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Estimates of the derivatives for a class of parabolic degenerate
operators with unbounded coefficients in RV

LucA LORENZI

Abstract. We consider a class of perturbations of the degenerate Ornstein-
Uhlenbeck operator in RY. Using a revised version of Bernstein’s method we
provide several uniform estimates for the semigroup {7 (1)};>¢ associated with
the realization of the operator A in the space of all the bounded and continuous
functions in RV .

Mathematics Subject Classification (2000): 35K65 (primary); 35B65, 47D06
(secondary).

1. Introduction

In the last decades, the interest towards elliptic (and parabolic) operators with un-
bounded coefficients grew considerably, also in view of their wide applications to
stochastic partial differential equations. In the uniformly elliptic case, it is well-
known that, under quite minimal regularity assumptions on the coefficients of the
operator

N N
A= Z qijDij + ijl)j +cu
i,j=1 i=l
and assuming that ¢ is bounded from above (but without any growth assumptions
on the diffusion and the drift coefficients), the Cauchy problem

Dou(t, x) = Au(t, x), (t,x) € Ry x RV,

(HCP)
u(0,x) = f(x), x e RV,
admits a classical solution u, which, in general, is not the unique classical solution
to problem (HCP) but, when f > 0, it is the minimal positive solution. This allows
us to associate a semigroup {7'(¢)};>0 of bounded operators in Cp(RN) with the
operator A: for any ¢+ > 0 and any f > 0, T(¢) f is the value at ¢ of the minimal
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classical solution to (HCP). Such a semigroup is not strongly continuous and, in
general, it is not analytic in C,(R") but it enjoys some properties which are typi-
cal of analytic semigroups. For instance, under rather general assumptions on the
growth rate of the coefficients at infinity, it has been proved (both by analytic and by
probabilistic methods) that the behaviour of the space derivatives of the semigroup
with respect to ¢ is very similar to what we can expect when dealing with analytic
semigroups. See [3, 4, 14]. The determination of such estimates was the key point
also to prove Schauder estimates for the solutions to the elliptic equation

(NHE) ru —Au = f
and to the nonhomogeneous Cauchy problem

Dou(t, x) = Au(t, x) + g(t, x), (t,x) € Ry x RV,

(NHCP)
u(0, x) = f(x), x e RV,

This was done in [14] and, recently, the method has been applied in [3] to a wider
class of elliptic operators. The degenerate elliptic case is much more difficult to
handle and, to the author’s knowledge, there are only a few results in the literature.
The best known example of a degenerate elliptic operator with unbounded coef-
ficients is the so-called degenerate Ornstein-Uhlenbeck operator which is defined
by

1 N N
Au = 5 Z QijDij” + Z b,-jx,-Dju, (1.1)
ij=1 ij=1

where Q is any symmetric non-negative definite matrix, and B is a suitable matrix
such that the hypoellipticity condition det(Q;) > O is satisfied at any positive ¢,
where

t
0 = / B et ds, t > 0.
0

This operator has been deeply studied by A. Lunardi in [14], where she proved
that the Cauchy problem (HCP), associated with the operator (1.1), admits a unique
classical solution u for any f € Cj (RN). This allowed her to associate a semi-
group of linear operators with 4, as mentioned above. Further, she gave a precise
description of the behaviour of the space derivatives of u near = 0 because an ex-
plicit representation formula for the solution to problem (HCP) is available in this
particular case. The author obtained the estimates for the space derivatives of u by
means of direct computations on this formula.

As in the non-degenerate case, such estimates are the key point to prove
Schauder estimates for the solutions to (NHE) and (NHCP). Since the behaviour
near ¢+ = 0 of the space derivatives of T'(¢) f is worse than in the non-degenerate
case, it was only possible to prove Schauder estimates for the distributional solu-
tion in anisotropic Holder spaces. To prove the existence of a classical solution to
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problem (NHCP) one has to assume conditions on g which are much more restric-
tive than in the non-degenerate case. Using a perturbation argument, the author of
[14] was also able to prove similar results in the case when the diffusion matrix
O = (gij) depends on the space variables, its entries vanish when max(i, j) > r,
and it converges to some positive definite matrix Qg as |x| tends to +o0.

More recently, Da Prato in [5] dealt with the operator A obtained perturbing
the drift term B by a suitable smooth and bounded function F : RY — R. He
still assumed the hypoellipticity condition (1.2). The techniques of [14] of course
could not be extended to the case when F' # 0, since no explicit representation
formulas were available. To overcome such a difficulty, Da Prato took advantage
of a revised version of Bernstein’s method (see [1]) to obtain the a priori estimates
for the solution to problem (HCP). In fact, he estimates the behaviour of the first
order derivatives of the solution u to (HCP) in terms of the sup norm of f and of

the norm of the matrix A(¢) = Qt_l/ 2B , recovering the same estimates proved in
[14] in the case where FF = 0.

Bernstein’s method, which seems to best fit for uniformly elliptic/parabolic
operators, has been successfully carried out very recently also in the degenerate
case, in [17], to find a priori local in time gradient estimates for solutions to a class
of quasilinear degenerate parabolic equations with bounded coefficients in bounded
domains.

Here, we consider a class of degenerate elliptic operators of the type

r N
Aux) = Y qij(x)Diju(x) + Y bijx;Diu(x), (12)

ij=1 ij=1

which covers all the cases when the diffusion coefficients are bounded as well as
some cases in which they are unbounded. So the main topics to be discussed are:

(i) existence (and uniqueness) of the classical solution to problem (HCP) with A
defined in (1.2);

(i1) uniform estimates (with respect to the x variable) for the space derivatives, up
to the third order, of the function 7'(¢) f when f belongs to suitable functional
spaces;

(iii) continuity properties of the semigroup {7 (¢)};>0 in Cj (RV) and characteriza-
tion of the domain of its weak generator;

(iv) Schauder-type estimates for the solutions to (NHE) and (NHCP).

In this paper, we deal with point (i) and (ii) whereas in [12] we deal with the re-
maining points. The main assumptions that we make here on the coefficients are
the following:

Hl) N/2<r < N and

D ainEg =vEP,  EeR,  xeRY,

i,j=1

for some function v : RY — R such that vy := inf, cpv v(x) > 0;
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H2) g;; cHo RN (i, j=1,...,r)forsome 8 e (0, 1) and there exists a positive

loc
constant C such that

D% ()| <Clx|TD o), xeRY, ij=1,....rn el <3

H3) the matrix B can be split into blocks as follows

Bi B>
B = ,
B3 By
with B; € L(R"), By, Bf € LRV, R"), B4 € L(RV™") and rank(B3) =
N —r.

We observe that, due to our assumptions, the hypoellipticity condition det(Q;) > 0
is satisfied at any x € RV,

A class of degenerate elliptic operators similar to ours has been considered
in [20], where the author deals with the case when the diffusion coefficients are
bounded (and they may also depend on #). Under assumptions on the rank of the
matrix Q less restrictive than ours, but under stronger assumptions on the matrix
B, the author of [20] proves the existence of a fundamental solution to problem
D;u — Au = 0. Then, in [16] the author deals with the Dirichlet-Cauchy problem
associated with the operator A considered in [20], in bounded open sets 2 C RN+
Under suitable assumptions on the geometry of €2, Manfredini proves existence and
Holder estimates for the solution to the Dirichlet-Cauchy problem.

We also quote [19], where the author proves interior Schauder estimates for
the solution to the parabolic equation D;u — Au = f in (0, +00) X RV, when f
is a smooth function and Au = Z//Y:—l] Djz.u + bDyu, b being a smooth function,
not necessarily bounded at infinity, satisfying suitable conditions. Such conditions
are satisfied, for instance, in the particular case when we take b(x) = Bx and the
blocks By, B and By of the matrix B identically vanish in R.

Here, under the above set of assumptions, we prove existence and uniqueness
of the solution to problem (HCP) associated with (1.2), and, therefore, we define a
semigroup of bounded operators {7T'(¢)};>0 in Cp (RN) as described above. More-
over, we show that, for any w > 0, there exists a constant C = C(w) such that, if
f € Cp(RN), then

IDiT (1) flloo < Ce®' = /2HHE)) £y (1.3)
t >0, i=1,...,N,
IDi;T(t) flloo < Ce®' = AHHE=DFHG=D) £y (1.4)

t>0, i, j=1...,N,

IDijnT (1) flloo < Ce® ¢~ C/2HHU=FHG=DFHGB=r) £ (1.5)
t>0, i,j,h=1,... N,



ESTIMATES OF THE DERIVATIVES FOR DEGENERATE OPERATORS 259

where H(s) = 0if s < Oand H(s) = 1 if s > 0. Furthermore, we prove that
the more f is regular, the more the estimates (1.4)-(1.3) can be improved. More
precisely, we show that

1T fllck@ny < Ce I f ek s (1.6)
t>0, k=1,2,
1Di;T (1) flloo < Ce® 1™ 27HED £l 1 v (1.7)
t>0, i<j,
k
1DijnT (1) flloo < Ce 10| £ ot oy (1.8)

t>0, i<j<h k=123,

where Cf‘(jh =Q@—k)/2+H(Gi—r)+(2—k)—(1—k)"H(j—r)+(1—k)TH(h—r),
and C, w are as above. As in all the cases considered above, also in this situation the
uniform estimates (1.4)-(1.6) are the main ingredients to prove Schauder estimates
both for the solutions to problem (NHE) and (NHCP) associated with the operator
(1.2). But we stress that they also provide the basic tools to investigate point (iii).
The assumption r > N/2 is essential to obtain the estimates (1.3)-(1.8). In-
deed, when r < N/2 and A is the degenerate Ornstein-Uhlenbeck operator, it is
well-known that the behaviour of the derivatives of T'(z) f near t = 0 is worse
than the one in the quoted estimates. To let the reader understand the differences,
we consider only the first derivative case, when » < N/2. In [14] the author
shows that there exists a suitable spitting of the indexes » + 1, ... , N into blocks
Ai={r+ji+1,...,r+ jix1}forl =0, ... ,n and some n € N, such that

IDiT@ flloo < Ce”t™ 2D flloe, 10,
for any i € A;, some positive constants C, w and any f € C,(RV).

Although we believe that our method can be adapted also to such a situation,
as well as to more general degenerate elliptic operators, we prefer to show it in the
simplest case, which is however rather technical. We stress that the case treated in
this paper covers several interesting situations. For instance, for even N’s, we can
consider non trivial perturbations of the well-known Kolmogorov operator, which
can be obtained taking r = N/2, g;j = 1, foranyi = j =1,...,r,qg;; =0
otherwise, and B] = 0, B =0, B4 = 0 and B3 = [I. It is worth stressing also that,
in some situations, the operator D; — A occurs as a linearization prototype of the
Fokker-Plank operator, arising in the study of the Brownian motion of a particle in
a fluid. To prove that problem (HCP) is uniquely solvable, we replace the operator
A with the uniformly elliptic operator A, defined by

N
Ac=A+e > Djj. (1.9)

j=r+1
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and deal with the Cauchy problem

Diu(t,x) = Aqu(t,x), (t,x) e Ry x RV,

(HCP;)
u(0,x) = f(x), x e RV,

It is well-known, see [18], that under our assumptions on the coefficients g;;, for
any f € Cp(RY), problem (HCP,) admits a unique classical solution u = T,(-) f,
where {7, (t)};>0 is the semigroup associated with .A,. We show that for any & > 0
there exists a positive constant C = C(w), independent of ¢, such that T,(t) satis-
fies the estimates (1.3)-(1.8) for any + > O and any 1 < i, j,h < N. This allows
us to prove, by an approximation argument and a maximum principle, the follow-
ing fact: first that problem (HCP) corresponding to (1.2) is uniquely solvable for
any f € Cp (RN), and, then, that the family of linear operators {7'(¢)};>0, defined
by T(¢)f = “limg_ Te(¢) f” forany ¢t > 0 and any f € Cp(RM), gives rise to a
semigroup of linear operators in Cp, (RM) satisfying (1.3)-(1.8). The estimates (1.3)-
(1.8) are obtained by adapting the Bernstein method. We stress that our method is
not a straightforward generalization of the method used by Da Prato in [5] since his
method seems to be not applicable to get uniform estimates for the second and third
order space derivatives. The paper is structured as follows. First in Section 2 we
introduce the function spaces that we need throughout the paper, and collect some
preliminaries. In particular, in Subsection 2.2, we recall some results from [18] on
uniformly elliptic operators with unbounded coefficients and we prove some pre-
liminary results which will be used in the following section. In Section 3, the main
body of the paper, we construct the semigroup {7 (¢)};>0 and we prove the estimates
(1.3)-(1.8). First in Subsection 3.1, we prove that, for any ¢ > 0, {7 (¢)};>0 satisfies
the estimates (1.3)-(1.8) with constants independent of &, and then, in Subsection
3.2, we use such estimates to show that problem (HCP) admits a unique classical
solution for any f € C,(R"), and that the semigroup {T (t)};>0 satisfies (1.3)-(1.8).

Notation. Throughout the paper, for any u : Ry x RY — R we indifferently write
u(t, -) and u(t) when we want to stress the dependence of u on the time variable ¢.
Moreover, for any smooth real valued function v defined on a domain of RY, we
denote by Dv the gradient of v and by | Dv(x)] its Euclidean norm at x. Similarly,
by D¥v (k € N) we denote the vector consisting of all the k-th order derivatives of
v, and by | D¥v(x)| its Euclidean norm at x. By 1l we denote the function which is
identically equal to 1.

By I we denote the identity k x k matrix. If A is a matrix, we denote by A* its
transpose matrix. When a is a vector we denote by a’ its transpose. For any matrix
A we denote by ||A|| its Euclidean norm. For any symmetric matrix A we denote
by Amax(A) and by Anin(A), respectively, its maximum and minimum eigenvalues.
For any square matrix A we denote by Tr(A) its trace, i.e. the sum of the elements
on the main diagonal. By L(R™, R") we denote the set of all the linear operators
from R™ to R" (or, equivalently, the set of all the n x m matrices). When m = n
we simply write L(R™).

Finally, by a Vv b (resp. a A b) we denote the maximum (resp. the minimum)
between a and b, and we seta™ = a Vv 0.
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2. Function spaces and preliminaries

In this section we both introduce the function spaces we deal with throughout this
paper and collect all the preliminary results that we need in what follows. We begin
with the following definitions.

Definition 2.1. Forany k > 0 and any open set 2 C R” (not necessarily bounded),
we denote by C 11; () the space of all the continuously differentiable up to the [k]-
order functions f : © — R such that D* f is bounded a continuous in € for any
|| < [k] ([k] denoting the integer part of k) and D* f is Holder continuous of order
k — [k] for any || = [k]. We endow C ’lj () with the Euclidean norm, i.e.

Iflci@ = D 1D%flloo+ D [D*flot-ingy:

loe| <[k] |oe|=[k]

where || D f ||~ denotes the sup-norm of D*f and [D*f] (@) = SUPL yeq. xty [x—

y|7¥I DY f(x) — D* f(y)|. We say that u € Cgo(ﬁ) if it belongs to Cl'j(ﬁ) for any
k> 0.

We drop the index “b” when we do not require boundedness of the functions
and their derivatives and when €2 is bounded.

Finally, by C¥ (RV) k € Ry \ N, we denote the set of all the functions u :

loc
RY — R which belong to C*(K) for any compact set K c RV
Definition 2.2. By C 1.2((0, 400) x RY) we denote the space of the u’s which
are once continuously differentiable with respect to time and twice continuously
differentiable with respect to the space variables in (0, +00) x RV,

For any « € (0, 1), Cl+a/2’2+a((0, +00) xRNM) is the subset of C12((0, +00) x

loc

RY) of all the functions u such that for any compact set F C (0, 400) x RV,
D;u, Df u (|B] < 2) are Holder continuous of order « in F with respect to the
parabolic distance d((z, x), (s, y)) = (|t —s| + |x — y|2)1/2.

Definition 2.3. A function u : [0, +00) x RY — R is a classical solution to
problem (HCP), associated with the operator A in (1.2), if u is continuous in
[0, +00) x RV it is continuously differentiable once with respect to time and twice
with respect to the space variables in (0, +00) x RY | and it satisfies the Cauchy
problem (HCP).

2.1. General preliminary results

Lemma 2.4. Let A be a m x n matrix. Then, there exists a n x m matrix C such
that

AC + C*A*

is strictly positive definite if and only if n > m and rank(A) = m. Let Bbeam x n
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matrix. Then, there exists a n X m matrix C such that
CB + B*C*

is strictly positive definite if and only if m > n and rank(B) = n. In such a case,
we can take C = B*.

Proof. Suppose that the matrix AC + C*A* is strictly positive definite. Then, for
any & € R™ \ {0} we have

0 < ((AC + C*AME, &) = 2(ACE, §).

Hence, the matrix AC is not singular i.e. its rank equals m. Since rank(AC) <
min(rank(A), rank(C)) it follows that n > m = rank(A).

Vice versa, let us assume that n > m = rank(A). Moreover, let D € L(R") be
an invertible matrix such that

AD = (A A2),

where A} € L(R™) is invertible, Ay € L(R"™™ R™). Let Ce L(R™,R") be the

matrix defined by
~ [AT'K
C= ,
0

K e L(R™) being any strictly positive definite matrix. We set C = DC and
observe that AC = ADC = K. Hence, AC + C*A* = 2K is a positive definite
matrix. 0

Lemma 2.5. Let k,m,n € N and let A(t) be the m x m square matrix defined by

Alltk Alztk-i-l Alnfk+n_1
At) = ' ' , t>0,

* k+n—1 pAx k4+n k+2n—2
A%t A%t Annt

where A;j € L(R™,R™) (my + ...+ m, = m)and A;; = A7, forany i =
1,...,n. Then, A(t) is positive definite for any t > 0 if and only if it is positive
definite at t = 1. In such a case, if for any & € R™ we split €T = (élT, e ,SnT)

with & € R™i, we have

n—1
(ANE &) = dmin(A() YT 1g 2, 1>0. @.1)
—

J
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Proof. Of course, if A(t) is strictly positive definite for any # > 0, then, in partic-
ular, it is strictly positive definite at # = 1. Vice versa assume that A(1) is strictly
positive definite. For any ¢+ > 0 and any § = (§1,....&,) € R™, split as in the
statement of the lemma, let

=T —
%— — (tk/Z%-lT’ [k/2+1;§2T’ o tk/2+n IEnT)

Since (A(t)&, £) = (A(1)E, &), we deduce that A(¢) is strictly positive definite and
we get (2.1). ]

Lemma 2.6. Suppose that Q = (g, J')zN =1 and A are non-negative definite N x N
square matrices. Further, assume that the submatrix Qo = (qij)} =1 is strictly
positive definite and gij = 0ifi Vv j > r. Then

Tr(QA) = Amin(Qo)Tr (A1),
where A is the submatrix obtained from A by erasing the last N —r rows and lines.

Proof. Since Qy is strictly positive definite, then there exist an orthogonal r x
r square matrix B = (b;;) and a diagonal matrlx A = diag(Ay,..., A ) such
that Qo = B*AB. This implies that the matrix B ¢ L(RM), deﬁned by b =
bijif 1 < i, j <r, by =& ifiVv j > r,is orthogonal and B*QB = A=
diag(r1, ..., A, 0,...,0). Hence,

Tr(QA) = Tr (B*ABA) = Tr (B~ 'ABA) = Tr(ABAB™ ') = Tr (ABAB*).

We now observe that, since A is positive definite, then BAB* =: (cij) is. This, in
particular, implies that ¢;; > O forany j =1, ..., N. Therefore,

N r r
Tr(ABAB*) = ) "Ajcjj =Y hjcjj = h Y _cjj=ATr(BAB*)
j=1 j=1 j=1
= ATr(BA;B™') = ATr (A)),

where A = Anin(Qo), and the assertion follows. ]

2.2. Preliminaries on uniformly elliptic operators with unbounded coefficients
in RV

We now recall some basic results on the Cauchy problem

Diu(t,x) = Au(t,x), t>0, x € RV,
(HCP) 2.2)
u0, x) = f(x), x e RV,
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where f € C,(RY) and A is the uniformly elliptic operator defined on the smooth
functions ¢ by

N N
Ap(x) = Y qij(x)Dijo(x) + Y _bj(x)Dje(x), xRV,
i,j=1 j=1
which satisfies
N
Y ai0EE = v)EP,  x, & eRY, (2.3)

ij=l1
for some function v : RY — R with inf, cgv v(x) = vg > 0. If we assume that

HI) gij,b; € C. _(RY) for some § € (0, 1) and ¢;;(x) = ¢;i(x) for any i, j =

loc

1,... ,NandanyxeRN,

it can be shown that the problem (2.2) admits a classical solution

u € CP2((0, +00) x RY),
which is bounded and continuous in @Jr x RN (see [18, Theorems 4.2 & 4.5]).
Without any additional assumption on the coefficients, in general the function u is
not the unique classical bounded solution to problem (2.2) (see [18], [2, Chapters 2
and 3] [9, Section 5.2] for examples of nonuniqueness). If we also assume

H2) there exist A > 0 and a function ¢ € C*(R") such that lim| |- 400 @(x) = +00
and

sup (Ap(x) — 1p(x)) < 400,

xeRN

then the classical bounded solution to (2.2) is unique, as the following maximum
principle shows.

Proposition 2.7. Suppose that (2.3) and assumptions HI-H2 hold true and let u :
[0, T] x RN — R (T > 0) be a bounded classical solution of the Cauchy problem
Deu(t, x) = Au(t, x) + g(t, x), (t,x) € (0, T) x RV,

2.4
u(0, x) = f(x), x € RV, )

where f € C,(RN) and g € C((0,T) x RN). If g(t,x) < O for any (t,x) €
0,T) x RN, then

sup u(t,x) < sup f(x), te[0,T]. (2.5)

xeRN xeRN
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Similarly, if g(t, x) > 0 for any (t,x) € (0, T) x RN, then
inf u(t,x) > ian f(x), t €0, T]. (2.6)

xeRN xeR

In particular, if g = 0, then
lu(t, oo = 11 f lloo, 1€[0,T]. 2.7

Proof. The proof is similar to that of [15, Proposition 2.1]. Nevertheless for the
reader convenience, and since in the sequel we need to adapt it to the degenerate
case, we are forced to give a detailed proof. We restrict ourselves to proving (2.5),
since (2.6) can be obtained applying (2.5) to the function —u, and (2.7) is a straight-
forward consequence of (2.5) and (2.6). We first prove that if supgy f < 0, then
supo, 7xry % < 0. Without loss of generality, we can assume that supgn (Ag —
Ap) < 0. Indeed, if this is not the case, we replace ¢ with ¢ + C for a suitable
constant C > 0.

Let v(t,-) = e *u(t,-) for any ¢t € [0, T]. A straightforward computation
shows that v is a classical bounded solution to the differential equation D;v =
(A—1)v+e Mg, satisfying v(0, -) = f. Forany k € N, let v : [0, T]xRY — R
be defined by

1 N
v (t, x) = v(t, x) — Ew(x)’ (t,x) [0, T] x R™.
Let us observe that
lim sup vy = sup v.
k=+00 10 7)xRN [0,T]xRN

Moreover, since v is bounded and ¢ (x) tends to +00 as | x| tends to 400, there exists
a sequence {(#, xx)}keny C [0, T] X R such that vg (t, xx) = SUP(0, 7y xRN Vk for
any k € N. Hence

sup v = lim wvg(tg, xg).
[0.T]xRN k——+00

If # = 0 for any k sufficiently large, we are done. Indeed, in such a situation
1
sup v= lim v (0,x) = lim (f(xk) — —(p(xk)) <0,
[0.T]xRN k—+00 k—+o00 k

since f < 0 and ¢ is bounded from below. It follows that supjg 7jxgy u < 0 as
well. So, let us assume that #z > 0 for infinitely many k. Then, we can find out a
subsequence {(t,, , X, ) }keN such that D, vy, (t,,, xn,) > 0 and Avy, (t,,, x,,) < O.
Since D;vx = D;v and Avy = Av — %.A(p, we deduce that

)\Unk (tnka xnk) 5 ()" + Dt - A) Unk (tnk7 xnk)
= (A + Dy — A) vty Xup) + 5= (A — D)
—At, 1
=e "kg([nk’ xnk) + ﬁ(A - )\)(p(xnk),
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and the last side of the previous chain of inequalities is negative since both g and
(A — V)¢ are. Hence, SUP[o, 71xRN Unp < 0 and as above, letting k go to 400, we
deduce that u is nonpositive in [0, 7] x R¥.

To prove (2.5) in its generality, it suffices to apply the previous result to the
function & : [0, T] x RY — R defined by # (¢, x) = u(t, x) — sup,cgn f for any
(t,x) € [0, T] x RY. This concludes the proof. [l

The family of bounded operators {7 (t)};>¢ defined by T (t) f = u(t,-) for
any f € Cp (RN) and any t > 0, where u is the classical solution to (HCP), gives
rise to contractive semigroup of linear operators in C,(RY). A straightforward
consequence of (2.6) yields that {7 (#)};>¢ is order preserving, namely

fiheC®Y), fi<fi = TOAST@f, t=0. (2.8)

{T (t)};>0 1s not strongly continuous in Cp(RYM), and in general, is not analytic
neither in C,(RY) nor in BUC(R"). Moreover, the following property holds:

If { fu}nen C Cp(RY) is a bounded sequence such that lim f, = f €
n— oo
Cp(RN) uniformly in B(0, k) for any k > 0, then lim T(:)f, =T () f (2.9)
n—oo
uniformly in [0, T'] x B(0, k) for any 7, k > 0.

We refer the reader to [2, 8, 18] for the proofs of the previous results.

One of the possible methods to construct the classical solution « to (HCP) (and,
hence the semigroup {7 (¢)};>0) consists in seeing it as the “limit” (as R tends to
+-00) of the solutions u g to the Dirichlet Cauchy problems

Djug(t,x) = Aug(t,x), t>0, x € B(0,R),
ur(t,x) =0, t >0, x € B0, R),
ur(0, x) = nr(x) f(x), x € B(0, R),

where ng is any C3° (RY) smooth function such that g = 1in B(0, R/2) and ng =
0 outside B(0, R). The function up is defined by ug(¢,-) = Tr(t)(ngf), where
{Tr(t)};>0 1s the (analytic) semigroup associated with the realization in C(B(0, R))
of the operator A with homogeneous Dirichlet boundary conditions. This is the
approach followed in [3].

We now provide some global estimates for 7'(-) f and its derivatives up to
the third order, when the coefficients of the drift are linear (i.e. we assume that
bi(x) = va =1 bjjxj, for some matrix B) and the diffusion coefficients satisfy
suitable regularity and growth assumptions at infinity. Such results will be used in
the next section to prove our estimates. The proof that we provide is similar to the
one in [3, Theorem 3.3]. Hence, we just sketch it.

Theorem 2.8. Suppose that the coefficients q;j =qj; € CH3 (RN (i, j=1,...,N)

loc

for some k = 0,1,2,3 are such that qijj = 0ifi <r, j > 1, qij € Cllf(]RN)
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(i, j=r+1,...,N)yandq;; (i,j =1,...,r) satisfy assumptions (2.3) and

N—r
3 G &S = mIEP e RV, (2.10)

i,j=1
for some positive constant vy. Further assume that
D% ()] < Colx [TV u(x), xeRN, i j=1.....r  lel<k, (2.11)

for some positive constant Cy, and that b;(x) = Z;\/:l bijxj i =1,...,N) for
some N x N square matrix B.

Let T(-)f be the solution to problem (2.2) corresponding to f € C Z (RN)

(j €N, j <k). Then, for any T > 0 there exists a positive constant C = Cp such
that

3

A ~

Y ITRIDITW flleo < Cllfllck@yy, €O, T] (2.12)
Jj=0

Remark 2.9. Since g;; (i, j =1, ... ,r) need to satisfy both (2.10) and (2.11), the
gij’sand v (i, j =1, ... ,r) may grow at most as |x|2 as |x| tends to 4-o00.

Remark 2.10. Due to the previous remark, it is immediate to check that if A is as
in the statement of the theorem, then there exist A > 0 and a (Lyapunov) function
@ € C*(RN) satisfying the assumption H2 of this section. It suffices to take ¢(x) =
1 + |x|? for any x € RN and A = 2Cr? + 2| B||. Therefore, for any f € Cp(R"),
T (-) f is the unique classical solution to problem (2.4) (with g = 0).

Remark 2.11. Since we are assuming different growth condition on the coeffi-
cients g;; (i, j = 1,..., N), neither the estimates of [15, Theorem 2.4] nor those
of [3, Theorem 3.3] may be applied to our situation. Indeed, the quoted esti-
mates to be applied need that the modulus of the derivatives of the diffusion co-
efficients of A should be estimated by Cv(x) where, at any x € RY, U(x) is the
minimum eigenvalue of the matrix Q = (g;;). In our situation v = vy A vy.
Hence, to apply the quoted result the coefficients g;; (i, j = 1,..., N) should
grow at infinity at most linearly, while our result can be applied also to coeffi-
cients which grow faster at infinity. For instance, Theorem 2.8 covers the case
where Q = (gij) € L(RY), q11(x) = gn(x) = (1/2 4 [x[H)3° + (1 + [x|H)*>,
qi2(x) = g1 (x) = —(1/2+ x|D¥5 + (A + x1H¥5, qij = 85,0, j =3, 4.

Remark 2.12. In the following section we apply Theorem 2.8 in the particular case
where g;;(x) = &;; forany i, j > r + 1.

Proof of Theorem 2.8. We restrict ourselves to showing (2.12) in the case where
(k, 1) = (0, 3), the other cases being similar and even easier. Without loss of gen-
erality, we can assume that 1 = vg := inf g~y V(x).
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Let ¢ € C;°(R) be a nonincreasing function such that ¢(¢) = 1 for any ¢ €
(=1/2,1/2), ¢(t) = 0 forany r € R\ (—1, 1). With any R > 0 we associate the
function ng : RY — R defined by ng(x) = ¢(|x|/R). Of course € CEO(RN),
nrg = lin B(0, R/2) and n = 0 outside the ball B(0, R).

Denote by v the function defined by

vr(t, x) = lug(t, x)|* + atnk (x)|Dug(t, x)|> + a*t*np ()| D*ur(t, x)|?
+ a3 0G0 Dug(, x)?,

forany t € [0, T] and any x € B(0, R) where ug(t, x) = Tr(t) f(x). To simplify
the notation, in the sequel we simply write («, v, n) instead of (ug, vgr, nR).

Classical results on parabolic equations in bounded domains show that v is
continuous in [0, T] x B(0, R) (the continuity of v can also be checked by adapting
the proof of the forthcoming Theorem 2.13) and it solves the Cauchy problem

Div(t,x) = Av(t,x) +g(t,x), t€[0,T], x € BO,R),
v(t,x) =0, 1 €[0,T], x € 3B(0, R),
v(0,x) = (f(x)*, x € B(0, R),

where g(t, x) = Z?:l gj(t,x), forany r > 0 and any x € B(0, R), with

N N
g1 =-—2 Z qijDiuDju — 2612‘)72 Z qijDinuD jpu
i,j=1 i,j,h=1
N N
—2a*t*n* Z qij DinkuD jpxu — 2a’t*n® Z qij Dinkiu D jpru,
i,jhk=1 ik l=1

2> = an®|Du|? + 2a*tn*|D*u|* + 3at*n°| D3u|?,

N
g3 = —2at <|Du|2 + 6atn?|D*u)? + 15a2t2n4|D3u|2) Z qijDinD;n,
2
g4 = —2atn <|Du|2 + 2atn*|D*u)* + 3a2t2n4|D3u|2> An

N N
—8atn Z q,-ijnDhuDihu—16a2t2n3 Z qijDinDpruDipxu

ij.h=1 ijhk=1
N
3,35
—24a’tn Z qij D jnDpgiuDipiu
ik, =1

N N

—|—2atn2 Z bthl,-uDhu+4a2t2n4 Z bipDjruDpgu
j.h=1 Johk=1

N
+6a3t3n6 Z bjh DjrjuDpyu,
k=1
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N N
g5 :261[772 Z DhqithuDiju+4a2t2n4 Z Dygqij DpiuDijru

i,j,h=1 i,j,h,k=1
N N
3,36 .. . 2.2 4 D).
+6a’t’n Z Dhql]thluDl,k1u+2a °n Z DpiqijDijuDpiu
i,jh k=1 i,j,h k=1
N
+6a’3ns Z Dprqij DijiuDygu
i jhkl=1
N
+2a33 8 Z Dpriqij DijuDpru.
i\ j ko l=1

s

Using the ellipticity assumption on ¢g;; we get

ng—ZT)‘IDul2 - 2at772v|D§ 1u|2 - 2at772v1 |D§ 2ul2 — 2c12t2774v|Df|£ 1u|2
—2a’t* v D} Hul* — 2a° 0| Dy yul® — 2201 | Dy Hul?, (2.13)

where V = 1 A v, and g3 < 0. Here, to simplify the notation, we have denoted by
D’g (u (resp. D’i; i) (k = 2, 3) the vectors whose entries are the k-order derivatives

oku
0xjy ... 0x;,

To estimate the function g4 we observe that, by virtue of our assumptions on
the coefficients ¢;;, it can be easily shown that v(x) < Cglxl2 for any x € RN,
Therefore, by H2, |g;;(x)| < C3|x|2 for any x € R and any i,j = 1,...,N.
Now, a straightforward computation shows that

with i; <r for some j=1,... ,k (resp. i; >r forany j=1,... k).

Jv(x), ifi <r,
|An(x)| < €y, |(Q(x)Dn(x))i| < C, { (2.14)

1, ifi >r,

for any x € RY and some positive constant C. Taking (2.14) into account and
recalling that for any a, b, ¢ > 0 it holds that ab < (4e)1a? + £2b?, we can now
show that

g4 <2at (C1 +C1 ¥ +|B||) Dul?
+dam? (2C1e + at (C) + || B) + arC ) (U|D§’1u|2 n |D§’2u|2>
N
a2y <8C1€ +3at(C) + | BIl) + 3atC1;> (vID3 ul? + 103 pul?)

+24a°3C1en®(v| Dy ul* + | D Hul?).
(2.15)
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The term g5 can be estimated similarly, taking (2.11) into account, and it gives

N2
g5 < atCy—|Dul|?
2¢

N N?
+atCoN {26 + 2atN + at — +a2t22—} 772 (leﬁ 1u|2 + |D§ 2u|2>
e e . :

N
+a’t?CyN (48 + 3at2— + 6atN + 2at8N> nt <v|Df; ul* + 1D 2u|2)
& ’ ’

+6a’°n°CoeN (v| Dy yul* + | Dy Hul?),
(2.16)

where C; = max{C, || Dgjjllcc, i,j =r+1,...,N}. From (2.13), (2.15) and
(2.16) we get, for any ¢ € [0, T'],

- N N2 2
g <\ ~W+a|1+2TBI+2G7 (14 —+ ) | { 1Dul
& £

+2a{ — V4 eC3(4 + N) +a|:1 + 27| B|
3

E 2 N_ 2 2 2 2 2
+C3T | 2+ 28(4-|—N)—i—N +aT48 tn” \v|Dy ul|” + | Dy yul

+a2: — 2V +4C38(4 + N) +a[3 +6T| B

N
+C3T <6+3£(4 +N)+2N*(3 + e)) “ﬂ#(wpg,lm% |D; Hul?)
+2a° [V + 3C36(2 + N)1 0% (v D} jul + | Dy Hul?),

where C3 := C; V C;. A straightforward computation shows that we can choose
(a, €), independent of R, and such that g(t, x) < O for any r € [0, T] and any
x € B(0, R). The classical maximum principle yields

o, 0)] < [ flloe, (t,x) € [0, T] x B(O, R).
Now, (2.12) follows letting R go to 4-oc0. O

~ The following theorem guarantees the continuity of the functions (¢, x) +>
tI2(DIT (1) f)(x) at t = 0, for any j = 1,2,3 and any f € C,(R"). Its proof is
based upon property (2.9) and the interior estimates of [7] and [11].
Theorem 2.13. Under the same assumptions as in Theorem 2.8, if f € C IIJ‘ RN)

(k =0,1,2,3), then the function (t, x) +— t(j_k)+/2(D-/T(t)f)(x) is continuous
in [0, +00) x RN forany j =0, ... ,3. Inparticular,

lim (Y0 2DITH f)(x) =0, xeRY, j=0,...,3. (2.17)

t—0t
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Proof. We begin the proof by checking (2.17) in the case where k > 0. We restrict
ourselves to dealing with the case where k = 1, since the other cases are similar
and even simpler.

We use a localization argument. For any xo € RY, let Q', Q be two (suffi-
ciently smooth) bounded open neighborhoods of x( such that Q' CC 2, and let ¢
be any Cj° (R™) smooth function compactly supported in € and such that 9 = 1 in
Q'. Since u is a classical solution to problem (2.2), the function v = Y u turns out
to be a classical solution to the nonhomogeneous Cauchy problem

Dov(t,x) = Av(t, x) + g(t,x), (t,x) €e Ry x Q,
v(t,x) =0, (t,x) e Ry x 0%,
v(0,x) =9 (x) f(x), x e,

where

N
g(t, x)=—u(t, x) A% (x) — 2 Z qij(x)Dju(t,x)D ;v (x), (t,x) e Ry x Q.
i,j=1

Since the realization Aq in C(R2) of the operator A, with homogeneous Dirich-
let boundary condition, generates an analytic semigroup {Tq(f)};>0 (see e.g. [13,
Corollary 3.1.21(ii)]), v is given by the usual variation of constants formula

t
v(t, ) =To®)@Wf) —|—/ Tao( —s)g(s, )ds, t > 0. (2.18)
0

Let us estimate separately the two terms in the right-hand side of (2.18). Of course,
without loss of generality, we can let ¢ vary in (0, 1). Throughout the rest of the
proof, to simplify the notation, we denote by C positive constants, independent
of t € (0, 1), which may vary from line to line. To begin with, we consider the
function Tq(-)(¢f). From the classical uniform estimates for parabolic problems
with regular coefficients in bounded domains, we know that for any 7 > 0 there
exists a positive constant C = C(T') such that

. C .
1D Tehlc < Gomeplhllon@: 1O, j=123 Q19

forany h € C™(Q) (m = 0,1,2). By [10, Theorem 5.2], if 1 € CZO(RN) has
compact support in €2, then the function Tq(-)h and its space derivatives up to the
third order are continuous up to t = 0. In particular, (DTq(t)h)|;=0 = Dh. Since
vf e C; () is compactly supported in 2, we can determine a sequence {/,,},en C
Cb°°(§) of smooth functions, with compact support in €2, converging to ¥ f in
C'(Q). Applying (2.19) with h = h,, — 9f, we deduce that 1/=D/2DJiTq()h,
(j = 1,2,3) converges uniformly in [0, T] x Qto t(j_l)/szTg(-)(ﬁf). This
implies that tG=D/2pi To()(@f) (j = 1,2, 3)is continuous in [0, +00) x Q and
DTo(t)(0f) =0 = D@ f) while, if j > 1,tV=D2DITq(®f))1=0 = 0.
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Let us now consider the integral term in (2.18). A straightforward computation
shows that

I8 e < Clult. Ve, >0, m=0,1,2.  (220)
Hence, taking (2.12) and (2.20) into account, we deduce that
C
I8 Men@y < plflgges,  1€O.D. m=0.12 @221
Combining (2.19) and (2.21) (with m = 1) gives

(U=1/2

!
Dj/ To(t—s)g(s, -)ds
0

t
<Cllflleryt V" / ()12
c@) 0

ECx/;HfHCl@),

foranyr € (0,1),j=1,2.
By interpolation, from (2.19) and (2.21) (with k = 1, 2) we get

C

3

ID*Tahll e < s Illcreo: 180 Merse < ~rra7slFllejam:
(2.22)

forany ¢ € (0, T'). Now, (2.22) yields

t

IA

!
03/ To(t — s)g(s, )ds
0

t
_ = Clflo @t f (1 —5)~ 1 He/2gmHORgs
C(2) 0

IA

C\/;“fucl(ﬁ)a

for any ¢t € (0,1). Summing up, we have shown that the functions (¢, x) >
tU=D/2Diy(t, x) are continuous in [0, 1) x €. Moreover, Dv(0, ) = v f and
(V1D*v(t, ))j=0 = (tD3v(t, ))1=0 = 0. Since v = u in Ry x Q" and ¥ = 1 in
Q’, we obtain that (2.17) (with k = 1) holds true at x = x, and, by the arbitrariness
of x, it holds true for any x € RV,

To conclude the proof, we now check (2.17) in the case where k = 0. For this
purpose, we observe that the classical interior estimates of [7, Theorem 3.5] and
[11, Exercise 4.5] imply that if d(2', ) > 1, then

sup t2|(DT (1)h)(x)| + sup 1|(D>T(0)h)(x)|+ sup /2 (D3T (1)h)(x)|
(t.x)e) (t.x)e, (t.x)e,

=C sup [(T(OHh)X)I, (2.23)
(t,2)eQ

for any h € Cp(RY) and some positive constant C = C($2, ), independent of
h. Here, to simplify the notation, we set Q; = (0,1) x , Q] = (0,1) x Q".
Now, with any f € C,(RY), we fix a sequence {f,},en € Cll (RN) of smooth
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functions converging in a dominated way to f as n tends to +oco. Applying (2.23)
with g = f — f,, and taking (2.9) into account, we deduce that the function (¢, x) +—
Yin(t,x) == tj/z(DjT(t)fn)(x) (j = 1,2, 3) converges uniformly in Q’T to the
function (t,x) + ¥;(t,x) = t//2(DIT(t) f)(x). By the previous results we
know that each v, ; is continuous in 5/7 and it vanishes at t = 0. It follows that

¥ (j = 1,2, 3)is continuous in §/T and it vanishes at r = 0, as well. Now, (2.17)
follows. [l

3. Existence and uniqueness results, and uniform estimates

In this section, the main body of the paper, we show that for any f € C,(RY)
problem (HCP), where A is given by (1.2), admits a unique classical solution u
(see Definition 2.3) and that the family of linear operators {T'(¢)};>0 € L(Cp (RNY),
defined by T'(¢t) f = uy(t,-) for any r+ > 0, gives rise to a semigroup of linear
operators satisfying (1.3)-(1.8). Such a semigroup is not strongly continuous and,
in general, is not analytic. Moreover, the behaviour of the space derivatives of
T(t)f near t = O differs from the case where the semigroup is associated to a
uniformly elliptic operator in Cj, (RM) (cf: Theorems 2.8 and 3.1).

3.1. Uniform estimates for the approximating semigroup {7;(#)};>0

We begin this subsection observing that the coefficients of the operator A, in (1.9)
satisfy the assumptions of Theorem 2.8. Therefore, by Remarks 2.9 and 2.10, for
any ¢ > 0, the Cauchy problem (HCP,) admits a unique bounded classical solution
ug. It follows that the semigroup {7 (?)};>0 is well-defined and it satisfies (2.12)
and (2.17).

Our purpose in this section consists in showing that, for any ¢ > 0, {7z (¢)};>0
satisfies the estimates (1.3)-(1.8) with constants independent of €. Such estimates
will be fundamental to solve the degenerate Cauchy problem (HCP) and, conse-
quently, to construct the semigroup {7'(¢)};>0. Before going on, let us introduce
some notation. At any x € RV, we denote by Q(x) € L(R") the (strictly) positive
definite matrix defined by (Q(x));; = ¢g;;(x) forany 1 < i, j < r. Similarly, we de-
note by Qp(x) = (q?j (x)) € L(RVN) the matrix defined as follows: ql.oj (x) =gij(x)
ifi,j <r, q?j (x) = 0 otherwise. Moreover, by Q.(x) we denote the matrix dif-
fering from Qq(x) only in the diagonal elements qu (x) (j > r) where qjg.j (x) =e.
Using this notation, we can write

Au(x) =Tr(Q(x)D?*u(x)) + (Bx, Du(x)),

Acu(x) = Tr(Qe(x) D*u(x)) + (Bx, Du(x)),

for any x € R¥ (see (1.2) and (1.9)).
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Next, for any integer k € {2, 3,4}, any k-tuple (i1,...,i) with1 <i) < ... <
ix < N and any smooth function w, we set

kw

D; W= —————————
Loeee ik .
0xjy ... 0xj,

Moreover, we set D, jw = (Dyw, ..., D,w) and Dyow = (Dy41w, ..., Dyw).
Then, we introduce, instead of the corresponding tensors, the vectors D’;w (k =
2,3,4) consisting of all the derivatives D;, ; w ordered as follows: D;, . w
precedes Dj, . jw if iy < j;, forany l = 1,... ,k, and i, < jj, for some
lp € {1,. k} or {1, ..., jx} contains more indexes j; > r + 1 than the set
{i1, ... ik} Finally, we set Dk T — ((Di 1w)T, o ,(Df’kHw)T), where the
vector Dk W contains all the derivatives Dk1 W with ix 1 <7 < iy
(when such inequalities are meaningful).
For instance, if N =4, k = 3 and r = 2, then

D31w = (Din1w, Dinpw, Dinpw, Dapw),
Di »w = (D113w, Diaw, Digzw, Dipaw, Dypzw, Dpaw),
D33w = (D133w, Di3aw, Dyggw, Dyzzw, Dyzaw, Doggw),
D? 4w = (D333w, D33aw, D3agw, Dasgw).

Theorem 3.1. Let ¢ > 0 and assume that hypothesis HI-H3 are satisfied. Then,
forany k = 1,2,3 and any w > 0, there exists a positive constant C = C(w),
independent of e, such that, for any ¢ > 0,

IDE Tt flloo< Ce® t= 2D 1o 150, j=1.... . k+1, feCyR").
3.1

Proof. As it has already been mentioned in the Introduction, we use the classical
Bernstein’s method to prove (3.1). We restrict ourselves to considering the case
where k = 3, the other cases being similar and even easier. We introduce the
function &, : [0, +00) x RY — R defined by

Ee(t,x) = %oﬁ(us(t,x»z + (F (1) Dug(t, x), Du(t, x))
(G (1) D2us(t, x), D2uc(t, x))
+(H(t)Dlue(t, x), Dus(t, x)),

for any (¢, x) € R, x R, where

5 tzlnl 0 0
atl, 42F '
F(t)=< - ) Go=| 0 o ‘6t41r<N— o« PrGy L (2)
4t°F1 o’ Iy, 0 a_4/5t5GT —7/8 611

Ny
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a 7193, 0 0 0
0 Ol_7/8tSI(N_r)nl 0 0
H() = " , (33
“ 0 0 WL a2, G-
N—r
0 0 a B3NS o080
N—r

forany ¢ > 0. Here F is any matrix such that B3 Fy + F}* B is strictly negative def-
inite (this matrix exists by virtue of Lemma 2.4), —t = Amax (B3 F1 + F['B3); G1 €
L(R(N—r)(N—r—H)/Z’ Rr(N—r))’ H1EL(R(N_r)(N_r_l)(N_r_2)/6, Rr(N—r)(N—r—l)/Q)
are suitable matrices (with entries independent of o) to be determined later on, as
well as the constant . Finally, n,h =m(m + 1)/2 and nfn =m@m+ 1)(m+2)/6
for any m € N.

We require that the matrices F(¢), G(¢) and H (¢) are strictly positive definite
for any > 0. By Lemma 2.5 it suffices to assume that F (1), G(1) and H (1) are
strictly positive definite and, as a straightforward computation shows, this is the
case if we assume that

w —4||F||? > 0,
a6 _o=45G1)12 > 0, (3.4)
a—l7/8 _ a—l3/12||H1 ”2 > 0.

Thanks to Theorems 2.8 and 2.13, it is easy to check that the function &; is a classi-
cal solution of the Cauchy problem

D[‘gé‘(t7 ) = AS&S(t7 ) + gS(t7 ')7 r> 07
1
£(0,) = S f2,
where g, = 23:1 gj.e and

g1e(t,x) = —a®(Qe(x)Dus(t, x), Dug(t, x))

—2Tr(Q4 (x)D%u(t, x)F (1) D*us(t, x))
N
-2 Z q5;()(G () D Djug(t, x), DIDjuc(t, x))
i,j=1
N
—2 3" qf; () (H () D] Diug(t, x), DIDju(t, x)):;
i,j=1
82.6(t,x) = (F'(1)Duc(t, x), Dug(t, x)) + (G' (1) D2u(t, x), D2u.(t, x))
+(H' (1) D2uc(t, x), D2uc(1, x))
+{((BF(t) + F(t)B*)Dug(t, x), Dug(t, x))
+2(G(1)[ D2, (Bx, D)Jug(t, x), D2us(t, x))

+2(H()[D3, (Bx, D)luc(t, x), Dlue(t, x));
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g3.e(t, %) =2 ) Dijuc(t, x)(F(1)Dgij(x), Duc(t, x))
ij=1

+2 > (G()IDZ. ij (x) Dyjlue(t, x), Diue(t, x))
ij=1

+2 Y (HOID], qij(x) Dijluc(t, x), Duc(t, x)).
i,j=1

Here by [A, B] we have denoted the commutator between the operators A and B.

Our aim consists in showing that there exists Tp > 0, independent of ¢, such
that g, < 0in (0, Tp] x RY. The maximum principle in Proposition 2.7 (see (2.5)),
will then imply that

E(t,x) < 3a3(f (1, %)), (t.x) € (0, To] x RV, (3.5)

Since we are assuming that the matrices F(¢), G(¢) and H (t) are strictly positive
definite for any ¢ > 0, then, by (3.5), all the terms in the definition of &, will turn
out to be bounded by %oﬁ f2in (0, To] x RN and, consequently, Lemma 2.5 will
imply that the estimate (3.1) is satisfied in (0, 7p] with w = 0 and C replaced with
a new constant C;. The semigroup rule then will allow us to extend the previous
estimate to all the positive times. Indeed, consider, to fix the ideas, the case when
k = 1. For any w > 0, let C,, > C7 be such that

C,t~W/2HH =) ot 5 ) t>Ty, i=1,...,N.

Then, for any ¢ > Ty, splituc(¢, ) = T (t) f = T:(To)T:(t — Tp) f. Since, as it has
been pointed out in Subsection 2.2, {T(¢)};>0 is a semigroup of contractions, then

IDiTo () flloo = 1D To(To) Te(t — To) flloo
—1/2—H(i—
Ty PHEONT = To) flloo < Coe® N flloos

A

for any ¢ > 0, and (3.1) (with k = 1) follows with C = C,,.

So, let us prove that the parameter o and the matrices G| and H; can be fixed
such that g. < 0 in (0, Ty] x RY for some Ty > 0, independent of . For this
purpose, we begin by observing that, since the matrices F(¢), ((G(z‘)Dﬂ%Diu‘8 (1),
D2Dju(1)));; and ((H(t) D3 D;ue(t), D3 Dju,(t)));; are strictly positive definite,
then

g1.:(t, x) < g1.0(t, x), (t,x) e Ry x RV,

where g ¢ is obtained from g . replacing, at any x € RV, the matrix Q. (x) with
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Qo(x). Now, Lemma 2.6 implies that

21.0(t) < =Dy ruc (O =20 Y " (D?ue (1) F (1) D*ue (1))
j=1

—2v Z(G(r)DﬁDjus(r), D2Djuc(t))
j=1

—2v Z(H(t)DiDjug(t), D2Dju.(1)).
j=1

Hence, using properly the inequality
207tPab < " tP1a® + 0”0 2y =yi+y2. 26=Pi1+ ). (3.6)
holding for any «, a, b, t > 0, it follows that
£1,0(t) < —=av| Dy ue (1)|* = 2atv(K1 D jue (), D2 e (1)) =208 | D] Hue (1)
K2 o@D jue () + a3 D2 yu (1))
—2020(K3D] ue (1), D} jue (1)) =2~ 1014 v (K4 D yue (1), D} yue (1))
20700 D3 Juc (n)?
HIKs v D? yue (0)|* + a0 D7 juc (1))
—2a~ 1030 (Ke DY |ue(t), DY ue (1))
20~ B0 (K7D} Jue (1), DY yue (1))
—2(x_1t7v(KgDi"3ug(t), Dijug(t)) — 2a_9/8t9v|D:’4us(t)|2
I Kollve™ /4847 DY Ju. (1)1 + a5/ D} 4uc (1))
< =Dy 1ue (0 + (=20 + ' 2| K2 |)tv| D} e (1)
+(=20+ a2 K2 )i | D2 yue (1) — 262v| D] jue (1)
+(=27 1 4 a3 Ks|)vi*| D] Hue (1)
+(=27 "8 + a7 K[| D] jue (1)
=201 DY ue (0)* — 227720 DY Hue (1))
+(=2a + a8 Kol v | DY jue (1)

(=208 4 a8 Ko [)e®| D 4ue ()],
(3.7)

where K1, K3, K4, K¢, K7, Kg are suitable diagonal matrices whose minimum
eigenvalue is 1, whereas the entries of the matrices K7, K5 and Kg depend linearly
only on the entries of F;, G| and Hj, respectively. In particular, all the previous
matrices are independent of «.
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Throughout the rest of the proof, to simplify the notation, we denote by o, (¢)
(k € Ry U{0}) any function &, depending on ¢, and possibly on e, |G|, || H ||, but
independent of x, such that lim;_, ¢ t— h(t) = 0. Moreover, in the estimates for 8.
and g3 . we write explicitly only the terms which are not negligible, as ¢ tends to
0, with respect to the terms in the right-hand side of (3.7), and we use the notation
now introduced to denote all the other ones. For instance, if a term is negligible
with respect to —2Lvt3|Di2u€(t)|2, we simply denote it by o, (t3)v|D>{2<’2u8 ()|%, or
by o, (t3)|D£’2us(t)|2, if it is independent of v.

In order to estimate the function g . we observe that

[D2, (Bx, D)]ug(t,x)=LD2uc(t,x), [D:, (Bx, D)Jug(t,x)=MD3u.(t, x),

x e RV,
where
My My 0 0O
Lily 0 Mz My Ms 0
L=|L3;LsLs |, M=1 M My Mg | (3.8)
0 Lo Ly 0 0 My My

Li(j=1,...,7yand M; (j = 1,...,10) being suitable matrices whose en-
tries linearly depend on the entries of B, but are independent of o, G, Hy. Using
properly inequality (3.6), it follows that

2(G(1)[DZ, (Bx, D)]ue(t), Diue(t))
< 20| Ly ||DF jue (D1 + | Lall (@' 24| DF jue (01> + o~ 28| D Hue ()[%)

+a ™G] (21D, e + 1*1D2 uc ()
+a T O Ly (2102 s 0 + 11D yuc (1))
+20 71 Ly || D yue (O + 20PN G1 | Lol D2 pue (1)
HILs @4 1D qus (O + /| D] 3ue (1))
+a ™G (L4l + 1L71) (#1023 ) + 101D suc (1)
Fa Ll (1D 000 + 102 e 0
40" hnax (GTLs + LzGl)t5|Di3ue(f)|2 + 205_7/8t6||L7|||Dj2<,3us(t)|2
= (' | Lall + 0,(D)}t| DI yus (1)
He ULl + @~ P4 Ls ] + 0, (D)3 D2 Hue (1)

o Phmax (GTLs + LEG) + a/®|| Ls|l + 0, ()} | DF jue (1),
3.9
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and, similarly,
2(H(0)[D2, (Bx, D)]us(t), Diuc (1))

< Ml (™ B2 D3 e (O + o4 D2 Jue (1))
+Msll (™ 2D Hue () + a0 D] sue (1))
Mg | (@™ D] que (0> + a3 D] yue (0]
o S (H M + M HY)|D3 qus (0 + 0,(t)| DY ue (1))
+0,(tN D yue (01 + 0, ()| D] 3uc (D] + 0(t)| D3 yue (1))

= {a ' BIMa|| + o/ (D} D] ue (1)
+H{IMalle ™+ [ Mslla™ 24 0, (D} D3 ue (1))
+H{| Msllo™>"* + || M|l % 4 0,(1)}¢%| D] 3uc (1)

H{IMglle™* 4+ 20 o (H Mg + MEHY) + 0, (D} D] yue (1)
(3.10)

Therefore, from (3.9) and (3.10) and observing that
((4(B3Fy + F1 B}) Dy pus (1), Dyuts (1)) < —4u| Dy pue ()2, t>0,

we get
22.6(t) < a0 D1 (O + ax ()| Ds e () + as(0) D2 e (1))

+ag ()| D2 yus (1) + as(1)| D2 ju. (1) + as ()| D2 jue (O (3.11)
+a7(1)| D] yue (1)[* 4 ag ()| D] sue (0% + ag(t)| D] yue (1)]%,
where

ai(t) = o+ 8|Clla'/? + || Bslla™* + o, (1),

ax(t) = {—t+ B Fill + [ BslDa™ /> + o, (1)},

a3(t) = (4+a'?|La]| + o (D)},

as(t) = (4”10 4 a7 V2| Lof| + a7 VP| Ls | + 0, (D},

as(t) = {607 + & hnax (GiLs + LEG)) + /|| Ls|| + o, (D)},

as(t) = {(15a~ 1% 4 a3 | My || + 0, (1)),

ar(t) = {100~ "8 + | Malla™* + || Ms [l /% + 0, (1)}*,

ag(t) = {Ta~ " + | Mslla™/* + [ Mglla™>/* + o, (1)}e°,

ag(t) = {98 4 || Mgl 4 o= 13/12) L (Hf Mg + MEHY) + 0,(1))8.
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Finally, we consider the function g3 . and we observe that

[DZ2, qij (x)Djjlue(t, x) = Dijuc(t, x)D2qij(x) + N Djug(t, x),
(D, qi;(x)Dijlue(t, x) = Dijus(t, x)D;q;;(x) + R(x)Dlue(t, x)
+8(x) Diuc(t, x),
where, for any x € RY, the matrices N (x) € L(R”gv, R”}V), P(x) € L(R”/ZV) and

R(x) € LR, R") (n3, := N(N + 1)(N + 2)(N + 3)/24), split according to
the splitting of the vectors Dﬁf ug (k =2,3,4), are given by

Nix) 0 00
N(x) = | N2(x) N3(x) 00

0 N4(x)00
Pi(x) 0 00 Ri(x) O 0O 00
P, P 00 R R 0O 00
Pl — 2 (x) P3(x) , Rix) = 2(x) R3(x) ’
Pi(x) Ps(x) 00 0 R4(x) Rs(x)00
0 Ps(x)00 0 0 Re(x)00

for any x € R, the entries of the matrices Nix) (j =1,...,4), Pi(x), Rj(x)
(j = 1,...,6) being linear combinations of the entries of the derivatives of the
diffusion coefficients g;;(x). In particular, they are independent of «, G1, H; and
there exists a positive constant C;, independent of x, such that

IN: )+ 1P )| + 1R () <Cav/v(x),  x€RY, i=1,...4, j=1,..,6.

Hence, using properly the inequality (3.6) (where now a and b are given, respec-
tively, by ﬁlDiyiugl and |D$ju€| for suitable i, j, k, m), and taking assumption
H?2 into account, it is easy to check that
83.6(1) < 0y (DD 1us ([ + 0, (1) | D 2ue (1)
+01 (VD2 jue () + 0, ()| D2 ue (1)
+0,(17)| D2 3ue (1) > + 0, (t2)v] D] yue (1)
+0, ()| D2 yue (D + 0,1 D3 3u (1)
+0,(t%)| D yue()|* + 0, (2)v| DY e (1))

+0t(t5)V|Di2u£(t)|2 + Ot(t7)V|Di3ue(t)|27

(3.12)
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for any ¢ > 0. Summing up, from (3.7), (3.11) and (3.12) we deduce that

ge(1) < {—a’v + 0a(@®) + 0 (D} Dy e (1)
H—t+ 0q (1) + 0, (D} Dy pute (1)
+H{=20 + 04 (@) + 0, (D} D] yue (1)
{20 + 0 (v + 0, ()} | D2 Hue (1)
o Amax (GLs + LEG1) + 0a (™) + 0,(1)}| D2 yu (1)
+H{=2v + 04 (1) + 0, (WV}£*| D jus (1)]?
{20710 + 06 (@7 710) + 0,()}v1*| DT Hyue (1))
+{=20" "8 + 04 (@7 7®) + 0, ()}V1°| DT Jue (1)
o Pk ax (HY Mg + MGH) + 0g (@™ "1%) + 0, (D)% D] 4ue (1)
+{=27"1% + 0,(1)}e*| DY up (1))
+{=207"8 + 0, (D} | DY Hue (1)
{20 + 0a (@) + 0, (D}t DY sue (1)

{208 + 06 (@™ ¥ )% | DY yus (1)1, (3.13)

where by 0, (@) (k > 0) we have denoted any function  : R, — R, depending on
o, and possibly on G| and Hy, but independent of t, such that limy_ | o @¥h(a) =
0. To prove that g. (¢, x) < 0 for any ¢ in a right neighborhood of 0 (independent of
g)and any x € R¥, we show that we can fix «, Ty > 0 and the matrices G| and H;
so that all the terms in the right-hand side of (3.13) are negative in (0, To] x RY. We
denote by a;(x) the coefficients which we obtain from the terms in curly brackets
in the right-hand side of (3.13), disregarding the terms of type o;(1). As a first step
we prove that we can fix « > 0 and the matrices G| and H; so that

sup a;(x) <0, j=1,...,09. (3.14)

xeRN

Once (3.14) is proved, it will be an easy task to check that, we can fix 7Tp > 0 such
that the right-hand side of (3.13) is negative in (0, Ty] x RY. An easy asymptotic
analysis shows that all the coefficients a; (j = 1,...,9) satisfy (3.14), for « >
0 sufficiently large, provided that G; and H; can be chosen so that the matrices
GiLs + L3Gy and HMg + Mg H, are strictly negative definite. By virtue of
Lemma 2.4 and assumption H/, this is the case if the ranks of the matrices Ls €

L(R”IIV—", R"N=7)y and Mg € L(R"iz\’—r, ]Rmil\/—r) are, respectively, n}v_r and n%\,_r.
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Straightforward computations show that, up to rearranging the rows, we can split
Ls and Mg into blocks (according to the splitting of the vectors Dius, k=3,4)as
follows:

So 0 v oen-
* Sl 0
0
K e e * SN*I‘*I
1 .
where S; € L(R"¥-r-i-1, R"™V="=7)y s given by
J
B, 0 - ... 0
* B§+1 0 0
Di=1| + - = . : j=0,...,N—r—1,
0
* * Bévirfl

6,0

Bé being obtained from B by removing the first j columns. Here and above by “x
we denote suitable matrices whose entries depend linearly only on the entries of Bs.
Since, by the assumption H3, rank(B3) = N — r, it follows, due to the particular
structure of the matrices Ls and Mg, that rank(Ls) = n}v_r and rank(Mg) = n%\,_r.
Hence, from the second part of Lemma 2.4, we deduce that, if we set G| = —Ls,
and Hy = —Msg, then the matrices G{Ls + LG and HMg + Mg H are strictly
negative definite. Therefore, we can fix « > 0 such that (3.14) holds. Moreover,
up to choosing a larger o, we can assume that conditions (3.4) are satisfied. Then,
fixing T sufficiently small, we obtain that g. < 0 in (0, Tp] x RN and F(¢), G(1)
and H(t) are strictly positive definite for any + > 0. By the above remarks this
concludes the proof. O

As in the non-degenerate case, the more the initial datum is regular, the more
we can improve the estimates of the derivatives of 7, (¢) near + = 0. We state this
fact in the following theorem.

Theorem 3.2. Under the same assumptions of Theorem 3.1, for any k = 2,3 and
any @ > 0, there exists a positive constant C = C(w), independent of ¢, such that
forany e >0

— i—_h—1)t _
IDX jTo0) flloe = Ce™t=CUTIDTHILY £l v, (3.15)

t>0, j<k+1, h<k, feCIR"Y).
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Proof. Since the proof is close to that of Theorem 3.1, we just sketch it, pointing
out the main differences. We confine ourselves to proving (3.15) when k = h = 3,
the other cases being similar and even simpler. Let us introduce the function &3 ; :
[0, +00) x RY — R defined by

Exo(t, x) = %oﬁ(ue(t,x))2 + (F Dus(t, x), Duc(t, x)) (3.16)
+(G Diue(t, x), Diue(t, X)) + (H Djuc (1, x), Diue(t, x)),

for any (7, x) € Ry x RV, where F = F(1) (with F; being replaced with (|| B4| +
1)F1), G = G(1) and H = H(1) (see (3.2), (3.3)) with G| = —Ls, H| = —Mj3
(where Ls and Mg are given by (3.8)) and « is to be determined later on. Using
Theorem 2.13 we can show that &3, is continuous up to ¢+ = 0. Furthermore,
straightforward computations show that &3 . satisfies

Dt§3,s([s )= As&,s(h )+ g's(ta s t>0,

1 3,2 2 2 3 3

where g, = 2;21 8j.e. Here, the functions g; . (j =1,2,3) are obtained from the
functions g ¢ in the proof of Theorem 3.1 by replacing everywhere (F'(1),G (¢),H (1))
by (F, G, H) and disregarding the terms containing the matrices F’, G’ and H'.

The proof now follows the same ideas of the proof of Theorem 3.1. The func-
tion g1 . can be estimated by the right-hand side of (3.7) where we set r = 1 and
G1 = —Ls, H = —Mjg. As far as the functions ¢, . and g3, are concerned, we
write explicitly only the terms which are not negligible as « tends to 400 with re-
spect to the terms in (3.7) and simply write oy (%) (k > 0) to denote the remaining
ones. Hence, using properly inequality (3.6) (with § = 0) and arguing as in the
proof of (3.11) and (3.12), we get

22.6(1) + 83.6(1) < —tDyaue(1)|* = 20 hmin (LEL5)| D2 yuc (1)
=207 B3/ i (M Mg) | D] yue (1) + 0a (@) | Ds 1ue (1)
+06 (1) Ds 2 (D) * + 06 ()| D2 e (1)
+0a ()| D yue (1)* + 0 (1) D2 31 (1)
+oa (D|D] ue(1)|* + 0 (@™ /10D Ju (1)
+0a (@8 D] 3uc (1)1 + 0 (™31 D] 4ue (1)
+0a (@ "1OYWID} L ue (D17 + 00 (@™ /B0 DY Hue (1)

+oo (™) [DY juc (0)2,
(3.17)
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for any t > 0. Therefore, from (3.7) (witht = 1, G; = —Ls and H; = —M3) and
(3.17), we obtain

8:(1) < —{av + 04 (@)} Ds 11t (> = {t + 00 (1)} D 21 (1)

—{200 + 04 (@)}V]| D7 ue (1) — {20 + 04 ()}V| D Hue (1)

{20 amin(LELs) + 0q (@)} D2 jus ()]

—{2v + 0g (DD jue (1)

—{2a7 1 + 06 (@ 1O)WI DI Hue (1))

—(207 78 4 04 (7P| D] suc (1)

—{207 P P2 hin (MG M) + 04 (™ /™Y D] yue (1))

=201 D} jue(0)* — 20701 | DY Jue (1)

—2a7" + 04 (@™ )| DY 3uc (1)

—{2078 4 04 (™I DY yu (02 (3.18)
Now, from (3.18) and condition (3.4) (where we replace F| by (|| B4|| + 1) Fy), it
follows that we can fix & > 0 such that F, G, H are strictly positive definite and
g: <0in R, x RY, implying that

IT:0 f 3 @ny < Coll fllcznys 1 € ©. o). f € GGRY),  (3.19)

for some positive Ty and some constant C = C(7p) > 0. The semigroup rule, then
allows us to extend (3.19) to all the positive times obtaining (3.15). Indeed, for any
t > Ty, it suffices to split T(¢) f = T (Tp/2)T (t — To/2) f observing that (3.1) and
(3.19) give

”Te(t)f”Cg(RN) < ColT — TO/Z)f”Cg(]RN) = Clewt”f”(jg(RN),

for any w > 0 and some positive constant C; = Ci(w). To prove (3.15), with
k =1, 2, we apply the previous arguments to the functions & . defined by

Eo(t,x) = %oﬁug(t, x) + (FDu,(t, x), Dug(t, x))

+(k — 1)(GDZ2ue(t, x), D2uc(t, x)), k=1,2,

foranyr > 0, x € RY, where F and G are as in (3.16).
Finally, to prove (3.15) with (k, k) = (1,2) and with h = 1,2, k = 3, it suf-
fices to repeat the previous arguments applied, respectively, to the functions &1 2 .
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and & 3 ¢, £2.3.¢ defined by
Elke(t,X) = E16(t,X) + (G() DJug(t, x), Dyuc(t, x))
+(k — D)(H () Dlue(t, x), D3uc(t, x)), k=23,
forany t > 0,x € RN and

£23.6(t.%) = E0(t, x) + (Hay(t) DJue (1, x), Diue(t,x)),  t>0, xeR",

where
11, 0 0
Git)y=| 0 a_7/16tl(N_,)n} —a L5 || t>0:
0 —a 5L a—7/8t31n;,_'_
a 037K, 0 0 0
)= 0 L S N 0 0
0 0 a—1t7—3k1m}v7r o 13/128=3k pp
0 0 —a 131283k pp o ~9/8,3G -0

N—r

forany t > 0 (k = 1, 2), with « sufficiently large. Here, as in the proof of Theorem
3.1, we have set n,£1 =(m—1)m/2, n,2n =mm+1)(m+2)/6foranym € N. [

3.2. Construction of the semigroup

In this section we prove that, for any f € C,(R"), the Cauchy problem (HCP),
associated with the degenerate elliptic operator A in (1.2), admits a unique classi-
cal solution u y. This will allow us to define a semigroup of bounded operators in
Cp(RN) by setting 7' (¢) f = u (¢, -) for any t > 0. At the same time we also show
that the semigroup {7 (¢)};>0 satisfies the uniform estimates (1.3)-(1.8). The follow-
ing remark will be fundamental in order to prove our results, since it provides us an
useful maximum principles for the classical solution to Cauchy problem (HCP).

Remark 3.3. (maximum principle) Let us observe that the maximum principle as
stated in Proposition 2.7 holds true also when A is given by (1.2). Indeed, in the
proof of the quoted proposition we never took advantage of the fact that A was
uniformly elliptic. We just took advantage of the existence of a Lyapunov function
¢ € C>(RV) such that supgn (Ap — Ap) < 400 for some A > 0, and, as it is easily
seen, the function ¢(x) = 1 + |x|? is a Lyapunov function for the operator A.

Theorem 3.4. Under assumptions H1-H3, for any fe Cyp(RN) there exists a unique
classical solution u to problem (HCP). Moreover, if we set u(t,-) = T(t)f, the
SJamily {T (t)};>0 is an order preserving semigroup of linear operators in Cy, RN
satisfying (1.3)-(1.8).
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Proof. We split the proof into several steps. First in Steps 1, 2 and 3 we prove
that, for any f € Cp (RM), problem (HCP) admits a (unique) classical solution u f;
we define the operator 7'(¢) (¢t > 0) and we show that, for any compact set F C
(0, +00) x RV, T:(-) f converges to T(-) f in C2(F) as ¢ tends to 0. Moreover,
we show that {7 (¢)};>0 is an order preserving semigroup in Cj, (RV) and it satisfies
(1.3), (1.4), (1.6) (with k = 1,2) and (1.7). Then in Steps 4 and 5, we show
that u ¢ is thrice-continuously differentiable with respect to the space variables in
(0, +00) x RN and T (r) satisfies the estimates (1.6) (with k = 3) and (1.8) (with
k=0,1,2).

Throughout the proof, we consider the spaces B(/; C’g(K )), Lip({; Cg(K )
and C"(I; CE(K)) where I C R is an interval, K = RY or K = B(0,m)
for some m > 0, and h € (0,1), k > 0. These spaces are defined as fol-
lows. B(I; C ,’j (RN)) is the space of all the functions u : I x K — R such that
||u||B(1;C£(K)) 1= SuP;epqp) (2, ')”C’b‘(RN) is finite. Lip(7; C’g(K)) is the subset of
B(I; Cg(K)) of all the functions u such that |u(z, -) — u(s, ')”c,’;(K) < C|t — s|
for any s, € I and some C > 0. Finally, ch, C];(K)) is the set of all the
u: I x K — Rsuch that |lu(z, ) — u(s, -)||C}/§(K) < C|t —s|", for any s, t € I and
some C > 0.

Step 1. For any f € C,(R") and any ¢ € (0, 1], let u, = T:(-) f be, as usual, the
solution to the Cauchy problem (HCP,). Using the estimates (1.4) and (1.5), we
deduce that {ug}e~0 C B([To. T]; Cg(RN)), for any 0 < Ty < T, with norm
independent of ¢. Moreover, since Dju, = Ague, then {Dsug}ec(,1) is equi-
bounded and equicontinuous in [Ty, 7] x B(0, R) for any R > 0. It follows that
ug € Lip([Tp, T]; C(B(0, R)))NB([Ty, T] x C3(B(0, R))). From [13, Proposition
1.1.4(i) & Corollary 1.2.19] we deduce that u, € C!1=/3([Ty, T]; C*t*(B(0, R)))
and D,u, € CU=9/3([Ty, T1; C(B(0, R))) with norms independent of ¢. There-
fore, the families of functions { D{ D,’? Ugtee(0,1] Qa+|B| < 2) are equibounded and
equicontinuous in [Ty, T] x B(0, R), forany 0 < Ty < T and any R > 0. Hence,
there exists an infinitesimal sequence {¢,},cN such that u,  converges in Clh2(F),
for any compact set F C (0, +00) x R¥ | to some function u ¢ which, of course,
solves the differential equation D,u r — Au s = 0.

We now assume that f € Cg (R™) and prove that u f is continuous up to # = 0.
For this purpose, we observe that by [18, Proposition 4.3] we can write

t
(T, ) fHx) — fx) = / (Tz, () Ag, f)(x) ds, t>0, xeR".
0

Since {7 (t)};>0 is a semigroup of contractions for any ¢ > 0, we get

t
ITe, () f = flloo = sup /o I(T¢, () Ag, [)(xX)|ds

xeRN

<A, flloct < Ctl fllanys 10,
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where C is a positive constant, independent of n. Letting n go to +00, we deduce
that u #(¢, -) tends to f uniformly as ¢ tends to 0. Hence, the function u s is a
classical solution to problem (HCP). Repeating the same arguments as above, and
taking Remark 3.3 into account, we can show that any sequence {u,’ }nen With &,
vanishing as n go to +o0o, admits a subsequence {ug;lk Jken converging to u s in
CL2(F) for any F as above. This implies that 7 (-) f converges to u s in CL2(F)
as ¢ tends to 0.

Step 2. We now assume that f € C,(R") has compact support, and let Ug, =
T, (t) f be as in Step 1. Moreover, let {fi,}neny C CZ(RN) be a sequence of

compactly supported functions converging to f in C,(RY). We fix m € N and
observe that, by Step 1, Tg, (¢) f;n converges to T'(t) f,,,, locally uniformly in RY, as
n tends to 400, for any ¢ > 0. Writing (2.7) with u being replaced with T, (f) f —
T¢, (t) fn and then, letting n go to 400, we get

luy(t, ) =T ) fmlloo < If = finlloo: t>0, meN. (3.20)
Hence, from (3.20) it follows that
gt ) = flloo = lluy(, ) =T @) fmlloo + 1T @) fin = fimlloo + 1 fm = flleo
< 21f = fmlloo + T (@) fin = fimlloos

A

A

for any ¢+ > 0 and any m € N. Hence, by Step 1, us(z, -) tends to f uniformly
in RY as ¢ tends to 0. This implies that the function u s is a classical solution to
problem (HCP). Then, with the same arguments as in Step 1, we can easily show
that D¢ Df T.(-) f converges to D;"Df T(-) f locally uniformly in (0, +00) x RV
as & goes to 0, for any 2|a| + |B] < 2.

Step 3. We now assume that f € C,(R") and adapt to our situation the technique in
[6, Proposition 2.2]. We preliminarily observe that, by Proposition 2.7, T (1)1 = 1
for any r > 0. Hence, T'(¢)1 is well-defined for any ¢ > O and 7(-)1 = 1.

We now fix a compact set K C R" and a smooth function 1 compactly sup-
ported in RN such that = 1in K and 0 < n < 1. By linearity and Step 2, we
easily see that, for any ¢ > 0, the function 7' (t) (1l — n) is well-defined. Moreover,
since Ty (1)(1 — n) > 0 for any # > 0 and any ¢ € (0, 1) (see (2.8)), then

0<TH(A—n) =1-T®n, t>0.

By Step 2 we know that 7' ()1 tends to n, uniformly in R Therefore, T (¢)(1 — 1)
tends to 0 as ¢ tends to 0, uniformly in K.

Let now ug, = T, (-)f and uy be as in Step 1. Since Tg, (1)(1 — n) f) =
T, (t)f — T¢,(nf) and nf is compactly supported in RY, then T, (t)(1 —n) f)
converges in CLM2(F) to uyg(t,-) — T(t)(nf), for any compact set F' C (0, +00) x
RV Since the semigroup {7 (t)};>0 is order preserving, then

|(Te, O =) )] < 1 f lloo (Te, OA=m)(x), >0, xeRY, neN,
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so that,

g, x) = (TN = I flloo (T @A —0)(x), t>0, xeRY.

It follows that u ¢ (¢, -) — T(t)(nf) vanishes uniformly in K, as ¢ tends to 0. Since
T(t)(nf) tends to f, uniformly in K, as ¢ tends to O, then u ¢(¢, -) converges to
f, as t tends to 0, uniformly in K. By the arbitrariness of K, u s turns out to be
continuous up to + = 0 and it is a classical solution to problem (HCP). Arguing
once more as in Step 1, we can then easily show that D;"Df T.(-) f converges to
D¢ D,’?T(‘)f locally uniformly in (0, +00) x R¥ as ¢ goes to 0.

Now, the estimates (1.3), (1.4), (1.6) (with k = 1, 2) and (1.7) easily follow
letting £ go to 0" in (3.1), (3.15), recalling that the constants occuring in these last
estimates are independent of ¢.

To conclude, we observe that the family of bounded operators {7 (t)};>0,
T(0) = I, is an order preserving semigroup of linear operators in C,(R"Y). To
check the semigroup rule, it suffices to notice that, for any f € C,(R") and any
s > 0, both the functions u(¢, -) = T (¢t)T (s) f and v(¢, -) = T (¢t +s) f are classical
solutions to the Cauchy problem (HCP) with f replaced with 7'(s) f. Hence, from
Remark 3.3 we deduce that u = v, i.e. T(t +5)f = T(t)T (s)f. The maximum
principle also implies that {7'(¢)},>¢ is an order preserving semigroup.

Step 4. We now prove (1.5), (1.6) (with & = 3) and (1.8) (all of them in the
case where i < r), using a localization argument. Without loss of generality,
we can assume that f € Cg (RM). Indeed, once (1.5) and (1.8) are established
forany f € Cg’ (RY), then they can be extended, respectively, to the case where
f € BUCRY) and f € BUCKRY) (k = 0, 1,2) by a density argument, ap-
proximating f € BUCK(RY) with a sequence of functions in Cg (RY), converg-
ing uniformly to f in BUCK(RY). Here, BUCK(R") (k € N) denotes the set
of all the functions f € C],j (RN) such that D f is uniformly continuous in RY
for any || = k. Finally, for a general f € C’lj (RYN), it suffices to split, for any
t >0, T@)f = T(/2)T(t/2)f and apply the above results with f replaced
with T(¢/2)f € BU CK@®RN). Moreover, to prove the previous estimates, it suf-
fices to show that forany i € {1,... ,r} and any j,h € {l,..., N}, the function
DT () f is continuously differentiable with respect to the i-th space variable.
Indeed, suppose for instance that i = 1, j < r, h > r and f € Cp(R"). Es-
timate (3.1) (with k = 3) implies that, for any x», ..., xy, the function x
(DjpTe(t) f)(x, x2, ..., xy) is Lipschitz continuous in R and

[(DjnTe(®) f)Cox2, o xm)Lip®) < Ce”t 2| flle,@yy. >0,
for suitable C, w > 0, independent of x3, ... ,xy. Since D;,T,(t)f converges

to DjpT(t)f locally uniformly, then the function (D, T(t) f)(-, x2, ..., xn) i8S
Lipschitz continuous in R as well, and

[(DjnT®))Cox20 o xW)ILip®) < Ce” t 2| flle, @y, t > 0.
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Therefore, if D, T (¢) f is continuously differentiable with respect to the direction
e1, then the function D;;, T () f satisfies (1.8).

So, we fix i < r and j,h < N and we prove that the function Dju =
Dj,T(-) f is continuously differentiable in Ry x RY with respect to the i-th vari-

able. For this purpose, let ng : RY — R be a smooth function compactly supported
in B(0, R) (R > 0) such that ng = 1 in B(0, R/2). For any k € R, with k| < 1,
we introduce the operator t{l‘ defined on C,(R") by

V(x +kep) — Y (x)
. :

Ty (x) = xeRY, ¢y eC@RY),

where ¢}, is the A-th vector of the Euclidean basis of RY. Moreover, we set vé’ kR =

t,f’ Ve, R, Where ve g = ueng and u, = T (-) f. As is easily seen, the function vé”k’R
is the classical solution to the Cauchy problem

Dl p(t,x) = Av! | o (1, X) + g2, Rt ), (t.x) € Ry x RV,
vﬁ,h,R(O’ x) =1 (r (), x e RV,
where, for any ¢ > 0,

,
gl r(t) = =1 et VANR) =2 Y qunDine(t, - + kep) T} (D)

I,m=1

,
—2 3" (! Dy (¢, ) Dy

I,m=1

.
—2 3 (qum) Diuc(t, - + ken) Dung (- + kep,)

I,m=1

N

—2& Y Dyus(t. + ken)(z) Dung)
m=r+1

N r
—26 Y (4 Dtte(t, DDunir + Y, (5 qum) Dimve & (1, )

m=r+1 I,m=1

N
+Zb1hD1ve,R(t, ). 3.21)
I=1

By [21, Theorem 3.5], vf’ k. can be represented by

t
vl g X) = (T (R ) () + /0 (To(t — $)gl g5, N @)ds,  (3.22)

t>0, xeRV.
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We are going to show that we can take the limit as & tends to 0" in (3.23) and write

v g, x) = (ult, NNr(x) = (TO(T) (R £))) (x)

!
+/ (T(t — 5)g}' g(s. N (x)ds, >0, xeRY, (3.23)

where gk g 18 obtained from ga kR by replacing u, with # and letting ¢ = 0 in
(3.21). Of course, thanks to the previous steps, it suffices to deal with the con-
volution term in (3.22). Since u, converges to u in C L2(F) for any compact set
F C (0,400) x RN (see Step 1) and ng is compactly supported in R”, then
the continuous function gf’ kg converges uniformly in R¥ to the function g,i" R as
¢ tends to 0. This implies that, for any s,¢ > 0, T (t)gi” k. z (s, ) converges to
T (1) g,’(” & (s, ) locally uniformly in R¥ as ¢ tends to 0. Indeed, for any compact set
K c R", we have

sup |(Te (gl ;g (s, N @) = (T(1)g} g (s, ) ()]

xekK
< su£|<Ta(z)g€kR<s N@) = (Te()g) g5, N )|
xXe
+ sup (Te (g} g (5. N(x) — (T(D)g} g(s. N )]
< llgl ik = &k rlloo + sup [(Te(Ngf (s, N ) = (T(DgL (s, NI,

xekK

and, by virtue of Step 1, the last side of the previous chain of inequalities vanishes
as ¢ tends to 0T. Moreover, since the semigroups {7:(¢)};>0 are contractive, then
T:(-) gf’ R is bounded in [0, T] x RY for any T > 0, uniformly with respect to
e € (0, 1). Therefore, letting & go to 0T in (3.22), by the dominated convergence
theorem, we get (3.23).

Next step consists in showing that we can let k go to 0 in (3.23) getting the
fundamental representation formula

t
Dpog(t, x) = (T (6)(Dp(nr f)))(x) +/0 (T(t — $)gh(s, ) (x)ds, (3.24)

>0, xeRY,
where

r r
gk =—DnWANR) =2 Y qumDiDynnr =2 ) qm Dintt Dyr
[,m=1 [,m=1

-2 Z (Digim) D1 Dy + Z (Dhqzm>Dzva+szthvR, (3.25)
I,m=1 I,m=1 =1

and vg = ung.
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The convergence of the integral term in (3.23) follows from the dominated
convergence theorem, since g,lg r converges uniformly in R¥ to the function g%, as

k tends to 0. To show this it suffices to observe that, for any v € C (RN) such
that Dy € C(RY), the function r,ﬁ’w converges to Dy locally uniformly in RN

as k tends to 0. Similarly tkh (nr f) and v,i” g, ) (t > 0) converge uniformly,
respectively, to Dy (ng f) and Dpvg(t, -) as k tends to 0.

Now, taking advantage of the representation formula (3.24), we can show that
the function Djvg is twice continuously differentiable in (0, 7)) x RY with respect
to the i-th and j-th space variable, for any 7 > 0. To simplify the notation, in the
rest of the proof, we denote by C; positive constants which may depend on R, but
are independent of t, € and k.

We begin by observing that, by interpolation, from (3.15) (with h = k =
2, 3) we deduce that T.(-) f € B((0, T); C§+“ (RN)) with norm independent of e.
Therefore, letting & go to 0, we get T(-)f € B((0, T); C}%J”’ (RN)) as well and,
consequently, gﬁ € B((0,T); Cy (RM)) for any « € (0, 1).

Next, interpolating the estimates (1.4) and (1.7) we get

105 T@Wlloo < Crt W1l /6 g (3.26)

forany ¥ € Cf (RY). The estimate (3.26) implies that the function s — || D; T (t—
s)gﬁ (s, )loo is in L1(0, 7). Hence, from (3.24) and Step 3, we immediately deduce
that the function Djvpg is twice-continously differentiable with respect to the i-th
and j-th space variables in (0, T') x RN . Since vg = u in B(0, R/2) and R
is arbitrarily fixed, we deduce that Dju is twice-continuously differentiable with
respect to the i-th and j-th space variables as well. The estimate (1.5) follows.

Step 5. We now show (1.5), (1.6) (with k& = 3) and (1.8) in the case where
i, j,h > r. Repeating the same arguments as in Step 4, we easily see that it is
not restrictive to consider the case where f € Cg (RY). We are going to prove
that the right-hand side of (3.24) defines a function which is twice continuously

differentiable in R x RY, with respect to space variables x; and x j- As a first

step, we show that g% € B((0,T); CS/Z(RN)) for any T > 0. Of course, this

is the case if Dy,u € B((0,T); C3/>(B(0,R))) for 1 <1 < r. To prove that
Dimu € B((0, T); C3/2(B(0, R))) we use a bootstrap argument, first showing that
it belongs to B((0, T); C, %> (B(0, 2R))) for any 6 € (0, 1). For this purpose,
we replace the function nr defined in Step 4, with the function n4g which satisfies
nag = lin B(0, 2R). Interpolating (1.7) and (1.8) (with k = 1) we get

Gy

for any ¢ € Cg(]RN). It follows that the function ¢ +— ||D1mT(t)W||Ce/3(RN) is
b

integrable in (0, 7). Therefore, since by Step 4, T (-)¥ and Dy, T (-)y belong to
B((0, T); Cbl(RN)) forany 1 <[ < r, it follows that gi’R € B((0,T); Cbl (RM)) as
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well and then, by (3.24), that D;,,u € B((0, T); C'*9/3(B(0, 2R))), since v4g = u
in Ry x B(0,2R). Hence, by (3.25) (with R replaced with 2R) we deduce that
gé’R € B((0,T); C;+9/3(]RN)) for any 6 € (0, 1). Now, we interpolate first (1.8),

respectively, with k = 1 and k = 2, and then (1.4) and (1.7), obtaining

C3
1D T O Yl gyy = tz_—g/zlll/fllc}lw/a(w), te(0,7), 1<l<r, (327)

Cy
| Dim T ()Y |loo < WIIWIIC;%/S(RN), te0,T) 1<I=<r. (329

Then, interpolating (3.27) and (3.28), yields

Cs

Taking 6 = 4/5 in (3.29), we easily see that the function s +— |[D;,, T(t —
s)gé‘R )]l CIP®RN) is integrable in (0, 7). Hence, from formula (3.24) we deduce
b

that Dyuvar € B((0,T); C,/*(RY)), and, eventually, we obtain that Dy,u €

B((0, T); C3*(B(0, R))), since vag = u in Ry x B(0, R).
Now, we are almost done. Indeed, interpolating (1.6) and (1.7), we easily see
that

Co ..

which, due to the above results, implies that the map s — || D;; T (t — s) gﬁ (s, )loo
is integrable in (0, t). Therefore, from (3.24), we easily obtain that D;jzu(t, -) exists
for any ¢ > 0. O

Remark 3.5. In fact, in Step 2 of the proof of Theorem 3.4 we have shown that,
forany f € Co(RY), T(t) f converges to f uniformly in R" as 7 tends to 0.
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