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Structure of locally conformally symplectic Lie algebras
and solvmanifolds
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Abstract. We obtain structure results for locally conformally symplectic Lie al-
gebras. We classify locally conformally symplectic structures on four-dimensional
Lie algebras and construct locally conformally symplectic structures on compact
quotients of all four-dimensional connected and simply connected solvable Lie
groups.
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1. Introduction

A locally conformally symplectic (shortly, lcs) structure [30] on a differentiable
manifold M consists of an open cover {U;}; of M and a non-degenerate 2-form
€ such that ; ':t*Q is closed (hence symplectic), up to a conformal change,

on each open set ¢ : U j — M. If f; € C*(U,) is a smooth function such that
exp(— fj)§2; is symplectic, then dQ2; — df; A Q; =0 on U;. Since df] = dfy on
Uj N Uy, the local 1-forms {df;}; satlsfy the cocycle condltlon and piece together
to a global 1-form ¢ on M, the Lee form, and (€2, ¥) satisfies the equations

dv =0 dQ -9 AQ=0. (1.1)

By Poincaré lemma, every closed 1-form is locally exact. Hence a Ics structure is
given, equivalently, by a non-degenerate 2-form 2 and a 1-form ¢ satisfying (1.1).
The “limit” case @ = 0 recovers a symplectic structure, while the case [¢#] = 0
means that Q2 is globally conformal to a symplectic structure, i.e., globally confor-
mally symplectic. Hence, in a sense, Ics structures can be seen as a generalization
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of symplectic structures. As shown in [48], for instance, Ics manifolds are nat-
ural phase spaces of Hamiltonian dynamical systems. They also appear as even-
dimensional transitive leaves in Jacobi manifolds, see [26].

In this paper, however, we focus on “genuine” lcs structures, those whose Lee
form ¥ satisfies [¢}] # 0. This condition prevents some manifolds which are Ics
from being symplectic. Lcs geometry is currently an active research area, see [5,7,
23,44,49]

The purpose of this note is to investigate the structure of Lie groups endowed
with left-invariant Ics structures and to show, under certain assumptions, how to
construct them. Since we consider left-invariant structures, Lie algebras are the
natural object of study. In particular, we revisit and extend, in an algebraic setting,
some results of Banyaga [7] and of the second-named author with J. C. Marrero
[13]. We also adapt to the Ics case some ideas of Ovando [39] on the structure of
symplectic Lie algebras. Moreover, we classify left-invariant lcs structures on four-
dimensional Lie groups and construct Ics structures on their compact quotients.

Recall that a Hermitian structure (J, g) on a manifold M is locally conformally
Kdhler, IcK for short, if its fundamental form €2, defined by Q(X,Y) = g(J X, Y),
satisfies dQ2 = ¥ A 2, where ¢ is the Lee form of the Hermitian structure, see [25].
LcK geometry has received a great deal of attention over the last years, both from
the mathematical and from the physical community (see for instance [1,24,36,37,
40,41,46] and the monograph [22]). A IcK structure is Vaisman if Vi = 0. Every
IcK structure is a Ics structure in a natural way. In this sense, our results can be seen
as the Ics equivalent of the work of Belgun [14] and Hasegawa et al. [27] on IcK
structures on compact complex surfaces modeled on Lie groups.

Let us recollect some definitions of Ics geometry. If (€2, ¢) is a lcs structure
on a manifold M, the characteristic field V € X' (M) is the dual of the Lee form
with respect to the non-degenerate form €2, namely,

1y =17.

This terminology is due to Vaisman [48]. If (/, g, 2, ¥) is a IcK structure, the Lee
vector field is the metric dual of the Lee form; hence, if the Ics structure comes from
an IcK structure, the Lee field equals J (V).

We consider the Lie subalgebra Xo(M) C X (M) of infinitesimal automor-
phisms of the Ics structure (€2, ¥), i.e., Xo(M) = {X € X(M) | LxQ2 = 0}, from
which Lx9 = 0 follows (here L denotes the Lie derivative and M is assumed to be
connected of dimension 2n > 4). In particular, V € Xo(M). For X € Xq(M), the
function 1x ¢ is constant, hence there is a well-defined morphism of Lie algebras

L XoqM) > R, X>1x09,

called the Lee morphism; clearly V € ker £. Either ¢ is surjective, and we say that
the Ics structure is of the first kind [48]; or £ = 0, and the Ics structure is of the
second kind. If the Ics structure is of the first kind, one can choose U € Xq(M)
with #(U) = 1; werefer to U as a transversal field. The choice of a transversal field
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U determines a 1-form 5 by the condition n = —iy 2. Clearly 9 (V) = n(U) =0,
while 9(U) = —Q (U, V) = n(V); moreover, one has Q = dn — 9 A n. Lcs
structures of the first kind exist on four-manifolds satisfying certain assumptions,
see [13, Corollary 4.12].

Given a smooth manifold M and a diffeomorphism ¢: M — M, the mapping
torus of M and ¢ is the quotient space of M x R by the equivalence relation (x, 1) ~
(p(x),t + 1). It is a fibre bundle over S I with fibre M. A result of Banyaga
(see [8, Theorem 2]) says that a compact manifold endowed with a Ics structure
of the first kind is diffeomorphic to the mapping torus of a contact manifold and
a strict contactomorphism. A similar result has been proved by the second-named
author and J. C. Marrero [13, Theorem 4.7] for lcs manifolds of the first kind with
the property that the foliation F = {¢ = 0} admits a compact leaf. It is possible to
see that the Ics structure underlying a Vaisman structure is of the first kind. In [37]
Ornea and Verbitsky proved that a compact Vaisman manifold is diffeomorphic
to the mapping torus of a Sasakian manifold and a Sasaki automorphism. Thus
the structure of compact lcs manifolds of the first kind and of compact Vaisman
manifolds, as well as their relationships with other notable geometric structures, is
well understood. Nothing is known, however, for Ics structures of the second kind,
and this was one of the motivations for our research.

Lcs structures can be distinguished according to another criterion. Given a
smooth manifold M endowed with a closed 1-form %, one can define a differen-
tial dy on Q°(M) by setting dy = d — U A _. The cohomology of the complex
(2°(M), dy), denoted Hg (M), is known as Morse-Novikov or Lichnerowicz coho-
mology of (M, ), see [26]. If (2, ) is a Ics structure on M, the Ics condition
is equivalent to dy 2 = 0, hence €2 defines a cohomology class [2] € Hg(M ). If
[©2] = 0, the lcs structure is exact, otherwise it is non-exact. Notice that a Ics struc-
ture of the first kind is automatically exact. As shown in [23] (see also [19, Theorem
2.15)), exact Ics structures exist on every closed manifold M with H'(M;R) # 0
endowed with an almost symplectic form.

As announced, in this paper we restrict our attention to left-invariant Ics struc-
tures on Lie groups. Such a structure can be read in the Lie algebra of the Lie group
and it is natural to give the following

Definition. A locally conformally symplectic (Ics) structure on a Lie algebra g with
dimg = 2n > 4 consists of 2 € A%g* and ¥ € g* such that' Q" # 0,d9 =0
and dQ2 = U A Q. The characteristic vector V of the Ics structure is defined by
va =9.

Lcs structures on almost Abelian Lie algebras have recently been studied in [2].
Given a Ics Lie algebra (g, 2,9) we set go = {X € g | Lx2 = 0}; notice
that V € gqo. We have an algebraic analogue of the Lee morphism, £: go — R,
£(X) = 9(X). If it is non-zero then the Ics structure (€2, ) is of the first kind,
otherwise it is of the second kind. An element U € gq with 9(U) = 1 is called
a transversal vector and, as above, the choice of U determines n € g* by the

! Hereafter d denotes the Chevalley-Eilenberg differential of g.
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condition n = —iy 2. One has #(V) = n(U) = 0,9U) = —QU, V) = n(V)
and Q =dn— 9 An.

The algebraic analogue of the structure result for compact manifolds endowed
with Ics structure of the first kind has been proved in [13, Theorem 5.9]. Let
(g, 2, ¥) be a 2n-dimensional Ics Lie algebra of the first kind with transversal vec-
tor U. Then the ideal §:= ker ¢ is endowed with the contact form 7|, denoted

again by 7, and with a contact derivation D, i.e., D*n = 0, induced by ady (here
our convention is that, given a linear map D: g — g, the dual map D*: g* — g*
is defined by (D*«)(X) = a(DX)). Moreover g =~ § X p R, the semidirect product
of h and R by D; this is just h @& R with Lie bracket

[(X,a), (Y,b)] := (aD(Y) —bD(X) +[X, Y1, 0) ;

in particular we get an exact sequence of Lie algebras0 — h - g - R — 0.
Recall that a contact Lie algebra is a (2n — 1)-dimensional Lie algebra f with a
I-form n € h* such that n A dn"~! # 0. Conversely, the datum of a contact Lie
algebra (), n) with a contact derivation D defines a Ics structure of the first kind on
b xp R.

A lcs structure on a nilpotent Lie algebra is necessarily of the first kind. In [13]
the authors introduce the notion of Ics extension and characterize (see [13, Theo-
rem 5.16]) every Ics nilpotent Lie algebra of dimension 2n + 2 as the Ics extension
of a nilpotent symplectic Lie algebra of dimension 2n by a symplectic nilpotent
derivation; such nilpotent symplectic Lie algebra can in turn be obtained by a se-
quence of n — 1 symplectic double extensions [34] by nilpotent derivations from the
Abelian R

As in the geometric case, Ics structures on Lie algebras can be distinguished
according to another criterion. Given a Lie algebra g and 9 € g*, one can define a
differential dy on A®g* by setting dy = d — ¥ A _. The cohomology of (A®g*, dy),
denoted Hy(g), is the Morse-Novikov or Lichnerowicz cohomology of (g, ¢). If
(g, 2, ¥) is a lcs Lie algebra, the Ics condition is equivalent to dy 2 = 0, hence 2
defines a cohomology class [2] € Hg (g). If [2] = 0, the Ics structure is exact,
otherwise it is non-exact. As above, a Ics structure of the first kind is automatically
exact. The converse is true when the Lie algebra is unimodular, [13, Proposition
5.5]. However, there exist exact Ics Lie algebras which are not of the first kind.
Therefore, the results of [13] do not apply to them. In the exact case, a primitive
of Q, thatis, n € g* such that dyn = €2, determines a unique vector U € g by the
equation n = —1y 2.

In [39], Ovando classifies all symplectic structures on four-dimensional Lie
algebras up to equivalence, describing them either as solutions of the cotangent
extension problem (see [18]), or as a symplectic double extension of R?.

Inspired by the results contained in [13,39], we study the structure of Ics Lie
algebras.

Our first result extends [13, Theorem 5.9] to exact Ics structures, not necessar-
ily of the first kind — see Theorem 2 .4.
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Theorem. There is a one-to-one correspondence

exact lcs Lie algebras (g, 2 =dn — 0 A n, 1),
dim g = 2n, such that 9(U) # 0,
where n = —i1y Q2

contact Lie algebras (b, n),
< { dim § = 2n — 1, with a derivation
D such that D*n = an, o # 1

The correspondence sends (g, 2, ¥) to (ker ¥, n, ady), conversely, (h, n, D) is sent
to (hxpR,dn—19 An,?), where 9 (X, a) = —a. The exact lcs structure is of the
first kind if and only if 9 (U) = 1 if and only if « = 0.

Notice that there exist four-dimensional Ics Lie algebras which are not exact, hence
do not fall in the hypotheses of the previous theorem. There exist also four-dimen-
sional exact Ics Lie algebras for which the hypothesis ©(U) # 0 is not fulfilled, see
Section 5.2.

Our second result as well displays certain Ics Lie algebras as a semidirect prod-
uct. More precisely, we consider in Section 2.2 a Ics Lie algebra (g, €2, ¥) and write

Q=w+nAD, (12)

for some w € A?g* and € g*. The non-degeneracy of 2 provides us with a vector
U € g determined by the condition 1y 2 = —n. We assume that

iyo=0 and 1yw=0,

where V is the characteristic vector. We write g = h X p R where  := ker ¢+ with
¥ corresponding to the linear map (X, a) — a, and D is given by ady . Imposing
dQ2 =19 A Q,(1.2) yields the equations

d" =0 and w+ D*0—d'n=0,

where d" denotes the Chevalley-Eilenberg differential on . We can solve the above
equations at least under some specific Ansitze. For example, assuming w = d"n
and D*n = 0, we are back to Theorem 2.4 in case of Ics structures of the first
kind. Another possible Ansatz is dYo = 0, d"n = 0 and D*w = —w; the first two
conditions define a cosymplectic structure (n, w) on b. If R denotes the Reeb vector
of the cosymplectic structure, determined by 1gw = 0 and :1gnp = 1, we obtain the
following result (see Proposition 2.8):

Theorem. Let (h, n, w) be a cosymplectic Lie algebra of dimension 2n — 1, en-
dowed with a derivation D such that D*w = aw for some a #0. Theng = hxpR
admits a natural lcs structure. The Lie algebra g is unimodular if and only if § is
unimodular and D*n = —a(n — 1)n + ¢ for some ¢ € (R)°. If by is unimodular
then the Ics structure (2, 9) on g is not exact.
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This result is, up to the authors’ knowledge, the first construction of non-exact
lcs structures on Lie algebras. Notice that, according to [2, Corollary 4.3], a Ics
almost Abelian Lie algebra of dimension > 6 is necessarily of the second kind. A
relation between cosymplectic Lie algebras and Ics Lie algebras of the first kind
was implicitly discussed in [32].

In Section 2.3 we consider the cotangent extension problem in the Ics setting.
As we mentioned above, its symplectic aspect was studied by Ovando, with special
emphasis on four-dimensional symplectic Lie algebras; a symplectic Lie algebra
is just a 2n-dimensional Lie algebra s with a closed 2-form @ € A%s* such that
" # 0. Solutions of this problem in the symplectic case are related to the existence
of Lagrangian ideals in s, i.e., n-dimensional ideals h C s such that a)|hxh = 0.
In general, Lagrangian ideals play an essential role in the study of symplectic Lie
algebras, see [9].

Let h be a Lie algebra with a closed 1-form 9 € bh*; we set g=bh"®hand
extend 9 to a 1-form ¥ € g* defined by 9 (¢, X) = H(X). We define Q € A%g*
by

Qo((¢, X), (Y, Y)):=9) — ¥ (X). (1.3)

A solution of the cotangent extension problem in the Ics context is a Lie algebra
structure on g such that:

e gisan extension 0 — h* — g — h — 0, where h* is endowed with the
structure of an Abelian Lie algebra;
e (0, V) is alcs structure on g, i.e.,d = 0 and dy Q29 = 0.

The Lie algebra structure on g is encoded in a representation p: h — End(h*) and
a cocycle o € Z%(b, b*), by setting:

L4 [(W’ 0)’ (1//7 0)]g = 09
* [(¢,0), (0, X)]g = (=p(X)(¢), 0);
e [(0,X),(0,Y)]g = (x(X,Y),[X,Y]p).

Notice that h* is an Abelian ideal contained in ker?». The fact that (1.3) is a Ics
structure yields the following result (compare with Corollary 2.14):

Theorem. Let ) be a Lie algebra and let © € b* be a closed 1-form. The Lie
algebra structure on g = h* @ b attached to the triple (b, p, [a]), where p: h —
End(b*) is a representation satisfying

P(X)(@)(Y) — p(Y)(p)(X) = dgﬁﬂ(X, Y)
and [o] € H*(h, b*) satisfies
(X, Y)(Z)+aY, Z)(X) +a(Z, X)(Y) =0,

is a solution to the cotangent extension problem in the locally conformally symplec-
tic context.
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The following result relates a special kind of Lagrangian ideals in a Ics Lie algebra
with solutions of the cotangent extension problem — see Proposition 2.17:

Theorem. Let (g, 2, ) be a 2n-dimensional Ics Lie algebra with a Lagrangian
ideal ) C kerv. Then g is a solution of the cotangent extension problem.

The results of [13] deal with lcs Lie algebras such that the characteristic vector is
central. However, there exist Ics algebras with trivial center, see Example 2.11. In
Section 3 we study the center of Ics Lie algebras and characterize it completely in
the nilpotent case, see Corollary 3.6. We also study the center of reductive lcs Lie
algebras, with an eye toward their classification in the subsequent section.

Indeed, in Section 4 we turn to reductive Ics Lie algebras. They are all of the
first kind (Theorem 4.1), so [13, Theorem 5.9] applies. It turns out that there are
only two of those (Corollary 4.2): either g = suy @& R (see Proposition 4.4) or
g = sl @ R (see Proposition 4.6). We classify Ics structure on such Lie algebras,
up to automorphism. This yields a classification of left-invariant Ics structures on

—_~—

the manifold S3 x S' and on every compact quotient of SL(2, R) x R.

Theorem 5.1 and Table 5.2 provide a classification of Ics structures on 4-
dimensional solvable Lie algebras up to automorphism. Computations have been
performed with the help of Maple and of Sage [43]; for the sake of conciseness, we
provide here the explicit computations for one specific algebra, namely, 04, that is,
the Lie algebra of the Inoue surface S*; complete details can be found in the arXiv
version of this paper [4]. We show that every structure in the table can be recovered
thanks to at least one of the three constructions detailed above, hence obtaining a
complete picture of the four-dimensional case.

Let (g, €2, ©) be a solvable Ics Lie algebra and let G denote the connected,
simply connected solvable Lie group that integrates g; clearly G is endowed with
a left-invariant Ics structure. If there exists a discrete and co-compact subgroup
I' C G, the left-invariant Ics structure on G induces a left-invariant lcs structure on
M = I'\G (left-invariance refers here to the lift with respect to the left-translations
on the universal cover). In Section 6, we construct left-invariant lcs structures on
compact quotients of connected simply connected four-dimensional solvable Lie
groups and explain how these are related to the structure results for Ics Lie algebras
discussed above. A left-invariant almost symplectic structure exists on every even-
dimensional solvable Lie group, providing an invariant almost symplectic structure
on every compact quotient. It is known that every compact solvmanifold has b; > 1,
hence, in view of the results in [23], every even dimensional solvmanifold admits
an exact Ics structure. As a result of our analysis, we see that not all of them are
invariant.

Notation. Throughout the paper, the structure equations for Lie algebras are written
following the Salamon notation: e.g.,

th; = (0,0, —12,0)

means that the four-dimensional Lie algebra th; admits a basis (ej, e, €3, e4) such
that [eq, e2] = e3, the other brackets being trivial; equivalently, the dual tfﬁ admits
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a basis (el,ez,e3,e4) such that de! = de? = de* = 0 and de® = —e! A €2,

Hereafter, we shorten e!? :=e! A €2.

ACKNOWLEDGEMENTS. We are grateful to Vicente Cortés for his interesting com-
ments.

2. Structure results for Ics Lie algebras

In this section we consider different structure results for Ics Lie algebras. In par-
ticular, we obtain a quite complete picture for exact Ics Lie algebras. The first two
results represent certain Ics Lie algebras g as semidirect products f) X p R, where the
Lie algebra b is endowed with a certain structure and the derivation D is adapted to
the structure. The third result is of a different kind and is related to the existence of
Lagrangian ideals in the kernel of the Lee form.

2.1. Exact Ics Lie algebras

Let (g, 2, ¥) be an exact Ics Lie algebra and let € g* be a primitive of €2, namely
Q = dn — U A n; moreover, let U € g be determined by 1y2 = —n. Clearly
(V) = n(U) = 0 and we have the following lemma:

Lemma 2.1. In the hypotheses above, the following statements hold:

e the plane (U, V) is symplectic if and only if 9 (U) # 0,
e the lcs structure (dn — U A n, V) is of the first kind if and only if 9 (U) = 1.

Proof. For the first claim, simply notice that, by definition, ?(U) = 1yiy Q2 =
—Q (U, V). For the second one, we compute

LyQ=dyQ) +1ydQ = —dn+i1y(d A Q)
=—dn+oU)QL—0 AN yQL=0U)Q2—(dn—79 A1)
= @WWU) - D,

completing the proof. ]

If (U, V) is symplectic, then the same holds for (U, V)Q; this is the key obser-
vation for the next proposition:

Proposition 2.2. Let (g, 2, ©) be an exact lcs Lie algebra, Q = dyn; write ) :=
ker ©. Assume that O (U) # 0. Then n restricts to a contact form on ). The contact
Lie algebra (0, n) has derivation D such that D*n = (1—9%(U))nand g = hxpR.



LCS LIE ALGEBRAS 381

Proof. Since 9 (U) # 0, then (U, V) is a symplectic plane by Lemma 2.1. As a
vector space, h = (U, V)® @ (V) and (V) # 0. The restriction of Q to (U, V)
coincides with the restriction of dn to (U, V), hence 7 restricts to a contact form
on f. Consider the linear map D: h — b given by X — [U, X]. Notice that D
really maps § to b, since b is an ideal because d¢ = 0, and that it is a derivation,
thanks to the Jacobi identity. We claim that D*n = (1 — & (U))n. We notice first
that

wdn=1w @+ An)=-n+3U)n-—n))=@W)-Dn. (2.I1)

For X € b, we compute

(D*n)(X) = n([U, X]) = —dn(U, X) = —Gudn)(X) & (1 = 9@W))n(X)

which proves the first assertion. The isomorphism g = § xp R is obtained by

sending X to (X — %U, %). O

Let § be a Lie algebra endowed with a derivation D. Form the semidirect
product g = b xp R and define & € g* by #(X,a) = —a. Identify n € bh*
with the pre-image n € g*, under the projection g* — b*, obtained by setting
n(X,a) = n(X). The Chevalley-Eilenberg differentials  on g* and d% on h* are
related by the formula

dn=d"n—D'nnAv. (2.2)

Consider now a contact Lie algebra (f), ) of dimension 2n — 1 endowed with a
derivation D: ) — b such that D*n = an for some ¢ # 1 and consider g =
h xp R. Extend 7 to an element of g*, define ¢ € g* as above and set

Q=dn—9An=d"n—D'nAd—0An=d'n—1—a)® An.

Now one has |
Q' =—1—-amA(dn)" A9 #£0,

hence €2 is non-degenerate and we obtain:
Proposition 2.3. In the above hypotheses, (2, ¥) is an exact lcs structure on g.

We compute now
102 = 16d"n — (1 — )o@ An) = (1 —a)d,

hence the characteristic vector of this lcs structure is V = (ﬁé O). Moreover,

10,y = 10,1)d"n — (1 — )1, (@ An) = (1 —a)n,

hence the symplectic dual of n is U = (0, 7). Notice in particular that 9 (U) =

) > a—1
= 7 0-
Combining the two propositions, we obtain a structure result for exact Ics Lie
algebras:
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Theorem 2.4. There is a one-to-one correspondence

exact lcs Lie algebras (g, 2 =dn — 9 A n, D),
dim g = 2n, such that 9(U) # 0,
where n = —1yQ

contact Lie algebras (b, n),
< { dim b = 2n — 1, with a derivation
D such that D*n = an, a # 1

The correspondence sends (g, 2, 9) to (ker ¥, n, ady), conversely, (h, n, D) is sent
to (hxpR,dn—19 An,8), where 9 (X, a) = —a. The exact lcs structure is of the
first kind if and only if 9 (U) = 1 if and only if « = 0.

Example 2.5. Consider the Lie algebra 04 = (14, —24, —12, 0) endowed with the
exact Ics structure 9 = ¢* and Q = dge® = —el2 + ¢3*. Then U = e4 and
¥ (U) = 1, thus (2, 9) is of the first kind by Lemma 2.1. h:= kerv = (0, 0, —12)
is isomorphic to the Heisenberg algebraand g = b xp R, where D = ady: h — b
is the derivation

D(e;) = —e; D(ex) =ex; and D(e3) =0.

h is endowed with the contact form 7 := e3> and D*n = 0.

Example 2.6. Consider the Lie algebra 041 = (14, 0, —12 + 34, 0) endowed with
the exact Ics structure 9 = e* and Q = dye’ = —e!2 + 2¢3*. Then U = %e4,
hence 9 (U) = % and (2, ©) is not of the first kind by Lemma 2.1. h:= ker¢ =
(0, 0, —12) is isomorphic to the Heisenberg algebra and g = h xp R, where D =
ady : b — b is the derivation

1 1
D(ey) = Eel D(es) =0 and D(e3) = §e3,

h is endowed with the contact form 1 :=¢> and D*n = %n.

Example 2.7. Consider the Lie algebra t’2 = (0,0, —13 + 24, —14 — 23) endowed
with the lcs structure ¥ = e and Q = dy(—e> + ¢*) = '3 — e!* — 2¢2*. Then
U=e¢,V = %, ¥ (U) = 0 and (U, V) is not symplectic. The Ics structure is
exact but we can not apply Theorem 2.4. The Lie algebra h = ker & = (e, e3, ea)
has structure equations (0, —13, —14) and is not a contact Lie algebra.

2.2. A “mixed” structure result

In this section we consider a partial structure result for Ics Lie algebras which re-
covers, under certain circumstances, a special case of Theorem 2.4. We begin with
a lcs Lie algebra (g, 2, ©) of dimension 2n with characteristic vector V. Assume
that we can write Q = w4+ A ¥ where ) € g* and w € A%g* is such that 1y = 0.
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Since w can not have rank n, but Q" # 0, it follows that ¥ A n A "~ # 0 hence
nAw"! # 0. The non-degeneracy of Q provides us with U € g determined by the
condition 1y Q2 = —n. We assume further that iyw = 0. Then n(V) = 9 (U) = 1
and the plane (U, V) is symplectic for Q2. Since d©¢ = 0, we can write g as a
semidirect product h xp R, where ) = ker¢* and D: ) — b is given by ady;
under this isomorphism, U € g corresponds to (0, 1) € h xp R and & corresponds
to the linear map (X, a) — a (notice the different sign convention with respect
to the previous section). According to this identification, the Chevalley-Eilenberg
differentials of g and b are related by the formula

dt =d + (=1)P'D*c A W,

where ¢ € APhH* is identified with a pre-image ¢ € APg* under the projection
g* — b*. Of course, dvr = 0. Now since n(U) = 0 (respectively iyw = 0), then
1 (respectively w) can be identified with an element of h* (respectively A2h*). We
denote such elements again by n and w. We have the following chain of equalities:

PAw=0AQ2=dQ=dw+nA9) =d"» — Do A +d"mArD.

This implies
d" =0 and w+ D*0—d'n=0.

To solve these equations on f) we can make different Ansdrze:

(1) @ = d% and d"(D*n) = 0; then (h, n) is a contact Lie algebra endowed
with a derivation D: h — b such that D*y is closed. As a special case of this
instance, one can consider D*n = 0; then ¥ (U) = 1 implies that we are in the
context of Theorem 2.4 when the Ics structure is of the first kind;

) d% =0, dhn = 0 and D*w = —w; this leads to another kind of structure. In
fact, the closedness of w and 7 in b, together with n A @"~! 0, imply that
(h, n, w) is a cosymplectic Lie algebra, endowed with a derivation D: h — §
such that D*w = —w.

Recall that a cosymplectic structure (1, @) on a Lie algebra § of dimension 2n — 1
determines a vector R € h by the conditions 1gw = 0 and n(R) = 1; moreover,
there is a decomposition

h* =) @ (R)°, (2.3)

where (R)° denotes the annihilator of (R), and the linear map _ A o™ >
A?"~1h* is non-zero on (), hence its kernel coincides with (R)°.

The second Ansatz provides a kind of alternative structure result for Ics Lie
algebras, corroborated by the following:

Proposition 2.8. Let (h, n, w) be a cosymplectic Lie algebra of dimension 2n — 1,
endowed with a derivation D such that D*®w = aw for some o # 0. Then g =
h xp R admits a natural Ics structure. The Lie algebra g is unimodular if and
only if § is unimodular and D*n = —a(n — 1)n + ¢ for some ¢ € (R)°. If b is
unimodular then the Ics structure (2, V) on g is not exact.
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Proof. Set g = h xp R and define 9 (X, a) = —aa; with respect to this choice of
¥, the formula
(—1y?

d¢ = d"% + ~——D*¢ AV
o

relates the Chevalley-Eilenberg differentials on g and b for a p-form ¢. Setting
Q=w+nA0,weseethat Q" = "' A A # 0, hence Q is non-degenerate.
Moreover,

1
dQ=d"o+ —D'o AV =oAd =@+ A AD =0 AS.
(07

An n-dimensional Lie algebra £ is unimodular if and only if d(A"~1€*) = 0, i.e., if
and only if a generator of A”£* is not exact. Now "~ ! A A1 generates A2 g* and
one has A"~ 1g* = ("~ An) @ A?*~2h* A 9. By hypothesis we have D*w = aw
and we can decompose D*n according to (2.3), D*n = fn + ¢ for some B € R
and ¢ € (R)°. Now

1 1

d(a)”_] A n) = dh(a)"_] AT — —D*(a)"_

" AD) A

1
=—— (a(n — D" A+ A D*n) A
a

= —l(a(n —D+p" P AnaD.
o

This vanishes if and only if 8 = —a(n — 1). If k € A>"~2h*, then
d(k N9) = (d%) A D

which vanishes if and only if d9x = 0; since « is arbitrary, this happens if and only
if b is unimodular.

If b is unimodular then w can not be exact. If the Ics structure (2, ¢) is exact,
there exists v € h* with Q =dv+vAY = dhv—l—(— éD*U-f—U) AY =w+nAb.
This is impossible, since it would imply that e is exact. O

Remark 2.9. According to [11, Proposition 10], cosymplectic Lie algebras(f,n,w)
in dimension 2n — 1 are in one-to-one correspondence with symplectic Lie algebras
(s, ) in dimension 2n — 2, endowed with a derivation E such that E*@w = 0. The
correspondence is given by (), n, w) — (kern, w, adg) and (s, w, E) — (5§ Xg
R, n, w), where n generates the R-factor. In principle one could use the above
proposition to establish a link between non-exact Ics and symplectic Lie algebras.

Example 2.10. We consider the Abelian Lie algebra R> = (f|, f>, f3) endowed
with the cosymplectic structures n = f3, w1 = £ f!2. For y > 0 we consider the
derivation
y 10
D=|-1y0]|:R}> R,
000
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which satisfies D*n = 0 and D*w1+ = 2yws. The Lie algebra g = R3 xp
R is endowed with the lcs structure (Q, %) = (/12 + f34, -2y %), where f*
generates the R-factor. The Ics structure is not exact and it is easy to see that g is
isomorphic to ttg’y.

Example 2.11. The Abelian Lie algebra R3 = (e, 2, €3) is endowed with the
cosymplectic structure = ¢!, w = ¢>3. For y € R and § > 0 we consider the
derivation

00
y §]: R > R3

5y

which satisfies D*n = n and D*w = 2y w. We assume that y # 0. The Lie algebra
g = R3 xp R is isomorphic to tﬁhy, 5» Which comes endowed with the lcs structure

(Q2,0) = (e + &3, —2)/64). The lcs structure is not exact.

1
D=0
0

2.3. Cotangent extensions and Lagrangian ideals

In this section we extend to the locally conformally symplectic setting the cotangent
extension problem [18] studied by Ovando for four-dimensional symplectic Lie
algebras in [39]. Let §) be a Lie algebra and let h* be its dual vector space. Consider
the skew-symmetric 2-form ¢ on h* @ b, defined by

Qo (@, X), (¥, Y)) = oY) — ¥ (X). (2.4)

In the symplectic context, the cotangent extension problem consists in finding a Lie
algebra structure on h* @ b such that:

e 0 — h* — h*®dh — h — 0is a short exact sequence of Lie algebras,
where h* is endowed with the structure of an Abelian Lie algebra;
e The 2-form ¢ defined in (2.4) is closed.

Suppose p: h — End(h*) is a Lie algebra representation and define the skew-
symmetricmap [, ]: g X g — gon g = h* @ b by setting

L4 [(§07 0)’ (‘(//7 0)]g = 09
°* [(¢,0), (0, X)]g = (=p(X)(¢), 0);
e [(0,X),(0,V)]g = ((X, Y), [X, Y]yp),

where « € C2(, h*) is a 2-cochain (the module structure on h* is clearly given by
p). Then [, ]is a Lie bracket if and only o € Z2(b, h*). In this case, h* C gis an
ideal and we have a short exact sequence

0—bh*—g—bh—0
The 2-form (2.4) is closed if and only if

a(X, V) Z2)+alY,Z)(X)+a(Z, X)(Y)=0 (2.5)
p(X)(@)(Y) = p(Y)(@)(X) = —¢([X, Y]p). (2.6)
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Hence the Lie algebra g attached to the triple (), p, [«]), satisfying (2.5) and (2.6),
where [«] is the class of & in H?(h, h*), is a solution of the cotangent extension
problem. In [39], the author proves:

Theorem 2.12 ([39, Theorem 3.6]). Let g be a 2n-dimensional Lie algebra.

e Ifj C g is an Abelian ideal of dimension n, then g is a solution of the cotangent
extension problem if and only if (2.5) and (2.6) are satisfied;

e If g is a symplectic Lie algebra and j C g is a Lagrangian ideal, then g is a
solution of the cotangent extension problem.

The cotangent extension problem is related to the fact that the cotangent bundle of
any smooth manifold has a canonical symplectic structure. However, the simply
connected Lie group G is the cotangent bundle of the simply connected Lie group
H if and only if H is Abelian (see [39, Remark 3.2]).

The cotangent bundle of any smooth manifold has a locally conformally sym-
plectic structure. In fact, suppose M is a smooth manifold, let % e QU(M)bea
closed 1-form and let 7 : T*M — M be the natural projection. Let A°®" denote the
canonical 1-form on 7*M, given by )»f;"‘w)(v) = @(dm(p,p)(v)) for (p,p) € T*M
and v € T(p,o)(T*M). Then Q:=dA" — % A A" defines a locally conformally

symplectic structure on T*M whose Lee form is ¢ = 7*9. In fact, as neatly ex-
plained in [48], locally conformally symplectic manifolds are natural phase spaces
of Hamiltonian dynamics.

Motivated by these speculations, we consider a Lie algebra f) with a closed
element ¥ € b* and set g = h* @ h. We extend 9 to an element ¥ € g* by setting
D (p, X) = @(X ) and define a 2-form $2g on g precisely as in (2.4).

In the locally conformally symplectic context, a solution of the cotangent ex-
tension problem is a Lie algebra structure on g such that

e 0 — h* — g — h —> 0 is a short exact sequence of Lie algebras, h*
endowed with the structure of an Abelian Lie algebra;

e The I-form ¥ is closed and the 2-form ¢ defined in (2.4) satisfies d29p =
¥ A Q.

Given a representation p: h — End(h*) and a cochain o € C2(h, h*), we define
a skew-symmetric bilinear map [, ]: g X g — g as we did above. Then [, ]is a
Lie bracket on g if and only if @ € Z(h, h*). Assuming this, we have a short exact
sequence 0 - h* — g — h — 0 and h* is an Abelian ideal.

Lemma 2.13. Q satisfies d29 = 9 A Qo if and only if

a(X, Y)(Z) +aY, Z)(X) +a(Z, X)(¥Y) =0 2.7)
P(X)(@)(Y) — p(V)(@)(X) = dJe(X. Y). (2.8)
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Proof. In order to save space, we write simply ¢ (respectively X) instead of (¢, 0)
(respectively (0, X)). However, (¢, X) remains the same. We have

dQ0(X,Y,Z) = — Qo(X, Y]y, Z) — Qo(Y, Z]g, X) — Q0([Z, X]g, V)
= — Qo((a(X,Y), [X,Y]p), Z) = Qo((x(Y, Z), [Y, Z]y), X)
— Qo((@(Z, X),[Z, X]p), ¥)
=—a(X,Y)(Z2) —a(Y, Z)(X) —a(Z, X)(Y)

and
@ A Q)X Y, Z) =0 (X)Q (Y, Z2) +9(Y)0(Z, X) + P (2)Q0(X, Y) =0,
which imply (2.7). Next,

dS0(p, X, Y) = —Qo(—p(X)(9), ¥) — Qo([X, Y]g, 9) — Qo(p(Y) (), X)
= p(X)(@)(Y) — p(N)(@)(X) — Q((@(X, V), [X, Y]p), ¢)
= p(X)(@)(X) — p()(@)(X) + (X, Y]p)
= p(X)(@)(¥) — p(V)(@)(X) — d(X, Y),
and

(0 A Q0)(@, X, Y) =0(@)0(X, Y) + (X)L, ¢) + 7 (Y)L0 (¢, X)
= =0 (X)e) + 7 (¥)e(X)
=—0 Ap)X,Y).

Hence dQo(¢, X, Y) = (0 A Qo)(p, X, Y) implies (2.8). Clearly (2.7) and (2.8)
are also sufficient. O

Corollary 2.14. Let §y be a Lie algebra and let % € b* be a closed 1-form. The Lie
algebra structure on g = h* @ b attached to the triple (h, p, [a]), where p: h —
End(h*) is a representation satisfying (2.8) and [«] € H?(h, b*) satisfies (2.7), is
a solution to the cotangent extension problem in the locally conformally symplectic
context.

Remark 2.15. The formulae, for the Lie bracket on the Lie algebra g = h* @ §
given above show that h* sits in g as an Abelian ideal. Moreover, this ideal is by
construction contained in ker . We can then sum up what we said so far in the
following way: a 2n-dimensional Lie algebra g endowed with a closed ¥ € g* and
an n-dimensional Abelian ideal j C ker ¥ is a solution of the cotangent extension
problem if and only if (2.7) and (2.8) hold. This is the equivalent, in the Ics context,
of the first statement of Theorem 2.12.
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We show now that solutions of the cotangent extension problem in the Ics case are
related to the existence of a special kind of Lagrangian ideals.

Lemma 2.16. Let (g, 2, 9) be a lcs Lie algebra. If ) C g is a Lagrangian ideal
contained in ker ¥, then j is Abelian.

Proof. For X, Y € jand Z € g we compute

QUX,Y],Z2)=—-dQX,Y,Z2)+ Q(X, Z],Y) — (Y, Z], X)
=—OAQQKX,Y,Z) =-0X)QY,2)+3Y)QX, Z)
- 3(2)Q(X,Y)=0,

concluding the proof. O

Proposition 2.17. Let (g, 2, ¥) be a 2n-dimensional Ics Lie algebra with a La-
grangian ideal j C ker ©'. Then g is a solution of the cotangent extension problem.

Proof. Being contained in ker ¢%, j is an Abelian ideal by Lemma 2.16; moreover,
we have a short exact sequence of Lie algebras

0—>j—=>g—>h—0, (2.9)

where h:=g/j. Since j is Lagrangian, the non-degeneracy of 2 identifies it with
h*. More precisely, the linear map o: j — h*, X — 1xQ is injective, hence
an isomorphism by dimension reasons. Choose a Lagrangian splitting g = j & ¢
(such a splitting always exists, see [51, Lecture 2] for a proof). We use o and the
isomorphism h = £ to get an isomorphism X: g =j® €t — h* @ h. Clearly h* sits
in g as an Abelian Lie algebra. Moreover, dualizing (2.9) we see that ¥ € g* comes
from a closed element & € h*. We endow h* @ b with the skew-symmetric form
Qo on h* @ b defined by (2.4) and the closed 1-form 9 obtained from ¥ by setting
equal to zero on h*. We claim that ¥ provides an isomorphism of lcs Lie algebras
between (g, 2, #) and (h* @ b, Qo, ¥9). Indeed,

(Z*90)(X, 0) = Do(2(X, 0)) = Po(0(X),0) =0 = (X, 0)

and .
(Z*90)(0,Y) = 9p(X(0,Y)) =) =90, 7).

Moreover,

(Z*Q0)((X,0), (Y,0)) = Qo(Z(X,0), Z(Y,0) =0=Q(X,0), (Y,0),
(Z*Q0)((X, 0), (0, Y)) = Q(Z(X, 0), (0, ¥)) = Qo((1x2,0)(0, Y))
=Q(X,Y) =Q((X,0),(0,Y))

and
(Z*Q0)((0, X), (0, Y)) = Q0(2(0, X), (0, Y)) =0 = Q((0, X), (0,1)),

concluding the proof. O
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3. The center of a Ics Lie algebra

In this section we obtain some results on the center of a Ics Lie algebra. In particular,
we characterize the center of nilpotent Ics Lie algebras. The results of this section
will also play a role in the next section.

Lemma 3.1. Let (b, n) be a contact Lie algebra. Then dim Z(h) < 1, with equality
if and only if Z(h) is spanned by the Reeb vector.

Proof. We assume that Z()) # 0 and pick a central vector X. Then:
(txdn)(Y) =dn(X,Y) = —n(X,Y]) =0.

n being a contact form, the radical of dn is spanned by the Reeb vector &, hence
X € (&). O

Proposition 3.2. If (g, 2, ©) is a lcs Lie algebra, then Z(g) C gq. Moreover, if
Z(g) ¢ ker ¥ then by = ker ¢ is endowed with a contact structure, (2, ©) is of the
first kind, g splits as h & R and dim Z(g) < 2.

Proof. We prove first that Z(g) C gq; pick Z € Z(g), then [Z, X] = O for every
X € g and we have:

0= (l[Z,X]Q)(Y) =—dQ(Z,X,Y)—-Q(X,Y],Z2)+Q(Z,Y], X)
=—OANZ, X, Y)+ @zQ(X, Y]
=—02)2X, V) +9X)QZ,Y)—v(Y)QZ,X) —dzQ(X,Y) 3.1)
=—-0(2)QX,Y)—d@zDX,Y)+ @ Ani1zQ)(X,Y)
=(—1z(@ AQ) —dzQ))(X,Y) = (—12(d2) —d1z2))(X, Y)
=—(LzQ2)(X,Y).
If Z(g) ¢ ker?d then go ¢ ker v, hence we find U € Z(g) C gq with 9(U) =1
and the Ics is of the first kind. By Theorem 2.4, g = h xp R, where ) = ker ¢ and

D = ady. Since U is central D is the trivial derivation and g = h @ R. Moreover h
is a contact Lie algebra, hence dim Z(f)) < 1 by Lemma 3.1 and dim Z(g) <2. O

Lemma 3.3. Let (g, 2, ©) be a lcs Lie algebra with gg C Ker ©. Then the isomor-
phism ©: g — g*, O(X) = 1xQ, injects gq into Z}?(g) ={x € g* | dyar = 0}

and the kernel of the composition gq LA Zé (g) — H; (g) is generated by the
characteristic vector.

Proof. Given X € ggq, consider 1x2 € g*. We compute
dy(1xQ)=dxQ) — U ANixQL=—1x(dQ) -V ANixQL=—1x (P AQ)— 0 A1x2=0,

hence i1xQ2 € Zé(g) and clearly ®(V) = ¢. Since dy: Ag* — A'g* maps 1 to
—19, v is the only dy-exact element in g*. O
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Example 3.4. Consider the Lie algebra tv3 = (0, —12—13, —13, 0) endowed with
the Ics structure (2, ¥) = (e'? + e3*, —e'). The characteristic vector is V = es,
we have Z(rt3) = (es), (tv3)q = (e, eq), ker? = (e, e3, e4) and we get a strict
sequence of inclusions

0 C Z(rr3) C (rr3) C kerd C vr3.

Proposition 3.5. Let (g, 2, ©) be a Ics Lie algebra with 0 £ Z(g) C kerd. If
V ¢ Z(g), then g is solvable non-nilpotent.

Proof. Pick Z € Z(g); then Z € gq by Proposition 3.2 and [®(Z)] € HT; (g) #0
by Lemma 3.3. Due to standard results in Lie algebra cohomology, this is im-
possible if g is nilpotent (see [21, Théoreme 1]) or semisimple (see [50, Corollary
7.8.10]), hence also if g is reductive. Then g must be solvable non-nilpotent. O

Corollary 3.6. Let (g, 2, ¥) be a nilpotent Ics Lie algebra. Then either Z(g) =
(V),or Z(g) = (U, V)and g = h & R, where ) is a contact Lie algebra.

Proof. Since Hﬁz(g) = 0 on a nilpotent Lie algebra, (€2, ¥%) is exact. Moreover, g
is unimodular and (€2, ¢) is of the first kind (compare with [13, Proposition 5.5]).
Also, Z(g) # 0 since g is nilpotent, hence 1 < dim Z(g) < 2 by Proposition
32. If Z(g) C h:=ker? then Z(g) is contained in the center of fj, a nilpotent
contact Lie algebra, hence dim Z(g) = dim Z(h) = 1 by Lemma 3.1. Since g is
nilpotent, Hg (g) = 0 and then Z(g) = (V). Otherwise, again by Proposition 3.2,
Z(g)=(U,Vyandg=hdR. O

Remark 3.7. There exist Ics solvable Lie algebras with trivial center, see for in-
stance Example 2.11.

4. Reductive Ics Lie algebras

If a reductive Lie group G is endowed with a left-invariant locally conformally
pseudo-Kihler structure, then g is isomorphic to u; = sup; @ R or gh(R) =
sl (R) @ R, see [1, Theorem 4.15], and all such structures are classified. In this
section we generalize this result to left-invariant locally conformally symplectic
structures: we prove that the only reductive Ics Lie algebras are u, = suy & R and
gL (R) = sh(R) & R and classify such Ics structures (a classification was already
obtained in [1, Propositions 4.5 and 4.9]).

Theorem 4.1. Let g be a reductive Lie algebra endowed with a Ics structure (2,7).
Then ) = ker ¥ is a semisimple Lie algebra endowed with a contact form n, g =
h@® Rand Q =dn— v An. Inparticular (2, V) is of the first kind.

Proof. We notice first that g cannot be semisimple: if it were so, then b (g) would
vanish, contradicting the fact that ¢ is a nontrivial 1-cocycle. Then we can write
g =5 ® Z(g) with dim Z(g) > 1. The Lie algebra structure is given by

[(S1, Z1), (52, Z2)] = ([S1, 521,0)  (Sj, Zj) es® Z(9) je{l,2}
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We compute
0 =dv((S1, Z1), (82, Z2)) = =9 ([(S1, Z1), (52, Z2)]) = =D ([S1, 521, 0),

hence [s,5] = 5 C h:=ker? and & € Z(g)*. We pick a vector U € Z(g) with
¥ (U) = 1. We apply Proposition 3.2 and conclude that g = § & (U), the Ics
structure (€2, 9) is of the first kind, and n = —1y 2 is a contact form on . Since
(2, ) is of the first kind, Z(g) has dimension < 2 again by Proposition 3.2, hence
1 <dimZ(g) < 2. IfdimZ(g) = 1,thens C h implies s = b, hence (h, ) is
a semisimple contact Lie algebra. Assume dim Z(g) = 2. Again s C b implies
that g = 5 @ Z(g) induces a splitting h = s & Z(h), where Z(h) = Z(g) N H
is the center of (), ), hence Z(h) = (&), where & is the Reeb vector. Moreover,
(n) N Z(h)* # 0, hence they coincide for dimension reasons. The Lie algebra
structure on j is then

[(S1, a1§), (S2, a28)] = ([S1, 521, 0).
Now dn must be non-degenerate on §; however,
dn((81,0), (52,0)) = —n([S1, $21,0) = 0.
Hence Z(g) is 1-dimensional and (f, n) is a semisimple contact Lie algebra. [

Corollary 4.2. Let (g, 2, 9) be a reductive Ics Lie algebra. Then either g = suy @
Rorg=shL(R) @ R.

Proof. By [16, Theorem 5], a semisimple Lie group with a left-invariant contact
structure is locally isomorphic either to SU(2) or to SL(2; R). Hence a semisimple
Lie algebra with a contact structure is isomorphic either to su, or to sl,. By The-
orem 4.1, g = h & R, with § a semisimple contact Lie algebra. We conclude that
h = sup or h = sl;. O

Remark 4.3. Note that, by a result of Chu, [20, Theorem 9], a four-dimensional
symplectic Lie algebra must be solvable. However, there exist by Corollary 4.2
four-dimensional reductive Ics Lie algebras - interestingly enough, dimension 4 is
also the only one in which this can happen.

4.1. Lcs structures on su; ® R
We fix a basis {eq, e2, e3} of su, in such a way that the brackets are
le1,e2] = —e3 [e1,e3] =ex and [e2, e3] = —ey .

With respect to the dual basis {el, ez, e3} of 5u§, the structure equations are

de' =e? de? = —eP and ded =e'?.
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Proposition 4.4. Up to automorphisms, every Ics structure on su; ®R is equivalent
to

(Q,, 1) = (r(e14+e23),e4>, r>0,

4

where e* is a generator of R.

Proof. In order to classify lcs structure on su, @ R it is enough to classify contact
structures on suy. A generic 1-formn = « 1e! +ane? +a3e3 on suy is contact if and

only ifoz%+oz§+oz§ > 0. 7 is a point on the sphere of radius r = ,/a% + oz% + a% in
suj. Since the action of SU(2) on such sphere is transitive, we find a change of basis
such that 7 = re'. This means that every contact form on su; is contactomorphic

to n = re! for some r > 0. The corresponding lcs structure on sty @ R is then
given by setting e* = 9, then Q = dn —e* A =re? —re*! =r(e'*+¢2%). O

Remark 4.5. su; ® R is the Lie algebra of the Lie group S x R. The Ics structures
on suy @ R give therefore left-invariant lcs structures on $3 x S!, which is an
important example of a compact locally conformally symplectic manifold. It is also
a complex manifold and admits Vaisman metrics, see [14].

4.2. Lcs structures on sl & R
We fix a basis {eq, e2, e3} of sl so that the brackets are
[e1,e2] = —2e3 [e1,e3] =2e» and [ez, e3] = 2e; .
With respect to the dual basis {el, e2, e3} of 5[3 the structure equations are
de' = —2¢% de* = —2¢" and ded =2e'%.

Proposition 4.6. Up to automorphisms, every lcs structure on sl ®R is equivalent
to

o (Q,0) = (Lr(e!* —2eB), e*);
o (2, 0) = (r(=2e'3 42, %),

for a constant r > 0.

Proof. As above, we classify contact structures on sl,. A generic 1-form n =
arel + are? + aze® on sly is contact if and only if —20112 + 201% + 205% # 0.
Thus we need to classify the coadjoint orbits of s[5 of hyperbolic and elliptic type.
Such orbits are the hyperboloids a% — oe% — a% =r # 0; forr > 0, it is a one-
sheeted hyperboloid while, for r < 0, we get a two-sheeted hyperboloid. The group
SL(2, R) acts transitively on each of these hyperboloids. There are therefore three

normal forms: = tre! and n = re?, which give the Ics structures:

o ¥ =¢* Q=2r(e!* —2e3);
o ¥ =t Q=r(=2e3+ . O
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Remark 4.7. sl; @ R is the Lie algebra of the Lie group SL(2, R) x R. The lcs

structures on sl @R give therefore left-invariant Ics structures on SL(2, R) x R and
on any compact quotient. Some of these quotients form a class of compact complex
surfaces, called properly elliptic surfaces, and admit IcK metrics, see [14].

5. Locally conformally symplectic structures on 4-dimensional solvable

Lie algebras

In this section we classify Ics structures on four-dimensional solvable Lie algebras.

Table 5.1. Solvable Lie algebras in dimension 4, following [39]; structure equations are

written using the Salamon notation.

P

Lie algebra Structure Z(g) completely nilpotent
equations solvable
R* (0,0,0,0) R* v v
ths 0,0,—-12,0) (e3, eq) v v
3 0, —12 — 13, —13,0) (ea) v x
tr3 . A € [=1,11 (0, =12, —A13,0) (eq) v %
ttéy,y >0 ©O,—y12-13,12—-y13,0) (eq) X
1919) 0,—-12,0, —34) 0 v X
v (0,0, —13 +24, —14 — 23) 0 x x
ny (0, 14,24,0) (e3) v
T4 (14 + 24,24 + 34, 34,0) 0 v X
0 #0),

,uweR 14, u24 + 34, u34,0 v
o 1 (19, 124434, 133.0) (e2) (1 = 0) *
tap—l <o (14, 24, B34,0) 0 v X
<B=<1,08#0
ta5,—1<B <0 (14,-24,534,0) 0 v X
tﬁws,y €R,8 >0 (14, y24 4 834, —524 + y34,0) 0 X X
2 (14, —24, —12,0) (e3) v x
s> g (A4, (1 — 1)24, —12 + 34,0) 0 v x

/ 5 Caa 84 0@ # 0),

045620 (514424, —14+4524, —12+434, 0) (e3) (5 = 0) X X
b (314424, 124, —12 4+ 34,0) 0 v x

Theorem 5.1. Table 5.2 contains, up to automorphisms of the Lie algebra, the Ics
structures (2, 9) with ¥ # 0 on four-dimensional solvable Lie algebras.
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Table 5.2. Locally conformally symplectic (non-symplectic) structures on 4-dimen-
sional solvable Lie algebras, up to automorphisms of the Lie algebra.

Lie parameters lcs exact kind Lagrangian
algebra structure idealC ker ¢
_ _ 3
thy (e!2 — &3, o) ”U—:ef : v (e1,e3)
3 X (612 + ¢34, —el) X X (e2, eq4)
(e14 + 623, —261) X 5 X (en, eq)
(612 +el3 _ 624,64) 7[7]=: 6—46 s (62,63>
— 2 _
w3y A=0 (—e'2 +eB + 3463 Z4 7/ i e v (€2, eq)
A {—1,1}) (el +e2, —el) x x (e2, €3)
A#0 (e12 + 634, —Ael) X X (en, eq)
Mg =10} (e +eB, —(1+n)eh) x % (e2, eq)
— _ 2 €
AEO.1) (el g fe et = e T v (€2, e3)
= €4
3 , v>0 (e!* £ 23, —2yel) X X X
' __2
vy (ye'2 +e!3 — 2 %) ?/;ef ’ v (2, e3)
n=e2_ £
Tty X (—e!? 43 4062, e, el+€;’+1’ X (e, eq)
o ¢1{0,-1) U="rr
(—612 + 34— 23, —e3) X X (e2, eq4)
(612+€14+€23+0'€34, —e3), X X (en, eq)
o # —1
(<7e13—|—624,—e1 —83),0' >0 X X
+1,12 4 14, 23 _e
(- ofleteld e n=¢-¢, {e2. ea)
+1 34 1 3
+TTe ,oe' +te )
or#0o+T#E o<t U=ty
3,4
5 _ —e+rte ,
t) X (13 —zeld - %em,ael ’z] _ g1+1 X (e3, eq)
+1e?),0 € {—1,0},7 >0 o+l
_ _,3 4
(613—T€14—(1+f2)€24,Tez), n —_ e’ +rte”, % <€3,€4>
>0 U=e
oel? —|—e34, —2e1),cr 0 X X X
(
3
— (2
(613 — #624, Ue]),a ¢ n gl-i-l’ X (e3, eq)
{0, -1} U=:H
_ 3
ng x (£(e!? —e?), el il jle : v (€2, €3)

(continued)
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(continued)
Lie parameters lcs exact 15t kind Lagrangian
algebra structure idealC ker ¢
vy X (e14+aez3, —2e4),a #0 X X (e1,e2)
T4 nw=0 (613+€24+0'623,€3),O' #0 X X (e1,ep)
nw=1 (P +e+oe?, —2¢%),0€R X X (e1,e2)
pg (=11} (B4 —(u+ Det x x e1, €2)
we{0,1) (e e, —2ueh x x (e, e2)
tap @FP (€3 + e, —(1+ p)eh) x x e1, €2)
B#1 (€' +eB, —(a+ peh) x x e1, €2)
Vo, B (e12 + 634, —(1+ (x)e4) X X (e, e3)
tp  BE-1 (@ (—1-peh x x (1, €2)
VB (e14 +e23, 11— ,3)64) X X (e1,e2)
t y6 V#O (e £ 2, —2yet) X X X
— _,.3
04 X (2 -0t oet),0 >0 ?]_: e_f ’ v (e1, e3)
o
(€'? - 2 et x x fe1, e3)
(ﬂ:e14 + e23, e4) X X (e1,e3)
—_ _,3
s AA2 (@2 — (o + e, oeb), b a x (e1. e3)
o ¢{0,-1} o+l
A # 1 (12— (1=ne* +el? —reh x x (e1, e3)
g (A1) (2=t + e (- Deh) x x (e1. e3)
g {5.2) (M EeB 0 -2eh x x (e1. e3)
L
A=1 (et —dreP e 2ot ! oo (e1, e3)
o #—1 T o+l
VA (Fel3 + 24, —(L + e x x (e, €3)
_ _,3
D;{ 5 §=0 (612 — 0'6‘34, 0e4),0 >0 r[’]__ ef > ve X
-
— 3
§>0 (2 = (8 + 0)e3h), oe), 'g]—: o x x
o ¢ {0, =8} 5to
— 3
ba  x =@ +Detoety, [TTE x (e1. e3)
o ¢{0, -1} o+l
(-1 toelt —Leh),  x x (e1. e3)
o>0
(! +oeB, —3e* x x (e1. e3)

Proof. We provide explicit computations for one specific case, namely, the com-
pletely-solvable non-nilpotent Lie algebra

04 =gj g = (14,24, —12,0),
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that is the algebra underlying the Inoue surface S*. Complete details for all the
cases can be found in the arXiv version of this paper [4]. In the proof, we performed
the computations with the help of Maple and SageMath [43].
We take a generic 1-form ¢ = Z -1 ¥je’ . Imposing closedness, vt = 0, we
obtain that
=0 =193 =0.

Thus the generic Lee form is
B = Oget with 94 # 0.

For a generic 2-form Q = ), _ j<k<4 @ jkejk, the conformally closedness dy 2 = 0
provides the following equations:

(1) V412 + w34 = 0;
(2) (¥4 — Dz =0;
3) (W4 + Dz =0.

Moreover, the non-degeneracy condition for €2 reads as
w34 — ®13024 + w1423 # 0. ®)

We first assume 4 7# =+1; then (2) and (3) imply w;3 = 0 = wy3 and the non-
degeneracy condition (4) becomes w12 # 0. The generic Ics structure under these
hypotheses is

Y= 19464 and Q= a)lz(elz — 194634) + a)14el4 + a)z4e24 .

In terms of the basis {e!, €2, 3, e*} of 0}, we consider the automorphism

1 0 y 0
0 1 X 0
0 O 1 0]
—x =y —xy+z1

(5.1)

with z = 0 and x, y to be determined. The Lee form is fixed, while the transformed
2-form is

Q/=a)12(€12 - 194634) + (w1s — yor2 (1 + 194))e14

+ (a)24 + xw12(1 — 194))6’24 .

Imposing the vanishing of the coefficients of ¢!* and ¢?* gives the equations
wiga —yorp(14+9) =0 and w + xwip(l — %) =0.

Since we assumed ¥4 # =1, both equations have a solutlon (namely, take x =

m and y = m) and we obtain Q' = w2 (e'2 — ¥4¢3*). The automor-
phism
a000
0b 0O
00abo |- (52)
0001
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with a = co%z and b = 1 gives the Ics structure ¥ = Daet, Q = e'? — 94e3* with
U4 ¢ {0, 1, —1}. Then, the automorphism

0100
-100 0
0010
0 00 -1

gives the normal form

Y = get

Q=e?2—ce** >0 e#£1.

Assume next ¢4 = 1; then w13 = 0 by (2), the generic Ics structure is

P =e¢* and Q= a)lz(e]2 — 634) + w14el4 + 6023623 + 6024624 ,
and the non-degeneracy yields a)%z — w1aw23 # 0. We consider again the automor-
phism (5.1) with x = 0, which transforms €2 into

Q' = (w12 — yon)(e'? — &) + (w14 — 2yw12 + Y wr3)e'?

% (5.3)

+ (1)23623 + (a)24 + Za)23)e
If wy3 = 0 then w2 # 0 and
Q= a)12(612 — 634) + (w14 — 2ya)12)e14 + @yt

choosing y = 2‘;’0—‘1“2 and z = 0 gives Q' = wir(e'? — &%) + woge® . If wyy # 0 use
(5.2) witha = 2% and b = - if p4 = 0 then use (5.2) witha = 1 and b = S

w12’
This gives the normal form

9 = et
Q=e2—e¥tee? {0, 1).

On the other hand, if w23 # 0 we may set y = g—; and z = _Z))_;i in (5.3) and get
) 0uo3 =0 |y 23
Q= ——— =" + wpze”™.
w33

According to the sign of wi4wy3 — a)%z, we choose the automorphism (5.2) with

JE@uos—w?,)
— 9% ___andb = y—ue e

to obtain the normal form
W14023— W7, 23

a==

Py =t
Q = tel + 23,
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Finally we consider the case ¥4 = —1; then w3 = 0 by (3), the generic Ics structure
is

P =e* and Q= w12(612 + 634) + a)13el3 + a)14e14 + 0)246‘24 ,

and the non-degeneracy yields a)%Q — w14wy3 7 0. We consider the automorphism

01 0 O
100 O
00-10
00 0 -1

which sends 9 = —e* to ¥ = ¢* and Q to

Q = wy(e'? — ) + wiye!t + whye® + whe*,

with o}, = —wi2, 0, = —w13, ), = —w and W), = —wi4. The non-
degeneracy condition reads (/,)? + @/,w); and we are back to the previous case.

We conclude now the investigation of the case ¥4 = 1 arguing that the four
models above are distinct, by using Grobner basis computation. More precisely, we
claim that the forms Q| = e!?2 — ¢34, Q) = ¢!2 — &3* + 2, Q3 = e!* + ¢, and
Q4 = —e'* + ¢ with Lee form 9 = e* are distinct. We argue as follows. We
consider a matrix A = (a;;) € Mat(4, R). Varying j, k € {1,2,3,4}, j # k, the
following conditions:

e A yields an automorphism of 9}, that is, d(A(eX)) = A™2(d(e¥));
e A preserves the Lee form, that is, A(J) = 9;
o A2 transforms Q; into $;

produce an ideal, say /i, in R[ay, ..., ass]. Moreover, A has to be invertible,
det A # 0. We compute a Grobner basis C ji for  j; in the algebra Rlaii, ..., as4].
In every case, we get that the basis C j; contains

either 1 or a§3 + 1.

Therefore the ideals [ are empty. This means that there exists no automorphism
of the Lie algebra interchanging the above Ics structures.

Finally, we show that there is no automorphism of the Lie algebra interchang-
ing the Lee forms 0/ :=¢je*, 9" :=¢eye*, where &1 # ¢ and 0 < &1,0 < &. This
is equivalent to solve the ideal generated by A satisfying the following conditions:

o A yields an automorphism of 0;;
o A transforms ¥’ into ¢”.

We compute a Grobner basis B for the above ideal. We get that B contains a3q,
azy, assa, azz(asaer — €1), as4€1 — &2, which yield a3 = a3 = azz3 = azg = 0.
Then det A = 0. Therefore, there is no automorphism interchanging the above Lee
forms. O
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5.1. Non-existence of Lagrangian ideals in ker #

In the statement of Theorem 5.1 we claimed that some Ics Lie algebras (g, 2, ©)
do not have a Lagrangian ideal j contained in ker ¥ . Here we prove this claim.

Proposition 5.2. The following Ics Lie algebras do not have a Lagrangian ideal
jC kerd:

(G o et + 2, —2yel), y > 0;

(to10, oeld + 624, —el — e3), o >0;

(t), oel2 +e3* —2e!), 0 £0;

(t) 5 €t £ e, —2peh), y #0;

° (Dit,a’ el —ge?t oe*),8=0,0 >0;

) 5 £ = +0)e™),0¢*),5 > 0,0 ¢ {0, —5}.

Proof. Letj C ttg’y be a Lagrangian ideal contained in ker . The condition of j
being Lagrangian implies that dim(j N (e2, e3)) = 1. Computing ad,, , we see that
dim(ad,, (j) N (e2, e3)) = 2, contradicting the hypothesis that j is an ideal.

Letj C rovy be a Lagrangian ideal contained in ker ¢. The condition j C ker ¢
implies that j N (ey, e3), which must be non-empty, is spanned by e¢; — e3. But
[e2, e1 — €3] = —ep and [ey4, ] — €3] = —e4, hence e, and e4 must both be in j in
order for j to be an ideal. This is clearly absurd.

Let j C t) be a Lagrangian ideal contained in ker#. The condition of j be-
ing Lagrangian implies that dim(j N (e3, e4)) = 1. Computing ad,, , we see that
dim(ad,, () N (e3, e4)) = 2, contradicting the hypothesis that j is an ideal.

Letj C tﬁ!—,y, s be a Lagrangian ideal contained in ker . The condition of j
being Lagrangian implies that dim(j N (e, e3)) = 1. Computing ad,, , we see that
dim(ad,, (j) N (e2, e3)) = 2, contradicting the hypothesis that j is an ideal.

Letj C Dg’ s be a Lagrangian ideal contained in ker#. The condition of j
being Lagrangian implies that dim(j N (e1, e2)) = 1. Computing ad,, , we see that
dim(ad,, () N (e1, e2)) = 2, contradicting the hypothesis that j is an ideal. O

5.2. Other remarks concerning Table 5.2

In Table 5.2 there are four examples of Ics Lie algebras whose structure can not be
deduced from the results contained in Theorem 2.4 and Proposition 2.17, namely

° (t’cg’y, et + e, —2yel),y > 0;
o (tary,0el3 + 624, —el —¢%),0 > 0;
(t), oel? +e3* —2el), 0 £0;

(t) 50 £eP —2yeh),y #0.

The first and the last were treated in Examples 2.10 and 2.11 respectively, in view
of the construction of Section 2.2. We use the same construction to show how to
recover the second and the third one.
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For (tp1y, oel3 —|—€24, —e!

—e¥),0 >0,wesetw =e**andn = —%(e1 —ed),
so that @ = w+n A¥; moreover, V = —(lf(el —e3)and U = —%e1 — %63. The Lie
algebra hh = ker 9 = (e1 — e3, e, ea) is isomorphic to t3 _1 = (df1 =0, df2 =
—f12,df3 = £13) and is endowed with the cosymplectic structure (17, w). The
derivation D = ady : h — b satisfies D*n = 0 and D*w = —w.

For (1?’2,(7(312 + &34, —2¢hH, o # 0, we set w = e3* and n = %eZ, so that
Q = w+nAv; wecompute V = 0%62 and U = —1e;. The Lie algebra b = ker v =
(€2, €3, e4) is isomorphic to ¥ o = (df' = 0,df* = f1,df? = —f1?) and is
endowed with the cosymplectic structure (1, ). The derivation D = ady: h — b
satisfies D*n = 0 and D*w = —w.

6. Compact four-dimensional lcs solvmanifolds

In this section we consider connected, simply connected four-dimensional solv-
able Lie groups which admit a compact quotient and study their left-invariant lcs
structures. Such groups have been studied by Bock and the next proposition is a
distillation of the pertinent results contained in [15]. We put particular emphasis on
solvmanifolds which are models for compact complex surfaces and for symplectic
fourfolds.

Proposition 6.1 ([15, Table A.1]). Table 6.1 contains all four-dimensional Lie al-
gebras whose corresponding connected, simply connected solvable Lie groups ad-
mit a compact quotient.

Table 6.1. Four-dimensional Lie algebras associated to compact solvmanifolds.

Lie algebra [15] Complex surface Symplectic

R* 491 Torus v

ths 931 D 91 Primary Kodaira surface v
-1

3,1 95490 X v

tt/3 0 9(3)‘5 P g1 Hyperelliptic surface v

ny 94.1 X v
—(14a),

T, —(14a), 1l <@ < —% g4é o). X X

11
’ ~3525 0

t4’7%’8, §>0 946 Inoue surface § X

04 g;é Inoue surface S X

Di‘ 0 92.9 Secondary Kodaira surface X

Suppose I'\G is a compact solvmanifold. It is known (see [2,28,35,42]) that if
G is completely solvable Lie group (that is, the eigenvalues of the endomorphisms
given by the adjoint representation of the corresponding Lie algebra are all real) or,
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more generally, if it satisfies the Mostow condition (that is, Ad(I") and Ad(G) have
the same Zariski closure in GL(g) the group of the linear isomorphisms of g), then
we have isomorphisms

e H®(g) = Hjx(I'\G), where H*(g) is the Lie algebra cohomology of g;

e H3(g) = Hy(I'\G). Here ¥ € g* is a closed 1-form mapping to itself under
the natural inclusion g* — Q! (I'\G) (this is well-defined since H3(I'\G) de-
pends only on the cohomology class of ) and H(g) is the cohomology of the
complex (A®g*, dy).

Corollary 6.2. Let G be a connected, simply connected solvable Lie group. As-
sume that G satisfies the Mostov condition and let T\ G be a compact solvmanifold,
quotient of G. Then

Hy(g) = Hy(I\G).

6.1. R4

Clearly R* does not have any left-invariant Ics structure. However, a result of Mar-
tinet [33] implies that every oriented compact 3-manifold admits a contact structure.
This is the case for T3, hence T% = T3 x S! admits a lcs structure of the first kind.
Notice that contact structures exist on all odd-dimensional tori (see [17]), hence all
even-dimensional tori of dimension > 4 admit a Ics structure of the first kind. It is
not clear whether 74 can admit a locally conformally Kzhler metric, but it certainly
carries no Vaisman metric since by (T'#) is even, see [29].

6.2. ths

Notice that th3 is a nilpotent Lie algebra. The only Ics structure on ths is of the first
kind, hence the same is true for the left-invariant Ics structure on any nilmanifold,
quotient of the connected, simply connected nilpotent Lie group with Lie algebra
ths. Every nilmanifold quotient of this Lie group carries a left-invariant Vaisman
metric (see [10,47]).

6.3. tr3
This Lie algebra admits two non-equivalent Ics structures, namely
(612 _el3 2% 34 e4) and (612 —|—e34,el).

The first one is of the first kind, hence the same is true for a left-invariant Ics struc-
ture on any solvmanifold, quotient of R x fR3 _;, the connected and simply con-
nected completely solvable Lie group with Lie algebra vt3 _;. Such a solvmanifold
is the product of a 3-dimensional contact solvmanifold, quotient of the Lie group
with Lie algebra t3 _1, with S 1,

We consider now the second structure. We compute Hg (tr3,—1) = ([e"31.[€3*1),
hence the lcs structure (e'2 + ¢34, e!) is not exact. The characteristic vector is
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V = —e»; according to Section 2.2, we set = —e? and w = €3* so to have Q =

w+nAY. The condition —i1yy 2 = nyields U = ej,hence iyw = 0 = 1yw. The Lie
algebra ker 9 = (e, €3, es4) is Abelian, hence we denote it R3; it is endowed with
the cosymplectic structure (1, ®) = (—e?, ¢**). The derivation D = ady: R?® —
IR? is given by the matrix diag(1, —1, 0). Exponentiating, we obtain a 1-parameter
subgroup of automorphisms of R?, p: R — Aut(R?), 7 — diag(e’, e™*, 1). Since
R3 is Abelian, the exponential map exp: R®> — R? is the identity and p is a 1-
parameter subgroup of automorphisms of R> (seen as a Lie group). We consider
the semidirect product R3 x o R (clearly R3 X, R = R x M3 _1); to construct
a lattice in R® x » R compatible with the semidirect product structure we need to
find some values #y for which p(#p) is conjugate to a matrix in SL(3, Z). To do
so, we consider the characteristic polynomial of p(¢): it is B+ 1+ exp(t) +
exp(—t)))»2 — (1 + exp(?) + exp(—1))A + 1. In particular, p(fy) is conjugated to a
matrix in SL(3, Z) only if 1 + exp(#p) + exp(—tp) = n for some n € Z, and in this
case the characteristic polynomial —A> + nA% — nA + 1 is the same as the one of
the matrix

0 1 0
—1n—10| €SL@3, 7).
0 0 1

The equation 1 4 exp(¢) + exp(—t) = n has solution for n > 3, that is,

n—1+y(n—172—4
5 .

to(n) = log

For example, for n = 4, we get that rp = log (#) gives p(fp) is conjugated to
the matrix
010
A=]-130|¢€SL3.2),
0 01

i.e.,there exists P € GL(3, R) such that PA = p(19) P. Let Z> denote the standard
lattice in R3 and set g = P(Z3). Then p(to) preserves I'g and I'g X, (t0Z) is a
lattice in R %, R. The group R? is endowed with the left-invariant cosymplectic
structure (17, @) = (—e?, ). By construction p(#y) descends to a diffeomorphism
¥ of T3 = I'g\R? which satisfies ¥*n = €0 and *w = e “w. The solvmanifold
Tox, (10Z))\ (R3 % o R) is identified with the mapping torus (T3)1/, and is endowed
with the lcs structure (e!? + €34, e!). Since R x M3 _; is completely solvable,
Corollary 6.2 yields an isomorphism

Hy ((To % (0Z)\(R® 21, R) ) = Hj(res ).

hence the Ics structure (e'2 + ¢34, e!) on (T3)w is not exact.
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6.4. vt}

The only Ics structure on tt3 is (e!3 —e?*, e*); it is of the first kind, hence the same
is true for the left-invariant lcs structure 1nduced on any solvmanifold, quotlent of
the connected, simply connected nilpotent Lie group with Lie algebra tt3 o- The
resulting solvmanifold, which is the product of a 3-dimensional solvmanifold with
a circle, is a model for a compact complex surface, namely the hyperelliptic (or
bi-elliptic) surface. It does not carry any IcK metric.

6.5. n4

Both Ics structures on ny are of the first kind, hence the same is true for the corre-
sponding left-invariant Ics structures on any nilmanifold, quotient of the connected,
simply connected nilpotent Lie group with Lie algebra n4. A nilmanifold quotient
of such group provided the first example of a lcs 4-manifold, not the product of a
3-manifold and a circle, which does not carry any IcK metric, see [13].

6.6. t4,4,—(14a), —1 <a < —%

One has 8 = —1 — «, hence —% < B < 0. For such values of the parameters, this
Lie algebra admits three non-equivalent Ics structures:

° (613 +€24,O{€4);
° (€I4+€23,€4);
o (246 —(1+a)eh).

‘We have

H2 s (er 1) = "]
HA (v sa0) = ([ and 2,y (es i) = ([0,

hence none of the above Ics structures is exact.

We start with the first structure. The characteristic vector of (e!? + ¢2*, ae?)
is V = wey; according to Section 2.2, we set n = éez and w = e!3, s0 that Q =
w+nAvY. We compute U = 0%64, hence iyw = 0 = 1yw. The Lie algebra ker 9 =
(e1, ez, e3) is Abelian, hence we denote it R3; it is endowed with the cosymplec-
tic structure (1, w) = (€2, e!3). The derivation D; = ady: R® — R3 is given
by the matrix diag(1, 1, 1+Df)
we obtain a 1-parameter subgroup of automorphisms of R?, p;: R — Aut(R?),
t— diag(exp (é), exp (t), exp ( — W)) The exponential map exp: R3 — R?
is the identity and p; is a 1-parameter subgroup of automorphisms of the Lie group
R3. The only connected, simply connected solvable Lie group with Lie alge-
bra t4.q.—(1+e) is isomorphic to R? x, R. For A > 1 consider the Lie algebra
sold = (A14,24, —(1 4+ 1)34,0). It is easy to see that 50[1l = t4,§flrﬁ' Let Soli

and t4,¢, —(14a) = ~ R3 x p, R. Exponentiating D
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denote the unique connected, simply connected solvable Lie group with Lie alge-
bra 50[‘,{. A lattice in Soli, compatible with the corresponding semidirect product
structure Soli ~ R3 Xy R, @(s) = diag(e’*, e°, e~ (111)5) "has been constructed
in [31, Proposition 2.1] for a countable set of parameters A. Using this isomor-
phism, we find (for a countable set of parameters «) ; = #;(e) € R such that
p1(t1) is conjugated to a matrix in SL(3, Z), hence, arguing as above, a lattice of
the form I'y X, (#1Z) contained in R3 x o R. The group R3 is endowed with the
left-invariant cosymplectic structure (1, w) = (éez, (313). By construction pj(#1)
descends to a diffeomorphism ¥ of T3 = I';\R? which satisfies ¥in = e''n and
Vfw = e "w. The solvmanifold (I'1 X, (1 Z)\(R? X, R) is identified with the
mapping torus (TS)I/,1 and is endowed with the Ics structure (e!3 + 24, we*). Since
R3 x o R is completely solvable, Corollary 6.2 yields an isomorphism

H3 (01 5 (WZ)N(E 10, R)) = H (10 150)

hence the lcs structure (e!2 + ¢34, ¢*) on (T3)¢1 is not exact.

We continue with (614 + &3, e4); the characteristic vector is V = e;; we set
n=c andw = e, sothat Q = w+nA. We compute U = e4, hence
tyw = 0 = iyw. The Abelian Lie algebra ker v = (ey, e, €3) = R3 is endowed
with the cosymplectic structure (n, ) = (e, e*3). We have the derivation D, =
ady : R3 — R3, given by D, = diag(1, o, —(14«)). The same argument as for the
previous lcs structure provides 1-parameter subgroup of automorphisms po: R —
Aut(R?) so that the given Lie group can be written as R? 0, R; moreover, for some
tr € R, pa(t2) preserves a lattice I'y C R3, hence we obtain a lattice [ X 0 (0Z) C
R3 x,, R. The group R3 is endowed with the left-invariant cosymplectic structure
(n, w) = (e, ). By construction p»(t2) descends to a diffeomorphism v of
T3 = T,\R? which satisfies 37 = e2n and Y50 = e "2w. The solvmanifold
(T2 Xy, (LZ)\(R? X, R) is identified with the mapping torus (T3)W2 and is
endowed with the lcs structure (¢'* + €23, ¢*). Arguing as above, the lcs structure
(e + e3, ¢*) on (T3),/,2 is not exact.

In the last case, (¢'2+¢3*, —(14+a)e), the characteristic vectoris V = (—1—

a)e3 and we set n = —1%@3 and w = e'?, so that Q@ = w + n A . We compute
U = —H%m, hence i1yw = 0 = 1yw. Moreover, we have a derivation D3 =

1 o

ady: R — R3, given by D3 = diag(— 1). The same construction

14a’ 4o’
as above produces a solvmanifold (I'3 , Jr(I3Z))\+(]R3 X o, R). The torus T3 =
I'3\R? is endowed with the left-invariant cosymplectic structure (— lﬁe% e'?) and
a diffeomorphism 3 satisfying ¥n = "5 and ¥jw = e w. The solvmanifold
(T'3 xp, (BZ)\(R? X, R) is identified with the mapping torus (T3)¢3. By the

same token, the Ics structure (¢'2 + 34, —(1 + a)e?) on (T3),/,3 is not exact.

Proposition 6.3. For i € {1,2,3}, the solvmanifolds (T3)¢l. constructed above
are examples of 4-dimensional manifolds which admit Ics structures but neither
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symplectic nor complex structures. Moreover, (T3)wl. are not products of a 3-
dimensional manifold and a circle.

Proof. 1t is clear that (T3)¢,l. are neither symplectic nor complex manifolds. That
they are not products follows from the same argument as in [12, Example 4.19,

Proposition 4.21]. O
6.7. t;,_%,sﬁ >0
We choose y = —%, otherwise the Lie algebra is not unimodular and can not

admit compact quotients. This Lie algebra admits two non-equivalent Ics structures,
namely

(R4, ) = (614 + 623, 64) ,
both non-exact since [¢2] #0in He24 (t:‘ . 5)' The characteristic vector of (24,1)
Cha i )

is V = ey; according to Section 2.2, we set n = e! and wy = +e* in order to have

Q=w+nA0U. Wecompute U = e4, hence iyw+ = 0 = 1yw+. The Lie algebra

ker? = (eq, en, e3) is Abelian, hence we denote it R3; it is endowed with the

cosymplectic structures (1, w) = (e', £e?). The derivation D = ady: R3 —

IR3 is given by the matrix

0 O
)

(SN ST

1
2
Exponentiating it, we obtain a l-parameter subgroup of automorphisms of R3,
p: R — Aut(RY),
e 0 0
t—exptD)=1]0 e 5costs e 2sintd
0 —e~Zsints e~ 2 costd
Since R3 is Abelian, the exponential map exp: R3 — R is the identity. Hence p

lifts to a 1-parameter subgroup of automorphisms of R3 and the only connected,
simply connected solvable Lie group with Lie algebra t;f s is isomorphic to
» T3

R3 % » R. We show how to construct a lattice of the form I'g X, (t9Z) in R3 % o R,
where 7y € R is to be determined, for special choices of §. We determine 7o in such
a way that p(#p) is conjugated to a matrix in SL(3, Z). Choose § of the form % for

m € 7 where ty has to be fixed such that m#y > 0. In this case, we are reduced to
the diagonal matrix

exp(fo) 0 0
exp(toD) = 0 (—D™exp(—3t0) 0
0 0 (=)™ exp(—510)
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We have to solve the equations

el + (_1)mze—%to =p
2030 4 ("™ = ¢,

where m € Z and p,q € Z, for ty such that mtg > 0. For example, we choose
m = —1land p = —5,qg = —3, and we solve for 1y < 0. We consider the curves
@1(x) :=x34+5x—2and ¢ (x) :=2x3+3x%—1. Since 1 (0) = —2 < —1 = @>(0)
and (pl(%) = % > 0 = (pz(%), there exists 0 < xg < % such that ¢1(xg) =
@2 (x0). Then fo:=2logxg < 0 solves the above system. Therefore there is a
lattice 'y in R3 such that p(to) preserves I'g. We consider the solvmanifold (I'g %,
(0 Z)\(R? x o R) = (FO\R3)¢, where p () descends to a diffeomorphism 1 of
the torus Fo\]R3 which acts on the cosymplectic structure (1, w) = (e!, £e23)) as
¥*n = exp(fp)n and ¥ *w = exp(—tp)w. Then the solvmanifold is endowed with
the Ics structures (e'*+¢23, ¢*). The Lie algebra t; s is not completely solvable,

hence we can not use Corollary 6.2 to determine whether the Ics structures on the
solvmanifold are exact. Notwithstanding, the validity of the Mostow condition for
the Inoue surface of type S9 is confirmed in [5] (see also [38]), hence we conclude,
using Corollary 6.2, that the resulting Ics structure is not exact.

6.8. 04
On this Lie algebra there are many non-equivalent Ics structures:

(1) (2 —0e3*, 0e),0 > 0;
(2) (612 _ 634 +€24, 64);
(3) (Fe'* +e23, eh).

These Ics structures provide left-invariant Ics structures on any compact quotient of
the connected, simply connected solvable Lie group with Lie algebra 04 and have
been investigated by Banyaga in [7]. In particular, using such solvmanifold (which
had been previously studied in [3]), Banyaga constructed the first example of a non
dy-exact Ics structure.

The first lcs structure is of the first kind: we have V = —e3 and U = %
Moreover ker? = (ey, ez, e3) is isomorphic to feis;, the 3-dimensional Heisen-
berg algebra; it is endowed with the contact form = —e>. The transversal vec-
tor U induces the derivation D, = ady: heis; — bheis;, D = diag (o, —0o, 0).
Exponentiating it, we obtain a 1-parameter subgroup of automorphisms of heiss,
po: R — Aut(heisy), 1 +—> diag(e®’, e ', 1). Notice that g, (¢)*n = n. The
connected, simply connected nilpotent Lie group with Lie algebra heis; is

1xz
Heisz = 01y|lx.y,zeR
001
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We can lift o, to a 1-parameter subgroup of automorphisms of Heisz as follows:
since the exponential map exp: heis; — Heis;3 is a bijection, we have a diagram

. @ .
Heis; —— Heisj

exp T T exp

¢is, —~ > beis
3 3

which defines a family of Lie group automorphisms p, : Heis3 — Heis3 via p, =
exp of, o exp~'. One computes p, (1)(x, v, z) = (e°'x, e 'y, 7). The connected,
simply connected solvable Lie group with Lie algebra 04 is thus isomorphic to
Heis3 x4, R. A lattice of the form I'g %, (toZ) C Heis3 %, R, for a certain #o € R,
was explicitly constructed in [45, Theorem 2]. The group Heis3 is endowed with
the left-invariant contact structure = —e> which descends to the nilmanifold
I'o\Heis3. By construction p(fy) descends to a diffeomorphism v of I'g\Heis3 sat-
isfying ¥*n = n. Hence the solvmanifold (I'g X, (t0Z))\ (Heis3 %, R) is identified
with the contact mapping torus (I'o\Heis3z)y, .

For 9 = ¢* we have Hg (04) = ([€%], [€**]), hence the second and the third
structure are not exact.

The characteristic field of the second one is V = —e3. In this case, ker} =
(e1, ez, e3) is isomorphic to heis;. We try to proceed as prescribed by Section
22and set n = e?> — e, w = e!?> = dn, hence U = e, and (heiss, n, w) is a
contact Lie algebra endowed with the derivation D = ady . This derivation satisfies
D*n = —e?, hence we are in the general case of the first Ansatz of Section 2.2, for
which we have no structure results.

The characteristic field of the third Ics structure is V = Ze;. According to
Section 2.2 we set = te! and w = €, giving Q = w + n A . Then U = ey4
and ipw = 0 = 1yw. Again ker? = (ej, ez, €3) is isomorphic to feiss, this
time endowed with the cosymplectic structure (+e', ¢??). U induces the derivation
Dy = ady: heis; — bheisy, D = diag (1, —1, 0). Exponentiating it, we obtain
a l-parameter subgroup of automorphisms of heis;, p: R — Aut(heis;), 1 —
diag(e’, e7*, 1). We have

p)*n=¢en and p)'w=e¢"'w.

o lifts to a 1-parameter subgroup of automorphisms p of Heisz, p(¢)(x, y,z) =
(e'x,e"y,z)and there exists a lattice Iy C Heisz preserved by p(fy) for some 7 € R.
The left-invariant cosymplectic structures (+e!, ¢2*) on Heis; descend to cosym-
plectic structures on I'g C Heis3 and p (7p) gives a diffeomorphism v : I'g\Heisz —
['o\Heis3 satisfying ¥*n = €*n and y*o = e ™w. The solvmanifold (I'g x,
(t0Z:))\(Heis3 x, R) can be identified with mapping torus (I'g\Heis3)y and is en-
dowed with the Ics structures (£e'* + %3, ¢*). Being 04 completely solvable, we
apply Corollary 6.2 to see that the Ics structures are not exact.

As already mentioned, using solvmanifolds M, ; quotients of the connected,
simply connected completely solvable Lie group with Lie algebra 04, Banyaga con-
structed in [7] the first example of a Ics structure (€2, ) which is not dy-exact. In [7,
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Question 3] he asked whether the dimension of the spaces H:Z,(Mm (i@ =1,273)
with ¥ = e* is exactly one. In view of Corollary 6.2, we can answer this question
producing explicit generators for the Morse-Novikov cohomology:

Corollary 6.4. Let S be a solvmanifold quotient of the connected, simply connected
completely solvable Lie group with Lie algebra d4. For 9 = e* we have:

HY(S) = Hy(S)=0  Hy(S) = ([¢*])

) =[] () and H}(S) = ([,
Remark 6.5. In [6, Example 2.1] the authors proved, using the vanishing of the Eu-
ler characteristic for the Morse-Novikov cohomology, that the dimension of Hg S

must be at least two. Analogous results to ours have been obtained, with a different
method, in [38].

6.9. Dfm
The lIcs structures on this Lie algebra are given by
(2,0) = (612 — 0'634, ae4), o>0.
All of them are of the first kind: we have V = —e3 and U = 60—4 Moreover

ker 9 = (ey, e2, e3) is isomorphic to heiss, the 3-dimensional Heisenberg algebra;
the transversal vector U induces the derivation D = ady : heis; — beiss,

1
0o Lo
— 1
p=|-Loo
0 00

Exponentiating it, we obtain a 1-parameter subgroup of automorphisms of heiss,
0: R — Aut(heiss),

cos§ inL 0
p(t) =exp(tD) = | —sinL cos £ 0
0 0 1

We lift p to a 1-parameter subgroup of automorphisms p(t): Heis3 — Heiss,
p(t)(x,y,2) = (xcos L — ysinL, xcos L + ysinL,z). Fory = 5o, p;, maps
the lattice
lxz
= 01y|lx,y,2z€Z; C Heiss

001
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to itself, therefore I" X, (t9Z) is a lattice in Heis3 X, R. The group Heis3 is endowed
with the left-invariant contact structure n = e>. By construction p(#p) descends to
a diffeomorphism ¢ of I'\Heiss which satisfies 1v*n = 5. Hence the solvmanifold
("%, (t9Z2))\ (Heis3 41, R) is identified with the contact mapping torus (I"\Heis3) .
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