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KAM, a-Gevrey regularity
and the o-Bruno-Riissmann condition

ABED BOUNEMOURA AND JACQUES FEj0Z

Abstract. We prove a new invariant torus theorem, for ¢-Gevrey smooth Hamil-
tonian systems, under an arithmetic assumption which we call the a-Bruno-
Riissmann condition, and which reduces to the classical Bruno-Riissmann con-
dition in the analytic category. Our proof is direct in the sense that, for ana-
lytic Hamiltonians, we avoid the use of complex extensions and, for non-analytic
Hamiltonians, we do not use analytic approximation nor smoothing operators.
Following Bessi, we also show that if a slightly weaker arithmetic condition is
not satisfied, the invariant torus may be destroyed. Crucial to this work are new
functional estimates in the Gevrey class.
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1. Introduction

1.1. The general question

We consider small perturbations of an integrable Hamiltonian system, defined by

qg=VyH(q,p), p=-V4H(q,p)
where H is a Hamiltonian of the form

H(q,p) =h(p) +€f(qg.p), (g.p)eT"xR", 0<e<l

where n > 2, T" = R"/Z", wy = Vh(0) € R", and V?h(0) € M,(R) is non-
degenerate. When € = 0, the torus 7y of equation p = 0 is invariant and quasi-
periodic of frequency wg. The general question we are interested in is the persis-
tence of this torus for € # 0 sufficiently small : does there exist a torus 7, which
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is invariant and quasi-periodic of frequency wp and which converges (in a suitable
sense) to 7y as € goes to zero?

This question was answered positively by Kolmogorov in his foundational pa-
per [22] under the assumption that H is real-analytic and wyq is a T-Diophantine vec-
tor (t > n — 1): there exists y > 0 such that for all k € Z" \ {0}, |k - wo| > y|k|™T.
As a conclusion, the perturbed torus is real-analytic. It became clear that a regular-
ity assumption on H and an arithmetic condition on wy were necessary, and then
further works investigate the interplay between the analysis and the arithmetic.

It was certainly a remarkable contribution of Moser (see [29]) to realize that
the question can also be answered for Hamiltonians which are only finitely differ-
entiable. More precisely (see [37]), if wo is T-Diophantine and if H is of class
C’, with r > 2(z + 1), then the torus persists and it is of class C” *7*! for any
r'" < r—2(t +1). If H is smooth, that is C*, there is no restriction on 7 and
the perturbed torus is smooth. It follows from a recent result of Cheng-Wang [14]
(which uses an idea of Bessi [2]) that the result is false if H is of class C", with
r < 2(t + 1). Thus in the finitely differentiable or smooth case, one may consider
this Diophantine condition as essentially optimal.

In the real-analytic setting, the Diophantine condition is not necessary. Indeed,
it is sufficient to assume that wq satisfies the weaker Bruno-Riissmann condition
(see Subsection 2.2 for a definition), as was first proved by Riissmann in [36]; an
equivalent condition was actually introduced earlier by Bruno [8,9] in a different
but related small divisors problem, the Siegel linearization problem. The necessity
of this condition turns out to be a more subtle problem. In the Siegel problem,
it is optimal in dimension one (this is a celebrated result of Yoccoz [43,44]) but
in higher dimension it is unknown. In the Hamiltonian problem we are considering
here, the only general result we are aware of is due to Bessi [2] (extending an earlier
result of Forni [16] for twist maps of the annulus) in which a torus with a frequency
not satisfying a slightly weaker condition can be destroyed by an arbitrary small
analytic perturbation. This leaves open the possibility of slightly improving the
Bruno-Riissmann condition.

1.2. Main results of the paper

Real-analytic functions are characterized by a growth of their derivatives of order
s ~KIk! for some analyticity width s > 0; in the periodic case, this is equivalent to a
decay of Fourier coefficients of order e *|¥I. Given a real parameter o > 1, allowing
a growth of the derivatives of order s~KIk!% or, equivalently, a decay of Fourier

coefficients of order e~ sk e , one is lead to consider a-Gevrey functions, which
thus corresponds to real-analytic functions when o = 1. Since the introduction by
Gevrey of the class of functions now baring his name [17], there has been a huge
amount of works on Gevrey functions, mainly for PDEs, but also more recently
in other fields, including dynamical systems (see Subsection 1.3 for some related
works in dynamical systems dealing with Gevrey regularity).

In this paper, we study the persistence when ¢ is small of the torus 7, as a
Gevrey quasiperiodic invariant torus 7, under the assumptions that H itself has
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Gevrey regularity. The only general result so far is due to Popov [32] who proved
that the latter holds true if w satisfies a Diophantine condition. This result, the proof
of which uses analytic approximation, extends the result of Kolmogorov when o =
1 but not the one of Riissmann: clearly one would expect an arithmetic condition
which does depend on « and that reduces to the Bruno-Riissmann condition when
oa=1.

The main result of the paper is to solve this persistency problem, assuming that
the frequency wq satisfies some arithmetic condition which we call the a-Bruno-
Riissmann condition, which is weaker than the Diophantine condition and agrees
with the Bruno-Riissmann condition when o« = 1. This is the content of Theo-
rem A; Theorem B and Theorem C deal respectively with the iso-energetic and
time-periodic versions. We will also state and prove a Gevrey analogue of Arnold’s
normal form theorem for vector fields on the torus (Theorem E). Theorem H is a
more precise, quantitative statement, with parameters, which does not require non-
degeneracy, and from which Theorem A and Theorem E follow. We also notice
that Bessi’s ideas [2] may be adapted to the Gevrey setting, to provide a necessary
arithmetic condition for the invariant torus to persist (Theorem D). The so-obtained
condition fails to agree with the sufficient condition of Theorem A and, as in the
analytic case, it remains open to determine the optimal condition. Finally, we will
also give discrete versions of Theorem A and Theorem E, which are, respectively,
Theorem F and Theorem G.

When a Hamiltonian is not real analytic, it is often the case that there is still
some control on its derivatives and that it has Gevrey regularity. This may happen
for example for the restriction of an analytic Hamiltonian restricted to a Gevrey,
symplectic, central manifold. Technically, Gevrey regularity luckily extends the
well-behaved analytic regularity in KAM theory: the effect of small denominators
in Fourier series reduces to decreasing the “Gevrey width” s, the analogue of the
analyticity width. This makes it possible to adapt Kolmogorov’s proof of his invari-
ant torus theorem without using analytic approximations or smoothing operators as
in the smooth setting. Yet there are two issues one needs to solve.

The first and main issue is that the estimates needed in the general problem
of perturbation theory were missing. This is why we provide an appendix with
an adequate choice of norms and spaces, together with the estimates needed in
our proof. In particular, Proposition B.10 provides a “geometric” estimate of the
composition of two Gevrey functions, in which the loss of Gevrey width is arbi-
trarily small when composing a function to the right by a diffeomorphism close
to the identity, in continuity with the real-analytic setting. Starting with the work
of Gevrey itself [17], there have been many results concerning the composition of
Gevrey functions (see, for instance, Yamanaka [42], Marco-Sauzin [30], Cadeddu-
Gramchev [10], Popov [32]) but none of them allowed an arbitrarily small loss of
width except in some particular cases (the one-dimensional case and the analytic
case). To our knowledge, our composition result is new and may be of independent
interest.

The second and minor issue is that to reach a weak arithmetic condition, it is
usually better not to solve exactly the cohomological equation but an approximate
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version of it, and hence one cannot proceed as in Kolmogorov’s proof. The strat-
egy of Riissmann, that we could have tried to pursue here, consists in solving this
equation not for the original perturbation but for a polynomial approximation of it.
We will rather adopt the strategy of [3,4] in which periodic approximations of the
frequency are used and only cohomological equations associated to periodic vectors
need to be solved: estimates on the solution are straightforward in this case, unlike
the cohomological equation associated to a non-resonant vector.

As a further remark concerning the proof, in invariant tori problems derivatives
in the angle and action directions do not play the same role: in the analytic case it
is customary to introduce anisotropic norms. However, as Theorem H and its proof
show, we can still get good estimates if we keep track separately of the sizes of
various terms in the expansion of the Hamiltonian with respect to the actions: this
turns out simpler than using anisotropic Gevrey norms. Such a feature is not present
in dealing with linearization problem such as in Theorem E; a direct proof of the
latter result would have been much simpler.

1.3. Related results

Apart from the work of Popov that we have already mentioned, there have been
several works dealing with Gevrey regularity in a related context.

The first setting is the so-called Siegel-Sternberg linearization problem. Un-
der a non-resonance condition, a formal solution to the conjugacy problem always
exists and Sternberg proved that the solution is in fact smooth. In the analytic
case, under the Bruno-Riissmann condition the conjugacy is analytic; this arith-
metic condition is thus sufficient but also necessary in (complex) dimension one
(a result of Yoccoz we already mentioned). In the Gevrey setting, still under the
Bruno-Riissmann condition, Carletti-Marmi [12] and Carletti [11] have shown that
the formal solution still has Gevrey growth (with the same Gevrey exponent); an
interesting feature of their result is that allowing a worse Gevrey exponent for the
formal solution, one can relax accordingly the arithmetic condition. All these results
are actually valid for a class of ultra-differentiable functions that includes analytic
and Gevrey functions. It was then proved by Stolovitch [39] that this formal Gevrey
solution actually give rise to a Gevrey smooth solution, and recently, Poschel [34]
gave a very general version of the Siegel-Sternberg theorem for ultra-differentiable
functions that contains all the previous results (the smooth, analytic, Gevrey and
ultra-differentiable cases). Let us mention that all these results do use stability by
composition, but a precise composition result is not needed as they do not require
to keep track of the width.

In the analytic setting, the Siegel problem and the problem of the linearization
of circle diffeomorphisms are solved under the same arithmetic condition [31]. But
this may well be incidental, and, to our knowledge, it may well not be true in the
Gevrey setting. The only result concerning Gevrey circle diffeomorphism we are
aware of is due to Gramchev-Yoshino [19]: they proved the linearization theorem
under a condition which is weaker than the Diophantine condition but stronger than
the a-Bruno-Riissmann condition (they actually introduce a condition equivalent to
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our a-Bruno-Riissmann condition and conjecture that the result should hold under
this condition). To prove such a result, they use a composition result but in one
dimension only; in this special case, as we already pointed out above, good compo-
sition estimates are known (see, for instance, [30]). As a matter of fact, Theorem G
(the discrete version of Theorem E) gives linearization of Gevrey torus diffeomor-
phism close to a translation under the «-Bruno-Riissmann condition, extending the
result in [19] (and giving a positive answer to their conjecture).

1.4. Further results

Let us describe some further results that could be achieved using the techniques
of this paper. The literature on KAM theory is enormous and so there are many
potential applications; we will only describe here some of those that may have
some interest.

First, and more importantly, the technical estimates we derive in Appendix B
for Gevrey functions actually hold true for a larger class of ultra-differentiable func-
tions that includes Gevrey (and thus analytic) functions as a particular case. This
not only leads to a further extension of the KAM theorems we state and prove here,
but also allows us to generalize other perturbative results such as the Nekhoroshev
theorem (extending the result of [30] in the convex case and [6] in the steep case).
To keep this paper to a reasonable length, all these results will be derived in a sub-
sequent article [5].

Then, our main result Theorem A deals with the persistence of Lagrangian
tori; KAM theory also deals with lower-dimensional tori (see, for instance, [36] for
a comprehensive treatment in the analytic case), and one may expect that our result
extend to such a setting.

Finally, one may consider the problem of reducibility of quasi-periodic cocy-
cles close to constant. In the analytic case, the Bruno-Riissmann condition is suffi-
cient, as was shown in [13]; in the a-Gevrey case, the ¢-Bruno-Riissmann condition
is sufficient. In fact, this setting is simpler from a technical point of view and our
Gevrey estimates are not necessary to obtain such a result; one simply needs to go
through the proof of [13]. A possible explanation for this is that for quasi-periodic
cocycles, composition occur in a linear Lie group, thus only estimates for linear
composition (product of matrices) are necessary and so everything boils down to
good estimates for the product of two functions.

1.5. Plan of the paper

The plan of the paper is as follows.

In Section 2, we describe precisely the setting, namely we properly define the
Gevrey norms we will use and the «-Bruno-Riissmann condition. In Section 3 we
state our main results:

e Theorem A about the persistence of a torus in a non-degenerate Hamiltonian
system under the o-Bruno-Riissmann condition;
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e Theorem B, the iso-energetic version of Theorem A;

e Theorem C, the non-autonomous time-periodic version;

e Theorem D about the destruction of a torus in the same context not assuming a
condition weaker that the «-Bruno-Riissmann condition;

e Theorem E about linearization of vector fields on the torus close to constant
(we will also discuss necessary arithmetic conditions here, albeit in a restricted
context);

e Theorem F, the discrete version of Theorem A, about the persistence of a torus
in a non-degenerate exact-symplectic map;

e Theorem G, the discrete version of Theorem E, about the linearization of diffeo-
morphisms of the torus close to a translation.

In Section 4 we state Theorem H, the main technical result of this paper, which is a
KAM theorem which do not require non-degeneracy but depends on parameters. In
Section 5, we give the proof of Theorems A and E, assuming Theorem H. Section 6
contains the proof of Theorem H. Section 7 contains the proof of Theorem D, a
straightforward extension of the work of Bessi [2].

Finally, two appendices contain technical results. Appendix A provides var-
ious characterizations of the «-Bruno-Riissmann condition. Appendix B, which
is absolutely crucial in this work, provides estimates on Gevrey functions (and in
particular our composition result Proposition B.10) which are use throughout the

paper.

2. Setting

2.1. Gevrey Hamiltonians

Recall that n > 1 is an integer, T" = R"/Z" and let B C R”" be a bounded
open domain containing the origin. For a small parameter ¢ > 0, we consider a
Hamiltonian function H : T" x B — R of the form

H(q, p) = h(p) +€f(q, p) )
Vh(0) := wg € R".

The Hamiltonian & is non-degenerate at the origin if the matrix V2h(0) itself is
non-degenerate. We shall assume that the Hamiltonian H is a-Gevrey on T" x B,
with @ > 1 and where B denotes the closure of B in R": H is smooth on a open
neighborhood of T x B in T" x R" and there exists so > 0 such that, using

multi-indices notation (see Appendix B) and |k| = Zfil ki,

|H |q,50:=C sup

0,1eT"xB

(Ik1+1)*s0*M|9* H (6, 1)
|kt

sup ><oo, c::4712/3. (2.1)

keN2n
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This definition can be extended to vector-valued function X : T” x B — R” by
setting

| X g5 i =¢ sup 2.2)

0,1HeT"xB

sup
ke [kt

( (k| + 1)2so“"<|akX<9,1)|1) e

where | . |1 is the /;-norm of vectors in IR”, or the sum of the absolute values of the
components. As a rule, we will use the /{-norm for vectors, so for simplicity we
shall write |.|; = |.|. To emphasize the role of the “Gevrey width” sg, we shall
also say that H is (¢, sp)-Gevrey if (2.1) holds. Observe that a function is 1-Gevrey
if and only it is real-analytic, in which case the parameter so > 0 is the width of
analyticity.

Properties of these Gevrey norms are described in Appendix B; in particular
we explain there the (inessential) role of the factor (|k| + 1)2 and the normalizing
constant ¢ > 0 in (2.1).

2.2. The a-Bruno-Riissmann condition
Given wg € R", define the function
Wyt [1,400) = [Wy, (1), +00], Q> max{lk-wo|™' | keZ", 0<|k|<Q}. (2.3)

This function W,,, measures the size of the so-called small denominators which will
come into play in our computations. Call BR the set of vectors wq satisfying the
so-called Bruno-Riissmann condition,

/+°° ln(‘I/wo(Q))d
I 0?

and, given a > 1, call BR,, the set of vectors wq satisfying the «-Bruno-Riissmann
condition, which we define as

/+°° ln(‘I’wO(Q))d
1 0'Fa
These conditions prevent W,,, from growing too fast at infinity. If wyp € BR = BRy,
in particular W, (Q) is finite for all Q,i.e. wp is non-resonant. Besides, the set BR,
decreases with respect to «. For example, if ¥, (Q) = exp(Qﬂ ) then wg € BRy, if
and only if B < 1/« (we let the reader check, using continued fractions if n = 2,
that the set of vectors wp having such function W, is not empty).

Let D; be the set of t-Diophantine vectors (t > n — 1), i.e. for which there
exists ¥ > 0 such that W (Q) < Q%/y forall Q > 1. D; is non-empty and has full
measure if T > n — 1 [35]. As definitions show, for all « > 1, we have D; C BR,.
Thus, as Example A.4 shows,

0 < 00 (BR)

0 < o0. (BRy)

ﬂaleRa \ Urzn—l D,

has zero-measure but is non-empty.
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Now assume that wq is non-resonant. The function W,,, is non-decreasing,
piecewise constant, and has a countable number of discontinuities. In the sequel, it
will be more convenient to work with a continuous version of W, : it is not hard
to prove (see, for instance, Appendix A of [3]) that one can find a continuous non-
decreasing function W : [1, 00) — [W(1), 4+-00) such that ¥ (1) = W, (1) and

Uy (Q) =W(Q) =Wy (Q+1), 0=1. 24
For all k € Z™ \ {0}, we still have
k- wol = 1/W(|k])
and in the condition (BR,) (which defines wy € BR,), one may use W instead of

Wy -
Let us now define the function

A [l,400) = [W(), +00), O OQ¥(0).

It is continuous and increasing, and thus is a homeomorphism, whose functional
inverse is

AL W (), 400) = [1,400), AloA=AoA™!=1d.

In Appendix A we show that the set BR, agrees with the set A, defined by the

condition
+0o0 dx
/ —_— <. (Ap)
A x(A~L(x))a

3. Main results

3.1. KAM theorem for non-degenerate integrable Hamiltonians

The image of the map ®¢ : T" — T" x B, g — (g, 0), is an embedded torus in-
variant by the flow of & carrying a quasi-periodic flow with frequency wg. We shall
prove that this quasi-periodic invariant Gevrey-smooth embedded torus is preserved
by an arbitrary small perturbation, provided # is non-degenerate, H is ¢-Gevrey and
wq satisfies the o-Bruno-Riissmann condition.

Theorem A. Let H be as in (x), where H is (a, so)-Gevrey, wg € BRy, and h is
non-degenerate. Then there exists 0 < s, < so such that for € small enough, there
exists an (a, s())-Gevrey torus embedding ©, : T" — T" x B such that ©,(T")
is invariant by the Hamiltonian flow of H and quasi-periodic with frequency wy.
Moreover, ©,, is close to ®q in the sense that

|®w0 - ®0|a,s(’) = C\/E

for some constant ¢ > 0 independent of €.
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Theorem A will be deduced from a KAM theorem for a Hamiltonian with param-
eters, for which a quantitative statement is given in Section 4. Let us also state the
corresponding iso-energetic and non-autonomous time-periodic versions.

We say that the integrable Hamiltonian /% is iso-energetically non-degenerate
at 0 if the so-called bordered Hessian of %,

V2h(0) 'Vh(0)
VhO) 0 ’

has a non-zero determinant. Under this assumption, the unperturbed torus p = 0,
with energy /(0), can be continued to a torus with the same energy but with a
frequency of the form Awq for A close to one.

Theorem B. Let H be as in (x), where H is («, so)-Gevrey, wg € BRy, and h is iso-
energetically non-degenerate. Then there exists 0 < s, < so such that for € small
enough, there exist .. € R* and an («, s(/))—Gevrey torus embedding ©, : T" —
T" x B such that ©,,(T") is invariant by the Hamiltonian flow of H, contained in

H~'(h(0)) and quasi-periodic with frequency iwg. Moreover, A is close to one and
Oy is close to Oy in the sense that

|)" - 1| = C\/Es |®a)0 - ®0|a,s(/) =< C\/E

for some constant ¢ > 0 independent of €.

We can also look at the non-autonomous time-periodic version; we consider a

slightly different setting by looking at a Hamiltonian function H:T'xBxT— R
of the form

(%)

H(q, p) = h(p) +€f(q. p, 1)
VA(0) := wp € R".

It is better to consider the unperturbed torus p = 0 as an invariant torus for the
integrable Hamiltonian h = B x R defined by h( p,e) := h(p) + e: it is then quasi-
periodic with frequency @o := (@, 1), has dimension 7 + 1 and is the image of the
trivial embedding ®¢ : T" x T — T" x B x T.

Theorem C. Let H be as in (%), where H is (o, s0)-Gevrey, wg € BRy, and h is
non-degenerate. Then there exists 0 < s, < so such that for € small enough, there
exists an (a, s))-Gevrey torus embedding éwo T" x T — T" x B x T such that
éwo (T" x T) is invariant by the Hamiltonian flow of H and quasi-periodic with
frequency @qy. Moreover, (:)wo is close to O in the sense that

|®w0 - ®O|C(,S(,) S C\/E

for some constant ¢ > 0 independent of €.

Theorem B and Theorem C are essentially equivalent statements and can be easily
deduced from Theorem A; in the analytic case details are given in [40, Chapter 2],
but it is plain to observe that the arguments still work in the Gevrey case.
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3.2. Destruction of invariant tori

According to Theorem A, the a-Bruno-Riissmann condition is sufficient for the
preservation of an invariant torus under an a-Gevrey perturbation. A natural ques-
tion is: is it necessary? To this question, here we only bring a partial answer, which
circumscribes the optimal arithmetic condition, if any. Following Bessi [2], one can
show that if w = wy satisfies a condition (the condition (B,) defined below), the
torus can be destroyed. In particular, this shows that the exponent 1 4 1/« in (BRy)
cannot be replaced by a strictly larger exponent. As a matter of fact, the example
of Bessi already shows this in the analytic case & = 1; our observation here is that
Bessi’s example gives a similar result for any o« > 1.

Theorem D. Given a > 1, assume that the vector v € R" satisfies the following
condition:

lim sup M > 0. Ba)

0—+00 Ql/oz

Then an invariant torus with frequency w can be destroyed by an arbitrarily small
a-Gevrey perturbation.

Thus the condition that wp does not satisfy (B, ), namely

In(¥,(Q))

lim =0, (Ra)

0—+00 Ql/a

is a necessary condition for the conclusion of Theorem A to hold true. Foro = 1,
this condition (Ry) is actually a sufficient (and most probably necessary) condition
to solve the cohomological equation associated to w (see [35]); in the general case
o > 1 this should also be true but we couldn’t find a reference. Let us also note
that (Ry) is implied by (but clearly not equivalent to) the condition that w € BR,,
see Remark A.2 in Appendix A.

For a more precise statement and how this follows from [2], we refer to The-
orem 7.2 in Section 7. It is likely that one could improve this result for « > 1 by
using perturbations with compact support as in [14].

Observe that for any @ > 1 and any 0 < 8 < «, vectors w € R” for which

W, (Q) ~ 2"

satisfies (B) but also the S-Bruno-Riissmann condition. (That such vectors do exist
is a classical matter in number theory.) The following corollary is then obvious.

Corollary 3.1. For any @ > 1 and any 0 < B < «, there exist invariant tori with
frequency vectors w € BRg which can be destroyed by an arbitrary small a-Gevrey
perturbation. In particular, there exist invariant tori with frequency vectors w € BR
which can be destroyed by an arbitrary small Gevrey non-analytic perturbation.
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3.3. KAM theorem for constant vector fields on the torus

Now we state a Gevrey version of Arnold’s normal form theorem for vector fields
on the torus.

Theorem E. Let wy € BR, and X € Gy (T", R") a vector field on T" of the form
X=wyo+ B, |Blgs=<pu.

Then, for u sufficiently small, there exist a vector wy € R" and an (a, s /2)-Gevrey
diffeomorphism & : T" — T" such that X + wj — wo is conjugate to wo via &:

—
=

(X + wy — wo) = wp.
Moreover, we have the estimate
|w8 —awpl <cpu, |E-— Idla,s/2 =cu

for some constant ¢ > 1 independent of L.

Observe that because of the shift of frequency w; — wo, in general this result does
not give any information on the vector field X. Under some further assumption (for
instance, if wg belongs to the rotation set of X, see [20]), then this shift vanishes
and Theorem E implies that X is conjugated to wy.

An even more restricted setting is when X is proportional to wg (so that the
flow of X is a re-parametrization of the linear flow of frequency wg and thus wy is
the unique rotation vector of X); Theorem E applies in this case to give a conjugacy
to wp, assuming that wy € BRy, but the proof is actually much simpler in this case
(it boils down to solve only once the cohomological equation) and should require
the weaker condition that wq satisfies (Ry), as it is stated in the case « = 1 in [15].
Still in [15], it is proved that for « = 1 (there are also versions in the C” case),
if wg satisfies (By), then there is a dense set of reparametrized linear flow which
are weak-mixing (and so cannot be conjugated to the linear flow); thus a necessary
condition for Theorem E to hold true is that wq satisfies (R,) (and this is also a
sufficient condition if we impose that X is proportional to wg)!. Clearly, this should
extend to the general case & > 1 and thus the condition that wg does not satisfy (By)
is a necessary condition for Theorem E to hold true, as in Theorem A.

34. KAM theorem for maps

In this section, we give the statement of discrete versions of Theorem A and Theo-
rem E.

Let us start with the discrete analogue of Theorem A. Given a function 4 :
B — R, we define the exact-symplectic map

Fp:T"xB—T"'xB, (q,p)+ (q+Vh(p),p).

As before, let us fix @ > 1 and s¢ > O.

! We would like to thank B. Fayad for a discussion on this topic.
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Theorem F. Let F : T" x B — T" x B be an (a, so)-Gevrey exact symplectic map
with
|F — Fh|a,so < €.

Assume that wg = Vh(0) € BRy, and that h is non-degenerate. Then there exists
0 < s < so such that for € small enough, there exists an (a, s;)-Gevrey torus
embedding ©, : T" — T" x B such that ©,(T") is invariant by F and ©,
gives a conjugacy between the translation of vector wg on T" and the restriction of
F to ©,(T"). Moreover, ®, is close to ©q in the sense that

|®w0 - ®0|(¥,Sé S C\/E

for some constant ¢ > 0 independent of €.

Theorem F follows at once from Theorem B (or Theorem C) provided one has a
suitable quantitative “suspension” result; in the analytic case o = 1 this was proved
in [25] and in the Gevrey non-analytic case « > 1 this is contained in [28].

In the same way, we have the following discrete analogue of Theorem E. Given
wo € R", let T, be the translation of T" of vector wy:

Ty : TP —T", 6+ 6+ wp.

0

Leta > 1lands > 0.

Theorem G. Let wg € BRy and T € Gy s(T", T") a diffeomorphism of T" of the
form
T =Ty, +B, |Blgs =< u.

Then, for w sufficiently small, there exist a vector w; € R" and an (a, s /2)-Gevrey
diffeomorphism & : T" — T" such that T + wg — wo is conjugate to Ty, via E:

B o (T + wf —wp) 0o B =T,y
Moreover, we have the estimate

lwg —wol < cu, |E—=Idlg,s2 < cp

for some constant ¢ > 1 independent of 1.

4. Statement of the KAM theorem with parameters
Let us now consider the following setting. Fix wp € R”" \ {0}. Re-ordering the
components of wy and re-scaling the Hamiltonian allow us to assume without loss

of generality that

wo=(1,a0) € R", @ e[—1,17""".
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Given real numbers r > 0 and 2 > 0, we let
Dy:={l eR" | |I| <7}, Dy":={weR"||w—wo| <h}, Dyp:=Dy x D’

Our Hamiltonians will be defined on T" x D, j,, a neighborhood of T" x {0} x {wp}
inT" x R" x R".

Letae > 1,5 > 0,n > 0 a fixed parameter, ¢ > 0 and & > 0 two small
parameters. We consider a function H € G4 ((T" x D, ) of the form

HO,I,w)=¢(w)+w-I1+A0B,w)+ BO,w) -1+ M@, I,a))-12
N(w) P©,1,0) RO,1,0) 4.1)
|A|oz,s <e, |B|a,s =W, |V[2R|a,s <n

where the notation M (6, I, w)-1? stands for the vector I given twice as an argument
to the symmetric bilinear form M (6, I, w). Observe that A : T" x D;;)O — R,
B :T" x DZJO — R" whereas M : T" x D, — M,(R) with M, (R) the ring of
real square matrices of size n. Observe that we do not assume ¢ = u because these
two small parameters play different roles in applications (in Theorem A we will
have u = /¢ while in Theorem E, ¢ = 0 and  will be the only small parameter).

The function H in (4.1) should be considered as a Gevrey Hamiltonian on
T" x Dy, depending on a parameter w € D;”; for a fixed parameter » € D, , when
convenient, we will write

H,(1,0) = H(I,0,w),
No(I) = NI, w),

P,(I1,0) = P(I,6, w),
R,(1,0) = R(I,0, w).

The image of the map ®g : T — T" x D,,0 +— (0, 0) is a smooth embedded torus
in T" x D, , invariant by the Hamiltonian flow of N, + R, and quasi-periodic with
frequency wg. The next theorem asserts that this quasi-periodic torus will persist,
being only slightly deformed, as an invariant torus not for the Hamiltonian flow of
H,, but for the Hamiltonian flow of ng, where a)g is a parameter close to wp,
provided & and p are sufficiently small and wy satisfies the o-Bruno-Riissmann
condition. Here is the precise statement.

Theorem H. Let H be as in (4.1), with wg € BRy,. Then there exist positive con-
stants c1 < 1, ¢y < 1 and c3 > 1 depending only on n and o such that if

Ve<su<h/2, Je<r, h<c(Qo¥(Qo) ! (4.2)

where Qo > n + 2 is sufficiently large so that

1 Y dx {
Qy* +(In2)~ / <ol + )1V, 4.3)

AQ0) x(A=!(x))%
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there exist a vector wj € R" and an (a, s /2)-Gevrey embedding
CD:';O :T" X Dyjp — T" x D,

of the form
(0. 1) =0+ E*0).1+F*©®)-1+G*©))
with the estimates .
lwy — aol < c3u,
|E*|a,s/2 < c3W(Qo) i,
|F*|a,s/2 < c3A(Qo) i,
|G*la,s/2 < c3A(Qo)e

4.4)

and such that
Hw;; o fbfuo(e, I = ef‘j +wy-1+R*O,I), R*O,1)=M"OG]I)- 12,

with the estimates

2 2
leg — ewg| < e3¢, [VIR* = ViRye|, » < canA(Qo)p.

Theorem A follows quite directly from Theorem H, introducing the frequencies
@ = Vh(p) as independent parameters, taking i = /¢, and tuning the shift of fre-
quency w; — wo using the non-degeneracy assumption on the unperturbed Hamil-
tonian. Theorems E follows also from Theorem H by realizing X as the restriction
of a Hamiltonian vector field on an invariant torus, setting ¢ = n = 0 and letting
be the only small parameter. These arguments are made precise in Section 5.

5. Proofs of Theorems A and E, assuming Theorem H

5.1. Proof of Theorem A

In this section we assume Theorem H and we show how it implies Theorem A,
following [33] (in the analytic case) and [32] (in the Gevrey case).

Proof of Theorem A. As noticed at the beginning of Section 4, we may assume that
wo is of the form

wo=(1,a0) e R", @ e[—1,17""".

For pg € B, we expand 4 in a small neighborhood of pg: writing p = po + I for
close to zero, we get

1
h(p) = h(po) + V,h(po) - I +/ (1 =1)Voh(po+11) - I dt.
0



KAM, a-GEVREY REGULARITY AND THE «-BRUNO-RUSSMANN CONDITION 1239

Similarly, we expand € f with respect to p, in a small neighborhood of py:

1
/(@ p) = € (@ po) + €V £ (g po) - T + e/o (= 0V2f (g, po+1D) - 1Pdr.

Since V,h : B — Q is a diffeomorphism, instead of py we can use w = V,h(po)
as a new variable, and letting V,, g := (Vh)~!, we write

h(p) =e(@)+w- -1+ Ry(I, w)

with
1
e() := h(Veg(®), Ry, ) ::f (1 =V h(Vog(w) +tI) - 17 dt
0

and also, letting 6 = ¢q,
€f(q.p) = €A, ) +€BO,w) - 1 +€Rp (0,1, 0)

with ~ _
A, w) = f(0,Vyg(w)), BO,w):=V,f(0, Vyg(w))

and |
Rf(0,1,w) = ef (1 =V, f(0. Vog(w) +tI) - I*dt.
0

Finally, we can set
A:=€A, B:=eB, R:=R,+eR;=M@O, 1, 0)-I%
so that i 4 €f can be written as
HO,I,w) =e(w)+w-1+ AB,w)+ BO,w)- I+ RO, I, w),
and we have
ViR®, 1, 0) = Vih(Vug(@) + 1) + €V] f (0, Vug () + I).

By assumption, 4 and f are («, so)-Gevrey on T” x B, and since the space of Gevrey
functions is closed under taking derivatives, products, composition and inversion
(up to restricting the parameter sp, see Appendix B for the relevant estimates), we
claim that we can find?> s > 0,7 > 0,4 > 0 and & > 0 which are independent of €
such that H is («, s)-Gevrey on the domain T” x D, , with the estimates

2 -
|A|a,s < Ce, |B|ot,s < Ce, ’VIR}%S <c.

2 There is a local clash of notations here, since one should not mix up the integrable Hamiltonian
h of Theorem A and the width parameter & of Theorem H.
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We may set
g:=cCe, p:=4le, n:=¢C
and assuming € small enough, we have ¢e < u = ,/¢. Thus we have

|Alas <& [Blas < K, |V%R|a,s =1

Having fixed s > 0 and r > 0, we may choose Qg sufficiently large so that (4.3)
holds true, and then by further restricting first 4, and then €, we may assume that
the condition (4.2) is satisfied. Theorem H applies: there exist an («, s/2)-Gevrey
embedding Y, : T" — T" x D,, defined by

Ty (0) 1= Py (6,0) = (0 + E*(9), G*(9))

where @, is given by Theorem H, and a vector w; € R" such that Y, (T") is
invariant by the Hamiltonian flow of H,; and quasi-periodic with frequency wp.
Moreover, w;; and Y, satisfy the estimates

lwg —wol < cu,  |E¥|as2 < cW(Qo)i, |G*las/2 < cQoW(Qo)e

for some large constant ¢ > 1. Since % is non-degenerate, there exists pa‘ such that

Vh(p§) = o and, up to taking ¢ > 1 larger and recalling that u = /e, the above
estimates imply

Ipgl < e, 1E™|asn < cW(Qo)Ve, |G laspn <cQo¥(Qoe. (5.1

Now observe that an orbit (6(¢), I(¢)) for the Hamiltonian ng corresponds to an
orbit (q(¢), p(t)) = 0(@), (1) + pg‘;) for our original Hamiltonian. Hence, if we
define 7 : T" x R" — T" x R" by T (0, I) = (0, I + p;;) and

Ouy =T 0Ty : T > T" x R", Oy (0) = (0 + E*(6), G*(0) + p)

then ®,,, is an (a, s/2)-Gevrey torus embedding such that ©,,, (T") is invariant by
the Hamiltonian flow of H and quasi-periodic with frequency wp. The estimates on
the distance between ©,,, and the trivial embedding ® follows directly from (5.1),
which finishes the proof. O

5.2. Proof of Theorem E

Now we show how Theorem E follows from Theorem H.

Proof of Theorem E. Consider the vector field X = wy + B € G4 (T", R") as in
the statement. It can be trivially included into a parameter-depending vector field:
givenh > 0,let X € G s(T" x D, R") be such that

A

X0, 0)=X,0) =0+ B@O), oeD X, =X
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Now given any r > 0, consider the Hamiltonian H defined on T x D, j by
H@O,I,0)=H,0,]) =w-1+B@)-1. (5.2)

Clearly, for any parameter w, the torus T x {0} is invariant by the Hamiltonian
vector field X g, and, upon identifying T" x {0} with T", the restriction of X g, to
this torus coincides with )A(w.

Now the Hamiltonian H defined in (5.2) is of the form (4.1) withe = n =0
(and e = 0) and therefore for u sufficiently small, Theorem H applies: there exist a
vector w; € R" and an (a, 5/2)-Gevrey embedding

CDZO : T" x Dyjp — T" x D,
here of the form
@5 0, 1) =0+ E*O), I+ F*0)-1)
with the estimates
lwy —wol < 3, |E¥|ays2 < c3W(Q0)is |1 F lays/2 < c3A(Qo)u

and such that

ngoéfoo(Q,I):wo-l. (5.3)
The embedding @, clearly leaves invariant the torus T" x {0} and induces a dif-
feomorphism of this torus that can be identified to E := Id + E*. Writing the
equality (5.3) in terms of Hamiltonian vector fields, we have, upon restriction to the

invariant torus and recalling that the restriction of X g, coincides with X s
g* ()A( “’3) = wp.
But )A(w(ﬂ; = )A(a,o + oy — wo = X + wj — wp and therefore
E*(X + o — wo) = wo
which, together with the estimates on w; and E — Id = E*, was the statement we

wanted to prove. O

6. Proof of Theorem H

This section is devoted to the proof of Theorem H, in which we will construct, by
an iterative procedure, a vector a; close to wp and a Gevrey-smooth torus embed-
ding CIDZ)O whose image is invariant by the Hamiltonian flow of ng. We start, in
Subsection 6.1, by recalling the Diophantine result of [3] which will be used in our
approach. Then, in Subsection 6.2, we describe an elementary step of our iterative
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procedure, and finally, in Subsection 6.3, we will show that infinitely many steps
may be carried out, to converge towards a solution.

In this paper, we do not pay attention to how constants depend on the dimen-
sion n or the Gevrey-exponent «, both being fixed. Hence in this section, we shall
write

u<v (respectively u-<v)

if, for some constant C > 1 depending only on n and «, we have u < Cv (respec-
tively Cu < v). In particular, u -< v is stronger than u < v.

6.1. Approximation by rational vectors

Recall that we have written wg = (1, @) € R” with @&y € [—1, 1]"~1. Fora given
QO > 1, it is always possible to find a rational vector v = (1, p/q) € Q", with p €
7Z"~'and g € N, which is a Q-approximation in the sense that |gwy — qv| < Q7'
and for which the denominator ¢ satisfies the upper bound ¢ < Q"~!: this is essen-
tially the content of Dirichlet’s theorem on simultaneous rational approximations,
and it holds true without any assumption on wyp. In our situation, since we have as-
sumed that wp is non-resonant, there exist not only one, but n linearly independent
rational vectors in Q" which are Q-approximations. Moreover, one can obtain not

only linearly independent vectors, but rational vectors vy, ..., v, of denominators
q1, ..., qy such that the associated integer vectors qvy, ..., g,v, form a Z-basis
of Z". However, the upper bound on the corresponding denominators ¢y, .. ., g, is

necessarily larger than Q" !, and is given by a function of Q that we can call here
\IJC/U0 (see [3] for more precise and general information, but note that in this refer-
ence, \IJ(/UO was denoted by W, and W,,,, which we defined in (2.3), was denoted
by \IJ;)O). A consequence of the main Diophantine result of [3] is that this function
W, is in fact essentially equivalent to the function W,

Proposition 6.1. Let vy = (1, w9) € R" be a non-resonant vector, with @y €

[—1, 11", For any Q > n + 2, there exist n rational vectors vy, ..., vy, of
denominators qi, ..., qn, such that q\vy, ..., guv, form a Z-basis of Z" and for
jell,..., n},

o —vjl<(g; @7, 1<q;<¥(Q.

For a proof of the above proposition with W, instead of W, we refer to [3, Theo-
rem 2.1 and Proposition 2.3]; now by (2.4), ¥, < W and so one may replace W,
by W.

Now given a g-rational vector v and a smooth function H defined on T" x D, j,,
we define

1
[H],(6, 1, w) =/ H@ +tqv, I, w)dt. (6.1)
0

Given n rational vectors vy, ..., vy, welet [H]y, v, = [+ [Hly, -+ Iy, Finally
we define

[H](I, w) :/ H@®, I, w)do. (6.2)
’]Tn
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The following proposition is a consequence of the fact that the vectors g vy, ..., g, vy,
form a Z-basis of Z".

Proposition 6.2 ([7, Corollary 6]). Let vy, ..., v, be rational vectors, of denomi-
nators qi, ..., qn, such that qivy, . . ., g,v, form a Z-basis of ", and H a function
defined on T" x Dy j,. Then

.....

6.2. KAM step

Now we describe an elementary step of our iterative procedure. Such a step consists
in pulling back the Hamiltonian H by a transformation of the form

F=(@,9):0,1,0)~> (20,1, 0), pw));

® is a parameter-depending change of coordinates and ¢ a change of parameters.
Moreover, our change of coordinates will be of the form

0,1, 0) =0,0, 1) =0 +EW,0),[+FO, o) - -1+G0O,w))
with
E:T”xDZJOeR”, F:T" x D;* - M,(R), G:T"xDZ)OﬁR”
and for each fixed parameter w, ¥, will be symplectic. For simplicity, we shall
write ® = (E, F, G); the composition of such transformations F = (®, ¢) =

(E, F, G, ¢) is again a transformation of the same form, and we shall denote by G
the groupoid of such transformations.

Proposition 6.3. Let H be as in (4.1), with wg = (1, w9) € R" non-resonant,
consider0 <o <s5,0< 68 <r, Q> n+2,and assume that

Ve < <h/2
JVe<r,
h-<(QW(Q)™ ", (6.3)

ru-<8(QW(Q) ™,
(1+n)-<Qc”.

Then there exists an (¢, s — 0 )-Gevrey symplectic transformation
F=(,¢)=(E,F,G,o): T" x Dr,(g,h/z — T" x D,y € g,

with the estimates

|E|a,s—a <¥(Q)u, |VE|(¥,S—U <'U_a\IJ(Q)M»
|Flas—o <0 %W(Q)t,  |VFlys—0 <0 2*W(Q)u, 64)
|Gla.s—0 <0 *W(Q)e, IVGlas—0 <0 2W(Q)e,

|§0 - Id|a,s—a < W, |V<.0 - Id|oc,s—a < Uﬁaﬂa
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such that

HoFO,I,0)=e () +w-I1+ATO)+BY©O) - I1+MT0,1,0) 17,

Nt(l,0) PtO,1,0) RT(0,1,0)

with the estimates

|e+_e°(ﬂ|a,570 < |Ala,s, |V%R+_V%Rof|

|A+|a,s—a =< 8/16’ |B+|a,s—a =< M/47 6.5)
<N|Flas—0c-

o,5—0

Proof. We divide the proof of the KAM step into five small steps. Except for the

last one, the parameter @ € D," will be fixed, so for simplicity, in the first four

steps we will drop the dependence on the parameter @ € DZ’O. Let us first notice
that (6.3) clearly implies the following seven inequalities:

h-<(QW(Q))™ (6.6)
Y(Q)u <o (6.7)
e<ru (6.8)
ruoc  “Ww(Q) <48 (6.9)
n-<(QU(O)™! (6.10)
(1+n)-<Qoc® 6.11)
w<h/2. (6.12)

It is also important to notice that the implicit constant appearing in (6.11) is in-
dependent of the other implicit constants; we may choose it as large as we want
without affecting the other implicit constants. In the first three steps, the term R
which contains terms of order at least 2 in / will be ignored, that is we will only

consider H=H — R= N + P.
1. Rational approximations of wy and w € DZ)(’

Since wy is non-resonant, given Q > n-+2, we can apply Proposition 6.1: there exist
n rational vectors vy, ..., v,, of denominators ¢y, ..., g,, such that gjvy, ..., g, v,
form a Z-basis of Z" and for j € {1, ..., n},

o —vjl<(g; @7, 1<q;<¥(Q.
For any w € D;l')o,using (6.6) and g; < ¥ (Q), we have

o — vj| <lw — wol + lwo — vjl<h + (g;0) " < (QW(Q) ™!

(6.13)
+@q;0) "< (@0
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2. Successive rational averagings

Letusset A| := A, B := Bsothat P;(0,1) := A(0)+ B(0)-1 satisfies P = P.
Recalling that [ . ], denotes the averaging along the periodic flow associated to a
periodic vector v € R” (see (6.1)), we define inductively, for 1 < j < n,

Ajy1:=1[Ajly;, Bjt1:=1[Bjlvy;, Pjt1:=1[Pjly;

so in particular P;(0,1) = A;(0)+ B;(0) -1 for 1 < j < n. Letus also define X ;,
forl < j <n,by

X;j0,1):=C;0)+D;@)-1
where

1 1
cj(e)ij/o (Aj—Ajs1)(0+1gjvj)rdt, Dj(e)=qj/0(3j—Bj+1)(9+tqjvj)tdt.

If we further define N; by N;(I) = e(w) + v; - I, it is then easy to check, by a
simple integration by parts, that the equations

{CiNj}=4;—Ajn1, {Dj,Nj}=Bj—Bjr1, 1=<j=<n (614

and then
{Xj.N;j}=Pj—Pjy1, 1=<j=n, (6.15)

are satisfied, where {., .} denotes the usual Poisson bracket. Moreover, we have
the estimates
|Aj|oz,s < |Algs < e, |Bj|ot,s < |Blas < U, (6.16)

and then
|Cj|Ol,S EQj|Aj|ot,s =gje< W(Q)e, |Dj|ot,s Elelea,s =qjpn< Y(Qu. (6.17)

Next,forany 0 < j < n,definer; =r — n~'j8 and sjp=8— (2n)~ ! jo. We have
rm=r—38=<rj<ro=rwhiles, =s—0/2 <s; <0 =s.LetX’1. be the time-¢
map of the Hamiltonian flow of X ;. Using (6.17), together with inequalities (6.7),
(6.8) and (6.9), the condition (B.22) and (B.24) of Proposition B.12, Appendix B,
are satisfied, so the latter proposition can be applied: for 1 < j < n, X ; maps
T" x By, into T" x By, for all + € [0, 1] and it is of the form

X50,1) = O+ Ej60), I + Fj©) - 1 +G©9))

with
|E‘t1‘|a,sj~ = |Dj|a,xj_1 <V(Q)u
|Fllas; <0 %Djlas,., <0 “W(Q) (6.18)
1G e <0 1C las,, <0 “W(Q)e.
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Now we define ®° := Id to be the identity and inductively &/ := &/~! o X } for
1 < j < n. Then ®/ maps T" x B,; into T" x B, and one easily checks, by
induction using the estimates (6.18), that &/ is still of the form

IO, 1) =0+ E©0),1+F/©®) - 1+G' )
with the estimates, for j =1, ..., n,

|Ef|wj<-\11(Q)M, |Fj|aﬁsj<-a_“lIJ(Q)u, |GY| . <o *W(Q)e. (6.19)

a,s;

3. New Hamiltonian

Let us come back to the Hamiltonian H = H — R = N + P = N + P;. We claim
that for all 0 < j < n, we have

Ho® =N+ P+ Pjtrl, Pjtrl(e, I = A;FH(@) + Bj++l(9) -

with the estimates

ATy, < (@07 le [BE ], < (@07 . (6.20)

Let us prove the claim by induction on 0 < j < n. For j = 0, we may set
PIJr := 0 and there is nothing to prove. So let us assume that the claim is true for
some j — 1 > 0, and we need to show it is still true for j > 1. By this inductive
assumption, we have

Ho® =Hod®/'oX}=(N+Pj+P)oX]

with
}Aﬂa’sjfl <(Qc%) e, \Bj+|wj71 < (009 . (6.21)

LetS; =w-I—v;-Isothat N = N; + §; and thus
2 j + 1 1 + 1
Ho® =(Nj+S;j+Pj+P)oX;=(Nj+S;+Pj)oX;+ P oX;.

Let us consider the first summand of the last sum. Using the equality (6.15), a
standard computation based on Taylor’s formula with integral remainder gives

(Nj+Sj+Pj)oXj=N+[Pj], +Pit1=N+Pjsi+Pi

with

1
PJ-H:/0 UipyoXidt, Ul ={(1—=0)Pjt1+1P;+ 5, X,}.
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Clearly, U ; 41 is still of the form

Ul 60.1) = Ul (0.0) + VU, 6.0 - 1

as this is true for P;, S;, X; and that this form is preserved under Poisson bracket.
Using the estimates for P;(0,0), V; P;(0,0), X ;(0,0), V; X (0, 0) (given respec-
tively in (6.16) and in (6.17)), the fact that

Sj(@,O):O, V]Sj(@,O):w_vj

with the inequality (6.13), and the estimates for the derivatives and the product of
Gevrey functions (given respectively in Proposition B.4, Corollary B.5 and Propo-
sition B.6, Corollary B.8, Appendix B), one finds, for all # € [0, 1]

U4 10.0)|as;< (07 qjen+o"qjen+o""qje(q; Q)" )< 0 qjen+(Qo®) .

Since g j < W (Q), using (6.10) the latter estimate reduces to
U} 100, < (Qo*)7"e.
Similarly, one obtains
V1U}160.0)], < (Qo*) .

Then, using the expression of X 3 and the associated estimates (6.18), a direct com-
putation, still using (6.10), gives

|Pi+16.0)], < (Qo) e

and _
V1 Pis1(0.0)], < (Qo™) ™ 1.

Using again the estimates of X ; given by (6.18), and the inductive assumption
(6.21), we also find
[P o X, 0)|‘“_/_ <(Qo%)7 e

and
Vi(P} o X))O.0),  <(Qo*) ™ p.

Eventually, we may define

+ ._ p + 1
Pl = Pjpi + Py o X}

so that

Ho®/ =N+ Pjyy + P},

+ + +
e PO, = AT 0)+ BE,0) -1

Jj+1
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and these last estimates imply that
[ ATty < (@07 e B flas; < (Q0™) ™ 1.
The claim is proved. So we may set
®:=9", (E,F,G):=(E",F",G"),
with, as (6.19) tells us with j =n and s, =5 — 0/2,
|Ela,s—o2< V(s |Flasop<o” *W(Q), [Glas—op<o “W(Q)e. (6.22)

Observe that P,y = [+ [Ply, -+ v, = [Ply,
P,+1 = [P], and as a consequence

vy » and thus by Proposition 6.2,

.....

f}ocb(@,I)=e+w-1+[A]+[B]-1+A;Z*+1(9)+B;+1(9)-1

with the estimates

+ -1 + -1
|An+1 a,s—o/2 < (Qaa) & |Bn+1 a,s—o/2 < (Qaa) K- (6.23)
4. Estimate of the remainder
Now we take into account the remainder term R that we previously ignored: we
have H = H + R, and therefore

Ho®©0.1)=e+w-1+[Al+[Bl-1+ A} (0)+ B} (6)-1+Ro®®,1I).

Let us decompose

Ro®(@,1)=Ro®(®,0)+V,(Ro®d)®,0)-1+R®,I)
Ro(6) R1(6)

and let us define ~ _

A=Al +Ry, B:=B +R.
We have R(0, 1) = M(0,I) - I? and as H and R differ only by terms of order at
most one in /, VIZH = VIZR SO

1 1
M(@,I):/ (1—;)V%H(9,t1)d¢:/ (1 —)VZR(O, t1)dt
0 0

and therefore |M|y s < n. Then, as ®(0,0) = (0 + E(6), G(#)), we have the
expression

Ro(0) = R(®(6,0)) = M(© + E©), G(©)) - G(6)°
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and so using the above estimate on M, together with the estimates on E, G and the
estimates for the product and compostion of Gevrey functions (given respectively
in Proposition B.6 and Proposition B.10, Appendix B), we find

|Ro0las—o/2 <NlG15s_op <0 W (Q)w)e <n(Q0*) e <n(Qo*) e

Then, we have V;R(0, I) = M(6, I) - I? with
) 1 1
M(@,I):/ V%H(e,zl)dzzf VZR(0,t1)dt
0 0

and hence |1l;[|,“ < n. Since

IVi® —dlas—o = | Flay—o <0 “W(Q)u <1 (6.24)
we obtain, using the fact that ¢ < 2 and proceeding as before,

IRilas-o/2 < NGlas-o/2 <10 “W(Qe <10 W (@) <n(Qo”) 1.
These last estimates on Ry and Rj, together with (6.23), imply
|Alos—o/2 < (1+ M Q) e, [Blays—oy2 < (1 +m(Q0%) 1.
We can finally now use (6.11) to ensure that
|Alas—a2 < 8/16,  |Blas—a2 < 11/4. (6.25)
It is important to recall here that we may choose the implicit constant in (6.11)
as large as we want (in order to achieve (6.25)) Withgut affecting any of the other
implicit constants. Then observe also that H o @ and R differ only by terms of order
at most one in 7, so
V3(H o ®) = ViR, V?H = ViR

and therefore using the formula for the Hessian of a composition, (6.24) and the
fact that VIZQD is identically zero, one finds

[ViR—=ViRo®|, ., <nlFlao. (6.26)
We also set ¢ := e + [A] and observe that

|é - e|a,s—(7/2 = |[A]|a,s = |A|oc,s- (627)
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5. Change of frequencies and final estimates

Let us now write explicitly the dependence on the parameter w € DZ)O: we have
Ho®©,I,0) =éw)+ (w+[Blw)- I+ A0, »)+ BO,w) -1+ RO, I, ).
Consider the map ¢ (w) := w + [B(w)], it satisfies

|p _Id|(x,s =< |[B]|a,s < |B|a,s =u

and therefore the conditions (B.25) of Proposition B.13 are satisfied: the first condi-
tion of (B.25) follows, from instance, from condition (6.7) and the fact that ¥ (Q) >
Q > 1, whereas the second condition of (B.25) is implied by condition (6.12).

Hence Proposition B.13 applies and one finds a unique ¢ € Gy 54 /Z(DZ)})Z, D;;)O)

such that ¢ o ¢ = Id and
lp —1d|a,s—0/2 < | — ld]as < p. (6.28)
We do have ¢p(w) 4+ [B(¢(w))] = w and thus, setting F := (®, ¢), this implies that

HoF@O,I,w)=Ho®®,I, p(w))
=e(p(@)) + - I+ A@, p(w)+ B, p()) - [+R O, I, p(v))

and at the end we set

et =609, At:=Aogp, BT:=Boy, R':=Rog.

Using once again Proposition B.10, the inequalities (6.25), (6.26) and (6.27) imply

1A  ass—o = 1A 0 @las—o < |Alus—0/2 < €/16

1B¥ lays—o = |B 0 ¢las—o < |Blas—o/2 < /4

|€+ —eo (/J|ot,s—a = |(E —e)o (p|ot,s—(7 =< |é - e|a,s—(r/2 =< |A|a,s

|VZRT — V2R o F| = |(VIR — VIR0 ®) o s o
<|V?R-V2Ro c1>|0l“H/2 <1|Flas—o

which were the estimates (6.5) we needed to prove. The transformation F =
(®,¢) = (E,F,G,9) € Gmaps T" x D,_5 /2 into T" x D, ;, and it follows
from (6.22) and (6.28) that

|Elq,s—0 <V (Q)1 IVE|g5—6 <0 *W(Q)1
|Fla,s—o < o (O IVF|qs5—0 < U_ZQW(Q)M
|Gla,s—0 <0 “W(Q)e IVGlg,s—0 <'(7_2a"p(Q)8

o

lo —Idlg5—0 < 1 Vo —Idlg5—6 <0 %

which were the wanted estimates (6.4). This concludes the proof. ]
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6.3. Iterations and convergence

We now define, for i € N, the following decreasing geometric sequences:
g =167, =47, & :=2"2r h=27"h (6.29)

Next, for a constant Qg > n + 2 to be chosen below, we define A; and Q;,i € N,
by
A =2'A(Qo), Qi =A'A)=A""(2'AQ0). (6.30)

and then we define 0;,i € N, by

_1
6 =CQ; (631)

where C > 1 is a sufficiently large constant so that the last condition of (6.3) is
satisfied for 0 = op and Q = Qg (and thus for ¢ = o; and Q = Q;, for any
i € N); clearly, this constant is of the form C =- (1 + 1)!/%. Finally, we define s;
andr;,i € N, by

S0 =S5, Sit1 =S8 —0;, ro=7r, i1 =r;—70. (6.32)
Obviously, we have
lim rp=r—Y &=r/2

I—>+00 N

We claim that, assuming A~ satisfies (Ay), which is equivalent to wg € BRy, we
can choose Qo sufficiently large so that

lim s > s5/2 < Za,- <s/2.

i=>o0 ieN
Indeed, since Q; = A™'(A;) = A~ (2°A(Qp)), we have
1 1 +o0o d
Yo=Y = [ :
i>1 i=1 (A=1(21A(Q0))) 0 (AT (2YA(Qo)))

B /+°° (In2)~'dx
AQy) x(A~1(x))%

R
R

< 400

where we made a change of variables x := 2Y A(Qyp), and the last integral converges
1

since A~! satisfies (Ay). Now as ; = C Qi_ « we have

o =CZQZ5 —co,* +CZQZé
ieN i>0 i>1

I /+°° (In2)~'dx

<CQ,"+C <s/2

AQ0) x(A—(x))w
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provided we choose Qy sufficiently large in order to have

1 +00 -1
/ (InD7dY ooy, (6.33)

Qp° + 1
A(Q0) x(A~1(x))=

Applying inductively Proposition 6.3 we will easily obtain the following proposi-
tion.

Proposition 6.4. Let H be as in (4.1), with wy € BRy, and fix Q¢ > n + 2 suffi-
ciently large so that (6.33) is satisfied. Assume that

Vesu<h/2, Je<r, h-<A(Qo). (6.34)
Then, for each i € N, there exists an («, s;)-Gevrey smooth transformation
Fi= (', ¢") = (E', F',G', ') : T" x Dy,py — T" x Dy €3,
such that Fitl = Fio i1, with

Fiv1 = (Pit1, 0it1)
=(Eis1, Fis1, Gig1,0i+1) : T" X Dy iy = T" X Dy € G,

satisfying the following estimates

lEit1la,sie < W(Qi) i IVEif1lasip <0 “W(Qi)

\Fittlasi <07 “W(ODi |VEFistlasy, <07 “W(Qi) i 635
Gistlawin <07 “W(0Der  IVGittlasy, <07 X W(0e '
lit1 —Idlas, < mi Vo1 —Idlays,,, <o “

and such that

HoF @O, I,0)=é ) +w-I+A®O)+B O -I1+M@®,I,wv)- I

Ni(l,w) Pi6,1,w) R (0,1,0)
with the estimates
|Al |Ol,S,'+1 5 8i7 |Bl |(X,S,‘+1 S Mia
le'th — el o pitilassiy < Aoy, (6.36)

VIR — V2R o Fipilasiss < Nl Fittlasy:-
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Let us emphasize that the implicit constants in the above proposition depend only
on n and « and are thus independent of i € N.

Proof. Fori =0, we let FO be the identity, ¥ :=e¢, A" := A, BY:= B,RY := R,
M := M and there is nothing to prove. The general case follows by an easy
induction. Indeed, assume that the statement holds true for some i € N so that H o
F'is (a, s;)-Gevrey on the domain T" x Dy, ;. We want to apply Proposition 6.3
to this Hamiltonian, with ¢ = &;, u = w;j,r =ri,s = s;, h = h;, 0 = o; and
Q = Q;. First, by our choice of Qg and §y itis clear that0 < 0; < s5;,0 < §; < r;,
and Q; > n + 2. Then we need to check that the conditions

VESpi<hi/2,  JEi<ri, hie<A©@)7', ripi<8iAQ)T, 1-<Qiof
are satisfied. Since
AQ) =AATNAD)=A 27 < <,
it is sufficient to check the conditions
VE<wi<hi/2, Ja<2Tr, hi<A7', rpi-<8&A7', 1.<Qiof. (6.37)

The last condition of (6.37) is satisfied, for all i € N, simply by the choice of the
constant C in the definition of o;. As for the other four conditions of (6.37), using
the fact that the sequences &;, u;, hi, A; ! and 8; decrease at a geometric rate with
respective ratio 1/16,1/4,1/2,1/2 and 1/2, it is clear that they are satisfied for any
i € N if and only if they are satisfied for i = 0. The first three conditions of (6.37)
for i = 0 are nothing but (6.34). Moreover, using our choice of 69 = r /4, the fourth
condition of (6.37) fori = O reads u-< A !and this also follows from (6.34).
Hence Proposition 6.3 can be applied, and all the conclusions of the statement
follow at once from the conclusions of Proposition 6.3. O

We can finally conclude the proof of Theorem H, by showing that one can pass
to the limit i — 400 in Proposition 6.4.

Proof of Theorem H. Recall that we are given ¢ > 0, u > 0,r > 0,5 > 0,
h > 0 and that we define the sequences ¢;, i, 8;, h; in (6.29), and then we chose
Qo > n + 2 satisfying (6.33) to define the sequences A;, Q; in (6.30) and o;
in (6.31) and finally, s; and r; were defined in (6.32). Moreover, we have

limi_>+008,-= lim M = lim hl‘ =0,
i—+00 i—+00

+00 400 (6-38)
lim ri=r— > &=r/2, lim s;=s—)Y o0;>s/2
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and for later use, let us observe that the following series are convergent and can be
made as small as one wishes thanks to condition (4.2) of Theorem H:

+00 400 400
Do i) Q=) (W(0) A <2(¥(Q0) ™ Ao =2Qou (6.39)
i=0 i=0 i=0
+00
> o =2 (6.40)
i=0
+00 +00
D o7 W(Qmi <Y Aipi < 2801 =2Q0W(Qo)pt (6.41)
i=0 i=0
+00 +00
D V(@i =y 07 Aipi <205 Aop =29 (Qo)e (6.42)
i=0 i=0
+00 +00
D0 W@ < ) Avei < 2806 = 2Q0W(Qo)e. (6:43)
i=0 i=0

Now the condition (4.2) of Theorem H implies that the condition (6.34) of Propo-
sition 6.4 is satisfied; what we need to prove is that the sequences given by this
Proposition 6.4 do converge in the Banach space of («, s /2)-Gevrey functions. Re-
call that F0 = (EO, FY, GY, q)o) is the identity, while for i > 0,

= (E',F',G', ¢") o (Ei+1, Fit1, Gis1, ¢is1)
from which one easily obtains the following inductive expressions:

EHN 0, 0) = Ei11(0,0) + E'(0 + Ei11(0, 0), ¢it1(@))
FiT'0,w) = Fi11(0, w) + F (0 + Ei+1(0, ), ¢i+1(®))
«(Id + Fiy1(0, w))
G0, ®) = (F (0 + Ei+10, ®), ¢i11(@) +1d) - Gi41(6, w)
+G (O + Ei+10, ®), pi41(®))
¢t =g o pit1.

(6.44)

Let us first prove that the sequence ¢ converges. We claim that for all i € N, we
have

i
’VgaiL“i < l_[ (140, %) <1
=0

where the fact that the last product is bounded uniformly in i € N follows from
(6.39). Fori = 0, ¢° = Id and there is nothing to prove; for i € N since ¢'*! =
©° + @i+1 we have

Vo't = <V€0i o <pi+1) Vit
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so that using the estimate for ¢; 1 and Vg;4+1 given in (6.35), Proposition 6.4, the
claim follows by induction. Using this claim, and writing

1
ot —g' =g opip1 —¢' = (/ Vo' o (tgir1+ (1 — t)Id)dt) (@ig1 —1d)
0

one finds
i+1

o =y, <101 = Tl

and therefore

i+1

"t — | <.

o, Si+1

Usmg the convergence of (6.38) and (6. 40) one finds that the domain of definition
of ¢' shrinks to a point and the sequence ¢’ converges to a trivial map

9" H{wo} > D, ¢*(wo) =

such that
lwg — wol < p.

Now let us define
Vie1(0,0) := 0 + Ei11(8, w), pir1(®), Vigr=Ad+ E;i11, @it1)

and observe that since W (Q;) > 1, then the estimates for E; 11, VE;+1, ¢;+1 and
Vgi+1 given in Proposition 6.4 implies that

Vi1 — Idla,s,ur] <W(Q)ui, |VVig1— Id|o{,si+1 < Oi_a\y(Qi)l/Li-
Using these estimates, and the fact that E i+1 can be written as
Et' = Ei +E oVip

we can proceed as before, using the convergence of (6.41) to show first that

IVE'|, | Zol Q)W <1

and then

[EH =B, < B, <Y (@D

o,Sit] o,Si41]

Using the convergence of (6.38) and (6.42), this shows that E i converges to a map
*:T" x {wo} — T" x D;°

such that
|E*|a,s/2 < W(Qo) .
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For the F i, we do have the expression
F'*' = Fipr 4+ (F o Vig1) - (Id + Fig)
or alternatively
F'*' = (Id+ F o Vig1) - Fip1 + F' o Vigy
and thus
FH' — Fl = (Id+ F o Vig1) - Fip1 + F' o Vig — F'.

As before, using the estimates on F;4; and V F;1 given in Proposition 6.4, one
shows that

i
IVF |, < D07 W (Qnm
=0

but however, here, the sum above is not convergent. Yet we do have

i i
Gi‘"|VF’ |oz,si <o/ ZGI_Z“II/(QI)M < Zal_“\I/(Ql),ul <1
=0 =0

from (6.42) and using the fact that the estimate for V; | can be written as

[Vigr — Id|a,s,~+1 < O—'ao'i_a\p(Qi)Mi

1

one obtains

[FloVigr = F'|, . <07 “W(Q)ui.

o,8i4+1

By induction, one shows that

i
F,,, < D o WO <1
=0
from which one obtains _
[ld+ F'o Vi, <1
and as a consequence,
[FI = Fl|, <07 W (Qnmi.

A, 8i+1
Using the convergence of (6.38) and (6.41), this shows that F’ i converges to a map
F*: T" x {wo} = T" x D;”

such that
|F*|a,s/2 < QoW (Qo) 1.



KAM, a-GEVREY REGULARITY AND THE «-BRUNO-RUSSMANN CONDITION 1257

For G , we have the expression
G = (F o Vigr +1d) - Gigt + G o Vi
and thus
Gt _ Gl = (F'oVis1+1d) - Gip1 + G o Viy1 — G'.

Proceeding exactly as we did for E “ and F',using the convergence of (6.38), (6.41)
and (6.43), one finds that G' converges to a map

G*: T" x {wo} — T" x D}°
such that
|G la.s/2 < QoW (Qo)e.
In summary, the map F' converges to a map
F*oT" x Dr/2 X {a)o} — T" x Dr,h

which belongs to G, of the form

FHO, 1, o) = (95, (0, 1), wp),

@5, 0, 1) = (0 + E*0), 1+ F*(©0) -1+ G*(9))
with the estimates

|E*|a,s/2 < W (Qo)u, |F*|(x,s/2 < QoY (Qo)u,

6.45
1G* sz < QoW (Q0)e, o — wol < . (6.45)

Then from the estimates

i i
< g | \ <
| |a,s,~ =& B as — i

given in (6.36), Proposition 6.4, and the convergence (6.38), it follows that both Al
and B' converge to zero. Next from the estimates

[t — et o gin, = |4

|VZRIT! — VIR o Fiyi]

a,s;’
@Sit1 <nlFiq |a,s,-+1

still given in (6.36), Proposition 6.4, one can prove in the same way as we did
before, that ¢’ converges to a trivial map

e* {wo} > D}°,  e*(wp) =€

such that

<e (6.46)

*
|€0 - ew(”)‘
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whereas M’ converges to a map
T x Dr/z X {a)o} — T" x Dr,h
such that, setting R*(0, I) = M*(0, I)I - I,

|VIR* — ViR

wsj2 <10 (o). (6.47)
Therefore we have
HoF*@, 1, wy) = *oCD* (9,1)=e’0k+a)0~1+R*(9,1),

which, together with the previous estimates (6.45), (6.46) and (6.47), is what we
wanted to prove. O]

7. Proof of Theorem D, following Bessi

The goal of this short section is to show how Theorem D follows directly from the
work of Bessi in [2].

In Bessi, one starts with a non-resonant vector w € R” which is assumed to be
“exponentially Liouville” in the following sense: there exists so > 0 and a sequence
k;j e Z" with |k j| — +o00 as j — o0 for which

0 < |kj - w| < e il (C1,5)

Given this sequence of k; € Z", one can find another sequence k j € Z" such that
forall j € N, |k;| < |kj|,k;-kj =0and |k; - w| > c|k;| for some constant ¢ > 0
independent of j.

Then one defines the following sequence of Hamiltonians on R" /(27w Z") x R"
(which are similar to the Hamiltonian considered by Arnold in [1]):

HYJO.1) =311+ FLl©), 0.1) e R"/@rZ") x R
Feil(0) = evy j (1 = cos(k; - 0))(1 + by j s cos(k; - 6)) (Hi js)
0<e<1,0<pu=<l, v js=e Kl b=kl

Observe that the only role of the sequences vy j s and Dy ;¢ is to ensure that the
sequence of perturbations Fg Ju satisfy, forall j e Nandall0 < u < 1:

|F1I| = sup |FLLO)] < 4e.
6eCn/QnZM), Im(9)<s|

In [2], Bessi proved the following theorem.
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Theorem 7.1 (Bessi). Assume that w € R" satisfy (C1.s,). Then, if so > s, for any
0 < & < 1, there exists ts > 0 and j, € N such that for any 0 < pu < e and
any j > je, the Hamiltonian system defined in (H, j ;) does not have any invariant
torus T satisfying

(i) 7T projects diffeomorphically to T";
(ii) There is a C' diffeomorphism between T" and T which conjugates the flow
on T to the linear flow on T" of frequency w.

It is clear that it is the regularity of the perturbation, here the analyticity which
causes the exponential decay of the Fourier coefficients, that forces the condi-
tion (C1 g,). If the perturbation is assumed to be only of class C" for some r € N,
then (Cy ,) can be weakened to cover frequencies w which are Diophantine with an
exponent T which is related to r (this can be obtained from Bessi’s work; one can
find a better quantitative result in [14], which also uses ideas of [2]).

Here we would like to consider the case where the perturbation is «-Gevrey;
we will consider a slight modification of the family of Hamiltonians (H ;) to a
family of Hamiltonians (Hy, ;) depending on @ > 1, which are still analytic but
for which the perturbation are bounded and small only in a -Gevrey norm.

First we need to compute the Gevrey of the function Py (6) := cos(k - 8) for an
arbitrary k € Z". Using the fact that (I + 1)> < 4/ for any [ € N we have

l 12alkl 4|k ayl
|Pk|0t,s ZCSUPM <CSUPM

leN [« T ogen 1
1 %
< ¢ [ sup (41D M TS
~ \leN I -

Now, given @ > 1, we introduce the following condition on the non-resonant vector
w € R": there exists so > 0 and a sequence k; € Z" with |k;| — 400 as j — 400
for which

1
0 < |k;j - | < e 0@k, (Cas)
For o = 1, this condition reduces to (Cy g,). Then we consider the following modi-
fied sequence of Hamiltonians, which once again corresponds exactly to Hy ;s for
a =1
HY0.1) =111+ F&]6), 0.1) e R"/2nZ") x R
Fl(0) i=evy, js(1 —cos(k; - 0))(1 + iy, j s costk; - 0)) (Hy, j )

1 ~ 1
O<e<l, O<p<lI, Ve jus 1= e~ Sa(@lk;D@ , ‘N)a,j,s — p—sa(lk;D¥

With these choices of vy j s and Vg, j s we have that, forall j € Nandall0 < u < 1:
|Feitlyo = Ce

for some constant C > 1 independent of ¢ and . The argument of Bessi goes
exactly the same of way for this family of Hamiltonians (H,, ; ;) under the condi-
tion (Cq,s,), and thus we have the following statement.
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Theorem 7.2. Assume that o € R" satisfy (Cq.s,). Then, if so > s, for any 0 <
e < 1, there exists e > 0 and j, € N such that for any 0 < p < u. and any
J = Je, the Hamiltonian system defined in (Hy, j ) does not have any invariant
torus T satisfying

(1) 7 projects diffeomorphically to T";
(ii) There is a C! diffeomorphism between T" and T which conjugates the flow
on T to the linear flow on T" of frequency w.
Now Theorem 7.2 implies Theorem D, as if w satisfies (By), then it satisfies (Cq,s,)

for some sp > 0 and it is sufficient to consider a Hamiltonian system as in (Hy, j,s)
with s < s9.

Appendix
A. On the «-Bruno-Riissmann condition

Recall from Subsection 2.2 that the arithmetic function on [1, +00) associated with
a vector w € R" is given by

w,(0) =max{|k-a)|_1, keZ' 0<|kl< Q}

and that we have introduced a continuous version ¥ which satisfies (2.4). We have
further defined A by A(Q) = QW (Q) and its functional inverse AL
Also recall that, by definition, if « > 1, A, consists of those vectors w for

which

+o00 dx

f _ ¥ (A)
A x(A~L(x)e

whereas BR,, consists of vectors w satisfying the «-Bruno-Riissmann condition:

/+°°M /Mwwm. (BRo)
| 1

Q1+$ dQ <o & Ql+$

In the proof of Theorem H, we use the following fact.
Proposition A.1. For anya > 1, A, = BR,,.

Proof. We aim at showing that the two integrals

oo d T In(W
[T [T,
X(A7H(x))« QT
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converge or diverge simultaneously. Equivalently, choosing for example = A~! (1)
and, in the first integral, making the change of variable x = A(Q), we may compare
the following two quantities:

aa=/”ﬂ and ba=/°°m<?>dg.
t QxA(Q) r Qe

A (Riemann-Stieltjes) integration by part shows that,if 7 > 1,

/T dA(Q) _ InA(T) +1/T lnA(Q)dQ A
t t

Q«A(Q) Ta )i Q'

On the one hand, the two integrals in this equality have a (possibly infinite) limit as

T tends to +o00, and M > 0, thus (A.1) yields, as T tends to infinity,
To

by

g > —.

On the other hand, since A is increasing,

In A(T) _ In A(T) /‘+°° dQ _ 1 /+°° InA(Q) 40
T o T ots  alr 0'*a
so, letting T tend to 400, (A.1) entails
<
So,a, = %“, whence the conclusion. O

Remark A.2. From the proof above, one easily see that if w € BR, then

In(A(Q)

lim =0.

Q—+o00 Ql/a
But In(A(Q)) = In(Q¥(Q)) =1In Q + In(¥(Q)) and therefore

(¥ (@) _,
0—+00 Ql/o‘ -

which means that w satisfies R, .

We refer to [3, Proposition 2.2] for related, more precise results. In the next lemma,
we give alternative characterizations of the o-BR condition, so as to facilitate com-
parisons with other arithmetic conditions.
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LemmaA3. Leta > 1,8 =1+ é and w € R" non-resonant. The following

conditions are equivalent to each other:

Jiroo nve (Q)dQ < oco:
1 \l/a) .
oy MO o,

InV, (21) .
Zl>0 zla/)a < 00,

e

denominators of the continued fractlon of v.

ifn=2andw = (1,v), Y 15 ln‘{’j;rl < 00, where the qi’s are the main

In the case @ = 1, the equivalence (1 < 2) is proved in [36], whereas (2 < 3 < 4)

is proved in in [18].

Proof. (1 & 2) As already noticed in Subsection 2.2, ¥,, is constant on intervals

of the form [Q, O + 1), O € N,. So,

o0 O+1

1

Sy Z InW,(0) (7" — (@ +17V).

0>1

Since the general term of this series is positive and O Ve _ (1)
Q~#, the first two conditions are equivalent to one another.

[
(2 & 3) We want to show that f> = 35, In “"”(Q) and f3 = D 15 In%,2)

simultaneously finite or infinite. Since W, is non- decreasmg,

1
!
fzzzln%(Z) Z @,
>0 2l<Q<2itl |
where
21+l
sz s
2ISQ§2[+1—1 Q 21 Q 2 2
so that
o
==/
2

Conversely, again using the fact that W, is non-decreasing,

REYmuE) S

>0 215Q521+1_1

~Q—>+o00

2/

are
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where

Z L<i+ ol+1_ ldQ 1 l_|_ <1+(¥_21/a(1+a)
<<+l QF ~2IP 2! Qﬂ = 2t/ \ 2 @)= olja T 2l+D/a

so that
fr <21 +a) f.

2 < 4)Nowassumen = 1l and w = (1, v), v € R. Let (pr/qx) be the sequence
of convergents of v: one has then the following explicit expression

Vo(Q) = lawv — el ™'y qe < Q < i
as was proved in [3, Proposition 2.7]. Hence,
-1
, In(¥,(Q)) LI
S-:ZT:Z In|grv — pl Z @ .
0>1 k=1 O=qx
Bounding the first factor by

Ingit1 < Inlgev — pel™" < In2gi+1)

and the second one by

Gr+1—1
o o 1 14+«
/o~ 1/a = Z oF = 1/a
q Qky1 O=aqk 9

(obtained by comparing the series with an integral) yields

Ingey1  Ingryr In(2q+1)
O‘Z( Ve~ e ) =S=0+ )Z l/a

k=1 \ 4 9+ k=1

In2 1
_(1+a)2(?/a L;"{;;”).

k>1 k

Since the sequence (gk)r>0 increases at least geometrically, namely g > 2k/2 for
any k > 0, we have

Zlni]];(jl < %0, Z ll/a <

i+1 9

and therefore

]
S<oo©2nqk+l 0
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Example A4. Letv =), _, 10~". Recall from [21, Theorem 30] that if p/q €
Q satisfies -

1
—qv| < —,
P —qvl 2

then p/q is a best approximation of v. So, we see that ZISnSQ 10~ are best

approximations, and thus g, = 2. The 4th criterion of Lemma A.3 thus tells us
that o = (1, v) € BR,, for all @ > 1, while w is not Diophantine.

B. Gevrey estimates

Let us start by recalling some notations and definitions. Given an integer m > 1
and k = (ky1, ..., ky) € N we define

m

k| = iki, kt =]k
i=1

i=1

Given x € R™ we set
m
k.
x* = Hxl.’.
i=1

Let K be a compact set of the form
K=T™ x B™, m;+my=m,

where B™2 is the closure of an open subset B2 of R"2. Let f : K — R be a
smooth function, meaning that f extends smoothly to an open neighborhood of K.
Such an extension is by no means unique, but note that, by continuity, the partial
derivatives of f over K, at any order, do not depend on the extension. For a € K
and k € N we set

O fla) =09 ¥ f(a). (B.1)

Given real numbers o > 1 and s > 0, the function f is said to be (¢, s)-Gevrey if

| fla,s := c sup

ack

sup
keNm |k |1

< (k| + 1)2Sak|8kf(a)|> - 00, = 47T2/3 (B.2)

The space of such functions will be denoted by G, (K), and equipped with the
above norm, it is a Banach space. Our definition of Gevrey norm is not quite stan-
dard, but up to decreasing or increasing the parameter s, it is comparable to the
Gevrey norms that have been used in Hamiltonian perturbation theory (as for in-
stance in [30] or in [32]). On the one hand, the role of the factor (Jk| + 1)2 is to
simplify the estimates for the product and composition of Gevrey functions (see
respectively Lemmas B.7 and B.9). On the other hand, the role of the normalizing
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constant ¢ > 0 in the definition is to ensure that G, s(K) is a Banach algebra (see
Lemma B.7).

The above definition can be extended to vector-valued functions f=(fi)1<i<p:
K — RP? for p > 1 by setting

, aekK

0 f@)| = > 0" fila)

1<i<p

in (B.2). The space of such vector-valued functions is still a Banach space with
the above norm, and it will be denoted by G, (K, R”). The case of matrix-valued
functions, say with values in the space M, ,(R) of matrix with m rows and p
columns, is reduced to the case of vector-valued functions by simply identifying
My, ,(R) to R™P.

B.1. Majorant series and Gevrey functions

The definition of Gevrey functions can be conveniently reformulated in terms of
majorant series with one variable (see [23], [24] and also [38]).

But first let us consider a formal power series in m variables X = (X1, ..., Xy)
with coefficients in a normed real vector space (E, | . |g), which is a formal sum of
the form

AX)= Y X’ A=Ay .k, €E.
keNm

Such a formal series is said to be majorized by another formal power series with
real non-negative coefficients

B(X)= ) BiX*, Bi=By. ., <R,
keNm
and we write A < B, if
|AklE < By, VYkeZ". (B.3)

Next, following [38], we introduce a notion of a smooth function being majorized
by a formal power series in one variable. So let f : K — R” be a smooth function,
and F be a formal power series in one variable with non-negative coefficients, that
we shall write as

+00 F l
F(X):ZFX.
=0 "’

We will say that f is majorized by F on K, and we will write f <x F (or
f(x) g F(X)),if foralla € K and all k € N, we have

0" f(@)] < Fiy. (B.4)
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To better understand this definition, recall that given f : K — R? anda € K, we
can define its formal Taylor series at a by

k
TfX) =Y O S@ v

keNm k!

which is a formal power series in m variables that takes values in R”. To a formal
series F in one variable, one can associate a formal series F in m variables simply
by setting

FX1,....,Xm) =FX1+ -+ Xp).

If is then easy to check that f <k F, in the sense of (B.4), if and only if for all
a€K,T,f < F,in the sense of (B.3) (with E = R” and | . |z the norm given by
the sum of the absolute values of the components).

Now, given ¢ > 1 and s > 0, let us define the following formal power series
in one variable

400 1 l +o00
o= X M;
—1 2 : -1 2 : l
Haal) 1= (+12 ( ) ‘ i= ! " (B.5)

l!o‘

_ _ 2
= e =4

The following characterization of Gevrey functions is evident from the definitions
(B.2) and (B 4).

Proposition B.1. If f : K — R? is a smooth function,
| fla,s = inf {C € [0, +00] | f <gx CMy}.

Henceforth o > 1 will be fixed, so in the sequel we will simply write My ; = M;.

B.2. Properties of majorant series

We collect here some properties of majorant series that will be used later on. It is
clear how to define the derivatives of a formal power series in one variable, and
also a linear combination and the product of two such formal power series. We then
have the following lemma.

Lemma B.2. Let f, g : K — RP be smooth functions, F, G be two formal power
series in one variable, and assume that

<k F, g<kG.
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Then
o f<x dMF, keNm, (B.6)

A +ug Lk [MF +[ulG, reR, peR. (B.7)
Moreover, if we define f - g : K — R by
p
f-g=)_ figi
i=1

then
f g <k FG. (B.8)

For a proof, we refer to [38], Lemma 2.2, in which the case p = 1 is considered;
but the general case p > 1 is entirely similar.

Given two formal power series in one variable F and G, we define the compo-
sition F © G of F and G by

+00

F
FOGX) =) = (GX) = GO).

Lemma B.3. Let f : K — RP? be a smooth function, g : L — T™! x R™2 another
smooth function such that g(L) C K, and assume that

Then
fog<kL FOG.

Once again, for a proof we refer to [38, Lemma 2.3].

B.3. Derivatives

In this section, we will show that the derivatives of a Gevrey function are still
Gevrey, at the expense of reducing the parameter s > 0; these are analogues of
Cauchy estimates for analytic functions.

Proposition B4. Let f € Gy s(K,RP), and 0 < o < s. Then for any k € N",
*fe Go.s—o (K, RP) and we have

K [\
|a f|(x,s—n‘ S O'_O[ |f|a,s-
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Proof. It is enough to prove the case |k| = 1, as the general case follows by an easy
induction. From Proposition B.1 and (B.6) of Lemma B.2, to prove the case |k| = 1
it is sufficient to prove that

My €« 07M;_, (B.9)
where M; is the formal power series defined in (B.5). We have

| 1-i-oo AL | (l + )|a ;
0 My(X)=c" B B ——X
s(X)=c ; (I + 1)2sla(l _ 1)| Z a+ 2)2s(l+l)a[!

and hence (B.9) is true if, for all / € N,
_1\% _ la
(as ) (1 —os ) d+1%<1. (B.10)
Since 0 < o5~ < 1, we have In(1 — os™!) < —os~! and thus
1 _ _
(1 _O_s—l> « (l + 1)0: — elaln(l—as 1)(l + 1)0{ < e—laas l(l + 1)0('

Let A = os~!, and consider the function u(x) = (x + 1)%e~*** for x > 0. This
function reaches its maximum at x = A~1(1 — 1), the value of which is

u ()\—1(1 - X)) e
Therefore, for all [ € N, we have

1 la N\~
(1-0s7") @+ D" =27 = (057")
which is exactly the inequality (B.10) we wanted to prove. O

For f : K — R,let Vf : K — R™ be the vector-valued function formed by
the partial derivatives of f of order one, and more generally, for f : K — R?, we
let Vf:K — My ,(R) >~ R" be the matrix-valued function whose columns are
given by V f; where f = (fi)1<i<p. Then we have the following obvious corollary
of Proposition B 4.

Corollary B5. Let 0 < 0 < 5. If f € Gos(K,R), then Vf € Gy 5—(K,R™)
and

|Vf|oz,s—<7 =< moia|f|a,s
andif f € Gos(K,RP), then V f € Gy 5—c (K, R"™) and

IV flas—o < mpd_a|f|a’s.
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B.4. Products

In this section we shall prove that the product of Gevrey functions is still a Gevrey
function.

Proposition B.6. Let f, g € G s(K,RP). Then f - g € Gy (K, R) and we have

|f : gla,s =< |f|a,s|g|a,s-

Once again, in view of Proposition B.1 and (B.8) of Proposition B.2, Proposi-
tion B.6 is a direct consequence of the following lemma.

Lemma B.7. We have Ms2 < M,.

The proof given below follows [26]. It is this lemma that motivates the introduction
of the normalizing constant in M (and thus in the Gevrey norm); without this
constant one would have M, 52 & ¢>Mj. Let us point out that the proof given below

is elementary thanks to the factor (|k| + 12 in the definition of M,; without this
factor, the statement is true (with a different normalizing constant) but the proof is
more involved (see [38, Lemma 2.7]).

Proof. Recall that
M) = ! +2’° M, M e
. = C —_— . =
! il SRRUESIERT
and so the assertion of the lemma amounts to prove that for all / € N,

Gt — phne! e ane-! o 4r*
J:O(j+1)2(l—j+1)2_ (+n2 37

(B.11)

Observe that the sum in the left-hand side of (B.11) is symmetric with respect to
j1—j,andthatsincea — 1 >0, (jH* 1 (( — HH)* ' < @)* ' foralll € N,

Hence,
12

i (Yt — pHne! <3 (Y h — et
U=+ DT G+ DA — A+ 1D?
/2
a—1
=2 Z( + 1)2(1—J + 12’
Then forany 0 < j <1/2,(I — j+ 1)? > (/2 + 1)?> > (I 4+ 1)?/4, and therefore
Y — jHne! _ 8aH*” : f 1 8(1')“‘1 S
DU+ D20 —j+1D> 7+ 1?4 G+ 1)2 T+ 1)2 — (j+1D?
4r? (1!)“ !

3 (4 1)2
which is the inequality we wanted to prove. O
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Proposition B.6 can be extended to matrix-valued functions. More precisely,
given f : K — M, p,(R)and g : K — M, ,(R) where f = (fi j)i<i<m, 1<j<p
and g = (gj.k)1<j<m, 1<k<p, we define f - g : K — M, ,R) by f g =
((f - )i, k) 1<i<m, 1<k<q Where

P
(f - @ik =D fijgjk-
j=1
Then the following statement is an obvious corollary of Proposition B.6.

Corollary B8. Let f € Gy s(K, My, p(R)), g € Gy s(K, My 4(R)). Then f - g €
Go,s(K, My 4(R)) and we have

If - glas < | flas|gla,s-

B.5. Compositions

Our goal here is to prove that the composition of Gevrey functions are still Gevrey.
But first we need to define two additional formal power series associated to My, the
latter being defined in (B.5). So we define M by

+00 a—1 l
M, (X) = My(X) — M(O)_c_lz . <X> (B.12)

(L +1)2
and M by
. X+ net rxy
My(X) := Z T 27 <s_0‘> (B.13)
It is clear that ~ _
sTEX M (X) = My(X). (B.14)

Lemma B.9. We have
M? < My, MM < M.

As for Lemma B.7, the factor (|| + 1)? in the definition of M, makes the proof
simple, but the statement is still true with this factor (see [38, Lemma 2.4]).

Proof. 1t is enough to prove the first part of the statement, as the second part of the
statement follows from it; indeed, if M 52 <« My, then using (B.14) we have

My(X)M(X) = s “XMy(X)M(X) < s *XMy(X) = Ms(X).

As in Lemma B.7, to prove that M SZ < ]\;IS one needs to show

DR i (e N (R s 4z
G+2X—j+27 " a+2r T3

=0



KAM, a-GEVREY REGULARITY AND THE «-BRUNO-RUSSMANN CONDITION 1271

The sum in the left-hand side of (B.15) is still symmetric with respectto j +— [ — j,
and therefore

i (G +DY M@ —j+ DYt f: (G + DY@ —j+ Dy
o G-+ T (DM -2

Then, forany / € Nand any 0 < j <1/2,since « — 1 > 0 we have

G+ DY = j+ DY < @+ Hy*!

as one may easily check. Then, as in Lemma B.7,forany0 < j <1/2, (l—j+2)2 >
(1/242)* > (I +2)?/4, and therefore

SRR i R\ (R Gl S

= (J+2721-j+2)? T+ ZG+2?
_4m? (@ + Dy
T3 (427
and this concludes the proof. O

Proposition B.10. Let f € G4 (K,R?),0 <0 < s,and g € Gy 5—c(L, T™ x
R™2) such that g(L) € K. Assume that g = Id + u with

|u|oz,s—a =< o“. (B.16)
Then fog € Gy s—o(L,R?) and

| foglas—o < Iflas- (B.17)

When f et g are analytic, the analogue of estimate (B.17) with the supremum
norm is obvious, for the obvious reason that the supremum of a function is a non-
increasing function of the domain.

As it will be clear in the proof, the conclusions of Proposition B.10 holds true
under the slightly weaker assumption that

|u|a,s—a — sup |u(a)| < s —(s—0)"
acek

but this will not be needed.

Proof. Let
a = |f|a,Sa b:= |u|a,s—a

so that, from Proposition B.1,

f) <k aMs(X),  u(x) KL bM;—o(X)
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and consequently
J) Kk aM(X),  gx) < X +bM;—s(X).

We now apply Lemma B.3 and, recalling the definition of M, and M, given respec-
tively in (B.12) and (B.13), we obtain

fgx)) KL aMj (X +bM_4 (X))
= aM(0) + aM, (X + bM;_ (X))

— aM,(0) +aM, (X +b(s — a)_"‘XMS_U(X)>

400 Jrle—1 (X +b(s — U)O[XM;_U(X))[ (B.18)
=aM;(0) +a
l; (112

+00 l!a—] X l e i
:aMb(O)_“alZl:m (S—a) <1 +b(S —U) b—()'(X)) .

sOl

From the first part of Lemma B.9, for any j € N, we have
M, < My,
and therefore
l

(1 +b(s—0) "M, , (X))l =y (i,)bf(s — )M (X))

=0

~.

l
< My—o(X) ) (l.)bf(s — o)/
=0 \J

= My—o(X) (1+b(s —0)@)'.
Now, from (B.16) we get
b= [U|g,s—6 < 0% <% — (s — U)a

and thus
l+b(s—0)%<s% s —0)“

This gives

(1455 =) W0 (X)) < My ()5 — o)

which, together with (B.18), yields

N +00 l!afl X !
f(g(x)) <L aM;0) +aM;_s(X) ; (I + 1)2 <(S — O‘)a>

= aM(0) + aMy_o (X)Ms—s(X).
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Using the second part of Lemma B.9, this gives
f(g(x)) < aM;(0) +aM;—q(X)
and since M (0) = M;_,(0), we arrive at
fg(x) K1 a(My_o(0) + My_o(X)) = aM;_s(X).

Using Proposition B.1, we eventually obtain

|foglas—o <a=I|flas

and this concludes the proof. O

B.6. Flows

In this section and the next one, we shall state and prove some estimates adapted to
the situation considered in Section 6: that is we consider functions H = H(0, I, w)
which are defined and Gevrey smooth on a domain of the form

T”xDr’hzT"XDrxDz)ogT”xR"xR”

where D, is the ball of radius r > 0 centered at the origin and D}” is an arbitrary
ball of radius 2 > 0. In the lemma and proposition below, the variables w € DZ’O
play the role of a fixed parameter, hence to simplify the notations we will explicitly
suppress the dependence on w € DZ’O.

Moreover, throughout this section and the next one, for simplicity we shall
write u < v (respectively u -< v), if, for some constant C > 1 which depends only
on n and « and could be made explicit, we have u < Cv (respectively Cu < v).

Let us first start with a vector-valued function D : T" — R” which depends
only on 8 € T", and that we shall considered as a vector field on T".

Lemma B.11. Given D € G, (T", R"), let 0 < 0 < s and assume that
|D|g.s < 0. (B.19)

Then for any t € [0,1], the time-t map D" of the flow of D belongs to Gy s—o (T",T")
and we have the estimate

|Dt - Idla,s—a = |D|a,s- (B-ZO)
The proof of the above lemma is a variant of the proof of [28, Lemma B.3].

Proof. The fact that D is smooth and defined for all # € [0, 1] (in fact, for all € R)
follows from the compactness of T" and the classical result on the existence and
uniqueness of solutions of differential equations (even though this will essentially
be re-proved below); the only thing we need to prove is the estimate (B.20). So
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let us consider the space V := C([0, 1], Gy 5—o (T", T")) of continuous map from
[0, 1] to Gy 5—o (T, T"): given an element & € V and ¢ € [0, 1], we shall write
@' := P(r) and consequently ® = (®'),¢0.1;. We equip V with the following
norm:

[|®[| := max |(Dt|oz,sfo
t€l0,1]
which makes it a Banach space, and if we set p := |D|y s, we define

B,V :={®eV|||®-1d| <p}
We can eventually define a Picard operator P associated to D by
P:B,V — B,V, &+ P(®)
where P(®) = (P(®)")ie0.1] is defined by

t
P(d) = Id—|—/ Do d'dr.
0

To prove the lemma, it is sufficient to prove that P has a unique fixed point ®, €
B,V as necessarily (®))se0,1] = (D")sefo,1]- Therefore it is sufficient to prove
that P induces a well-defined contraction on B,V , as the latter is a complete subset
of the Banach space V.

First we need to show that P maps B,V into itself. So assume ® € B,V,
using (B.19) this implies that for all ¢ € [0, 1],

|cbt —ldlgs—0 <p = o

so that (B.16) of Proposition B.10 is satisfied (with f = D and g = @' for any
t € [0, 1]) and the latter proposition applies: this gives

|D o q)t|a,s—o =< |D|a,s =p, tel0,1]

hence

t
|P(@) -1d| = ‘/ Do ®%dt
’ 0

and therefore
[|1P(P) —1d|| < p.

This proves that P maps B,V into itself.
It remains to show that P is a contraction. So let ®1, ®, € B,V then for any
t €0, 1],

t
P(®)) — P(dy) :/O (Do ®T — Do®5)dr

t 1
=/ (/ VDo(sd>§+(1—s)q>§)ds>-(d>{—<l>§)dr-
0 0
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Using Proposition B.10, Corollary B.5 and Corollary B.8, we obtain, for any ¢ €
[0, 11,

|P(¢1)I_P(<D2)t|a,sfo <'0'_Q|D|a,s Oril?it |q>f_q)§|oz,s*o <'G_a|D|a,s||<Dl_cD2”
and hence
[P(®1) — P(P2)|| <0 %Dyl P1 — P2l

Using (B.19), we can then insure that P is a contradiction, which concludes the
proof. O

Now let us consider a Hamiltonian function X on T” x D, , of the form
Xo,)=Cc@O) +D®O)-1I, C:T"—-R, D:T"— R" (B.21)
The Hamiltonian equations associated to X are given by:

0(1) = ViX(©O(t), 1(t)) = DO®)),
i(t) =—VpX@@(@),I()) =-VCO@) —VD@O@)) - I.

The equations for 8 are uncoupled from the equations of I (and hence can be in-
tegrated independently), while the equations for / are affine in /; it is well-known
that these facts lead to a simple form of the Hamiltonian flow associated to X (see,
for instance, [41]).

Proposition B.12. Let X be as in (B.21) with Ce G4 s(T",R) and De G4 ;(T",R").
Let 0 < o < s and assume that

IDlq.s < 0. (B.22)

Then for any t € [0, 1], the time-t map X' of the Hamiltonian flow of X is of the
form
X'O0,1)=O+E©®).1+F©®) 1+G'©)

where E' € Gggs—o (T, R"), F' € Gas—o(T",R") and G' € Ggs_o(T", R")
with the estimates

|Et|a,sfa < |Dla,s> |Ft|a,sfa <0—a|D|a,Ss |Gt|a,sfa <G_a|c|a,s- (B.23)
As a consequence, given 0 < § < r, if we further assume that
ro ¥ Dlgs + 0 ¥Clas <8 (B.24)

then X' maps T" x D,_g into T" x D,.
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Proof. The second part of the statement clearly follows from the first part, so let us
prove the latter. From the specific form of the Hamiltonian equations associated to
X, one has, for any ¢ € [0, 1],

X'0,1)=@O+E©®),I+F©) 1+G'0)

with

E'(0) = [y D6 + E7(6))dx,
F'(0) = — [ VDO + E*(0))dt — [ VD( + E*(0)) - F*(0)dt
G'(0) = — [, VC(6 + ET(0))dt — [, VD(0 + ET(9)) - G* (0)d.

Because of (B.22), Lemma B.11 applies and the flow D' (§) = 0 + E'(0) satis-
fies (B.20), and therefore

|Et|a,s—0 = |DI - Idla,s—a = |D|a,s

which gives the first estimate of (B.12). Using this estimate and (B.22), we can
apply Proposition B.10 and Corollary B.5 (both with /2 instead of o) to obtain,
forany0 <7t <r <1,

VD o Drla,s—a =< |VD|a,s—a/2 < J_a|D|a,s-

Looking at the expression of F’, this gives

t
|Ft|ot,s—0 <J_a|D|a,s (1 +/ |Ft|oz,s—rrdf)
0
which, by Gronwall’s inequality and (B.22), implies that for all ¢ € [0, 1],
|Ft|ot,x—a < 0-_0[|D|a,s

which is the second estimate of (B.12). For the third estimate of (B.12), observe
that the same argument yields

t
|Gt|ot,sfo <G_a|C|a,s +G_a|D|a,s/ |Gr|a,sfad7—'
0

and again, by Gronwall’s inequality and (B.22), for all # € [0, 1] we have
|Gt|cx,sfa <o 1Clars -

This concludes the proof. O
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B.7. Inverse functions

In this last section, we shall prove that if a Gevrey map is sufficiently close to the
identity, then its local inverse is still Gevrey. To prove this in a setting adapted
to Section 6, let us consider a map ¢ which depends only on w € Dy, that is
¢ :Dp — R™.

Proposition B.13. Given ¢ € Gy 3(Dp, R"), let 0 < 0 < s and assume that
lp —1Id|gs-<0%, | —1d|gs <h/2 (B.25)
Then there exists a unique ¢ € Gy 55 (Dps2, Dy) such that ¢ o ¢ = 1d and
lp —ldla,s— =< ¢ — Id]a,s. (B.26)

Proof. Let us define V := Gy 5—o(Dps2, R"), which is a Banach space with the
norm || .|| =|.|a.s—0,and for p := |¢ — Id|y s, We set

B,V :={y eV IIly -l = p}l
Let us define the following Picard operator P associated to ¢:
P:B,V —- B,V, Y — P{)=I1d— (¢ —1d)o .

It is clear that ¢ o ¢ = Id if and only if ¢ is a fixed point of P, and therefore the
proposition will be proved once we have shown that P has a unique fixed point in
B,V , and to do this it is enough to prove that P is a well-defined contraction of
B,V.

First let us prove that P maps B,V into itself. So let ¥+ € B,V , and using the
second part of (B.25), observe that since

sup |Y(w) —ol < ||Y —Id[| < p <h/2
w€Dp )

then v maps Dy, into Dy,. This, together with the first part of (B.25) allows us to
apply Proposition B.10 to get

(¢ —Id) o[l = (¢ —Id) o Ylos—0 < |p —Idlos = p

and thus
P(y) —1d|| = |[(¢ —1d) o ¥|| < p,

that is, P maps B,V into itself. To show that P is a contraction, using Corol-
lary B.5, Corollary B.8 and Proposition B.10 one gets, for any 1, ¥ € B,V:

(@ —1d) o Y1 — (¢ —1d) o Y2l < 0| — Idlas|[¥1 — 2|

and from the first part of (B.25), one can make sure that P is a contraction. This
ends the proof. O

Comment. After this work was made public on Arxiv, an independent and interest-
ing proof of a special case of Theorem E appeared in the preprint [27].
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