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On the slope conjecture of Barja and Stoppino for fibred surfaces

XIN LU AND KANG ZUO

Abstract. Let f : X — B be a locally non-trivial relatively minimal fibration
of genus g > 2 with relative irregularity g ¢. It was conjectured by Barja and

Stoppino that the slope 4. ¢ > 4;3_—;}) . On the one hand, we show the lower bound

Ar > 4g-1) ,

§=4r/2
with respect to g. On the other hand, we construct counterexamples violating the
conjectured bound when g isodd and gy = (g + 1)/2.

and also prove the Barja-Stoppino conjecture when g ¢ is small

Mathematics Subject Classification (2010): 14D06 (primary); 14H10, 14D99,
14J29 (secondary).

1. Introduction

A fibred surface, or simply a fibration, is a surjective proper morphism f : X — B
from a non-singular projective surface X onto a non-singular projective curve B
with connected fibers. A general fiber of f is a smooth curve of genus g > 2. The
fibration is said to be relatively minimal if there is no (—1)-curve contained in the
fibers of f. Here a curve C is called a (—k)-curve if it is a smooth rational curve
with self-intersection C? = —k. The fibration is called hyperelliptic if its general
fiber is a hyperelliptic curve, smooth if all its fibers are smooth, isotrivial if all its
smooth fibers are isomorphic to each other, locally trivial if it is both smooth and
isotrivial, and semi-stable if all its singular fibers are reduced nodal curves.

The relative canonical sheaf of f is defined to be s = wxy ® f*wy, where
wy (respectively wp) is the canonical sheaf of X (respectively B). For a relatively
minimal fibration f, the relative canonical sheaf w y is numerical effective (nef), i.e.,
wf-C > 0forany curve C C X. Letb = g(B), py = (X, wx),q = (X, wy),
x(Ox) = pg—q+1,and xiop(X) be the topological Euler characteristic of X. The
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basic invariants of f are:

xr =deg fawy = x(Ox) — (g — Db —1)
w7 =y —8(g—-DbB-1) (1.1)
ef = Xop(X) —4(g = D — ).

These invariants satisfy the following properties:

125 =} +ey; (12)
ey > 0; moreover, ey = 0iff f is smooth;
xf = 0; moreover, xy = 0iff f islocally trivial;

a)i- > 0, if f is relatively minimal.

Unless otherwise stated, f is assumed to be relatively minimal in the following. If
f is not locally trivial, the slope of f is defined to be

2
Y
=
Xf
It follows immediately that 0 < Ay < 12. The main known result is the slope
inequality:

Theorem 1.1 (Cornalba-Harris-Xiao, [7,23]). If f is not locally trivial, then

Af = Ae—1
8

Moreover, the equality in the above lower bound can hold only for the hyperelliptic
fibrations (cf. [7,11,22]). Thus, it is natural to investigate the influence of some
properties of the fibration on the behaviour of the slope. For instance, according
to [3,14], one knows that the Clifford index of the general fiber has some meaning
to the lower bound of the slope. We would like to be concerned about the following
conjecture of Barja and Stoppino (cf. [3, Conjecture 1.1]) on the influence of the
relative irregularity g r := g — b on the lower bound of the slope.

Conjecture 1.2 (Barja-Stoppino). If f is not locally trivial and gy < g — 1, then

Afzw. (13)
g —qy

The first result in the direction is due to Xiao [23, Theorem 3], where he proved
that if ¢ > 0, then Ay > 4 and the equality can hold only when g = 1. In [3,
Theorem 1.3], Barja and Stoppino considered the influence of the Clifford index
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CIiff( f) of the general fiber and the relative irregularity ¢ ¢ on the lower bound of
the slope simultaneously, and proved that

f24@—07
g —[m/2]

where m = min {Cliff( ) q f} and [e] stands for the integral part. When the
Clifford index CIiff(f) is large, this shows that the lower bound A s is increasing
with the relative irregularity g and it is close to the conjectured bound. In [15,
Corollary 1.5], we proved the above conjecture for hyperelliptic fibrations. This
conjecture remains open in the general case.

Our first main result is a lower bound on the slope, which increases with the
relative irregularity g 5.

Theorem 1.3. Let f be a fibration of genus g > 2 which is not locally trivial. If
qr >0, then

4g—-1
- o

Pl (1.4)

Note that the above lower bound improves Barja-Stoppino’s [3]. Our next main
result is towards Conjecture 1.2.

Theorem 1.4. Let f be a fibration of genus g > 2 which is not locally trivial.

M) Ifqr < g/9, then (1.3) holds;
(ii) If g is odd and qy = (g + 1)/2, then there exist fibrations violating (1.3).

Pirola constructed in [21] the first example which does not satisfy (1.3), see also [3,
Remark 4.6]. To our knowledge, the only known counterexamples to the bound
(1.3) belong to the extremal case gy = g — 1. According to [23, Corollary 4],
the genus of fibrations with gy = g — 1 is bounded from above (g < 7). In our
construction, the genus has no upper bound.

The main idea of the proof of the lower bound on the slope is a combination
of Xiao’s technique [23] and the second multiplication map. Such a combination
has been already applied to study the influence of the gonality of a general fiber on
the lower bound of the slope and the Severi problem [17,18]. It turns out that the
theorem follows from the combination of these two techniques if the fibration f is
not a double cover fibration. Hence we are reduced to studying the double cover
fibrations.

Double cover fibrations have already been studied earlier by many authors,
see [2,4,8,22] etc. We first define certain local relative invariants for a double cover
fibration and show that the basic invariants as in (1.1) can be expressed by these
local relative invariants and relative invariants of the quotient fibration (c¢f. Theo-
rem 4.3). Then we study influence of the irregularity of the double cover on these
local relative invariants with the help of the Albanese map (cf. Proposition 4.5),
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which enables us to deduce the required lower bounds on the slope of a double
cover fibration.

Our paper is organized as follows. In Section 2, we prove the lower bounds
on the slope (Theorem 1.3 and Theorem 1.4 (i)). In Section 3, we mainly study the
lower bound on the slope of the non-double cover fibrations using a combination of
Xiao’s technique [23] and the second multiplication map. In Section 4 we consider
the lower bound on the slope of the double cover fibrations. Finally, in Section 5
we provide the counterexamples to (1.3).

ACKNOWLEDGEMENTS. We are grateful to M. Barja and L. Stoppino for the dis-
cussions and many useful suggestions, and to the anonymous referee for his/her
useful comments which improved our paper significantly.

2. Proof of the lower bounds

In this section, we prove the lower bounds on the slope, i.e., we prove Theorem 1.3
and Theorem 1.4 (i). It is based on certain technical lemmas, which will be proved
later.

Definition 2.1. The fibration f is said to be a double cover fibration of type (g, y)
if there is a fibration ' : Y’ — B and a rational map = : X --» Y’ (¥’ may
be singular) such that the general fiber of 4’ is a genus-y curve, degmw = 2 and
Wom=f.

Apparently one may assume that ¥’ is smooth and that /4’ is relatively minimal. We
also remark that there might exist more than one double cover fibration structure on
a given double cover fibration.

The degree-two morphism 7 induces an involution o on X. Let & : X > X
be the composition of all the blowing-ups of the isolated fixed points of o, and & the
induced involution on X . Then the quotient Y := X /(o) is a smooth surface with a
natural fibration 4 : Y — B of genus y, which may not be relatively minimal. Let
h : Y — B be its relatively minimal model.

X s g b/ ? 10 Y
7 h
f h
B.

Figure 2.1. Double cover fibration.
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Definition 2.2. For any locally free sheaf £ on a smooth projective curve B, the
slope of £ is defined to be the rational number u(£) = deg(£)/rank (£). The
sheaf £ is said to be semi-stable, if for any coherent subsheaf 0 # &' C &£ we
have (&) < u(€). The Harder-Narasimhan (H-N) filtration of £ is the following
unique filtration:

0=&%cé& C---Cc& =€, 2.1

such that:

(i) the quotient &;/&;_1 is a locally free semi-stable sheaf for each i;
(i) the slopes are strictly decreasing u(&; /&i—1) > n(&;/Ej-1) ifi < j.
The H-N filtration always exists. In particular, the H-N filtration exists for £ =
f*a)f, and in this case we write
wi = pu(&i/Ei-1), ri = rank (&), §=g—rn-1.
It follows from Fujita’s theorem [9] that § > ¢ 7, and we have i, = 0 wheng; > 0.

Lemma 2.3. Let f be a locally non-trivial non-hyperelliptic fibration of genus
g > 3. Assume that either f is not a double cover fibration, or f is a double
cover fibration such that y > g /4 for any possible double cover fibration structure

of type (g, y) on f.If up =0, then

18g — 476 -1 2
8 8 z'f8§—g
4g — 116 g+1 21
Ap > 2.2)
T2g —466 g—1 f2g<8<4g
. if — —.
l6g — 136 g+1 21— — 7

Lemma 2.4. Let f be the same as in Lemma 2.3. If § > @, then

4g—1)

Lemma 2.5. Let f : X — B be a locally non-trivial, non-hyperelliptic, double
cover fibration of type (g, y) with g > 4y + 1, and h : Y — B be the associated
quotient fibration as in Figure 2.1. Assume that either y = 1, or h is locally trivial,
orqp =0,o0rq >0and

_ 4y -1

Y —an/2’

4g -1
>
8§—4qr/2
Lemma 2.6. Let f be a locally non-trivial non-hyperelliptic fibration of genus g >
3.Ifqy < g/2and f is a double cover fibration of type (g, y) with g > 4y — 2,

X 4(g—1)
then ).y > g‘i—qf.

Then
24
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The proofs of the above four technical lemmas are postponed to Subsections 3.2,
3.3, 4.4, 4.5 respectively. Based on the above lemmas, we will prove the lower
bounds on the slope of fibrations with positive relative irregularity.

Proposition 2.7. Let f be a locally non-trivial non-hyperelliptic fibration of genus
g > 3. Assume that either f is not a double cover fibration, or f is a double
cover fibration such that y — 1 > (g — 1) /4 for any possible double cover fibration

structure of type (g, y) on f.If gy # 0, then
9

A > —. 25

Fz3 (2.5)

Proof. Because gy # 0, we may construct étale covers of X which are still fibred

over B:
X————=X
N
B.

Since 7 is étale, the induced fibration f is still not trivial and A F= A ¢ . Moreover,
by the Riemann-Hurwitz formula one has

g=degm-(g—1)+1, where g is the genus of a general fiber of f

In fact, we can even construct a Galois étale cover & with deg  being prime.
We claim that

If 7 is a Galois étale cover such that deg 7 is prime and sufficiently large,
then either f is not a double cover fibration, or f is a double cover fibration
such that y — 1 > (g — 1) /4 for any possible double cover fibration structure
of type (g, ) on f.
Assume the above claim. Then (2.5) follows immediately by applying Lemma 2.3
to the new fibration f. It remains to prove the above claim.

We prove the above claim by contradiction. If f is a double cover fibration
of type (g, y) with y — 1 < (g — 1)/4, then there is an involution ¢ on X. Let
G be the automorphism subgroup of X induced by the Galois cover 7, and G the
automorphism subgroup generated by G and . If G is normal in G, then ¢ induces
an involution on X, which realizes X as a double cover fibration of type (g, y) with
y — 1 < (g — 1)/4, contradicting the assumption. Hence G is not normal in G.
Since p := |G| = degm is prime, it follows that G > p(p+1) by Sylow’s theorem.
However, when p is large, this contradicts the linear bound on the automorphism
group of curves (cf. [10, Exercise IV.2.5]): indeed, it is clear that G acts faithfully
on the general fiber of f, from which it follows that

pP(p+1) < |G| <843 —1)=84p(g —1).

This gives a contradiction when p > 84(g — 1). Thus we complete the proof of the
claim, and hence also the proposition. O
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Proof of Theorem 1.3. When g = 2, 3, (1.4) follows from [24]. Furthermore, if f
is a locally non-trivial hyperelliptic fibration with gy > O,then A > 4(g—1)/(g —
qr) > 4(g—1)/(g—qy/2) holds by [15, Corollary 1.5]. Hence it suffices to assume
that f is non-hyperelliptic, and we will prove (1.4) by induction on the genus g.

If either f is not a double cover fibration, or f is a double cover fibration such
that y > g/4 for any possible double cover fibration structure of type (g, ) on f,
then (1.4) follows directly from (2.5) and (2.3) since § > g . Thus we may assume
that f is a double cover fibration of type (g, y) withg >4y +1.Leth: Y — B
be the associated quotient fibration as in Figure 2.1. By induction, we may assume

that
4y - D . . .
Ay > ——— if y > 2 and £ is locally non-trivial.
Y —4qn/2
Hence according to Lemma 2.5, one proves (1.4). O

Proof of Theorem 1.4 (i). First by Theorem 1.1, we may assume that g > 0.
Consider next the case when f is not a double cover fibration, or when f is

a double cover fibration such that y — 1 > (g — 1)/4 for any possible double

cover fibration structure of type (g, y) on f. Then (1.3) follows from (2.5) since

qr < 8/9.
Finally, we consider the case when f is a double cover fibration of type (g, y)
with g > 4y — 2. In this case, (1.3) follows from Lemma 2.6. O

Remarks 2.8. (i) The assumption gy < g/9 in Theorem 1.4 (i) might be relaxed a
little. But the proof requires a much more complicated computation.

(ii) We deal here with the case when g 7 is small with respect to g. If g 7 is big,
we refer to [4, Theorem 3.2] for a similar lower bound on the slope.

3. Slope of non-hyperelliptic fibrations

In this section, we consider the lower bound on the slope of the non-hyperelliptic
fibrations and double cover fibrations of type (g, y) with g is not big with respect
to y (e.g., g < 4y). The main techniques are Xiao’s technique [23] and the second
multiplication map. We first review these two techniques in Subsection 3.1; and
then prove Lemma 2.3 (respectively Lemma 2.4) in Subsection 3.2 (respectively
Subsection 3.3).

3.1. Preliminaries

In this subsection, we briefly review Xiao’s technique [23] and the second multipli-
cation map developed in [17]. Both techniques are based on the Harder-Narasimhan
(H-N) filtration on the direct image sheaf f.wr, which we recall first.

Let £ be a (non-zero) locally free sheaf over B. It is said to be positive (re-
spectively semi-positive), if for any quotient sheaf £ — Q # 0, one has deg Q > 0
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(respectively deg Q > 0). Define
wf(€) = max{deg F | £ ® F" is semi-positive}.

Then & is positive (respectively semi-positive) if and only if 1 £(£) > 0 (respec-
tively p £ (&) = 0).

It is easy to see that ju £ (&) = ;. In particular, u ¢ (fiwyr) = u, > 0 due to
the semi-positivity of f.w . Moreover, one has

n
Xf= Zri (i — mit+1), wherer; :=rank&; and w41 := 0. (3.1)
i=1

Definition 3.1 ([23]). Let £ be any locally free subsheaf of f.w . The fixed and
moving parts of £’, denoted by Z(E’) and M(E’) respectively, are defined as fol-
lows. Let £ be a sufficiently ample line bundle on B such that the sheaf £’ ® L is
generated by its global sections, and A(E’) C |w  ® f*L] be the linear subsystem
corresponding to sections in H*(B, £ ® L). Then we define Z(E’) to be the fixed
part of A(E’), and M(E) = wy — Z(E'). Note that the definitions do not depend
on the choice of L.

For a general fiber F of f,let
i: F— Ty cPi-! (32)

be the map defined by the restricted linear subsystem A(Si)‘ pon Fifri #1,
where & C fiwy is any subsheaf in the H-N filtration of fiw in (2.1). Let
di = M(&;) - F, and y; be the geometric genus of I';. For convention, we define
dpy1 = 2g — 2. It is clear that ¢; factors through ¢; if i < j, from which it follows
that

deg(t;) divides deg(t;),dj >diandy; > y; Vi <j (33)
moreover, y; = y; if deg(t;) = deg(t;). '
Lemma 3.2. If; is not birational, then
di > deg(t;) -min {2(r;i — 1), ri +y — 1}. (34)
If i; is birational, then
. g 3r;
d; > min 3r,~—5,§+7—2 . 3.5)

Proof. Lett; : Fi — TI'; be the normalization, and D; = 'ci* (Opr,-q (1)) € Pic (F,)
be the pulling-back of the hyperplane section. Then (3.4) follows from the facts that
d; = deg(y;) - deg(D;), and

W@ D) +yi—1=ri+y—1 ifn'(Ty, D) =0

d D,‘ = ~ -
FEOZ) 2 (10 D) 1) 220 -1 itw(Fn ) £0.
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Note that we use Clifford’s theorem on special divisors above.
To prove (3.5), we apply Castelnuovo’s bound (cf. [1, Section III.2]) which
asserts that

+1 +1
d,-z—+(m’ ) Si_mi>_+(ml ) i —mj, (3.6)
n; 2 n; 2

where 5; = hO(F, M(Ei)lF) >riand m; = [dl‘ 1] Hence (3.5) follows immedi-
ately. O

Lemma 3.3. Assume that either deg(i;) # 2, or deg(y;) = 2 and y; > g/6. If
di <g—1,thend; > 3(r; — 1).

Proof. 1t is clear if deg(¢;) > 3. If deg(y;) = 2, then by (3.4) together with the
assumption y; > g/6, one obtains

g—2>di >min{4(r; — 1,2 — ) +g/3}, = g=3n.
Hence d; > min {4(r; — 1),2(r; — 1) + g/3} = 3(ri — 1).

If deg(1;) = 1, then r; > 3, and according to m; = [(d; — 1)/(s; —2)] <
(di — 1)/(s; — 2) and Castelnuovo’s bound (3.6), one has

mi(ri —2)+1>3r; =3 ifm; >5

dr; —7>3r; — 3 ifm; =4andr; >4
di > §+Zri—3 — & >3r—4  ifm=3

g 3 .

54_7_2 — d; >3r;—3 ifm; = 2.

We use the assumption g > d; + 1 when m; = 3 or 2 above. To complete the proof,
it remains to consider the case when m; = 4 and r = r; = 3. As ; is birational, by
the genus formula for plane curves, one obtains that

di — 1)(d; —2
dit1<g<Gi=DE=2
2
from which it follows that d; > 6 = 3(r; — 1) as required. O

Remark 3.4. Assume that either deg(s;) # 2, or deg(s;) = 2 and y; > g/6. If
d; = g — 1 or g, then one can show similarly that d; > 3r; — 4.

Corollary 3.5. Assume that either deg(t;) # 2, or deg(t;) = 2 and y; > g/6. If r
is an integer such thatr; > r and g > 3(r — 1), thend; > 3(r — 1).

Proof. Assume thatd; < 3(r — 1) < 3(r; — 1). Hence by Lemma 3.3,d; > g — 1.
Thus 3(r — 1) > g, which contradicts the assumption. O
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The next proposition, which is due to Xiao, is crucial to the study of the slope
of fibrations.

Proposition 3.6 ([23]). For any sequence of indices 1 < i) < --- < iy < n, one
has

k
Cl)%c > Z (di]. + dij+1)(ﬂij — ,lL,'j+1), where iy =n+ 1. (3.7
j=1
In particular, one has
n
wfr > Z (di + dit1) (i — pis1). (3.8)
i=1

Corollary 3.7. If u, =0, then

2 (2g —2)?
Qg —2)-rp—1 —d;i - (ru—1 —ri-1)

X V1i<i<n. 3.9

Proof. According to (3.1), one has

i—1 n—1
Xf < Zri(,uj — Kj+1) —i—Zrn—](Mj — Wj+1) =Fio1 - p1 + Fp—1 —Fie1) - M
j=1 =i

By (3.7), one has
o = (d+d) - (u— i)+ Qg —2+d) i = di i+ (28— 2) - i

Combining the above inequalities together with Konno’s bound [12, (2.6)]

w7 > (28 =D, (3.10)
one gets
(rn1 “rio T T rnalg_—rﬁ_l) o > Xy
2¢ —2 2¢ —2
By rearrangement, we obtain (3.9). O

The next proposition on the lower bound of w? is based on the second multi-
plication map (cf. [17, Subsection 2.2]):

0: S*(faws) —> f*(wf?z)-
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Proposition 3.8. Assume that the general fiber F is non-hyperelliptic, 1,1 is bira-
tional and ,, = 0. Then

n—1 n—1
5= Q0 —r) (i — i) + 6 (i — pig), (3.11)
i=1 =
where
[ = mln{ ‘ ri +g > 2ry_1, ( is birational, and r; > = —|—2} (3.12)
1 =landr; =1
6 =1 . yi=1andr (3.13)
min{3r; — 3, 2r; + y; — 1} otherwise;
~ 3
0 = E(ri +8—2rp-1). (3.14)
Proof. Let

w; = max{2u;, puj}, V1i<i=<n.

By assumption, one has

~ 3
o =Hp Op1=3ra1 =3, 6=30i+g—-2)-

According to [17, Proposition 2.5 and Lemma 2.6] and Lemma 3.9 below with the
decreasing sequence

{2M17 s Ty 2/*"7!—1» ,u“lNa ”'v/’(‘l’l—l}v
and the increasing sequence
{917 ] 91’!71’ 9”71 +é~’ ) 91’!71 +é‘n*l}v

we obtain (we set 8y = 0)

n—1

i=l

nel
= Z(Gi — i) — iy + Z -1+ 0;) (i — pit1)
i=1

i=
—1

n—1
D O = 6im1) - 20 = O - g+ ) (Bt +61) (i — i)
i=1

i=l
n—1

= 2291' — Wit1) + 26’ — Wit1).
i=1

Hence (3.11) follows from the above inequality together with (3.1). O

A%
3 ™
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Lemma 3.9. If ; is birational, then there exists a subsheaf F; C fy (a)?z) such
that

Wr(F) > i + e, rankF; > g +di +ri — 1 =1 (F, M(E)IF), (3.15)

where M (E;) is defined in Definition 3.1. In particular, if \; is birational and r; >
% + 2, then there exists a subsheaf F; C f (a)?z) such that

3
wr(Fi) = i + fns rank 7; > E(ri+g—2)~ (3.16)

Proof. Let & € € = fiwy be any subsheaf in the H-N filtration of fiwy in (2.1).
Consider the composition map

0i: & ®E — S frws) — f*(a)%z).

It is clear that /Lf(lm (Q,-)) > /Lf(g,-) + 1 (€) = p;. To prove (3.15), it suffices to
show that
rank (Im (0;)) > g +d; +ri — 1 — h°(F, M(E)IF). (3.17)

Similar to [17, Lemma2.5], (3.17) follows from the next lemma since ¢; is bi-
rational. Hence (3.15) is proved. And (3.16) follows from (3.15) together with
Castelnuovo’s bound (3.6). O

Lemma 3.10. Let D € Pic (Z) be an effective divisor of a smooth curve Z of genus
g, VcC HO(Z, D) be a subspace with dimV = r, and

p: VO H"Z, Kz) — H%Z, Kz + D)

be the natural multiplication map, where K z is the canonical divisor of Z. Assume
that D C Kz and the linear system associated to V' is free from base points and the
induced map ¢y on Z is birational. Then

dim (Im(p)) > g +deg D +r — 1 — h°(Z, D). (3.18)

Proof. Since ¢y is birational, the complete linear system |D| automatically de-
fines a birational map ¢p, and one has the following commutative diagram (s =

h(z, D)).

Pr-1.

According to the general position theorem (cf. [1, Section III.1]), there exist s points
{p1, -+, ps} € Z such that any s — 1 of them give linearly independent conditions
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for the vector space HO(Z, D) ( ) V). Hence there exist {vq, ---v,} € V such
that
vi(pj) #0, but v;(p;))=0,V1<i<randi#j.

Let V12 € V be generated by v; and v,. Consider the subspace
W =3 ,v2) C HZ, 2D) — H%Z, Kz + D), (3.19)
and the restriction map
¢: Vip ® H'(Z, Kz) — H(Z, Kz + D).

According to the base-point-free pencil trick (cf. [1, Section II1.3]), one checks
easily that

dimIm(p) =2¢ —h°(Z, Kz = (D —p3 — - — p;))
=2g—(h°(Z, (D—p3—~--—pr))+r+g—3—degD)
=g+ 1+degD —h’Z, D).
The last step follows from the fact that
h(Z, (D= ps—-+—py) =h’(Z, D) — (r —2),

since {p3, - - - , pr} are in general position. Note that dim W = r —2, and if we view
W as subspace of H%(Z, K7 + D) as in (3.19), then W N Im(¢p) = 0. Therefore,
(3.18) follows immediately. O
3.2. Proof of Lemma 2.3

We follow the notations introduced in the last subsection. According to [17, Lem-
ma 2.2] together with the assumption, we have

Yi > 8/4 if deg(i;) =2. (3.20)

Consider first the case when ¢,_1 is not birational. Then neither is ¢; for any 1 <
i <n—1by (3.3). Hence by (3.4) and (3.20), one has

d,-Zmin{3(rl-—1), 2(r,~—1)+§} Vi<i<n—1.

In particular, taking i = n — 1 one obtains § > min{(g — 1)/3, g/4} > 2g/21. And
one checks easily that

T2g — 466
di +diy1 > & .

> 07 70 4 Vli<i<n—l.
16g — 135
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Hence (2.2) follows from the above inequalities together with (3.1) and (3.8).
Next we assume ¢, is birational. Let

20 — 75 16—5x 18g — 475

x=2270 0 5= T8 , ifs < =5,
4g— 115 3 4g — 115 21
8¢ — 143 16—5x 72g — 468

=S = Tosgr T if§ > =5
16g — 13 3 16g — 133 2

According to (3.8) together with (3.11), one obtains

-1
v} = Z (x(0; — i) + (1 = x)(d; + di1) (i — Hiv1)
i=l (321)

n—1
+ Y (60 —ri +0) + (1= xX)(d; + dig)) (i — pis1).
=

We claim that

x26; —ri) + (1 —x)(d; +di+1) > o-ri —4, when 1 <i < I— 1, (3.22)
x(260; —r; +§i) + (1 —x)(d; +dijy1) = 1o -ri —4, when l~§i <n-—1. (3.23)

Assume the above claim. Then (2.2) follows directly from (3.21) and (3.10). Hence
it suffices to prove (3.22) and (3.23).

Consider first the case when 1 < i < [ — 1, and we divide the proof of (3.22)
into several subcases (keep (3.3) in mind).

e deg(t;) > 4. In this case, one can show (3.22) easily by using (3.4) and the
definition of 6; in (3.13).

e deg(t;) = 3. According to (3.4) and (3.13), one obtains dj+; > d; > 3(r; — 1)
and 6; > 2r; — 1. Hence

x(20; —ri) + (1 — x)(d;i +dit1)
x@Bri —=2)+ (1 — x)(6r; —6)
= (6—=3x)r; = (6—4x) = Ao -ri — 4, ifr; > 3.

v

If deg(tj+1) = 3, then dijy1 > 3(rix+1 — 1) > 3r; by (3.4), from which (3.22)
follows immediately. If deg(:;+1) = 1, we have better bound for d; 4 by (3.5),
from which one can also show (3.22) when r; < 2.

e deg(t;) = 2. We have two possibilities to deal with. If y; > r; — 1, then

0; =3r; =3, diy1 > di = 4@ — 1),
from which one can show (3.22) easily. If y; <r; — 2, then

O =2ri+vyi—1, and diy1>di =20ri +yi — 1.
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Note that d; <2g —2 < 8y; — 2, from which it follows that y; > r; /3. Hence
x(20; —ri) + (1 = x)(di +di11)

xGri +2y; = 2)+ (1 —x)@r; +4y; — 4)

=@ -xri+@-2x)y, —4-2x)=x -1 — 4.

v

e deg(y;) = 1. In this case, the maps ¢; and ¢;1 are both birational. Hence 6; =
3r; — 3. According to (3.5), one obtains

. +6
3(ri +ris1) — 10 if i) < gT
3r; 6
di +digy > 3r,-—5+§+ r,2+1 2 ifrigg > g3 and r; %
30 + i 6
g+ 3ri+riv1) _4 ifr; > §to
2 3
(3.24)

We only show (3.22) in the last possibility, and leave the proof of (3.22) in the first
two possibilities to the reaflers. By (3.24), one has d; +d; 11 > g+ 3r; — 2 in this
case. By the definition of / in (3.12),one hasr; + g < 2r,_1 — 1 =2(g —4) — 1,
ie.,g >r; +25+ 1. Note also that
20 —x)8 > —x—DH(g—28)=(o—x =D +1).

Thus
x(20; —ri) + (1 — x)(d; +di+1)
xG6ri —6)+ (1 —x)@4r; +25-1)

= @+x)r; +2(1 —x)8 — (1 + 5x)

> A1 —(54+6x—2Ay) > Ay-r; —4.
Therefore, (3.22) is proved.

A%

Now we consider the case when [ < i < n— 1. By the definition of [in (3.12),
(; 18 birational, r; > % +2andr; > 2r,_1 — g =g — 258. Hence 6; = 3r; — 3, and
di +di+1 > g + 3r;i — 2 by (3.5). By definition, one checks easily that
2 —5x 14 —31x

3x8 + > g= ; ri Yg—346>r;>g—26.

Thus
x(20; —ri +6;) + (1 — x)(d; + di41)

x(Sri—6+%(r,~—g+28)>+(1—x)(g+3r,-—2)

%

2 —5x

7
> Ao 1 — 4.
Therefore, (3.23) is proved. O

g) —(2+4x)
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3.3. Proof of Lemma 2.4

Since § < g, it follows that g > 4 by our assumption. We divide the proof into two
cases according to the relation between § and g.

CASE 1: 8 > 21 Let

rn—1

g—5+1}

i0=min{i|r,~> }:min{i|r,~z

Ifip = 1, then d = 3 ("4 — 1) by Corollary 3.5 and (3.20) since “4*! <

gsﬁ. Hence according to (3.7), we get

26 -2+d; 4g—1)
2> —24d) o >2 7, o0 7
wy=Q2g—=2+d) m = e—s KT X

rp—1—1 rp—1+1

Ifip > 2, thenrjy—1 < r”T‘l, and rjj—1 < when rj, = *=—. Combining
these with Corollary 3.5 and (3.20), it is easy to show that
3 ifg—86=2
dig - (rp—1 — rig—1) = { 3 ,
’ ’ J(g=97=1)  ifg-5=>3.

Note that g — § > 3 implies g > 7 by the assumption § > 3‘5’5—_1. Therefore,

according to (3.9) we get
2g —2)*
)\.f >
(2g —2) -ru—1 —diy - (ra—1 —rip—1)

(2g—-2?% _4g—1

- Rg—2)-2—-37 g—4/)2
- 2g —2)° _4g-1D
2¢—=2)-(g—=8)—3((g—82—1) ~ g—5/2

ifg—8=2

ifg— 8> 3.

CASE 2: 35’75—_2 > 4§ > M. In this case, we have g > 8 since § is an integer.

o SUBCASE2.1: %2 > 5> 212 [et

iy =min{i | d > g—1}.
Then according to (3.7), one has
i—1
w? > Z (di + dig1) (i — pit1) + g — 2+ di)) i,
=l (3.25)

ii—1 n—1

= D (it diga) (i = pigr) + 3 (28 =2 +diy) (i — i),

i=1 i=iy
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We claim that

di +diy1 > M-(zn—l) Vi<i<ii—1 (326)
T g—46/2-1 -

2(g—1) . :

2¢ —2+d; > ﬁ-@ri — 1) Vi<i<n—1. (327)
Assuming the above claim, one obtains from (3.25) together with (3.1) that
2 4g—-1 2g-1D
W Z —— o Xf T T, ML
g—6/2—1 g—68/2—-1

Combining this with (3.10), we prove (2.3) in this subcase.

It remains to show (3.26) and (3.27). Since d;;, > g — 1, (3.27) follows immedi-
ately since r; < r,—1 = g — 8. Note also that g{‘g/gﬁ 7 < 3 by our assumption,
andd; > 3(r;y — 1) for 1 <i < i; — 1 by Lemma 3.3. Hence (3.26) follows
fori < iy —2. Wheni = i; — 1, by Remark 3.4, we have either d;; 1 + d;; >
3Q2riy—1 — 1), ordj,—1 +d;; = 6rij_1 —4andr;_; € {g/3, (g +1)/3}. Since
g > 8, one can also verify (3.26) fori = i; — 1, except when g = 9,6 = 5,
di, = 8,d;;—1 = 6 and r;, -1 = 3. For the exceptional case, we replace i by
i1 — 1in (3.25). Then one can show easily that both (3.26) and (3.27) hold, and
hence proves (2.3).

SUBCASE 2.2: 2L > 5 > 261D op 5 — 26817 o 26410 4nd g < 52, Let

2(g — 1
x=—(g ) witht:E
g—68/2—t 18

iy =min{i |d; > g — 1}
i> =min{i | d; > x(g —38/2— (1 —-10)}.
Note that 9/4 < x < 3 and i; < i; by our assumption.
If i} = iy, then we can show similarly as in the above subcase that
di+diy1 = x@2r;i — 1) Vi<i<i-—1
28 =2+d;j = x(2r;i —1) Vii<i<n-1.
Hence (2.3) follows from (3.25) together with (3.10).

In the rest part of the proof, we assume that i; < i;. Before going further, we first
claim that

Claim 3.11. (1). If d; < x(g —36/2),thend; > x(r; — 1).

(2).1fd; < x(g —38/2) — 3 — JE== thenri < g — (38 — 1)/2.

Proof of Claim 3.11. (1). Let ; be defined as in (3.2). Since x < 3 by assump-
tion, the claim follows immediately if deg(¢;) > 3 by (3.4). When deg(y;) < 2,
we prove the claim by contradiction. Assume that

di < x(ri —1). (3.28)
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Consider first the case when deg(¢;) = 2. By (3.4) together with (3.28), we may
assume that r; — 1 > y;, and hence d; > 2(r; — 1) +2y; > 2(r; — 1) + %.
Combining this with (3.28), we get

8 (g—30—1)8 L .

~— < (x-2)(ri—1)<(x—2)(g—6—1) < ————————, which is a contradiction.
2 g—68/2—t

We now consider the case when deg(¢;) = 1, i.e., (; is birational. Hence r; > 3.
Moreover, if r; = 3,then 8 < g < Méd"m, which implies that d; > 6 >
x(r; — 1). Hence we may assume that 7; > 4 in the following. Since m; =
[(d, —1)/(si — 2)],0ne hasd; > 4ri —7>3(r; — 1) =x(r; — 1) ifm; > 4. 1t
remains to consider the cases when m; = 3 or 2.

When m; = 3,one hasd; — 1 > 3(r; — 2),i.e.,d; > 3r; — 5. Since x < 3 by
assumption, it suffices to consider the cases when d; = 3r; — 5 or 3r; — 4. By
Castelnuovo’s bound (3.6), we have

d > § 4 2r — 3. (3.29)

Ifd; =3r; —5,thenr; — 1 > % +1by (3.29),and 2 > (3 —x)(r; — 1) by (3.28).
Hence

26-6 Q-2+ 26
3 (g—1) 3

Ifdi =3r; —4,thenr;, — 1 > % by (3.29),and 1 > (3 — x)(r; — 1) by (3.28).
Hence

S >

, which contradicts the assumption.

2g

2¢ —6 -6 D .
———, which is still a contradiction.

S >

+2(1 —1t) >

When m; = 2, one has d; > gT_l + w by Castelnuovo’s bound (3.6). Com-
bining this with (3.28) and the assumption d; < x(g — 36/2) respectively, we

obtain
(g—1DQ2g—6—-21)
ri — >
2¢ +35+6t -8
(g — D(6g — 115 4+ 21)
r—1< .
3(2g — 6 — 61)
Hence

(8= D@g—5-2) (g~ 1)(6g — 115 +20)
2¢ +35+6t—8 32 -6 —61)

26g — 34
0<8(2g+5—98)+T
26 + 18 265 — 34 26 + 18
< g; Qg +5-28-18) + 2 <0ifs > g;r
36-20)g — £(6—5) — 34 26+ ¢
_ (367208 = U= =34 () s 28T ih 16 < <18 and g <52.

9
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The above contradiction completes the proof.

(2). By (1),one hasr;, — 1 < g — 35/2. Hence it suffice to derive a contradiction
ifr; = g— (35 —1)/2. The proof is similar as above. In fact, one can easily prove
a contradiction except the case when deg(:;) = 1 and m; = 2. In the exceptional

case,§ > 2g9ﬂ since § is odd, and by Castelnuovo’s bound (3.6) we obtain
368 1 52 1—-56 -1 3@ —1 95+ 5
2 2 8Rg—6—1) 2 2 4
Hence
0>46(18—4 33) 2 + 49
> —4g — - = —.
8 98 4
This is a contradiction since § > %. O

We now come back to the proof of (2.3). By Lemma 3.3 and Remark 3.4, one has

di +diy1 =6ri —3>2xr; — (2x —3) ifi <ij—1 (3.30)
dij-1+dj, >6r;j_1—3>2xrjj—1 —2x—-3) ifd;—1 <g-—3. '
By Claim 3.11, we have
di +diy1 = 2xri —x ?fi <ip—1 (3.31)
diy—1+diy, >2xri,_1 —x ifdi,—1 < A.

Here A = x(g—38/2)— 3 — 352520 I diy 1 = A, thenr,— = g—(35—1)/2

by Claim 3.11 (1), and hence

5Qg+1-356
diy—1 +di, = 2dj,—1 + 1 = 2xriy—1 —x Cs )

= - m (3.32)

Note also that 2g —2 +d;, > x(2(g —§8) — 1). Hence by (3.7) and (3.1), one has

ir—1

oy ZZ (di + digr) (i — i) + Qg = 2 4 diy) iy

i=1
2xxf—2x—=3)u1—GB—x) ifd;1<g—3andd;—| <A
2xxf—Q2x—=3)pu1 —B—x) i ifdj>g—3andd;, 1 <A
2xxf—2x=3)pu1—G—x)ujy —Epir-1  ifdj1<g—3andd,1 > A

2 ) —(Qx =31 —(B—x)ptirt —E iyt if di =g —3 and dip g = A.

Here & = %. By (3.7), we also have

w§ > (dy+di) (w1 —pi)+Q2g—2+di)pi > dipn+2g—2)pi, V1 =<i=<n—1
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Hence
4(g—1
(g )X 1 if dirl <g —3 and di2,1 <A
2g—2+42x —3—|—(3—x)(1 - 5)
4(g—1
(8= 1)x — ifdy 1 >g—3anddi, 1 <A
e He—Dx if d 3and diy > A
) a1 <g —sand dj1 =
3x | (26 2AE i 2
28+2x =5+ 5+ 525
4(g—1x .
, ifdj1>g—3andd;, > A.
e= 2¢2-A U 2
2g+2x -5+ 50 | B AR
Note that A > g — 1. Thus one shows that A > z(f 5_/12) . This proves (2.3) in this
subcase.
e SUBCASE 2.3: § = # or 2g9L16 and g > 52. In this subcase, (2.3) follows
directly from (2.2).
This completes the proof. O

4. Double cover fibrations

In this section, we treat the double cover fibrations. So we always assume in the
section that f : X — B is alocally non-trivial double cover fibration of type (g, )
as in Definition 2.1. Since the case where y = 0 has been studied in [15,25] (see
also [7,16] for the semi-stable case), y is assumed to be positive in this section
unless otherwise stated explicitly.

In Subsection 4.1, we prove the formulas for the invariants of the double cover
fibrations. In Subsection 4.2, we consider the irregular double cover fibrations.
In Subsection 4.3, we study the slope problems. Finally, we prove Lemma 2.5
(respectively Lemma 2.6) in Subsection 4.4 (respectively Subsection 4.5).

4.1. Invariants of double cover fibrations

In this subsection, we first define the local invariants of the induced double cover,
and then show in Theorem 4.3 that the relative invariants of f can be expressed by
these local invariants and relative invariants of the quotient fibration.

The double cover 7 in Figure 2.1 induces a double cover g : Xo — Yy =Y,
which is determined by the relation Oy (R) = L®? with R = ¥/(R) and R being
the branch locus of 7. According to Hurwitz formula, one has

R-T'=2g+4+2—-4y >0, for any fiber I" of . 4.1)
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The surface Xg is normal but not necessarily smooth. Moreover, 7 is in fact the
canonical resolution of g (cf. [5, Section II1.7]):

i Xt ¢’z Xt—] ¢tfl L ¢2 Xl ¢1 XO
ﬁ:n,l \L”r—l ﬂll lﬂo
? —y, 17 Y, Vi1 o Y2 Y, Y1 Yo —— .

Figure 4.1. Canonical resolution.

Here ;s are successive blowing-ups resolving the singularities of R, and m; :
X; — Y, is the double cover determined by Oy, (R;) = Ll®2 with

R =07 (Rim) = 2lmin1 /21, Li =47 (Lim) @ Oy, (&™),
where &; is the exceptional divisor of ¥, m;_ is the multiplicity of the singular
point y; 1 in R;_; (also called the multiplicity of the blowing-up ;), [ ] stands for
the integral part, Ry = R and Lo = L. A singularity y; € R; C Y; is said to be
infinitely nearto y; € R; CY; (j > 1),if Yip10---0y;(y;) =yi.

We remark that the order of these blowing-ups contained in i is not unique.
If y;_1 is a singular point of R;_; of odd multiplicity 2k + 1 (k > 1) and there is a
unique singular point y of R; on the exceptional curve &; of multiplicity 2k +2, then
we always assume that ¥; 1 : Y;41 — Y; is a blowing-up at y; = y. We call such a
pair (yi—1, yi) a singularity of R of type (2k +1 — 2k + 1), and y;_1 (respectively
y;) the first (respectively second) component. The following definition is more or
less due to Xiao [25].

Definition 4.1. For any singular fiber F of f and j > 2, we define

o if jis odd, s;(F) equals the number of (j — j) type singularities of R over the
image f(F);

e if j is even, s;(F) equals the number of singularities of multiplicity j or j + 1
of R over the image f(F), neither belonging to the second component of type
(j —1 — j —1) singularities nor to the first component of type (j +1 — j+1)
singularities.

Let wj, = 0y ® fz*wgl and R' = R \ V, where V is the union of vertical isolated

(—=2)-curves in R . Here a curve C C R is called to be isolated in R , if there is no
other curve C’ C R such that C N C’" # . We define

§) = (a)ﬁ—l—ﬁ/)-ﬁ’—l—Z Z s2(F),
F is singular

sp= Y si(F), Vj=>3.

F is singular
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Note that the contraction 1 is unique since y > 0 (although the order of these
blowing-ups contained in v is not unique). Hence the invariants s;’s are well-
defined. By definition, s; is non-negative for j > 3, but it is not clear whether s; is
non-negative or not.

Lemma 4.2. Let F be a singular fiber of the fibration f, and F (respectively T,
respectively I") the corresponding fiber in X (respectively Y, respectively Y ). Then
the (—1)-curves in F are in one-to-one correspondence to the isolated (—2)-curves
of R, which are also contained in T". And the number of these (—1)-curves is equal
to

na(F) + ZS2k+1(F),

k>1

where ny(F) is the number of isolated (—2)-curves of R, which are also contained
inT.

Proof. Note that the (—1)-curves in F are exactly the inverse image of the isolated
fixed points of o on F, hence fixed by o. It follows that these (—1)-curves in F'
are in one-to-one correspondence to the isolated (—2)-curves of R, which are also
contained in I'.

Let E be such a (—2)-curve of R. Then it is the strict inverse image of either
an exceptional curve &; or an irreducible curve C on I'. In the first case, it is easy
to see that y;_; = ¥;(&;) is a singularity of R;_; with odd multiplicity 2k + 1,
and that R; has a unique singularity on & with multiplicity 2k + 2. Equivalently, it
corresponds to a singularity of R of type (2k + 1 — 2k + 1). In the later case, let

E = ¢*(C) _Zajgj, witha; > 0.
Then
—2:E2:C2—Zaf, O:a);-E:a}y-C+Zaj.

On the other hand, one has C? < 0 and C? = 0 if and only if I' = nC for some
n, since C C T'. Hence it follows that C> # 0 since y > 0, and that C? # —I;
otherwise by construction C must be smooth and hence is a (—1)-curve, which is
impossible due to the relative minimality of /. Therefore, C must be an isolated
(—2)-curve of R, which is also contained in I".

Conversely, it is clear that each singularity of R of type (2k + 1 — 2k + 1)
creates an isolated (—2)-curve contained in R, and that the inverse image of each
isolated (—2)-curve in R is still an isolated (—2)-curve in R. O
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Theorem 4.3. Let f be a double cover fibration of type (g, y), and s;’s be the
singularity indices as above. Then

2

2 _ @y
g +1- 3y)a)f =Xx- ﬁ +yT 4+ 250 + ;akSZk-H + kZ;kaZka
_ w,%
Qg +1=3y)xy =
_ 2g—|—1
+ 282 — ~ny + Zaks2k+1 + Z brsak,
k>1 k>2
er = 2ey +S2—3n2+ZS2k+1 +22S2k,
k>1 k>2
2
where weset%:Ozjfy: 1, np = Z ny(F), and
F is singular
_Bg+1-4y)g—-D 3 fmo—1
2 ) y 27 g )
S 12y 1 S_8—
8 ’ YTy 4
ar = 12a; — (2g + 1 —3y), b = 12b —2(2g + 1 —3y),
_ - k(g—1+ k=2 -1
i = k(g—1+Gk-Dy -1), b = ( : ),
2
+1—-2v)on, — (y — DR
& Y)on — (v — DR) 2y — Dy > 0.

y —1

Proof. Recall the canonical resolution ¥ exhibited in Figure 4.1. By Lemma 4.2,
one has

(wj + I?) ‘R -2 (nz + ZSZkJrl)

k>1

= (w;+R) R=(n+R)-R— 2;:([%]‘1)[’”7]

=(wn+R) - R=) B+ 4k +2suy1 — Y (4k> =2k =2 Y sa(F).
k>1 k>2 F is singular

Combining this with the definition of s;, we get

(@n+ R) - R=(s—2n0) + Y _4k(Q2k + Dspy1 + ) 2k(Q2k — Dsx.  (42)
k>1 k>2
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Thus by the formulas for double covers (cf. [5, Section V.22]), one obtains:

R?
2 2 2 2
a)f. =2 (wh—i—a)h . R+—)—2 (E 2k= =2k 4+ Dsop41+ E (k—1) Szk)

k>1 k>2
a)2
/ / !/
=x - 1 (T+2(y—l)n2)+z(a)h+R)-R “4.3)
-2 (Z<2k2 = 2%k + Dsogyr + )k~ 1)2s2k) :
k=1 k>2
1 [wy- R k(k —
szzXh+§< 2 ) (stzkﬂ-i—z )
k>1 k>2
2
_ =/ @y =/ =/
—2Xh+x'y_ (T +2(y —Dnz) +Z'(wn +R) - R 44)
k(k -1
(Z s+ ) ——— k) :
k>1 k>2

Tt > S2k+1
k>1

and x5 = x 7 by Lemma 4.2. Therefore, the formulas in our theorem follow from
the above equalities together with (4.2) and (1.2).

Note that T = 2(g — 1)wp, - R > 0 if y = 1. It remains to show that T > 0 if
y > 1. For this purpose, let V C R be these isolated (—2)-curves contracted by 7,
and R = R\ V. By Lemma 4.2, the number of components contained in V is n,.
Since I - ((g +1-2y)wp—(y — l)R’) = 0, one gets by Hodge index theorem that

where */ _mfor*_x y,2Z,X,yo0rZ. Notethatwf_a)

0> ((g+1-2p)on—(y— DR’ = ((g+1=29)on— (v —DR) +2(y —1)2na.

Hence T > 0 as required. O

4.2, Irregular double cover fibrations

In this subsection, we would like to prove the following restrictions on the invariants
of irregular double cover fibrations.

Definition 4.4. The double cover fibration f is called irregular if the irregularity
qn = q(X ) — q(Y ) of the induced double cover 7 is positive, where X and Y are
the same as in the last subsection.
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Proposition 4.5. Let f : X — B be a double cover fibration of type (g, y).

(i) If the double cover 7 is irregular, ie., gz > 0, then

206 +1-=2y)s 4.5)
2

a)
< (g+1- 2)/)2 - — T+ 2(4ar+2g+1-3y)sou 1+ Y 8besak.
k>1 k>2

(i1) If the image Jo()? ) C Albo()? ) is a curve of geometric genus g’ > 0, then
g 8 8 8

g'—1
2g+1-2y) |2+ Z 42k + Dksyt1 + Z2(2k — Dksx (4.6)
k>1 k>2
2
w -
< (g+1-2y)2. —”1+T+Z 2(4ar+28+1-3y)su1+ Y 8besas
Y= k=g k=gt

where ay’s, by’s are defined in Theorem 4.3, and Jo will be defined in (4.7).

The main tool to prove the above proposition is the usage of Albanese varieties.
We first review the Albanese varieties and show that the ramification divisor is
contracted by Jy. Then the proposition follows from the semi-negativity of the
divisors contracted by some non-trivial map.

Let R = n_l(R) - X the ramification divisor. Let Alb(X) (respectively
Alb(Y )) be the Albanese variety of X (respectively Y) and t the generator of
the Galois group_ Gal(X /Y) = Z/27Z. Then we have a natural map Alb(7) :
Alb(X ) — Alb(Y) and t has a natural action on Alb(X ). Let

Albg(X) = {x € Ab(X) | 7(x) = —x}.

Then it is clear that Alb(X) is isogenous to Alby(X) ® Alb()~!(Alb(Y)) and
dim Albg(X) = g . Denote by

Jo: X — Alby(X) 4.7
the induced map.

Lemma 4.6. The ramification divisor R is contracted by the map Jo.

Proof. Let C C R be any irreducible component, ( C its normalization, j : C—>X
the induced map and ¢ = Jpo j : C — Albo(X ) the composition. We have to
prove that ¢(C) is a point.
We argue by contradiction. Assume that <p(C ) is not a point. Then the induced
map
0" H° (Albo(X) l (X)) s HO (5, 5215)



1050 XIN LU AND KANG ZUO

is non-zero. On the other hand, it is clear that ¢* factors through

~ Jx ~ P* ~
0 1 0 0 1 J 0 1
H (AlbO(X), QAlbo(;()) O H (X, sz;() ANy (c, 95).

Note that the generator 7 of the Galois group Gal(g / ?) acts on H° <§ , ;?) Let

0(Yv 1 0(%v 1
1 (X, af) 8 (%. 9&')1

be the eigenspace decomposition. Then by construction, the image of J; is con-
tained in H° <§ , Q}() . To deduce a contradiction, it suffices to prove that the

restricted map
IS . g0 (¥ 1 0(~ L
j |H0(§,Q§)_1 H (X, Qx>7l —H (C, QC>

is zero.

In fact, let p € C be an arbitrary smooth point of C. Locally around p, there
exists local coordinate (x, y) such that the action of 7 is given by 7(x, y) = (x, —y)
and C is defined by y = 0. For any 1-form

w = alx, y)dx + B(x, y)dy € H° ()? sz%) ,
one has

we H° (f( Q%) | =, y) = yal, ¥, Bx,y) = B(x, ).

Hence if w € H (5(:, Q%) . one gets that j*w|j,1(p) = 0, from which it follows

that j*w = 0 since p is arbitrary. O

Lemma4.7. Let y; € R; C Y; be a singularity infinitely near to y; € R; C Y; as
in the canonical resolution in Figure 4.1. Then

mj <mji, ifm;iseven; mj <m;+1, ifm;isodd.

Proof. It suffices to consider the case where j = i + 1 and ;41 (yi+1) = Yi.
But this is clear because if m; is even, then & Q R;y1; and if m; is odd, then
Eir1 S Riq1. O

Proof of Proposition 4.5. Recall that those blowing-ups v;’s are contained in the
canonical resolution ¥r. For convenience, we view ¥; o ¥4 : Yj41 — Yi_jasa
single blowing-up (but with two exceptional curves) if

Vi 28y, By
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are blowing-ups of a type-(2k + 1 — 2k + 1) singularity. For a blowing-up ¢’
contained in v, the order of ¥ is defined to be k + 1 if ¥’ is a blowing-up of a
type-(2k + 1 — 2k + 1) singularity, and to be [m’/2] if ¥ is a blowing-up of a
singularity of the branch divisor with multiplicity m’. Now we introduce a partial
order on these blowing-ups contained in ¥: we say ¥’ > " if k' > k”, where
k' (respectively k") is the order of v/ (respectively ). According to Lemma 4.7,
we can reorder these blowing-ups contained in ¢ such that y; > v; if i < j.
Let M be the maximal order of these blowing-ups contained in 1r. Then i can be
decomposed as

?:},}M% ...... . IQY()iY

such that the order of each blowing-up contained in v; is M + 1 — i.

Consider any blowing-up ¥’ contained in Ui Ifitis a blowing-up of a type-
(2(M —D+1—=2M-i)+ 1) singularity, let £ and &, be the two exceptional
curves. By construction, one of them, saying &1 is contained in the branch divisor,
hence its strict inverse image on X is a rational curve; another one, saying &, is not
contained in the branch divisor and intersects the branch divisor at most Z(M —i ) +2
points, hence the geometric genus of its strict inverse image on X is at most M — i
by Hurwitz formula (cf. [10, Section IV.2]). If ¥/ is an ordinary blowing-up with
one exceptional curve £, then one can prove similarly that the geometric genus of
its strict inverse image on X is also at most M — i. In any case, we obtain that
the strict inverse image of any exceptional curve of I/Afi has geometric genus at most
M —i. _

Consider first the case when Jo(X) is a curve of geometric genus g’ > 0. In
this case, any curve of geometric genus less than g’ is contracted by Jy. Hence
combining this with the above arguments and Lemma 4.6, we conclude that the
total inverse 1mage of RM g in X is contracted by Jo, where RM ¢ S Y M—g' 18
the image of R. In partlcular the total inverse image of Rj/_ ¢ 18 semi-negative

definite, which implies that R M—g' 18 also semi-negative definite. By construction,
each blowing-up contained in

Ym—gy10-o¥yy: Y=Yy — Yy ¢
has order less than or equal to g’. Thus there exist no + Y sox41 vertical iso-
k>g’

lated (—2)-curves contained in Ry ¢’ by Lemma 4.2, since the image of any iso-

lated (—2)-curve contained in R is still an isolated (—2)-curve contained in R M—g'-
Therefore

Ry_g = =2(na+ D s |- 48)
k>g’
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By construction, we have

Iéfmg, =R?_ kz 4(2K% 4 2k + Dsopq1 + k > | Ak 5ok
zg' >g'+
2
w
=% y——hl +3(T +2(y — Dna) + % (wn + R) - R

Z4(2k2+2k—|—1)5‘2k+1+ Z ks |,

k>g’ k=g'+1
where
)e_—(g+1—2y)2 . -1 2_2g+2—4y
2e+1-3y) T 2e+1-3p) 2¢+1-3y

Hence (4.6) follows from the above equation together with (4.2) and (4.8).

Finally, let’s consider the case when g, > 0. In this case, Jo(X) is of positive
dimension since Jo(X) generates Albg(X) by construction, and any rational curve
in X is contracted by Jo. Hence similarly as above, one sees that IQM, 1 is semi-
negative definite and

Ry =2 (nz + ZszkH) : (4.9)
k>1
Therefore, (4.5) follows from a similar argument as above. ]

In order to use Proposition 4.5 (ii), we have to know when Jo(i ) is a curve,
where Jj is defined in (4.7).

Lemma 4.8 ([6]). If g > y + 1, then the image Jo()~() C Albo(f() is a curve of
genus at least g, .

Proof. First note that if JO(X ) C Albo(X ) is a curve, then its genus is at least g,
since JO(X ) generates Albg (X ) and dim Albo(X ) = g . Hence it suffices to prove

that Jo(X) is a curve. _ - - _
Let F be a general fibre of f,and I' = 7 (F) C Y. Consider the linear map

¢ AZH'O(Alby(X)) = H2O(Alby(X)) — H'O(F)
obtained by composing the linear map

H>(Alby(X)) — H**(X)
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with the restriction map
H*(X) = H°(S, w5) — H°(F, wp) = H'O(F),

where w3 (respectively w) is the canonical sheaf of X (respectively F ). Note that

the generator t of the Galois group Gal(g /Y) acts on H 1’O(Albo ()~( )) by multiply-
ing —1, from which it follows that the image Im(¢) is contained in the invariant
subspace HO(F, wf)r ~ HO(C, wg). In particular, one has

dimIm(s) < dim H(C, wg) = y.

On the other hand, if JO()? ) is a surface, then it is proved by Xiao (cf. [24, Theo-
rem 2], see also [20, Lemma 1] by Pirola) that

dimIm(¢) > gr — 1.

From the two above inequalities it follows that Jo()~( Jisacurveifg, >y +1. O

4.3. Slope of double cover fibrations

In this subsection, we would like to consider the question on the lower bound of
the slope for double cover fibrations. The main techniques are Theorem 4.3 and
Proposition 4.5.

Based on Theorem 4.3, we can reprove the following lower bound of the slope
for a double cover fibration, which was proved earlier by Barja, Zucconi, Cornalba
and Stoppino.

Theorem 4.9 ([4, Corollary 2.6], [2, Theorem 2.1], [8, Theorem 3.1, 3.2]).
Let f be a double cover fibration of type (g, v). If h is locally trivial or g > 4y +1,

then 4 |
Ap> He— D) (4.10)
8§~V
Proof. By Theorem 4.3, for any A, one has
g +1=3y)@F — A xp) @.11)
3g+1—4y)(g—1 +1-2y)24\ o}
_(Gs yY)g—1) (g AN T 202+ 139
2 8 y —1
12 -4 4g—1D —(g—y)Ar 2¢+1-3y)x
. o He-D-G-y 's2+(g 12 s
8 4 4
+Z <(12 —Mk(E-D+ k- —1)—-Qg+1- 3)/)) © S2k+1
k>1

12 — Mk —1 k—2 —1
+Z(( k((g =D+ k—2)(y — 1)

3 —2Q2g+1-— 3)/)) - 82k

k>2
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Taking A = % in (4.11), it is easy to see that the coefficients of n; and s;’s for

J = 3 are all non-negative due to (4.1). Since T', ny and s;’s for j > 3 are also all
non-negative by definition, it follows from (4.11) that

2 4(g—1)
Wy — .
&=V

1 2 a’/%
> g—D* —L— 4T —16(g—1)-xu]. (4.12)
2(g—v) y — 1

2
If & is locally trivial, then % = x5 = 0and T > 0, from which together with
(4.12) the inequality (4.10) follows immediately.
If g >4y + 1 and y = 1, then by [5, Section V-Theorem 12.1], one has

-1

; ) T, (4.13)

Wh ™ (numerically equivalent) (Xh +
i=1

where I is a general fiber of 2 and {I';};—,... , are the union of multiple fibers
of 4 with multiplicities {/;};=1,... ». Hence T = 2(g — l)wj, - R > 4(g — 1)2Xh-
Therefore, it follows from (4.12) that a)f, —4xr =28 —5xn=0.

Ifg >4y +1landy > 1,then0nehasa)ﬁ > @'Xh >0and T > 0.
Hence by (4.12), we get

2o Me—D _4g-D—4y -1

= - xn = 0 as required. 0
T gy Y 208 =7y

When f is an irregular double cover, we have the following better bounds,
which is a generalization of [15, Theorem 1.4].

Theorem 4.10. Let f be an irregular double cover fibration of type (g, v), and
Fg.y. )= (@~ D> =4 - Dyt+y +0—4C¢2 -1, 414)
@) If his locally trivial or F(g, y, 1) = 0, then

+4(V—1)‘

Ar>06
= g1

(4.15)
(i1) Assume moreover that Jo()? ) is a curve, where Jy is defined in (4.7). If h is

locally trivial or F(g, v, gz) > 0, then

. 4(g+1-2y)
(G +D(E =D+ gz — Dy = 1)

Af = hgyge = (4.16)
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Proof. We only prove (ii) here, for the proof of (i) is completely the same except
replacing the usage of (4.6) by (4.5) in the following.

Note that Jo(X) generates Albo(X ) by construction. Hence the geometric
genus of Jo(X) is at least g; = dim Albo(X) Note also that Ag , 4. > 4(gg yl),
since g + 1 — 2y > 0 by (4.1). Hence by (4.6) and (4.11) with A = Az, 4, We
obtain

2
Wf — Agy.an  Xf
8@ =D = 8+ 1 =2y

8 y — 1 - 2)\'gv7vfb'r * Xh
8= Mevar gy Pevan (4.17)
8(g+1—2y) 4
gr—1
+ Z &k - S24+1 +an S D Mk S+ D VS,
k=g kzgr+1
where
£ = KPhg ygr — 2k — 12,
(k — 1) (khg,y.gr — 4tk — 1))
= ,
2
= (4k(g = 1) + 2k = D*(y = D)8 = hg yg.) = (g +1=20)hg y g0
¢ Ag+1-2y) ’
o — k((@ =1+ (k=2)(y — D)8 = Agyq,) —4(g+1—-2y)
¢ 20g+1-2y) '

Itiseasy toseethat& > Oforany 1 <k < g; —1,n = 0forany 2 < k < g,
and

2(g=—1) g§—v
Wk > gy = Vk = qx,
T Al @t D(G—1 + @ - Dy —D) "

Vg = Vg1 =0 Vk>qgr+1.

Hence by (4.17), one has
2, )

Wy g&var " Xf

8(g—1) — (8 +1-2y)Ag.y.4, “’i 8 — Ag.yidx (4.18)
= : —2eygn Xt T

8 y—1 o 8(g+1-2y)

w2
If & is locally trivial, then y—_”l = x, =0and T > 0. Hence (4.16) is clearly true.
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If F(g,Y,q9~) > 0and y = 1,thenby (4.13) one has T = 2(g — )wp - R >
4(g — 1) x5, Hence it follows from (4.18) that

2(g — 8qr — )

2
w5 — A S XF >
f g.1.qx Xf = q;T+1

* Xh-

Note that the assumption F (g, y, g) > 0 implies that g > 8¢, + 5 when y = 1.
Thus the above inequality implies that (4.16) holds if y = 1.

Finally, we consider the case when F(g, y,q-) > 0 and y > 1. In this case
one has f > 221 .y, > 0.and T > 0. Hence by (4.18), we get

2F(g,¥:4x)
Yz + (=D +@gr— Dy —1D)

w?‘ —Agyan  Xf 2 “xnz0. O

Remark 4.11. Let f be an irregular double cover fibration of type (g, ). Similarly
as in the above proof, one can show that

Ap=6,  ifg>6y+7. (4.19)

In fact, by (4.5) with (4.11), one obtains that

8(g—1)—6 1-2 w? 1
wfc—6XfZ (g ) (g + V). h 24— T
8 y—1 4(g+1—-2y)
1
— 120+ ——— - 4(g — 1?5 = 0 ify =1
- 4g—1)
|8 —1D—6(g+1-2y)

3 Ay —12x, =0 if y > 2.

We end this section with the following lower bound on the slope of double cover

fibrations of type (g, y) with g being not big. It can be viewed as a supplement to
Theorem 4.9.

Theorem 4.12. Let f be a double cover fibration of type (g, v). If g < 4y + 1 and
(g+1—2y)2>2Q2g + 1 —3y), then

4(g—1)(Bg+1—4y)

Ay > ) . (4.20)
(g+1—-2y)*+4yQ2g+1-3y)
. 4(g—1)Bg+1—4 4(g—1 :
Proof. Let Ao := (g+1£%y)2)ify(2g+7;)—3y)' Then 4 < Ao < % by assumptions.

If y = 1, then the assumptions imply that Ao = 4 and g = 5. Hence (4.20)
follows from (4.10). If y > 1, taking A = Ag in (4.11) and using Lemma 4.13
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below to eliminate s,, one obtains

w%—)\()-)(f
Gg+1-dy@—1 (+1=200) @ _, CGo=d
=\ 20¢+1-3p) 8Q2g+1-3y) ) y—1 O AT —1)
+Z-n2+2(k Ao — (2k—1) )~S2k+1+2( > Ao —2(k— 1) )'SZk
k>1 k>2
Geg+1—4y)e—1) (g+1-29%0\ o}
> - : — 20 Xn
22g +1—-3y) 82g +1—-3y) y —1
3¢4+1—4 -1 1 —2y)% 4
. (g + -1 (g+ ¥)72o A ) =0,
202g +1—3y) 82g+1-3y) ) »

where the second inequality follows from the non-negativity of 7', n, and s;’s for
J = 3; and the third inequality comes from the slope inequality wi > w Xxn of

the fibration 4. O
Lemma 4.13.

T+@y—-1 (sz + Z4k(2k + Dsogr1 + ZZk(2k — l)szk) > 0. “4.21)
k>1 k>2

Proof. We may assume that y > 1. By (4.2), the inequality (4.21) is equivalent to
T+ (y — 1)((a)h +R)-R+ 2n2) > 0. (4.22)

m
Let R = ) D; be the decomposition into connected components, such that
i=1

D;-T'>0, VI<i<l D;-T'=0, VI+1<i<m,
where I is a general fiber of 4. We claim that
(wp+D;j)-D; >0, Y1 <i<l;, (wp+D;)-D;>-=2,VI+1<i<m. (423)
~ ki i
Indeed,let D; = ) D;; — D; be the normalization,and ) D;; be the irreducible

J= ] Jj= 1
components which are mapped surjectively onto B. Then

(wn + Di) - Dj = (2¢(B) —2)T - D; + (wy + D;) - D;

ki -
(2¢(B) —2)I' - Di + Y (28(Dij) — 2) +2(k; — 1)
j=1

%

ki
(28(Dij) —2) +2ki = 1) = 2(kj — l; — 1).
j=li+1

A%
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Hence (4.23) follows. Let D = Y\, D; and D' = Y7, D;. Then (w;, + D) -
D > 0 by (4.23). Since I - ((g +1-2y)wp — (y — 1)D) = 0, one gets by Hodge
index theorem that
2
0> (g+1—-2y)op—(y —1)D)
2
= (g +1-2)an = (y = DR)" = (y = D*(@ + D) - D'
+(r = DQg+1-3y)w - D'
2
= ((¢+1=2p)wn — (v = DR)" = (y = D*(@y + D) - D'.
Combining this with the fact that
(wph+R)-R=(wp+D) D+ (wp+D") D' = (wp + D) D,
we obtain (4.22), and hence complete the proof. O

44. Proof of Lemma 2.5

By Theorem 4.9, we may assume that gy > 2y. Since g5 < y, we have g, =
qgf —qn =2y —y =y > 0 and see that 7 is an irregular double covering.

We first show the assertion when g, < y + 1. By Theorem 4.10 (i), we have
the desired inequality (2.4) if 4 is locally trivial. If g5 = y, then A is globally trivial
and we are done. Hence it suffices to consider the case g, < y — 1 assuming that &
is not locally trivial. Then we have g; < y+1only wheng, = y—1landgy =2y.
If this is the case, then by Theorem 4.9 we have

,» 4 —-D 4g—-D
Wy = Xf = Xf-
§—v §—4qr/2
So it suffices to show that we cannot have the equality sign. If y = 1, then [23,

Theorem 3] shows Ay > 4 and we are done. If y > 2 and w% = 4(g l)xf,

4(h 1)

then as the proof of Theorem 4.9 shows that a)ﬁ = Xxn- This 1mp11es that
4(g—1)

g—4qr/2

y — 1 = g = 0 by [23], which is impossible when y > 2. Therefore Ay >
in this case.

We next assume that g, > y + 1. By Lemma 4.8 together with (4.6) and (4.11)
for A = A = 28— we obtain

8§=4qr/2’
a)?-—)»()-)(f
8(g—1) — 1=2y)h @ 8—2
S8 —D -G+ Yo @ e xn 4 o
8 y —1 8(g+1—-2y)
gz—1
+— ny + Zék S2k+1+an S+ Y Mk Sl + ) Vs
k>qx k>qr+1
8(g—D—(g+1=20r 8 — A
2(g )— (g Yo @ e xn 4 0

8 y —1 8(g+1—2y)
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where

& = k*ro — (2k — 1)?,

(k — 1)(kxo —4(k — 1))
e = ,

2
B (4k(g — 1) + (2k — D2(y — D)8 — ko) — (g +1—2y)ho
M = 4g+1-2y) :
e = k((g—=D4+ k=2 —1D)B—1) —4(g+1— 2)/).
2+ 1-2y)

If & is locally trivial, then yw—’% = x, = 0and T > 0. Hence a)f — Ao X5 =

0. Moreover, if the equality holds, then the above inequality shows that all the

invariants s;’s, np and T are vanishing, which implies that a)} = 0 by Theorem 4.3,

contradicting the non-triviality of f. Hence the strict inequality (2.4) follows.
_Next, we consider the case when & is not locally trivial. By Lemma 4.8,

JO(X) - AlbO(X) is a curve of genus ' > g, since g > y + 1. Restricting

Jo on the general fiber of f, one obtains a map

Jolp: F— Jo(X).
Since f is not locally trivial, deg (Jo|,) > 2. If deg(Jo|,) = 2, then Jo x f
realizes S as a double cover of the trivial fibration Jo()? ) X B; namely, f is a
double cover fibration whose associated quotient fibration is trivial. Hence by the
above arguments, (2.4) holds. Thus deg (Jo| F) > 3. In particular, by the Riemann-
Hurwitz formula, one has
g+2

3

If y =1,thenby (4.13)one has T = 2(g — 1)wy - R > 4(g — 1)2x,. Hence

qn =

a)?—)»(yx

y ((8 —20)(g = )
- 2

— 2)\,()) xn > 0.

Assume that y > 2. Since g < (g +2)/3 and g > y + 2, we have g >
qf —qn +2qy —2>qy +2y +2 —q;. Hence

1 4 )
—_ > y lfqh=0,
y &—1—qy+2y

and
1 4

> b
Y —aqn/2 — g—1—qy+2y

if g, > 0.
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Since & is not locally trivial, a)}zl > (4 — 4/y)xn by the slope inequality when

gn = 0, and w,zl > 4(y — 1)/(y — qn/2) xn by the assumption when g, > 0. It
follows that
2 16(y — 1)

) Xh

" g—1—qp+2y

Therefore,
8(g— 1D —(+1—-2y)ko
C()?‘—)\.O'sz 8y — 1) a)ﬁ—z)LOXh
8(g —1)—(g+1—2y)io 16(y — 1)
> . =200 | xn =0,

8(y — 1) g—1—qy+2y

which is what we want. O

4.5. Proof of Lemma 2.6

According to Theorem 1.1 and [23, Theorem 3], one may assume that g5 > 2,
which implies that g > 9¢ ¢ > 18 by assumption.

e If g > 4y + 1, then according to Theorem 4.9 we may assume that gy > y.
Hence f is an irregular double cover (cf. Definition 4.4), and g > 6y + 7 since
g 2 9qy > 9(y + 1). Therefore (1.3) follows from (4.19).

e If4y +1 > g > 4y — 2, then (1.3) follows from (4.20), since in this case

4(g—-1D@Bg+1—-4y) - 9 g -1 - 4g—-1
(g+1—-2y)2+4y(2g+1-3y) 26 T g—qy

This completes the proof.

5. Examples
In this section, we construct counterexamples with g5 = % violating Barja-
Stoppino’s conjecture.

Example 5.1. We construct a relatively minimal fibration f : X — FE of curves of

odd genus g > 3 over an elliptic curve E with g5 = % and

4 4(g — 1
g - g—qy

Let E be any elliptic curve, and C be any smooth curve of genus go > 3 which
admits a double cover to E:

n: c -2 E.



THE SLOPE CONJECTURE 1061

Let A € C x C be the diagonal, o the involution on C x C defined by exchanging
the two factors, and X = C x C/(o) the quotient surface. Since o has no isolated
fixed point, X is smooth. According to [19, Section 2.4-Example (b)], we know that
X is minimal of general type with g(X) = go and

(g0 —1D*— (g0 -1
> )

To obtain a fibration on X, we consider first the fibration on C x C defined by

x(Ox) = wy =4(go—1)* —5(g0 — 1).

h: CxC— E, (x1, x2) = n(x1) + n(x2),

where ‘+’ is the addition associated to the group structure on the elliptic curve E.
It is easy to see that the morphism /4 factors through X and so induces a fibration
f: X—E:

g

CxC
x /
E.

Itis clear that f is relatively minimal since X is minimal,and g = q(X) —g(E) =
go — 1. To compute the genus g of a general fiber of f,let H be a general fiber of
h,F =n(H) € X,p =h(H) € E,and pr; (respectively pr;) be the projection
of C x C to the first (respectively the second) factor C. Then for any (x1, x3) € H,
one has n(xy) + n(xz) = p,i.e., n(x;) = —n(x2) + p. In other word, one has the
following commutative diagram

X

The maps in the above diagram are all double covers, and the branch divisor of
praly is

T = {x eC | y := —n(x) + pis a branch pointof  : C — E},

which is of degree 4go — 4. Hence one obtains that g(H) = 4go — 3. Note that
H - A = 8. Thus by Hurwitz formula, we get that

29(H) — 2 =2(2g(F) —2) + 8.

Hence ¢ = g(F) = 2go — 3. Therefore gy = go — 1 = gTH,and

2 2
w 8g0 — 18 4 4(g — 1
Cf_ wx o8 —8_ 8= (g )

Ap=—L = —
/ xr  x(Ox) go—2 g—1 g—4qyr

, as required.
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Example 5.2. We construct a relatively minimal double cover fibration f : X —
P! of type (g, y) with0 <y < (g + 1)/2,qr = (g +1)/2,and

4 4g — 1)
- <8 =—"
(g+1-=2y)y g&—4qy
Consider the ruled surface 19 : P' x P! — P!. Let Aq be a pencil on P! x P! such

that Hy is a section of 1o and HO2 = 2 for a general member Hy € Ag. Assume

that A¢ has two distinct base-points, which are mapped to {p, p’} < P! by 5. Let
¢ : P! — P! be a double cover branched exactly over {p, p’}, and consider the
Cartesian product

Ap =

P! x P! —— P! x P!

nl lno

P! Y P!
Let A be the pulling-back of Ag. Then A also has two distinct base-points
(H and H' are tangent to each other at each of these two base-points for any
two general H, H € A). Let & : P! x P! — P! be another fibration, and
(D1, Dy, - -+, D2y 42} be 2y + 2 fibers of & such that these two base-points of A
are contained in D and D5 respectively. Let I' — P! be the double cover branched
over {£(D1),£(Dy), -+, £(D2y42)}, and

Y =P xP)xp ' =P' xT

the fiber-product. Let Ay be the inverse of A on Y. Then Ay has also exactly
two base-points (each of the base-points is of multiplicity two). Blowing up the
base-points of the pencil Ay, we obtain a fibration

@ Y — P

By construction, the strict inverse images of D and D, in Y are contracted
by ¢. Let p, p’ be the images, and I’ — P! the double cover branched over
{p, P's x1,-++ , X2y}, where y’ = (g +1)/2 — y, and x1, - - - , xp, are distinct
general points on P!. Let X be the normalization of the fiber-product Y xpi I'" and
f 1 X — P! the induced fibration as follows

F/

X
¢
L
) ~
Y

P! Y=Plx ————=T
; | l
h £
P! x P! —————p!
/
P!,
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Let C; = ©*(x;) be the fibers of ¢ for 1 < i < 2y’. Then it is clear that

w0y =-8y—1-2, xOp=-(-1, oy C=4—4

Note that the fibers of ¢ over p and p’ are of multiplicity two. Hence 7 is a double
cover branched exactly over R = {C 1, ,ng/}. Therefore, f is a relatively
minimal fibration of genus g, and

1~ 2
% =2<a);+§R> +8( -1 =8+1-2y)y -4,

1 1~\ R
Xf=2X(O)7)+§ w,7~|—§R -5+(g—1)=(g+1—2)/))/-

Hence f has the required slope. Note that qQ7) =y and ¢(X) — q(?) — 3/ since
7 is the normalization of the fiber-product ¥ xpi I''. Therefore gy = y + y' =
(g + 1)/2 as required.
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