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Iterated convolutions and endless Riemann surfaces

SHINGO KAMIMOTO AND DAVID SAUZIN

Abstract. We discuss a version of Ecalle’s definition of resurgence, based on the
notion of endless continuability in the Borel plane. We relate this with the notion
of Q-continuability, where €2 is a discrete filtered set or a discrete doubly filtered
set, and show how to construct a universal Riemann surface X¢ whose holomor-
phic functions are in one-to-one correspondence with 2-continuable functions.
We then discuss the Q2-continuability of convolution products and give estimates
for iterated convolutions of the form @1 * - - - % ¢,,. This allows us to handle non-
linear operations with resurgent series, e.g. substitution into a convergent power
series.

Mathematics Subject Classification (2010): 34M30 (primary); 40G10, 30B40
(secondary).

1. Introduction

In this article we deal with the following version of Ecalle’s definition of resurgence:

Definition 1.1. A convergent power series ¢ € C{¢} is said to be endlessly con-
tinuable if, for every real L > 0, there exists a finite subset Fy of C such that
the holomorphic germ at 0 defined by ¢ can be analytically continued along every
Lipschitz path y: [0, 1] — C of length smaller than L such that y(0) = 0 and

y((O, 1]) C C\ FL. We denote by # C C{¢} the space of endlessly continuable
functions.

Definition 1.2. A formal sgries ¢(z) = Z?OZO ® jZij e C[[z~ '] s said to be resur-
gent if 9(¢) = Zjozl ®j (4;%11), is an endlessly continuable function.

In other words, the space of resurgent series is
#=B"'Cse%) cClz],

This work has been supported by Grant-in-Aid for JSPS Fellows Grant Number 15J06019, French
National Research Agency reference ANR-12-BS01-0017 and Laboratoire Hypathie A*Midex.

Received July 21, 2017; accepted in revised form March 30, 2018.
Published online March 2020.



178 SHINGO KAMIMOTO AND DAVID SAUZIN

where B: C[[z7!]] - C8 & C[[¢]] is the formal Borel transform, defined by
B = ¢oé + ¢(¢) in the notation of Definition 1.2.
We will also treat the more general case of functions which are “endlessly

continuable with respect to bounded direction variation”: we will define a space
£~ dv .. ~ . = dv .. ~
%  containing & and, correspondingly, a space %  containing %, but for the sake

of simplicity, in this introduction, we stick to the simpler situation of Definitions 1.1
and 1.2.

Note that the radius of convergence of an element of R may be 0. As for the

elements of @, we will usually identify a convergent power series and the holo-
morphic germ that it defines at the origin of C, as well as the holomorphic function
which is thus defined near 0. Holomorphic germs with meromorphic or algebraic
analytic continuation are examples of endlessly continuable functions, but the func-
tions in % can have a multiple-valued analytic continuation with a rich set of sin-
gularities.

The convolution product is defined as the Borel image of multiplication and
denoted by the symbol «: for ¢, ¥ € C[[£]], ¢ * ¥ == B(B~'¢ - B~14), and § is
the convolution unit (obtained from (C[[¢]], *) by adjunction of unit). As is well
known, for convergent power series, convolution admits the integral representation

o ¢ o
6% (0 =/0 SEV(C — b de (L.1)

for ¢ in the intersection of the discs of convergence of ¢ and V.

Our aim is to study the analytic continuation of the convolution product of an
arbitrary number of endlessly continuable functions, to check its endless continu-
ability, and also to provide bounds, so as to be able to deal with nonlinear opera-
tions on resurgent series. A typical example of nonlinear operation is the substitu-
tion of one or several series without constant term ¢y, ..., ¢, into a power series
F(wi, ..., w,),defined as

~ ~ ~k ~
F@r.....@r) =Y @) @ (12)
keNr

k : .
for F =) o crwy' -+ wy" . One of our main results is:

Theorem 1.3. Let r > 1 be an integer. Then, for any convergent power series
F(wy,...,w;) € C{wy, ..., w,} and for any resurgent series @1, . .., §, without
constant term, F (@1, ..., ¢r) € ZX.

The proof of this result requires suitable bounds for the analytic continuation
of the Borel transform of each term in the right-hand side of (1.2). Along the way,
we will study the Riemann surfaces generated by endlessly continuable functions.

A d ~ d
We will also prove similar results for the larger spaces Z “and %
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Resurgence theory was developed in the early 1980s, with [9] and [11], and
has many mathematical applications in the study of holomorphic dynamical sys-
tems, analytic differential equations, WKB analysis, etc. (see the references e.g.
in [20]). More recently, there has been a burst of activity on the use of resurgence
in Theoretical Physics, in the context of matrix models, string theory, quantum field
theory and also quantum mechanics —see e.g. [1-3,5-8,12,16]. In almost all these
applications, it is an important fact that the space of resurgent series be stable under
nonlinear operations: such stability properties are useful, and at the same time they
account for the occurrence of resurgent series in concrete problems.

These stability properties were stated in a very general framework in [11], but
without detailed proofs, and the part of [4] which tackles this issue contains obscu-
rities and at least one mistake. It is thus our aim in this article to provide a rigorous
treatment of this question, at least in the slightly narrower context of endless con-

~ ~ d
tinuability. The definitions of resurgence that we use for # and # " are indeed
more restrictive than Ecalle’s most general definition [11]. In fact, our definition

of # & is almost identical to the one used by Pham et al. in [4], and our definition
of Z is essentially equivalent to the definition used in [18], but the latter preprint has
flaws which induced us to develop the results of the present paper. These versions
of the definition of resurgence are sufficient for a large class of applications, which
virtually contains all the aforementioned ones—see for instance [13] for the details
concerning the case of nonlinear systems of differential or difference equations. The
advantage of the definitions based on endless continuability is that they allow for a
description of the location of the singularities in the Borel plane by means of dis-
crete filtered sets or discrete doubly filtered sets (defined in Sections 2.1 and 2.5);
the notion of discrete (doubly) filtered set, adapted from [4] and [18], is flexible
enough to allow for a control of the singularity structure of convolution products.

A more restrictive definition is used in [20] and [17] (see also [9]):

Definition 1.4. Let X be a closed discrete subset of C. A convergent power series ¢
is said to be X-continuable if it can be analytically continued along any path which
starts in its disc of convergence and stays in C \ X. The space of Z-continuable

functions is denoted by QA?E .

This is clearly a particular case of Definition 1.1: any X-continuable function is
endlessly continuable (take F; = {w € X | |w| < L}). Itis proved in [17] that,
if X/ and ¥ are closed discrete subsets of C, and if also & = {0’ + 0" | & €
Y, @” € £"} is closed and discrete, then ¢ € %E/ Ve '@2” = oxy € %2
This is because in formula (1.1), heuristically, singular points tend to add to create
new singularities; so, the analytic continuation of ¢ * 1} along a path which does
not stay close to the origin is possible provided the path avoids ¥. In particular, if a
closed discrete set X is closed under addition, then ?22 is closed under convolution;
moreover, in this case, bounds for the analytic continuation of iterated convolutions
@1 * -+ * @, are given in [20], where an analogue of Theorem 1.3 is proved for
Y -continuable functions.
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The notion of X-continuability is sufficient to cover interesting applications,
e.g. differential equations of the saddle-node singularity type or difference equa-
tions like Abel’s equation for one-dimensional tangent-to-identity diffeomorphisms,
in which cases one may take for X a one-dimensional lattice of C. However, re-
flecting for a moment on the origin of resurgence in differential equations, one sees
that one cannot handle situations beyond a certain level of complexity without re-
placing ¥-continuability by a more general notion like endless continuability. Let
us illustrate this point on two examples.

— The equation ‘é—f — ¢ = b(z), where b(z) is givenin z " !C{z ™'} and A € C*, has
-1
a unique formal solution in Cliz~ 11, namely ¢(z) = ! (Id ! g—z> b,

whose Borel transform is ¢(¢) = —(A + g)—‘IS(g); here, the Borel trans-
form 1;(;“) of b(z) is entire, hence ¢ is meromorphic in C, with at worse a pole at
¢ = —A and no singularity elsewhere. Therefore, heuristically, for a nonlinear
equation

d
d—f — 20 =bo(2) + b1D¢ + bR + - - -

with b(z, w) = Y by (2)w™ € 7 1C{z7", w) given, we may expect a formal
solution whose Borel transform ¢ has singularities at { = —nA,n € Z~¢ (be-
cause, as an effect of the nonlinearity, the singular points tend to add), i.e. ¢ will
be X-continuable with ¥ = {—A, =2, ...} (see [19] for a rigorous proof of
this), but in the multidimensional case, for a system of r coupled equations with

left-hand sides of the form dd%j —Ajoj with Ay, ..., A € C*, we may expect
that the Borel transforms ¢; of the components of the formal solution have sin-
gularities at the points { = —(njA1+---+n:A),n € Z;O; this set of possible
singular points may fail to be closed and discrete (depending on the arithmeti-
cal properties of (Aq, ..., A;)), hence, in general, we cannot expect these Borel
transforms to be X-continuable for any X. Still, this does not prevent them from

being always endlessly continuable, as proved in [13].

— Another illustration of the need to go beyond X-continuability stems from para-
metric resurgence [10]. Suppose that we are given a holomorphic function b(¢)
globally defined on C, with isolated singularities w € S C C, e.g. a meromor-
phic function, and consider the differential equation

d
d—‘f — 2o = b(1), (13)

where A € C* is fixed and z is a large complex parameter with respect to
which we consider perturbative expansions. It is easy to see that there is
a unique solution which is formal in z and analytic in ¢, namely ¢(z,t) =
> o A~k 1z=k=1p®) (1), and its Borel transform @ (¢, 1) = —A " b(t+171¢)
is singular at all points of the form ¢; o = A(—t + w), ® € §. Now, if we add
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to the right-hand side of (1.3) a perturbation which is nonlinear in ¢, we can ex-
pect to get a formal solution whose Borel transform possesses a rich set of sin-
gular points generated by the ¢; ,’s, which might easily be too rich to allow for
Y. -continuability with any X; however, we can still hope endless continuability.

These are good motivations to study endless continuable functions. As already
alluded to, we will use discrete filtered sets (d.f.s. for short) to work with them. A
d.f.s.is a family of sets @ = (21)cRr.,, Where each 2 is a finite set; we will
define 2-continuability when 2 is a d.f.s., thus extending Definition 1.4, and the
space of endlessly continuable functions will appear as the totality of 2-continuable
functions for all possible d.f.s. This was already the approach of [4], and it was
used in [18] to prove that the convolution product of two endlessly continuable
functions is endlessly continuable, hence Z is a subring of C[[z~'1]. However, to
reach the conclusions of Theorem 1.3, we will need to give precise estimates on
the convolution product of an arbitrary number of endlessly continuable functions,

so as to prove the convergence of the series of holomorphic functions ) ¢k g?)ikk‘ *

ek QF r (Borel transform of the right-hand side of (1.2)) and to check its endless

continuability. We will proceed similarly in the case of endless continuability with
respect to bounded direction variation, using discrete doubly filtered sets.

Notice that explicit bounds for iterated convolutions can be useful in them-
selves; in the context of X-continuability, such bounds were obtained in [20] and
they were used in [14] in a study in WKB analysis, where the authors track the
analytic dependence upon parameters in the exponential of the Voros coefficient.

As another contribution to the study of endlessly continuable functions, we
will show how to contruct, for each discrete filtered set €2, a universal Riemann
surface X whose holomorphic functions are in one-to-one correspondence with
Q-continuable functions.

The plan of the paper is as follows:

— Section 2 introduces discrete filtered sets, the corresponding €2-continuable
functions and their Borel pre-images, the Q2-resurgent series, and discusses their
relation with Definitions 1.1 and 1.2. The case of discrete doubly filtered sets

and the spaces R & and % dv is in Section 2.5.

— Section 3 discusses the notion of Q2-endless Riemann surface and shows how to
construct a universal object Xq (Theorem 3.2).

— In Section 4, we state and prove Theorem 4.8 which gives precise estimates for
the convolution product of an arbitrary number of endlessly continuable func-
tions. We also show the analogous statement for functions which are endlessly
continuable with respect to bounded direction variation.

— Section 5 is devoted to applications of Theorem 4.8: the proof of Theorem 1.3
and even of a more general and more precise version, Theorem 5.2, and an
implicit resurgent function theorem, Theorem 5.3.

Some of the results presented here have been announced in [15].



182 SHINGO KAMIMOTO AND DAVID SAUZIN

ACKNOWLEDGEMENTS. The authors thank Fibonacci Laboratory (CNRS UMI
3483), the Centro Di Ricerca Matematica Ennio De Giorgi and the Scuola Normale
Superiore di Pisa for their kind hospitality.

2. Discrete filtered sets and 2-continuability

In this section we review the notions concerning discrete filtered sets (usually de-
noted by the letter €2), the corresponding 2-allowed paths and 2-continuable func-
tions. The relation with endless continuability is established, and sums of discrete
filtered sets are defined in order to handle convolution of enlessly continuable func-
tions.

2.1. Discrete filtered sets

We first introduce the notion of discrete filtered sets which will be used to describe
singularity structure of endlessly continuable functions (the first part of the defini-
tion is adapted from [4] and [18]):

Definition 2.1. We use the notation R>g = {L € R | A > 0}.

1) A discrete filtered set, or d f.s. for short, is a family Q = (21)Ler., Where

i) Qg is a finite subset of C for each L;
ii) QL] - QLZ for L1 < Ly;
iii) there exists § > 0 such that Q5 = .

2 Let  and Q' be d.f.s. We write Q@ C Q" if Q; C Q) forevery L.
3 We call upper closure of a d.f.s. 2 the family of sets Q = (Q)er., defined by

Q= ()Qrte forL € Rso. (2.1)

£>0
It is easy to check that Qisadfs.and Q C Q.
Example 2.2. Given a closed discrete subset ¥ of C, the formula
QE) ={weX||lw| <L} forLeRsg

defines a d.f.s. 2(X) which coincides with its upper closure.

From the definition of d.f.s., we find the following

Lemma 2.3. For any df.s. 2, there exists a real sequence (Ly)n>0 such that 0 =
Ly < Ly < Ly < --- and, for every integer n > 0,

Ly<L<Lpy = Q,=QL=9r.
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Proof. First note that (2.1) entails

Q= ﬂ QL+E forevery L € R>¢ 2.2)

e>0

(because Q4 C QLH cQ L+2¢)- Consider the weakly order-preserving integer-
valued function L € R>¢ — N(L) = card ;. For each L the sequence k —
N(L + %) must be eventually constant, hence there exists &7 > 0 such that, for
al L’ € (L,L+¢e.], N(L') = N(L + ¢1), whence Qp = Q1 1¢, , and in fact,
by (2.2), this holds also for L’ = L. The conclusion follows from the fact that
Rso = |_| N _l(k) and each non-empty N ~1(k) is convex, hence an interval,

keZ
which by the above must be left-closed and right-open, hence of the form [L, L)
or [L,00). O

Given ad.f.s. 2, we set
So={(h,0) eRxC|r>0andw e 2,} (2.3)
and denote by Sq the closure of Sq in R x C. We then call
Mg = (RxC)\Sq (open subsetof R x C) (2.4)
the allowed open set associated with Q.
Lemma 2.4. One has Sq = Sg and Mg = Mg.

Proof. Suppose (A, w) € Sg. Then w € ;41,4 foreach k > 1,hence (A + % w) €
Sq, whence (A, w) € gg.

Suppose (A, w) € Sq. Then there exists a sequence (A, wi)k>1 in Sq which
converges to (A, w). If ¢ > 0,then A < A+¢ for k large enough, hence w; € Q) 44,
whence @ € Q2 (because a finite set is closed); therefore (A, ®) € Sg.

Therefore, S = Sq = 352 and Mg = Mq. O

2.2. Q-allowed paths

When dealing with a Lipschitz path y : [a, b] — C, we denote by L(y) its length.

We denote by IT the set of all Lipschitz paths y : [0, t,] — C such that y (0) =
0, with some real ¢, > 0 depending on y. Givensuchay € [T and ¢t € [0, t,], we
denote by

Ve =vlon€ll
the restriction of y to the interval [0, ¢].

Notice that r +— L(y|,) is Lipschitz continuous on [0, 7] since y’ exists a.e.
and is essentially bounded by Rademacher’s theorem.
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Definition 2.5. Given a d.fs. Q, we call Q-allowed path any y € I such that
7 () == (L), y(1)) € Mg forall .
We denote by Ig the set of all 2-allowed paths.
Notice that, given z, > 0,

if 1 € [0,2] = 7(1) = (A1), y(1)) € Mg is a piecewise C! path  (2.5)
such that 7 (0) = (0,0) and A/ (¢) = |y’ (¢)| for a.e. t,then y € Igq.

In view of Lemmas 2.3 and 2.4, we have the following characterization of €2-
allowed paths:

Lemma 2.6. Let 2 be a d f.s. Then Tl = Tl and, given y € T1, the followings
are equivalent:

) yelg
2) y(t) e C\ QL(y,) for everyt;
3) for every t, there exists n such that L(y|;) < Ly41 and y(t) € C\ @,

(using the notation of Lemma 2.3).
Proof. Obvious. O
Notation 2.7. For L, § > 0, we set
MGE={(,0) eRxC|dist((2,¢),Sg) =sand A < L},  (2.6)
" ={y eMq| (L, y(©) € ME" forallt}, Q.7
where dist(-, -) is the Euclidean distance in R x C ~ R3.

Note that 5L 5L
MQ:UM’, HQ:UHQ.

§,L>0 §,L>0

2.3. Q-continuable functions and Q2-resurgent series

Definition 2.8. Given a d.fs. 2, we call Q-continuable function a holomorphic
germ ¢ € C{¢} which can be analytically continued along any path y € Ig. We

denote by Z, the set of all 2-continuable functions and define
R =B (Cs® %g) c Cllz™ 1]

to be the set of Q-resurgent series.

Remark 2.9. Given a closed discrete subset ¥ of C, the Z-continuability in the
sense of Definition 1.4 is equivalent to the 2(X)-continuability in the sense of
Definition 2.8 for the d.f.s. Q(X) of Example 2.2.
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Remark 2.10. Observe that @ C Q' implies Sq C Sq, hence Mg C Mg and
[N C Ig, therefore

QCcQ = HoC Ry
Remark 2.11. Notice that, for the trivial d.f.s. 2 = @, @@ = 0(C),hence O(C) C
%Q for every d.fs. €2, i.e. entire functions are always 2-continuable. Consequently,

convergent series are always Q-resurgent: C{z™!'} C %Q However, %Q = 0(©C)
does not imply 2 = ) (consider for instance the d.f.s. Q defined by Q; = ¢ for
0 <L <2and 27 = {1} for L > 2). In fact, one can show

Ho=0C) ¢ VYL>0,3L > Lsuchthat Q C {weC||o| <L}

Remark 2.12. In view of Lemma 2.6, we have @Q = @fz Therefore, when deal-
ing with €2-resurgence, we can always suppose that €2 coincides with its upper
closure (by replacing €2 with €2).

We now show the relation between resurgence in the sense of Definition 1.2
and Q-resurgence in the sense of Definition 2.8.

Theorem 2.13. A formal series ¢ € C[[z~']] is resurgent if and only if there exists
adfs. Q2 such that ¢ is Q-resurgent. In other words,

A=) %o. %= ] %o (2.8)

Qdfs. Qdfs.
Before proving Theorem 2.13, we state a technical result.

Lemma 2.14. Suppose that we are given a germ ¢ € C{¢} that can be analytically
continued along a path y: [0, t,] — C of 1, and that F is a finite subset of C.
Then, for each ¢ > 0, there exists a path y*: [0, t,] — C of I such that

y*((0,2,)) C C\ F;

o L(y") <L(y)+e;

o y*(t,) = y(t.), the germ ¢ can be analytically continued along y* and the
analytic continuations along y and y* coincide.

Proof of Lemma 2.14. Without loss of generality, we can assume that y ([O, t*]) is
not reduced to {0} and that # — L(y,) is strictly increasing.

The analytic continuation assumption allows us to find a finite subdivision 0 =
fo < --- <ty =ty of [0, t,] together with open discs Ag, ..., Ay

For each k > 1, let us pick s; € (#x—1, tx) such that y([sk, tk]) C Ar—1 N Ag;
increasing the value of sy if necessary, we can assume y (sx) ¢ F. Let us also set
so := 0 and s;,;, 11 = ts, so that

v ([sk, sx+11) C Ag

the analytic continuation of ¢ along yj,, is holomorphic in Ak
y(sx) ¢ F except maybe if k =0

Y (Sk+1) ¢ F except maybe if k = m
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We now define y* by specifying its restriction y*|f, ., for each k so that it has
the same endpoints as y |, ., and,

— if the open line segment S = (y (), v (Sk+ 1)) is contained in C \ F, then we
let V*|[Sk,5k+1] start at y (s¢) and end at y (sx+1) following S, by setting

% . r— Sk B
Y (1) =y (sk) + ———— (v (sk41) — y(sx)) fort € [sg, se41l,
Sk+1 — Sk

— if not,then SN F = {wy, ..., w,} with v > 1 (depending on k); we pick p > 0
small enough so that

. |1 1 1
o < mm{iw)i =y (sl §|wi =y (Sk+DI, Ele — wil,

i<y it
v(erl)I <iJ vz#/}

and we let y*|[, 51,11 follow S except that it circumvents each w; by following
a half-circle of radius p contained in Ay.

This way, y*|, 5., Stays in Ag; the resulting path y*: [0, %] — C is thus a
path of analytic continuation for ¢ and the analytic continuations along y and y*
coincide. On the other hand, the length of V*|[Sk,5k+1] is < |y(sg) — y(se+1)| +

£, whereas the length of yl[sk,5k+1] is > |y(sxk) — y(sk+1)|, hence L(y*) <
L(y)+e. O

Proof of Theorem 2.13. Suppose first that Q isad.f.s.and ¢ € @Q Then, for every
L > 0, ¢ meets the requirement of Definition 1.1 with F; = Q,, hence QpEXR.
Thus Z, C %, which yields one inclusion in (2.8).

Suppose now ¢ € . In view of Definition 1.1, the radius of convergence &
of ¢ is positive and, for each positive integer 7, we can choose a finite set F;, such
that

the germ ¢ can be analytically continued along any path y: [0, 1]—->C  (2.9)
of IT such that L(y) < (n+ 1)§ and y ((0, 1]) C C\ F,.

Let Fy := (. The property (2.9) holds for n = 0 too. For every real L > 0, we set
n
Q=R  withn=[L/s].
k=0

One can check that Q = (21)Ler., is a d.f.s. which coincides with its upper
closure. We will show that ¢ € @Q
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Pick an arbitrary y: [0, 1] — C such that y € Ilg. It is sufficient to prove
that ¢ can be analytically continued along y. Our assumption amounts to y (t) €
C\ Qpr(y,) for each ¢ € [0, 1]. Without loss of generality, we can assume that

y ([O, 1]) is not reduced to {0} and that r — L(y)) is strictly increasing. Let

N = [L(y)/s].

We define a subdivision 0=#9 < #; < - -+ < ty <1 by the requirement L(y};,) = né
and set

I, = [ty,ty4+1) for 0 <n < N, Iy = [tn, 11.

For each integer n such that0 <n < N,
tel, = né=<L(y)<@®m+1)s, (2.10)
thus £7.(y,) = o Fk. in particular
tel, = y@) eC\F,. (2.11)

Let us check by induction on n that ¢ can be analytically continued along y|, for
any t € I,.
If t € Ip, then y|; has length < § and the conclusion follows from (2.9).
Suppose now that 1 < n < N and that the property holds forn — 1. Let ¢ € I,.
By (2.10)—=(2.11), we have L(y};) < (n+ 1)é and y([tn, t]) c C\ F,.

- Ify ((O, tn)) N F,, is empty, then the conclusion follows from (2.9).

— If not, then, since C \ F, is open, we can pick #, < f, so that y([t*, t]) C
C \ F,, and the induction hypothesis shows that ¢ can be analytically con-
tinued along y|;,. We then apply Lemma 2.14 to yj;, with F' = F, and ¢ =
(n+ 1)8§ — L(y;): we get a path y*: [0,7,] — C which defines the same
analytic continuation for ¢ as y,,, avoids F, and has length < L(y;,) + €.
The concatenation of y* with y [, , is a path y** of length < (n + 1)§ which
avoids F,, so it is a path of analytic continuation for ¢ because of (2.9), and so
is y itself.

2.4. Sums of discrete filtered sets

It is easy to see that, if  and €’ are d f.s., then the formula

(Q* Q)L

2.12
={wi+ wy | a)lEQLI,CUzEQ/LZ,Lri—Lz:L}UQLUQ/L fOl’LERZQ ( )

defines a d.f.s. Q *x ©'. We call it the sum of € and '.
The proof of the following lemma is left to the reader.
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Lemma 2.15. The law * on the set of all d f.s. is commutative and associative. The
formula Q*" = Qx---% Q (for n > 1) defines an inductive system, which gives
—— ——
n times
rise to a d f.s.
Q*° .= lim Q*".
—

n

As shown in [4] and [18], the sum of d.f.s. is useful to study the convolution product:

Theorem 2.16 ([18]). Assume that Q@ and Q' are dfs. and § € Ko, ¥ € Koy
Then the convolution product ¢ x V¥ is Q x Q' -continuable.

Remark 2.17. Note that the notion of X-continuability in the sense of Defini-
tion 1.4 does not give such flexibility, because there are closed discrete sets X
and X’ such that Q(X) * Q(Z) # Q(X”) for any closed discrete X" (take e.g.
Y =% = (Z-0v2) UZ_p), and in fact there are E-continuable functions ¢ such
that ¢ * ¢ is not X”-continuable for any X”.

In view of Theorem 2.13, a direct consequence of Theorem 2.16 is that the
space of endlessly continuable functions 2 is stable under convolution, and the
space of resurgent formal series % is a subring of the ring of formal series C[[z~!]].

Given ¢ € @Q N z~'C[[z']], Theorem 2.16 guarantees the Q*k-resurgence
of @* for every integer k, hence its €2**-resurgence. This is a first step towards the
proof of the resurgence of F(¢) for F(w) = Y cyw* € C{w}, i.e. Theorem 1.3
in the case r = 1, however some analysis is needed to prove the convergence of
3" cx @k in some appropriate topology. What we need is a precise estimate for the
convolution product of an arbitrary number of endlessly continuable functions, and
this will be the content of Theorem 4.8. In Section 5, the substitution problem will
be discussed in a more general setting, resulting in Theorem 5.2, which is more
general and more precise than Theorem 1.3.

2.5. Discrete doubly filtered sets and a more general definition of resurgence

We now define the spaces X & and Z dv which were alluded to in the introduction.
We first require the notion of “direction variation” of a C'+1P path.

We denote by T4 the set of all C! paths y belonging to IT, such that 3’
is Lipschitz and never vanishes. By Rademacher’s theorem, y” exists a.e. on the
interval of definition [0, #,] of y and is essentially bounded. We can thus define the
direction variation V (y) of y € 1 by

y" (@)

1y
14 =
@) /o Y (1)

(notice that one can write y'(t) = |y'(¢)| ¢?® with a real-valued Lipschitz func-

tion 8, and then Im ’;,,,((tt)) = 6’, hence V (y) is nothing but the length of the path 6).
Note that the function ¢ — V (y};) is Lipschitz.

Im dt
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Now, we introduce the notion of endlessly continuable functions with respect
to bounded direction variation:
Definition 2.18. A convergent power series ¢ € C{¢} is said to be endlessly con-

tinuable with respect to bounded direction variation (and we write ¢ € X dV) if, for
every real L, M > 0, there exists a finite subset Fy, 3 of C such that ¢ can be ana-
lytically continued along every path y : [0, 1] — Csuchthaty € T¥,L(y) < L,
V(y) < M,and y((0,1]) C C\ Fp u.

We also set @dv = B 1(Cs @ %A’dv). Note that Z C @dv c C{¢} and
%c %" cCliz ).

Definition 2.19. A discrete doubly filtered set, or d.d f.s. for short, is a family Q2 =
(2L, M) L, MeR., that satisfies

i) Qp u is a finite subset of C for each L and M,
ii) QLI,MI - QLZ,MZ when L| < L, and M| < M»;
iii) there exists § > 0 such that Q5 »y = ¥ for all M > 0.

Notice that a d.f.s. © can be regarded as a d.d.f.s. Q% by setting QSYM = Q, for
L, M=>0.

For ad.dfs. Q, we set Sq == {(u, 1, ») € RZxC|pu=>0xr>0andwe
Q,\’M} and Mq = (Rz X (C) \ Sq, where Sq is the closure of Sg in RZ x C. We
call Q-allowed path any y € 1% such that

7Y = (V) L), v (©)) € Mg forall z. (2.13)

We denote by Hgv the set of all ©2-allowed paths. Finally, the set of Q2-continuable
functions (respectively Q-resurgent series) is defined in the same way as in Defini-

~d ~ d
tion 2.8, and denoted by %QV (respectively %QV).
Arguing as for Theorem 2.13, one obtains

2" = U N U 7 (2.14)

Qd.dfs. Qddfs.

The sum Q * Q' of two d.d.fs. Q and €' is the d.d.f.s. defined by setting, for
L, M € Rz(},

(Q*Q).m

2.15
={wi+wy|w € QLI’M,(,()Q S Q/LZ,M’Ll + Ly, = L}UQL,MUQ/L’M. ( )
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3. The endless Riemann surface associated with a d.f.s.

‘We introduce the notion of 2-endless Riemann surfaces for a d.f.s. 2 as follows:

Definition 3.1. We call Q2-endless Riemann surface any triple (X, p, 0) such that
X is a connected Riemann surface, p: X — C is a local biholomorphism, 0 €
p_l(O), and any path y: [0, 1] — C of I1g has a lift y: [0, 1] — X such that
y(0) = 0. A morphism of Q-endless Riemann surfaces is a local biholomorphism
q:(X,p,0 — (X', p’,0) that makes the following diagram commutative:

(X, 0) (X', 0)

(€, 0

In this section we prove the existence of an initial object (Xq, pq, Og) in the cate-
gory of Q2-endless Riemann surfaces:

Theorem 3.2. There exists an Q2-endless Riemann surface (Xq, pq, Og) such that,
for any Q2-endless Riemann surface (X, p,0), there is a unique morphism

q: (Xq,ha,0q) = (X,p,0).

The Q-endless Riemann surface (Xq, pq, 0g) is unique up to isomorphism and X q
is simply connected.

3.1. Construction of X ¢

We first define the “skeleton” of €2:
Definition 3.3. Let Vo C |2, (C x Z)" be the set of vertices

V= ((a)lv 01)7 T (a)n,o'n)) € (C X Z)n

that satisfy the following conditions:

1) (w1,01) = (0,0) and (w;, 0;) € C x (Z\ {0}) for j > 2;
2) wj #wjpyforj=1,---,n—1;
3) wj € QLj(v) with Liw) = Z{;ll |lwi41 — wi| for j =2, n.

Let Eq C Vg x Vg be the set of edges e = (v/, v) that satisfy one of the following
conditions:

1) V= ((wlv 01)7 Tty (a)}’l? O.I’l)) and U/ = ((Cl)], 01)7 ) (wl’h O.I’l)v (C’)n-i-la :IZI))7
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= ((w170.1)9 ) (wn,Un)) and U/ = ((w1701)7 Tty (wmo'n + 1)) with
> 1;

(w1,01), -+, (Wn,00)) and V' = ((w1,01), -, (W, 05 — 1)) with
1
We denote the directed tree diagram (Vq, Eq) by Skq and call it skeleton of 2.

Notation 3.4. Forv € Vo N (C x Z)", we set w(v) := w, and L(v) := L,(v).
From the definition of Skq, we find the following:

Lemma 3.5. For each v € Vg \ {(0, 0)}, there exists a unique vertex vy € Vg such
that (v, vy) € Eq.

Cy&—»y

Cy w (v)

w(vy)

Figure 3.1. The set U,.

To each v € Vg we assign a cut plane U, , defined as the open set

U, = C\ (cv vl cv/ﬁv>,

V—v
1

where U is the union over all the vertices v € Vg, that have an edge (V/, v) € Eq
vV—v

of type 1),

{ Y] when v = (0, 0)
CU =

{wn — s(wp —wu—1) | s € R0} whenv # (0,0)

Cyy = {wn-i—l +s(wp+1 —wp) | s € REO}-
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We patch the U, ’s along the cuts according to the following rules:
Suppose first that (v/, v) is an edge of type i), with v/ = (v, (wp41, On+1)) €
Vq. To it, we assign a line segment or a half-line ¢,/_,, as follows: If there ex-

ists u = (v, (@), ;. 1)) € Vg such that ), | € Cy_y \ {wn41}, take u©@ =
/

(v, (@), £1)) € Vg so that [0 | — w,+1] gives the minimum of |/, | — wy+1]
©

for such vertices and assign an open line segment £y, = {wp41 + s(w,} | —
wn+1) | s € (0,1)} to (v, v). Otherwise, we assign the open half-line £,/_,, =
Cy sy \{wps1}) to (v, v). Since each Q; (L > 0) is finite, we can take a connected

neighborhood U,/ _,, of £,y_,, so that

Uyso\by—y =U} UU, ~ and UZ  CU,NUy,  (3.1)
where .
Us .y =6 € Uyny | £IME - T) > 0for &' € Loy}

V=’

Then, if 0,41 = 1, we glue U, and U, along U
glue them along U ;_) .
Suppose now that (v/, v) is an edge of type ii) or iii). As in the case of i),

if there exists u = (v, (@, 1)) € Vq such that ) | € Cy \ {®,}, then we

take u @ = (v, (a)ﬁl, +1)) € Vg so that |w§£l — wy| 1s minimum and assign
Ly sy = {wn + s(a),(:l)l —wp) | s € (0,1} to (V/,v). Otherwise, we assign
Ly sy = Cy \ {wy} to (V/,v). Then, we take a connected neighborhood U,_,,
of £y, satistying (3.1), and glue U, and U, along U, in case ii), and along
U, in case ii).

Patching the U,’s and the U, _,,’s according to the above rules, we obtain a
Riemann surface Xgq, in which we denote by O the point corresponding to 0 €
Uq,0)- The map po: Xq — C is naturally defined using the affine coordinate of
UyorUy_,,.

LetU,, £, (e € Eq) and U, (v € V) respectively denote the subsets of Xq
defined by U,, £, and U,. Notice that each { € X belongs to one of the £,’s or

Uy’s (e € Eq or v € Vo). Therefore, we have the following decomposition of Xq:

Xo= I_lgvu |_|£e-

veVq ecEq

whereas if 0,41 = —1 we

+
Uv’—)v

Uy—v

Figure 3.2. The set Uy, ,.
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Definition 3.6. We define a function L : X — Rs( by the following formula:
L@) =L + @) —o®)| when €Uy ULl

We call L({) the canonical distance of ¢ from O,.

We obtain from the construction of L the following:
Lemma 3.7. The function L : Xq — Rxq is continuous and satisfies the following
inequality for every Lipschitz path y : [0, 1] — Xq such that y (0) = O

L(y(@®) = L(y) for t€]0,1],

where y :=poy.

We now show the fundamental properties of Xgq.
Lemma 3.8. The Riemann surface Xq constructed above is simply connected.
Proof. We first note that, since Skq is connected, X is path-connected. Let Y
[0, 1] = X be a path such that y(0) =y(D). Since the image on is a compact set
in Xq, we can take a finite number of vertices {vj}?:1 C Vg and edges {ej}‘]]-:1 -
Eq so that v; = (0, 0) and the image of y is covered by {ij}j.’:1 and {er}‘?:l.
Since each of {v j}fzz and {e 1}3:1 has a path to v; that contains it, interpolating
finitely many of the vertices and the edges if necessary, we may assume that the
diagram Sk defined by {vj}fz1 and {e/}3=1 is connected in Skg. Now, let U be the

union of {U, j}le and {U, i }‘;:1. Since all of the open sets are simply connected

and Sk is acyclic, we can inductively confirm using van Kampen’s theorem that
U is simply connected. Therefore, the path y is contracted to the point Og,. This
proves the simple connectedness of Xgq.

Lemma 3.9. The Riemann surface X q constructed above is Q-endless.

Proof. Take an arbitrary 2-allowed path y and §, L > 0 so that y € H%L. Let
Vg‘;’L denote the set of vertices v = ((wy, 01), - - - , (wy, o)) € Vg that satisfy

n
L) = Ly) + Y (loj| =18 < L
j=2
and set E?Z’L ={(v,v) e Eq|ve VS‘;’L}. Notice that Vg‘;’L and E?z’L are finite.
We setfore > 0and v € Vé’L

$
ydLle = {g €U,| inf |t —w@)l =8 Dic UU} A DLl
', v)eEEq

w(v)
whereDZ ={eC||E—=¢|<r)fort € C,r > 0. Wealso set for ¢ > 0 and

S,L
(v,vp) € Eg

L—L%(vyp)
w(v) ’

Ubks = ¢ € Uy | min 1 =)l 26, _inf ¢ —E=efnD
! j=l,2 Eeeu—wT
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where @| = w(v) and @, is the other endpoint of Ly—sy, if it exists and @ = w(v)
otherwise. Since E?z’L is a finite set, we can take ¢ > 0 sufficiently small so that
D? C Uy, forall ¢ € Ug’_L);fT and (v, v1) € E‘gz’L. We fix such a number ¢ > 0.
Now, let I be the maximal interval such that the restriction of y to [ has a lift
y on Xgq. Obviously, I # () and [ is open. Assume that I = [0, a) fora € (0, 1].

We take b € (0, a) so that L(yj,) — L(yj») < €. Then, notice that, since y € H%’L
and y|, has a lift on Xg, y(b) is in UST for v € Vo or UY* fore € ES".
Since D)"’;(b) C U, (respectively, Df/(b) C U,) when y(b) e U ‘f;L’S (respectively,

y(b) € Qi’L’s), we obtain a lift of y|jo,4) by concatenating y |, and y|[p.q) in the
coordinate. This contradicts the maximality of 7, and hence, I = [0, 1]. L]

3.2. Proof of Theorem 3.2
We first show the following:

Lemma 3.10. For all ¢ > 0 and { € Xq, there exists an Q2-allowed path y such
that L(y) < L($) + € and its lift y on Xq satisfies y (0) = 0g and y (1) = ¢§.

Proof. Let { € Uy for v = ((w1,01), -, (wy, 0n)). We consider a polygonal
curve P; obtained by connecting line segments [w;, w;j1] (j =1, -+, n), where
we set wp41 = pa(¢) for the sake of notational simplicity. Now, collect all the

points w; ; on (w;, w;41) such that (L, ) € Sq, where Lig=L;jw)+|wji—
wj|. Since

SaN{x eRxsg | |A] <L} x C is written for each L > 0 as the union ~ (3.2)
of a finite number of line segments of the form {A € R>o | L < A <
L} x {w} (L >0,weC),

there are at most finitely many such points. We order w; and w x so that L ;(v) and

L j x increase along the order and denote the sequence by (v}, @}, - -, @!,). We set
i—1 .

L’j = Z{:l lw; | — wjl. Weextend v to v’ = ((w}, 07), -+, (w,,, 0,,)) by setting

Uj/. = 1 (respectively, O’J/~ = —1) when (a/j, L/J.) = (wik, Lix) for some i, k and

oi+1 > 1 (respectively, 0,41 < —1). Then, in view of (3.2), we can take § > 0 so
that
(L +1 =l +8,0) ¢ € (@), 0, )} NSa =1,

(Ls+8.2)10< ' —a| <8)NSa =10

hold for j = 1,---,n’. Let w; _ (respectively, a)’] ) be the intersection point of

[a)/j_l,a)/j] (respectively, [w;,w;+1]) and Cful,l ={"eC||t - a);.l = &'} for

J
sufficiently small &’ > 0. We replace the part [a)’].’_, a)/j] U [a)}, a); 4] of £ with a
/

path that goes anti-clockwise (respectively, clockwise) along C f),/. from a); _tow; |

J
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w.. ® +1 w o -1

w, o> +1 o o) +1

w,, .> +1 @, .> +1

i @ +1 i e) +1

Figure 3.3.

and turns around a)’] (|c7]’.| — 1)-times when o]" > 1 (respectively, when a} < -1.
Let P;/ denote a path obtained from Pg by the modification. Then, Pf/ defines an
Q-allowed path and its lift £§/ on X, satisfies the conditions. Further, by taking &’
sufficiently small so that 27[8_/ 23’;2 |a}| < g, we find L(P;/) < L(§) + ¢, hence
one can take y = P;l. When { € £, for an edge ¢ = (v,v4) € Eq, we can

construct such a path ng/ € Il by totally the same discussion. O

Notice that, since the sequence v’ in the proof of Lemma 3.10 is uniquely
determined by { € Xgq, the choice of the path Pf/ depends only on the radius &’

of the circles C (‘f)/,i . Further, from the construction of the path P_S/, we can extend
Lemma 3.10 as follows:

Lemma 3.11. Forall e > 0 and § € Xq, there exist a neighborhood U, of ¢ and,
for &' small enough, a continuous deformation Q?’ ¢ € [o (¢ e U ) of the path
y = Pf/ constructed in the proof of Lemma 3.10 such that L(Q?,{’) < L(¢') +2e
foreach¢' € U¢ and the lift 2‘2:{, on Xg satisfies QE/J’(O) = Qandg‘?yg/(l) =

Indeed, the deformation of Pf/ is concretely given as follows:

— When ¢ € U, for v € Vg, taking a neighborhood U; C U, of ¢ sufficiently
small, we find that the family of the paths P;,/ el ¢) constructed in the proof

of Lemma 3.10 gives such a deformation.
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— When ¢ € ¢, for e € Eq, we can take a neighborhood U; C U, of ¢ so that
[a);l,’Jr(g’), pa(¢H] C U, forall {" € Ug, where w;l,’Jr(g’) is the intersection
point of [w),, pa(¢')] and C?, . Define a deformation Q; ¢ ' €U, of P;

by continuously varying the arc of C j)// from ), _ to w),  (¢') and the line

n/

segment (), . (£), po (g/)] and fixing the other part of Pf/. Then, shrinking U,
if necessary, we find that Q ¢ satlsﬁes g % € I1g and L(Q?K’) < L(g/) +2¢e
foreach ¢" € U,. o

Beware that, when the edge (v, v4) is of type i), Qs/ is different from PS, for¢ €
£ and {’ € U ﬂU . On the other hand, Qe o= PS holds for ¢’ € U nu,.

v—>v¢
When the edge (v, vyp) is of type ii) or iii), Q ¢ = PS holds for{ € ZU_WT and
¢ el,.
Let (X, p,0) be an Q2-endless Riemann surface. For each ¢ € Xq, take y €
I1g such that y (1) = ¢ and let Yy be its lift on X. Then,defineamap q : X — X

by q(¢) = ¥ (1). We now show the well-definedness of q. For that purpose, it
suffices to prove the following:

Proposition 3.12. Let yy, y1 € Tl such that yo(l) = y1(1). Then, there exists a
continuous family (Hy)se(o0,1] of 2-allowed paths satisfying the conditions:

1. Hg(0) =0and H;(1) = yo(1) forall s € [0, 1];
2. HJ' = yjforj =0,1.

The proof of Proposition 3.12 is reduced to the following:

Lemma 3.13. For each y € Ilg and &' > 0 sufficiently small, there exists a con-
tinuous family (Hy)scjo,1] of 2-allowed paths satisfying the following conditions:

(Hs) < L(ys) andH (1) = y(s)for all s € [0, 1];

1.
2. Hy = y(s)fors—Ol
Notice that, since y (0) = OQ, 1s the constant map Pe V0) = =0.

Reduction of Proposition 3.12 to Lemma 3.13. For each y € Tlg and s € (0, 1],
define H; using H; constructed in Lemma 3.13 as follows:

Hy(t/s)  when ¢t €[0,s]

H(t) =
@) y (1) when ¢ € [s, 1].
It extends continuously to s = 0 and gives a continuous family (H)sefo,1] of
Q-allowed paths satisfying the assumption in Proposition 3.12 with y9 = y

and y; = y(l)
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Now, let yp and y; be the Q2-allowed paths satisfying the assumption in Propo-
sition 3.12. Applying the above discussion to each of yp and y;, we obtain two
families of 2-allowed paths connecting them to P)f/ M and, concatenating the de-

20

formations at P]f/ (1y» We obtain a deformation (H;)s¢[o,1] satisfying the conditions
0

in Proposition 3.12. ]

Proof of Lemma 3.13. Take 6, L > O sothat y € H‘gz’L. We first show the follow-
ing:

When y (t0) € U,_, .0 for 1o € (0, 1] and v = ((0, 0), (w2, 02)),the  (3.3)
following estimate holds for ¢ € [ty, 1]:

L(y(®) +4/lo2]* + 82 — |w2| < L(y)0).

Notice that, since y € H%L , the length L (y|4,) of y|,, must be longer than that of the

polygonal curve C obtained by concatenating the line segments [0, w; + 8¢'¢] and
[wy + 8¢, v (t)], where 6 = arg(w>) — 027 /2. Then, we find that, for an arbitrary
¢ > 0, taking ¢’ > 0 sufficiently small, the path 7€ obtained by concatenating the
paths P)f,(to) and y |,.1) satisfies 7¢ € HQ,ZS,(I) = y(t) and L()?l’;/) < L(fl?) +e
for t € [19, 1]. Therefore, we have

Ly®) < L) for 1€, 1].
Since L(C) > /|wz|? + 82 + |y (to) — wz|, we find

Ly = LG + L) — LU0, y (1)) = L(y (1)) + y/w2]? + 8% — |an]

holds for ¢ € [ty, 1], and hence, we obtain (3.3).
Now, we shall construct (Hy)sepo,1]- Let € > 0 be given. We assign the path

P;’(t) (¢; > 0) to each ¢ € [0, 1] and take a neighborhood QZ(I) of y (@) and the
&

r®.¢
can cover [0, 1] by a finite number of intervals I; = [aj, b;] (j = 1,2,--- ,k)

satisfying the following conditions:

deformation Q (& el y(t)) of P;[(z) constructed in Lemma 3.11. Then, we

— The interior I}’ of I; satisfies 1.71 N Ij‘?2 #Wwhen|ji—jol <landI; NI;, =0
otherwise;

— There exists t; € Ij such thatt; < ¢tj4y for j = 1,--- ,k —1and y(I;) C
U . o
=y(t;)
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Notice that, since U. () is taken for each ¢ € [0, 1] so that it is contained in one of
the charts U, (v € Vq) or U, (e € Eq), one of the followings holds:

~y@p)eUyandy()) C U, (v e Vo)
— y(tj) €, and y(I;) C U, (e € Eg).

[ . . Y
We set ¢’ = m]m{ |y (@) ¢ U, 0)} Then, 2 V(1) and its deformation Qg(tj),g’

(;“ € Uy(t
Je C {l,---, k} denote the set of suffixes satisfying the condition that there exists
e € Eg such that y(¢;) € ¢, and let jo be the minimum of Jg. Shrinking the
neighborhood U Yy - for each ¢ € [0, 1] at the first, we may assume without loss of

)) also satisfy the conditions in Lemma 3.10 and Lemma 3.11. Let

generality that,
—ly@®)—y@j)| <eforteljand j =1, -+ k;
— if j, j + 1 € JE, there exists an edge e € Eq such that y (¢;), y (tj+1) € £,.

Recall that, from the construction of Q %

g _ e . .
Qyinye = Cyajnyw for €Ny

except for the cases where there exists an edge e = (v, v4) € Egq of the type i) such
that

— Z(tf) el, andz(th) € QUT
- Z(tj) € QUT andz(t]ur]) € Qe.

In the first case, the difference between Q is the part from

Sy ad Q) r 0
w (UT) to y(t), where o (UT) is the intersection point of Cw(v ) and [w(vy), Yy (O]
Let we; (i = 0,---,m + 1) be the points on the line segment [w(v4), @ (v)]
satisfying the conditions (L, i, w. ;) € 39 and L,; < Lgi+1, where L,; =

L(v4)+|w,,; —w(vy)|. Then, the part of Qy(t R0 from a)’(vT) to y (¢) is given by

concatenating the arcs of C8 , @ =0,---,m+1),the intervals of the line segment
[w(vy), @(v)] and [0 (v), y(t)] where ' (v) is the intersection point of Cw( ) and
[w(v), y(t)]. (See Figure 3.4 (a).) On the other hand, QZ(’HI)’Z(’) goes directly
from a)’(vT) to y(¢). (See Figure 3.4 (d).)

Now, let a)l’ 4 (respectively wl’.’_) be the intersection point of Cj);’i and
[@' (vy), @' (v)] that is the closer to o' (v) (respectively o' (v4)). While ¢ moves

on I; N Ij41, we first deform the part of Q° from ' (v4) to o' (v) to the

v,y (@

line segment [w’ (v4), ' (v)] by shrinking the part of Q from a) _tow!

y @),y (@) i+
(respectively from a)l.’ 4 o w; Jr]’_) to the line segment [a)lv_, ;) +] (respectlvely
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[wj 4, @i, _]) for each i. (See Figure 3.4 (b) and (c).) Then, further shrink-
ing the polygonal line given by concatenating [w' (v4), @ (v)] and [’ (v), y (7)] to

the line segment [w' (v4), ¥ (1)], we obtain a continuous family of 2-allowed paths

(HS)SE[ (1.1;4, Satistying the following conditions:

_ ﬁs = Q;(tj),y(s) whens € ¢, tj111\ 111,

- Hy = OF 111,y (s) When s € [1, 15011\ 1,

!

- L(ﬁs) < L(ng(zj),z(s)) and H,(1) = y(s)whens € I; N 1jyy.
'}/(t) [ ] [ ]
,, 0) ° ° °
o, .) ° ° °
we_o ) ) /\.) [ ]
(a) (b) (©) (d)
Figure 3.4.

For the second case, we can also construct a continuous family of Q2-allowed paths

(I:Is)s €ltj 1] satisfying the first and the second conditions above and

- L(H,) < L(Qf//(tjm’y(s)) and H,(1) = y(s) whens € [; N I ;4.

Then, we can continuously extend Hj to [0, 1] by interpolating it by Q;/(tj), y(s) SO
that it satisfies -
L(H;) < max {L(Q
j
s € [0, 1].

Sy |5 € I} and Hy(1) = y(s) forall  (3.4)

Since [}, is taken so that |y (t) — y(tj,)| < € holds on I}, applying (3.3) with
to = tj,, we have the following estimates:

L(y(®) +/lo2* + 8% — |wo| —e < L(yr) for 1 €laj, 1].

!

On the other hand, since Z(t) = Q(0,0) fort € [0, aj,], we find L(Qi(tj),z(t)) =
L(y(@)) holds for # € I; and j < jo from the construction of Q? o Therefore,
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taking ¢ > O sufficiently small so that

3e < +/|w2]? + 8% — |wa,

we obtain the following estimates from Lemma 3.10 and (3 .4):
L(Hy) < L(y;) for sel0,1].

Finally, from the construction of I:IS, we find that I-NIS satisfies I:IS = p¢

V() for

s=0,1. O

Since po = p o q and p is isomorphic near 0, all the maps q : Xq — X must
coincide near O, and hence, uniqueness of q follows from the uniqueness of the
analytic continuation of ¢. Finally, X is unique up to isomorphism because Xg, is
an initial object in the category of 2-endless Riemann surfaces.

3.3. Supplement to the properties of X o

Let Ox denote the sheaf of holomorphic functions on a Riemann surface X and
consider the natural morphism p, : pglﬁc — O¥,, induced by po : Xqg — C.
Since Xq is simply connected, we obtain the following:

Proposition 3.14. Let ¢ € O¢ o. Then the followings are equivalent:
i) ¢ € Oc, is Q-continuable;
i) po e 0 Xq.0, can be analytically continued along any path on Xq;

iii) PGP € Oxq 0, can be extended to T'(Xq, Oxg,).

Therefore, we find
pg: %Q — F(XQ, ﬁXQ)

Notation 3.15. For L, § > 0, using Hé’L of (2.7), we define a compact subset K ?Z’L
of Xq by

Ky =]t eXq| 3y e Ng" suchthat ¢ = y (1) }. (3.5)

Notice that Xq is exhausted by (K ?iL),;,L>0. Therefore, the family of seminorms
I 15 (8, L > 0) defined by

A5k = sup. £ @] for feT(Xq, Oxg)
tekg

induces a structure of Fréchet space on I'(Xq, Ox,,).



ITERATED CONVOLUTIONS AND ENDLESS RIEMANN SURFACES 201

Definition 3.16. We introduce a structure of Fréchet space on ,_@Q by a family of
seminorms || - ||‘22’L (8, L > 0) defined by
< 8L A 1, . =
1@ 16" = lpol + 195 lig" for ¢ € Zo,

where B(@) = ¢p8 + ¢ € C§ ® @Q

Let Q' be a d.f.s. such that @ C Q'. Since Il C T, Xq is ©'-endless.
Therefore, Theorem 3.2 yields a morphism

q : (XQ/’ pQ’7 QQ/) - (ng pQ’ QQ)a

which induces a morphism q* : q~!Ox, — Ox, . Since CI(Kg’/L) c ng,L’ we

have . sl . .
la*flg < flg" for fel(Xq,Oxgy).

and hence, 5L 5L _
Iellg <Il¢lg” for ¢ € Zq.

In view of Theorem 4.8 below, the product map z@g X ,@Q/ — @Q*Q/ is continuous
and hence, when Q x Q = Q, Z, is a Fréchet algebra.
3.4. The endless Riemann surface associated with a d.d.f.s.

In this section we discuss the construction of the endless Riemann surfaces associ-
ated with an arbitrary d.d.f.s. Q. Let us first define the skeleton of €2:

Definition 3.17. Let Vo C U,fi 1 (C x Z)" be the set of vertices
vi= ((@1,01), (g, o)) € (Cx Z)"

that satisfy the conditions 1) and 2) in Definition 3.3 and

3) (Mj(v), Lj(v),0j) € Sqforj=2,--,n,

- i—1 .
with Lj(v) = Y7" ] |lwjiy1 —wil (=2, ,n),

0 (=2
M) =1 {1 .
3 (Ai@) +27(loi = D) (=3, .n)
i=2
and
A (v) = |6; if 6o, >0
W= or — 161 it <0,
where

Wi+1 — Wi
0; == arg ——
w; — wj—1
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is taken so that §; € (—m, w]. Let Eq C Vg x Vg be the set of edges e = (v/, v)
that satisfy one of the conditions i) ~ iii) in Definition 3.3. We denote the directed
tree diagram (Vq, Eq) by Skq and call it skeleton of 2.

Now, assigning a cut plane U, (respectively an open set U,) to each v € Vg
(respectively each e € Eq of type 1)) defined by totally the same way with Section
3.1 and patching them as in Section 3.1, we obtain an initial object (Xq, po, Og) in
the category of 2-endless Riemann surfaces associated with a d.d.f.s. 2. We denote
the lift of y € HSV on Xq by y.

4. Estimates for the analytic continuation of iterated convolutions

In this section our aim is to prove the following theorem, which is the analytical
core of our study of the convolution product of endlessly continuable functions.

Theorem 4.1. Let §, L > 0 be real numbers. Then there exist ¢,8 > 0 such
that, for every d.f.s. Q2 such that 945 =0, for every integer n > 1 and for every

firoii foe %Q, the function 1 fy % - - - % f, (which is known to belong to %Q*n )
satisﬁes

| plgen (L fr % fu) (D]

”5 ,Ly (41)

n
<< s || pofi e padlet for & e K

nl pigetL,=
(with notation (3.5)).

Using the Cauchy inequality, the identity c(li_;(l s’ fl ok fo) = frowe-ox fy
and the inverse Borel transform, one easily deduces the following:

Corollary 4.2. Let 8, L > 0 be real numbers. Then there exist ¢,§', L' > 0 such
that, for every dfs. Q such that Q45 = 0, for every mteger n > 1 and for every
fl, .. f,, € %Q without constant term, the formal series f1 f,, (which is known
to belong to ,%Q*n ) satisfies

~ 8, L/ ~18,L

| fie Fallge = || Al 1 Alg™
In fact, one can cover the case fl € QAZ’QI, fn € %A’Qn with different d.f.s.’s
Q1, ..., 2, as well—see Theorem 4.8—, but we only give details for the case of

one d.f.s. so as to lighten the presentation.
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4.1. Notation and preliminaries

We fix an integer n > 1 and a d.f.s. Q. In view of Remark 2.12, without loss of
generality, we can suppose that 2 coincides with its upper closure:

Q=Q. 4.2)
Let p > 0 be such that Q3, = . We set
U={¢eCllcl<3p}

For each ¢ € U, the path y; : 7 € [0, 1] + ¢ is $2-allowed and hence has a lift y :
on Xgq starting at O,. Then A(¢) = Z;(l) defines a holomorphic function on U
and induces an isomorphism

2 USU, where U :=_AU) C Xq, (4.3)

such that pg o £ = 1d.
Let us denote by A, the n-dimensional simplex

Api=A{(s1,...,0) €RYy [ 514+ +5, <1}

with the standard orientation, and by [A,] € &, (R") the corresponding integration
current. For ¢ € U, we define a map Z(¢) on a neighbourhood of A, in R” by

DE): 5= (51,0080 > D, 5) = (Ls10), ..., LAsal)) € U C XD

and denote by Z(2)4[A,] € &, (XD) the push-forward of [A,] by Z(¢). (See [20]
for the notations and notions related to integration currents.)
As in [20], our starting point will be

Lemmad43. Let f1,..., fn € ,%A’Q and B = (pgfl)(gl).--(p;}fn)(gn)dgl A
-+ Ndg , where we denote by A3 A -+ - A g the pullback by pg”: X4 — Cof
the n-formd¢y A --- A dgy,. Then

L froeeon fu(©) = DOAMNB) fort e U.
Proof. This is just another way of writing the formula
L froe-ox fu(@) = ¢ /A A@s) - faCsa) dsi---dsa. (44)
See [20] for the details. ]
Notation 4.4. We set
N© ={(¢, --.¢,) € XG I palg,) +---+pa(¢,) =¢} for €C, 45)
Ni={@,..-..5,) € X5 1L, =0o} forl < j<n. (4.6)
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4.2. y-adapted deformations of the identity

Let us consider a path y: [0, 1] — C in 1o+ for which there exists a € (0, 1)
such that

y@®) =Lty forr€[0,al, |y@|=p, ¥YlaiisC". (4.7

We now introduce the notion of y-adapted deformation of the identity, which is a
slight generalization of the y-adapted origin-fixing isotopies which appear in [20,
Definition 5.1].

Definition 4.5. A y-adapted deformation of the identity is a family (¥;);c[q,1] Of
maps
v,: V- X%, fort€la,l],

where V = @(y(a))(An) C X}, such that ¥, = Id, the map (tg) € [a, 1] x
Vi \IJ,@) € Xg, is locally Lipschitz, and for any ¢ € [a, 1]and j =1,...,n,
¥ (VNN (y@)) cN(y®), U, (V.NNj) CN; (4.8)

(with the notation (4.5)—(4.6)).

Let y denote the lift of y in Xq starting at Og,. The analytic continuation
along y of a convolution product can be obtained as follows:

Proposition 4.6 ([20]). If (\W;):c[a.1] is a y-adapted deformation of the identity,
then

P (L froe -5 ) () = (Y1 0 D(y @), [An)(B)  fort € [a, 1] (4.9)
for any ﬁ, cees fn € ,@Q, with B as in Lemma 4.3.
Proof. See the proof of [20, Proposition 5.2]. O
Note that the right-hand side of (4.9) must be interpreted as

R R ac!
e f(E) - WS () det [i] dsidse  (410)
1<i,j<n

Ay Sj
with the notation
(g,...,gl) =W, 0 Y(y(a)), g = pgogl’, forl <i<n 4.11)

(each function gl? is Lipschitz on A, and Rademacher’s theorem ensures that it is
differentiable almost everywhere on A, with bounded partial derivatives).
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The following is the key estimate:

Theorem 4.7. Let § € (0, p) and L > 0. Let y € T}, satisfy (4.7) and let

§(1) = pe VB L) | () = ped LV forrefa, 1], (4.12)

Then there exists a y-adapted deformation of the identity (W;);c[a,1] Such that

Vod(y@)anc | KgOH x-xKS M fortela,1]. (4.13)
Lit++Ly=L(y1)

Further, with the notation (4.11), the partial derivatives 8(} /0s satisfy

{l

n
asj]1<,]<n < (c))" ae.onA, (4.14)

‘det[

foreacht € [a, 1].

Proof that Theorem 4.7 implies Theorem 4.1. Let§, L > 0. We will show that (4.1)
holds with

—4ﬁ(1+8‘1L)} 6(1+8‘1L)}

8 :=min{s, pe c=max{2p, pe where p = 36.
Let Q2 be a d.f.s. such that Q45 = . Without loss of generality we may suppose
that Q = Q.

In view of formula (4.4), the inequality (4.1) holds for ¢ € K% On Ln U, where U
is defined by (4.3), because the Lebesgue measure of A, is 1/n!.

Let ¢ € Kg*L,, \U. We can write { = y(1) with y € l'[f?f,, assuming
without loss of generality that the first two conditions in (4.7) hold. If the third

condition in (4.7) does not hold, i.e. if y |4, 1] is not C ! then we use a sequence

§/2,L+6 .
of paths y; € I'IQ/ ™ such that Velio,al = vloa, ve(1) = v ), vkla,1 is

C! and SUPsefqa 11 1Y (@) — ()| — 0 as k — oo; for k large enough one has
yk(1) = ¢, thus one then can replace y by yx. Hence we can assume that (4.7)
holds. Let (W;)[s¢[q.1]] denote the y-adapted deformation of the identity provided
by Theorem 4.7, poss1b1y with (8, L) replaced by (6/2, L + 5). Proposition 4.6
shows that, for fl, .. f,, € %Q P&n (1 * fl R f,,)(g) can be written as (4.10)
with t = 1, and (4.13) (4.14) then show that (4 1) holds because 8'(¢) > § and
c(1) < c. Therefore, (4.1) holds on K?Zf; \ U too. ]

In fact, in view of the proof of Theorem 4.7 given below, one can give the
following generalization of Theorem 4.1:

Theorem 4.8. Let §, L be positive real numbers. Then there exist positive con-
stants ¢ and §' such that, for every integer n > 1 and for all dfs. Qy,..., 2,
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with Qja5 = W (j = 1,---,n) and fl € ,%A”Ql,...,fn € L@Qn, the function
l*fl*---*f,,belongsto@Q,whereQ:= Qp -+ % Qy, and

P (1% fi%- % f2)(©)]

n
= C_, sup H Pikzlfl H(;;ILI H po, fn Hi;;L" for ¢ € K?.Z’L,
R P

(4.15)

4.3. Proof of Theorem 4.7

We suppose that we are given n > 1, p > 0, a df.s. Q such that Q = Q and
Q3,=0,and y € 1'[‘22,5,1 satisfying (4.7) with § € (0, p) and L > 0.
We set y () == (L(y|,), y(t)) and define functions

n:R xC— Ry, D:[a, 1] x (R xC)" — R
by the formulas

n(v) = dist (v, {(0,0)} U Sg),

. . (4.16)
D(t,0) =n) + -+ 0y + 7@ — (1 + -+ va)],
where | - | is the Euclidean norm in R x C ~ R3. The assumptions Q = € and
y € %k yield
Lemma 4.9. The function D satisfies
D>68 on [a, 1] x (R xC)". 4.17)

Proof. Let (¢,vV) € [a, 1] x (RxC)". Foreach j € {1, . ..,n},picku; € {(0,0)}U
Sgq so that n(;) = |v; —uj|,and let u == uy + --- + u,. Either all of the u;’s
equal (0, 0), in which case u = (0, 0) too, or u = (XA, ) is a non-trivial sum of
at most n points of the form u; = (A;, ;) € 39, in which case we have in fact

wj € 2y, because of Lemma 2.4 and the assuption Q = Q, hence (2.12) then yields
w € Q". We thus find

D(1,0) = o1 —url+- -+ [va —tta +|7 O = W1 4+ +va)| = [7(1) —ul (4.18)

with u € {(0,0)} U Sg#.
If u = (0,0),then D(r,v) > |y(t)| = L(y1) = p > 8 because > a.

Otherwise, u € Sg# and (4.18) shows that D(t, 17) > § because y € l'[f-z*L,, ]
Since D never vanishes, we can define a non-autonomous vector field

(t,9) €la, 11 x Rx C)" > X(1,7) € T3 (R x O)") = (R x C)"
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by the formulas

X1(6,0) = g((tvlg)f/(n
X(t,7) = : (4.19)
X, (t.0) = l;’((t””a));?’(t).

Note that 7/(t) = (Iy" ()1, y'(©)).

The functions X ;: [a, 1] x (R x C)" — R x C are locally Lipschitz, thus
we can apply the Cauchy-Lipschitz theorem on the existence and uniqueness of
solutions to differential equations and get a locally Lipschitz flow map

(t*,1,0) ela, 1] x[a,1] x R x C)" > &' () € (R x C)" (4.20)

(value at time ¢ of the unique maximal solution to dv/dt = X (¢, v) whose value at
time ¢* is v). We construct a y-adapted deformation of the identity out of the flow
map as follows:

Proposition 4.10. Let { = (L&), ..., A&) € V. ie. ¢ = sjy(a) with

(S1,....8n) € Ay We define v = (1], 41), ..., (&nl, 2n)) € R x C)" and
C=0,....,7%): [0,1]1—> (R x C)" by

t€[0,a] =T @)= (Lol ¢, ... LAl tn), t€la, 1] = T (@)= o' @).

Then, for each j € {1, ..., n}, yjis a path [0, 1] — R x C whose C-projection y;
belongs to Tlgq, and the formula

W(£) = (y,®.....y, (1) € X4 fortela, 1] 4.21)
defines a y-adapted deformation of the identity.

Proof. We first prove that y1, ..., ¥, € [1g. In view of (2.5), we just need to check
that, for each j € {1, ..., n}, the path 37]- = (A}, y;) satisfies

tel0,11 = 7)€ Mg and di;/dr = |dy;/dt]. (4.22)

Since {; € U and y;(t) = f—l;“j for t € [0, a], the property (4.22) holds for ¢ €
[0, a].
For t € [a, 1], the second property in (4.22) follows from the fact that the
R-projection of X ;(¢,v) € R x C coincides with the modulus of its C-projection.
Since ()71(t), ...,)7,,(t)) = @“’t(fl(a), ...,)7,,(61)) and the first property
in (4.22) holds at t = a, the first property in (4.22) for ¢ € [a, 1] is a consequence
of the inclusion

DU (MD) € M, (4.23)
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which can itself be checked as follows: suppose v* € (R x C)" \ MY, then it has
at least one component v’; in Sq and, in view of the form of the vector field (4.19),
the submanifold {v € (R x C)" | v; = v}‘ } is invariant by the maps ®'1*”2 (because
n(v;) = 0 implies that X ; = 0 on this submanifold), in particular " ((R x C)" \
M?z) C (RxC)"\ MZ%,, whence (4.23) follows because ®% ' and ®'*¢ are mutually
inverse bijections.

Therefore the paths y1, ..., y, are Q-allowed and have lifts in Xgq starting
at Og,, which allow us to define the maps W; by (4.21)on V.

We now prove that (¥;);c[q,1] i a y-adapted deformation of the identity. The
map (z,v) — W, (V) is locally Lipschitz because the flow map (4.20) is locally
Lipschitz, and ¥, = Id because ®%¢ is the identity map of (R x C)"; hence, we
just need to prove (4.8).

We set

J\7(w) = {(vl,...,v”)e(Rx(C)"|v1—|—~--—|—v,,=w} forw e R x C,
./\N/'j:z {i,..., o) e RxC)" |vj =(0,0)} forl < j<n.
Let j € {1, ..., n}. The second part of (4.8) follows from the inclusion
d4(N;) C N fort € [a, 1],

which stems from the fact that the jth component of the vector field (4.19) vanishes
on Nj (because 7((0,0)) = 0).

Since {1+ -+ = y(a) = 1+ -+l = |y (@) forany ({1, ..., 84) €
V, the first part of (4.8) follows from the inclusion

4 (N(7(@)) c N(7(0) fort € [a, 1],

which can be itself checked as follows: consider first an arbitrary initial condition
v € (R x ©)" and the corresponding solution v(t) = ®%(v), and let vy (¢) =
v1(t) + - - 4+ v,(t); then (4.19) shows that

d [7(1) —w®)] _,
— t) — 1) =——5—"— t),
dt()/() vo(t)) D30 y' ()
hence the Lipschitz function h(z) = |)7(t) — g (t)| has an almost everywhere de-

fined derivative which satisfies [1'(1)| < |5 (7(1) — vo(1)| < D(tlv o7 O1h@),
which is < §~'/2|7/(1)| h(¢) by (4.17), whence

|)7(t) — vo(t)| < |)7(a) - vo(a)| exp (871«/§L(y|[a,,]))

for all ¢; now, if ¥ € /\7()7(61)), we find vg(a) = y(a), whence vy(t) = y(¢t) for
all z. O
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We now show that the y-adapted deformation of the identity that we have
constructed in Proposition 4.10 meets the requirements of Theorem 4.7.
In view of (2.6)—(2.7) and (3.5), the inclusion (4.13) follows from:

Lemma4.11. Let V := {(s17(a), ..., 5a7(@) | (51, ..., 50) € Ap} € R x O
Then
e'(V)yc | Mg x o Mgt ® (4.24)
Ly+-~+Ly=L(y)

forallt € [a, 1], with §'(¢) as in (4.12).

Proof of Lemma 4.11. Let us consider an initial condition v € 2 and the cor-

responding solution v(r) = ®“’(v), whose components we write as v;(f) =

(Aj(t), {j(t)) for j=1,...,n. Wealsohave v;(a) = s;y(a) for some (sy,...,s,) €

Ap,whence Ai(a) + -+ Ay(a) < |y(@)| =pand|vj(@)| =pforj=1,...,n.
We first notice that

e (@) /
PMIGIE me Ol <y @),

j=1 j=1

hence A1 (¢) +---+A,(t) < A(a)+---+Ay(a) + fatly/l < L(y1). Therefore, we
just need to show that

dist (vj (1), Sg) = 8'(t) forj=1,...,n. (4.25)

Let j € {1, ..., n}. Since n is 1-Lipschitz, we can define a Lipschitz function
on [a, 1] by the formula 4 ;(t) = n(v j (t)), and its almost everywhere defined
derivative satisfies

/ hj ~/ — ,
0] 5'”1(’)'=D(,,J7(at()t))'y(”' < g(Oh (1), where g(t) == 6'V2 |y (1.

Since fat g(t)ydr = 6‘1\/§L(y|[a’t]), we deduce that

n(vj(a)) e~ V2L ) <n(vj(®)

B (4.26)
< n(vj(a)) e’ V2Ll forallz € [a, 1].

Let us now fix ¢ € [a, 1]. We conclude by distinguishing two cases.
Suppose first that n(v;(a)) > pe_ﬁr]L(V“wl). Then the first inequality
in (4.26) yields n(v;(¢)) > 8'(¢), and since dist (vj (1), SQ) >n(v;(t)) we get (4.25).
Suppose now that n(v;(a)) < p e=V26"'Lllen) | Then the second inequality
in (4.26) yields n(v;(t")) < p forall t’ € [a, t]. This implies that v;([a,¢]) C B :
={v e R xC||v] <3p/2}; indeed, if not, since vj(a) € B, there would exist
t' € (a, t] such that v;(¢) € 3B, but using Q3, = it is easy to check that

veB = dist(v,Sq) > 3p/2,
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hence we would have dist(v;(¢), Sq) > 3p/2 > n(v;(t')), whence n(v;(t")) =
dist (v; (1), (0,0)) = 3p/2, which is a contradiction. Therefore v;(r) € B, whence
dist(v; (1), Sq) = 3p/2 > 8’(t) and we are done. ]

Only the inequality (4.14) remains to be proved. We first show the following:

Lemma 4.12. For any t € [a,1] and u,v € (R x C)", the vector field (4.19)
satisfies

Z|X (tii) — X;(t. 0 'y()l Z|, v, 4.27)

j=

Proof of Lemma 4.12. We rewrite X (¢, 1) — X (¢, v) as follows:

n(;) ) y'(®)

Xj(0i) = X0, 0) = (n0e)) = n(wp) + (D) = DG ) o) s

Since [n(u;) —n(v;)| < |u; —vj|l holds for j =1,...,n, we have

|D(t,ii) — D, 9)| <Y |nu)) — n(w))| + “)7(0 - Zuj’ - )17(0 - Zvj)
i=1 j=1 j=1

n
§2Z|u]~ —vj|.
j=1

Then, summing up | X (z, u)—X i, v)| in j, we obtain (4.27) from the inequality

Y iin()) < D, 9). O
We conclude by deriving the inequality (4.14) from Lemma 4.12. We use the
notation (4.11) to define ¢{,...,¢}: A, — C, and we now define v;.: A, —

R x Cfort € [a, 1] by the formulas v;?(E) =sjy(a)and

= (], v)) =Y o (f, L. v,

Let
n
V() =) [¢hG) —¢iG)| fors, 5" e A,.
=1

We obtain from (4.17) and (4.27) the following estimate:
V() < V(a)—l— / |Xi(t,97G)) — X(r, 87 ")| dr

3
= V() + 5/ V' (OIV ()dr.
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Therefore, Gronwall’s lemma yields V() < V(a) 337 LWlw) | and hence, since
Via) =p Z;Ll ls; — S}|, we have

n
V() < pe36—1L(V|[a,z]) Z ls; — s;| (428)
=1

Then, (4.28) entails via Rademacher’s theorem that the following estimate holds

a.e.on Ay:
n

>

i=1

35_1L(J/|[a,,]).
s

<pe

Finally, (4.14) follows from the inequality
3¢/

s ]lfi,jfn

det [

()5

1)

Remark 4.13. Theorem 4.8 is verified by replacing the vector field (4.19) by

8sj

_ om@i) _,
X = D(t,?))y (1)
X(t,7) =
W N (V) ~/

where 7;(v) = dist (v, {(0, 0)}USq,), D(t, V) = m )+ +0,(a) + 17 (1) —
(1 4 -+ vyl

4.4. The case of endless continuability with respect to bounded direction
variation

In this subsection, we extend the estimates of Theorem 4.1 to the case of a d.d.fs..

Notation 4.14. Given §, M, L > 0, we denote by Il 5 M.L the set of all paths y €
NJ¥ such that V(y) < M, L(y) < L and 1[gf ]dlst1 (7). Sq) = 8, where
1e€|0,1,

79 is as in (2.13) and dist, is the distance associated with the norm || - ||; defined
onR? x Cby (i, &, Ot = Il + V12 + 1212,

Let us fix an arbitrary d.d.f.s. 2. We fix p > 0 such that Q3, y = ¥ for every

M > 0. We consider a path y : [0,1] — Cin Hgff’L, with arbitrary § € (0, p)

and L > 0, satisfying the following condition:

There exists a € (0, 1) such that y(t) = éy(a) fort € [0,a] and (4.29)
ly (@] = p.
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Then, for 7 € [0, 17and v € R x C, we set
n(t, v) = dist; ((V (7). v), (R x {(0,0)}) USq)
and, for ¥ = (vy, -+, vy) € R x O)",
D(1,0) =n(t,v) + -+ 0t v) + 7@ — W1+ +vy)].

Choosing (uj,uj) € (]R x {(0, 0)}) U Sq so that nt,v)) = IV, vj) —

(uj,uj)lly for each j and using (wj,, uy + --- + uy) € (R x {(0, 0)}) U Sgsn

with ; _nllax . Wj = [Lj,, we see that

D@, 0) =Y (V) — il +vj — uih) + 7)) — i + -+ +vy)]
j=1

> V() — wjo| + 17() = (1 + - +up)| = min{s, p}
for (£,7) € [a, 1] x (R x C)".

We can thus define amap (t*,7,7) € [a, 1]x [a, 1] x (RxC)" > &' (7) €
(R x C)" as the flow map of

- nt, vy .,
X1(t,0) = ——==y'(¢t
1(z,0) DG, U)V ()
X(t,7) = : (4.30)
- n(tv vl’l) ~/
X, (t, = = ).
n(t, V) D, U)V (#)
Let v/ = (v},---,v}) be the flow of (4.30) with the initial condition 5‘]‘. =

(ly(a)lsj, y(a)s;) with s € A,. Since y'(1), n(t, v;) and D(z, v) are Lipschitz
continuous on [a, 1] x (R x C)", we find by Rademacher’s theorem that d §J’. /dt is
differentiable a.e. on [a, 1] and satisfies

dgifd 1 dyw) 1 dDdY) | y'0)
dgi/dt _n(v;) dt D(t,v?)  dt Y1)

when s; # 0. Since n(v;) and D(t, v?) are real valued functions, we have

d*¢t/dr? v (1)
Im]ti =Im——-.
dé‘j/dt y'(t)
Therefore, the following holds for every ¢ € [a, 1]:

V(CH[O,:]) = V(y;) when S # 0.
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Arguing as for Theorem 4.1, we obtain:

Theorem 4.15. Let §, L, M > 0 be real numbers. Then there exist ¢, 8 > 0 such
that, for every d.d f.s. Q such that Qus.y = 9 (M > 0), for every integer n > 1

~ N ~ dv . N ~ A dv
and for every f1, ..., fn € g , the function 1 x fi x - - - x f, belongs to Hqn and
satisfies
2 s, M L
| ot (15 frs % fu) |
c" 5 M.L 5'.M.Ly (4.31)
S A AL L. AL I £ 1 P
n. Li++L,=
. 8,M,L ~dv
where the seminorm || - |5, "~ on Xq is defined by the supremum on the set
8,M,L
lr@ 1y eng™ )

5. Applications

In this section we display some applications of our results of Section 4. We first
introduce convergent power series with coefficients in Zq:

Definition 5.1. Given 2 a dfs. and r > 1, we define @Q{wl, ---,w,} as the
space of all
F(Zawlv"' 7w}") = Z Fk(z)wllq ...wff" e‘@Q[[w]7”' ,wr]]
keZl,

such that, for every 6, L > 0, there exists a positive constant C satisfying
I Felig" < M forevery k = (ki -+ k) € ZL,,

where |k| := ki + - - - + k, (with the notation of Definition 3.16 for || - ||‘22’L).

We can now deal with the substitution of resurgent formal series in a context
more general than in Theorem 1.3.

Theorem 5.2. Let r > 1 be an integer and let Q, ..., 2 be d.f.s. Then for any

F(wy,...,w) € '@Qo{wl’ .-+, w,} and for any ¢1, ..., %, € Cllz~'1] without
constant term, one has
@16@91,...,¢r E@Qr = F(@l,-‘-,(ﬁr)egﬂo*ﬁ*‘”v
where Q = Qq % -+ - % Q).
Proof Since the family {Qq * Q** == Qq * Q*kl RO o i |k = (ky, -+ , k) €

7.} of d.fs. satisfies the conditions in Theorem 4. 8 for sufficiently small § > 0,
for every L > 0, there exist §’, L', C > 0 such that

s, Clki+2 % 8L\ ki -
. o (1angs ) (¢

< | F
1!
Therefore, since F(wl, co.,Wr) € %QO{wl, -+, w,}, we find that I:"((,b], ey @Or)

8, L'\k,
o )

“ ﬁk(;;’ﬂ gl

converges in Zq .o+ and defines an Qg * Q**°-resurgent formal series. 0
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Notice that, in view of Theorem 2.13, Theorem 1.3 is a direct consequence of
Theorem 5.2.

Next, we show the following implicit function theorem for resurgent formal
series:

Theorem 5.3. Let F(z w) € %Q{w} and assume that F(x,w) = ~(x’l, w)
satisfies F(0,0) = 0 and 9, F(0,0) # 0. Then, the unique solution § € zC[[z]] of
F(z,¢(2) =0 (5.1)

satisfies ¢ € @Qm.

Proof. We rewrite F (z, w) into the form

F(z,w) = Fo(z) + 8, F (0, 0)w + Z Fr()wk.
k=1

Considering (5.1) as the equation for U=z"! (¢(z) — ¢12), we can assume that Fy
has no constant term for k = 0, 1, ... Further, we can assume without loss of
generality that d,, F (0,0) = —1. Then, the unique solution ¢ € zC[[z]] of (5.1)
can be written as ¢ = H(z, Fy), where

- - - (m+k — 1)! ..
H(z, w):ZHm(z)wm’ H,, ::ZT Z Fp, - Fp,
m=1 k>1 ek ny+-tng=m-+k—1

ny,-,ne=>1

(see proof of Theorem 4 in [20] for the detail). Since F (z,w) € @Q{w}, we
obtain from Corollary 4.2 the following estimates: For every §, L > 0, there exist

§',L',C > 0such that | F¢ ||5Y" < C¥+1 and

(m+k—1)! c’<+1 S %
1 Hnllghe < Z e ) o [E A [V o A
ni+-+ng=m+k—1 !
ny,ng>1
+k Cm+3k 2m+-3k— 2C 3k
m nm
=) 2 > =22 o
k>1 ny+-+ng=m+k—1 k>1
ny,--,ng>1
8¢ acym.
This yields H(z,w) € Qg*oo{w}, whence, H(z, Fy(2)) € ,@Q*oo. O
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