ,v(x) is a
continuous function which vanishes on U N (2\ K) and equals A6 Pvin U NKj.
In particular, it makes sense to compute A ,v in €2, and it turns out that A ,v = 0 in
K and —A,v =A187Pvin Q\ K1. We can now define the potential V by setting

195 (W)

V= -
pp—1

By construction, ) is a bounded function with compact support in €2 and v is a posi-
tive supersolution of the equation Q_; s-r1y(u) = 0in Q. Hence, Q_; 5-r41 >0
in €2, and the Claim is proved.

We set Ay = tA1 + (1 — t)Ag. By using [16, Lemma 4.3] (see also [30, Propo-
sition 4.3]), it follows that the set

{(Z,S) € [0’ 1] xR: Q—A,S—P+sv > 0in Q}
is a convex set. Hence, the function v : [0, 1] — R defined by
v(t) :=min{s e R: O_; s5-r45p > 0in Q}

is convex . Since ) has compact support it follows by [29, Proposition 4.19] that
O _5,8-r4v(r)y is critical for all z € [0, 1]. We note that by definition v(z) > 0 for
all r €]0, 1], while v(0) < 0. Since v is convex, we must have v(0) = 0, and hence
QO _j,s-» 1s critical. O

3. Construction of subsolutions and supersolutions

The proofs of our main theorems are based on the construction of suitable subsolu-
tions and supersolutions to equations of the form —A ,u — A8~ 7 |u|P ~2u = 0, which
is carried out in this section. To do so, we need a number of preliminary results.

Recall our notation Z,u = lu|P~2u. By R" U {oo} we denote the standard
one-point compactification of R” (note that in this paper the symbol co will not be
used with reference to the one point compactification of a bounded domain €2, as
often is done in the related literature). Finally, for o € [0, 1] we set

Ao = (p— Da?7 11 = ). (3.1

Observe that Ay = ¢, if @ = (p — 1)/ p, the function A, is increasing with respect
toa € [0, (p — 1)/p] and decreasing fora € [(p — 1)/p, 1].
The first part of the following lemma is taken from [16, Proposition 4.5].
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Lemma 3.1. Let U be an open set in R™. Let G be a positive function defined on
U such that —A,G =0inU. Let W := |VG/G|?. Then for every a € (0, 1) we
have

(—Ap —AWI,)G* =0, inU. (3.2)
Moreover, if xo € U, where the closure U of U is taken in R" U {oo}, and
. IVG)|
1 d(x) = 33
Jm G (x)=c (3.3)

for some ¢ > 0, where d is a positive function defined in a relative punctured
neighborhood of xq. Then for every € > 0 there exists an open neighbourhood U,
of xo such that

(—Ap - Cpkd"‘ip_gzp)c;“ >0 in (U:NU)\ {xo). (3.4)

Proof. For the proof of (3.2) we refer to [16, Proposition 4.5]. In order to prove
(3.4) we note that

Py
(-Ap - Cc‘;—pszp)G“ = (-Ap - )WWI,,>G°‘

w 1 7,G*
p RAS— o P 35
+cPry (cl’ dp)IpG +e T (3.5)
7,G
= ()"(X(de — C‘D) +8) d—P

By (3.3), it follows that there exists an open neighbourhood U, of x¢ such that
Aq(W(x)d(x)? —cP) = —eforall x € (U, NU) \ {xo} which combined with (3.5)
yields (3.4). O

The proof of the following lemma would be straightforward for open sets €2 of
class C2, in which case the tubular neighbourhood theorem holds and no boundary
point can be approached by points from the cut locus of 2. However, assuming that
Qis of class C'” with 0 < y < 1, or even just of class C! as we do here, requires
a more detailed analysis.

As usual, by modulus of continuity of a real or vector-valued function f de-
fined on a subset A of R” we mean an increasing function w : [0, co[— [0, oo[
such that w(t) — 0 as t — 0 and such that | f(x) — f(y)| < w(]x — y|) for all
X,y € A.

Lemma 3.2. Let Q be an open set in R" of class C', xo € 92 and U be an open
neighbourhood of xo. Let G € CY(QNU) be a non-negative function such that
G(x)=0,VG(x) #O0forallx € UN0JK. Then

VG )|
m
x—xp  G(x)

d(x) = 1. (3.6)
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Moreover, if w is a modulus of continuity of VG in a neighbourhood of xq, then

1 O(w(8(x)))
= io + 500 as x — Xxo. (3.7

‘VG(x)
G(x)

Proof. Since  is of class C', it can be represented locally around xq as the sub-
graph of a C! function. This means that there exists an open neighbourhood B
of xo and an isometry R such that R(B) = II'_,la;, b;[ for a;,b; € R and
R(Q2NB) = {x € H?:l]ai,bi[: Xn < @(x1,...,x,—1)} where ¢ is a suitable
C! function from H;’:_ll [ai, bi] to Jay, by[. To shorten our notation, in the sequel
we write x for (xy,...x,—1). Moreover, we may assume directly that the isometry
R is the identity and that B @ U. We now proceed dividing the proof in three steps.

Step 1. We prove that there exists an open neighbourhood BC Bofxpandc > 0
such that
c8(x) < G(x) < c18(x) (3.8)

for all x € B N Q. Since VG is continuous up to €2, G vanishes on 92 and VG
does not vanish at any point of 9€2, it follows that if x € N B is sufficiently close

to €2, then %(’f) # 0, hence there exists ¢; > 0 such that

G
. <|26®

<c! 3.9

n

forallx € BN 2, where B is an open neighbourhood of xg witl_l B C B. Now,
by the Lagrange’s mean value theorem, we have G(x, x,) = %(% — (X))
where &, €]x,, ¢(X)[, hence

c1(p(®) —x,) < G(x) < ¢ (p(F) — xp) (3.10)

forall x € BN Q. By standard arguments and by possibly shrinking B, we have
that there exists ¢, > 0 such that

8(x) = (X)) —xp < 28(x) (.11

for all x € B N 2, which combined with (3.10) yields (3.8).

Step 2. Let w be a modulus of continuity of VG on 2 N B as in the statement. For
every x € Q2 we denote by P(x) a point in d€2 of minimal distance of x from 9€2,
which means that §(x) = |x — P(x)|. We prove that

Gx)=VGXx) - (x—Px)+ O(w(8(x)))s(x) asx — xop. 3.12)
By the Lagrange’s mean value theorem applied to the function

t— G(P(x)+t(x — P(x))), wheret € [0, 1],
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and x is fixed in 2 N B, we obtain
G(x) =G(P(x)) + VG(P(x) +nx(x — P(x))) - (x — P(x))
=VGx)- - (x — P(x)) (3.13)
+ (VG(P(x) +nx(x — P(x))) = VG(x)) - (x — P(x)),
for some 71, €]0, 1[. Then we have
(VG (P(x) +ne(x — P(x))) — VG(x)) - (x — P(x))]

3.14
=o(x — D@ = P)DIx — P(x)| < 0(8(x))8(x), G194
for all x € 2 N B. By combining (3.13) and (3.14) we obtain (3.12).
Step 3. We note that
) x — Px)
lim P(x) =x9 and ——— = v(P(x)), (3.15)
x>0 X — P()|

where v(P(x)) is the unit inner normal to d€2 at the point P(x). By (3.12) and the
second equality in (3.15) we have
VG(x) 1 O(w(8(x)))

G -v(P(x)) = ) + ) . (3.16)
Consequently, by (3.8) and using the fact that w(5(x)) — 0 as x — xp, we deduce
that . VG®) B
erEO G0 -V(P(x))é(x) = 1. (3.17)
Thus, by (3.17)
B VG (x)] . IVGM)IVG(x) - v(P(x))
im §(x) = lim S5(x)
x—=x0 G(x) x—x0 GXx)VG(x) - v(P(x)) (3.18)
VG (xo)

~ VG(x0) -v(xo)
where in the last equality we have used the fact that VG (xg) = VG (xp) - v(x9)v(x0)
and VG (xp) - v(xg) > 0 since v points inwards. This completes the proof of (3.6).

Step 4. For x € U N 2 we consider an orthonormal basis
{(Vi(P(x)), ..., Vi—1(P(x))}

of the tangent hyperplane to 9€2 at the point P (x). Since G vanishes on U N 92 we
have VG(P(x)) - Vi(P(x)) =0foralli =1, ..., n — 1 hence
n—1
VG(x) = ZVG(X) - Vi(P(x))Vi(P(x)) + VG (x) - v(P(x))v(P(x))

i=1
n—1

=Y (VG(x) = VG(P(x) - Vi(P(0) Vi (P(x)) (3.19)
i=1

+ VG (x) - v(Px)v(P(x))
= O(w(8(x))) + VG (x) - v(P(x))v(P(x)),
which combined with (3.8) and (3.16) yields (3.7). ]
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We also need the following lemma which represents a special case of a general
statement proved in [16, Lemma 2.10]. Formula (3.20) has to be understood in the
distributional sense.

Lemma 3.3. Let U be an open set in R", and let G be a positive function of class
cl). Then for all a, B > 0 we have

Ap(G" £ GF) = |aG ! & BGP ‘p_z |:<°‘G“_] +£6G771) 2,6
(3.20)
+(p = DIVGI? [(@ — 0)G*2 % (8 - ﬂ)GHH.

We are now ready to prove the following theorem which guarantees the existence
of the above mentioned subsolutions and supersolutions in a neighbourhood of a
compact boundary.

Lemma 3.4. Let Q be a domain in R" with nonempty compact boundary of class
C! and U be an open neighbourhood of 3. Let y €10, 1] and G € CY(Q NU)
be a positive function such that Ap,G = 0in QN U and G(x) = 0 for all x €
0. Let o, B € (0,1) be such that (p — 1)/p < o < B < a + y. Then there
exists an open neighbourhood U of dQ, U C U, such that the functions G* 4 G
and G* — GP are a subsolution and a supersolution, respectively, for the equation
—Apv = A Lpv/8P in Q NU, where Aoy = (p — Da?~1(1 — ). Moreover, U can
be chosen to be independent of small perturbations of « and f3.

Proof. First we consider the case of the subsolution. By Lemma 3.3 and (3.7), it
follows that
— Ap(G* + GF)
-2/ X A
_ a—1 p—1\? T ) B ~B-2 p
= (Gt + pGP) (asz =1 ) VG|

P (3.21)

(A ) VG
=G0V (a + BGP)" (apaz + ﬁpéZ Gﬁ_a) G

A A 1
a(p—1) B—a\p—2 [ "o B B—uo o y—p
<G (a + BGP™) (p2+ G )(5p+0(5 )).

By (3.21), in order to guarantee that G* + G* is a subsolution as required in the
statement, it suffices to impose the condition

of A A 1
G*P7 D (a + pGP)? 2(—“ + F Gﬂ—“)<— + O(SV‘P)>

a[’_z IBp—Z Y4

rosa By
ié_l’(G + G")
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which can written in the form

(a+BGP)"? (o;‘iz +%G‘3_“> (1+0@©")) < 21+ GP)P71 (322)

Since G#~% = 0 on 9%2, by expanding both sides of (3.22) in G#~ up to the first
order, inequality (3.22) can also be written in the form

(hatAGP+0(GP™) (1 4+ 0(8)) < ra(1+(p—1)GP“+0(G" ™)), (323)

where
A= (p —2reB/a + hpaP™2/pP 2.

Note that since G (x) is asymptotic to §(x) as x — 92 and B —« < y, we have that
S(x)Y/ G(x)P~* = 0asx — 9. Moreover, by a direct computation and by using
condition (p — 1)/p < a < B, one can easily verify that A < (p — 1)A,. Thus,
passing to the limit as x — 92 in both sides of (3.23), one can see that condition
(3.23) is satisfied in 2N, where U is a suitable neighbourhood of €2 which can be
chosen to be independent of « and g, if « and § are as in the statement and belong
to small neighbourhoods of two fixed parameters o, So satisfying the conditions
(p—1/p < a0 < fo.

We now consider the case of the supersolution. Proceeding as above, we see
that in order to guarantee that G* — G is a positive supersolution as required in
the statement, we clearly may first take a small neighbourhood U] of 92 such that
G* — G* is positive in 2 N . So, it suffices to impose the condition

G()l(p—l)|a _ ﬂGﬁ—a‘p_2< )\’05 )\‘.B G,S—Ol)(i — O(SV_p)>

=2 pr-2 Y

Ao o ~Byp-l
Z(S—P(G -G”)

in Q N, , where U is a smaller neighbourhood of 9<2. The latter inequality can be
written in the form

(a—AGP~+0(G*™ ")) (1 = 0(8)) = o (1=(p—1)G'*+0(G* ")), (324)

where A is the same constant defined above. Again, since A < (p — 1)1, we easily
deduce as in the case of the subsolution the desired assertion. O

We now construct sub- and super-solutions near oo for the operator

PIP
5P

p—n
p—1

—Ap — g

on an unbounded domain €2 with compact boundary. Recall that if p = n, then for
such a domain H,(£2) = 0. So, for our purpose, we need to consider only the case
where p # n.
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Lemma 3.5. Let Q be an unbounded domain in R" with nonempty compact bound-

ary. Let G be the function defined in R"\ {0} by G (x) := |x| = Sor all x € R™\{0}.
Then the following statements hold:

G) If p <nanda, B € (0, 1) are such that

—1 —1
p=- <a<fB<a+ L ,

n—p
then there exists M > 0 such that the functions G% + GP, G*— GP are
a subsolution and a supersolution, respectively, for the equation —A v =

_al?
ka‘ﬁ_'f) Z,v/8P on{x € R" : |x| > M}.

) If p>nanda, p € (0,1) are suchthat B < o < (p — 1)/ p, then there exists
M > 0 such that the functions G* + G?, G* — GP are a subsolution and a

_alP
P21 Zyv/8P on

supersolution respectively, for the equation —A,v = Ay
{x e R": |x| > M}.
Proof. By Lemma 3.3 it follows that

p—1

2/ A Py
A G+ GPy=lacr ! + 6P| (Lot 4 2P _gE2) va
p p—2

aP—2 B

=GPV | £ gGP|" a g M8 gpa) | VY
aP_Z ﬂp—z G

p—n

p—1

Since 92 is compact, it follows that [§77 — |x| 7P| < O~ 1)87P as |x| — oo.

Thus, in order to verify that G* + G is a subsolution as required in the statement,
it suffices to impose the condition

[ VR .
(@ + BGP—)P=2 (W + ﬂp’iz GP “) (1 + 0@ ‘))

< ha(1 4+ GPoyP71,

p

P

x|

S ke
=G Vet pGPef’ 2(% + g Gﬂ_a)
o

(3.25)

Similarly, in order to guarantee that G* — G* is a supersolution as required in the
statement, it suffices to impose the condition

_ggpapY e B pe Py
o — BGP | (al’—2 ﬂp_zG “)(1-06™hH
> hall = GP7*P2(1 = GP9).

(3.26)

By assumptions, in both cases p < n and n < p, we have that GP— (x) = O as
|x| — o0. Thus, condition (3.25) can be written as

O + AGP ™ +0(GP~) (14 067

(3.27)
<t + (p — DGP 4+ 0(GP7Y),
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while condition (3.26) can be written as

Ao — AGP GP ) (1-0o@™!
( +0(G"™) (1- 06™) 58)
> Ae(1 = (p — DGP™¥ + 0(GF~9)),

where in both cases A = (p — 2)AqB/a + )\/3051’_2//317_2 is the same constant
appearing in the proof of Lemma 3.4. As it was noted in the proof of Lemma 3 4,
if(p—1)/p <a < B,then A < (p — 1)Ay. However, it can be easily seen that
A< (p—Dhryalsoif0 < g <a < (p—1)/p. It follows that in order to verify
the validity of conditions (3.27) and (3.28) for |x| large enough, it suffices to verify
that 0(8~1)G*# = 0(1) as |x| — oo. This condition is satisfied because G (x) is

asymptotic to S(x)f: Tas|x| > ocand | — B] < |[(p—1)/(p —n)|. L]

4. Upper bounds and existence of minimizers

Using the results of the previous section, we can prove the following existence
result for bounded domains. Note that, assuming that Q is of class C'7 as we
do here, would allow to skip a few steps in our proof. However, we prefer to write
down more details which explain how our method could be adapted to more general
situations as described in Theorem 4.3, see Remark 4.2 below.

Theorem 4.1. Let 2 be a bounded domain in R" of class CY7 with y €10, 1]. Then
Ap,0o(§2) = cp. Moreover, if H,(2) < cp, then there exists a positive minimizer
u e W(;’p(Q)for(IQ). In particular, ifa € |(p—1)/p, 1] is such that Ao, = H,(S2),
then

0 <ulx) <Cs%x) Vx € Q. 4.1)

Proof. Let Xo € Q and G be the positive minimal Green function in 2 of the p-
Laplacian with pole at Xo. Recall that since €2 is of class CL7, then G is of class
C7 away from %o and up to 92, for some 7 € (0, ¥),and G(x) =0, VG(x) # 0
for all x € 9€2 by the Hopf lemma (see Section 2). Thus, G satisfies equality (3.6)
for all xo € 9. In particular, choosing « = (p — 1)/p in Lemma 3.1, we have that
G satisfies (3.4) with Ay =cp andc = 1.

Since 32 is compact, it follows that G ?~D/? is a supersolution to the equation
—Apv—(cp —&)L,v/8P = 0in arelative neighbourhood of 9K2. By passing to the
limit as £ — 0 and using definition (1.4), we get that A, - (£2) > ¢),.

On the other hand, since  is of class C!, any point at the boundary has a tan-
gent hyperplane, hence locally around any fixed point at the boundary it is possible
to apply the same argument of [24, Theorem 5] and conclude that A, »(£2) < c).

More precisely, let P € 92 be fixed and IT be the tangent hyperplane at 92
in P. We claim that condition (2.2) in [24, Theorem 5] is satisfied, that is, for all
x € 2 in a suitable neighborhood of P we have

|d(x, IT) — §(x)| < o(l)d(x, P) 4.2)
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where o(1) is a quantity which tends to zero as x — P. To prove (4.2) we argue
as follows. Since Q is of class C!, we can assume without loss of generality that
P = 0 (the origin of the coordinate system), IT = {x € R" : x, = 0} and that there
exists an open neighborhood U of P such that

@nU =[G x) eR": & e M la,bil, an <30 < 8],

for suitable real numbers a;, b;, where g is a function of class Cl(l'[;?;ll]ai, b;])
such that g(0) = 0 and Vg(0) = 0. Given x = (x,x,) € QNU, we setr, =
d(x, P) = |x| and Ly = sup,cp(; 2r,)ne | V&(Z)|. We note that L, is well-defined
for x sufficiently close to P and that §(x) = infyep(x,2r,)n d(x, (¥, g(y)). Thus,
for any y € B(x, 2ry) N Q2 we have

[Xn — g = [xn — g+ 1g(¥) = g(X)]
< [xn =8I+ Lilx — ¥
=+ Lydx, (5,80

hence

IXn —g() = (1 + L")yeB&,nzferd(x’ (.8 =0+ Ly)dx). (43)

It follows from (4.3) that

1Xn| < [xn — g+ 18| = (1 + Ly)8(x) + Li|x| < (1 + Lx)8(x) + Lad(x, P)

hence
|xn| —8(x) < Lyd(x) + Lyd(x, P) < 2L,d(x, P). 4.4)
On the other hand,
83(x) < |xn — g = [xn| + Lx|x| < [xn| + Lxd(x, P). 4.5)

In conclusion, combining (4.4) and (4.5) we get
[lxn| — 3(x))| < 2Lxd(x, P) (4.6)

where L, — 0 as x — P since Vg is continuous. Thus condition (4.2) is satisfied.

Now, condition (4.2) (together with the fact that a segment perpendicular to I1
is contained in €2, which is clearly satisfied in our case) is used in [24, Theorem 5]
to prove that for any open neighbourhood V of P and any ¢ > O there exists a
function ¢ € C°(V N Q) such that

Jo [Vel? dx

lol?
Q5 dx

<(A+e)cp+e)
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which allows us to conclude that the admissible numbers A in (1.4) satisfy A < (14
€)(cp +¢) for any & > O (recall the Allegretto-Piepenbrink theory mentioned at the
beginning of Section 2). Hence, A, oo (£2) < cp,. This proves that 1, o (2) = c¢),.

We assume now that H,(£2) < ¢, and prove the existence of a minimizer for

(1.2). First of all we note that since H,(£2) < A, 00(2), Lemma 2.3 implies that the
0_ _

positive function of minimal growth u € ./\/lQ’ {Z’)’ }(W " isan Agmon ground state.

We now prove that u € LP(2;877). Since Ay = ¢p ifa = (p — 1)/p and
H,(Q2) < cp,we can choose a>((p-1/p close~enough to(p—1)/psothat Ay >
H),(£2). Note that this choice of @ implies that G* € LP(£2,577). As above, using
(3.4) and the compactness of 92 it follows that the function G* is a supersolution
to the equation —A ,v — (A — €)Z,v/8” = 0 in a relative neighbourhood of 9<2.
Hence, in such a neighbourhood

(—Ap - Hp(sz)f—;’> G% > (—A,, —(Ag — 8)?—5) GY >0, 4.7

provided that ¢ > 0 is small enough to guarantee that H,(£2) < Az — ¢. Thus, G
is a positive supersolution to the equation —A v — H, p(Q)% = 0 in a relative
neighbourhood of 9€2. Therefore, the ground state u satisfies the condition 0 <
u < kG“ in a relative neighbourhood of 92 for a suitable positive constant k. This
implies that u € LP(2,577P).

We now prove that Vu € LP(€2). Note that since u < kG? in a relative
neighbourhood of 9€2, we have that u(x) — 0 as x — 9€2, hence u is continuous
up to the boundary of 2. Then we use a standard truncation argument as follows.
For any ¢ > 0 we consider the real-valued function F, defined on [0, oo[ by setting
Fo(x) =0if0 <x <¢/2,F;(x) =2x —¢eife/2 <x < ¢, Fe(x) =xifx > ¢.
Moreover, we set u, = F; o u. Since u, has compact support in €2, it can be used
as a test function in the weak formulation of the problem solved by u, namely

p—2
/|W|P 2VuVgdx = H (Q)/ de, 428)

where one can see by a standard approximation argument that it is possible to
choose not only test functions ¢ € CZ°(£2) but also functions in wbhr(Q) with
compact support. Plugging u, in (4.8) we get

/ |Vu|pdx+2/ |Vu|?P dx
{xeQ: u(x)>e} {xeQ: e/2<u(x)<e}

|u|l’*2uu8 4.9)
= HP(Q)/ ——dx
Q a7
which in particular yields
p—2
/ \VulP dx < H (Q)/ de. (4.10)
{xeQ: u(x)>e}
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Finally, passing to the limit in (4.10) as ¢ — 0, we get that
|ul?
[VulP dx < Hy(Q) [ —dx < o0 4.11)
Q o 67

as required. Thus u € WO1 P () since the Sobolev norm of u is finite and u vanishes
at the boundary of 2.

In order to prove estimate (4.1) we proceed as follows. Let o be as in the
statement and let § € (0, 1) be such that « < 8 < « + y. Then we can apply
Lemma 3.4 and conclude that in a suitable relative neighbourhood of 9<2

(—Ap - H,,(Q)?—ﬁ) (G* - GP) = (—A,, - xaf—;’) (G* —GPy>0. (4.12)

Thus G* — G* is a positive supersolution to the equation —A pV—H p(Q)% =0
in a relative neighbourhood of 9€2. Since u is a positive solution of minimal growth
in a neighbourhood of infinity in €2, it follows that u satisfies u < C(G% — GP ) in
a relative neighbourhood of 02 for a suitable positive constant C. Since G(x) is

asymptotic to §(x) as x — 02, we deduce the validity of (4.1). U

Remark 4.2. In the proof of Theorem 4.1, the assumption € C!¥ was used in a
substantial way only to prove the validity of (4.1), and to establish the upper bound
Ap,oo(£2) < cp. Note that A, o(£2) < ¢, holds provided there exists one point
z € 92 which admits a tangent hyperplane in the sense of [24, Theorem 5].

On the other hand, the proof of inequality A, ~(£2) > ¢, and the proof of the
existence of a minimizer in WO1 "7 () under the condition H »(2) < cp,rely only on
the assumption that € is of class C'! and on the existence of a p-harmonic function u
defined in a relative neighbourhood of 9<2 such that u(x) = 0 and Vu(x) # 0 for all
x € 0R2. Under these weaker assumptions, it was also proved that a slightly weaker
estimate holds for the positive minimizer u. Namely, estimate (4.1) holds with the
power « replaced by any power & smaller than «. We recall in particular that the
condition Vu(x) # 0 for all x € 9€2 is guaranteed by the Hopf lemma which holds
under weaker assumptions on 9€2, for example under the assumption that €2 is of
class C1-Pini gee [26]. Recall also that the Hopf lemma does not hold in general
under the sole assumption that €2 is of class C I see e.g., [20, Subsection 3.2].

Following the observations of the previous remark, we can state the following
variant of the previous theorem.

Theorem 4.3. Let Q be a bounded domain in R" of class C' such that the Hopf
lemma holds for the p-Laplacian (namely, any positive p-harmonic function u de-
fined in a relative neighbourhood of 92 such that u = 0 on 9S2 satisfies Vu(x) # 0
SJorall x € 32). Then A, 5o (82) > cp. Moreover, if H,(2) < c),, then there exists
a positive minimizer u € Wol’p(Q) for (1.2). In particular, ifx € 1(p — 1)/p, 1] is
such that Ly = H),(2), then for any & > 0 there exists C; > 0 such that

0 <u(x) <Cg8* %(x) Vx € Q.
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We can also consider the case of exterior domains. Recall that c* = |2 ;" |? and

Cp,n = min{c, ¢, o 1. It is well known that if p = n, then HP(Q) =Ap,0o(2) =0
[24]. Therefore, in the following theorem we consider the case p # n.

Theorem 4.4. Let Q be an unbounded domain in R" with nonempty compact
boundary of class C7 with v €10, 1], and let p £ n. Then X oo (2) = cp .

Moreover, if Hy(2) < cp n, then there exists a positive minimizer u € wtp ()
for (1.2). Finally, let «, 001 €](p — 1)/p, 1[ and oy €10, (p — 1)/ pl[ be such that
ha = Hp(R2), Aoy = Aoy, = |(p — 1)/(p — n)|PHp(2). Then there exists C > 0,
an open neighbourhood U of 92, and M > 0 such that u satisfies the following
estimates:

1) 0 <u(x) <C8%x) forallx € QOU
oy (
@) If p <n,then0 < u(x) < C|x| Ppl forall |x| > M;

2(p—n)

@) If p > n, then 0 < u(x) <C|x| an forall |x| > M.

Proof. Let Xo € @ and let G be a positive function defined on  which coincides
in a relative neighbourhood of 92 with the positive minimal Green function in €2 of

the p-Laplacian with pole at X, and such that G(x) = |x| = for all x in a neigh-
bourhood of co (note that the specific definition of G outside such neighbourhoods
is irrelevant here).

Since G satisfies (3.6) for all xg € 92, we can apply the same argument as in
the proof of Theorem 4.1 to conclude that for any & € (0, 1) and ¢ > O sufficiently
small the function G is a positive supersolution to the equation

—Apv— Ay —8)ZLHv/87 =0 (4.13)

in a neighbourhood of 9€2.

We note now that A, G = 0 also in a neighbourhood of oo and that G satisfies
(3.3) with xg = coand ¢ = |p — n|/(p — 1). Thus, by (3.4) it follows that for any
a € (0,1) and ¢ > O sufficiently small the function G* is a supersolution to the

equation
_nlP T
—Apv—(‘p ; ka—s) % (4.14)
p [—

6P
in a neighbourhood of co.

)4
;;_'1’ Ao = Ch -
Thus, choosing &« = (p — 1)/p and looking at the equations (4.13) and (4.14) we
immediately see that for any & > 0 sufficiently small the function G»~1D/? is a su-
persolution of equation —A ,v — (¢p,» —€)Z,v/8” = 0 in a relative neighbourhood
of 9Q2U{oo}. Thus, passing to the limit as & — 0 we conclude that A, o (£2) > ¢p 5.

As in the proof of Theorem 4.1, we can use the argument of [24, Theorem 5]
in a relative neighbourhood of any point of 9€2 to prove that A, »c < ¢,. Moreover,
by [24, Example 2] it also follows that A, o (2) < C;;’p. S0, Ap.0o(2) < cpon.
Thus, A 0 (2) = cpu.

Recall that for @ = (p — 1)/p we have A, = c), hence ‘
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Assume now that H),(2) < cp,,.We need to prove the existence of a minimizer
for (1.2). As in the proof of Theorem 4.1, since H,,(2) < Ap »(€2), by Lemma 2.3

. . . .. o -p
it follows that the positive function of minimal growth u € M, {1;(’; }(9)8 is an

Agmon ground state. Arguing as in the proof of Theorem 4.1 we ch(;qse Be(x1)
such that 8 < a + 7 where 7 € (0, y) is such that G is of class C!7 in a relative
neighbourhood of 9€2. Exactly as in the proof of Theorem 4.1, it turns out that
G* — GP* is a positive supersolution to the equation —Apv — Hp(Q)% = 0in
a relative neighbourhood of 9€2. Hence, the Agmon ground state u satisfies the
condition u < C(G* — G#) in a relative neighbourhood of 32 which provides the
validity of the estimate in statement (i) for the function u.

In order to analyze the behaviour of u at co, we use Lemma 3.5. We consider
firstthe case p <n.Let B € (0,1)besucha; < 8 <a;+(p—1)/(n — p). Then
by Lemma 3.5 we have

_ p
PN 1,6 — GPyJsP = Hy(T,(GM — GP)/sP

—1

—A (G — GP) > 1y,

in a neighbourhood of 0o, which means that G* — G? is a supersolution. Thus
u satisfies the condition u(x) < C(G*' — G*), which implies that u satisfies the
estimate in statement (ii) in a neighbourhood of co (note that for p < n,G(x) - 0
as |x| — 00, hence the leading term in G¥' — GP is given by G*1).

As far as the case p > n we argue in the same way. We consider 8 € (0, 1)
such that 0 < 8 < a; and we get that G*2 — G* is a supersolution in a neighbour-
hood of co. Thus the Agmon ground state u satisfies the estimate in statement (iii)
in a neighbourhood of oo (note that for p > n, G(x) — oo as |x| — oo, hence the
leading term in G*2 — G# is given by G*2).

In conclusion, we have proved that u satisfies the appropriate estimates in state-
ments (i), (ii), (iii). This implies that u € L?($2; 7).

It remains to prove that Vu € LP(€2). We can apply the same argument used
in the proof of Theorem 4.1 to conclude that Vu € LP(U), where U is a relative

neighbourhood of 9€2. On the other hand, since the operator —A ), — %I p has
a Fuchsian type singularity at infinity, it follows from [19, Lemma 2.6] that there
exists rg > 0 such that

[Vu(x)| < Cu|(7x|) for all |x| > rp. (4.15)

Since u € LP(2; 7 P), it follows from (4.15) that Vu € LP(Q2). O

5. Lower bounds and non-existence of minimizers

In the present section we prove that the existence of a minimizer to the variational
problem implies the existence of a spectral gap (equivalently, the absence of a spec-
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tral gap implies the non-existence of minimizers). In the case of a bounded do-
main, the proof is based on a construction of a suitable subsolution for the equa-
tion —A,v — ¢,6 PZ,v = 0 and a comparison principle proved in [25, Propo-
sition 3.1]. In the case of unbounded domains, the proof is also based on the
use of positive solutions of minimal growth at infinity for equations of the type
—Apv — Alx[7PZyv =0.

Theorem 5.1. Let Q be a bounded domain in R" of class C'Y with y €]0, 1] and
fix0 < A < Hy(RQ). Leta € [(p — 1)/p, 1) be such that .o, = A, and let U be

an open neighbourhood of Q2. If u € C(QNU \ 9R) is a positive solution of the
equation

A
—Apv—(s—pIpv=0 5.1
in QNU, then there exists a constant C > 0 such that
S(xX)* <Cu(x) in QNU. (5.2)
Hence, if u is a minimizer in (1.2), then H,(2) < cj.

Proof. Let xg € 2 be fixed, and let G be the positive minimal Green function in
Q for the p-Laplacian with pole at x¢, and note that G vanishes at d€2. Recall that
since Q is of class C7, by standard regularity theory there exists an open neigh-
bourhood Uy of Q and 7 €]0, y] such that G is of class C'7 (@ N Up). Moreover,
since € is of class C17, the Hopf lemma holds, and hence, VG (x) # 0 for all
x €dQ.Fix g e (0,1)suchthatoe < 8 < (p—1)/p + y. In light of Lemma 3.4,
there exist ¢ > 0 and an open neighbourhood U C Uy of 92 such that for all
o <& < a+e < B, the function v := G¥ + GP satisfies —Apv < ;—ﬁIpv in
QN U. Hence,

A
—Apvfa—ZIpv inQNU.

Let C be a positive constant such that v < Cu on Q2 N U for all & € (0, 1) suffi-
ciently close to «. Then by the comparison principle proved in [25, Proposition 3.1],
we can conclude that

v<Cu, NnQNU (5.3)
provided
o1 volP7t vy P!
liminf — v | — + | — dx =0, 54
r—0 r ; v u

where D, = {x € Q : r/2 < §(x) < r}. Since @ > (p — 1)/p, condition (5.4)
can lge verified exactly as in the proof of [25, Lemma 5.1], where v is replaced
by 8% + 8P for this purpose, note in particular that G (x) is asymptotic to §(x)
as x — 0% and that [25, Proposition 2.1 (ii)] holds true also in the case of C Ly
domains (and actually also in the case of C%! domains) as it can be easily verified.
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Since the constant C in (5.3) does not depend on & for & close enough to «, it
follows that
G* <Cu

in a relative neighbourhood of 9€2, by which we can immediately deduce (5.2) (here
one should take C sufficiently large in order to control the function G* not only in a
small relative neighbourhood of d€2 but also in the whole of QNU). If H,(2) = ¢,
then « = (p — 1)/p. Therefore, (5.2) clearly implies that u ¢ Wol’p (2), hence u
cannot be a minimizer. O

Combining the results of Lemma 3.4 and Theorem 5.1 we obtain the following
tight upper and lower bounds for positive solutions of minimal growth near 9<2.

Corollary 5.2. Let Q be a bounded domain in R" of class C'Y with y €]0, 1] and
fix0 < A <cp. Leta € [(p — 1)/p, 1) be such that .y, = X, and let U be an

open neighbourhood of 3Q2. Let u € C(QNU \ 9R) be a positive solution of the
equation

A .
—Apv—g—pfpvzo in QNU 5.5)

of minimal growth in a neighbourhood of infinity in Q2.
Then there exists a constant C > 0 such that

C8()* <u(x) <Cs(x)*  in QNU. (5.6)

Remark 5.3. In the limiting case A = 0, and under the mild regularity assumptions
of Lemma 3.2, one obtains from estimate (3.8) that (5.6) holds with the limiting ex-
ponent o = 1. This gives a strong indication to our feeling that in general, estimate
(5.6) does not hold if the bounded domain €2 is merely in the C! class. Indeed,
note that (5.6) does not hold in the class of bounded Lipschitz domains. Indeed, for
n =2, p =2,) =0 one can take the Lipschitz domain Q =]0, 1[x]0, 1[, and note
that the function u(x, y) = xy is a harmonic function of minimal growth near (0, 0)
that does not satisfy estimate (5.6) with o« = 1. For other examples concerning the
case of a general conic point, p =2 and 0 < A < ¢;, see [17].

Next, we prove that for a C 1.7 _exterior domain, the existence of a minimizer to the
variational problem implies the existence of a spectral gap.

Theorem 5.4. Assume that Q2 is an unbounded domain in R" with nonempty com-
pact boundary of class CYY with y €10,1]. Fix p # nand 0 < A < H,(S2).
Let a,a1 € [(p — 1)/p,1[ and ap €10, (p — 1)/p] be such that » = Ay =
(p = DaP~' (1 = @), hay = oy = |(p — D/ (p — m)|PA.

If u is a positive solution of the equation (5.1), then there exists C > 0, an open
neighbourhood U of 92 and M > 0 such that u satisfies the following estimates:

() u(x) = Cé%x) forallx e QNU;
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1(p—n)

@) If p <n,thenu(x) > Clx| P~ forall |x| > M;

2(p—n)

(i) If p > n,thenu(x) > Cl|x| »~U forall |x| > M.
Hence, if u is a minimizer for (1.2), then H,(2) < cp 5.

Proof. Without loss of generality, we may assume that 0 € R” \ Q, and let R > 0
be such that R" \ & C B(0, R). Recall that by Theorem 4.4, H,(2) < c¢p .

Let u be any positive solution of the equation (5.1). Since H,(2) < ¢y n < cp,
estimate (i) follows from the proof of Theorem 5.1.

On the other hand, forany 0 < u < c;,n consider the equation

"
—APU — WIPU =0 (57)

in R"\ {0}. Then v, (x) := |x|AY is a positive solution of (5.7) of minimal growth
near oo, where B(u) < (p —n)/p is the larger (respectively, smaller) root if p < n
(respectively, if p > n) of the transcendental equation

—BIBIPHB(p — 1) +n— pl = p,

see, [18, Example 1.1]. Note that 8(u) = (p — n)/p if and only if u = c;’n. Note
also that B(u) = a(u)(p —n)/(p — 1) where a () is the is the larger (respectively,
smaller) positive real number such that Aoy = [(p — D/(p —m)IPuif p < n
(respectively, if p > n).

Take, u = A. Then u is a positive supersolution of (5.7) in R” \ B(0, R) since
u is a solution of (5.1) and 8(x) < |x| for all x € R" \ B(0, R). Therefore, there
exists a positive constant ¢ such that c|x [P < y(x) inR" \ B(0, R), and we obtain
estimate (ii) if p < n and (iii) if p > n.

Estimates (i)-(iii) for u clearly imply that if A = H,(2) = cj ,, then any
positive solution u satisfies u ¢ Wol’p (£2), and therefore, the variational problem
does not admit a minimizer. O

Finally, by combining the results of Lemma 3.5, Corollary 5.2, and Theo-
rem 5.4, we obtain for C'!-Y -exterior domains €2 tight upper and lower bounds for
positive solutions of minimal growth in a neighbourhood of infinity in €2, that is, a
neighbourhood of 92 U {oo}.

Corollary 5.5. Let Q be an unbounded domain in R" with nonempty compact
boundary of class C'Y withy €10, 1], andfix p # nand0 < A < Cpn-Leto, o €
[((p—1)/p,1[and ay €10, (p—1)/p] be such that . =,y = (p — Da?~ (1 —a),
Aay = ray = [(p = 1)/(p —n)|PA. If u is a positive solution of the equation (5.1)
of minimal growth in a neighbourhood of infinity in 2, then there exists C > 0,
an open neighbourhood U of 02 and M > 0 such that u satisfies the following
estimates:

() C18%(x) <u(x) < C8%(x) forallx e QNU;
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ay(p—n) (p—n

@) If p <n,then C~ Ux| 77T <u(x) < Clx]| forall |x| > M;
ap(p—n) (p—'l

(iii) If p > n, then C~ Lx| 77T <ux) < Clx]| forall |x| > M.
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