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Mappings of smallest mean distortion and free-Lagrangians

TADEUSZ IWANIEC AND JANI ONNINEN

Abstract. LetX, Y C R” be bounded domains of the same topological type. We
are concerned with mappings f : X — Y, predominately orientation preserving
homeomorphisms, in the Sobolev space w1-P (X, R"). Thus at almost every x €
X the linear differential map Df (x) : TyX *R" — T, Y > R", y = f(x),is
represented by the Jacobian matrix Df (x) € R'ixn. Hereafter Rixn denotes the
space of n x n-matrices with positive determinant.

A little reflection on Teichmiiller’s theory of extremal quasiconformal map-
pings provokes to study homeomorphisms with smallest .#’”-norm of the distor-

tion functions Kg f &L Ko [Df (x)], 1 < € < n—1,Kp : RT" - [1, 00). This
being so, we seek to compute
K’ (X,Y) def inf [ICgM]p dx M = Df (x). 0.1)
t Fx
The infimum is subjected to Sobolev homeomorphisms f : X 2O Y with posi-
tive Jacobian determinant, J¢(x) = det Df (x) > 0 a.e. Formal change of vari-

ables leads to an energy-integral for the inverse mappings & = f -1y 2 X,
This integral takes the form

Ey (Y. X) défnﬁf/ [Kn—¢N]” det™N) dy, N=Dh(y). (02)
Y

Equivalence of the minimization problems for f in (0.1) and that for 4 in (0.2)
is a matter of a change of variables for Sobolev homeomorphisms. The concept
of free-Lagrangians becomes ever more strategic. Broadly speaking, a free La-

grangian is a nonlinear differential n-form L(x, f, Df)dx, defined for Sobolev

mappings f : X 2% Y, whose integral depends only on the homotopy class of

the mapping.

Free Lagrangians proved particularly useful in solving the -£P-Gréotzsch
problem for ring domains in R”. Historically, the Grotzsch problem for p = oo
has been of great interest in Geometric Function Theory (GFT); for example, in
the 2-dimensional theory of Teichmiiller spaces. In higher dimensions GFT flour-
ished from the pioneering work of Fred (Frederick William Gehring). Thus our
&P — approach to GFT commemorates Fred’s paper

“Rings and Quasiconformal Mappings in Space”
Transactions of AMS, 103 (1962), 353-393, 1962.
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Precisely, we ask for homeomorphisms between ring domains having smallest
£P-mean distortion. Call them £P-Teichmiiller mappings.We investigate which
pairs of ring domains admit .#?-Teichmiiller mappings.

It is somewhat surprising that the minimization of the 2! -mean distortion
leads to non-surjective mappings. Equivalently, in the variational problem (0.2),
we observe the lose of injectivity when passing to the limit of the energy-mini-
mizing sequence of homeomorphisms. In the mathematical models of Nonlinear
Elasticity this phenomenon amounts to saying that interpenetration of matter may
occur when minimizing the energy at (0.2).

More surprisingly, the expected radial symmetry of a minimal mapping
turns out to be false already in dimensions n > 3.

In several ways our study here grew out of the conceptual principles of Non-
linear Elasticity and Calculus of Variations. The novelty lies in the proofs, based
on rather tricky inequalities; seemingly elementary but in fact challenging.

The art of free Lagrangians is
not to integrate nonlinear differential expressions,
but the correct choice of such expressions.

Mathematics Subject Classification (2010): 30C65 (primary); 30C75, 35J20

(secondary).
Contents
1 Introduction . . . . . . . . .. ... 2
2 Distortion functions . . . . . . . . .. ... ... ... ... 11
3 Free-Lagrangians . . . . . . . . .. ... ... .. ... ... 22
4 Inner variation . . . . . . . . ... .. ... 28
5 Radial stretchings . . . . . ... .. ... ... . ... . ..., 32
6  Minimal radial stretchings need not be absolutely minimal . . . . . 44
7 Absolute minimizers . . . . . . . . . ... 49
8 Absolute minima (the case Mod A* > ModA) . .. ... ... .. 59
9 Absolute minima (the case Mod A* < ModA). . .. ... ... .. 63
10  Energy integral for inverse mappings . . . . . . . . ... ... ... 71
11 Weighted Dirichletenergy . . . ... ... ... ... ....... 75
References . . . . . . . . . . . . . ... e 104

1. Introduction

1.1. Setting

Let X and Y be bounded domains in R". The following standing assumptions are
made on the mappings f: X — Y under consideration.

(i) f belongs to the Sobolev spaces w15 (X, R") for some exponent 1 < 5 <
00, so that the differential matrix Df (x) € R"*" (deformation gradient) and
its Jacobian determinant Jy(x) = det Df(x) are well defined almost every-
where;

(ii) The Jacobian determinant J(x) = det Df (x) is positive almost everywhere;
that is, Df (x) € R,
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onto

The class of homeomorphisms f: X — Y which satisfies the conditions
(i) and (ii) is denoted by 7 (X, Y).

Toevery f € J LS (X, Y) there correspond several distortion functions. As a rule,
the map is conformal at the points where its distortion function equals 1. Commonly
used distortion functions are:

e The outer distortion

Ko f(x) = IDF 1" for fe XX Y); (1.1)
Jr(x)
e The inner distortion
D' ™)" 1Ln—1 )
K;f(x) = 7[”()6)]"_1 for feH (X, Y); (1.2)

where the entries of the so-called cofactor matrix Df (x) € R"*" are the (n —
1) x (n — 1)-subdeterminants of Df (x). The signs are settled by Cramer’s rule,
D*f(x) = Jp(x)[Df(x)]I7!. In (1.1) and (1.2) the notation || - || stands for the
operator norm of matrices. It should be emphasized that the operator norms will
play quite a role in the forthcoming computation. However, to ensure uniqueness
of the minimal mappings we deal with the Frobenius (Hilbert-Schmidt) norm of
matrices, denoted by | - |. A commonly used term K -quasicoformal mapping refers
to a homeomorphism f € 57 1’I(X, Y) with K = ||[Ko f ]| ¢ x) < o0.

The differential expressions Df (x), D* f (x) and J ¢ (x) tell us something about
the infinitesimal change of 1-dimensional, (n — 1)-dimensional and n-dimensional
objects. Under the Sobolev regularity assumptions fe # 1 1(XY), fe #1"~(X\Y)
and f € #'"(X,Y), respectively. These nonlinear differential forms are null-
Lagrangians [7,14,22]. This means that the integrals [ Df (x) dx, [y D* f(x) dx
and fx Jy(x)dx depend only on the boundary values of f. However, we shall
often be content with the free-Lagrangian inequality fX J¢(x)dx < |Y[, whenever

feA (X Y).

Definition 1.1. To every integer 1 < ¢ < n — 1 there corresponds so-called ;-
distortion function,

n
n—{

_n__
(") 20—2n

Kef(x) =4

D f(x)
L5 (x)]7

>1 for feANXY) (1.3)

where the notation Dg f stands for a matrix of size (;}) x () whose entries are
+(£ x £)-subdeterminants of Df .

Since we work with the Frobenius norm of matrices Me R ()% (?) , M| =+~TrM*M,
it is immaterial which & signs of the entries of Dg f(x) are chosen. We refer to
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Chapter 2 for geometric interpretations and full discussion about Cy f. Meanwhile
it is worth noting that the exponents ;.= and n‘%e ,in (1.3), are the least possible for
which /Cy remains polyconvex function of matrices [6,23].

The present paper is about homeomorphisms f : A % A* between n-
dimensional annuli

def def

A={xeR":r<|x|]<R} and A*={xeR":r, <|x|] < Ry}
Hereafter 0 < r < Rand 0 < r, < R, are called the inner and outer radii of A and
A*, respectively (Figure 1.1).

Figure 1.1.

In the pioneering paper [17] Frederick William Gehring opened up a study of ring
domains in R? as tools for the foundation of the theory of Quasiconformal Map-
pings in higher dimensions. Gehring’s approach was new and extremely subtle, in-
corporating the ideas from PDEs and Geometric Analysis. Nowadays, it has close
links with the Calculus of Variations. For example, the concept of extremal length
of a family of curves [1,2,12,16,34,55,56] relies on -Z°°-norm of the outer and
inner distortions.

In this paper, we seek to minimize the -Z7-norm of the /C;- distortions, 1 <
L<n—1,

inf/ [Kef()Pdx  f e A, A. (14)
A

The outcomes depend on the exponent 1 < p < oo and the conformal moduli

def x def Ry

R
ModA =log— and ModA* = log (1.5)
r

Fy
Remark 1.2. Observe that there is an orientation preserving conformal diffeomor-
phism ®: A(ry, Ry) &> A(1/Ry, 1/ry). This transformation does not change the
conformal modulus and preserves the distortion functions of f; namely Co(® o
f) = K¢f in A, R). But ® changes the order of the boundary components of the
annulus A(r,, R,). Therefore, it involves no loss of generality if we restrict (1.4) to
. onto *

mappings f: A = A* so that

lf)| =re for|x|=r

|f(x)| =Ry for x| =R. (1.6)
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In what follows the notation f € M(A, A*) means, without saying it every
time, that f preserves the order of boundary components.

One of our primary questions is whether the mappings of minimal
£P-mean distortion are (modulo rotation) radial mappings.

Let us begin with a relatively effortless case p = oo (quasiconformal mappings).

Theorem 1.3. Given any pair (A, A*) of annuli, we let o denote the ratio Mod A*/
Mod A. Then, among all mappings in 7 1 (A, A*), the power stretching f (x) =
R R~ |x|® 'x : A ™% A* has the least supremum norm of KC;-distortion. How-
ever, the uniqueness (up to rotation) of the distortion-minimal map holds only when
oa=1.

It should be emphasized that analogous results for the outer and inner distortions,
defined by (1.1) and (1.2), are well known [20,50,52,53]. The novelty of Theorem
1.3 lies in minimizing the &C¢-distortions and the use of Frobenius norm of matrices.
This requires truly new ingredients.

1.2. Minimal radial stretchings

onto

The term radial stretching pertains to a homeomorphism f : A = A* of the form

X onto
fx)= F(IXI)m F:[r,R1™ [re., R F(r)=r. F(R)=R. (17
where F (normal strain function) is absolutely continuous on [r, R] and its deriva-
tive F = F(t) is positive at almost every ¢t € (r, R), thus f € V1A, A%, In
what follows the notation

(A, A*) stands for the class of radial stretchings in 2 "1 (A, A*).

Definition 1.4. The minimal radial stretchings are the ones which have smallest
mean distortion within the class Z(A, A*¥).

They are not always minimal within all homeomorphisms in 2 (A, A*). It is
legitimate to perform inner variation within Z(A, A*). The solutions to the in-
ner variational equation are called stationary solutions. Such variational equations
are known as energy-momentum or equilibrium equations, etc. [10,46,51]. As ex-
pected, the minimal radial stretchings are 6" °°-diffeomorphisms. Our first statement
concerning p < oo is a summary of Theorems 5.10 and 5.11 in Chapter 5.

Theorem 1.5. Let 1 < £ <n—1and1 < p < oo. Then to every pair of annuli

onto

A and A* there corresponds unique minimal radial stretching § : A = A*. For
p = 1, the minimal radial stretching exists if and only if

Mod A* < E(Mod A). (1.8)

onto

Here the function E : [0, co) — [0, 00) is determined uniquely by 1 < € < n—1,
see (5.32). It is continuously increasing from O to oo and E(M) > M, for every
M > 0.
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1.3. Absolute minima (Teichmiiller mappings)

We ask the questions:

Question 1.6. Does there exist f € 7 LECA, A%) of smallest £P-norm of KCy-
distortion?

We refer to such f : A ™% A* as absolute minimizer or
LY -Teichmiiller map.

Question 1.7. Are the radial minimal stretchings absolute minima?

When answering these questions the concept of the elasticity quotient

g LAC)
F(|x1)

of a stationary radial solution f(x) = F(|x |)|;—| becomes relevant. The inner varia-
tional equation will show that this quotient falls into three categories:

e Conformal expansion [Mod A* > ModA]: np(x) > lin A;
e Conformal equivalence [Mod A* = Mod A] : np(x) = 1in A;
e Conformal contraction [Mod A* < Mod A] : np(x) < 1in A.

In either case 1 — nr does not change sign within the entire annulus A. For each
case different choices of free-Lagrangians will be used, and different phenomena
will be observed.

1.4. Conformal equivalence [Mod A* = Mod A]

The classical Schottky theorem [48], extended to higher dimensions [30], asserts
that two annuli A and A* are conformally equivalent if and only if Mod A* =

Mod A. Furthermore, every conformal map f : A 2% A* in .22 (A, A*) takes
(upon rotation) the form f(x) = ’7* X, so it is a radial stretching. We just conclude
that

/[Keg]p > /1 Z/[/Cgﬂp forevery ge #VNAAY. (1.9
A A A

For equality we must have XCyg = 1. This yields g = f (modulo rotation), which is
an affirmative answer to Questions 1.6 and 1.7 in this case.

1.5. Conformal expansion [Mod A < ModA*]

In this case our assumption on the annuli is that Mod A < Mod A*. We shall give
complete answer to Question 1.7.
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Theorem 1.8. Suppose that Mod A < ModA*, 1 <2< n—1,1< p < o00.Then

inf /ICpf: inf /Kpg- (1.10)
ferhan Jy b ge VI(AAY) JA ‘

Furthermore, we have the following existence and uniqueness result.
Theorem 1.9. Assume that:

e Mod A < Mod A* when p > 1;
e OrMod A < Mod A* < EMod A) when p = 1.

onto

Then the minimal radial stretching § : A = A* is an absolute minimizer. Precisely,
we have

/[/ng]p > /[ngﬂp forevery g e #V1(A, A¥). (1.11)
A A

Equality occurs if and only if g = f (modulo rotation).
We summarize this case as

Corollary 1.10. Ler Mod A < Mod A*. Then the & g -Teichmiiller map f: A ™%

A* does exist if p > 1. However, if p = 1, the f%-Teichmﬁller map exists if and
only if Mod A* < E(Mod A).

1.6. Conformal contraction [Mod A* < Mod A]

Recall that in this case there always exists a unique minimal radial stretching f:
A ™% A*forall p > 1. We shall see that f need not be an absolute minimizer.
Let us reveal in advance that the radial symmetry of absolute minimizers is al-
ways true in dimension n = 2, see also [37]. But it already fails in dimension n = 3,
in which case answers to Questions 1.6 depend on £ € {1, 2} and p. The following
3-dimensional cases of subsequent Theorem 1.15 merit separate formulations.

Theorem 1.11. Letn =3, g € 5 “2(A, A*) and p > 1, then

f Kagl? > / a1 (1.12)
A A

Equality occurs if and only if g = f (modulo rotation).

Concerning /Cif, we still have an affirmative answer to Question 1.7 when p > 4,
precisely,
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Theorem 1.12. In dimension n = 3, for every p > 4 and g € H “*(A, A*) the
following inequality holds

/ Kigl? > / G117, (1.13)
A A

Equality occurs if and only if g = | (modulo rotation).

We now come to the first instance of failure of radial symmetry. This answers
Question 1.7 to the negative.

Theorem 1.13. In dimensionn = 3, for every exponent 1 < p < 4 there are annuli
A and A* and a € -diffeomorphism g : A ™> A* such that

/[/Clg]p </[’C1ﬂp = min /[Klf]p- (1.14)
A A A

FeR(A, A¥)

Here §: A ™% A* is the unique minimal radial strecthing.

Actually, negative answers to Question 1.7 (via counterexamples) will be given in
all dimensions n > 4 and 1 < £ < n — 1. The following is a direct generalization
of Theorem 1.13.

Theorem 1.14. For every exponent 1 < p < pg(n) = def "("H) —n+1,n >4,

there are annuli A and A* and a €*°-diffeomorphism g : A ‘ﬂ) A* such that

/[’ng]p < f[Kéf]p = min /[’Cﬁf]p- (1.15)
A A A

FeR(h, A¥)

Recall that we are dealing with a contracting pair of annuli, so the radial minimal

stretching § : A &% A* does exist.

In Theorem 1.14 while attempting to reach affirmative answers to Question 1.7,
we found ourselves forced to impose a restriction on the size of annuli. It turns out
that the target annulus A*, in addition of being coupled in a conformally contracting
pair with A, cannot be conformally too thin relative to A. In fact, we have found
explicit lower bound of Mod A*; namely,

Mod A > Mod A* > I'(Mod A). (1.16)

Under this condition the minimal radial stretching f : A > A* is an absolute
minimizer. The function I": [0, co) — [0, 00) is continuously increasing from O to
ocand '(M) < M, for all0 < M < oo. See (9.7) for an explicit formula of I".
The sharp lower bound of Mod A* remains unknown. There is also restriction for
exponent p. Here is the precise statement.
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Theorem 1.15. Letn 22,1 < <n—1landp = p, def W.Foranypair

onto

of annuli satisfying condition (1.16) the minimal radial stretching § : A = A* is
an absolute minimizer; that is,

/[/ng]l’ >f[lcgﬂp forall ge " IHA, AY). (1.17)
A A

Equality occurs if and only if g = | (modulo rotation).

Notice that for dimensions n > 4 there are exponents p € [po, pe(n)) so the
conditions for p in Theorem 1.14 and the conditions for p in Theorem 1.15 partially
overlap.

1.7. An open question

Question 1.16. Is it true that for sufficiently large exponents, say p > P,, the
infimum

inf {IKegllznin: g € (A, AD) (1.18)

is attained at a radial stretching regardless of the conformal moduli of A and A*.
As we have seen, this holds in dimensions n = 2, 3, where P, = 1 and P; = 4.

In light of Theorem 1.5 and Corollary 1.10 we rise the following conjecture.
Conjecture 1.17. For p > 1 the & f -Teichmiiller map does exist for every pair of
annuli.

In this paper this conjecture is confirmed whenn =2 orn =3 and £ = 2.

1.8. Dirichlet energy revisited

The present paper seeks to do much more than to establish new results concern-
ing mean distortion. It offers new methods (free-Lagrangians) and new viewpoints
about modern Calculus of Variation with possible applications to mathematical
models of Nonlinear Elasticity. In Chapter 11 we use free Lagrangians to solve the
2-dimensional problem of existence of weighted Dirichlet minimal deformations.

1.9. Summarizing comments
1.9.1. Failure of radial symmetry

One naturally expected that the deformations between round annuli of smallest
£ P-norm of the distortion must always be radially symmetric. For, both the annuli
and the distortion functions are rotation invariant. While radial symmetry of the
extremal mappings has long been confirmed for the planar annuli [5,28-30] (also
proven here for the case (n = 3 and £ = 2)), it is false already when (n = 3 and
£ =1),and forall 1 < £ < n—1indimensions n > 4. Moreover, radial symmetry
is lost when p ~ 1 and A* is conformally very thin relative to that of A . Exam-
ples are constructed in Chapter 5 (Section 6) via so-called conformal sliding along
spheres.
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1.9.2. The maximal annulus A},

Another phenomenon manifests itself in every dimension when p = 1 and A*
is conformally too fat relative to A, precisely when Mod A* > Mod A ., =

max

E(Mod A) (beyond the assumption of Theorem 1.9). In this case the limit of a

minimizing sequence of homeomorphisms f; : A % A* takes A (homeomorphi-

cally) onto an annulus A%~ & A* which is conformally thinner than A*. This,
so-called squeezing phenomenon, is caused by lack of uniform convergence of
fi + A =% A* near the inner boundary of A. Nonetheless, the locally uniform

limit f = lim f; : A 2% A% does exist and belongs to ./ "' (A, A% ). On
the other hand, a quick look at the inverse deformations h; = f j_l DAY %A
reveals that they, together with the first derivatives converge uniformly. But the

injectivity of the limit map 2 : A* ™ A is lost. Such phenomena should be
scrutinized in the revision of the mathematical models of nonlinear hyperelastic-
ity (NE) [3,6,9,36,49,54]. In fact we should, in connection with the principle of
non-interpenetration of matter , accept the limits of Sobolev homeomorphisms as
legititimate deformations of elastic materials. We observe a collapse of matter near
the inner boundary of A*. Precisely, the collapsing phenomenon takes place in the
sub-annulus A* = A*\ A, where h(y) =r |;—| In dimension n = 2 the maximal
annulus is determined by what we call the “Nitsche Condition”

Mod A*

max

= coshfl(eMOdA). (1.19)

It is in this way we are led to the n-dimensional analogue of the Nitsche Conjec-
ture [43], (once an eminent problem in the theory of minimal surfaces) [44, Section
878], [13, page 138], [4, Conjecture 21.3.2] and [8,35,47]. Nitsche conjecture
(now a theorem [24,25]) asks: when does there exist a harmonic homeomorphism
between planar annuli? The Dirichlet integral translates into the .#’!-mean distor-
tion for the inverse map. Analogously, in higher dimensions the n-harmonic energy
translates into the integral of /C,_-distortion. Now, based on Theorem 9.6, with
¢ = n — 1 the n-dimensional Nitsche conjecture reads as follows.

Conjecture 1.18. If Mod A* > E(Mod A), then there is no n-harmonic homeo-
morphism ¢: A* &% A,

Based on Proposition 11.14 one can also formulate a Riemannian metric variant of
the Nitsche conjecture. However, in such weighted setting even the question about
the non-existence of homeomorphic minimizers is not completely understood today.

Theorem 11.17 offers sharp bounds for the non-existence question but only within
certain range of annuli. What happens outside this range remains open.

1.10. Some classes of mappings

For the convenience of the reader, we collect basic notation, some of which has
been already introduced, some being self-explanatory.
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Throughout this text X_,Y C R" are bounded domains in R”? , n > 2. Their
closures are denoted by X, Y. Let us begin with:

(I) ZLP(E)-the £P -space of real valued functions, 1 < p < oo, defined on a
measurable set £ C R”. The norm is denoted by:

lullp = llull zr@):

(II) € (X)-real continuous functions in a domain X;
1) ¢ X, R™)-continuous mappings f : X — R™;
(IV) € (X, Y)-continuous mappings f : X — Y;
(V) €°° (X, R™)-smooth mappings f : X — R™;
(VD) ¥°°(X, Y)-smooth mappings f : X — Y;
(VI) AX, Y)-orientation preserving homeomorphisms f : X &5 V;
(VIII) Diff (X, Y)-orientation preserving diffeomorphisms f : X &% Y;
(IX) AC[r, R]-absolutely continuous functions in the interval [r, R];
(X) #15(X)-Sobolev space of real valued functions (1 < s < 00);
(XI) 715 (X, R™)-Sobolev space of mappings f : X — R™;
X1 #15(X,Y) ¢ #15(X, R")-closure of the class of Sobolev mappings from
X ™ Y in norm topology of #1:*(X, R"). Thus, mappings in #1*(X, Y)
take X into the closure of Y;
(XII) 25X, Y) = JAX, Y) N #15 (X, R (1 < s < 00);
(X1V) %_l’s (X,Y) c #5(X,Y) -Sobolev mappings f : X ™ Y whose Jaco-
bian determinant is positive almost everywhere;
(XV) ALK, Y) = AX,Y) N #P X R (1 < s < 00)-Sobolev home-
omorphisms f : X ®% Y whose Jacobian determinant is positive almost
everywhere;

— 1
XVI) 2, (X, Y) is the closurel: of 7 JIF’S(X, Y) in the norm topology of %1
(X, R™). Mappings in 7 n *(X,Y) have nonnegative Jacobian.

ACKNOWLEDGEMENTS. We thank the referees for a very careful reading of the
paper and many useful suggestions.

2. Distortion functions

A distortion function of a nonlinear map f : X — Y measures how much the
tangent linear mapM = Df (x) : T, X — T,Y,y = f(x) deforms a regular object.
In classical presentation of Quasiconformal Mappings (QCM) the regular objects
are balls B C T,X deformed into ellipsoids E C T,Y of uniformly bounded
eccentricity. Let us call such eccentricity Spherical distortion (Figure 2.1).

Thus we should first define the distortion of a linear transformation.
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Figure 2.1.

2.1. Outer and inner distortion of a linear map

Let M € R"*" be a matrix of positive determinant. Commonly used distortion
functions are defined by the rules:

e The outer distortion i
_IMt

oM =" T (2.1)

e The inner distortion
I .y
~ (detM)n—1” (2-2)

Here M¥ € R"*" is the cofactor matrix of M. Its entries are £(n — 1) x (n — 1)-
subdeterminants of M. The signs are settled by Cramer’s rule, M* = (det M)M~!.
The notation || - || stands for the operator norm of matrices. It should be empha-
sized that the operator norms will play quite a role in the forthcoming arguments.
However, other distortions will be set up by using the Frobenius (Hilbert-Schmidt)
norm.

e Note the following symmetry relation:
K/;M = KM~ '; (2.3)
e And the inequalities (sharp)

K/M < (KoM ! KoM < (K;M)" L (2.4)

2.2. Geometric interpretation

Consider the unit ball B C T, X and the ellipsoid E = M(B) C T,Y. Let By be
the largest ball inscribed in E and By the smallest ball containing E. We look at

their images under the linear tangent map of the inverse transformation h = f~! :

Y — R", Dh(y) = M~" ; that is, M~'E = B, M~'By L E¢ and M~'B; &L E;.

Here are the illustrations in the planar case (Figure 2.2) and the 3-dimensional space
(Figure 2.3).



MAPPINGS OF SMALLEST MEAN DISTORTION 13

of:R¢

Figure 2.2.
Figure 2.3.
We then see that
By _IE|
oM=— and KM=—.
|E| |Bi|

We recall a general formula about the change of volume under an affine transfor-
mation of measurable sets A, B c R”.

M~'A| A
||M1HB|| = % where | - | stands for the Lebesgue measure in R”.
Accordingly,
B M~'E E
|Erfl  IM~'B;| By
Similarly,
E M~'B B
ot = ol BBl

~ Bl IM~'E|  |E|

2.3. Distortions of nonlinear mappings

onto onto

Consider a homeomorphism f : X = Y and its inverse & : Y =— X

n —f —
R"> X h

n y=f(x)
Y cR Y =h(y). (2.5)
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onto

Definition 2.1 (Regular Points). A point x € X is said to be regular for f : X —
Y if it is differentiable at x and its Jacobian determinant is positive, Jr(x) =
det[Df (x)] > 0. Automatically, the point y = f(x) is regular for the inverse

onto

maph:Y — X.

— Df(x) —

n o~
RE=TX  Dh(y) ——

T,Y ~R". (2.6)
The key role of any distortion function is to measure how far is the map from a
conformal one. The map is conformal exactly at the points where its distortion
equals 1. In this case we say, by customary abuse of terminology, that there is no
distortion at this point. The two foremost distortion functions, defined at the regular
points, are:

e The outer distortion

IDfI"

Ko f(x) = O (2.7)
e The inner distortion .
| D*f Coll"
K = — 2.8
0 = 2.8)

The next step in this vein is to extend these concepts to all Sobolev mappings with
nonnegative Jacobian.

Definition 2.2. Let f € #-!(X,R"). Thus f has well defined differential on

loc

the set E ¢ def {x € X where Df (x) does exist} of full measure. The distortions
Ko f(x) and K; f(x) are defined on this set as follows:

e By using formulas (2.7) and (2.8) if J7(x) > 0,x € Ef;
o If Jy(x) =0, then

def )1 if Df(x)=0
Kof(X)—{ if Df(x) £0 xeEy

def |1 if D*f(x)=0 .
Klf(x)—{ it DFF(x) #0 xeEy.

Remark 2.3. An indispensable property of the distortion functions is the lower-
semicontinuity. This strongly depends on their domain of definition. For this reason

onto

we distinguish the following classes of homeomorphisms f : X — Y

e The class 7 ! (X, Y) is the natural domain of definition of Kq f (x);
e While .72 ""~1(X, Y) is the natural domain of definition of K; f(x).

Hereafter, the term natural domain of definition of a differential operator refers,
rather loosely, to the one in which the operator enjoys the designed property.
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2.4. Mappings of finite distortion

Quasiconformal mappings, having uniformly bounded distortion, have proven to be
fundamental in the study of deformations of Euclidean domains and Riemannian
manifolds [1,4,11,23,34,41,45,55,56].

Definition 2.4. A homeomorphism f : X 2% Y of Sobolev class 7/1(1)&1 X, R™") is
K-quasiconformal ,1 < K < oo, if

IDf ()" < KJs(x) almost everywhere. 29)

In particular,
/ IDf()|"dx < K|Y| < oo hence f e #'"(X, RM.
X

Note that quasiconformal mappings are differentiable almost everywhere and
Jr(x) > 0[19,39]. Consequently, Ko f(x) is defined almost everywhere and
1Ko f |l #ooxy < K . The minimal analytic assumptions necessary for a viable the-
ory of more general deformations appear to be as follows [4,21,23,38].

onto

Definition 2.5. A homeomorphism f : X = Y is said to have finite distortion if:

o fe A LNX,Y). Thus J; € LN (X, R and [y Jy(x)dx < [Y;
e There is a measurable function K = K (x) > 1, finite almost everywhere, such

that f satisfies the distortion inequality
| Df ()" < K(x) Jr(x) almost everywhere in X. (2.10)

The smallest such function is none other than the outer distortion of f; that is,
K(x) =Ko f(x).

Remark 2.6. Inequality (2.10) just amounts to saying that the condition J¢(x) =0
implies Df (x) = 0 € R"*". In what follows some of our equations and estimates
rely on the assumption that the mappings in question have finite distortion; such
estimates fail otherwise, which will be stressed out in the text.

2.5. K,-distortions

There are many more distortion functions of interest in GFT and nonlinear analysis.
We shall make use of Frobenius (Hilbert-Schmidt) norm of matrices. The following
figure illustrates the relationship between so-called Elliptical distortions (defined
via the operator norm) and the Rectangular distortions (defined via Hilbert-Schmidt
norm). The linear tangent map Df (x) : T, X — T,Y takes a ball into an ellipsoid
and, equivalently, a cube into a parallelotope (Figure 2.4).
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Tx— P —s gy

Figure 2 .4. Elliptical versus rectangular distortion.

2.5.1. Geometric description

Any set of n linearly independent vectors v{,...,0, € R" gives rise to an n-
dimensional parallelotope

P:{neR”;U:alm—l—...—l—annn Oéal,...,anél}.

Given, 1 < £ < n — 1,toevery ordered Z-tuple I;1 < i) < ... < iy < n,there
corresponds the £-dimensional face of P,

IP)[:{UEP; V=00 +...+0aY Ogail,...,aié <1}

The exterior product v;, A --- A b;, represents the area/volume of P; (length of
v;, A+ - -Ab;,). We shall make use of the quadratic mean of areas of all £-dimensional

faces: :

-1 2

def n 2

VOI[]P)é |:(> E |U,‘1/\-'-/\U,'e| i| .

12 . .
1<i| <<y <n

It will be important later to have various bounds for such quantities. These bounds
can be obtained from the general Hadamard type inequality:

\IVVolk]P’ < f/Volg]P’ whenever 1 <k < ¢ < n. (2.11)

Equality holds if and only if IP is a cube [40]. In particular, we have [VolnIP’]% <
[Vol,P]7 and

et [Vol P

K(P i
[Vol,, P]»—

=1 I1<e<n—1.

Equality /C¢IP = 1 occurs if and only if IP is a cube (the most regular shape among
all n-parallelopotes). This motivates our calling K¢IP the ¢-distortion of IP.

Next, consider a matrix M € R’*" with positive determinant. It represents
a linear transformation, still denoted by M : R" — R”". M takes cubes in R”
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into parallelotopes of £-distortion independent of the cube. We call it IC-distortion
of M,

T
[(’g)l S o neen \}
K:ZM g 1<ii<..<ig<n -

- > (2.12)

|01 A A D,
where we have chosen vy, ..., v, to be the column vectors of the matrix M. These
are images of the standard orthonormal vectors e, ..., ¢, in R”. The following

figure illustrates the case n = 3 . In this case we have two distortion functions.
These are analogues of the outer distortion (¢ = 1) and inner distortion ({ = 2);
simply, by using Frobenius norm of matrices (Figure 2.5).

_ 1 1
M = k(P = [quadratic mean of edges 1P ° _ [a®> +b* + 2P |°
Volume 27 |P |2
_ 1 1
M = CoP = [quadratic mean of faces P’ _ [A2+ B2+ C2)P |*
[Volume]? 27|P |4
/Y
€3 M >
¢ b
a /
e I/
! c A Vi
B
e, P
VZ
M = Dfix) IP|= Vol P
Figure 2.5.

2.5.2. Definition by Subdeterminants

Let us write a matrix M € R"." in terms of its entries.

Ml M) ... M)
2 2 2 j=1,...,
M= | Mi My ... My _ [Mij].j 1 " (2.13)
. . . i=l,..., n

MMy LMD
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Select and fix an £-tuple of indices, I; 1 < iy <ip < --- < iy < n, and consider
column vectors v;,, v;, ... v;, . It gives us an n x £-submatrix

1 oagl 1
M; M, ... M,
2 a2 2
M; = M Miy - Miy | ¢ moxe, (2.14)
n n n
M ME ... M
The exterior product v;, A b;, A ... A b;, is a vector (also referred to as prime

£-vector) in the (Z)-dimensional space A‘R” [23]. This space, called £-exterior

power of R", is isometric (via Hodge-star isometry) to the Euclidean space R,
The coordinates of v;; A b;, A ... A v;, are the £ x £- minors of M;. To every
L-tuple J; 1< j1 < jo <...< je < nthere corresponds the £ x £- minor:

Mmoo m)
2 i

|

2 agh2 -2
M: Ml-2 Ml-z (2.15)

MIJ = det g

Je 2y iy
M M M)

1 2

1
Hence | b;, A bj, A... AV, = (3, [M][*)?. This gives us another (equivalent)
definition

Definition 2.7. Given a matrix M € R/, its /Cy-distortion is defined by

[J () X, 1M |2]"n7

| detM |77

KM = (2.16)

One crucial feature that a distortion function Ky f of a Sobolev mapping f : X —
Y might have is the lower-semicontinuity property of its .Z’”-integrals (quasicon-
vexity [42]). This heavily depends on the polyconvexity properties of the distortion
of the differential matrix Df (x).

2.5.3. Polyconvexity

Given a matrix M € R"*", consider the collection of all £ x £-minors with £ =
1,2,...,n. Precisely,

def J; 1< ji<p<...<je<n
Mg &t S E T T S i <e<a). @

The number of minors in this collection equals Y j_, ('z)2 = (zn") — 1. Choose and
fix the order of minors, in which detM (£ = n) is the last in the sequence. In this
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. . 2y 2n —1
way each Mg becomes a point of the Euclidean space RCGI=T, The set R(g)
of points having positive last coordinate is convex. Thus, we may speak of convex

. (2/1)71
functions § : R}" — R.

Definition 2.8 (polyconvexity). A function KC : R*" — R is said to be polycon-
vex if it can be represented as

KM) = §(Mm) where F : Rf”n)_l — R is convex. (2.18)

Note that the representation of /C by a convex function § in (2.18) need not be
unique. It is a quick consequence of [18] and [23, Lemma 8.8.2] that

Proposition 2.9. For every exponent 1 < p < 0o the p-powers of the KC¢-distor-
tions, le (R —[0,00), 1< €< n—1,are polyconvex.

Remark 2.10. Polyconvexity of le fails for every 0 < p < 1. Actually, this
fact motivated our choice of the exponents ﬁ and ﬁ in the formula (2.16) for
Definition 2.7; simply because, it gives us the quotient that is homogeneous of
degree 0 with respect to Df and its p-power is polyconvex if and only if an[ -

n
26 > 1, see [18,23].

2.5.4. The L-exterior power of a matrix

It eventually appears that there is much more algebraic structure in an assembly
of the £ x £-minors into a matrix of the form [£M IJ ] than one might expect. The

£-exterior power of M : R" — R” is a linear map Mg : A‘R" — A'R" defined on
the prime £-vectors by the rule

Mg(t)il VANIAVAN Uil) =MUZ'1 /\.../\MU”Z

and then extended linearly onto the entire space A‘R". One should observe that
there is no ambiguity in using different representations of the same prime £-vector.
The following are basic identities for the exterior powers of matrices.

o fM=1Id:R" — R" then M{ =Id : A‘R" — A‘R";

o IfA,B:R" — R",then AB{ = (AB) : A‘R" — A‘R";

e Thus for M € R*" we have Mt = (Mg)_l;

e Hodge star duality operator % : A‘R" ®% A"~fR” is an isometry. For every
M e R"*" a generalization of Cramer’s rule reads as:

AM ™0« M{ = detM -Id : A'R" — A'R";

In particular, we note the following formula for the inverse matrix

Mz = et | (M)
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e We reserve the following abbreviation for the matrix of cofactors

M = MF 9t M detM:

e If0 < A1 < Ay < ... < A, are singular values of M, then the products
AiyAiy -+ Aj,, corresponding to every £ tuple [; 1 < i <ip < ... < iy < n,
are the singular values of Mg

2.5.5. Distortion in terms of singular values

The Frobenius norm of a matrix 9t = [M IJ ] € R™" is the square root of the sum
of squares of its entries.

1

2
def (Z |M]J|2> = /Trace[NTMN].
1,J

|01

One may wish to look at the quadratic means of the length of the column vectors,
denoted by

1
2
(90T def (n_l Z |M IJ |2) (= 1 for orthogonal matrices).
1,J

When viewing 901 as a linear transformation, 97 : R* — R", we may also supply
it with the operator norm,
def
19 = max Mol > |IM].
vl=
LetO < A < A <.... < A, denote the singular values of M € R"*" M = Df (x)
(Figure 2.6).

BCT X
x

unit ball

Figure 2.6.
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We have
>
0 _ 2452 2
|Mﬁ - ( Z )“il)”iz"')‘ie)
1<i| <. <ig<n
-1
€2 n 2,2 2
= (7)
1<ii<...<ig<n
ML = A o
Hence
mh ETERINTY B
e (z) ) Z iy T My
LMﬁJ” 1<iy<...<ig<n
KM = - = - (2.19)
(det M) n— ()\1)\«2 o )»n>n7
KoM = IMIP_ i = ! (2.20)
O T GetM — A2~ An  MA2-Ani '
COIMET T OoAs e )" AAs ey @21)
(detM)"=!1  (hg--- )"t it '
For the inverse matrix, we have the following identities:
! 1
(kM| = [Ko-em] 2.22)
K/M ' = KoM. (2.23)

2.5.6. Distortions of a nonlinear mapping

Let f : X — R”" be a mapping of Sobolev class V/I’S(X, R™) with positive Ja-

loc

cobian, Jy(x) = det Df(x) > 0, almost everywhere. Thus, we may apply the
formulas for KyM to the differential matrix

Caft af! af' ]
8—_)(1 8—x2 8_)(”
af ot ot of?
M = Df (x) = |:8xi] = | 9x; 9x2  Ox, |- (2.24)
af" of" af"
_3X1 8)62 axn_
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This results in a nonlinear differential expression

_n__
2n—-2¢

/|deth

2

A(f, ..., fiv

O(Xiys vy Xiy)

L
n—=t

—1
def n
Kef = ( E) >
1< <jesn

I<ij<<ig<n

Viewing the ¢-th order subdeterminants H € R and the highest order
P i

AL M
0(X1,.0sXp)

us to a convex function §y : R@*() x R4+ — [1, 00). The same pertains to the
p-powers of Ky, with p > 1.

Jacobian determinant det Df = € R, as independent variables brings

np
2n—-2¢
2 p

A 11 /(det Df)m. (225)

O(Xiyy vy Xiy)

-1
[Cef17 <’Z> 3

IS ji<<jesn
1<ij<<ip<n

The Jacobian subdeterminants are rather special nonlinear differential expressions
called null-Lagrangians [6], see also [7,14,22]). They are weakly continuous in
various classes of Sobolev mappings, which makes f [KC¢1? a lower semicontinu-
ous functional. Although we do not explicitly utilize polyconvexity of [[C¢]7, this
concept is nevertheless behind our construction and discussions of so-called Free-
Lagrangians in the later chapters.

3. Free-Lagrangians

3.1. Definition

The origin of what is termed free-Lagrangians lies in the study of traction-free

onto

problems; that is, energy-minimal deformations f : X = Y (usually homeo-
morphisms) with no boundary values prescribed up front. Tangential slipping along
0X is allowed. This is physically realized by deforming an incompressible material
confined in a box. In a simplified way of speaking, free-Lagrangians are defined as
follows.

For a pair of domains X,Y C R” consider a class of Sobolev homeomor-

onto

phisms f : X = Y of finite energy

def

Llf] = /L(x,f, Df)dx < oo 3.1
X

where L : X x Y x R"" — R is a given (stored-energy) function. The relevant
conditions on L and the class of admissible homeomorphisms, will be specified
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when required. The present paper is concerned with mappings of positive Jacobian
determinant; in symbols, Df (x) € R’*". Furthermore, L will always be ¢
smooth on X x Y x R™".

Definition 3.1. The term free-Lagrangian refers to a differential n-form L(x,
f» Df)dx whose integral £[f] is constant within the same homotopy class of

onto

homeomorphisms f : X == Y, regardless of their boundary values.

Recall, following J. Ball [6] that L(x, f, Df)dx is a null-Lagrangian if £[ f] de-
pends only on the boundary values of f. Consequently, the variational Lagrange-
Euler equation is identically satisfied.

3.1.1. Invariable free-Lagrangians

The banal (still useful) example of this is furnished by

L(x, f, Df)dx = ®(x)dx where @ e Z!(X). (3.2)

3.2. Volume free-Lagrangians

The next example in order of complexity (still elementary) is the volume integral

onto

defined for orientation preserving homeomorphisms f : X =— Y of Sobolev class
#'17(X,Y). Let us begin with

Vif]= / Jr@yde=1Y]  Jp0) EdetDf(x) 0. (33)
X

One encounters further examples by introducing a weight in the target domain Y.
The following coarea inequality will come into play.

Proposition 3.2. Let X and Y be domains in R"* and f: X &% Y a homeo-
morphism in the Sobolev space “//kl)’cl (X, R"). Given a nonnegative function ® €

ZLYY)NE(A), we have

def

Vq>[f]=/x®(f(X))IJf(X)|dx < _/YCD(y)dy- (3.4)

Equality occurs, for example, if f € W""(X, R"). Thus the differential n-form

L(x, f, Df)dx <L &(£(x))|J7(x)] dx (35)

is a free-Lagrangian within homeomorphisms f: X &% Y in the Sobolev space

WX, RY).

loc

It is tempting at this point to bring up a simple example that illustrates the utility of
free-Lagrangians.
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onto

Corollary 3.3 (Neohookean Energy). Consider all homeomorphisms f : X —

X in the Sobolev space ”//l(l)’cl (X, R") having nonnegative Jacobian. Then the fol-
lowing Neohookean type energy

dx
R
[f] T

assumes its minimum value at the identity map f(x) = x (and of course at any
homeomorphism with Jy = 1).

Proof. The key is to find a point-wise lower bound of the integrand by means of
free-Lagrangians in which equality occurs at f(x) = x. Accordingly, we write

1

Integrating over X, with the aid of inequality (3.4), Corollary 3.3 follows. O

3.2.1. The class 22 5 (A, A¥)

onto

Throughout this text we are dealing with homeomorphisms f : A = A* between
annuli in the space #15 (A, A*¥).

A:{xeR”;r<|x|<R} and A*:{yeR";r*<|y|<R*} (3.6)

where 0 < r < R < ocoand 0 < ry < Ry < 0o. We make two standing
assumptions on the mappings. First, that they are orientation preserving. Second,
they also preserve the order of the boundary components. Namely,

li = d 1 = R,.
|xllrgrlf(ac)l Ty an ‘x‘lglle(X)l ¥

These limits can easily be shown to exist and the above assumptions involve no loss
of generality; compose f with an appropriate isometry if necessary.

Conformal Modulus of an annulus A = A(r, R) = {x e R"; r < |x] < R}is
defined by

R 1 dx
Mod A = log— = / (3.7
A

r Wp—1 |x]"

where, as usual, w,—1 denotes the (n—1)-surface area of the unit sphere St ¢ R~
As an example, note the folowing free-Lagrangian identity.

! [Jf(x)dx= ! / O _ Mod A* for f e (A AY.
op—1 Ja [ fOOI" wp—1 Jar |y
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3.3. Radial free-Lagrangians

Let f € 7 LICA, A*). We have well defined (almost everywhere) the radial gra-
dient (or normal derivative) fN(x) = Df (x) |§—| € R". Moreover,

IfIN=<V|f|,|i—I>< NG < IDFOOI. (3.8)

Here we recall that || - || stands for the operator norm of a matrx. Equality holds for
radial mappings, say f(x) = F(]x|) |jc‘—| where the normal strain F : [r, R] =>
[+, R«] is absolutely continuous and has nonnegative derivative

F(lx]) = |fIN = [N (3.9)

Lemma 3.4. Given any function ® € % (ry, Ry) N L1 (r«, Ry). The following
differential n-form

L(x, f, Df)dx L O(fD|floy — P (3.10)
is a free -Lagrangian within the class 7€ ' (A, A*). In fact, we have
R
/d’(lfl)lle M wnl/ D (s) ds. (3.11)

Proof. Using the polar coordinates of x = p-w, p € [r, R],w € S"1 we write the
left hand side of (3.11) as

/S(f <I><|f|>|f|pdp)dw_// ((1£D)dp do

= [ sk — w0 s oo
:/ [W(Ry) — ¥ (ry)]do

Ry
= wp—1 [W(Ry) = V()] = wp1 / O (s) ds.

Here we used the antiderivative of ®; that is, ¥/(s) = ®(s). O
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3.4. Spherical free-Lagrangians

Consider an oriented (smooth) hypersurface S C R” of dimension n — 1 and its
(n — 1)-area form, denoted by dS = dS(x). Let N = N(x) = (Ny,..., Ny)
denote the positively oriented unit normal vector field on S. In terms of the (local)
coordinates in R”, we have for x € S:

NedS(x) = (=D¥dx; A ..dxg... Adx,, k=1,....n
where, as usual, the hat (A) indicates that the term (-) has to be omitted. In particular,

given any vector field V= (Vy, ..., V,) : S - R", we obtain

n
(N|V)dS(x):Z(—1)k Vi dxy AL dxg ... Adx,.

Next, consider a smooth mapping f = f(x) = (f L ..., f™ defined in a neigh-
borhood of S, its covectors d f Lo d f™ and the matrix of cofactors [DF fl =
[Df(x)]*. LetF = (F',...,F") : S - R" be any vector field. We apply the
above identity to V = [D?f]F, whence it is readily inferred that

(NI[D*fIF) dS(x) = Z( D¥FE dfU A dfE . Adf

Suppose that f : S — R" \ {0}, so we may take F = f/| f|" to obtain
|FIT" (NI [DPF1f ) dS(x)

= 117" D (=D £ dfP AL dfE. . Adf (3-12)
k=1

The right hand side is none other than the pullback under f of the closed differential
(n—1D-formw = |y|™ >}, (— D yedyr A dyk ..Ady, inR"\ {0}. Such
pullback is traditionally denoted by f*(w).

From now on S will be a topological (n — 1)-sphere. The integral fs [ (w)is
homotopy invariant. Precisely,

—n k n
/f(w) /Ifl Z( DEFE df AL dfE L Adf a1

= wy_1 degf

where deg f stands for the topological degree of the map f/|f| : S — S"~!. We
actually have the following formula for all differential (n — 1)-forms w on S"~!.

/ (o) :degf/ w. (3.14)
S -1
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For formulas (3.13) and (3.14), and related topics we refer the interested reader
to [15] and [30].

On the other hand Hopf’s Theorem tells us that two maps ®, ¥ : S — S" ! are
homotopic if and only if deg ® = deg W. Now let S = Sf'*l ={xeR"; |x| =1},
andlet f : A(r, R) e R® \ {0} be any smooth mapping of degree d. This means
that f restricted to any (or just one) sphere S?_l ,F <t < R, has degree d. Then
applying formula (3.12) to N = ‘i—‘ and , in view of the identity (3.13), we obtain
foreveryr <t < R:

fs(x)dx =w,—1 d where fg =

x| | LfI

The advantage of using this formula for general (noninjective) mappings, as op-
pose to homeomorphisms, lies in the fact that we may approximate f with smooth
mappings of a given degree. Suppose f is an orientation preserving homeomor-
phism of A = A(r, R) &> R\ {0} in the Sobolev space #"~1(A). Thus its
topological degree equals 1. We may, and do, approximate f with smooth map-
pings f7/ : A ™ R™\ {0}, converging c-uniformly and in the norm of #1"~1(A)
(standard convolution mollification procedure). It is by no means clear (except in
dimension n = 2, see [26,27]) whether a smooth approximation can be made with
homeomorphisms. Nonetheless, for j sufficiently large, we still have deg f/ = 1,
because of uniform convergence. Thus

def < X [Dﬁf]f> (3.15)

|x|=t

fsj(x)dx =w,—1  where fJ =

|x| | f71"

Passing to the limit, by Fubini’s Theorem for Sobolev functions, we conclude that
for almost every t € (r, R)

jg<x [Dﬁff]ff>_ 3.16)

|x|=t

Il | LfI"

We are now ready to introduce (with the aid of polar coordinates) the so-called
spherical free-Lagrangians .

fs)dx =w,1  where fg &L

def< X [th]f> (3.17)

|x|=t

Proposition 3.5. To every function ® € L' (r, R),0 <r < R < oo, there corre-

sponds a free-Lagrangian defined for continuous mappings f : A — R" \ {0} in

the Sobolev space W'~V (A, R") by the rule

[Df1f
Lf1

The integral mean of L(x, f, Df)dx is a homotopy invariant. In fact we have

L(x, f, Df)dx L o(x]) fs(x)dx  where fs <L < |i—|

>. (3.18)

R
fL(x,f, Df)dx = wn_ideg f / O (1) dr. (3.19)
A r
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In particular, for every g € "1 (A, A*) it holds that

R
/CD(|x|)gs(x)dx=a)n_1/ O(r) de. (3.20)
A r

This motivates our calling (3.18) spherical (or tangential) free-Lagrangian. We
shall refer to the nonlinear differential expression fs(x) as spherical gradient (or
tangential component of D*f). For the later use let us record the following inequal-

1ty

I D*f ()|

fs(x) L ———— where || - || stands for the operator norm.  (3.21)

|f o

4. Inner variation

4.1. Definition

Let a given energy integral
ELh] = / E(x, h, Dh) dx 4.1)
X

onto

be subjected to a class of sense-preserving Sobolev homeomorphisms /2 : X — Y
with Jj, (x) = det Dh(x) > 0. We assume that E : Xx Y xR/*" — R is continuous
and €'-smooth with respect to the variables x € X and & € R’}rX”. Precisely, the
derivatives E;y = Ey(x, y,§) € R" and E¢(x, y, &) € R"*" are also continuous.
Here, as usual, the partial gradient E, stands for a vector field defined by the rule

d
(Ex | v) = —

1 E(x+ev, y, & forall v e R"
€

e=0

Similarly, E¢ stands for the matrix field defined by

d
(Ee | )= —

3 E(x,y,& +€0) forall ¢ e R"™",
€

e=0

Minimization of energy leads to variational equations. As a side remark, for trac-
tion-free problems, like search for smallest mean distortion, the Euler-Lagrange
equations may not be available. Simply because the usual variation i, = h(x) +
€p(x), ¢ € (X, R") is not admissible; the mappings &, must remain injective.
We have to rely on somewhat weaker equations derived from inner variation h, =
h(pe(x)), where {@¢}c~p 1S @ one-parameter family of diffeomorphisms ¢ : X 2o,
X, ¢@o(x) = x. This amounts to smooth permutation of points in X but does not
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change the set of values of /4. It only shuffles them around within the target domain

Y. More importantly for us, injectivity is also not lost.

Clearly, the vector field v df d |€=O<,o6 : X — R” is tangent to 9X at every

=
point in 3X. Hereafter 8X is assumed to be €’ !-smooth. Now the derivation of the
inner-variational equations goes as follows. We write the integral for &[], per-
form change of variables x = ¢_ 1(z), and apply £| o- It results in the following

integral equation

€=l

d

de

Elhe] :f [— (Ey [v) + (E¢ | Dh Dv) —E - Tr Dv]dx —0. (42
e=0 X

The reader might want to compare this procedure with the proof of Lemma 4.3
below, where we work out a fairly detailed computation for 1-dimensional integrals.

Now recall Green’s formula for a ! -smooth matrix field M : X — R"*" and
a €'-smooth vector field v : X — R”.

/(M | Dv)dx = —/ (DivM | v) dx —l—/ (M(x) nx) | v(x))da(x) 4.3)
X X aX

where n(x) is the outer normal unit vector field and do (x) stands for the (n — 1)-
measure on dX. The divergence of a matrix field, denoted by DivM, is a vector
field whose coordinates are obtained as divergence of the column vectors of M. To
put Green’s formula into effect, we write

(E: | Dh Dv) —E-TrDv = ( D*hE; —E - 1| Dv) &£ (M| D).

This gives the following integral equation

/ (Ex +Div[D*hE; — E - I])v)dx = / ([D*hEg — E -Tn(x)|v(x)) do (x).
X X

First we test it with v € €5°(X, R"), which amounts to setting ¢ (x) = x +€v(x).
In this way we arrive at the inner-variational equation on X.

E, + Div[D*hE: —E -1] = 0. 4.4)

Thus we are left with the boundary integral. Since (n(x) | v(x)) = 0, the equation
reduces to

AX([D*hEE In(x) | v(x))do(x) =0. 4.5)

At this point it is important to realize that every tangent vector field v,(x) on 90X
that is supported in a sufficiently small neighborhood of a given point x, € 3X can
be accomplished as v(x) for some variational family {¢, }c~o. This means that (4.5)
is possible only when [D*hE¢ 1 n(x) is orthogonal to T, 90X at every point x € 9X.
In symbols:

D*h(x)Eg(x, h, Dh) : NydX — N, 90X, (4.6)



30 TADEUSZ IWANIEC AND JANI ONNINEN

Equivalently, for the transpose matrix, it reads as,
Eg(x, h, Dh) Dh(x) : T,0X — T,oX. 4.7
The above computation maybe summarized as follows:

Proposition 4.1. LetE : X x Y x R — R be continuous and €' -smooth with
respect to the variables x € X and & € RZX" . Then the traction free energy minimal
solution satisfies both the inner-variational equation (4.4) in X and the boundary
conditions (4.6); the latter being equivalent to (4.7).

It is generally a highly nontrivial question as to whether the variational equation
(4.4) together with the boundary condition (4.6) suffice for % to be a traction-free
minimizer. An affirmative answer is given in [31] for the Dirichlet energy. However,
this result does not seem to generalize for all traction-free problems. We reserve the

onto

term fraction-free stationary solution to the mappings & : X — Y which satisfy
the equations (4.4) and (4.6).

Proposition 4.2. Let L(x, f, Df) dx be a free Lagrangian defined on a given class

onto,

of Sobolev homeomorphisms [ : X — Y. Then every f in this class is a traction-
free stationary solution.

That is to say, the variational equation (4.4) and the boundary condition (4.6) are
freely satisfied. It is desirable to explore Proposition 4.2 and check to what extent
it characterizes free Lagrangians.

4.2, Inner variation of 1-dimensional integrals

Consider a general variational integral
b .
S[H]:/ L(t,H, H)dt (4.8)
a

subject to all absolutely continuous functions H : [a, b] =% [c, d] for which H (1) >
0 almost everywhere. Here we assume that the stored energy function

L:la,b]x[c,d] xRy > R (E=E({, H,§)

is continuous together with its partial derivatives L; et %—f and Lg &t 3—é No
regularity of L with respect to H-variable is needed.
Lemma 4.3. The inner variational equation for E[ H] takes the form

T (L: —L)+L, =0 (4.9)

where the operator % is understood in the sense of distributions.
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For %'-smooth solutions of (4.9), the function I-'ILS (¢, H, H) — L(t, H, H) turns
out to be ¢’!-smooth. Such a gain of regularity is typical for variational type PDEs.

Proof. Choose and fix a test function ¢ € €’5°(r, R) and consider the diffeomor-
phism ¢t — ¢ + gp(t) of (a, b) onto itself, with sufficiently small ¢ € R. The
inner variation of H is defined by He(t) = H(¢ + e¢(t)). We have Hé (t) =
[14+ep()]- H(t +ep())

b
ElH] = / L(t, H(t +e9), (1 +eQ)H(t + ep)) dr.

We are going to compute %8 [H:] at ¢ = 0 so the only terms up to order O(¢)
count. But before, let us perform an integration by substitution; namely, T = ¢ +
e@(t). Hence, modulo higher powers of ¢, we write t & T — e (1), e (1) =~ €@(7),
and dr ~ [1 — e¢(7)]dr. Therefore,

b .
E[H] ~ / L(t —ep, H(7), (1 + e@(1))H(1))[1 — ep(r)] dt.

Now the condition (f—s 05 [H:] = 0 reads as

.
b .
0= / (gL + ¢HLe — pL] dv
a
which is none other than the integral form of the distributional equation (4.9). [

We now come to a useful special case of Lemma 4.3.

Lemma 4.4. Consider the variational integral of the form

. .
5[H]=/ Pt gy = —.

Here we assume that the function P: Ry — R is € -smooth. Then (4.9) reduces
to the first order ODEs

: tH
t"P(n) = constant, where n(t) = R (4.10)

Proof. Setting L(t, H, H) = 73(%) "1 in (4.9) the reader might want to verify
that
nd

n d
1= [r P(n)] = (ELe—L)+L, =0. -
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5. Radial stretchings

In this section we discuss in more detail the radial mappings f : A ©> A* between
open annuli A = A(r, R) and A* = A(r4, Ry)

Fr) =r,

F(R) = R,. -1

f(x>=F(|x|>|;C—| Filr R1™S [y, Ry {

Recall the notation

BA, Ay & {radial stretchings £ : A 2% A* in #/L1(A, A*)}. (5.2)

5.1. The elasticity quotient

When speaking of radial stretchings the concept of elasticity quotient arises natu-
rally. It tells us, among other things, how the radial derivative compares with the
derivatives in the spherical directions. Choose and fix a point x € A that lies on a
sphere SZ_] = {x; |x| = p}. The unit normal vector at this pointis N = |§—| Now

consider an arbitrary unit tangent vector T to SZ_I at x. This is a unit vector orthog-
onal to Ii_l We have well defined directional derivatives fn def Df(x)N = F (|x)N

and fr “p f(x)T = % T. To verify this latter formula, consult with the forth-
coming equation (5.6). The elasticity quotient does not depend on the choice of the

tangent vector T. It is defined by the rule:

np = np () 2 LN IFQxD
| /] F(x])

Directly from this definition it follows that n;; = 1 and we have the following
composition rule:

nGor(Ix) = ng(lyD - nr(x) |yl = F(lx]). (5.4)

(5.3)

In particular, if H = H(|y|) is the inverse of F = F (|x|) then

nu(lyl) = where |y[ = F(|x]). (5.5)

nr(|x])

onto

The elasticity quotient of a radial stretching f : A = A* tells us something about
conformal modulus of A* in relation to that of A.

<ModA if np <1inA

R f R
ModA*:/ %dt:/ nF(t)Tt =ModA if np=1inA
g g > ModA if ng > 1in A.
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Actually, the ratio Mod A*/Mod A is none other than the integral average of np
with respect to the conformal density in A; namely,

Mod A* 1 dx
Mod A M(A)/AnF(X) H w |

We shall see that radially minimal stretchings (having smallest .Z’”-mean distor-
tion) always fall into exactly one of the above three cases.

5.1.1. Some computation

X

7] takes the form

def |X|F(|x])

The differential matrix of a radial map f(x) = F(|x])

Df(x) = — [I+( 1)”“] h (56)
xX)=— nf — where = — .
x| |x]? F(|x])
where the tensor product of vectors x = (x1, ..., X,) is the matrix
r®x = [xix.i]i,jzl ..... n
see [23, Section 6.5]. Hence its matrix of cofactors is given by:
n—1
X Q®x
Df(x) = I [nFI +(1- w)w} (5.7)

To see this, just verify Cramer’s rule,

Fn Fn— o Fh— I
[Df]-[D*f] = ( nF>I= (—_ F)I where ——— F = det Df.
|x|" x| 1 |x|" 1
It has already been observed in (3.9) that the normal derivative of a radial stretching
is the derivative of its strain function. However, as expected, the spherical gradient
does not depend on the strain function at all. Precisely, forall r < p < R, we have

fs= <|;C—| [ll;ﬁflf[ > = |x|i—1 s0 /S o B =, (58)
The singular values of Df (x) (principal stretchings of f) are:
F F

n—1

The operator norm of Df and its cofactor matrix are:

||Df(x)||=max{£ F} and ||Dﬁf<x)||=max{

anl anzF
x|’

|x|n—1 ’ |x|n—2

For later use, we record the following formulas:

o If5r(x) > Lthen |Df ()| = F(xh = /Nl =1 fIN;
o If np(x) < Lthen | DFf(0)|l = Lo = fsl f1" 1

|x|n—1
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5.1.2. Distortions of radial mappings

The Frobenius norm of the £-th exterior power of Df is computed as:

oo ()| € ., e\ F2| (F\*?
|D; f ()| =<e> —F +<1—;>t—2 (7) t = |x|.

Hence
) IAbr=ri :
[enp+1-2%] tF(t)
Kef =2 L = — 59
ef T "= E0 (59
Nr
and its p-power is:
" [t +1- 47
KYf = K f1P = e (5.10)
np

5.2. Minimal radial stretchings

It is natural to first establish the existence of radial mappings of smallest mean
distortion and examine their basic properties. Precise conclusions of this section
are stated in Theorem 5.10 for p > 1 and in Theorem 5.11 for p = 1.

5.2.1. The functions P = P(n) and Q = O(n)

The key to the proof of Theorems 5.10 and 5.11 is the convexity (with respect 1)
of the expression in (5.10).

Lemma 5.1. The following function

np
) A b=
def |z +1—1
P) = Pe. p(n) = L - 1] 0<n<oo (5.11)

nn—é

is convex (for every p > 1l and 1 < £ < n —1). See the graphs of P in Figure 5.1.

We denote by C = C(£,n) = (£)% the slope of the asymptote to the graph of
Py(n) with p = 1.

Proof. Direct computation shows that the first derivative of P is given by:

o[£ 41— 41

n L

Py =

(" —1) = Qpm=0m. 512
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p>1

\ y \ N
\ - &%\O
— \ 7 | —— =l r' @Q\’O\’e
: ‘Z»C‘ﬁ n
c C-= ( £ ) n-20
n
n n
0 1 = 0 1 =
Figure 5.1. The convex functions P ,.
For p = 1 the second derivative is positive; indeed, we have
. L1 e Y2 _ 1 2 oy 3
Pm=~|=-+|1-=)n (T+n=%)n~. (5.13)
nin n
This implies that P(n) is convex for all p > 1. Hence the lemma follows. U
Corollary 5.2. The function Q = 75(n) is strictly increasing.
See Figure 5.2 below.
o B )
b j
T
- 2 4Q - -
v L ]
. Q@
2z
I Qf - C ™ T ,s—-.-‘j-:z':_g‘_ .=
v J Q="Pm)
» ~ -
0 1 n 0Q 1 n
Ty p>1 -/
57 ;77

Figure 5.2. The increasing function Q.
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Integration in polar coordinates results in a line integral for the .#’”-mean distortion

R
fA [KCe f(x)]P dx = w1 / Pe.p (p@)) 1" dr. (5.14)

By Lemma 4.4 we obtain:

Corollary 5.3. Suppose [ = F (|x|)ﬁ has smallest £P-mean distortion among

onto

all radial mappings of an annulus A =— A* . Then there is a constant . €
(—00, 4+00) such that

"Qmp) = A (forallr <t < R). (5.15)

5.2.2. Radial stationary solutions

A radial stretching f = F (|)c|)|§—| which satisfies Equation (5.15) will hereafter

be referred to as radial stationary solution or stationary solution for short. We
shall denote it by f; whenever the parameter A needs to be indicated. The foremost
implication from (5.12) and (5.15) is that 1 — nFr does not change sign.

Lemma 5.4. For every stationary solution it holds that,

e 0 <np(t) <lforallr <t <R A <0);
e O <nrp(t)=1forallr <t <R (A =0),
e |l <np(t) <ooforallr <t <R (A>0).
Next notice that
R. [(RF@ /R dr /R dr
ModA* =log—=| —=dr= t)— =Mod A 1) —1|—.
0 Ogr* /r Fo) rnF()t 0 +r [nF () ]t
In summary:
Proposition 5.5. There are exactly three possible cases:

e Mod A* < Mod A; f; is a Conformal Contraction
0<nr@) <1 forallr <t <R (A <0);
e Mod A* =Mod A; fi is Conformal
nr() =1 forallr <t <R A =0);
e Mod A* > Mod A; f5 is a Conformal Expansion
1 <np() < oo forallr <t <R (A >0).

Remark 5.6. In general, stationary solutions need not enjoy the least mean distor-
tion (just vice versa). We shall nevertheless use equation (5.15) as a tool to foresee
the minimal mappings. The idea is to first work out the algebraic equation (5.15) for

n = nr and then solve the differential equation 7 (z) = % for the strain function
F = F(t). The elasticity quotient n(¢) determines F uniquely up to a multiplicative

constant (that is; up to the conformal modulus of the target).
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5.2.3. The function ® = & (1)

Stationary solutions can be expressed explicitly by integral formulas which involve
the inverse function to Q = Qy ,,. This function, denoted by ® = &, ,, will play a
key role in the sequel.

Q(CID(r)) =7 or ®(Q(n)=n for 0 <n < oco. (5.16)

The range of arguments T depends on whether p > 1 or p = 1.

Case p > 1. The function ®: (—o0, o0) — Ry is strictly increasing from O to co.
See Figure 5.3 below.

®=0"

CDK Q! f

p>1

T T EEEN T
T T T i g

0 0 C

Figure 5.3. The inverse of Q and constant C.

A\

Case p = 1. The function ®: (—o0, C) — Ry is strictly increasing from 0 =

®(—00) to 00 = (C). Recall the slope constant C = (£)* see Figure 5.3.
Let us note that

C
f P (r)dr = 1. (5.17)
0

Proof. To see this we observe that limy_, [T Q(T) — P(T)] = 0 and Q(1) = 0.
Integrating by substitution, and then by parts, yields

L T . T
Lh—r>nc/0 ®(r)dr = Th—>moo/1 P (Q(m) Qmydn = Tli—>moo/1 n Q(n)dn

T T T
lim [nQ(n) -/ Q(n)dn} = lim [an) }
—00 1 1 T—o00 1
=P() =1. O

T

- Pm
1
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5.24. The family { f,.} of stationary solutions

Throughout this text the domain annulus A = {x: r < |x| < R} is fixed whereas
the target annuli A* = A} = {y: r.(1) < |y| < Ry} will vary. But their outer

radius R, remains fixed as well.

Proposition 5.7. The solutions f,(x) = Fk(lxl)ﬁ, F,(R) = R, to the inner

variational equation (5.15) are given explicitly by the following formula

R A\ ds
F,(t) = Ryexp | — O — ) — r<t<R.
¢ sh)os

Hereafter the parameter X runs as follows

—00 < A < 400 when p > 1

def 14

i
—oo<k<)»maX=Cr”=(—> r’ when p = 1.

n

Proof. Tt follows directly from (5.18) that 15; *((:)) = @ (). Thus,

QO x|™") = nE, (D).

Applying the inverse function Q yields the desired variational equation.

np -1
L .2 0 | 2n—2¢
Cepli -]

AxI™" = Q(nr,) )%H (mza - 1).

(77F)\

5.2.5. The annuli A}

The target annulus for fj will be denoted by

A= H@A) =) < |yl < R}

Its inner radius is determined uniquely from the equation

R 7x\d R
/ o(2)E —log % = ModA?.
r s") s r(A)

Ay CAg whenever o < 8.

Note the inclusions

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

Case p > 1. As A increases from —oo to +oo the annuli A} increase continuously

from the degenerate annulus A* def {y: |yl = Ry} to the punctured ball A% =

{y; 0 <yl < R}

def



MAPPINGS OF SMALLEST MEAN DISTORTION 39

Case p = 1. The largest annulus in the family {A]} is denoted by

A* = {x; r} <|x| <Ry}, itcorrespondsto A = Cr". (5.23)

max *

Its conformal modulus is determined from the equation

R n
C d
MdAmzf CI>< ’ )g
r

C dt R" C R"
0

Cri/R" Crt Crn

(5.24)

by Equation (5.17).
A close inspection of the formula (5.12) in dimension n = 2 with p = 1 and
£ = 1, reveals that

2
_nr-l
o =35
Solving the equation Q(n) = t we find the inverse function
def 1 1 1,
= &(1) = —— for —o0 — and X =—r-.
n (7) m <T< 2 max ) r

Hence, the maximal annulus is determined by so-called Nitsche condition

R _1(R. rf

ro 2\rf R’
Let us display the notation introduced above; as it will be frequently used through-
out this text.

X

Smax = fkmax CA TS A;knax Smax = Fmax(|x]) (5.25)

|x
We also summarize it as follows:

Corollary 5.8. Let an integer 1 < £ < n — 1 and exponent p > 1 be given. For

every pair of annuli A and A* there exists unique stationary solution fy: A &= A*.
The parameter —oo < A < 00 is determined by the equation

R A\ d
f cp(—)—s — Mod A*.
r s") s

The same holds when p = 1, provided A* is not too fat; namely,

R
Do\ d
ModA*</ <1>< max)—S:ModA* A &,

s s max

For later use, we state the following consequence.
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Corollary 5.9. Let 1 < € < n—1and p > 1 be fixed. Given any closed interval
[n—,n+] C (0, 1) there exist annuli A and A* and the radial stationary solution

fi: AT A% f = FA(|X|)‘§—‘, such that
n- < np(1x)) < n+ forall x € A. (5.26)

Proof. For ¢ and p given, we have the function ® defined in (5.19) by the rule

(i) = (|xk|">'

Choose and fix any negative parameter A to ensure that 0 < CID(ﬁ) < 1. Inequal-

ity (5.26) reads as n— < ®(:2%7) < n+. Equivalently, applying the inverse function

x|

0= , these inequalities take the form

A
Qn-) < P < Q).

Since Q(n) < 0 for 0 < n < 1, we define the radii of the annulus A = {x: r <
|x] < R} as follows:

o f wi k=[S ]% 527
1 9mo) QM| '

Note that the conformal modulus of A does not depend on the choice of the param-

eter —00 < A < 0; namely, Mod A = 1 log SEZ;; We then take A* = f,(A). O

5.2.6. Minimal radial mappings

We now demonstrate that among all radial stretchings the stationary solutions have
the least .Z?-norm of the K,-distortion. This statement is a converse of Corol-
lary 5.3.

Consider an arbitrary radial stretching f: A > A* and an arbitrary stationary
solution fi: A &% AJ. Thus either A} = {y: (1) < |y| < Ry} contains
A* ={y:ry < |y| < Ry}, when ry(A) < ry, or opposite inclusion holds. We begin
with the formula:

R
/A Ko f1P — /A Ko fil? = o / [Pae) — Paop)] "7 dr. (5.28)

Since P(n) is convex (for all 0 < n < co0) we have the tangent line inequality

Pr) —Pr) = Q) - (p —nk) imA  Q=7P. (5.29)
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Equality holds (for all points in A) if and only if nr = nf,, which yields F(r) =
constant - F) (t). We now appeal to Equation (5.15) to obtain

K n F FA
f[ICEf]p - f [ICZf)\]p Z wp—1 / t Q(”FA) <_ - —> dr
A A r F F;

i [log F(R) FA(R):| (5.30)

0g
F(r) Fy(r)
= wy—1A [Mod A* — Mod AJ].
Equality holds if and only if f = f. Let us first conclude in the case p > 1.

Theorem 5.10. Fix an integer 1 < £ < n — 1, an exponent p > 1, and a pair of
annuli A, A*. Let f; = FA(|X|)|;_| be the (unique) stationary solution which takes

onto

A onto A*. Then for every radial stretching f: A = A* we have

/ Ko f1P > f e fil?.
A A

Equality holds if and only if f = f.

This theorem extends to the case p = 1, but only if the target annulus A* is not,
conformally, too large. Precisely, we have,

Theorem 5.11. Fix an integer 1 < £ < n — 1 and a pair of annuli A = {x; r <
x| < R}, A* ={y; re < |y| < Ry}, where

R n _n__
C d A=
Mod A* < Mod A¥, & / <1>< d )—S C= (—) . (531)
r

sh s n

Let f,, = A =% A* be the (unique) stationary solution. Then for every radial

onto

stretching f: A = A* we have

/ Kef = / Ke fo
A A
Equality holds if and only if f = f.

Remark 5.12. Note that the latter integral is a function of the ratio é, thus a func-
tion of Mod A. We write it as

R n
/ ® (1) ds gef & Mod A) (5.32)
p s

sn
for some function Z: [0,00) &> [0, 0o) that is continuously increasing and & (M) >
M for M > 0.
We emphasize that Condition (5.31) is always satisfied in the case of con-
formal contraction; that is, when Mod A* < Mod A. This is because Mod A <
Mod A*

max *
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5.2.7. Squeezing phenomenon for radial minimal mappings

It is of particular interest to look beyond the maximal annulus. That is, when
ModA* > ModA* = E(ModA). We wish to identify the infimum of .#!-

max
norms of the Kg-distortion of the radial stretchings f: A &% A*.

Theorem 5.13. The infimum is not attained within radial homeomorphisms. Its
exact value is given by the formula

inf / Kef = / Kt fmax + @n—1 Amax [Mod A* —Mod Af . |. (5.33)
HAAY) Sy A

Remark 5.14. This theorem will later be extended to all homeomorphisms in
V1 (A, A%), see Theorem 9.6.

Proof. Suppose, on the contrary, that a radial stretching f(x) = F (|x|)ﬁ attains

the infimum of £!'-norm of the Ky-distortion. Thus, in view of Corollary 5.15, it
satisfies the inner-variational equation,

¢ A
Qnr) = C(:js =~ forsome? € R. (5.34)

Furthermore, since Mod A* > ModA} .. > Mod Aj = Mod A, by Proposition 5.5
we infer that f is a conformal expansion; that is, ng(t) > 1 forallr <t < R. This

yields Q(nr) > 0. Therefore, the constant A in (5.34) is positive and

AL t"sup Q) =1t"C foreveryt € (r, R).
nz=1

In particular, A < Cr" = Amax. Consequently, f = fj for some 0 < A < Amax.
But then A* = f3(A) C A}, a contradiction.

Concerning Equation (5.33), in view of Inequality (5.30) with A = Apax, We
have

fA Kef > /A K¢ fmax + ®n—1 Amax [Mod A* —Mod A}, . ].

Therefore, we need only construct a sequence of radial stretchings f; : A 2 A*,
filx) = Fj(lxl);—‘ such that

lim ,C(fj = / Kt fmax + @n—1Amax [MOd A* —Mod Arﬁlax] :
A A

j—00o
Choose a sequence of radii r; N\ r and redesign Fyy,x linearly near the inner radius.

Fnax(t)  forr; <t <R
ajt+b; forr <t<r;

Fj(l) = {
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where
F, ri)—r reri —rF ri
aj = max ( ./) * and bj _ max ( j)'

rj—r rj—r

Hence we find that

Fj(t) _ Fmax(rj) — rx < R, —rx
Fi(t) — (rj—r)Fi(t) ~ (rj—r)rs

forallr <t <r;. (5.35)
Thus

/A’Céfj—/A’Cefmax :wn—I/JP(nFj)tnldt—a)n—lfjp(nl‘"max)l‘nldt.

The latter term goes to zero, because er P(r,,)t""1dt < oo. Concerning the
first term, we notice that

E 2)1 2
Pe) () = Cnr; +O(1) ast \ 7 C = <;>
by formula (5.11) applied to p = 1. Hence
r rj
lim Pr)t" ' dt = C lim / nF,(6) " dt
J—00 j—o Jr
it F(t i Fit
=C lim ]()dtzClimr"/ LWy
j=oo Jr  Fj(t) j=oo Sy Fj(D)

Here, in the integral term next to the last, we replaced " by r" and passed to the
limit (by Dominated Convergence Theorem). This replacement was legitimate be-
cause, in view of (5.35), we have a uniform bound.

Fit R, — R
0< =D gy BTl et (B ),
Fi() J (rj —r)rs s

Therefore,

rj
lim wn_lf Pg(npj)t”_ldt = w,—1C lim [log Fi(rj) —logFj(r)]
, j—00

J—>00
= wy—1C [log Fmax(r) — logr*]
= w,—1C [log& — log Ry i|
Ty Finax (r)
= wy—1C [Mod A* — Mod Af . ]. 0
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6. Proof of Theorems 1.13 and 1.14. Minimal radial stretchings need not
be absolutely minimal

This phenomenon occurs for n > 3 in the case of conformal contraction; that is
when Mod A* < Mod A. Theorems 1.13 and 1.14 follow from:

Theorem 6.1. Suppose thatn > 3,1 <€ <n—1and

det n(n + 1)
I<p<pn)=—p ——@m-D. (6.1)
Then there exists a pair of annuli A, A* (Mod A* < Mod A) and a diffeomorphism

g A A* such that

p inf P dx. 2
/AI/ng(X)I dX<f€é?AA*)/A|/Cef(X)I dx (6.2)

onto

Here the infimum over radial stretchings f : A = A* is actually attained.

Note one particular case: n = 3, ¢ = 1 and 1 < p < 4. All other cases are in
dimension n 2> 4. Also note that the exponents defined by (6.1) are decreasing in £.

p1(n) > - > pe(n) > --- > py_1(n). (6.3)

For the proof of Theorem 6.1 we need some preliminary considerations.

6.1. Spherical sliding

This is a generalization of the radial stretching in the following way
f(x) = F(Ix|)E(x/|x])  where E: "1 % §"~1, (6.4)

As with the radial stretchings, the normal strain F is absolutely continuous on [r, R]
and satisfies:

r« = min F((t) < max F(t) = R,.
r<t<R r<t<R

The sliding map E: S"~! — S*~! (tangential, or spherical, tension) is continuous

and weakly differentiable in the Sobolev sense; that is, E € #/1-5(S"~1, S*1).
The following lemma will help us to answer the questions of uniqueness.

Lemma 6.2. If a spherical sliding (6.4) shares the same principal strechings
(L, ..., £ FY} with the radial map F(|x|)|§—|, then E: S 2% S~ js a ro-

m’ ) ma
tation.
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Proof. For almost every w € S"~! there is well defined linear tangent map and its
adjoint (determined via the standard inner product),

[E'(@)]:ToS"' = TeyS"™! and  [E'(@)]": Tg@wS" ! - T,S" L.

We aim to show that for almost every w € S"~! the following nonlinear system of
PDEs holds:

[E'@) ] [E'(@)]=T:T,S"" - T,S"". (6.5)

This just amounts to saying that E is an isometry of S"~! onto itself , thus a rotation
(quintessence of Riemannian geometry). These equations involve only the first or-
der derivatives. The derivation of (6.5) becomes somewhat simpler if we choose and
fix an orthonormal basisat0 # x € R* {Ty, ..., T,—1, N},where N = ﬁ whereas

the vectors {71, ..., T,—; } form an orthonormal basis in T,S"~!, v = ﬁ

Let E; = Ei(w) € T,S" ! denote the T; -directional derivative of E ,i =
1,...,n — 1 . Then the linear map [E’ (w)]*[E/ (a))] (tangential Cauchy-Green
tensor) is represented by the Gram matrix, which we denote by G € R—Dx (=1

(E1|Er)  (E1|E2) ... (Ei|En-1)
[E'@)] [E')] def ¢ (E2|Ev)  (E2|E2) ... (E2|En-1)
w )| =G= . . .

(En_1 | E1) {En—1 | E2) ... (En_1 | En_1)

On the other hand, let f7,, ..., fr,_,, fv denote the derivatives of f(x) in the direc-
tions {71, ..., Ty—1, N}, respectively. Then the full Cauchy-Green tensor D*§(x)
Df(x) is represented by the n x n Gram matrix

(Gr 151 G ) oo On i) n 1)
(0 i) nlin) - Onlin.) (nlin)
D*f(x)Df(x) = : : : :
1y i) Gy V1) -2 sy ) Gy [N
(Gn i) Unlin) - OGN lfn_)  (Galfw)

It should be noted that f7; (x) = £ l()'jlf D g, (&) and fx (x) = F(lx)E({%). Moreover

(E|E;) = 0, because (E | E) = 1. Hence (j7; |fy) = 0,fori =1,...,n — 1.
Therefore the matrix D*j(x) Df(x) takes the form

|
D pjy = || | (6.6)
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. . . 2
Here, we have assumed that the eigenvalues of this matrix are equal to {\iﬁ’ e,

%, F 2}. This implies that the eigenvalues of G are all equal to 1 and, because of
symmetry, G = I. The proof of the lemma is complete. O

6.2. Conformal sliding

Rather than discuss spherical sliding in full generality let us consider a particular
case of a continuous family of conformal mappings E; : S"~! % §"~! defined by
the rule
E(@) =" [r)] o= Ii_l 0<1 < o0 6.7)

Here TT: S"~! — R"~! stands for the stereographic projection of S"~ ! onto one-
point compactified (n — 1)-dimensional hyperplane R c R". We call E; con-
formal sliding along S'. There is no sliding at r = 1, E; = Id: "' — §"~!
in which case we are dealing with radial stertchings. Let Jr denote the Jacobian
of a conformal sliding £ = E.: S"~! — S$"~!; that is, pullback of the standard
(n — 1)-area form dw on $" ! via E.

It should be noted that for every conformal sliding £ = E), its integral average
of the Jacobian equals 1:

Je(wydw=1 and Jg#1 for E # E; =1d. (6.8)
sn—1

The singular values of the differential matrix Df(x) and its determinant, are com-
puted as follows. First, the singular values Aj, ..., A,—1 of %G are all equal,

because E: S"! — S§"7! is conformal. The A,-singular value equals F(lx)),
see (6.6). The product A1Az ... A,—1 equals

2 n—1
det|:F|(||x|)G( )] (%) jg(a)).

Hence,

F(x])
|x|

F n—1
det DF(X) = A -+ Jop_ o = HH%TT» T ().

Now consider a family {f;} C 7 LLA, A%), where

"VIE() and A, = F(|x|)

A==y =

fe(x) = F(Ix|) E¢ (| |>
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It is a matter of direct computation to see that forall 1 < € <n — 1,

Kefe (x) = (77~ +4m%>2n

(6.9)

where

x| F (Jx])
and .
nr(lx]) = FD J = Tk, (M)

Thus, for every p > 1

2 2n—20
ity R TT + Lol
/[lcgff]P_wn 1(” 6)2 Nf ][ ( . ZZF> "Ldr. (6.10)
rJxl=r T =

Here the symbol f stands, as usual, for the integral average. The map f;: A => A*
is none other than the radial streching f; = F (|x|)|jc‘—|. From now on, f; will be

the one of smallest .£’”-norm of /Cy-distortion. The existence and uniqueness of
such stretching is ensured by Theorem 5.31 and Remark 5.12, because Mod A* <
Mod A. Proposition 5.5 tells us that

<nr(x]) <1 forevery x € A. (6.11)

Our nearest objective is to find the exponents, say 1 < p < p¢(n), for which there
are annuli A, A* and a conformal sliding map f : °m° =5 A* with T # 1 (arbitrarily
close to the identity) such that

/[,szt]p < f[/Cﬁ]]p (: inf / | ICo f(x)|P dx ) (6.12)
A A fe?" V(A A*) JA

To prove this inequality we need the following considerations.

6.3. Concavity argument

Suppose that for some number 0 < 1 < 1 the function

Ll ¢ 2n pze
wr (571 +357)
G($) = -

Sn—l

defined for S ~ 1 (6.13)

is strictly concave at S = 1. It then remains concave for all § & 1 and, in particular,

everywhere in §"~! for § &~ Jg, (the Jacobian of E; : S"~! =% §"~!) whenever
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7 is sufficiently close to 1. Concavity will also be preserved upon small alteration
of n, say within an interval

n- <n <+ where 0<n_ <ny < 1. (6.14)

Here we should emphasized that, by Corollary 5.9, there always exist annuli A and
A* for which the distortion-minimal radial map §; = F(|x |)|jcc—| satisfies

n— < nr(lx]) < n+ forall x € A. (6.15)

Now, with the aid of Jensen’s inequality, since Jg, # 1, we would conclude that

2 2n—-2¢
1 .2
[ jET ! _MF]
n—1 dr

n — f 2n 2(’

/[/szr]p = wy— 1( ) / ][ 7
Ix|=t L] =

E cNEg

< 2n-2¢
n nil L 2

(n _g>zn_"zz /R |:(J[|x|=t jEr) + = ”F] -

< wn_1 dr

n T
(fx\ tjEr> 2 ‘
np
np l 2 |2n-2¢
_ ¢\ (R [1 + TgnF]
= wp—1 (n ) / . 7 " ldr = / e f117.
Lp
n r nm A
F

6.4. Further computation

Therefore, we are naturally led to an investigation of the second derivative of the
function G = G(S) at S = 1. We shall not bother the reader with laborious, rather
straightforward, computation. We just state the result of our computation as follows

(=D =02 e (s% 2>22,;’f2£ &)
pl
= [pt — (1 = D(n — DI
+ [+ n —26(n — 1) — 2peISTTn?
+ [pl + (n — DIy,

—4£

(6.16)

The condition G(1) < 0 reduces, equivalently, to the following upper bound for the
exponent p.

| < [n —fln—n+0+[20n—20—n?>—nln*+[—tn + Qn*

"B

t1—n»? 6.17)

n|ln+1 2 L
= — - —n .
CLr=—n2 (=2
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The expression in the right hand side assumes its maximum at the point n = ,/ %
and only at this point, see Figure 6.1.

A |
Lo o -
b ma
PN —
[} : l
e\
1= —¢ % l
; |
1 |
| 1
itimimes |
1 |
T |
’ !
F [
it |
" : | 77_»
7 = 1
<y B <y |
|
|
Figure 6.1. The maximum of 7.
Let us denote its maximum value by
n(n +1)>2
pe(n) = nln+ 17 T, ) +1—n. (6.18)

We just arrived at the critical exponents stated in Theorem 6.1 for which the radial
symmetry fails.

7. Absolute minimizers

7.1. Lower bounds of /C;-distortions

The Frobenius norm of the differential matrix (used in the definition of Cp-dis-
tortions) is not suitable for the radial strechings f(x) = F (|x|)|;‘—|. We need to
establish adequate lower bounds of the XCy-distortions in terms of the outer and
inner distortion which are formulated via the operator norms. There are subtle
adjustments necessary to ensure that such lower bounds turn into equalities once
tested by the radial stationary solutions. We present two such lower bounds. The
first one works in the case of contraction; that is, when Mod A* < Mod A (meaning
that nF(]x]) < 1). The second works in the case of conformal expansion; that is,
when Mod A* > Mod A (meaning that ng(|x|) > 1).
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Proposition 7.1. Given 1 < £ < n — 1, an exponent N > 0 and a parameter
0 < 1t < 1 such that:

¢ N-1 ,
1 1— 1. 7.1
|: + — 7 ] (1-77) < (7.1)
Then for every matrix M € R"*" it holds that
2N (n—¢) 2N
(KeM) 7 > (KM)" DA+ B (72)
where
o\ ) N-1 \N
A=A, (N)= (1 — —) [1 + 12} 1-1%)< <1 — —) (7.3)
n n—~¢ n
¢ ¢ V!
B=DB.(N)= [1 -+ —12] 272N/ (74)
n o n

Equality occurs in (7.2) if and only if the singular values of M are a scalar multiple
of {1,...,1,1}.

We apply this proposition to M~ ! in place of M, to the integer n — £ in place of £,
and to the parameter 1/7 in place of t. This time we assume that 7 > 1. In view of
(2.22) and (2.23) this results in the following

Proposition 7.2. Given1 < £ < n—1, an exponent N > 0 and a parameter t > 1
such that:

[1+ ; ‘L'_2:| (1-7t7%) <L (1.5)
Then for every matrix M € R"*" it holds that
IN(n—0) IN(n—£)
(KeM) 7 > (KoM) "#D A+ B (7.6)
where
¢ t Lt Nt 2 2N
A—.AT(N)_—|:1——+—t] (z" = 1)~
n non
and

Y/ Y] N—-1
B=DB;(N)= [1 4 T2] —2UN/n
non
Equality occurs in (7.6) if and only if the singular values of M are a scalar multiple
of {1,...,1,t}.

Remark 7.3. Condition (7.5) is satisfied for all T > 1 whenever 0 < N <
]N—l

n
n—=0°
just because the function x — [1 + "l;zx (1 — x) is strictly decreasing in R .
For the proof of Proposition 7.1 we first reformulate (7.6) in terms of the singu-
lar values of M and then examine the critical points of (7.6). The following key

ingredient concerning symmetric functions might be of independent interest.
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7.1.1. Critical points of a symmetric function

Let RY C R™, m > 2, denote the set of points whose coordinates are positive.
Consider a symmetric function ®: R} — R of the form

q)(Xl’ XZ, ] Xl’l’l) = W(S],SZ, .. 'asm)
where W: R% — Ris ¢!'-smooth with respect to the symmetric monomials

si=X1+ X2+ -+ Xn
= Y XX,

1<ij<<ip<m

Sm=X1-X2- - Xy

We assume that the partial derivatives Wy, ,Wy,, ..., Wy, are nonnegative in R
and that Wy, + Wy, + - - -+ W, _, > 0 (similar condition W;,, 2> 0 is not required).

Lemma 74. Suppose X° = (X7, ..., X;) € R is a critical point of ®. Then

X{=X5=--=X,,.

Proof. The gradient V& (X) vanishes at X = X°. This gives us a nonlinear system
of m-equations in which X = (X7, ..., X)) is a solution.

0o as1 98¢ OSm

— =W +- 4+ W —|— Wy, — =0 (=12...,m). (1.7

0xX;  lax; aX; X ( ) (D)
Consider the terms

def ., 0S¢ .
Ti = X Yoo Xy Xy GE=12,....m).

1<ij<<ip<m
ieliy,..., ie}

It should be noted that for £ = m the terms T,il do not depend on i; indeed, we have
T! = X;-X3--- X, Multiply (7.7) by X; and subtract the analogous equation for
anindex j # i,

90 - ;
Xige = fax ;@ 1/) Wy, =0. (78)

A short computation reveals that
T} — Téi = (X; — X ) x (a positive factor).
To identify this factor, we write
T, -T/= > Xy Xy— Y. Xj..Xj.

1<ij < <ig<m 1<ji<- </l<m
P€{il,...ig} i€{j1,s je}
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We may subtract from each sum the same term; say,

Xiy oo X
1<k < <ke<m
i,jefky,....ke}
which results in the equation
i j_
T, -T/= Y = Xy Xey— D XXy
1<k < <ke<m 1<k <--<ke<m
i€fky,....ke} iglky,....ke}
Jilkr,... ke jelki, ...k}
def ¢
=X —Xj) Z Xkl--'ng,|=(Xi_Xj)C,‘j-

1<k < <kg—1<m
i,jélkt,....ke—1}

The last sum (denoted by C fj) is the above-mentioned positive factor, where we

adhere to the convention that Cl.lj = 1. Now Equation (7.8) reads as

[WS1 Clid o+ Wy Cli . Wsmflc;j—l] C(Xi—X;) =0,
Hence X; = X, as claimed. ]
7.1.2. Reduction to singular values

Returning to Proposition 7.1 we let0 < A1, ..., A, < oo denote the singular values
of M. In the left hand side of (7.2) we have the term

N
2N (n—¢) n -1 ) 2 2%UN
(KeM) " = ‘ § A A (A -+ Ap)n
1<ij<<ig<n

wheras on the right hand side

2¢N

_2EN__ 26N
(K,M)"WU = [M . ")\nfl]’HI /()Ll ) T

provided 1, is the least singular value. Proposition 7.1 will follow once we show

that
1 N
n 2 2
RSN ]
|:(€> 1<ip<<ipg<n l ‘ (79)
AN UN
=M ApeD) T A+ - hg) 0 B
for all positive variables Ap, ..., A, , regardless of the size of A,,. We also need to
show that equality occurs in (7.9) if and only if
A==kl = Ay/T.
We first examine the special case where Aj = -+ = X,_1 = 1 whileA, = X >0

is a free variable. In this case Inequality (7.9) boils down to the following.
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Lemma 7.5. For every X > 0 the following inequality holds

_N . _ N N LN
() LC2)ee (=05 i) avex® o
; 0 —1 Y] n n

Equality occurs if and only if X = t.

Proof. The reader may wish to verify the following identity (the case X = 1)
directly from the definitions of the coefficients A in (7.3) and B in (7 4).

e \" 2N
l——+ -1 =A+ Bt . (7.11)
Thus we are left to showing that the minimum of the function
¢ \"
F(X) = <1——+—X2> —A-BXW
n o n
is attained at X = 7, and only at this point. First take a quick look at the endpoints

¢ N
F(0) = (1 - ;> —A(N)>0  (by7.3)

lim F(X) =00 whereas F(r) =0.
X—o0

This shows that 7 must assume its minimum value at certain critical point X € R_;
neither at X = 0 nor at X = oco. The equation F'(X) = 0 for the critical point
takes the form

It follows (by differentiation) that the left hand side, regarded as a function in X,
is monotonically increasing from 0 to co. In view of formula (7.4) for B, (N) we
conclude that X = 7. This is the only critical point. Therefore, T must be a point
of minimum of F. O

Proof of Inequality (7.9). Because of homogeneity we may fix A,, say A, = 7
while letting the other parameters Aj, ..., A,—1 vary (not necessarily larger than
7). ]

The problem reduces to establishing the inequality

—-N
n 2 2 2 2 2
<£> T > Mo+ DD a1

1<ip<<ipg_1<n—1 1< < <ig<n—1

2(N 2N 2{N
Ztnt(Ap-dpp)n TA+ T Moo Apm) B
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for all Aq,...,x,—1 € R,. Hereafter, by convention, the first sum equals 1 if
¢ = 1. We also need to show that equality holds only for A; = --- = A,_1 = 1.
For this purpose we investigate a continuous function of positive (n — 1) variables,

X=(X1,....,Xp_1) e R

W(X)= 7 Z X . Xip_ + Z Xi ... Xj,

]<i1<---<i571<n—] ]<i|<---<i[<}’l—l

N N N
_|:<Z> (Xl"'an)"Z_Nl'A'i_(Z) TMTN(xl ...an)ZTN.B]

The objective is to show that ¥ (X) > O for all X € R’fl. There is an advantage
to reformulate Inequality (7.12) in this way. The point is to separate all product
terms X;, --- X;, that appear with positive coefficients from those with negative
coefficients. The latter include (luckily) only the full product X - -- X,,—1.

The inequality W (X1, ..., X;—1) = 0 is certainly true if one of the variables
vanishes; that is, at the boundary of the domain ]R'jr_l. We wish the inequality
W(X1q,..., Xp—1) = 0is also true at infinity.

(7.13)

Proposition 7.6.
liminf W (Xy,..., X,—1) 2 0. (7.14)

[1X]|—o00

This fact, being not obvious, requires the following two lemmas.

Lemma 7.7.
{N
N =1
X1...Xp—1)"!
©, 2L (") A, sup (Xt Xo1) < 1. (7.15)
Z X n—1 N
eR’Y
Xi, Xil’:|
1<ip<<ig<n—1
Proof. We make use of Hadamard’s inequality
L 1
(X1...Xp—)r T < Z Xi ... Xiy.

Therefore, by Inequality (7.3)

® <<”>NA ("1 o L>NA(N) 1 0
T X ) T ( ; ) —(n_z T < L.
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Lemma 7.8. Let | X| def max{Xy,...,X,—1} =2 1and0 < t < 1. Then
(X1... Xyo)7
72 Z Xi ... Xip  + Z Xi ... Xy,
1<ij<<ip_1 <n—1 1<ij<<ip<n—1 (7.16)
c L
x|t

Here, by our convention, the first sum in the denominator equals 1 if £ = 1.

Proof. One needs to verify this inequality only in the worse case of T = 1. Since
the quotient in the left hand side is invariant under permutation of variables, we may
assume that | X | = X; 2 X2 = --- 2 X;,—1 > 0. We shall take into account only
the contribution from the largest of the products under the sums in the denominator;
others will be neglected. The problem now reduces to establishing that

Xi... X, )t 1
( 1 n l) < —. (7'17)
(X1... X1+ X1...Xp)" 1 X1

Letk = k(X) € {1,...,n — 1} denote the largest subscript such that | X | = X| >
X2 =2 -+ 2 Xy = 1. This means, in particular, that X, < --- < X4 < 1,
whenever 1 <k <n —1.

Casel. 1 < £ < k < n— 1. We neglect the first product in the denominator of
(7.17) and proceed as follows

(X1 ... Xp-1)" <(X1---Xn—l)£
(X1... X1 + X1... X" (Xy...Xo)"
=(X1... X" Xe1 - Xn—1)'
1 1 1
< —_—

Xi...Xe X IXI”

< (Xl . Xe)[—l’l-i-n—[—l —

Here the second inequality holds because each term X1, ... X,,—1 does not exceed
(X1,...X)Y¢ and we have n — ¢ — 1 such terms.

Case2. 1 <k < {€—1,502 < £ < n—1. This time we neglect the second product
in the denominator of (7.17) and compute

(X1...Xp—1)t S (X Xp-1)' 1 (Xe...Xp_1)t
(X1 . X1+ X1... X)) = (X1... Xe—D" (Xq... Xt (Xk41--- Xt
1 X(n—€)€
S n—~{ (E*i*l)(nfﬂ)
X1t X
XEn—[)(k-H) 1 1
~

< < —.
IXpm=t Xt T x|
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Here we adhere to the convention that X4y ---X¢—1 = 1 fork = £ — 1. The
following inequalities were used:

o X Xp 2 X1 = |XI;
o Xp-- - Xp1 < Xp-- Xy :Xz—e;

X1 Xoo1 = Xemp - X1 = X078 > x 7
° Xén—€)<k+1> <.

The proof of Lemma 7.8 is complete. O

Proof of Proposition 7.6. To see (7.14) we consider the N-th power of the term in
formula (7.13) for W (X); that is,

N

def
= |12 Z Xip oo Xip + Z Xi ... Xj,

1<i1<---<il,1<n—1 l§i1<---<i[<n—l

We then estimate the negative terms in (7.13) as follows: Inequality (7.15) tells us
that for X1, ..., X,,_1 we have

N
(’Z) (X)X, )T - A<6,L where 0<6, <1.

On the other hand, inequality (7.16) yields

n N 2N N _N
g) T K X)) B<COIXITL.

Summing up we conclude that the negative terms in formula (7.13) do not exceed
L; namely,

6. +conxir|L <L
for sufficiently large || X|| as desired. O

Lemma 7.9. We have

inf {W(X1, .., X X e Ry =0, (7.18)
The infimum is attained only when X1 = --- = X, = 1.
Proof. Since W(1,...,1) = 0, we see that the infimum is non-positive. Suppose

that, contrary to our claim, the infimum is negative. Since we have W (X1, ...,
Xu—1) = 0 when one of the variables vanishes and by Proposition 7.6. it follows
that the infimum of W is attained in ]Rf‘[l , say at the point X° = (X7,..., X, _|).
This is a critical point of the function W in the domain in which W is 4*°-smooth.
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We now may appeal to Lemma 7.4 which asserts that X{ = --- = X, | =1
The value of W at such point can easily be computed,

—1 n—1
w t2,...,t2 _ 2" (22 2
( ) T(Z—l + o,

(e
14

PR (e 07

<Zt 1nf{ [1+Lx2]—[A+X B]N}
0

AR\

by Lemma 7.5. Lemma 7.5 also tells us that the infimum is attained at X = ,
but nowhere else. Thus we conclude that infp,—1 ¥ = 0 and that the infimum of
+

W2, ..., %) is attained only when % =X =r1.Hencer =1. ]
This completes the proof of Lemma 7.9.
Proof of Proposition 7.1. Lemma 7.9 applied to
X =2, ., Xuo1 =22

gives inequality (7.9). This, in turn, is none other than Inequality (7.2) expressed in
terms of the singular values of matrix M € R"*". The proof of Proposition 7.1 is
complete. O

7.2. Proof of Theorem 1.3 (the case p = o0)

In [30, Chapter 15] new sharp estimates for quasiconformal mappings g : A ©% A*
have been established as an application of free-Lagrangians. [30, Theorem 15.1]
asserts that

—1 Mod A*\" ™!
|Kig] gooa) < (M) < [Kog | gooay- (7.19)

New ingredients are needed to treat the /Cg-distortions, because of Hilbert-Schmidt
norms involved. These ingredients are the lower bounds in Proposition 7.1 and
Proposition 7.2 , both with the exponent N = 1. Let

. Mod A*
" Mod A
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Recall the power stretching

fx) = F(|x|)|i—| = Ry R|x|*'x

for which np = «. Consider an arbitrary quasiconformal map g: A — A*,

Case of conformal contraction o < 1. By Proposition 7.1 we have a point-wise
inequality
2n—=2¢ 2¢
|Keg) | " > AKjg(x)|"™@ D + B
with constant coefficients

A= (1 - £> (1 —a2> and B =a?72/",

n

Therefore, by the left hand inequality in (7.19) it follows that

2n—2¢

n S AHK
7ol 8

_2¢ Y] Y]
n(n—T) +B > |:1 -4 _a2i| O(_%/”.
LX) n n

s

Hence we conclude that

Keg| > 1
H Zgzoom)/[ noon

VA = S
=1 g ] = ]

Equality holds for the power stretching f(x) = F(|x]) ﬁ = R.R¥|x|* 1x.

LA

Case of conformal expansion o > 1. By Proposition 7.2 we have a point-wise

inequality
2n—2¢ Py
|K:€g(x)’ > A’Kog(x) n=D 4 B

with constant coefficients

and B =a /",

Therefore, by the right hand inequality in (7.19) it follows that

2?726 ) )
VA B> = = 4 Za? a7,
&l ooy - [ non }

2n—=2¢

ol 4
H t8 7oy

Hence, as before, we conclude with the desired inequality.

N PR -] R’
ZL>X(A) n n

) o= /)
=1t = | rcer
[ " nnF} nr of

s

ZoA)
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Again equality holds for the power stretching

F(x) = F(x|) |i—| = Ry R|x|*'x.

We refer to [30, Theorem 5.2] for construction of other extremal maps. The case
o = 1 is obvious.

8. Proof of Theorem 1.9

We are looking for homeomorphisms g: A 2% A* within the class .2 "1 (A, A*)
having smallest .#’7-mean distortions, p > 1. Recall the subclass Z!'1 (A, A*) C
V1A, A*) of radial stretchings.

The minimal radial map § in Theorem 1.9 will be none other than f;. Let us
reformulate Theorem 1.9 as

Theorem 8.1. Let Mod A* > Mod A and p > 1. Then for every homeomorphism
g€ jfl’l(A, A*), we have

/A[Keg]p >A[Kzfx]p- 8.1)

Equality holds if and only if ¢ = f, (modulo rotation). In case p = 1, such
conclusions remain valid if and only if

Mod A* < Mod A* (see (5.24) for the definition of A%, ) (8.2)

max max/ *

Proof. By virtue of Proposition 5.5 our assumption Mod A* > Mod A amounts to
saying that

F
nr(x) = % >1 forall x € A. (8.3)

As in the case of conformal contraction, we consider a weight function

) L1237
_ R
0= wlls]) = K fir) = L7 _] : 8.4)
[T)F] n—{
It suffices to show the following weighted %! -inequality.
Lemma 8.2. For every g € 7 "1 (A, A*) we have,
| Kesatsnas > [ Ko i (85)

Equality holds if and only if g = f, (modulo rotation).
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Indeed, (8.5) implies (8.1) via Holder’s inequality:

Alﬁefxlp=AwKzfx <wa/Ceg < (/Aucem)%l (/AlnggW)I]_).

This is the same as (8.1).

Proof of Lemma 8.2. We make use of inequality (7.6) in Proposition 7.2. There we
put M = Dg(x), N = 5,%5; and © = np(|x|). According to Remark 7.3 the
condition (7.5) is satisfied for nz(|x|) = 1. This makes it legitimate to write the
following lower bound of K;g:

Keg > AlKogl7T + B (8.6)

where 5

LTLp2 L _ L3t (2

A= A(le) _n [nnF + n ]n (nF ) (87)

[nF]n—t

and
[En2 41— g]zzf%fe

B=B(x|) = 2L -z : (8.8)

[nF]n—?

Equality holds in (8.6) if and only if the singular values of Dg(x) are a scalar
multiple of
E(x]) F(lx])

g oo ey

{1,...,1,1}%: ,F(|x|)}. (8.9)

|x| |x|

It is at this point of arguments that we appeal to the variational equation (5.20), to
obtain the following identity

U —
T L ) U )

w(lxA(x]) = #=* 0 =QMmr)=— (8.10)
(1t ]
where this time A > 0. Multiplying (8.6) by the weight w yields
1
w(lx]) Kegx) = IKog () [I"=T + e (x]) B(lx]). (8.11)

ol
In order to arrive at free-Lagrangians we need to estimate the expression

[ DglT
1

n—1
Jg

1
IKogll"T =
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linearly in terms of || Dg|| and the Jacobian determinant J,. Before proceeding let
us introduce a function

1
C=CUg®) = ——. (8.12)
lg(x)]
We apply Young’s inequality in the following way
IDgll “lpn—1q 1k
IDgll = ol LI AV A
[|x|"—IC"—1Jg]"
—1 |Dgl™T 1
< n | g| . + _|x|nflcn71‘]g.
e
Hence
1 n
IKogll»=T = IxICI1Dgll — lx|"C" J,. (8.13)
n—1 n—1

It should be noted that equality holds in (8.13) if and only if | Dg(x)| =
C" 1 (x)|x|"~1Jg(x). This is the case when g = f = F(lx]) 5. Indeed we have,

C ) x| g () = F(lx]) = DA - (8.14)
Now substituting (8.13) into (8.11) we obtain
AC"
o(IXDKeg(x) > ———— | Dg(x)|| — Jo(x) + o (IXxDB(Ix]). (8.15)
n—1|x|" n—1

The last step toward free-Lagrangians is to use the point-wise inequality

IDgll = 1gn] = Igln (8.16)
where |g|y stands for the radial derivative (the derivative in the direction of |§—|).
This latter inequality turns into equality again for g = f5, = F (|x|)|§—|; because

F(|x]), being the largest singular value of Df(x), equals the operator norm of
Df (x). We are now in a position to integrate free-Lagrangians

A d
fw(lxl)lczg(x)dx > —”/ C(Igl) Iglv—s
A n—1Ja lx|"

)\' n
- [ v
+wa(|x|) B(lx[) dx
o 2. (8.17)
> on1 | Cls)ds by (3.11)
n—1 .
A
_ / C (vl dy by (3.4)
n —1 A*

+wa(|x|) B(IXI)dxZ/Aw(IXI)/CZfA(X)dx.

Indeed, when g = f; all the inequalities above become equalities.
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Uniqueness. Reversing the steps above, we can see that (8.17) holds as equality
only when g is a rotation of f;. First, the following conditions on g must be satis-
fied.

(i) Singular values of Dg(x) must by a multiple of {Fl()‘jl‘”, L, HED F(|x|)},
in view of (8.9);
n—1
(i) 1DgColl = B in view of (8.12) and (8.14);

(i) [Dg(x)|| = [gn (x)| = [g(x)|n, inview of (8.16).

We start with an observation that the condition |gy| = |g|y alone implies that
g(x) = |g(X)| E (x/|x]) where E:S" ! - §" !

Indeed, we always have |g| |g|v = (g]gn) < Ig]|gn], so the equality [gn| = [g|n
is possible only when |g| gy = |gn| g. Then we find that

(i) _ lslen — glglv _
181/ n gl

Hence I%I is a function in ‘i—‘, say equal to E (x/|x]).

Proceeding further, let 0 < A;(x) < ... < Ap—1(x) < Ay(x) = || Dg(x)] be
the singular values of Dg(x). The first (n — 1) singular values must be equal, say

M) =...=A—1(x) def A(x),and by (i) A, = (%)n—lknﬂkn. Honce
O<Aix)=...=2_1(x) = A(x) = |g|ix|)|

Again in view of (i) combined with (iii), we see that

x| F(|x]) _ ) g™y
F(|x]) A(x) lgCo)l

Therefore, for w € S"! fixed, we arrived at the differential equation
Slgto)l  F@)
lg(tw)| F(1)

At the endpoint t = R both functions |g(¢ )| and F(¢) assume the same value R,.
It then follows that |g(x)| = F(]x|) and hence,

in the interval r <t < R. (8.18)

g(x) =F(xDE(x/|x|) forall x € A.

In other words g is a spherical sliding. Finally, we appeal to Lemma 6.2 to deduce
that E : S"~! — §"~!is a rotation. The proof of Lemma 8.2 is complete. O

This also ends the proof of Theorem §.1. O
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9. Proof of Theorem 1.15

By Theorems 5.10, 5.11 and Remark 5.12 there always exists (unique) stationary
solution f5: A &% A*, A < 0, which among all radial stretchings f: A &% A*
assumes the smallest .ZP-mean Ky-distortion, p > 1. We have nr(Jx]) < 1in A.
The question arises whether f; is the absolute minimizer; that is,

/ KPf = inf / KP f. 9.1)
A fe P (A A*) JA

This is not always the case. We have already constructed (Theorem 6.1) counterex-
amples to (9.1) for some pair of annuli if the exponents p are too small; precisely,
if

def n(n + 1)°

ISp<pmE=—F— -1 n>3.

Let us observe that

(n—1D(n—0) g
=

In what follows the exponent p, will be critical to our arguments. Then the results
for p, will easily be extended to hold for all p > p,. However, the condition
p = po alone is still not sufficient for (9.1) to hold for every pair of annuli in
dimensions n > 4. We must impose in addition to p > p, a lower bound on
Mod A*; namely,

pe(n) = Po = po(t, n). 9.2)

'(Mod A) < Mod A* < Mod A (' =0forn =2,3). 9.3)

Here I' = I'gp,p: [0,00) — [0, 00) will be a function continuously increasing
from 0 to oco. It grows to oo sublinearly; exactly, I'(M) < M forall0 < M < occ.

9.1. Definition of T'

The idea behind the construction of I' is to ensure that under Condition (9.3) the

elasticity function 7 (|x|) of the stationary solution f; : A =% A* for the £P-mean
distortion satisfies

(1)
ol

12
<1 + — 77%) (1 —n%) <1 everywherein A. 94)

Be aware that the exponent p is implicitly involved in this inequality through the
elasticity function ng. The reader may verify that Inequality (9.4) holds for all
0 < nF < 1 in dimensions n = 2, 3. That is why I' = 0 in dimensions n = 2, 3.
For n > 4, we examine the function:

nn—1)
20 -1

V4
Px) = @ga(x) = (1 + 7 x2> (1—x? for0 <x <1
n—




64 TADEUSZ IWANIEC AND JANI ONNINEN

and its derivative

gl)/(x) — mx (1 + ¢ X2>
n—=~¢

nn—1)
20 -2

|:n—3_x2:|.
n—1

n—=~=

See the graph of ¢ (Figure 9.1) below

0
Figure 9.1. Graph of ¢.

We have unique solution of the equation

pk)=1 for O <k =kpp <1

AN , 9.5)
1+ K (I -« =1.
n—4¢

Now condition (9.4) is satisfied whenever

kne <nr(x]) <1 forall x € A. (9.6)

Here are two explicit numerical values of «,

2 V5-1 n—3
R

K43 = — K4 = It always holds that Knt >

3 n—1"

We invoke the function Q = Q¢ p = PZn p in (5.12) to produce the lower bound
at (9.3). Keep in mind that Q(x) < O.
Definition 9.1. The function I" is defined by the rule

{F =0 forn=2,3and 9.7

F(M) =T¢ (M) = fOM d [Q(K)e””] ds < M forn > 4.
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The latter inequality holds because ®(7) < 1 for t < 0. Obviously I' is increasing
from O to o0 , and we have kM < I'(M) < M, where 1 > k > ,/%. This is
straightforward from k = ®(Q(x)) < ®(Q(k)e ™).

Lemma 9.2. Condition (9.3) yields (9.4).

onto

Proof. Let A < 0 be the parameter for which f;: A = A* is the stationary
solution. Integration by substitution shows that

R A\ ds log 7
f P (—) <= Mod A* > T'(Mod A) = / D (Q(k)e ™) ds
r 0

sl’l
R n\ d
=/ ¢(Q<K>" )_S.
- s s
Since & is increasing the parameter A must satisfy A > Q («)r". Finally, we invoke
)

the formula ng(t) = @ (ﬁ) which shows that nf is increasing because A < 0.
Therefore,

A
nE(t) > np(r) = @ (7) > ®(Q(k)) =«

as desired. D

We now proceed to the proof of Theorem 1.15, which reads as:

Theorem 9.3. Suppose we are given an exponent

i (R -0

P 2 Po= — 9.8)
and a pair of annuli A and A* such that
I'(Mod A) < Mod A* < Mod A 9.9)

where I' =Ty, , is defined by (9.7). Then for every f € LP(A, A*) we have

/Kff >/Kfﬁ: inf /icg’g. (9.10)
A A ge P (A AY) JA

Equality occurs iff f = f,., modulo rotation.

Remark 9.4. Condition (9.9) always holds in dimensions n = 2, 3.

Proof of Theorem 9.3. The case p = p, will be crucial in the proof. We will be
reduced to this case via weighted inequality. The weight function is given by

n(p—po)

£.2 _ £12m-0
[n U +1 n]
Up—po)

n—L{

NF

w=o(x]) = (K )" P = 9.11)
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where np = np(t) = - 15((:’)) stands for the elasticity function of the stationary so-

lution f (note it depends on p). Theorem 9.3 is a concequence of the following
weighted inequality:

Proposition 9.5. For every g € 7 """ 1(A, A*) we have

/A(’Cep"g) / (KP° ) . 9.12)

Equality holds if and only if g = f) (modulo rotation).

Before proceeding to the proof of this proposition let us show how does it imply

Theorem 9.3. We have,
Do
p
/’Cgf/\ Z/w/CfOfx < / wK}°g < </ /Cffx) (/ K?S’)
A A A A A
/ ICffA < / ICfg forevery ge 1A, A
A A

P—DPo

which is the same as

as desired.

Proof of Proposition 9.5. Let f, = F(|x|) |§—| be the stationary solution for the .£7-
mean distortion. We make use of lower bound (7.2) in Proposition 7.1 with M =
Dg(x), 7 = nr(|x]) and N = 2271 Accordingly,

Ki°g > A lKgll + B (9.13)
where
¢ TN 2 N-l 5
A=Alxh = (1=—) |1 -~ 4 (1—n%) (9.14)
and
— — ¢ ¢ 2 N 3—n _ I’l(l’l - 1)
B=B(x]) = [1—;+;np} ny N=—— (9.15)

The above lower bound is legitimate because of condition (9.4). Equality occurs
in (9.13)if and only if the singular values of Dg are scalar multiple of {1,...,1,nfr}~

{ F(lxl), ey M, F(lxl)}. Here F(lxl) is the smallest singular value of Df and

x| x|
F n—1
IDE £ = ( ('x')) , ©.16)

therefore
|x]
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whereas 1
F(xD\"™
Jp(x) = < ] F(|x]). 9.17)
Next we estimate from below the inner distortion of g by using Young’s inequality
Dg|"
K;g = ”Jnf']” >nC" Dl — (n—1)C"J,. (9.18)
8

This holds for all C > 0; equality occurs if and only if C = %. We shall take

___Fx)
lg(O)IF (Jx])
Thus (9.13) takes the form
(F)"! (F)"
Keg)o >2nA—————|Dgll —-(n — 1) A———J, + B. 9.19
(Keg)"™ > n Arm e ID*gl = (n = D A Do 9.19)

. . _ . . _ s HDﬁf I
Equality holds if g = f;.. Indeed, in this case we have C = 1/F = T* For a
general mapping g € 22 ""~1(A, A*) it must be required that

ID%ll _  F(xD)
Jg lg(x)| F(lx])

We are going to multiply (9.19) by the weight function @ = w(|x|) defined at
(9.11). Before proceeding let us simplify the product of w and the A coefficient. It
is at this point of arguments (and only at this point) that we appeal to the variational
equation (5.20). Formulas (9.11) and (9.14) yield.

(9.20)

(-9h-Lt+tp]™  a-nd)
1472
Ng

_l—n 0(15) - E—n')\.<F(|x|)>n
=g 20 = F(lx])

w(IxDA(x]) =

We indicate that %)n - A > 0 to arrive at the following lower bound:

n(€—mi F(x|) D%l (n—D)(€—m1 Jg
tp  F(x]) [gI"! tpn g1

The last step toward the establishment of free-Lagrangians is to use (3.21); namely,

+o(IxDB(|x]). (9.21)

w(Keg)Po>

ID*gll > gs lgl"™ (9.22)
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Here again equality holds for the stationary solution g = f). We substitute (9.22)
into (9.21) and integrate free Lagrangians. Using (3.20) and (3.4) we conclude with
the desired sharp lower bound.

n(z—n)wn_IA/R F(t) i

Lp F(@)
_ (n—l)(@—n)k/ dy
tpn A | y|"

Awwnmw@ﬂ“mz

+Amwmwm
=Amwmmmwm.

The latter is justified because all the inequalities above turn into equalities when
g = fi
Uniqueness. The proof proceeds along the same lines as the proof of uniqueness in

Lemma 8.2, for Theorem 8.1 . It maybe worth pointing out some nuances though.
First, to reach equalities the following conditions on g must be imposed.

(i) Singular values of Dg(x) must be a multiple of {M BACON F(|x|)};

x|~ EY
oy Lgl D%l F(xD vl .
(i) T T F(a Dnview of (9.20);

(iii) ||D%g|l = gs|g|”~", in view of (9.22).

We start with an observation that the equality | D*g|| = gs |g|" ! alone implies
g(x) = |g(X)|E (x/|x])  where E:S" ! §'1

Indeed, we have

gs gl &L <i
x|

wmg%ﬁm¢a<ww.

For equality to occur it is necessary that [ D¥ g]lg—'| = || D¥g|| |§—| We apply the linear

differential map Dg to both sides of this equation, use the identities [Dg] [D*g] =
JoI'and [Dg]ljcc—| = gn, to infer that

Jg(x)
lg(xX)| - [IDPg(x)]
Hence, in particular, |g|y = (l% |gn) = o |g] = Ign|. This yields

(i) _ lglen —glgly _
g1/ n g1

gn(x) =ag(x)  where o =0a(x) =
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X
x| *

Thus é—l et E(x/|x|) is a function in as expected. Also note, by (ii), that

o = iﬂi B On the other hand o = %. We just arrived at the same differential
equation (8.18) from the proof of uniqueness in Lemma 8.2. It then follows, by
the same reasoning, that |g(x)| = F(|x|) and that g(x) = F(|x|)E(x/|x]) is a
spherical sliding. Again by Lemma 6.2 we conclude that E : "' — §"lisa

rotation, completing the proof of Proposition 9.5. O

This also completes the proof of Theorem 9.3. O

9.2. Proof of Theorem 1.8

The case p > 1 is immediately from Theorem 1.9, proven in Section 8. Also the
case p = 1 is covered by Theorem 1.9 if Mod A* < Mod A* . It remains to

max
consider that case p = 1 and Mod A* > Mod A? . In this case we observe:

9.3. Squeezing phenomenon for absolute minimizers

This occurs only in the expansion case ModA < ModA* with p = 1. Let us take
a quick look at critical case A* = A and f(x) = fmax(x) & (|x|)|§—‘. The
elasticity quotient blows up to infinity as we approach the inner boundary of A.
Precisely,

Ccr" 0\ 7
77F(x)=<1>< >—>oo as |x| \(r where C=(—> )

|x[" n

In particular,
Ko fmax(x) = Cnp(x) + O(1) —> 00 as x| \(r

It is counterintuitive that the derivative F (Jx|) of the strain function of a radially
minimal map blows up when |x| N\ 7.
In the proof of Theorem 5.13 we have constructed a minimizing sequence f; :

A &% A* D A*  of radial stretchings fikx) =F j(|)c|)|§—| which converge to

max
Fmax 1 A &> A
The normal strain functions F; : [r, R] 2 [ry, Ryl convergeto F : [r, R] e,
[r;, Ry] uniformly on closed subintervals of (r, R]. Recall that r; stands for the
inner radius of the maximal annulus A} . . Approaching the left endpoint with
rj N\ r we obtain F;(r;) = F(rj) — rj > ry. A quick look at the left part of
Figure 9.2 helps to visualize this incident.

Let us introduce a notation for the missing annulus

AT ELA\AY = (i < |y < 1T (9.23)

max

Precise statement, which generalizes Theorem 5.13, is the following:
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Figure 9.2. The convex functions Py .

xx < Mod A*. The class "' (A, A*) does not con-
tain a mapping with smallest £ -norm of KC,-distortion; the infimum is given by,

Theorem 9.6. Let Mod A*

inf /Ing = / K¢ finax + @n—1 Amax Mod A*. (9.24)
g V1 (AAY) JA A

Proof. Given any g : A 2% A* of class 22 "!(A, A*), we shall measure the
integral mean of Xy g against that of ¢ fiax for fmax = F (|x|)‘i—‘ AT AY G
A*. For this purpose we again appeal to the point-wise inequality (8.15). Here we
takew = 1, A = Amax and C = 1/|g(x)|. The coefficient B(|x|) is given in (9.15).
We then replace, as we may, the operator norm || Dg || by the normal derivative of

gl
nAmax  1g(X)In Amax Jg(x)

n—1xPNg@l 0 —1gP"
The following necessary conditions for having equality in (9.25) (almost every-
where in A) will be useful.

Kegx) = + B(lx]). (9.25)

(i) Singular values of Dg(x) must by a multiple of {F(‘)IC‘), ey F‘(lxl), F(lxl)},

x x|
with F(|x|) > %, see (8.9);
X" ()

(i) 1Dg(0)l| = Byt see (8.14);
(i) [1Dg(x) Il = g(xX)|n-
On the other hand Inequality (9.25) applied to g = fimax holds as equality,

nhmas  FOXD dmax e )
n—11x""TF(x)  n— 1] fmax ()"

Ke fmax(x) = + B(x). (9.26)
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We now integrate the difference Kyg — K¢ fmax by using free-Lagranians in (3.11)
and (3.4) to conclude that

‘/mmmM—/Kmmamx
A A

ni R« g A d
=+ = Wp—1 / — - == / Y ( = Amax®n—1Mod A*)
n—1 re S n—1Ja |y|"

ni Reds 2 d
_ |: max o1 / ds  Amax / Y :| (E —)\mann—lMOdAIﬁlaX)
g A

n—1 s n—1/Ja |y

= Amax @p—1Mod A",

as claimed.
For the nonexistence statement in Theorem 9.6 suppose that, on the contrary,

the infimum in (9.24) is attained at some g € 7 LTCA, A*). This forces the

conditions itemized above to hold almost everywhere. Let 0 < Aj(x) < ... <
An—1(x) < Ay(x) = || Dg(x)|l denote the singular values of Dg(x). In view of item
(i) the first (n — 1) singular values are the same, say A;(x) = ... = A,_1(x) &t
n—1
A(x). Then, by item (ii) A, = (I;—I) A"~1y, . Hence
|g(x)]
0< )\.I(X) =...= )\.n_l(X) = )\.(X) = W

Now, combining (i) and (iii) yields

K F(xD) 2@ Ixl lg@ln

F(xh — A — lgW)]
We look at this identity as an ordinary differential equation for |g(x)| together with
the “initial” boundary condition |g(x)| = R, = F(|x]|) at the outer circle |x| =

R, like that in (8.18). This yields |g(x)| = F(|x|) for all x € A. In particular,
|g(x)| = F(]x]) = ry at the inner circle |x| = r, which is a clear contradiction of
the inclusion A* D A¥ .. The proof of Theorem 9.6 is complete. O

max

10. Energy integral for inverse mappings

Another explanation of the squeezing phenomenon and its significance for under-
standing traction-free problems can be enhanced by looking at the energy-integrals
for the inverse mappings.

REL L AT A h=h(y) y= F(x).

In the proof of Theorem 5.13, the minimizing sequence of homeomorphisms f; :
A =5 A* suggests investigating the inverse mappings h; = f j_l DAY IS OA.
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These are radial stretchings 4 ;(y) = H{,~(|y|)|§—| , Hj = Fj_l re, Rel = [r, R].
The advantage lies in the fact that this time the mappings / ; and their deformation
gradients Dh; converge uniformly on [ry, R.]. However, the limit map &, is no
longer injective, we have

ry/lyl in A*\A* = A* (Squeezing (but not folding) type>
(10.1)

max of an interpenetration of matter

ho(y):

-1
max

*

(y) (elastic, reversible, deformation in A% ).

See Figure 9.2.
We have, from Formula (2.22), and the change of variables for diffeomor-

phisms f : A % A*

__np n—¢ p_
-2t D: "h(y) |**
/[lsz(x)]” dx = (”) / Mdy gl (102)
V4 * p—l
A By )
where A stands for the inverse of f.

Now the energy integral &),[h] can reasonably be extended to noninjective
mappings. We should allow for squeezing of matter, but not for folding. Thus

we adopt the weak limits 2 : A* 2 A of Sobolev homeomorphisms [33]. In
dimension n = 2 these are none other than monotone Sobolev mappings [32].
Next, we demonstrate this precisely when n = 2.

10.1. Planar case
10.1.1. p=1

First, we recall the following existence result for traction free minimizers.
Definition 10.1. Let X, Y C C be Lipschitz domains.

e Let.#"? (Y, X) denote the class of orientation preserving monotone mappings
h: Y 2% X of finite Dirichlet energy;

e Let 5712 (Y, X) denote the class of orientation preserving homeomorphisms
h: Y ™% X of finite Dirichlet energy.

Now there always exists h, € .42 (Y, X) with smallest Dirichlet energy, see [32].
Furthermore, the energy of /., equals exactly the infimum of the energy among all
#'12-homeomorphisms:

/ |Dhy(y)|*dy= min__ / |Dh(y)|*dy
Y he#V2(Y,X)JY
(10.3)

=  inf /|Dh( YP2dy= inf /|Dh( )2
hes 1 2(Y,X)JY Y Y heDiff(Y,X) Jy Y Y

where Diff(Y, X) stands for the class of €’ -diffeomorphisms from Y onto X.
Returning to the limit map 4, in (10.1).
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Theorem 10.2 ([5,30]). Let A and A* be planar annuli and Mod A < Mod A*.
Then,

inf / |Dh(y)|* dy = / |Dho(y)|* dy. (10.4)
he# V2(A*, A) JA* A*

Proof. By (10.3) we have
min__/ Dh()Pdy = inf / DR()Pdy,
he " 2(A* R) J A* hes# V2 (A% A) J A*

and

inf Dh(y)|?dy = inf Dh(y)|*dy.

By (10.2),with{ =1andn =2

inf Dh(y)|*?dy =2 inf K dx.
it /A DhGIPdy =2 inf /A L)

Combining these with Theorem 9.6 we have

min / |Dh(y)|*dy =2/ IC1 fimax + 47 Amax Mod A*.
* A

he V2 (A% A)
On the other hand,
/ |Dho<y)|2dy=/ |Dho|2+/ |Dho.
A* A% A*
Here
2
2 r - *
|IDho(Y)|" = —5 A
|y
and

f |Dho|2=2/Alclfmax, by (10.2).

max

Hence (10.4) follows. O
10.12. p> 1

onto

Fix I < p < oco. Let A and A* be planar annuli and f : A = A* be the extremal
£P-Teichmiiller map; that is, absolute minimizer for the inverse problem, that is,

f[lClg]p >/[lclﬂp forevery ge V1A, A"). (10.5)
A A

onto

Recall that f: A = A* is a ¥°°-diffeomorphism. We denote the inverse of { by
h: A* 2% A. Note that h € 7 "2(A*, A). We aim to prove the following result.
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Theorem 10.3. For every h € 77 1’2(A*, A) it holds that

Dh(y)|*? Dh(y)[*?
&Eplh] = / |P_(—f)|dy > / %dy = &plh]. (10.6)
A () A Jg ()

Proof. Inequality (10.6) is a straightforward consequence of Theorems 1.9 and 1.15
when h € 2 2(A, A*) N Diff(A, A*). Indeed under this assumption we may use
the change of variables at (10.2) with f = A~': A &% A* to obtain

&plh] =2”/A|/C1f(X)|pdx > /Alfclf(X)I”dx = &plbl.

For a general homeomorphism i € 57 L2Ax, A) we consider the weighted Dirich-
let integral

/A DR [KT ()] dy

where we note K1f € G(A). According y to [26,27] the class 7 L2ZA* A) N
Diff(A*, A) is dense in #-2(A*, A) N G(A*). We have

. 2 p=l
e By o PR GO

= oint [ IDRP T ()] .

heDiff(A*, A)

It is legitimate to change variables to obtain

heDi%fIfl(ljm*,A) /A* DAy [,le(h(y))]p_l dy
- 2feDiifIfl(fA,A*) " Kif) [’le(x)]p_l dx
= 2A* Ile(x) [K]f(x)]p_l dx
=2 [ [Kif())" ax.

This latter inequality follows from Lemma 8.2 when Mod A < Mod A* and from
Proposition 9.5 (p, = 1) when Mod A* < Mod A. To obtain

/ DRI [KiF ()] dy>2/ KPfyde  forall hes## M2 (A% A).
A* A
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Now, by Holder’s inequality,

2 \7
| 1DhP )] ay< (A DR dx)

—1
I (x)

p—1

x ( fA ST (m) Jh(y)dy>
p—1

2 ’ =
= /de ,,</ /C{’f(x)dx) .
A JPT(x) A

Hence
Dh(x)[?P
/ ﬂdx >2P/ 7§ (x) dx
A JPT(x0) A
|Dh()I*
= f dy.
A JET)
The last identity follows by changing variables formula (10.2). O

11. Weighted Dirichlet energy

The usefulness of free Lagrangians, their power and beauty can further be illustrated
in the solution of existence of Dirichlet energy-minimal mappings.

11.1. Dirichlet energy for noneuclidean metrics

Let X ¢ R" and Y C R” be domains furnished with Riemannian metric tensors

n

n
gx =Y Xij()dx' @dx/ and gy = Y Yep(y)dy @ dy’.
ij=1 o =1

This means that X = [X;;]; j=1

: nxn
in the space R/

continuous mappings & = (h', ..., h"): X — Y of Sobolev class V/Iééz(X, Y).
The energy density (stored energy function) is defined

_____ nand Y = [Yyglap=1,...n are functions valued
of symmetric positive definite n x n-matrices'. We consider

.....

1

I general X and Y may only be measurable functions.
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That is,
1
En(x) = 3 Trace {X(x)[D*h(x) Y(h(x)) Dh(x)]}

where Dh € R"*" stands for the differential matrix (deformation gradient), Dh =

a=l...n
[%}f ] | and D*h is its transpose. The stored energy function can be expressed
tli=l..n

in terms of the entries of those matrices as follows
1 j B
Ehz— Z XijhaYaﬂh,‘~
1<ijapsn
The Dirichlet energy of & is the integral of E; over X with respect to the volume

element
dx = dx(x) = /det X(x) dx.
We denote the energy by

1
ZOEE /X Ep(x)dse(x)

= %/ Trace {X(X)[D*h(x)Y(h(x)) Dh(x)} - J/detX(x) dx.
X

Let us make the following definition.
Definition 11.1. A map # € €(X,Y) N #*(X,Y) is said to be harmonic with

loc
respect to the metrics gx and gy if it satisfies the Euler-Lagrange equation for Zx.

11.1.1. Isotropic structures

Suppose X and Y are made of isotropic materials; that is,
X=34@I and  Y=2a3OI

where Ax: X — Ry and Ay: Y — R,.. The Dirichlet energy is given by
_ l 2 _ A 2+4n 2
Dx[h] = 5 |Dh(x)|70 (x, h) dx where o (x,h) = A5 " (X)AG(h).
X

We shall confine ourselves to a specific situation in which X and Y are planar annuli,
Ax(x) = A(]x]) and Ay = 1.

11.2. A-Harmonics

Let A = A(r, R) and A* = A(ry, R,) be circular annuli in R2. We consider the
weighted Dirichlet energy

1
Elh] = — / IDh(2)*A(lzDdz 0 <m < A(z])) < M < o0
2 A



MAPPINGS OF SMALLEST MEAN DISTORTION 77

subject to the class 7 2(A, A*) c #12(A, R?) of orientation preserving home-

onto

omorphisms 4: A = A* which preserve the order of the boundary circles. It is
unrealistic to expect that the minimizer will always exist in this class. In fact, pass-
ing to the weak #/12-limit of the energy-minimizing sequence of homeomorphisms

we usually loose injectivity. Let %2(1%, A*) denote the closure of JZ2(A, A*)
in the norm topology of #1-2(A, R?). It should be noted that %Z(A, A*) coin-
cides with the class of #!2-weak limits of homeomorphisms (actually diffeomor-
phisms) in 7 2(A, A*), see [33] and [26]. The radial stretchings h(z) = H (Izl)é—|
with H € #'2(r, R) and H(r) > 0 for almost every t € (r, R) are examples
of mappings in %Z(A, A*). Since #2(r, R) C ¥€lr, R] the radial mappings
h(z) = H(Izl)é—| of class %Z(A, A*) are continuous, H () = ry, and H(R) = R,.
It is straightforward that:

—2
Proposition 11.2. Within the class 7 (A, A*) there always exists a mapping
h: A 2% A* of smallest energy.

The question we are concerned with is whether or not h is a homeomorphism. The
answer is known in case when A = const., see Theorem 10.2. But in general this is
a highly nontrivial question.

In this section we are concerned with the variational integral

R
ERIH] = / [sz(z) + t‘le(t)] () dr (11.1)
r
where H = H(t) belongs to #"2(r, R) C 4[r, R] and the weight A = A(¢) is a
measurable function such that
O<m<A) M < for almostevery 0 <r <t < R<oo. (11.2)

This integral represents the energy

1
Elhl = — f |DR@)I*(1z2]) dz (11.3)
T Jr<lzI<R

of a radial mapping h(z) = H(|z|) 57~ The Lagrange-Euler equation for (11.1) takes
the form
A1)

dit [tk(t)H(t)] = T’H(t) almost everywhere in (a, b) . (11.4)

Here the differential operator % . L%(a,b) — PD(a,b) is understood in the sense
of Schwartz distribution; that is,

R o R
/ tAOH@HO@) dt = —/ T'H(t)@(t)dt (11.5)
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for every test function ® € 7/01,2(,,’ R). Minimizing the energy functional (11.1),
subject to the given boundary data

HF)=r.eR
H(R) = Ry € R,

results in the unique solution of (11.4). Every solution of (11.4) will be called a
A-harmonic function. It is readily seen from (11.4) that every A-harmonic function
‘H = H(¢) is Lipschitz continuous on [r, R]. Furthermore, in case of zero boundary
data, H(r) = H(R) = 0, we have H = 0. However, if H(r) = H(R) = c # 0
then the constant function is not a solution. To every given A-harmonic function
‘H = H(¢) there is associated a function

A E aoHe) r<:t<R.

Although the product A(r) = tA(t)H(t) is Lipschitz continuous the function H(r) €
Z°(r, R) alone fails to be continuous at the points of discontinuity of A, except
for the points 7, € [r, R] where A(t,) = 0. We have the following precise Lipschitz
estimate by means of the supremum norm of || H||oc = [ H .2 R)-

Lemma 11.3. Define the Lipschitz norm by the rule

def A1) — A(t)|
IAllLip = sup JA®)|+ sup — T (11.6)
r<t<R r<n#n<R |t — 1]

Each term in the above formula can be estimated as follows.

R r
sup |A()| <M (— + —) H oo (11.7)
r<t<R r R—r
and A — A _ M
1) — 15
——————— < —[[Hllco- (11.8)
r<n#n<R [t — 12| r
Hence,
. M (R 1
Hlloo < — (—2 + —) H |l 0o (11.9)
m \r R—r

Proof. Forr < t; <t < R we write:

2 A()H(t) dt
—

15
A(t) — A) = / ’ A@)de = /
N 1

Hence A A M
M < = Hlo- (11.10)
|t — 12| r
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To deal with the supremum norm of .4 we note that forr < v < R:
R
= ][ [A(z) — A@®)]dt
f

M R
< 7||H||oo~][ o — 1] dr (11.11)
r

R
‘A(r) —][ A(t) dt

1M
= E_(R_r)”H”oo-
-

Hereafter the notation f stands for the integral average f We divide the
above inequality by tA(7) and compute average over the 1nterval [, R]. For this
we denote by A = &t er %,
R A(r) da R AM
- A dr| < —=— (R — 1) Hllco-
| oS- af Anal < S R-ni
Since
RA@ydr|  TH(R) — H() 2
= < H oo
» TA(T) R—r R—r
we see that

][ A(r)dr| < ) ———— Hlle + r(R_r)”H”oo-

We now return to (11.11) to estimate A(t),

1M 2 M
[A(T)] < 5—(R - IH]l + m“H”oo + E(R —NIMHlo

= M( + —) Il oo-

The latter holds because A = £% rf(fr) > o

The estimate (11.9) is straightforward. Indeed, we have

[H()| = D) - < " (7 + ﬁ) 1 H |l co-
It also yields At
o A®
Hlloo = |l " )”oo < ||~A||oo 0

We have seen that if a A-harmonic function H = H(¢) vanishes at two distinct
points, say H(t;) = H(t) = 0, then H(t) = O forall 1; < ¢t < fp. In fact, a
stronger result holds.
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Lemma 114. If a A-harmonic function H = H(t) vanishes at two points then
H@) =0forallr <t <R.

Proof. Let [a, b] C [r, R] denote the largest subinterval on which H = 0. Suppose
that, contrary to our claim, [a,b] & [r,R],sayr < a < b < R. The case
r < a < b < R is similar. Restrict A to an interval [a, b+ ¢] C [r, R], where ¢ > 0
is sufficiently small. We have: H(t) =0 fora < ¢t < bwhileforb <t < b+¢
we appeal to inequality (11.9) to infer that

|H<r)|=‘ i H(r)de| < el Hllg~@pie)

M (b+e 1

<e&e— 00

<o ( - +b+8_a) IH 2 (@.bte)

< M (R 1

< 8; ) + h—a IHIl 2% a,b1¢)-
Hence |

M (R
0< ||H||$°0(a,b+s) < 8; (}3 + m) ||H||.$°°(a,b+a)

which is impossible for small ¢. O

Corollary 11.5 (Strong Unique Continuation). Two graphs of two different -
harmonics cannot intersect at two points.

Lemma 11.6 (Minimum Energy Property). Let H be A-harmonic. Then for ev-
ery subinterval [a, b] C [r, R] we have

EPIHI < EP1H) (11.12)

whenever H € W'-2(r, R) coincides with H at the endpoints a, b. Equality occurs
in (11.12) if and only if H = 'H on [a, b].

Proof.

b b g2 _ 142
Ef[H]—Sf[H]:/ t(Hz—Hz)Adt+/ %Adt

b o b
>2/ t(H—H)H)»dt-i—Z/ HtiHH)\dt

b b
.. A
:2/ tAH@dt+2/ TH@dtzo.
a a

The latter is immediate from equation (11.5) when tested with ® = H —'H €
#)2(a,b). O
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Lemma 11.7. If a A-harmonic function H = H(t), r < t < R, is nonnegative at
the endpoints, it is nonnegative everywhere. Actually, H is strictly positive in (r, R)
except for the case H = 0.

Proof. Suppose that, contrary to our claim, H(z,) < O for some ¢, € (r, R). Such
a point 7, is contained in an interval [r’, R'] C [r, R] such that H(r') = H(R) =
0. This yields H(z) = 0 on [r/, R’] and, in particular, H(¢,) = 0 which is a
contradiction.

Assume, again to get a contradiction, that H(z,) = O at some point #,(r, R)
while H # 0. At least one of the boundary values H(r) or H(R) is positive, say
‘H(r) > 0. Consider a A-harmonic curve H, = H,(¢) determined by the boundary
values Ho(r) = 0 and Ho(R) = H(R) = 0. We have just shown that H,(¢) = 0
in [r, R]. The A-harmonic function H — H, is nonnegative at the end-points, so
H(t) — Ho(t) = 0 everywhere in [r, R]. We see that 0 < H.(t) < H(z). Since
‘H(t,) = 0 it follows that H — H,, vanishes at two different points, namely at #, and
R. Therefore, by Corollary 11.5,’H—"H, = O in [r, R]. This is a clear contradiction
of the fact that H(r) — Ho(r) > 0. O

Lemma 11.8 (Maximum Principle). Let H = H(t) # 0, r < t < R, be A-
harmonic and nonnegative at the end-points. Then

0 < H(@#) <max{H(r), H(R)} forall t € (r,R).

Proof. Suppose that, on the contrary, { assumes its maximum at a point ¢, € (r, R);
that is,
H(to) = H() forall ¢ € [r, R].

There is a point 77 € (t,, R) for which H(z}') < H(t,), otherwise we would
‘H(t) = const. = H(t,) > 0 in [t,, R], which is impossible due to the equa-
tion (11.4). By the same reasoning, there is a point ¢t~ € (r, t,) for which H(¢) <
H(t,). Choose and fix any number s between max{H(z;"), H(z;)} and H(z,). It is
readily inferred, by Intermediate Value Theorem, that

H(t_) = s = H(ty) (11.13)

for some points r < 71— < t, < ty < R. We take the 7_ and 7 to be the closest to
to. This ensures that

s < H@®) < H) for r_ <t <t;.
Now the usual truncation trick comes into play. Let

s forr_ <t <ty

H) = ‘H(t) otherwise.

Clearly H(r) = H(r) and H(R) = H(R). Within the interval (¢_, ¢;) the energy
integrand of H is pointwise smaller than that of H, because

H(t) =s < H(t) and |[H@)| =0 < [H(1)|.

This is in contradiction with Lemma 11.6. O
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11.3. The minimum point

Lemma 11.9. Every A-harmonic function H = H(t) which is positive at the end-
points assumes its minimum value at exactly one point v, € [r, R]. Moreover, H
is strictly decreasing in [r, r,] and strictly increasing in [ro, R]. This includes the
casesro =r andr, = R.

Proof. First observe that H cannot assume its minimum value at two different
points; say at a # b. Otherwise we would have

H(t) = max{H(a), H(b)} fora <t <b

in contradiction with Lemma 11.8. To identify the minimum point we look at the
function A(¢) = tk(t)H(t) Equation 11 .4 reads as

A1) = W)Z{(t) % min H(x)>0 ae.in[r, R].

In particular, A is Lipschitz continuous and strictly increasing. In particular A(r) <
A(R). Therefore, we have three cases to consider:

Case 1: 0 < .A(r). Thus 0 < A(t) for every r < t < R, which tells us that
H(t) > 0 almost everywhere in (r, R). In this case the minimum point is r, = r,
and H is strictly increasing in [r,, R].

Case 2. A(r) < 0 < .A(R). This means there exists exactly one point r, € (r, R)
at which A(r,) = 0. We have A(r) < 0 forr < ¢ < r, and A(r) > 0 for
ro <t < R. Since mr < tA(t) < MR, these latter inequalities also apply to H(¢)
almost everywhere. It shows that H is strictly increasing in [ro, R]. Thus r, is the
minimum point of H.

Case 3. A(R) < 0. Thus A(t) < O foreveryr <t < R, so H(t) < 0 almost
everywhere in (r, R). This means that the minimum p01nt ro = R,and H is strictly
decreasing in [r, R]. ]

Remark 11.10. The property of nonnegative A-harmonics, stated in Lemma 11.9,
can be regarded as the surrogate for convexity. However, Figure 11.1 demonstrates
that positive A-harmonics need not be convex in the usual sense.

11.4. A flow of A-harmonics

We shall now consider a family of A-harmonics {H;}scr defined in [r, R] by the
rule

HS (r) =39S

HS(R) = R*

where R, > 0 is fixed. Thus H;(¢) > O forall» < ¢ < R whenever s > 0.

(11.14)
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I\l
M) =5 (t+ 1/1) — 5 (1 - 1)*

inflection line

> 1
0 r=1/2 R=3

Figure 11.1. A A-harmonic curve may have an inflection point.

Lemma 11.11. Whenever s1 < sy the following estimates hold

0 < Hy, (1) — Hg, (1) < 52 — 81 for r <t <R.

Proof. We look at the A-harmonic function H &t Hs, —Hs, # 0, which is nonneg-
ative at the endpoints. Thus H(¢) > 0 for r < ¢t < R. By the maximum principle
in Lemma 11.8 we conclude with the estimate

0 < H(t) <max{H(), H(R)} =s, —s1 for r <t <R
as desired. O
Lemma 11.12. For s sufficiently large it holds that
Hs(@) > Hg(R) =R, forall r <t <R.
Precisely, this is true whenever

M R
s>elR, T =—log>—.
m r

Recall that 0 < m < A(t) < M < o0.

Proof. Let a € [r, R] denote the minimum point of H; in [r, R]. Obviously a > r.
Our goal is to show that @ = R. Suppose, to the contrary, that r < a < R, so
A(a) = 0, by Lemma 11.9. To simplify the writing we denote H(r) = H,(¢). For
every r <t < a we can write

4 A(T)H(7) dr.

T

—zx(r)Hg):/ A'(r)dr =/
t t
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Since 'H is decreasing in [¢, a], by Lemma 11.9 we see that

4 A(t)dr
T

—tAOH(@) < H(t)/
t

Hence

THO Sm %
We integrate from r to a with respect to the variable t to obtain
H(a) » R

—1 —1 = —1 =
L7y S g og” —.

H(t) 1 R

Hence M R
log H(r) < — log? — + log H(a).
m r

We arrive at a desired contradiction,

s = Ho) < Ha)en °€ 7 < TR,.

R
<H@) - M/ d—T =H@#)M log E
. T r

O

Lemma 11.13. Given 0 < ry < Ry, there exists exactly one A-harmonic function

H=H(t) = Hs@), re <5 < 00, such that
He(r) =s

Hs(R) = R« (11.15)

minrgth Hs(r) =ry.

Proof. 1t is impossible that two different nonnegative A-harmonics cannot have the
same minimum value. Otherwise, they graphs must intersect at two different points,
one of which is t = R, contradicting Lemma 11.7. For the existence we consider

the function
w(s) & min H,()  0<s <oo.

XX

Given 0 < 51 < s2, we have
< Hy, (1) — Hg (1) < so—sp forall t € [r, R].

Hence
0 < u(s2) — u(sy) < 52— 51
which shows p is continuous and nonnegative. When s = r,, we have

u(ry) = E'HERHr*(t) Hr*(r) = TIx.

On the other hand, when s > e¢” R, see Lemma 11.12, we have
u(s) rrgntlgR s (1) s(R) * > Ty

Therefore, by intermediate value theorem, there exists s, € [ry, eT R,] for which

(1 (sx) = r«. The A-harmonic function H, (¢) satisfies (11.15) (Figure 11.2).

O
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=l £ 1/5, H(R) = 0
H() =R, (t/ R)? a=1/, =
H | s ® @/ R) min H(?) = R,
s r<t<R
A
R
‘ O<a<1/5
.

gl H(t) = RARIt
LY

N\

a<0 a<0

Figure 11.2. A-harmonic curves normalized by the condition H(R) = R,.

t

11.5. Minimizing the energy within monotone functions

In general, A-harmonic functions fail to be injective. A way to overcome this
difficulty is to restrict the energy functional to #!-2-limits of homeomorphisms

H:[r,R] &> [r. R.]. However, minimizing the energy within this class one
looses Lagrange-Euler equation. This is because the outer variation is unjustified.
The limits are still nondecreasing, thus have nonnegative derivatives. Let us intro-
duce the following notation

W20 R) = {H e W2 R): H(t) > 0} .

Since W}z(r, R) is weakly closed in #-2(r, R) the direct method in the calculus
of variations still applies. Consequently, we always have a map H = H(t) of
smallest energy within the class W/I;Z(r, R) with any given boundary values. The
following Proposition describes such mappings in detail.

Proposition 11.14. For every 0 < ry. < Ry there exist unique energy-minimal map
H e 7/}’2(1’, R), such that H(r) = ry. < Ry = H(R). Precisely, there is unique
ro € [r, R) such that

H, (1) forro <t <R

H@) =
I forr <t <r,

(11.16)

where H is a A-harmonic function given by Lemma 11.13.

Proof. In (11.16) r, is the minimum point of the A-harmonic function H(r). We
aim to show that
EXH] < EFH]
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for every H € V/}Z(r, R) with the boundary values H(r) = ry and H(R) = R,.
Let us begin with the algebraic identity

3 H2 . A 2 . H 2

which holds for every measurable function n = n(¢). We take for 5 the so-called
weighted elasticity function of H,

def , TH (1) qef A1)
TO=20% 0 T Ha

We have already discussed in some detail the properties of A(7) = MO H(t). Ac-
cordingly, A is Lipschitz continuous and it vanishes at the minimum point r,, pro-
vided r, € (r, R). Thus n is also Lipschitz continuous. The following differential
equation for 7 is straightforward from (11.4)

At 2(¢
ay =20 O < <R (11.18)
t tA(t)
Indeed,
. AH . . MH
Hence

. A H &

1= TN H T T
Note that if r, € (r, R), the solution of (11.18) is uniquely determined by the initial
condition n(r,) = 0. We now estimate the integrand for H

H? H—2 A>2nHH 'H2—g H? 11.19
z+t >2n +17 _dz(”)‘ (11.19)

Equality occurs at a givenpoint ¢ if and only if

tA(t)H
H

= n().

We integrate the above estimate from t < ¢ < R to obtain

R
ERH >/ %(nﬂz) dt = n(R)H*(R) — n(n)H*(r)  r <t <R

Equality occurs if and only if % = Z: 8 for every t € [t, R]. This, in view of the

boundary condition H(R) = Hs(R) = R, yields H(t) = H,(¢) for all ¢t € [z, R],
as desired. First consider the case
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Casel.r, =r;thatisforallr <t < R. H(t) = H(t). Wetaket =r, =r to
conclude with the desired estimate

ERIH] = n(R)RZ — n(r)r = ERH,1 = ER[H].

The right hand side is independent of H and, clearly, equals ErR [Hs]. Equality
occurs iff H = H.

Case2.r <r, < R;thatis, H(t) = ry forr <t < ro and H(t) = H,(¢) for
ro <t < R. Wetake T = r,, to conclude with the estimate

ERLH = n(R)R? — n(ro) HA(ro) = n(R)R?

because 1(r,) = 0. The remaining energy integral is estimated by trivial means

ro . 2 To 2 o
Er[H] :/ (tH2 + H—) rdr > f LAPPISS rjf/ M dr
- t ot - t

The right hand side is independent of H and, again, equality occurs iff H = H.
Summing up we conclude with the desired lower bound of the energy.

ERIH] > n(R)R? +r§/ UL g, 0

Remark 11.15. It is worth noting that the expression 2nH H + (? — g) H? in

(11.17) was a free Lagrangian. This was due to a correct choice of 7 that solves the
nonlinear ODE (11.18). In higher dimensions, guessing the correct choice of free
Lagrangians is far from obvious. In Section 11.7 we demonstrate this technique in
case of a weighted Dirichlet integral for mappings between planar annuli.

11.6. Critical intervals

The so-called critical domain interval [c, R] C [r, R] is defined by taking the small-
est number ¢ € [r, R) such that

R
f ’Wl) R, (11.20)

In other words:

o c=rif [FAOY < 5(R);
e Otherwise, ¢ is determined from the equation

fawdr
=R (11.21)
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Recall that to such ¢ € (r, R) there corresponds unique A-harmonic function H et
H€ (¢) such that

HE(R) =R, and H(c) =rr<r;1£RH ). (11.22)

For ¢ = r, however, there can be many A-harmonics satisfying (11.22); namely,
the ones which assume the minimum value at + = r. Such is Ho(¢) defined by
Ho(0) = 0. Also recall that for s; < so we have H;, (1) < H,,(¢) everywhere in
[r, R). When ¢ = r, we choose for H(¢) the largest A-harmonic function which
satisfies the conditions,

HE(R)=R, and H ()= min H(r).
(R) . (r) i ()
In either case, note that the associated function

A0 L oH @  r<t<R

is increasing and it vanishes at r = ¢. Thus A¢ is positive for ¢ < ¢+ < R. In
particular, H is strictly increasing in [c¢, R]. Consider

HE(r) def JH(t) forc<t<R
T H (o) forr <t < ro.

According to Proposition 11.14, H°(¢) is an energy-minimal function of class

W/I;z(r, R) which takes [r, R] onto [c4, R«], where ¢, det HC(c). We refer to H as
the critical energy-minimal function and to [c,, Ry] as critical target interval. This
name is justified by the fact that:

e To every subinterval [p,, R.] C [c4, Ry] there corresponds unique energy-
minimal solution H = H* ¢ W;Z(r, R) which takes [r, R] onto [ps, R.].
It lies between H(¢) and R...

Precisely,

. H'(t) <H(t) < R, forr <t < R; (11.23)

e H(?) assumes its minimum value at some point p € [c, R] so that

A ZL ia0)H(r)  vanishes at 7 = p.

onto

Moreover, H: [p, R] — [p«, R4] is strictly increasing, thus defines the inverse
function F = F(s) for p, <5 < Ry,

F: [ps, R ™ [p, R].

Before we proceed to the energy-minimal deformations of annuli let us state and
prove a useful technical lemma.



MAPPINGS OF SMALLEST MEAN DISTORTION 89

Lemma 11.16. We have

< tHﬁ <1 for almost every t € [r, R] (11.24)
H(r)
M <m for almost every s € (p4, Ry]. (11.25)
sF(s)

Proof. Fort € [p, R] we have H(¢r) = H(t), where H is A-harmonic, so we may
exploit the Lagrange-Euler equation

d . ard .1 MOH®)
SAD & [m(r)H(t)] == 0
Since A(p) = 0 and H is strictly increasing in [p, R] we see that
t t
A(t) =/ A(r)dr =/ wdt
o o T
1 R
< H(t)/ )‘(TT) I H(t)/ MTZ T Hom by (1120),
P c
For t = p we have rA(t)H(r) = 0. This shows that for p <t < R,
(1) H(1)
_ <
Ho <M A(T) (11.26)

where T can be any number in [r, R], because A is nonincreasing. Letting v = ¢
we obtain (11.24). To see (11.25) we express s by the formula s = H(¢) for some
t € [p, R]. Applying (11.26) to t = F(s) yields

F()A(F(s)) o
sF(s)

11.7. Minimal deformations between annuli

We consider an arbitrary domain annulus A = A(r, R) equipped with a nonde-
creasing weight A = A(|z]). The target annulus A* = A(ry, R), however, will be
restricted to the inclusion [ry, Ry«] C [c«, Rs«], Where [csx, Ry] stands for the critical
target interval defined in Section 11.6. The annulus AZ" = A(cy, Ry) will be called
the critical target annulus.

Theorem 11.17. Consider an annulus A = A(r, R) and a nonincreasing weight
function A = A(|z]),

O<m<A(t) < M<oo forr <t<R.
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onto

Then, for every subannulus A* = A(ry, Ry) C A} the energy-minimal maph: A —
—2
A* of class 77 (A, A*) is unique (up to rotation) and it takes the form

Z
h= H(|z|)H . HeV 0. R).
Precisely,
h(s) = T forr <zl <p
H(zl) 5 forp <lzl < R.

Here H: [p, R1 Z> [ry, Ry] is a A-harmonic homeomorphism (Figure 11.3).

h =H(zl) %
S ) — harmonic homeomorphism \

he) =r, &

radial squeezing

A
Figure 11.3. Squeezing phenomenon when r, > c.

Proof. Let h: A ™% A* be an arbitrary mapping of class 7//1;2(r, R). We aim to
prove the following inequality

Ealh] = / |Dh(2)1*A(1z]) dz = E[h] (11.27)
A

and to show that equality occurs if and only if, upon a rotation, # = h. We shall
make use of polar coordinates

7 = te'? r<t<R 0<0<2n.
The normal (radial) and tangential (angular) derivatives are defined by the rules

oh 10h

hy =22 d  hp=-2
N=o T=%%0

Thus the weighted energy integrand reads as

IDR(2)IA(I2l) = (Ihn > + A7) A (12]). (11.28)
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11.7.1. Free-Lagrangian estimate

The key to the proof of Theorem 11.17 is the following estimate by means of free
Lagrangians:

Proposition 11.18. For every z € A(r, R), we have

) 2F (s)A(F(s)) B
|Dh(2)[*2(lzl) = T Ee) Jn(2) (s =1h()])
(1) .
- [0 -] =D (11.29)
22(1) o

2 2472
+ o [0 - 0 | m =L

As before the notation F = F(s) for r, < s < Ry stands for the inverse of H =
‘H(t). This function is a A-harmonic homeomorphism of [p, R] onto [ry, Ry]. Thus
F:[re, RJ™> [p, R].

Proof. Let us begin with the algebraic inequality

Dh@P(1zl) = (1o + 1r ) (12))

=20 (Ihw] = blhr])” + 2@ (1 — b?) (B — |hrl)’

+210)blAN||hr|—A(1)(1 —b2)32+2,\(r)(1 —bz)B|hT|

def

>2x(t) b |hy| |hr| (: I) (11.30)

A1 — b B2 (g II)

£20(1)(1 — bY)Blhy| (g III) .

This holds with arbitrary parameters 0 < b < 1 and B > 0. Equality occurs if and
only if B = |hr| and b|ht| = |hx|. We shall consider both » and B as functions of
two variables t € [r, R] and 5 € [ry, Ry],

_ F()A(F(s)) -

b="b k
¢.5) sF()A(F)
B 1 B2 — 2H2(1)

These formulas are legitimate because of Lemma 11.16. Indeed, in view of (11.25)

we have 0 < b(z,s) < 1 since A(z) = m. Also, by (11.24) we see that 0 <

tI_II.{((tt)) < 1. This means that B(¢, s) is well defined and B(¢, s) > O for almost every
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t € [r, Rl and s € [r,, R.]. Now, concerning, the term 7 in (11.30) we observe that
lhnllhr| = Jn(z),s0

N 21(F () F (s)

- =|h
SE(s) Jn(@) (s =1h)D)

as desired. Next

A(t) [

T = —a(t)(1 —b*)B? = H2(r) — 2Hz(t)] t=lzl.

The only term that requires care is ZZZ. We write

TTT — ZA(I)\/ [Hz(t) —z2H2(t)] lhr
“VH2 () — PH2(1) (1, 5) ||hT||

where @ (7, s) = [sk(t)]Z B [%]2

Lemma 11.19. Fort € [r, R] and s € [ry, Ry] it holds
®(t,5) > D, HE)) = 22(1) [Hz(t) _ t2H2(t)] .

Proof. Firts observe that the Lagrange-Euler equation (11.4) translates into an equa-
tion for F = F(s),

d F(s)X(F(s)) s (s)
a[T} (F( )) Fs) 5 € (s, Ryl

This shows, in particular, that the function s +— ®(¢, s) is Lipschitz continuous.
Therefore to find its minimum point it suffices to show that

d {g 0 for almost every s € [ry, H(?)]

—(D(t, S)
ds > 0 for almost every s € [H(?), R.].

Note that the derivative of the weight function does not enter the computation below.
Indeed, we have

F(s)A(F(s))
F(s)
=25 [220) = 2(F )]

sF(s)
AM(F(s)) 0

d
—®(t,5) = 22%(t)s — 2
ds

The lemma follows because X is nonincreasing and F is increasing in [ry, Ry]. O
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Proposition 11.18 also follows because

The energy of 4 can now be estimated from bellow by integrating null-Lagran-

onto

gians in (11.29). The computatlon below can easily be seen when 7: A == A*isa
homeomorphism. For h € 7 (A, A*) (the #12-weak limit of homeomorphisms)

the computation is still valid. We have

Elh] = &Eilh] + &Rl + &3]

where

o [ 2F(1h@))) AM(F(h
df/ (1n)1) A(F (] (Z)D)Jh(z)dz
A

St = h@)IE(1h()])
_/ 2F (jwl) M(F(wD)
h(A)=A* lw|F (lwl)
:/ 2F(|h(Z)|). (F(h(z)]) (@) dz
A(p.R) lh(z)|F (|h(z)])
_/ 2tA(t)H(t) H(t)H(t)
~Jaen

R
2
o ; _4n/p t H” () A(2) de

R
= 4;,/ tH2(1) A(t) dr = &[h]

R 2
A f [Htm - zHQ(z)} A(t)dr = & [h]
2
AN 2] A0 [Hz(t) 21’#(:)] (f Im h—"d@) tdr
o h
R 1 X
— 47r/ [;HZ(r) —IHZ(z)} (1) dt = &[h]

we can now add those free Lagrangian identities to conclude with the desired energy
inequality

R H2
Eh] = &E[h] + & LRl + E3[h] = Zn/ |:t H2 (1) + R )i| A(t)dt = ETh].
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11.7.2. Uniqueness

The uniqueness statement in Theorem 11.17 follows through backward analysis of
the inequalities above. Indeed, for the equality to occur we must ensure that for
almost every z € A the following equations are satisfied.

@) B(lzl. 1)) = lhr@):
Qi) b(1zl, A1) - lhr ()] = lhn )];
(i) |y (2)] |h7 (@) = Jn(z) = Im [hN(n)hT@];

@iv) ht(2)

_ hr(2)
o | =1m

h(z) *

Using polar coordinates 7 = te'? r <t < R,0<6 <2, write
h(z) = H(t,0)e' ®"9)

where r, < H(t,0) < Ry and ®(¢, 0) is 2w -periodic with respect to 6. Condition
(iv) yields Re ’2—9 = 0. Hence

<H2)9 — (|h|2)0 — hoh + hhg = |h|? (};—" + %) =0.

Thus H = H(t) so
h=H(t)e®"0,

Furthermore, we see from (iv), that Im %" > 0. This shows that ®y(z,0) > 0. Then
we look at (i) to infer that

1
B(t, H(t)) = ;H(I)I%I
>0 tB(t, H(t))
_ 1B, def
Oy = HO = A(2).
Thus ® (¢, 0) = A(t)0 + c(t). Hence
h(Z) — H(t)eia(t)0+ic(t).

But 4 is a limit of orientation preserving homeomorphisms, so the increment of
arg h over every circle |z| = t equals 27r. This yields o (¢) = 1. Thus

h(Z) — H(t)eie—Hc(t).

Finally, we look at the condition (iii) which tells us that Re(hyhg) = 0. This reads
as Re[H(t) —iH¢(@)][i H(¢)] = 0, meaning that ¢(r) = 0, so ¢ is a constant. We
obtain, _ _

h = e “H(t)e'.
This is none other than a rotation of a radial map. Since £[h] = £[h] we conclude
from the uniqueness statement in Proposition 11.14 that & = ¢/h. O
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11.7.3. A laminate annulus

Suppose a cylindrical shell
S=A@rR) x[0,0]={(z,s) e CxR:r <|z] <R, 0<s <Y}

is manufactured in multiple cylindrical layers of different materials to achieve im-
proved strength or desired properties, see Figure 11.4.

#

h(z) =H (Iz]) é—l

T 4

H=r,
squeezing

R

" radial deformation of .
a laminated ring ‘

Figure 11.4. Multiple cylindrical layers.

Let
S=SiUuS,uU---US,,, S;i=A4A; x[0,¢]

where

A; = A(ri,rig1) r<ri<Ry<---<ry_1 <r,=R.

Our mathematical model of hyperelastic deformations of S will be furnished by the
weighted Dirichlet energy (11.3) in which A = A(lzl) assumes constant values on
each layer A;, say A(t) = m; > 0,forri_) <t <rj,i = 1,2,...,n (ro =r).
These constants characterize the resilience of the layer to stretching or squeezing.
We extend A for convenience of the writing, to the entire positive real line (0, co)
by setting A(t) = m| whenever 0 < ¢t < r and A(#) = m, whenever R < t < 00.
On each layer, the weight A does not appear in the Lagrange-Euler equation (11.4).

d . H@®
d—t(tH(t)) =—

(11.31)
The general solution of (11.31), called harmonic curve, takes the form

b
H(t):at—l—? a,belR.
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All A-harmonics are now obtained by gluing these solutions

/I'll(z‘)@czlt—l-h—1 forO <t <r

def .
M) = H,-()ia,t—f— forri_1<t<r,- i=1,2,...,n

H,. (1) def ant + bt—” fort > R.

To make H continuous we must impose the conditions

bi b;
Hi(ry) = Clii”i-l-—f =Hi+1(ri) = ajr1ri+ i+l fori=1,2,...,n—1. (11.32)

ri ri

To satisfy the Lagrange-Euler equation

d . AMOH(
hd [M(t)H(z)] _AOR@ a0 < 1 < 0o
dr t
we need this equation to be true near each point ¢t = r;,i = 1,2,...,n — 1 (this

equation is automatically satisfied near ¢t = r, and ¢ = r,,). This amounts to saying
that the function A(¢) def tA(t)H(t) is continuous on (0, co). Equivalently,

lim A(#) = lim A(¢) fori =1,2,...,n—1.

t/'ri INFi+1

Equivalently,

. b; . bt
miH;(r;)=rim; (ai — r—;) =mi Hip1(ri) =rimiq (ai+l - ;+ ) (11.33)

i i

Remark 11.20. It is worth noting that choosing any Hy (¢) = axt + % for some
1 < k < n, the other pieces of H are uniquely determined. Indeed, we solve the
linear systems (11.32) and (11.33) for ay+1 and by in terms of a; and by,

b
2o = (14 )+ (1- ) %
2brt = (1= i Yair? + (14 ) b

Similarly, we can express ax—1 and by_; by means of a; and by

2ak-1 <1+mk|>ak+< —%)I;—k

Tk—1
2br_1 = <1 — mr:k|>akrk 1t <1 + . 1)bk
We see, by induction, that the A-harmonics H1, Ho, ..., Hiy—1 as well as Hyy1,
Hiy2, ..., Hy are uniquely determined by Hj. This observation reflects our more

general fact; the unique continuation result in Corollary 11.5.
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From now on we assume that every harmonic curve H; = H;(¢),i = 1,2,...,n,
is positive at the endpoints; thus positive in the entire interval (r;,, r;). It is either
convex, linear or concave, depending on the sign of the coefficient b;. To detect
the collapsing phenomenon A must assume its minimum value inside the inter-
val [r, R]. This cannot occur at the endpoints, r1, r2, ..., r,, because H does not
change sign when passing through the endpoints. Let z, € (rx—1, r¢) be a minimum
point of H within [r, R] forsome k = 1,2, ..., n. Thus Hy(t,) =0, so

He(r) = %* <ti + %) where o <L H(1.). (11.34)

Consequently, Hy, is convex and we have:
(forrp_1 <t <ty) Hk(t) <0< Hk(t) (fort, <t << ry).

Fori = k,k+1,...,n — 1 the positive sign of H(r) is preserved in the passage
from H; to H;4+1. Similarly, fori = 1,2, ...,k — 1, the negative sign of H(¢) is
preserved in the passage from H; to H;_. In summary, H is strictly decreasing in
(0, t,) and strictly increasing in (#,, 00). .

However, the sign of the second derivative H can generally change with-
out any particular pattern. To see this, consider a continuous curve H defined in
(0,00) = (0,71 U [r1,r2]U---U[rp_1,74] U [ry, 00) as composed of harmonic
curves Hy, Ha, ..., H, (convex, linear or concave) in such a way that H; and H,; 4
have the same sign at their common end-point ;. Then one can always adjust pos-
itive numbers m, my, ..., m, so that H becomes A-harmonic with A(t) = m; for
ri—1 <t <rj,see Figure 11.5.

/

O r r] r2 . rk71 tO rk rk+l rn: R

Figure 11.5. It is generally possible that squeezing of matter, which always begins in
the inner layer A, will continue until Ay.
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11.74. Two layers

To work out fairly detailed picture of squeezing phenomenon under general de-
formations of class Wi’z(A, A*) (weak #"2-limits of homeomorphism), we now
confine ourselves to discussing two layers. Thus we consider a cylindrical shell
A x[0,¢] = A(r,R) x[0,£],0 <r <1 < R < oo, which is manufactured
with two different materials. In our Dirichlet-energy model of hyperelastic defor-
mations, this will be reflected by the assumption that the weight . = A(|z]) is a
constant, equal to M, in the inner annulus A(r, 1) and equal to another constant m
in the outer annulus A(1, R). We assume that M > m, so A is nonincreasing. Let
us interprete this assumption in two examples.

Example 11.21. First consider a sliding bearing shell that is made of two cylindri-
cal layers. Naturally, the inner layer is made of hard material to resist the damage
of sliding. Consequently, any necessary small adjustment of the dimensions of the
bearing shell, by stretching or squeezing, takes more energy (per volume) in the in-
ner layer than that in the outer layer. Thus, in our weighted Dirichlet-energy model
we assume that M > m.

Example 11.22. Another illustration concerns a low cost finger ring that is made
of two materials. The outer thin layer is made of gold for better appearance. Gold is
relatively easy to change shape. In particular, squeezing or stretching the ring takes
less energy (per volume) in the golden layer than in the inner layer. Thus, in our
model we take m < M.

Without losing any generality, we normalize A-harmonics H: R4 — R at the in-
terface point + = 1 by setting H (1) = 1. It results in one-parameter family of
A-harmonic in (0, 00)

Hu@ L+ L)+ (1-£)1] foro<r<1

def 1

H@) = k k
Hu() =5[(1+ %)+ (1=%)r71] forl1 <t <oo

where the parameter k runs over all real numbers.

The function .4 def tk(t)H(t) is locally Lipschitz continuous in R, because

lim A =MHy(D) =k and  limA@) =m Hu(l) = k.
t/'1 N\(1
Thus we have the Lagrange-Euler equation

g [tk(t)H(t)] = w forall0 <t < o0.

dr

The case k = 0 is rather special. It gives us a curve H(t) = %(t + %) which is

A-harmonic regardless of the values M and m. This is because M HM(I) =0=
mH,,(1).
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From now on we assume that HM(I) * Hm (1). The condition
M Hyu (1) =mHpu(1)

tells us that H m (1) and Hm (1) are non zero and have the same sign. In particular,

.. def cr . . . .
the minimum value Hpnin = ‘H(t,) within the interval [r, R] is attained at a point

to # 1.

Case 1.1 < 1, < R. Thus, the minimal radial map takes the form

H() = s forr <t <r,
Hu(t) fort, <t <R

where H,, (¢) = % [(1 + %)t + (1 — %)t‘l]. As indicated by Figure 11.6 the range
of the parameter k is

-m <k <0.

For such k the curve Hy is uniquely determined. It is strictly decreasing and con-
vex. The slopes of H s and H,, at the intercase point p = 1 are negative. Precisely

Hay(l) = %Hm(l) <o.

In what follow Hjys will be irrelevant to the question of the energy-minimal
map.

H,,— curves

H

\S, A" B
2 k=0
i
o

k=M
1 k=0 minimum

k=—-M atW
= 1
\% /
v 0f
o

>t
0 1
k>M
H

W curves

Figure 11.6. A-harmonics are obtained by gluing an H 3;-curve and the corresponding
‘Hm-curve of the same parameter k.
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range of possibile H — curves
k=M S m>k>0
H, /
R,
k=0
R. :
R,
r 1
>t
o r 1 R
Figure 11.7. Gluing Hjs-curves with H,,-curves at t = 1.
We find that ’Hm (t,) =0att, = ﬁ—;]]i, so the minimum value of H,, equals

kz
Fae £ Ho(to) = /1 -

Moreover Ry S H,,(R) = 1 [(1 + £)R 4+ (1 — £)R~]. Hence

R, 1| [m+k m+km—k~! ITR 1
— == R+ =—[=+=].
s 2 m—k R 21t R

We just recovered the familiar equation for the critical Nitsche map; that is, the one
which takes [#,, R] homeomorphically onto [r, R«] and H,,(t,) = 0. The map

h: A % A* given by

h— r*é—l forr < |z| <1
Hm(IZI)ﬁ forz, < [z| < R

is energy-minimal within the class of radial deformations Wi’z(A, A*). Theo-
rem 11.17 tells us that this map is also energy-minimal within the general defor-

mations of class Wi’Z(A, A%, if

RA@t)de < MR) —
t ; < AMR) =m. (11.35)
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This reads as tB < e. We arrive at the necessary condition

*
— <

(e + e_l) = cosh 1.
Iy

N —

In fact this condition suffices to have squeezing phenomenon. Precisely, we have
the following:

Corollary 11.23. Let A = A(r, 1) U A(1, R), where the outer layer A(1, R) has

conformal modulus Mod A(1, R) def log R > 1. Recall the weight

M  forr <zl <1

M >m > 0.
m forl <|z] <R

AlZ) =

Leth: A &% A* = A(ry, Ry) be a general energy-minimal deformation of the
class Wll(A, A*). We assume that A* is conformally thin:

R 1
Mod A* &L log — < log E(e + e_l) = log(cosh 1).
r

*

Then h squeezes the inner layer A(r, 1) and a part of the outer layer A(1, R) onto
the inner boundary circle of A*. Precisely, for some 1 < t, < R, we have (up to
rotation)

@ T Tg forr <|z| <t
Z =
HzDrg  forts <zl <R

where 'H(Izl)é—| is a harmonic homeomorphism of A(t,, R) onto A*, H(t,) = r,
H(R) = R,, H(t,) = 0.

Proof. Denote by u = f—: SO
L=<y (ere)
<pu<-=|(e+e .
=3

There is a unique ¢, € (%, R) C (1, R) such that

1 (R n to
H=2\L TR
invoke H,, (t) with the parameter k € (—m, 0) defined by

k tp — 1 ivalently ¢ m—k
=-m , equivale 0o =4 ——.
241 y m+k

o
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Denote
r,=,1-——  and R, = pur,.

Now, we look at the harmonic curve
1 k k
A (t) = = [(1 + —) t+ (1 - —> rl]
2 m m

hn(1) = 1y (1) =0 hy(te) =7,

[ Do)

:r/l §+t_° =,UJ’/=R/
D) 1 R * *

and see that:

For our purpose the extension of 4, to the curve hj; will play no role because
hy(t) > r.. We obtain a radial energy-minimal map h': A ™% A(r., R))

< forr < fz| <o

r' ﬁ
h/ 7) = * |z
© Hm(zDg  fort, <zl < R.
Actually this map is also energy-minimal deformation of A onto A(r}, R),) within

the general class Wﬁ’z(A). To see this we appeal to Theorem 11.17. Accordingly,
this is indeed the case beacuse

R
/ @ < A(R) = m.
2

Note that A(#) = m in (¢,, R) C (1, R), so this above inequality reduces to log g <

1 which holds because ¢ € (%, R). Finally we rescale h’ to arrive at the desired
energy-minimal deformation

h=2h  h()=r
r*

and - . .
h(R) = —hW(R) = _’me(R) = —TR; = ret = Ry
r }"* r

* *

Case 2.r < t, < 1. This is the case when the radial energy minimal

Hu(te) g forr < |z| < 1o
h(z) = { Hu (2D fort, < |z] <1 (11.36)
Hn (2D 5 for1 <|z] <R
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squeezes only part of the inner layer of A = A(r, 1) U A(1, R). For a given mini-
mum point ¢, € (r, 1) we choose the parameter k € (0, M) so that the function

Hu(t) = % [(1 + %) 1+ (1 — %) t_l]

has vanishing derivative at ¢ = ¢,. This occurs when

M —k 1—12
to = | —— sok = M.
M +k 1412

There are two conditions on 7, to ensure that the radial map h in (11.36) defines
general energy-minimal deformation within the class #1-2(A, A*). First is that
t, > r, meaning that

1—r2M
1+r2

Second condition is to ensure hypotheses of Theorem 11.17; that is,

Ra@)de
/ - < A(R) = m.
to

k >

This reads as .
Mlogt— +mlogR <m

SOty = (%)M. Note that this yields R > e (as in Case 1). Further computation
of the size of the target annulus A* = A(r,, R,) goes similar lines as in Case 1,
but explicit bounds are more involved. However, without making explicit bounds
we see by Theorem 11.17, that the squeezing of the part of the inner layer always

occurs if the target annulus is sufficiently thin.

range of possibile H — curves
M>m

k=0""
R — (—m <k <0)
T,
\ energy-minimal graph
=i T
of r 1 % R

Figure 11.8. Squeezing the inner layer. 0
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