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A sufficient condition for the continuity
of solutions to a logarithmic diffusion equation

NAIAN L1AO

Abstract. This note gives a first sufficient condition that ensures a non-negative,
locally bounded, local solution to a logarithmically singular parabolic equation is
continuous at a vanishing point and an estimate of the modulus of continuity is
given. Moreover, an estimate of the Hausdorff measure of the set of discontinuity
is established.

Mathematics Subject Classification (2010): 35K67 (primary); 35B65, 35B45
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1. Introduction and main results

Let E be an open set in RN. For T > 0, let E7 denote the cylindrical domain
E x (0, T]. Consider the quasi-linear, parabolic differential equation

uy —Alnu =0 weaklyin Er. (1.1)

1

This equation is singular since its modulus of ellipticity u=™ — oo asu — 0. A

non-negative function u satisfying

we Coe (0,75 13e(E)) . Inue L (0.7: W2(E))

loc loc

is called a local, weak sub(super)-solution to (1.1) if for every compact set K C E
and every sub-interval [¢1, 2] C (0, T']

1% o) Du
/ updx —l—/ / (— up; + —D(p)dxdt < (>0
K | 1 K u
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for all non-negative testing functions
0 €Wyl (0’ T, LQ(K)> N Lp, (0, T; W(}’Z(K)) .

A function u that is both a local, weak sub-solution and a local, weak super-solution
is a local, weak solution.

For p > 0 we denote by K, (y) the cube centered at y with side length p. If
y =0 weuse K,. For 6 > 0 introduce the cylinder with “vertex” at (0, 0)

0,(0) = K, x (—6p?,0].

If & = 1 we use Q,. Also a cylinder with “vertex” at (y, s) is

(0, 8) + 0, (0) = K, (y) x (s — 0p%, s].

Assume u is a locally bounded, local solution. Let us suppose p > 0 is so small that
the cylinder (y, s) + Q, C E7. Up to a translation we may assume (y, s) = (0, 0)
and let
w = ess0sC U.
p

Without loss of generality we assume @ < 1 such that

Qp(w) C Qp and essoscu < w.
p(w)

Suppose in addition to the notion of solution that

N+2
5

Note that when N = 1 the integrability condition (1.2) is inherent in the notion
of solution while in other cases it has to be imposed. Accordingly we define the

quantity
1
p
Ipp(y,s) = ,0<]6[ |DInu|? dxdt)
(:9)+0Qp

and I, , = I, ,(0,0). Then we have the following main theorem.

DlnuelL?

loc

(Er) forsome p > (1.2)

Theorem 1.1. Let u be a non-negative, locally bounded, _local solution to (1.1)
and assume (1.2) is satisfied. Then there exist constants C > 1 and o € (0, 1)
depending only on N, such that for any u € (0, 1) and0 <r < p < R, we have

} F O\ (1=
essoscu < Clw| — +1 _
0@ [ <R0> PR M"‘]

In particular, the solution u is continuous at the origin provided

limsup 7, , = 0. (1.3)

r—0
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Remark 1.2. Strictly speaking, we need the convention that the function p — I, ,
is non-decreasing. In order to realize that, we need only to replace I, , by

def
Iy, = sup Iy,
O<r<p

in Theorem 1.1
Remark 1.3. For L > 0,7 > 0 and N > 3, the explicit solution

2N —2)(T — )72
u(x,r) = 5
Mt (T — )7 |x |2

(14)

is continuous up to its extinction time 7. One verifies that when A > 0 and for any
fixed x,, there is a positive constant C (x,, A, N, p) such that

4
Iy (%0, T) <Cr@22 50 asr — 0.

When A = 0, (1.4) gives an unbounded solution which, in particular, is discontin-
uous at x = 0. Condition (1.3) is verified everywhere except for x = 0. A direct
calculation shows that

N+2

<p<N.

loc

DlnuelL? (RN X (—00, T]) for any

Furthermore, there exists some positive constant C (N, p) such that forevery t < T
C(N, N+2 N
1,,0,1) = { (N,p) S5=<p<
00 p=>N.

Hence the condition (1.2) alone is not sufficient to ensure continuity.

Now define the set S C E7 to consist of all discontinuous points of a local
solution u and

1

S, = (y,s)eET:limsupif/‘ |IDInu|?dxdt >0¢.
¢ { p—0 :0N+2_p (:9)+Qp

As a direct consequence of Theorem 1.1 it is straightforward to see that S C S,.
Moreover we are going to obtain an estimate of the Hausdorff measure of the set S,,.

The parabolic Hausdorff measure Py, is defined in a way similar to the usual
Hausdorff measure 7 but using the parabolic metric on RV x R. For any set
U c RN x R and k > 0 we define

Pr(U) = algrép,fw),
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where
o0
Po) =inf ) rf: U |l ) + Qnl. ri < 5}.

i=1

P so defined is an outer measure whose o -algebra contains all Borel sets of RY x
R (Chapter 2, [10]). Comparing with the Lebesgue measure £V+! in RN *!, the
parabolic Hausdorff measure is a more suitable measure to quantify the size of the
discontinuity set S. Also, it should be pointed out that the parabolic Hausdorff
measure dominates the usual Hausdorff measure in the sense that there is some
constant C (N, k) such that for any subset U of RV x R one has

Hi(U) < CP(U).

Regarding the Hausdorff measure of the discontinuity set we have the following
consequence of Theorem 1.1.

Theorem 1.4. Let u be a non-negative, locally bounded, local solution to (1.1) and
assume (1.2) is satisfied. Then we have

Pny2—p(S) =0, N>1 and
P1(S) =0, N=1.

Remark 1.5. When N = 1 the possible discontinuous points of a non-negative,
locally bounded, local solution to (1.1) cannot occupy a line in R?. Generally one
gets less discontinuity as the L? integrability of D Inu increases and eventually, the
solution is continuous at every point if one has p > N + 2.

1.1. Novelty and significance

Equation (1.1) describes the evolution of the Ricci flow for complete R? [18]. It
also arises from modeling the thickness of a viscous liquid thin film that lies on a
rigid plate under the influence of the van der Waals force [17].

Physical and geometric motivations of (1.1) make sense mainly for N = 2, but
the problem is intriguing in the effort to shed light on the structural properties of
singular diffusion equations.

Questions concerning both existence and non-existence of solutions to the
Cauchy problem of (1.1) and its related elliptic equation are investigated in [1,2,4,
5,11,12,16] (just mention few).

The study of local behavior of local solutions to (1.1) has been initiated in [6,7].
Equation (1.1) can be viewed as a formal limit of the porous medium equation

u, —divw" 'Du) =0 asm — 0.
A proof of Holder continuity for non-negative, locally bounded, local solutions to

the porous medium equation can be found in Appendix B of [9]. However, the
local behavior of local solutions to (1.1) presents many striking differences from
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that of local solutions to the porous medium equation. See [14] for more detailed
discussion.
It was shown in [6] that if one assumes that

N
u € Ly (Er) forsome r > max {1, ?} ,

then u is locally bounded. If in addition one assumes that

Inu € Ly, (0, T; Lf;c(E)> forsome p > N +2,
then a Harnack-type inequality is established and thus, if the solution does not van-
ish identically on a hyperplane normal to the time axis, then the equation (1.1) is
neither degenerate nor singular in a backward cylinder with its vertex on the hy-
perplane. As a result u is a classical solution in such a cylinder by the classical
parabolic theory (see [13]). In fact, it is shown in [8] that under such circumstances
the solution is analytic in space variables while infinitely differentiable in time.

Nevertheless, these results do not explain why some explicit solutions, (1.4)
for example, could be continuous up to their extinction time. Theorem 1.1 gives
a first sufficient condition that ensures continuity at a vanishing point of u, and an
explicit estimate of the modulus of continuity is given. Moreover, we establish in
Theorem 1.4 an estimate on the Hausdorff measure of the set of discontinuity of u.

This effort being made, it is interesting to ask whether the higher integrability
conditon (1.2) of DInu for N > 1 can be obtained from the notion of solution
and whether the condition (1.3) is necessary for a point to be a continuity point of
u. Last but not least, can we construct an explicit bounded solution with disconti-
nuity? When N = 1, a solution discontinuous on a line segment was constructed
in [15]. However, the notion of solution used seems different from this note, since
our results indicate such a phenomenon is not allowed for our solutions.

ACKNOWLEDGEMENTS. This paper was finalized during my visit to Vanderbilt
University in November 2016. I am grateful for many helpful discussions with Pro-
fessor Emmanuele DiBenedetto and Professor Ugo Gianazza. Professor Gianazza
also read carefully an early version of this paper and came up with a lot of valuable
comments. I am really indebted to both of them.

2. Proof of Theorem 1.4 assuming Theorem 1.1

The proof of Theorem 1.4 is based on the following
Proposition 2.1. Let f € LIIOC(RN 1), suppose 0 < d < N + 2 and define

1
A= 0e9 e B stimsup - ([ yfiavar = of.
p—0 P (,9)+0p
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Then
Pa(Ag) =0.

Proof. This is a parabolic counterpart of a similar result shown in [10, Section
2.4.3]. We include the proof here for the reader’s convenience. We may assume
f e LY (RN, First, we use the Lebesgue Differentiation Theorem [10, Section
1.7.1] to obtain that

1

tim [ fldrdr =0 with (5,94 @y = Ko) x 6 =4 5 0%)
,9)+Q,

p—0 0
for LN*1ae. (y,s),since 0 < d < N + 2. Hence
LN Ay) =0.

Next, by the absolute continuity of the Lebesgue integral, for any o > 0 there exists
n > 0, such that

LNTYU) < implies // | fldxdt < o.
U

Define

1
AG = (y,s)eRN+1:limsup—d// |fldxdt > €},
p—0 P .$)+9Qp

which has zero £V 1! measure by the preceding. Therefore there exists an open set
U such that AZ c U, LNt (U) < n. Now, fix § > 0 and set a family of parabolic
cylinders

.7::{(y,s)—i—Qp:(y,s)6A2,0<p<8,(y,s)+QpCU,

1
_d// |f|dxdt>e}.
o (yw“)‘i‘Qp

By the Vitali covering theorem [10, Section 1.5.1], there exist countable disjoint
cylinders {Q; = (i, si) + Qp,;}72, in F such that

o0
Ay C U Q;, where Q; = (yi,s:)+ Qsp;-
i=1
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As aresult,

PIo(AY < (10p)*
i=1
d oo
=2 [ i1avar
i=1

104
f | f| dxdt

10d
—0.
€

| /\

IA

By letting 6 — 0, and then ¢ — 0, we obtain
Pa(Ay) =0.
Now we are ready to present
Proof of Theorem 1.4. When N > 1, since we assume

N+2
2 b

Dlnu e L? (Er) for some p >

loc

a straightforward application of Proposition 2.1 yields the desired conclusion.

When N = 1, the notion of solution gives
Dlnu € Lloc(ET)

and by the Holder inequality with p < 2

1
[3_ // |Dlnu|pdxdt} 5[ // |D1nu|2dxdt].
'0 P Qﬂ Qp

Thus

C {(y,s) € Er : limsup — // |Dlnu| dxdt >0
p—0 P JJ(y.9H+0,

and again by Proposition 2.1 we obtain
P1(S,) =0.
This finishes the proof.

The rest of the note is devoted to proving Theorem 1.1.

1167
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3. Some preliminary estimates

3.1. Energy estimates

Proposition 3.1. Let u be a local, weak super-solution to (1.1). Then there is a pos-
itive constant y depending only on N such that for every cylinder (y, s)+ Q,(0) C
Er, every k € R, and every non-negative, piecewise smooth cutoff function ¢
vanishing on 0K, (y),

1
esssup — / (u—k2c2dx +k~! // |D[(u — k)_Z1|*> dxdt
s—0p2<t<s 2 JK () (7.9)+0,(6)

1
< —/ (u— k)% (x, s — 0p%) dx
K,(y)

+f/ (u — k)2 ¢|¢;| dxdt

(y,$)+0,(6)

+k—1// (u — k)2 |D¢|? dxdt
.$)+0,()

+2// |DInul(u — k)_|D¢|¢ dxdt.
(3,940, (6)

Proof. We may assume (y, s) = (0, 0). In the weak formulation for super-solutions
to (1.1), we take the test function

o =—(u—k-¢
over the cylinder
Q; =K, x (=0p>,1] for e (—0p> 0],

modulo a standard Steklov averaging process. This gives
— f/ ue(u —k)_¢*dxdr — / 2DInuD(u — k)_ dxdt
Ql‘ Qt

5// 20(u —k)_DInuD¢ dxdr.
o

The first term on the left-hand side is estimated by

— // ur(u —k)_¢*dxdr
1

> - (u—k)z_qz(x,ndx—lf (u — k)* % (x, —0p?) dx
2 Jk, 2 Jx,

_ /f (- k2120 dxdr,
0,(0)
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while the second term is estimated by
—/ 2DInuD(u — k)_ dxdt > k™! // |D(u — k)_|*¢* dxdr.
O 0 (0)
Next the term on the right side is
// 20(u —k)_DInuD¢ dxdt < 2// |IDInu|(u — k)_|D¢|¢ dxdt
t 0,(0)

Combining all these estimates yields the conclusion. O

Proposition 3.2. Let u be a local, weak sub-solution to (1.1) in Er. There exists
a positive constant y = y(N), such that for every cylinder (y,s) + Q,(0) C
Er, every k € Ry, and every non-negative, piecewise smooth cutoff function ¢
vanishing on 0K, (y),

ess sup / (u—k)i{z(x,t)dx
s—9p2<t§s K, (y)

— / (u — k)22 (x, s — 0p?)dx
Ky (y)

_ 2
. // Dl =k G
(,$)+0,(0) u

<y / / (u — k). 1¢/dxdt
(7.:5)+0,(6)
— k)2
n y// W= bR,
.$)+0,() u

Proof. After a translation may assume (y, s) = (0, 0). Take the test function ¢ =
(u — k);¢? over Q, modulo a standard Steklov averaging process, and perform
standard calculations. The various integrals are extended over the set [# > k] and
since k > 0, they are all well defined. O

3.2. A logarithmic estimate for sub-solutions

Introduce the logarithmic function

Y(u) =In* [ " ] (3.2)
H—-—u—-k4+c

where
H = esssup (u—k);, 0 <c<min{l; H},
.5)+0,(0)
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and for s > 0
In* s = max{lns; 0}.

In the cylinder (y, s)+Q,(0) take a non-negative, piecewise smooth cutoff function
¢ independent of 7.

Proposition 3.3. Let u be a non-negative, locally bounded, local, weak sub-solution
to equation (1.1) in E7. There exists a constant y, depending only on N, such that
for every cylinder

(y,8)+ 0,0 C Er

and for every level k > 0 we have

ess sup f V2w (x, )2 (x)dx
s—0p2<t<s J Kp(y) w (33)
5/ W2y (x, s — 0p2)2(x)dx + y / v D¢ |*dxdt.

Kp () (1.9)+0,0) U

Proof. Take (y,s) = (0,0) and work within the cylinder Q; introduced before in
the energy estimates. In the weak formulation of (1.1) take the testing function

0
¢ = [1/f w]e* =299'c>.
By direct calculation

[v2w)] =201+ v)¥? e LU(ET)

which implies that such ¢ is an admissible testing function, modulo a Steklov aver-
aging process. Since ¥ (1) vanishes on the set where (v — k)4 = 0, we have

f/ w927 dxdT = f V2, 03 dx — f 2 (x, —007)¢ .
O K, K,

As for the remaining term

Du
f/ — - Dodxdt

/<1+w>w’2' ¢2dxdr — // Pl e\ dxdr

// (1+¢)¢’2| uf? CZdxdt — // ¢|D§|2dxdt

Collecting these estimates establishes the proposition. O
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4. De Giorgi-type lemmas

For a cylinder (y, s) + Q2,(0) C E7 denote by 4+ and @, numbers satisfying

U4 > esssup u, u— < essinf u, W=y — U_.
(,5)+02,(©) (r,9)+0Q2,(6)

Denote by £ and a fixed numbers in (0, 1).

Lemma 4.1. Let u be a non-negative, locally bounded, local, weak super-solution
to (1.1). Then there is a constant v_ depending on the data and 0, &, w, a, such
that if
fu < pu— + &0l N[(y,s) + 02p(O)]] < v_|0250)],
then either
o < Ip,p(y’ s),

or
u>pu_+akw ae. in(y,s)+ Q,(©0).

Proof. We may take (y, s) = (0, 0). Set
0
z_nv
Consider a non-negative, piecewise smooth cutoff function on Q, of the form
$(x, 1) = £1(x)82(1), where

Pn=p+ Ky, = Kp,, anKnX(_epyZ,,O]~

1 in KVH—] 1 2n+1
1= D¢ | < =

0 in RN — K, Pn — Pn+1 Y

0 for t < —9,0,% 1 92(n+1)
b = 0<, < 3 = 3

1 for 1 > —6p5,, (o7 = Pyy1) op

Now apply the energy estimate to (# — k,,)— in the cylinder Q,, with
l1—a
ky =p_+adso+ 2—n§a)
to obtain

esssup | (u—kn)2 22 (x,0)dx + u—iisw /f |D[(u — ky)_C1|* dxdt

—0p2<t<0J Ky
<4n//( ko2 dxdt + al / (u — kp)? dxdt
u — X _— u — X
o2 )lo, T (u™ +agw)p? JJo, T
MEéw _1
T P Wl
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where

1
M= (f/ |Dlnu|pdxdt)p.
0,

Let A, = [u < k] N Q. By the standard parabolic embedding theorem (Proposi-
tion 3.1, Chapter 1 of [3]), we obtain

1—a 2
Wgw | Apt1l
5/[ (u — k)2 ¢ dxdr
On
N
N+2

5(/ [(u—kn>_c]2N~”dxdt) | Ay | W52
On

< (f/ Dl —kn)_f;]ﬁdxdr)

2.2 o 2
x( ess sup / (w —kp)=¢ (x,t)dx) |Ap| N2
Ky

—0p2<t<0

< 4" AV (e + Ew) V2

1 1 (Ew)? Méw -1
|G T S

Setting
A4l
ST
we have
42n Es) 0 e 2
Y, < y n—+tw +y, YHN”
=1 a2 0 \u_ +atw "
N
+Ip_,p pu—+éw N+2Y;_%+NL+2
Ew 0
where
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Suppose I, , < §w; we have

N 2
y42n U_ + Ew\ V2 0 LE= I
Yor1 < _ Y
n+l = (1—a)2|:< 0 + Vo h_ +atw n
where
5 2 1 0
= ——— >
N+2 p

It follows from [3, Lemma 4.1, Chapter 1] that Y;, tend to O provided

1 _1
v, <v 416 2, 4.1

where ,

4 M—+$wNL+2 0 N2
A‘(l—aﬂ[( 6 ) +y0(u—+a$w> ]

This finishes the proof. 0

Some remarks are in order.

Remark 4.2. Without loss of generality, we may assume that y_ < %E . In such
a case the quantity A above reduces to

_ v gy (o)
A‘(l—aﬂ[(e) +<asw) ]

Remark 4.3. The either-or conclusion is necessary. Without éw > I, ,(y,s), in
general one cannot obtain

u>pu_+akw ae.in(y,s)+ Q,(0).
See [14, Remark C.1 in Appendix C].

Lemma 4.4. Let u be a non-negative, locally bounded, local, weak sub-solution to
equation (1.1), in ET. Assume that

1
b+1

0> ——uy, 42)

for some positive parameter b to be chosen later. There exists a positive number
V4, depending upon w, 0, &, a and N, such that if

[ = py =50l N [(y,8) + Q2o (O)]] < v4]Q25(0)]

then
u=<py—akw ae.in (y,s)+ Q,(0).
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Proof. Assume (y,s) = (0,0) and forn =0, 1, ... set

pn=p+2_n K, =K,,, On =K, X (_przl]-
Let ¢ be a non-negative, piecewise smooth cutoff function on Q,, defined as in the
previous lemma. Introduce the sequence of truncating levels
—a
2n

. 1
kn = uy — & with &y =aé + £,

and write down the energy estimates (3.1) over the cylinder Q,, for the truncated
function (# — k; ). Taking also into account (4.2), this gives

|DI(u — kn)+¢11?

u

dxdt

esssup [ (u —kq)ie%(x, t)dx + //
K, n

—0p2<t<0

= V 2 (‘Sw) // 1— 5)0) )X[u>kn]dXdT

_y—(s > + 2l > kil 0 Q.

(%‘)(

To estimate below the second integral on the left-hand side, take into account that
u < 4 and (4.2). This gives

|DL(u — kn) 12117 1 2
/fn » dxdt > m/fﬂ ID[(M —kn)+§]| dxdrt.

Setting

| Anl

=[u>k,JNQ, and Y, = ,
| Onl

and combining these estimates gives

ess sup f ( — k)2 8%(x, 1)dx

—0p2<t<0

—1 2
ERUEES //Q | DI = kn) 11" dxd 43)

22n (é—a))Z w
— ) 1A,].
syp 15 ( + )I |
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Apply Holder’s inequality and the embedding [3, Proposition 3.1 in Chapter 1], and
recall that { = 1 on Q,41,to get

1—a\2
(Gt) €Pawnl = [[ - w—k2dwar
Qn+1

) N42 Vi 2
< ( / / [ — k) 2] dedr) | A |72
On

N
< y( / / |D[(u — kn>+;]|2dxdr)””

2
x ( esssup | [( — kn) 1 C12(x, t)dx) V4, |7
—0p2<t<0Y Ky
for a constant y depending only upon N. Combine this with (4.3) to get
N
2 b+ DV 1 ® 2
Al =220 OFDIE T (11 2 a0,
(I—a)yp> (1-8) ,Hrp 0
In terms of ¥, = || SZ || this can be rewritten as
VO£ )T 0N/ o ity
Yny1 < —(—) (1 —) Y, V.
(1-a)?(1 -8 \w 0
By [3, Lemma 4.1 in Chapter 1], {Y,,} — 0 as n — oo, provided
: 12
A 1— 1— e
v = A [ A=ard-o P, G
[Ool )/4N+2(b 4+ 1)Ne2 (1 + %)T
This finishes the proof. O

5. Proof of Theorem 1.1
Fix (x,,1,) € E7 and let p > 0 be so small that (x,, %) + Q, C Er; we may
assume that (x,, #,) coincides with the origin. Set

Uy =esssupu, p_ =essinfu, w=puy— pu_.
0, O

Without loss of generality we may assume w < 1, such that

Qp(w) C Q, and essoscu < w.
Qp(w)

The proof now unfolds along several cases.
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5.1. Casel
First of all, let us suppose

1
HoZ oo S fy <9u-.

Without loss of generality we may assume @ < 1 such that

Q,(uy) C Qp and essoscu < w.
Qp ()

Introduce the change of time variable and unknown function

ot
T = ujr]t and v(-, 1) = u( ).
Kt
Then
. Dv .
ve —div— =0 weaklyin Q,
v
with
1
—<v<l1.
g=v=

Thus, by the classical parabolic theory [13], there exists n € (0, 1) depending only
on N such that
essoscv < (1 — n)essoscuv.
L P
2

Returning to the original coordinates we conclude that

essoscu < essoscu < (1 —n)essoscu < (1 —n)w.
Qp (@) Qp(nt) Op (1)

5.2. Case Il
Now suppose
Kt >,
which is equivalent to
8
e
w 9M+

Suppose in addition that

< v-[Qp(w)]

[u < pu-+ %w] NQp(w)

where v_ is defined in (4.1) with § = % and = w. Then by Lemma 4.1 with

a= %, we have either
w=2I,,
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or
1
u>pu_+-w ae.in Qp(w).
4 2
The latter implies
3
essoscu < —w.
0y (@) 4
2
5.3. Case III

As in the previous case suppose that

8

w > =y,
oM+

but
> v_[Qp(w)].

[u <p-+ %w} N Qp(w)

Then there exists some

—wp? <5 < —Evprz

such that |
> El)flel. (51)

1
[u(., s) < pu— + Ea):| NK,
Indeed, if the above inequality does not hold for any s in the given interval, then

1 —%v_wpz
[u < U—_ —+ ij| N Qp(a))‘ =/

—wp

0
+/
_1v_wpz

2

=v-|Qp(w)].

ds

1
|:M(-,S) < u—+ Ew] NK,

ds

1
|:u(.,S) < U— + za)j| NK,

Since 4+ — }fa) > u_ + %a) always holds, (5.1) implies

1

Based on this, we use the logarithmic estimate to show that such a measure theoret-
ical information propagates in time.

1
[u(-,s) > Uy — Za)j| NK,

Lemma S.1. There exists a positive integer n, depending only on N such that

1
‘[”(-,t) > Ut — 2%] N Kp‘ < (1 — sz) Kyl foralls <t <O.
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Proof. In the logarithmic estimate we take

1 w
k= n4 — Z(,l), Cc = W
This gives
H
Y =t 1 _
H—[u—(uy — 04+ + 552
where

H = esssup (u — k).
K, x(s5,0)

Choose a cutoff function ¢ which satisfies ¢ = 1 on K(j_4), and { = 0 on 9K,
such that

1
ID¢| < —.
op

Hence, foralls <t <0,

0
/ W2 ) (x, dx 5/ 2 w) (x, s)dx + —L 2/ AC
K(lfa)p Kp (Gp) K Kp u

Note that
Y <nln2.

The first term on the right-hand side is estimated by
2 2112 1
You)(x,s)dx <n“In“2( 1 —-v_ ) |Kpl.
Kp(») 2

The second term is estimated by

0
14 ¥ (u) yn 2 —1 yn
dxdt < —— K, < —=|K,|.
(ap>2/s k, u = e IRl = 1K

The left-hand side is estimated below by integrating over the smaller set

®
[M(', 1) > [y — W] NK@i-o)p-

On such a set
@
4

W2 zln2< 2 ) =1 —1)%In%2.

on+1

Thus, combining all above estimates yields

w n o \? 1 y
[u6a0) > s = 5oz | 0 Kacor| = () (1= 30 ) 1Kol + L51Kl
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forall s <t < 0. On the other hand,
w
o= 5] 0k,
< ‘[u(', 1) > pg — 2n+2] NKa- a)p‘ 1Ko — Ka-o)pl

w
[u(-, N>y — 2n+2] NKq- a)p‘ + No|Kpl.

Therefore,
® 1nk ") (- Y 4 Nollk
)[”("”>“+ 2n+2]ﬁ ”) n—1 TV ) gz TN | IKl
The claim is proved by choosing o so small, and then » large enough. U

Using the measure theoretical information obtained for every time level of the

cylinder
1
Qo (—v a)> =K, X (—Ev_wp2,0j|

in Lemma 5.1, we are able to show

Lemma 5.2. For any v, € (0, 1) there exists a positive integer | such that

R

Proof. Let Q = Qp(%v_a)) and Q' = Qgp(%v_a)). Write down the energy esti-
mate over Q’ for

=< Dy

(u—kj)y wherek; =py — 2% for j =ny, -+, ne+1.
Choose a cutoff function ¢ which satisfies { = 1 on @, and vanishes on the

parabolic boundary of Q’, such that

1
P A ——
P v_wp

Then keeping in mind we assumed at the beginning that w > 81 /9, the energy

estimate gives
2
_ 4 ®
1) 1f/QlD(u —kj)+|2dxdt < S ap? (2—]) |0 (5.2)
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Next, we apply the discrete isoperimetric inequality on page 15 of [3] to u(:, t) for
—zv_a),o2 < t < 0, over the cube K, for levels k; < k;. Taking into account
the measure theoretical information from Lemma 5.1, this gives

)
m|[u(', 1) > ki1l N Kyl
ypN—H

T ) < ki 10 Kol Jikg<ucn<kjink,

1
2
< %p(/ |Du|2dx)
v_ [kj<u(-,t)<kj11NK,

s ([ 1) > kil =[G 1) > ki) N K |2

|Du|dx

Set
Aj = [u > k/] nQ

and integrate the above estimate in dt over —%v,wpz <t < 0; we obtain

1
w 2 1
S 1Ajl = v%p(//gww—kj)uzdxdz) (1Al = 1A741D 2.

Now square both sides of the above inequality and use (5.2) to estimate the term
containing D(u — k;) 4, to obtain

Y
|Aj]? < 5101041 = 1441D.

Add these inequalities from n, to n, + [ — 1 to obtain

ny+l—1 y
2 2 2
HAnal = )0 1Al = =510

J=Nx

L |y
[An,+1] < i /V—SIQI-

Given a number v, € (0, 1), we can choose / large enough to guarantee

From this

L |y
— = < V.
oo

Vi

This finishes the proof. O
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Now we are ready to finish Case III. Choosing a = % b= % and 0
the constant v from (4.4) becomes

1 ~
vp=—v2(1-8)7
14

with
1

&= Al n, and [ to be determined.
Then after choosing n, from Lemma 5.1, we can choose / so large that

1 [y 1w 1\
— =< |1l- ==
VIV oy 2natl
By Lemma 4.4 and Lemma 5.2, we obtain that
w .
U=~ oo M Qe gy

This in turn implies

1

essosc u < (1 —8)w where &= o+

24w

Proof of Theorem 1.1. Combining all these cases above, we have proved that once
we have

essoscu < w,
Qp(w)

we can find positive constants

. |1 V_ (3
c=mini—, ./[— and A=miny—,1—7n,1-3§
2 8 4

essosc u < max{iw, 2Ip,p}.
Qcp(Aw)

such that

Relabel the quantities p and w chosen above as p, and w,. Now let
w1 = max{Aw,, 21, 5} and p; =cp,
such that

Qp, (w1) C Qcp,(Aw,) and essoscu < wj.
0, (@1)

The above set inclusion is verified if

(1)1/012 = max{Aw,, 2Iq,,o(,}(cp0)2 = )\a)o(Cpo)z-
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This holds naturally unless
rwy <215 p,,

but then there is nothing to prove since

2
essoscu < —1I, , .
=T1pyp
0y (o) A
Hence, with such a choice of ¢ we now have

essoscu < wj.
0, (@1)

According to what we have shown, one has

essosc u < max{iwi, 21, 5 }.
QCpl (Awy)

Now define
wy = max{Awy, 21, 5} and pp = cpy,

and we want to show that

Qp,(w2) C Q¢p,(Aw1) and hence essoscu < ws.
sz(wZ)

The above set inclusion is verified if
w23 = max{Awy, 21, p, }(cp1)? < dwi(cpr)?.

This holds naturally unless
Aoy <21 PP

but then there is nothing to prove since

2
essoscu < —1 .
Op @) — AP

Iterating in this fashion, one concludes that there are positive numbers ¢, A € (0, 1)
such that constructing

pn=c"p, and w, = max{iw,_1, 21y p, },

one obtains

2
essoscu <maxywn, —Ip o, (-
0 (0n) { PR ‘}

Let0 <r < p, < R, be fixed. Since the sequence {w, p,%} is strictly decreasing
and gives a partition of the interval (0, w, ,og), there must be some positive integer

n such that
2 2 2
Prt1@n+1 P wo < ;W
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Noting that

wp <w, and  wp41 > )\n—Hwo,
this implies that r < p,, and

In (é)

1 —
" o

Then it is not hard to see that

Or(w,) C Qpn (wn),

and either
essoscu <w, Oor wup—1 < =I,, .
O (wo) A pfn=t
Note that
@ = max (Mo, 22"y e 20 5, 205 50y )

. 2
< )XN'w,+ mlp,pn.

Here we made the convention that the function p — I, , is non-decreasing. Other-
wise, one could use

ip,p = sup Ip..
O<t<p
Thus, there is some « € (0, 1) depending only on N such that

— r o
essoscu < A'w, +CI, ,, < C|:a)0<—> +Ip,p(,:|
Or(wo) (o]

where

In X i ¢ { 2 2 }
o =——— an = max y =0 -
In(~/Ac)

One verifies easily that p, can be replaced by any p € (r, p,) in the above oscillation
estimate. Then choose p = R;_” r#*, and conclude we have

_ PN
essoscu < Clw,| — + 1 - .
0 @) [ 0<R0) PR ””‘} =
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