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Free boundary minimal surfaces: a nonlocal approach

FRANCESCA DA L10 AND ALESSANDRO PIGATI

Abstract. Given a C¥-smooth closed embedded manifold A ¢ R™, with k > 2,
and a compact connected C°°-smooth Riemannian surface (S, g) with 9S # @,

we consider %—harmom’c mapsu € H 1/ 2(85 , ). These maps are critical points
of the nonlocal energy

E(f; ) = / V2 dvol,, ©.1)
S

where U is the harmonic extension of u in §. We express the energy (0.1) as a sum
of the %—energies at each boundary component of 0§ (suitably identified with the
circle S1, plus a quadratic term which is continuous in the H*(S 1 topology,

for any s € R. We show the ck—1.8 regularity of %—harmonic maps. We also
establish a connection between free boundary minimal surfaces and critical points
of E with respect to variations of the pair (f, g), in terms of the Teichmiiller space
of S.

Mathematics Subject Classification (2010): 58E20 (primary); 35B65 (sec-
ondary).

1. Introduction

Let (S, g) be a connected C°°-smooth surface with nonempty boundary 95,

equipped with a smooth metric g (S is not necessarily oriented) and let N' C R

be an embedded closed (i.e., compact without boundary) C2-smooth submanifold.
We set

H'2(98,N) = | f € H'2(05,R™) 1 f(x) € N forae. x|
Givenamap f € H'/?(3S, N'), we define the %-energy of f tobe
~2
E(f;g) = / |V f]” dvol,. (1.1)
S
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Here f denotes the harmonic extension of f, i.e. the unique harmonic map f €
H'(S,R™) such that ]7 b = f. We observe that E(f; g) depends only on the
conformal class of g.

Definition 1.1. A map u € H 17238, N') is called %—harmonic if u is a criti-

cal point for the %—energy E = E(; g), in the following sense: for any ¢ €
C> (98, R™) we have

d
T E(M( +16)) = 0, (1.2)

where IT : U — N is any fixed C? projection, defined on some tubular neighbor-
hood U of \V.

Definition 1.1 extends the one introduced for the first time in [9] in the case § = D
or in the noncompact case S = H (ID and H being the unit disk and the upper half-
plane, respectively). One can check that [T(u+t¢) = u+tv+o(¢) in H'2(38,R™)
ast — 0, where v := dT1(u)[¢], and therefore!

d ~ ou
—E(Il(u +t¢)) = 2/ (Vu; Vv) dvol, = 2/ dll(uw)[¢] - —udvolg.
dt =0 s as v
By a standard density argument, u is %—harmonic if and only if
ou
dTl(u)[¢] - — dvol, =0, (1.3)
EXY ov

for any ¢ € L N H'Y?(3S, R™) (which is a Banach algebra), which is in turn
equivalent to ask
9
2L vdvol, =0 (1.4)
39S v
forany v € L°NH'Y?(3S, R™) satisfying v € T, A a.e. In particular, the definition
is independent of the choice of I1.

Let PT (&) denote the orthogonal projection onto the tangent space T: N, for
£ € N, and observe that PT e C'(N,R™*™). In the paper we will also call
PV := I — PT the projection onto the normal space. The same argument showing
the equivalence of (1.3) and (1.4) proves that one can replace dI1T with PT in (1.3)
(notice that,on A/, PT is the differential of the nearest point projection, canonically
! The normal derivative g—z e H- Y238, R™) is defined precisely by asking that, for any v €
HY2(38, R™),

~ o ou
(Vu; Vv) dvol, = — -vdvol,.
/S 7 Jas v #
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defined near \/, but we cannot use this projection in (1.2) as it is merely C').

Hence,
o
& PTwyvdvoly=0, YveL®NH'2(3S, R™)
s v (1.5)

& PT(u)g—z =0 inD'@®S).

1
u 1S —-harmonic < /
2 3

Solutions to the last equation are of special geometric interest because they are
strictly connected to the so-called free boundary minimal surfaces, in the following
sense.

Definition 1.2. We say that a map i € C%(S,R™) is a free boundary (branched)
minimal immersion with supporting manifold N if it is a harmonic map which
is also conformal (with the possible exception of finitely many points where du
vanishes) and meets A orthogonally, i.e.

~

r, . ou
P (u)— =0 onas.
av

In the case S = DD the following connection between %—harmonic maps u : S! —
N and free boundary minimal disks is now a well-known fact (see, e.g., [6,7,20]
and Remark 3.3).

Proposition 1.3. The harmonic extension i of a %-harmonic mapue H'2(S', N)
is conformal. Geometrically, this means that u is the boundary of a free boundary
(branched) minimal disk.

We point out that Proposition 1.3 has been at the origin of the study of %—harmonic
maps.

In this paper we are going to investigate the regularity of %—harmonic maps
u € H'2(3S, N'). Besides showing the Holder continuity of such maps, we will
illustrate how to bootstrap to higher regularity. Precisely we will show the follow-
ing.

Theorem 1.4. Let N' C R™ be a C*-smooth closed embedded manifold, with k >
2,andletu € H'2(3S, N') be %-harmonic. Then

ue ﬂ ck188, ).

0<d<1
In particular, if N is C™ thenu € C*®(3S, N).

The proof of Theorem 1.4 is rather technical and we defer it to the appendix.

We point out that one of the key steps to prove the regularity of %—harmonic
maps is the representation of the energy E(f; g) as a sum of the fractional %-
energies at each boundary component (according to a suitable identification with
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S"), plus a quadratic term which is continuous in the H*-topology, for any s € R.
The identification of the energy of f with a fractional energy on the boundary in
the case of the flat disk ID is a well-known fact.

In the model case where S = A, := B; \ Bi,t > 1, we have the following
decomposition.

Lemma 1.5. Leta,b € H'/*>(S',R™) and define f € H'/>(dA;, R™) by setting
f?) = a(e’g) f(te“g) = b(e'%). Then the Dirichlet energy of the harmonic
extension f e H'(A;,R™) is given by

5 IVfI
2
—ZI"I (Ilanl + loy?) + 200
ogt
osn (1.6)
2 B
+§) (ﬂn_ lanl? + 1bal?) = 5 Man bn))
2
A)Va _ Ay l/4
(H( \L2(81)+H( A4 L2(81)+Bt<<a,b>,<a,b)>>,

where B; : D'(S', R™)? x D'(S', R™)? — R is a symmetric bilinear functional.

By using the decomposition (1.6) we succeed in rewriting condition (1.5) in the
form of a nonlocal linear Schrodinger system with an antisymmetric potential, as it
has been done in [8,10,19] in the case of the flat disk.

We will also show that the conformality? of the harmonic extension # is equiv-
alent to criticality of E with respect to variations of the conformal class of S. For
instance, if S is diffeomorphic to an annulus, then up to a conformal diffeomor-
phism we can assume that (S, g) = (A;, gg2) for some ¢ > 0 (see Theorem A.1).
In this case a variation of the conformal class corresponds to a variation of the
parameter 7.

Theorem 1.6. Let a,b € H'/*(S',N') and define ult] € H'/?(0A;, N') by
ult](€?) = a(e'?), u[t](te'?) = b(e'?). Assume that ul7] is %—harmonic for
the annulus (Az, gr2). Then its harmonic extension is conformal if and only if

d
EEt(u[t]) st =0,

where E, is the 4 5-energy for A;.

We will extend Theorem 1.6 to the hyperbolic case where S is neither a disk nor an
annulus (see Theorem 3.4).

In the interesting special case where V' is the boundary of a convex C*°-smooth
domain €2, we also prove the following result.

2 Conformality will mean weak conformality, i.e. at every point du either is a linear conformal
map or vanishes.
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Corollary 1.7. The harmonic extension u defines a conformal (branched) free
boundary minimal immersion u: (S, 3S) — (2, dQ), with branch points only in

S, if and only if u is a nontrivial critical point of E(f; g) with respect to the pair

£, 93

In view of the results in this paper, it would be interesting to study the flow version
of the energy E(f; g), where the evolution of the conformal class of g would be
given by the lack of conformality of , in a similar way as for the Teichmiiller
harmonic map flow studied in [21]. This would correspond to a Teichmiiller %
harmonic flow.

This paper is organized as follows.

e Section 2 provides the decomposition of the %—energy (1.1) in terms of nonlocal
operators defined on 9.5; we also obtain a similar decomposition for the related
Dirichlet-to-Neumann operator.

e Section 3 establishes the criterion for the conformality of the harmonic extension
f,as well as Corollary 1.7.

o In Section Appendix A we show a well-known uniformization theorem for com-
pact annuli, exhibiting a conformal equivalence which is smooth up to the bound-
ary; this is needed for the construction made in Section 2.

e Section Appendix B collects the definitions and basic facts concerning all the
functional spaces involved in the paper; in particular we show some useful re-
sults about the space H'2(R).

e In Section Appendix C we recall some fundamental three-term commutator es-
timates, which were first obtained in [9], as well as a two-term commutator
estimate due to Coifman-Rochberg-Weiss from [5].

e Section Appendix D details the proof of the Holder continuity of a %—harmonic
map u and uses localized versions of the integrability by compensation effects
recalled in Section Appendix C.

e In Section Appendix E we bootstrap the results of Section Appendix D to obtain
higher regularity of u, i.e. Theorem 1.4, exploiting another two-term commuta-
tor.

ACKNOWLEDGEMENTS. The authors would like to thank Tristan Riviere for sug-
gesting the investigation of the problem and for the helpful discussions.

2. Decomposition of the energy

The purpose of this section is to obtain the decomposition of the %—energy (1.1)in
terms of nonlocal operators defined on 9.

3 The meaning of criticality with respect to g will be specified in Section 3.
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We will also show that the so-called Dirichlet-to-Neumann operator

of
av
can be represented as the sum of the usual fractional Laplacian at each boundary
component and a remainder B: D'(3S, R™) — C*(3S, R™), which represents a
sort of interaction between the boundary data.

We will start from the model case of the flat annulus, where this decomposition
is explicit.

H'2(3S,R™) > H™ 23S, R™), f >

2.1. The case of an annular domain

Forafixedt > 1,let A, := B,\ B; C C be the standard annulus with the Euclidean
metric.
Given f € H'/?(3A;, R™), we denote

a(eig) = f(eie), b(eie) = f(teie) € H1/2(51,Rm).

We use the notation (a,),cz and (b,),ez for the Fourier coefficients of the two
functions, namely

. 1 o i\ —inb . 1 o i\ —inf
a, ':E a(e )e do, b, .:E A b(e )e do.

We observe that ), .7, 27 |n |a,|* = [[(=A)/4a||?, and similarly for b.
Given (a, b), (c,d) € D'(S',R™)? x D'(S', R™)? we define the following
symmetric bilinear operator:
BI((a9 b)7 (Cs d))
(bo — ap) - (do — co)
logt 2.1
8mn % _ — — .
+D M Tt by dy =ty — 1"y ).
n>0

=27

Lemma 2.1. B, is a sequentially continuous bilinear functional on D'(S', R™)? x

D'(S', R™)2.

Proof. Assume a, b, c,d € HS(SI, R™). Since t > 1 we have

1B:((@, b), (¢, d)| _|bo — aol ldo — col Z 4n
t2n

[ (anllcnl + 1bnl ldnl)

2 - logt
Z po <|an||d | + [bal leal) 22)
n>0 -
S (1 +n%) (anl leal + [bal ldnl + lan| |dn] + 15l lcal)
n>0

<llallgs lcll s +100 s 1d 1 gs +llall gs Ndll gs +101 g el gs
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< n? and the Cauchy—Schwarz inequality

2n 1~
(the implied constants depend of course on s, t). Since D'(S h = User H* (S D,
we get in particular that B, is a linear functional on D'(S', R™)2 x D'(S', R™)2,

If (((ai, b;), (ci,di)))ien 1s a sequence converging to ((a, b), (c, d)) in this
space, by the uniform boundedness principle (applied to the Fréchet space
D(S', R™)) we deduce that the set {a;, b;, ¢;, d; | i € N}isbounded in H**!(S!),
for some real s.

By the compact embedding H*+!1(S') < H’(S'), any subsequence admits a
further subsequence converging in H* (S I R™)2x H5(S!, R™)2, where we have al-
ready shown the continuity of ;. This shows that B, ((a;, b;), (ci, d;)) — B;((a, b),
(¢, d)). O

thanks to the elementary estimate

Lemma 2.2. For any f € HY?A,, R™), the Dirichlet energy of its harmonic
extension f e H'(A,,R™) is given by

72 2 2 lbo — aol?
/A, V] :27'[Z|n|(|an| + 1bx )+2nv

+21 Y ( T ibal?) - tf’_lm(an.g)> 23)

= (=) |} q1) + ||<—A>‘/“buiz(31) + Bi((a, b), (a, b))

Proof. One can check, e.g., by a density argument involving trigonometric polyno-
mials, that the harmonic extension f is given by

~ by — t"b, — .
f(re’9)=a0+ 0~ d0 logr—l—Zin anr”e’"9

logt = |
t2nan —t"by —n inf 24
+ Z t2n _ 1 r ¢ .
n#0
Calling
~ bo—ap t"b, — ay, , t*a, —t"b
C = ) Cl’l = bl
logt t2n — 1 t2n —1
we have
9 ,
—f(r 0) =cr—! + in(cnr”_1 — el
n#0
(2.5)
1 8f n— 1 / i 1y ,inf
Zzn(cn )e'".

r 90 n0
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Thus the Dirichlet energy of f equals

/ |Vf| =27 [¢*logt + 27 Z (|Cn|2 " —1) — |C;l|2(t*2" _ 1))
A

n#0
_ o o0 a0l (b =+ - 1)
=27 log1 +2nr§)t2’l—1 (|t by — an|” + |t"an — by|”).

Since a_, = a, and b_,, = b,;, we deduce

~2
\v4 _ 2
Ja IV _ 160 — a0l Y

= ot g (" 4+ Danl 4 16a) = 490 - b))
0

|bo — ao 2 2
= ozt T Z Inl (lan|* + 1bal®)
2 b Ll
byl?) — NR(an - by) | .
+; ( — (lanl” + 1bal*) — N n>)
Lemma 2.3. The normal derivatives on d By and 8Bt are given by
Y
a—f(e’e) = (—A)"%a + Ryla, b],
" 2.6)
9 .
a_f(te,e) =17'(=N)"?b + 17 R,[b, al,
v

where R; : D'(S', R™)? — C®(S', R™) is a sequentially continuous linear oper-
ator defined by

Rila, b1(¢?) == _bo—ao + Z 2n (an — 1"by)e™

log ¢ t2n —1
0
- g 2.7
2 ind
+ E P (t "a, — t"bn)e”’ .
n<0

Proof. Leta(ei®): —3f(e’9)and,3(e’9) = af(tele) Givenany h € C®(3A,, R™),
let c(e'?) := h(e'?) and d(e'?) := h(te'?). Since f is harmonic we get

_ — af -~
2 nCn+2mt ,,-dn=/ —h=/V -Vh
n;a C T Xn:ﬂ » ™ N f
= / (=M a(=n) e + / (=M= 4 B, ((a, b), (¢, d)).
S! S

From this equation we easily get (2.6), with R,[a, b] given by (2.7). We observe
that the formula (2.7) can also be obtained directly from (2.5). The continuity of
'R; is proved by arguing as in the proof of Lemma 2.1. O
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Remark 2.4. The symmetryﬁ,((a, b), (c,d)) = B:((b,a), (d, c)), as well as the

fact that the formulas for t%—{(teie) and %(eie) can be obtained from each other
by exchanging a and b, are not surprising in view of the existence of the conformal
map

1z
_2 5

Ay — Ag, zr—>||
Z

which exchanges the two boundary components.

2.2. General compact surfaces with boundary

The boundary 35 is the disjoint union of finitely many circles diffeomorphic to S':

k
38 = |_| c,
j=l

We can find, for each j, a smooth map
¢j:[0,1]><81—>S
with the following properties:

e ¢; is a diffeomorphism onto its image;
e 90} x 8 = CU;
e $;([0,1]1 x SHNg;(0,1] x S') = forany j # ;.

Applying Theorem A.1 to the annulus
A = ¢;([0, 1] x S,

we can find a conformal transformation /; : AV — Ay; (where A;; = B, i\ B1 C
C, equipped with the flat metric) such that y;(C/)) = 3 B;. Finally, we call

k
s =S\ | |¢;0. 1) x 8.

Jj=1

The picture illustrates our decomposition of S.

)
c® =
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We notice that S’ is still a smooth surface with boundary
k

as_|_|¢] {1 x S :|_| '(3B;)).

j =

Lemma 2.5. Forany f € H'/?(3S, N') the %-energy E(f; g) admits the decom-
position

ECfi8) =3 [ fillhe +Bs ((Uhor (5Ly).
J

where fi(e') := f oy () and Bs : D'(S',R™Mk x D'(S',RMF — Ris a
sequentially continuous symmetric bilinear functional.
Proof. Let G € C*°((S x S) \ A) be the Green function for the Dirichlet problem
(see, e.g., [2, Theorem 4.17]), satisfying for each x € §

—AgG(x,:) =8y onS
G(x,)=0 ondS

and let H € C*°(S x 88) which is defined, for any fixed x € S, by the formula

H(x,) := —aa—UG(x, -). For any f € H'2(3S, R™) and any x € S, the harmonic
extension is given by the formula

fx) = /d JHEDSG)dvoly ().

Now {H (x, ") | x € S} is a compact subset of C*(95) and in particular is bounded

in C*(8S) for all k > 0. The same holds for the derivatives of any order in x.
Therefore the map

D'BS,R™) — C°(S,R™), fi> ;

given by the above formula is sequentially continuous. In particular, (f, h)
/. 5 (V 1 Vh)dvol defines a sequentially continuous symmetric bilinear operator
onD'(3S,R™) x D'(3S, R™).

Moreover, for any j € {1, ..., k}, let

k() = Fou ! (1je%) € H'2(S', ™),
By conformal invariance we have A( f ) 1//]._1) =0on A;; and

[P avole= [ [9(Four ) ==l + =80

'y

+Btj((fijj)7 (f]’K]))
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by Lemma 2.2. We remark that f +> «; is sequentially continuous as a linear map
DS, R™) — C>(S', R™). Finally, we can write

k
E(f: g)zzf A |Vf|2dvolg+/ V7] dvol,
i=1 AW kY

k
= DN fil + Bs((£): ()
j=1
where for any f, h € H'/2(3S, R™) we let
k k
Bs((f). (h))) := ZL(—A)”“K/(—A)”“SJ' + Y By ((fi. k). (hj. &)
j=1 j=1

+ / (V5 Vh)dvolg,
with /2(e?) := h oy (e) and £;(e™) :=h o Y7 (7€), 0

Lemma 2.6. Forany £ = 1, ..., k, the normal derivative on C® is given by

ﬂ:e}»e

9 ((—A)l/Zfe) oY+ MRy ((fj)’;.:1> o Yy,

where e?*t is defined by g = e**t v, (gr2) and Ry : D'(S', RMk - ¢S, R™)
is a sequentially continuous linear operator.

Proof. Indeed, for any ¢ € C*(S, R™) supported in ¢ ([0, 1) x S1),
f g (=)' 1) o Yo dvol, =f pour (-2,
co st

0 Four!
=/ wow[‘-%—/ 0oy Ryl fe kel
A, % St

=/A (Vigoy, ) V(fo w;l))—/cm e - Ryl fo, kel o Y dvolg,

e

where the operator R;, is provided by (2.6). But, by conformality of ¢,

/A <V(<pow[1); V(fo ‘[’[1)> _ /Aw (Ve; V F)dvol,

It
~ 9f
=/<v¢; Vf)dvolg=/ g0~—fdvolg
s as  Ov

and thus we can let Rg((fj)l;zl) = Ry, [ fe, kel u
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3. Conformality of the harmonic extension

This section is devoted to show that, if the energy of the harmonic extension # is
also critical with respect to variations of the conformal class, then u is conformal.
We will use the Teichmiiller space 7 (S) of S to describe such variations. Through-
out the section we will assume that S is orientable (actually this hypothesis can
be dropped: one can repeat the same theory on the two-sheeted oriented cover S,
restricting to equivariant metrics and variations).

We will start from the easier case of the annulus, which can be treated in an
elementary fashion (due to the simple explicit form of its Teichmiiller space).

Remark 3.1. In the disk case, i.e. S = D, conformality holds automatically for
%—harmonic maps (and indeed in this case 7 (S) is trivial): see Remark 3.3 below.

Recall that the disk and the annulus have Euler characteristic 1 and 0, respectively.
If the surface S has a different topology, then its Euler characteristic is

xS)=2-2¢g—-k<0

(with an abuse of notation, we denote by g also the genus of S, while &k > 1 is
the number of boundary components). Thus S is intrinsically hyperbolic, namely
by Gauss—Bonnet theorem any constant curvature metric such that 95 is totally
geodesic must have negative curvature. In this case 7 (S) does not possess an im-
mediate presentation as for the annulus, although it is well known that it is diffeo-
morphic to R®+3¥=6 (and can be parametrized by means of the so-called Fenchel—
Nielsen coordinates). The precise definition of 7 (S) is given below.

3.1. The annular case

If S is diffeomorphic to an annulus, then up to a conformal diffeomorphism we
can assume that (S, g) = (A;, gg2) for some ¢ > 0, thanks to Theorem A.1. A
variation of the conformal class (or, more precisely, the conformal class up to dif-
feomorphisms isotopic to the identity) corresponds to a variation of the parameter ¢.

For any a, be H'/?>(S!, R™), we define u[t] € H'/2(d A;, R™) by u[t](¢'?) :=
a(e'?),ult](te'?) := b(e'?). We will denote by i[¢] the harmonic extension of u[?].
Lemma 3.2. Foranya,b € H'(S', R™) we have

d B 1 2
di t(u[t])_/BB, 2 .

Proof. We can assume a, b € C*®°(S', R™) (by a density argument, using the fact
that E;(u[t]) depends smoothly on (¢, a, b) € (1, 00) x HY/*(S') x H'/?(S'), as
can be seen from the explicit formula (1.6)). So u[¢](z) defines a smooth function
on the set

2

ou

or

ou

30

{t,2) e (1,00) xC:1<|z] <t}.
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By the divergence theorem we have

d ( - 2) U < - diils)

— |Vult]] =/ [Vulz]| +2/ Vult]; V<

dt \Ja, 3B, A ds
B / au|> 1 |ealr]?
B B,

ar 2| 96
2/ oult] duls]
9B, Or ds |-,

(as % = 0 on d B}). Differentiating the identity uls](se’?) = b(e'?) in s we get

)

(se?)| = =2 (i),

( ds s=t or

Hence, combining these identities,
d dulel)* 1 |oule]|? dulr]|?
—Et(um):f o+ |2 _2/
dt 9B, ar t a0 3B, or Ll

Proof of Theorem 1.6. We introduce the Hopf differential

ou am 1 f|aw|® |ew|® _ ou oum
hz) = HG@)dz®dz, HE) = — . 2= 212 |2 22 22,
(2) (2)dz®dz (2) 22 52 4(8x % i ay)

A well-known straightforward computation shows that / is a holomorphic quadratic
differential, i.e. H is holomorphic, vanishing identically if and only if  is (weakly)
conformal. From Theorem 1.4 it follows in particular that u € C 1@A;). Since
0=PT(u) % and0 = PV (u) 34 = PV (u) 3% on 9 A,, we have that

ou o

— - — =0ondAy.

ar 00
By the maximum principle we deduce that, for any z = re'? € A7,

: ; o, .o ou, ;
_2\~< i0 2H l@)z _ i0 . i0 :0,
3 (re ) (re ) rar(re ) 8(9(re )

i.e. the harmonic function J(z2H (z)) vanishes identically. Since z2H (z) is holo-
morphic, it must coincide with a real constant c. By Lemma 3.2, ¢ = 0 precisely
when %Er (u[t])|t:; = 0, since

ou, o,
ﬁ(relg) —r? a—r(ree)

e _49}<(rei9)2H(r€i9)> =

O

Remark 3.3. In the disk case we get z2H(z) = ¢ for some real ¢, hence ¢ = 0
(being H bounded near the origin) and H(z) = 0.
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3.2. The hyperbolic case

Assume now that x(S) < 0 (i.e. S is not a disk nor an annulus) and N is C*°-
smooth. Let M(S) be the space of all Riemannian metrics on S and P(S) the space
of all smooth positive functions § — R. M(S) is an open subset of the Fréchet
space I'(S 25) (smooth symmetric covariant 2-tensors on §). The quotient

C(S) := M(8)/P(S)

is the set of conformal classes on S. Moreover, let M_;(S) € M(S) be the
subset of metrics having constant curvature —1 and making 9§ totally geodesic.
Every equivalence class [g] € C(S) has exactly one representative e geM_(9),
A € C%°(S) being a solution of Liouville’s equation

Ar=K+e* onS

o _
5=k onds,

where K is the Gaussian curvature of g and « is the geodesic curvature of the
boundary (i.e. k = (V]; v, v) if 0§ is locally parametrized by a unit-speed curve y).
The map
v M) > M_1(S), wv(g) i=e?g
is C*°-smooth (as a map from M (S) into itself).
In order to have a finite-dimensional space, we quotient C(S) by the (right)
action of the group Dy (S) of diffeomorphisms isotopic to the identity. The set

T(S) :=C(S)/Do(S)

is the Teichmiiller space of S. It can be given a canonical structure of (6g + 3k — 6)-
dimensional differentiable manifold. The resulting map 7 : M(S) — 7 (S) is
smooth and admits locally a smooth section taking values into M _;(S).

For the proofs of these facts, we refer the reader to [13], where the Teichmiiller
theory for closed surfaces is developed. See also [12, Section 4.3], which illustrates
the necessary modifications for surfaces with boundary (using the convenient device
of the Schottky double).

Theorem 3.4. Let (S, g) be a Riemannian surface with S # 0, x(S) < 0 and
let ¢ : U — M(S) be a local smooth section of w through g (ie. n(g) € U
and ¢p((g)) = g). Ifu € H'Y2S8,N) is %—harmonic with respect to g, then
i (S, g) — R™is conformal if and only if w(g) is a critical point for the map

p = E(u; ¢(p)).

We remark that the harmonic extension 'ﬁp e H'(S) of u € H'/2(3S) with respect
to ¢ (p) depends on the couple (u, p) € H'23S8,R™) x U in a smooth fashion:
this follows from the inverse function theorem applied to the map

H' () xU - H ' (S) x H'?@S) x U, (w,p) —~ (—Appmw. wl,. p).

In particular, the function (u, p) — E(u; ¢(p)) is smooth as well.
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Proof. (<) Replacing g with v(g) and ¢ with v o ¢, we can assume that g €
M_1(S) and ¢p(U) € M_1(S): indeed, thanks to the conformal invariance of the
Dirichlet energy, E(w; g’) = E(w;v(g)) for any w € H'?(3S, R™) and any
metric g, so u is still %—harmonic with respect to v(g) and (v (g)) = m(g) is still
critical for p — E(u; v o ¢p(p)).

The Hopf differential & of the map u, defined in any local conformal chart (for

g) by the formula
b e Hyde 9 de. HE aw aw 1 [lou)* |ou|? 5 O O
= , =— ===\ — || 2= ]
¢ Yaewan =0 9 T a\ x| T oy ax 9y

is a globally defined holomorphic quadratic differential (i.e. H is holomorphic in
any conformal chart), as a consequence of the fact that A, = 0. The conformality
of & is equivalent to & = 0.

Moreover, h is real at the boundary 9§, meaning that in any local conformal
chart (V, z) mapping V N 8§ into the real line {J(z) = 0} we have

ou ou

ou o _
ax dy

on the real line. Indeed, at such points 2L € T, )\, while 3—5 L Ty N by 1-

harmonicity (observe that by the preceding regularity result we have ' € C* up to

the boundary).

Let now v := dmg[R(h)]. Since g € M_1(S), the symmetric tensor d ¢y (g)[v]
can be decomposed as

ddrg)[v] = N(q) + Lxg, 3.1
where ¢ is a holomorphic quadratic differential which is real at 35, while Lxg
is the Lie derivative of g with respect to a vector field X satisfying X ) I a8

(see [13, Theorem 8.2] for the corresponding statement for closed surfaces). The
tensor Lx g belongs to the kernel of dm,, as X generates a one-parameter subgroup
of Dy. Thus, using 7 o ¢ = idy,

drg[R(h)] = v = dnglddrg)[v]] = dmg[NR(g) + Lxg] = dmg[R(g)].

But 7(S) is built precisely in such a way that the map dr, restricts to a bijection
from the space of such real quadratic differentials to Ty (g)7 (S). We deduce that
N(h) = NR(g).

We also remark that d E (u; -)g[Lx g] = 0: indeed, calling CI>IX the flow gener-
ated by X, we have

E (u; (CD,X)*g) = E(u o dX g)
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and differentiation at ¢ = 0 gives

5
dE(u; )[Lxg] = —2/ 22 du[X1dvol, =0,
39S ov

by characterization (1.5) of %—harmonicity. From (3.1) we finally deduce that

0=dEu; ¢()rglvl = dE(u; )¢[N(q) + Lxgl = dE(u; -)g[N(h)]
= /S N(h)[Vu; Vil dvol, + % /S |VI/7|§ trg (M (h)) dvol,

(using the fact that the variation of & gives no contribution, thanks to harmonicity).
But, as is readily seen in conformal coordinates,

trg(M(h)) =0, N)[Vu; Vu] =2 |§R(h)|§ .

We infer that 9i(h) = 0, which implies 4 = 0.
(=) Conversely, for any v € T;(g)U, we can write (assuming again ¢ = vo¢)

d¢n(g)[v] =N(g) + Lxg

for suitable ¢ and X as before. We have

dEu; ¢(Nrglv] = dE(u; )g[N(q) + Lxgl = dE(u; ) g[R(q)]

~ 1 ~
:—/S.‘R(q)[Vu;Vu]dvolg—l—E/SIVMI(%,trg(fﬁ(q))dvolg.

Again we have trg(%1(¢)) = 0, while the conformality of i gives 3 - 87 = 0 in
conformal coordinates, hence R(q)[Vu; V] = 0 as well. O

Proof of Corollary 1.7. In view of the preceding results, it suffices to show that, for

a nontrivial %-harmonic map u with conformal %, we have u(S) € Q and Vi # 0
at the boundary 9. Recall that u is C°°-smooth up to the boundary of S.

Since # is nontrivial we have g—f‘) # 0 atsome x’ € 35 (being [ |V |? dvolg =
Jos - g—f dvolg). Combining this with the condition PT(u)g—g =0,wegetu(x") €
Q for at least an x” € S.

Fix now any point p ¢ Q. By convexity of €2, there exists an affine map
F : R"™ — R such that F(p) < 0 and F(2) C (0,00). Since F o u takes
nonnegative values (as u takes values in 9€2) and F o u(x”) > 0, by the strong
maximum principle we get F o > 0 on S. Hence, u(S) C Q. ~

Finally, if x € dS we can let p :=u(x): then Hopf’s lemma gives w (x)<O.
In particular, Vi never vanishes at 9.. O
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Appendix A. Uniformization theorem for annuli with boundary

Theorem A.1. Let (A, g) be a compact Riemannian two-dimensional manifold
with boundary, diffeomorphic to [0, 1] x S'. Then there exists some t > 1 such
that (A, g) is conformally equivalent to the standard annulus A; :== B; \ By C C.

Proof. We fix a diffeomorphism ¢ : [0, 1] x S' — A and we orient A by declaring
that ¢ is orientation-preserving. We call y; : S I' — A the restrictions Vi =
¢(j,-), for j = 0,1, so that y; preserves the orientation while y; reverses it. Let
u € C*(A) be the unique harmonic function which equals j on y;(S Y (for j =

0, 1). Denoting by A the interior of A, we remark that by the maximum principle

0 < u < 1on A and by Hopf’s lemma *du[y;] > 0 for j = 0, 1. Recall that, in
local conformal coordinates (x, y), xdu = —%dx + g—)‘;dy.

Letk := f}/o xdu > 0. Since *du is closed, fy xdu € k7 for any closed, piece-
wise smooth curve y taking values in A. Thus, we can define v € C*(A, R/kZ)
by the formula v(p) := [, *du, where « is any piecewise smooth curve joining

10(0) to p. Now the map

21 .
v:A—>C, vY:=exp (7(u —I—zv))

is well defined and smooth.

The metric g, together with the orientation, induces a complex structure on A.
As v locally lifts to a primitive of xdu, we have dv = *du. Hence, in local con-
formal coordinates, the map u + iv : A — C/ikZ satisfies the Cauchy—Riemann
equations and is thus holomorphic; so ¥ is holomorphic as well. We now prove
that v is a diffeomorphism onto its image. Since *du[y;] > 0, the compact set

F :={p e A:dy(p) =0} is contained in A. As  is holomorphic, F is finite.
We have F' := ¢~ (/(F)) C A (as ¥(3dA) Ny (A) = @), so by holomorphicity
F’ is finite as well.

It is easy to check that w‘A\F/ A\ F' — ¥ (A)\ ¥ (F) is a covering (indeed,
any z € ¥(A) \ ¥ (F) has finitely many preimages pi,...,px € A\ F’; we
can find open disjoint neighborhoods U; € A\ F’ of p; which are all mapped
diffeomorphically onto some neighborhood V of z; up to replacing V with V\r(A\
L iU and shrinking each U; accordingly, V' is evenly covered by | | ;Uj). But
Y is injective on 9A C A\ F’, so w‘A\F, is injective and hence a diffeomorphism

onto its image.
As ¢ is holomorphic, ¥ cannot be injective in any punctured neighborhood
of any point in F. It follows that F = ¢, thus also F’ = . Finally, calling ¢ :=

exp <27”>,we have ¥ (A) € A, and ¥ (D A) = dA,. As Y (A) = ¥(A) N A, ¥(A)
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is both open and closed in A;, so by connectedness it follows that ¢ : A — A; is
surjective. The map 1 provides the desired conformal equivalence. U

Appendix B. Functional spaces

In this section we recall the definition of the functional spaces used in the paper, as
well as some of their main properties and some key facts concerning the so-called
Littlewood-Paley dyadic decomposition.

We denote respectively by S(R) and S’(R) the spaces of (real or complex)
Schwartz functions and tempered distributions. All the functional spaces used in
this paper should be understood as subspaces of S’(R). Given a function ¢ € S(R),
we denote either by ¢ or by F¢ the Fourier transform of ¢, i.e.

5E) = Fo&) = /R v(x)e 2T gy,

while if v € S'(R) we define v = Fv € S'(R) by (v, ¢) := (v, ¢).
We recall the definition of the inhomogeneous fractional Sobolev (Bessel po-
tential) spaces: forareal s and 1 < p < oo we let

HYPR) == {v e S'R) : [l gs.r == |F A + 472152 Fv]|,, < oo}

Observe that H*?(RR) is stable under multiplication by Schwartz functions, i.e. if
v € HYP(R) and v € S(R) then vy € H*P(R) (see, e.g., the proof of [17,
Lemma 2.2]).

We also recall the definition of the homogeneous fractional Sobolev spaces that
will be used in the paper, namely H'2(R) and H~'2(R):

_ 2
H2R) = {UELIOC(R) ol = f/ v - dy<oo},

T

H2R) := {v € S'(R): v e L% (R) and / 117 D)2 dE < oo}.
R

We remark that H'/2(R) is naturally a subspace of S’(R), although |-l ;71,2 is only
a seminorm (which vanishes on constant functions).

We recall that, given v € HY2(R), we always have v € leoc(R \ {0}) and
moreover in D'(R \ {0}) we can identify the distribution |£|!/?% with an L?(R)
function (which we continue to denote, by abuse of notation, with |£|!/27) with

/ E1 )2 de = c vl B.1)

for some constant ¢ > 0 (see, e.g., the proof of [11, Proposition.3.4]).
We list below some useful elementary results concerning H!/?(R).
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Lemma B.1. Givenv € H'/2(R), for any j > 0 it holds

vl 280,27y S 2772 || + G+ D272 vl g1
Proof. We notice that, for j > 0,

2 —j 2
o= @0 gy 27 [, 0 =)

<2,// lv(x) —v(y)
Bo22  lx—yP

therefore Hv — (V) B(0.2/) ||L2(B(0,2.f)) < 2i/2 vl 1/2.

Similarly for j > 1
| .21y = g2 | S Tj/ o= @gean| Slvlge
B(0.27)

The desired inequality follows from these estimates and

Wl 20,2 = v = @020 | 280,20

. J .
+2/72 Z | po.2e-1) — W20 + 27 | B0.1)] -
=

Lemma B.2. Given v € HY/2(R), there exists a sequence v € S(R), with v €
CP R\ (0)),* and a sequence cj € R such that

lo— e +eolgiz=llv—wllge =0, wt+a—v inS®R),
lv = e + el 230,27y S G+ D272 v = (o + o)l ge -

Proof. Fix x € Cgo(R) with 13(0’1/2) < x < 13(0’1). As observed above, the
function

= (@) = x@)v
belongs to L>(R), is supported in the annulus (27k=1 < || < 2F} and verifies
J 1€ lwr(€)]? d§ < oco. We can find vy € S(R) with 7 € CX([R\ {0}) and

J1ENTwie =il (§) dE < 27%. Since [, o) 1§10 — wil* (§) d§ — 0, we get

o — el :/ €1 [0 — Til? (§) d — 0.
R\{0}

We now choose ¢y in such a way that (v +cx) B,1) = (V) B(0,1). The last part of the

claim follows from Lemma B.1 and the convergence v; + ¢y — v is an immediate
consequence. O

4 With abuse of notation, we denote by CS°(R \ {0}) the space of those functions in CZ°(R)
which are supported in R \ {0} .
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Remark B.3. If v lies also in L (R), we can also ensure that vz, [ck] <
|v|l 0, With vz + ¢ — v a.e. Indeed, f_l(x(Z_k-) — X(zk.)) is bounded in
LY(R), so || Wk ||L00 < ||v|| Lo ; moreover, vx can be chosen arbitrarily close to wy in
L*®(R). Since vx + ¢cx — v in L120c (R), we can ensure a.e. convergence by passing
to a subsequence.

We also define the Hardy space H! (R) as

H'(R) := {v e L'(R): sup |¢; x v| (x) € LI(R)},

t>0
where ¢ € S(R) is an arbitrary function such that [ ¢ #0 and ¢;(y) := o ly).
This definition does not depend on the choice of ¢ (for this and many useful charac-

terizations of H' (R), we refer the reader to [16, Chapter 2] and [23, Chapter III]).
Finally we define the Lorentz spaces L>!(R) and L% (R):

L*'\(R) = {U eLl (R): /Ooﬁl({m > % dr < oo},
0

L>®R) = {U e LL (R) :suptL (I f] > th'/? < oo},
t>0

where £! denotes the Lebesgue measure on R. These are Banach spaces with the

norms
o0
vl 2. :=/ 112 sup ][ lv| | dr,
0 t<Ll(E)<oo? E

loll o = sup £‘<E>—‘/2/|v|
0<LY(E)<oo E

and L2®(R) is the dual of L1 (R): see, e.g., [15, Section 1.4] and [15, Exer-
cises 1.1.12 and 1.4.3].

B.1. Products, fractional Laplacian and Hilbert-Riesz transform

We fix a nonnegative bump function p € C°(R) with [ p = 1. Given v, w €
S’(R), we define their product

vw = lim (pe * v) (e * W)
e—0

as a limit in §’(R), provided that it exists. Notice that (o, *v)(pexw) € C*NS’(R).
In general, this limit could fail to exist or could depend on p. In all the instances
appearing in this paper, we are implicitly claiming that the product is defined, is
associative and is independent of p.
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From the definition of H'/2(R) it easily follows that HY2N L®(R) is an al-
gebra, i.e. it is closed under the product: more precisely,

lvwlli gz S llgie lwlize + vllzs lwlligiz, lowllze < vllpes [wllze

whenever v, w € H'/2 N L*®(R). Using this and the obvious inclusion S(R) <
H'2 N L®(R), as well as (B.1), one checks that the product vw can always be
formed when v € H™Y/2(R) and w € H'/? N L*®(R).

Moreover, for any real s, we define the fractional Laplacian (—A)*/? as

(—A)/2y = lin%j:—l [(62 442 ISIZ)S/ZJ-"U],

provided that the limit exists in S’'(R); in other words, we approximate the frac-
tional Laplacian by means of Bessel potentials. We recall some properties of the
fractional Laplacian for the values of s mostly used in the paper, namely s = :I:%.

Clearly, (—A)'/* maps L*(R) isomorphically onto H~Y2(R), with inverse
(—A)~!/4. The following statement is less obvious.

Lemma B4. Ifv € H'/2(R), then (—A)'/*v exists, lies in L*(R) and is given by
(—a) = F7 (@n 1" %).

1/2’v~

where we denote by (2w |&|) the function in L%(R) agreeing with the corre-

sponding distribution on R \ {0}.

Proof. We denote by w the function in L2(R) which coincides with (27 |§|)1/ )
2

in D'(R \ {0}). We observe that (> + 4m2£2)1/4 = €l/2 4 %fol A2t (€* +

472t?£2)=3/4 dt, with the second term vanishing for £ = 0. Using Lemma B.2

and (B.1) we get

k— 00

2 1
(62 +4n2$2)1/4’ﬁ:el/zﬁ+ lim (%/ 47‘[2t(62 +4n2t2§2)_3/4 dt) (Vk + ¢x)
0
1/2~ b1 3/2(.2 2,2:2\—3/4
=%y + / E(2n|g|)/(e +4n%t?E%) 7 dr | w.
0

Finally, €!/?% L 0inS (R) and the nonnegative integral converges to 1\ oy from
below.

A similar proof shows that
—8)Pv=FlenE]D). so (=8) v = (—a) =),

One has also the following integral representation for (—A)!/4v.
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Lemma B.5. For all v € H'/2(R) and some constant ¢ > 0 (independent of v) we
have
v(x) —v(y)

7 dy in LZ(R).

(—=M)Y*u(x) = ¢ lim
=0 JR\B(x,e) |x —y

Proof. Let we(x) = fR\B(x,é) v)—v() dy (which lies in §'(R) by Lemma B.1)

le—yl¥/2
and take ¢ € S(R). Fubini’s theorem gives
~ v(x) —v(x +h) .
(De, ) = (we, P) // ——— 55— dxdh
Rx(R\B(0.€) I

:// v(x) (@) — p(x — h))d dh
Rx(R\B(0,¢)) |h|3/?

(0, (1 — ¥ ") (x))
= 37 dh.
R\B(0,¢) |l

Since (1 — 2™"*)p(x) vanishes at 0, Lemmas B.2 and B .4 show that
2mihx

(7. (1= p00) = tim [ 121125007 =g d
F((=a)* )427”“ (x) dx
@ e 2 Y

We conclude that

2 —2cos(2mhx)
h3/2(27'[ |x|)1/2

and, for x # 0, the last integral equals | jjl %

positive constant from below, as € — 0. O

De(x) = F((—A)*v)(x) /

dt, which converges to some

As for the formal inverse, the Riesz potential operator (—A)~!/4, notice that
FLEI7Y?) = ¢|x|7V? for some ¢ € R (indeed, |x|~1/? is the only —%-homo-
geneous tempered distribution up to multiples, see, e.g., [15, Proposition 2.4.8]).

Since |x|71? e LZ>®(R), we get (—A)"VHLY(R)) < L>*R) and
(—A)"YHLZI(R)) € L®[R) > Also, (—A)~/* maps H'(R) into L>! (R): this
is a straightforward consequence of the atomic decomposition property of ! (IR)
(see [23, Section II1.2]).

Finally, we define the Hilbert-Riesz transform of v € S'(R) as

&
Rusm i 7| l<e2+|s|2>1/2”]

5Forv e L2’1(R) the fractional Laplacian (—A)_1/4v exists and equals ¢ |x|_1/2 * Vo in-
deed, from [16, Proposition 1.2.5] one easily deduces the weak* convergence of F _1[(62 +
4r2 €D 0 Fol @ EDTY2) in L2 R).
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whenever the limit exists. A well-known consequence of Hérmander—Mikhlin es-
timates is the fact that this limit exists on L”(R) and R maps L?(R) continuously
into itself, for 1 < p < oo.

The same holds for H*”(R) and H/2(R), being the former isomorphic
to LP(R) via v —~ F[(1 + 472 |£1%)5/2Fv] and the latter to L2(R) via v —
FH@m g~ ).

Moreover, R also maps HY(R) continuously into itself: this follows from [16,
Corollary 2.4.7] and R(Rv) = —v for v € L' (R).

B.2. Littlewood-Paley decomposition

We briefly recall a well-known tool in harmonic analysis, the Littlewood-Paley
dyadic decomposition. This decomposition can be obtained as follows. Let x €
C2°(B(0,2)) be an even function, with x = 1 on B(0, 1). Let o := x — x(2:) and
observe that the support of g is included in the annulus B(0, 2) \ B(0, 1/2).

Let oo := x and g := 0(277.) for j > 0, so that the support of 0j,for j >0,
is contained in B(0, 2/t1) \ B(0, 2/=1). The functions (p i) jen realize a so-called
inhomogeneous dyadic partition of unity, i.e. Z?io pj = 1 pointwise. We further
denote x;(§) == Y] _qor = x(277").

For every v € §'(R) we define the inhomogeneous Littlewood-Paley projec-
tion operators:

vi=F vl v/ =F'x7 (B2)

Roughly,v; and v/ mimic a frequency projection to the annulus B(0, 2/)\ B(0,2/~1)
and to the ball B(0, 2/), respectively.

We observe that v/ = Y/_ v and v = Y 7 vk in the distributional sense.
Given v, w € §'(R), we can formally split their product in the following way:

vw = IT1(v, w) + [T (v, w) + I3(v, w), (B.3)

where

+0o0 ) +00 )
I (v, w) :=Zvjw1_3, I (v, w) :=Zv1_3wj,
j:3 j:3

M3 (v, w) :=Zvj Z Wg.

j=0 lk—j|<3

We observe that the support of F[v; w’ 3] is contained in the sum of the supports
of Fv; and Fw/~3, i.e. in the annulus B(0,2/%2) \ B(0,2/72) (for j > 3). A
similar remark applies to F[v/ 3 w].

Next we recall the definition of the inhomogeneous Besov spaces By, , (R) and
Triebel-Lizorkin spaces F I‘, B (R) in terms of the above dyadic decomposition.
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Definition B.6. Lets c Rand 1 < p,g < oo. For f € S'(R") we set

00 1/q
. q :
lvllgs, = (sz‘q||vj||Lp) if g < oo,
Jj=0

lvllgy,, = sup2/*|lv;]L» if g = o0
jeN

When 1 < p, g < oo we also set

1/q
llies, = (szw |q)

The space of all v € S’(R) for which ||v/| By, < 00 is the inhomogeneous Besov
space with indices s, p, ¢ and is denoted by By, ,(R). The space of all v € S'(R)
for which ||v|| Fy, <00 is the inhomogeneous Triebel-Lizorkin space with indices
s, p, q and is denoted by F 1‘, q (R). These spaces do not depend on the choice of y:
see [24, Proposition 2.3.2/1].

A well-known fact is that H5P(R) = F ;’2(R), with equivalent norms: see,
e.g.,[24, Theorem 2.5.6].

Corollary B.7. If s > %, then H*P(R) € L>®(R) N CK*(R), for all k € N and

O<a<1withk+a§s—%.

LP

Proof. By [24, Theorem 2.3.8] we can assume k = 0, as well as s = o + %
Setting 0 := 0j—1 + 0 + 0j+1 (With o_1 := 0), we have v; = F~'(5,;Fv,) and
| 7715w S2P IVF TGy ST (as FTIG =20 F a2
for j > 2). Hence, given0 < h < 1,

o0

annm Z\Iof ] S22 il

J

< Zz—“s—”m lollry, < Wollgsr
pod

ZHUJ( ) =i S 30 HIVVi e+ 30 (il

2/h<1 2ih>1
= 2 |vE e o S [T ]
2| VET @ v D[ F T v
2/h<1 2/h>1
5( Z p2JA+1/p=s) 4 Z 2—j(s—1/P)) ”””F;,z
2ih<1 2/h>1

S A vllgs. - O
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Similarly, one can form the homogeneous Littlewood-Paley decomposition us-
ing instead ¢ := 0(27/-) and x; := x(27/-),for all j € Z, and defining v; and
v/ as in (B.2). One then has the formal identities

v = Zvj, vl = ka, vw = IT1(v, w) + [h (v, w) + I3(v, w),
JEL k<j

but notice that not even the first two are always true distributionally: for instance
they fail when v = 1 (in which case vy = O for all k € Z). This reflects the
fact that ZjeZ 0;j = 1r\j0} and stj ok = 1r\(o}x;. Using this homogeneous
decomposition, with the same formulas as above one can define the homogeneous
Besov and Triebel-Lizorkin spaces sta, q(]R) and F IS, q(R) (the above norms now
become merely seminorms).

Ifve LP(R) and | < p < oo, then [vll1r < lvllo, and ol zo, < lolle:

see [15, Theorem 6.1.2].

B.3. Spaces on the unit circle S!

We let D(S!) := C®(S!) be the Fréchet space of smooth functions on S! =
R/27Z and D'(S") its topological dual. The product of two elements in D'(S') is
defined as before for R. For v € D'(S') and k € Z we let 0(k) := % (v, e_ik’C).
Notice that, for all v € D’(S'), there exists some N > 0 such that [0(k)| <
(14 kDN Also, we recall that v € C°°(S) if and only if the Fourier coefficients
(k) have rapid decay, i.e. sup; (1 + |k|)" [0(k)| < oo forall N > 0.
Given v € D'(S'), we define (—A)*v to be the distributional limit of

N .
Z |k|2s ﬁ(k)elkx

k=—N

as N — oo. Observe that (—A)*v can be characterized as the unique w € D'(S 1
such that W (k) = |k|* D(k), for all k € Z.
Given s € R, we define the Sobolev space

H' (S = v e DS : vl =D A+ kD k) < oo} .
keZ

We observe that D'(S) = User H* (S 1y. Also, the Fréchet space structure of
D(S") is equivalent to the one given by all H*-norms with s € N, by the em-
beddings C*(S") € H*(S') < C*~1(S'). Hence, by the uniform boundedness
principle, any sequence v; converging in D'(S') will form a bounded set in some
H~5(S"), with s € N (by the canonical duality with H(S")).
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Lemma B.8. The space H'/*>(S') is the set of traces of H' (D). Moreover, for
ve LX(Sh)

oy ity|2
// [v(e®) ”(€|2)| do dr = 47> k| [0k (B4)
(12

|€19 — eiT o}

Proof. Givenu € C (D), let v := u‘sl be its trace and

Bre®) = Y 0k Het = 350k (re?) S B (e

keZ k<0 k>0

which lies in C*°(D), is harmonic and has trace v. We have Jp V0, V(u—7)) =0
by the divergence theorem, so

/qu|2:/ |v5|2+2/ <v’5,V(u—D)>+f |V(u—5)|2z/ VT2,
D D D D D

A straightforward computation shows that the last integral equals 277 cez 1kl [v(k) |2 ,

so by density of smooth functions we deduce that the trace of a function in H'(D)
lies in H'/2(S"). Conversely, given v € H'/>(S') one checks that ¥, with the
above definition, is in H'(ID). It has trace v since ¥ € C®°(D) and, as 7 1 1,

T(r) — ¥in H' (D), as well as v('c-)‘s1 — vin L2(SY). Finally, the left-hand
side of (B.4) equals

Z |/l7(k)|2 |1 _ eik0|2
k

/ Hv—v(e"“‘)”iz da—Zn/
Sl |1—e""|2 S! |1—e""|2

|k|—1
=27 [0k / et

2
do.

B.4. Spaces on a boundary 95

Given a smooth compact Riemannian surface (S, g) with boundary, we define the
spaces H*(9S) by isometrically identifying each boundary component with (a dila-
tion of) S'. Lemma B.8, together with a partition of unity argument, immediately
implies the following result.

Lemma B.9. We have

v() — oI
Hl/z(aS) = {’U < LZ(BS) : /\/(ABS)2 WdVO]g(X)dVO]g(y) <,

d(x,y) denoting the Riemannian distance. Moreover, the traces of functions in
H'(S) are precisely the functions in H'/?>(3S). In particular, each v € H'/*(35)
has a unique harmonic extensionv € H L(s).
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Appendix C. Commutator estimates

We introduce the following commutators for functions defined on the real line:
T(Q,v) == (—A)*(Quv) + (—2)*Q)v — Q((—=A)*v),
U(Q.v) = —R(—A)"*(Qv) + (R(—=A)*Q)v + Q(R(—A)*v),
T*(P, Q) == (-M'"*P)0 + P(-8)*Q) — (=0)/*(PQ),
U*(P, Q) := (R(—=A)*P)Q + P(R(-AN)'*Q) - R(-M)*(PQ),
A(Q,v) := Qv+ R(QRv),
F(f,v) =RfRv— fu.

The notation 7* and U* is motivated by the formal identities

/ PT(Q,v) = f T*(P, Q)v, / PU(Q,v) = f U*(P, Q)v.
Using the technology of Littlewood—Paley decomposition and paraproducts, one
can establish the following estimates of integrability by compensation.

Theorem C.1. If P, Q € H'/? N L™ (R), we have T*(P, Q), U*(P, Q) € L*'(R)
and
IT*(P, Q) ;21 . [UFP, Ol 20 SUPIg12 101512

Proof. By [9, Theorem 1.7] we have (—A)/4T*(P, Q) € H'(R), with
[T, @)1 S IP N2 Q11512 -

The estimate for T* follows from the fact that (—A)~/4(H!(R)) € L>!(R). The
estimate for U* can be obtained in a completely analogous way. It can also be
deduced from Theorem C.5 below, since

U*(P, Q) = RT*(P, Q) + A(P, R(—=A)*Q) + A(Q, R(—A) /4 P)

and R maps the spaces L2(R) and L>!(R) into themselves continuously. O

Theorem C.2. If Qe H'/2 N L®R) and v € L*(R), we have T(Q, v), U(Q, v) €
HY(R) and
IT(Q, V)l 1UQ, V)llgr SN2 VN2

Proof. For the estimate of T (Q, v), we refer the reader to the proof of [6, Theo-
rem 1.3] (where one just replaces (—A)'/4yu with v). The estimate of U(Q, v) can
be achieved with a completely analogous proof. It also follows from the identity

U(Q,v) = =T(Q, Rv) — F((=8)'*Q, Rv) + (=8)'*A(Q, Rv)
and Theorem C.6, together with the estimate

[ AQ, Rv) |10 S I1Q 2 0]l 2
(see the proof of Theorem C.5). O



464 FRANCESCA DA L10 AND ALESSANDRO PIGATI

The two following results now follow from Theorems C.1 and C.2 by a duality
argument.

Corollary C.3. If P, Q € H'/2 N L®(R), we have

[7*P. @) 2 U (P, @) 2 S 1P [ (=010 e

Proof. Since T (P, Q) vanishes if P or Q is constant, we can assume that P, Q €
S(R) with O € C°(R\ {0}) (see Lemma B.2 and Remark B.3). For any v € S(R)
/T*(P, Q)v:/ T*(Q, P)v = / OT(P,v) = f(—A)”“Q(—A)_”“T(P, v)

SEDAQ| o [ ()T (P, )2
SO o IT (P Q)
SN0 oo 1P g2 0112

where we used Theorem C.2 and the fact that (—A)~/4(H!(R)) € LZ(R). A
similar argument applies for U*. O

Corollary C4. If Q€ H'/> N L®(R) and v e L*(R), we have T (Q, v), U(Q, v) €
HY2(R) and

I7(Q, V)l =12, 1UQ, V)l =12 SNl gz NVl 2,00 -
Proof. Since T (Q, v) vanishes when Q is constant, we can assume that Q,v €
S(R). For any P € S(R) we get
/PT(Q, v) = f TP, Qv < [T*(P. @) o1 10l 2
SUPUgi2 1Ol 12 il 200
thanks to Theorem C.1. A similar argument applies for U'. O

Theorem C.5. [f Q € H'/2 N L®(R) and v € L*(R), we have A(Q, v) € L>'(R)
and

IACQ, V)21 S QN g2 V]l 2

Proof. By [8, Lemma B.5] (which contains a wrong sign in the statement) we know
that (—A)/4A(Q, v) € H'(R), with

(=) A, v) |1 S Qg2 IVl 12,

and thus [[A(Q, V)| 21=] (=A) " 4(=A) A, V)| o1 S IQN 12 vl 2. O

The following inequality is due to Coifman-Rochberg-Weiss.
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Theorem C.6. If f,v € L*(R), we have F(f,v) € H'(R) and

IECf )l S WF N2 ol 2

Proof. The Hilbert-Riesz transform R satisfies the identity R(fv — RfRv) =
SRv 4+ vR f: indeed, taking the Fourier transform at £ € IR, this amounts to say
that for a.e. &

~isgn(®) / (1 4 sgn(& — ¢) sen(@) F € — 0)0() de
— / (sgn(€ — £) + sgn(©) (& — OB

If§ >0, 1+sgn(§ —¢) sgn(¢) —sgn(§ —&) —sgn(f) = (1 —sgn(§ —))(1—sgn(Z))
vanishes identically (since either { > 0 or £ — ¢ > 0). On the other hand, if £ < 0,

I +sgn(§ — £)sgn(¢) +sgn(§ — &) +sgn(f) = (I + sgn(€ — £))(1 + sgn({))
vanishes also identically (since either ¢ < 0 or & — ¢ < 0). In both cases we get

sgn(§)(1 + sgn(§ — &) sgn(¢)) = sgn(§ — &) + sgn(g)

and the identity follows. Thus we have || F (f, v)|l.1 S I f g2 lvll 2 and
RFE(f,v) =—fRv—vRf eL'®), IRF(£, I SIflzvle.

The claim follows from [16, Theorem 2.4.6]. |

Appendix D. Holder continuity of 1-harmonic maps

In this section we obtain the Holder continuity of %—harmonic maps on 9§ with
values into (at least) C2-smooth closed manifolds.

Theorem D.1. Let N C R™ be a C*-smooth closed embedded manifold, with k >
2,and let u € H1/2(8S, N) be %-harmonic. Then u is Holder continuous.

The strategy for the proof of Theorem D.1 is similar to the one used to get the
Holder continuity of %—harmonic maps defined on R (see [8,9,22]). We provide
here the details for the reader’s convenience. The proof can be described (roughly
speaking) by the following steps.

1. By means of a stereographic projection we can reduce to a problem on R, as it
was already observed in [6,7].
2. We rewrite the Euler equation on R as a Schrodinger-type linear system with

antisymmetric potential satisfied by (—A)"/*w (where w := u o Vv, Yomm !,
1! being the inverse of the stereographic projection.
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3. We show that (—A)/4w e L?

Toc (R) for
some(0 < < 1.

(R) for some p > 2, giving u € c

loc

LemmaD.2. Letu € H'/2(3S,N) bea %-harmom'c map and let 1 : S\ {i} - R
be the stereographic projection. Then w 1= u o w;l oll™' e H'2R, N) and w
satisfies

2
PT )= Pwt = PT ) (Re((fpoy)om™)=0 inD'®), ©.1)

PYw)Vw =0  inD'R). (D.2)
Proof.
Step 1. We first prove (D.1).

Claim: w € HY2(R,R™) and (—A) 2w = lﬁ((—mlﬂ(w oIl) oI}
distributional sense.

Proof of the claim: let D := {|z| < 1} and H := {Jz > 0} be the standard unit disk
and upper half-plane in C and notice that the map

~ ~ 2
In:D— H, H(z)::( .—i)
z—1

is conformal, with trace IT on S! \ {i}. Hence, by conformal ir}variance of the
Dirichlet energy, this map gives a bijection between H'(D) and H'(H) := {w €

10C (H) fH IVw|?dx < oo}. Moreover, IT gives a bijection between H'2(Sh
and H'/2(R): indeed, for a real measurable function fonR,

2 o 0y _ f£o ity |2
//2|f<x> fW dy://”V I - /o Mee W soar. ©3)
R S |

2 : ;
|x — y] {eze_etr

_ =i \e”* i
e e —er P
we get that w € H'/2(R, R™). We infer that H'/2(R) is precisely the image of the
trace of H! (H) and that any f € HY 2(R) is the trace of a unique harmonic map in
H! (H) (since the corresponding statements for the unit disk hold).

Given any f € C*®(S"), the normal derivative of its harmonic extension f €
H'(D, R™) at the boundary is given by a{ = (—=A)'/2f, as is readily checked
using the formula fret?y = Y onez F(n)r"lei"? . The same formula also shows

7 1/4
that || £ 1y = | (=24 £ -

By Lemma B.2, w can be approximated in S’(R, R™) by a sequence w, =
hy + cn € SR, R™) + R™ such that w, — w in H'/2(R, R™) and in S’ (R, R™).
The functions f;, := w, o Il extend smoothly to all the circle. By conformality of

since |1'I’(eie)| = T and |1'l(e’9) l'[(e”)| . In particular
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I, W, := f,oIl !isthe unique harmonic extension of w, in H () and its normal
derivative is

Bwn

‘H’ B ‘_I%ol'rl 2 n g1
v x2 41 v
By uniqueness, W, (x + iy) = [p e~ 2myEl2mixg 7y (&) d& + ¢, and thus aw,, x) =
(=M 2w,.
From (D.3) and (B.4), (—A)Y/* f,, = (=A)/*(woIT) in L*(S', R™). Hence,

oW 2 9
(=) = lim (~ APy, = lim 22 = lim Jn oll™!
n—o0o Qv n—00 x2+1 v

1/2 - 1200 o o Tl
Jim = () f) o 2+1(( &) womm)omn

in the distributional sense. Using Lemma 2.3 we can conclude that (D.1) holds.
Step 2. Next we show (D.2). To this aim let us fix a nonnegative bump function
p € C(B(0, 1)) with f,o = 1 and let we := pe * w, where p. := € 1p(e1").
From (B.1) it immediately follows that we — w in H V2R, R™), ie.

() —we(y) | w() — w(y)

L*(R*, R™). (D4)
lx =yl lx =yl

In particular, for some sequence €; | O there exists & € L*(R?) such that

we; (¥)—we; ()|

e L
manifold, there exists a neighborhood U 2 A such that the map p € C 1 U, N),
associating to x € U the unique nearest point p(x) on N, is defined. Notice that
dist(we, N) — 0in L®(R), as

< h(x,y) and We; — w ae. Moreover, since A is a C? sub-

dist(we (x), N)? < / lwe(x) — w(x — 2)|* pe(z) dz

< // W — y) — w(x — 2P pe()pe(z) dy dz

<e_2// lwx —y) —w(x —2)|*> dydz
B(0,¢)2

_ 2
// Iw(y) wiz)l dydz.
B(x,€)? -z

which converges to O uniformly in x. Thus, eventually p(we;) € H/2 (R, N) is
defined. Since PV o p(wej)V(p(wej)) = 0, it suffices to show that

Nopwe)) > PV opw) =PYw), pwe)— pw)=w
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in H'/2(R, R™). This immediately follows by dominated convergence, since the
maps P o p and p are Lipschitz (up to shrinking U).

We finally remark that z := PT(w) (R[((f] _p)o l'[’l) liesin L' N
LR, R™).

1-4—2

Being w € H'2(R, N), the quantity PV (—A)!/#w enjoys special regularity
properties. This has already been observed in [19].

Lemma D.3. For any w € H'/2(R, ) it holds
PV ) (=) w| S T s w)| - ae.
Proof. Since w takes values in the C 2 submanifold N, it holds
|PY @) ) = wix + )| S lwe) - wx+ )P
and, in view of Lemma B.5, we deduce that for some sequence €; | 0

wx) —wlx +y)P
e g
T*(w; w)(x) = (=AY w - w4+ w - (=A)Hw — (=) (w - w)

lw(x) — wx + y)|?
|3/2 Y

J—>00

‘PN(w)(—A)l/“w ) < hmlnf/
R\B(0.)

=c lim
J=00 JR\B(0.¢)) ly

thanks to the identity (with z := x + y)
(wx) —w(@) - wx) +wx) - (wx) —w(z)) — (wx) - wx)
—w@) - wE) = wE) —w@)*. 0
In what follows, given xg € R and r > 0, we set B := B(xp,r), Ao :=
B(xg,2r) and, for j > 1, Aj = B(xo, 21+1r) \ B(xp,2/r). We now give some

preliminary estimates.

Lemma D4. Forany w € H'2(R) and any 1 < p < oo we have

r VP lw — W)l S wllgie (D.5)

w(x) — w)? 2
r 2w — w)pll g S (//Bz 1/§ dx dy)
(D.6)

OO .
5 2—i/? H (_A)IMWHLZOO(AJ«)‘
Jj=0
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Proof. By translating and rescaling, we can assume xop = 0 and r = 1. Moreover,
Wwe can suppose w = (=A) 4 = ¢|x|7V? % v for some v € S(R), with T €

CE RN\ {OD).

Proof of (D.5): letting wy = (=A)"Y4(vlys,), wy = (—=A)"/*(v1r\4,) and
using Young’s inequality, the mean value theorem and Holder’s inequality,

lw— (w)B”Lp(B) f, llwi ||Lp(3) + sup |w2(x) - wz(x’)l

x,x'eB
<H 124 % (v1
S | B0.,3) * (v14,) L)
_ —-1/2
s [ ey =T e a
x,x’eB JR\Ag
< 71/2‘ -3/2 <
] [ T P fR RO dy S vl

(assuming without loss of generality p > 2), which proves the first part.

Proof of (D.6): Jensen’s inequality gives

lw = )75 S /f w(x) —wI* dxdy

lw(x) — w(y)l?
dxd
/,LZ |X —y|l/2 y (D7)
lw(x +h) — w(x)]?
g/o B A dx dh.

Setting f5,(2) == (Iz + h|™"2 + |2| 7)) 1,21 (2),
lw(x + h) — wx)] < / (|x Th—y TV - y|*‘/2‘ lv(y)| dy

S fu* vl (x)

_ _ D.8
ey b 52 o ay B
R\ B(x,2h)
< fix ol <x>+hf = 312 ()| .
R\B(x,2})

where we used again the mean value theorem. Notice that, by Young’s inequality,
2
/ h1/2 / | i * |v] (x)]? dx dh
0 B

2
Z/O T2 fix (101 150.5) 325, i (D.9)

2
—1/2
SA / ||fh”L4/3 ||U“L4/3(B(O 5)) “U”LZ 2 (B(0,5)) *
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since || fll 45 < h'/#. On the other hand, by Holder’s inequality,
=3/2 o 13
/AO\B(X’M) Ix —y| 2 vy dy < (fzh ! dt) vl 372 (4g) (D.10)
ShTO vl 200y -
while, since [x — y|7¥/? <273//2 forx € Band y € A; (when j > 1),

o0
[ =P eidy =3 [ =R o dy
R\Ag j=17Aj

0 .
< 2_] ”U”LZ,OO(A]) .

~

(D.11)

Jj=l

By combining (D.7)-(D.11) and by applying Cauchy-Schwarz inequality we con-
clude that

2 2 2
|lw(x + h) — wx)| 2 ~5/6 11112
/(; B, h1/2 dx dh 5 ”v”LZ*OQ(B(O,S)) + /0 h ”v”LZ,oo(AO) dh

2 00 2 o0
+ [0 W(Zz—f ||v||Lz,oo<A_,>) dh S 0l 20eagy + D27 M0l 200a ) -
j=1 j=l1

The claim follows. O

Lemma D.5. Given w € HY/2 N L® R, R™), we can estimate

||T*(w; w) ” L2(B)

S (”w”H”Z(B(onr)) + “(_A)1/4w||L2’°°(B(xo,4r))) [ =2 0] 2

[e.¢]
—j/4 _ 1/4 1/4
+y 277 (”w”Hl/z(B(xO’ALr)) + =Y w”LZOO(A_,)) [ (=) w”LZOO(A_,)’
=1
2 — lwe) —wy)?
where [1lWlg 1.2 o ary) = S .ary2 de dy.

Proof. Again we can assume xo = 0,7 = 1. Given p € CX(B(0, 3)) with
p = 1 on B(0, 2), we define wy := w — (w)p(0,4) and observe that T*(w; w) =
T*(wo; wo), since T* vanishes when one of the arguments is constant, while
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2
lowol| 172 equals

— 2
||pwo||§-,l/z§// o (Iwo() = p(Y)wol)|
B(0,4)

Ix — y[?

+// lp () wo (x)|*
BO.4)x([R\BO.4) |x — y|?

|lwo (x) — wo(y)]? » (D.12)
3 + |wo — (wo) B0.4)]
B(0,4) lx — vyl B(0,4)

< // lwo(x) — wo()|* (Jx — |72 + 1)
B(0, 4)2

S llwll?

H'2(B(0,4)°

where we split p (x) wo (x) — p (Y)wo (y) = p (x) (wo (x) —wo () + (0 (x) —p (¥) wo ()
and used the fact that (wo) p(0,4) = 0. Next we write

T*(w; w) = T*(pwo; pwo) + T*((1 — p)wo; pwo) + T*(wo; (1 — p)wo),
so that Corollary C.3 gives
|7 i) 2y Slowoll o | (=) owo) | oot [T (1 = p)wos pw0)| 2
+ ||T*(w0, (1 - p)wO)”LZ(B) .

Estimate of || pwoll 172 | (=) (owo) || ;2000 from (D.12) we get [[pwoll g12 S
||w||Hl/2(B(O,4))‘ AISO,

[ =)o) |22 @y S lo(=8) 0] 7oz

+/' (p(x) = p(3)wo(y) dyde (D.13)
e =yl

(see Lemma B.5). It suffices to bound the last term of (D.13). Splitting (p(x) —

p(Mwo(y) = —(p(x) — p(¥)(wo(x) —wo(y) + (p(x) — p(y))wo(x) and using
Cauchy-Schwarz, as well as |p(x) — p(¥)| < |x — yl,

/B(0,4) s
lp(x) — p(»)I? lw(x) — wy)]?
B4 \/BO4 |x — | BO4 |x =l

lw(x) — w(y)?
< ol / f dx dy.
L2(B(0,4)) BO4) |x — y|1/2

(p(x) — p(y))wo(y) ‘ 2
dy| dx S llwollys
/Bw o -yl FEoD)
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Moreover,

/R\B(OA)

2 2
/ _p(y)wog/yz) dy‘ I 5/ (/ Iwo(y)l3 dx) dy
BO4 |x —yl B(0,3) \JR\B(0,4) |x — y|

2
S |Iw0||L2(B(0,4)) .

Now we use the elementary inequality

lwoll Lt (s0.21y) < w0 — @0) 5020 | L1502

J
+ Z 2/ |(w0)B(0’2£) - (wO)B(O,ZZ_l)
=3

S
SV w — w29 20,20
=2

(for j > 2) and we get

) 1/2
p(xX)wo(y) ol d
32 4Y| ax
B0,4) |JR\B©0,4) |x — |

o
S Y27 wollpaa,)

j=2
oo j+1
SO 2P R w — )0t | s 020y,
j=26=2
o0
< 2; 27w = )04 280,20
{=

Thus, applying Lemma D 4 to B(0, 4) and B(0, 2¢), we get

[ =) owo) | oo S N2 4w 2o 0.3

00 ¢ >
+Z 7=t/ (Z ”(—A)]/4w|| LZsOO(Ap)'F Z z(é—p)/ZH(_A)l/4w”L2,oo(Ap))
= —

2 p=0 p=~t+1

00 00
SO+ D2 ] oy ) S D020 ]
p=0 p=0
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Estimate of || T* (wo; (1 — P)wo)ll2(p): by Lemma B.5 we have

[wo - (=241 = pywo) [ 2

S H wo — (w0) B(0.4) H L2(B(0,4)) H (—a)'

((1 - p)wO) H L>®(B)

o0
S, ||w||1-'11/2(3((),4)) Z 2732 ||w0||Ll(Aj)
Jj=1

o
S ||w||1-'11/2(3((),4)) Z 2P/ || (_A)l/4w “Lz,m(Apy
p=0

where the last inequality is obtained as before. Hence,

H wo - (=) (1 = pwo) | -

has the desired upper bound. Similarly, using Cauchy—Schwarz inequality twice,
[ (=) = p) [woP)] 15y S T=A)HA = ) w0l | 5,

o0
S22V wollfay,

Me T

<23 (Z 2P lw — (w) o .2) HLZ(B(O,ZZ)))
=2

-
Il
_
-

Jj+

2—0 2 2
2=/ E |w—(w)B(o,zf)”p(B(o,z@))
=2

A
Mg

.
Il
-

273202 |w — (w) o 20y ||i2(3(0,2"»))

A
Mg

~
||
o

A
Mg

l
2~ 5/232 (Z(p + 1)2H(_A)1/4wni2,oo(AP)
p=0

~
||
o

o)
+ Z (p+1)22‘5P||(—A)1/4w“iz,oo<A,,)>
p=t+1

o0
S Z 277 (=) w ”iZW(A,,)'
p=0

Estimate of T*((1 — p)wog; pwo) = T*(pwo; (1 — p)wp): analogous. O
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Lemma D.6. Let P € H/2N L®(R) and v € L%(R). Then, uniformly ins > 1,

o
|2 AT P 25y S W0ll2s020 D22 IPI 280,200
j=s
o0

H P2 Y27 vl pacoga,)

Jj=s

Proof. The proof is similar to the one of Lemma D.5, but is substantially simpler:
as before we assume xo = 0,r = 1. Setting Py := P — (P)p( s+3), notice that
T(P,v) =T(Py,v).
Let p € C°(B(0,2°%%)) with p = 1 on B(0,2°"!) and |p'| < 27°. By
Corollary C.4 we can write
(=A) AT (P, ) = (=A) 4T (0 Po, vp0.27))
+ (=) AT ((1 = p) Py, v1p0.2))
o
S A T (R oty

Jj=s
in L2(R) and as before

|(=A)TY4T (0 Po, v1B0,29) | 12 S o Poll g 1]l 2.0 30,25y

S ||P||H|/2(B(0725+3)) ||U||L2,00(3(o,2s))-
To estimate the two other pieces, fix any j > 1 and let x; € C°(B(0, 2/%2)) with

xj=1 onB(0.27*)\ B(0,(5/6)2).
x; =0 onB(0,(4/6)2/) U (R\ B(0,2/?))

and H X ; || [0 S 27/ In particular, xj vanishes in a neighborhood of B. Next we are
going to use [15, Proposition 2.4.8](which implies that, on R\A_j,(—A) I /4(P0v1Aj)
is smooth and bounded by lx|73/? % |P0v1 Aj |) and the fact that,® by Lemma D 4,

max(€+1,s+3)

1 Pollpaca,) S Z 2t/4=p/4 H Py — (Po)B(0,27) ||L4(B(0’2P))
p=0

<max(¢+ 1,294 | Poll g1y2 -

6 Since (PO)B(O,ZS+3) = 0,if £ > s+ 2 we can write Py = Py — (PO)B(0‘2p+1) +
Yo 14 ((PO)B0.2) — (P0) pg 2p-1y) and if € < s + 2 we write Py = Py — (P) (g pe+1) +
Z;f@Jrz((Po)B(o,zp—l) — (Po)B(0,27))-
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We split T'(Po, le/.) =1 - x)T (P, le/.) + x; T (Po, lej). For all £ > 0 we
have ' '

| (=X DT Po, w14 1,
221 = ) =) PovLa) |
Lot 1 Poll a1 — Xj)(—A)1/4(U1Aj)||LOO(A()
< p-3max(i0/2 (25/2 1Poll 2 a ) + 274277 ||PO”L4(A‘)> Wlisey

S max(j + 1, €+ 1, )2/ 220 3mXGOR Y P s o]l 2oy -
Since T' (P, vly;) € L'(R) by Theorem C.2, it follows that for all j > s
| (=274 = )T (Po, v14))) |
J ’ i’7IIL2(B)

< <|| el ™12 5 (1= xNT (Po, vIa 1) 12,

o0
+ Y 27 A = x)T (P, v1A,—>||L1<A0>
=1

o0
SO = )T Pov1a) | 2,
=0

J 00
S P g2 vl p2cea)) <Z(j+ D272 N e+ 1)2J/2—z>
=0 (=j+1

—j/4
S2RNPl g ol oeqa )y -

Similarly, as T((1 — p)Po, vlgp2s)) = (=A)/4((1 — p)Po)vlpo.2sy — (1 —
p)Po(—A)l/“(le(oyzs)), using Lemma B.5 we get

||T((1 - IO)POa le(O,Z‘Y)) ||L2’°O(B(0,23))

o0
S D 27PNl a0l 200 (30,259
pP=s

o

S sz_p/z ||P||[-.[|/2(B(0’2p+1)) ||U||L2.00(3(o,2s)) >
p=s
|71 = p)Po, v1p0.2)| 24,

S22 NPyl p2gap vl 1 B0.25y)

S P g2y 101200080,
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for £ > s (notice that 1 — p vanishes near B(0, 2*)). Since

[ (=2)"VHT (= p) Po, v180.29) 180.29) | 123

< i1

sy 1T (A= PP v150.29) | Lan a0,
<282 |7 (1 = p)Po, v1p0.2)| L2:59(B(0.25)) *

we get

(=) V4T ((1 = p) Po, v1p029))|| L2(B)

o0
s/2—j/4
5 sz/ I ||P||Hl/2(3(o,2j)) ||U||L2,00(3(0,2/3)) .

Jj=s

Finally, we estimate ||(—A)~Y4(x; T (Po, lef))HLz(m by duality: given ¢ €
C°(B) with [[yrll2 < 1,

(=) V4 (T (Po. v14)). V)

:/XjT(PmUlA_,-)(—A)_lMlﬁ
=/(—A)“/4T(Po, vl ) (= A) 4 (=) 4y,

The first identity holds since T (P, vl Aj) € L'(R) (by Theorem C.2), while the
second is justified by x;(—A)~ 4y € CR(R), (—A)"VAT(Py, vly;) € LA(R)
(by Corollary C.4) and Plancherel’s theorem.

We observe that, on the support of y, (—A)~ Y4y is bounded by 277/ and
its derivative by 2737/2 (as (—=A) "4y = c|x|7V2 % ¥), 50 f 1= x;(—A) VA
has || fllee S2772 | ] oo S 27%/% and

~

(=) 73, 5/|&| |7 de s/(2‘4’+2-’s2)|ﬂs>|2ds

SoOUNAIR 2 | f s S 2

Moreover, by Corollary C.4, |
We deduce that

(=8 AT (P, v1a) | o S NP 10l 2

| (=274 GGT (Po, v [ 2 S 2772 1P g vl p2oea - 0
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D.1. Rewriting the Euler-Lagrange equation

In Lemma D.2 we have seen that w := u o 1//[1 o™l e Hl/z(R,N) satisfies

2 _ oy
PT@)(=8)" 2w + = P w) (R((f_) o117 =0 in D'(R).

Therefore we can write

(=M% = PV (w)(=A) Y Pw + 1, (D.14)

where h = —1+2x2 PT(w) (Rg((fj)ljzl) o 1'[‘1) e L' N L®(R). We are going to

reformulate (D.14) in the same spirit as it has been done in [10,19].
This equivalent reformulation will be crucial in order to obtain the regularity
of w. First of all, writing for simplicity P” and P" in place of P” (w) and PV (w),
+ (=M)VAPN (=) — T (PN, (=8)w)
+ (—A)1/4PNPT(—A)1/4U) _ T(PN, (_A)l/4w)
Next, we observe that
=PN (=) PN 1 7*(PV, PT) = Qo + Q) + (—2)/*PV PN,
where Qo = PN(=A)/APN — (—=A)/APNPN ¢ [2R,s0(m)), Q =
7*(PN, PTy ¢ L>'(R, R™*™). Hence, setting v := (—A)/*w e L2R, R™),
we arrive at
(=) = Qov + Qv + (=A)/4(PV)

(D.15)
+2(=M)APN(PNV) — T (PN, v) + h.
Theorem D.7. The map v = (—A)Y*w has (—A)/*(PTv), R(=A)/4(PNv) e
LY(R, R™) and there exists « > 0 such that

o

(IGYSRACZEO I |21 B ST

Baorn T ||R(_A)1/4(PNU)

for all r > 0, uniformly in xo € R.

Proof.

Step 1. Fix any xo € R. We first proceed to locally remove the antisymmetric matrix
Qo: if R > 0 is small enough, then we can write Q01 r) = %(Q_1 (—A)40—
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(—A)1/4Q—1 Q) fOI' some Q € HI/Z(R, SO(m))XVlth ||Q||H1/2 5 “QOHLZ(B(X(),R))
(see [8, Section 4] and [10, Section 4]). The map v := Qv then satisfies
M)V = 0(=M) " — (=) Qv+ T(Q, v)
= 0Qov + 0Q v + Q(=A) 4 (PVv) +2(Q(—2) 4 PN) (PN )
— QT (PY,v) + Qh — (=) Qu+ T(Q, v).
Using the identities

0Q01(y.8) — (—A)1/4Q=—%T*(Q_l, 0),

0= (PN = (=) (PN v)+ (=) 0PNy — T(Q, PNv),
oT (PN, v)=T*(Q. P")v+T(QP",v) — T(Q, P"v),

we get

(=)' = 0Qo1R\B(ry.r ¥ — %T*(Q—‘, Q) + Qv+ (=A)/*(QPNv)
+ (=M 0PNy +2(0(=2)*PY) (PV)
—T*(Q, PM)o —T(QP",v) + Qh + T(Q,v)
= Q0¥+ 17 + 2 PNv+ ()4 (0PV) + T(QPT, v) + Oh,
with
Qo = 0Q1R\B(xy) Q"

~ 1
Q=0 <91 - ET*(Q_l, Q)> o' -1*(0,P")0!

and 2 = (—=A)'/4Q 4+ 20(=A)'/*PVN. Notice that Q9, @ € L2(R, R™*™)
and Q; € L>!(R, R™™). Recall that |PNv| < |T*(w; w)| by Lemma D.3 (see
also [10, Lemma 3.5] for related properties).

Step 2. Next, we use the last equation satisfied by v in order to estimate locally the
L>°-norm of v. As 7 € L2(R, R™), we have

V= (—A) =)y
= (=) QD) + (A TVHQID) + (—A) V(@ PV )
+ 0PNy + (—A) VAT (QPT v) + (=) "4 (0h).
Fix any radius r < % and an integer s > 1.

Notice that (—A)~Y4(Q7) = ¢ |x|~ 12 % (QD) restricts to an L function
on B = B(xg, r) bounded by ¢ (%)71/2 || S~205||L1, as Qo7 is supported far from
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B, while (_A)_1/4(Qh) e LOO(R) since |X|_1/2 c L](R) + LOO(R) and h €
L' N L=(R). Moreover, being [x|~1/2 € L2®(R),

H (_A)_1/4(§15) H L2.59(B)

o0
ST 1 gy + 2o ™2 5 @i
Jj=s

‘LC’O(B)

(o¢]
S ||Ql ||L2v'(B(x0,25r)) ”v“L2-°°(B(xo,2-‘r)) + 22—1/2 HQI’JHL'(AJ-)
Jj=s

o0
S (192111221 (g 20 HI 0N 2o, RO 1V 1200 g 2000 D, 27 2 M0l 20
j=s

where we used Theorem C.1 and we neglected HQIH ;21 In the estimate of

||§215||L,(A.), as well as HPN”Hl/Z (recall that A; = B(xo, 27F1) \ B(xo, 271)).
j :

Similarly, by Lemmas D.3 and D.5,

o0
_ A\—1/4,5 pN N < —j/2 H N ‘
I @) + 0P ol iy £ 2 2P0y

o0
D27 (Il s 2420y + 10 2a0.20520 ) 10020000210
j=0
o0 o0 . .
30 D0 2D ([l gua pg a2y + 102w an ) Il
j=0t=j+1

S

/N

lwll 172 ixg, 2541y + ”U”LZOO(B(xo,zS“r))) 0l 2.2 (B (xg.,257))
o0
—j/4
+ ) 27 ol e sy iy
j=s+1

where we neglected ” Q0 [ ;2 and [l 200, lwllgi2 S llvll 2. Finally, using Lem-
ma D.6 and neglecting || oPT H H1/25

(=272 TQPT, v 12,

o0 x
s/2—j/4 T § : —j/4
Slvlzasso.2) Z 2 HQP ”1'11/2(3(02./r>)+ 2 Il
j=s ’ j=s

o0
5/2 —j/a |l pT
2 (”QO||L2(B("°’R))+ZZ HP HHI/Z(B(xo,er))) ole2o0.2m)
Jj=s

x
—j/4
+Z2 ||U||L2,00(Aj) .
j=s
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Combining the previous estimates, given € we can fix R (depending on € and s) so
small that

o0
—j/4
ol 208y < € 102 o2y +C D 277 0l 2 Bir.20m)
j=s+1

L orV2 L RV

o
< € vll o2y +C Y 27 vl 2o (g 2iry + CF
Jj=s+1

for all sufficiently small r (depending on € and s), with C independent of € and s.
Choosing s large enough, it follows that

”U||L2»°°(B(x0,r)) S rP. (D.16)

for some 0 < B < % and all » > 0 small enough (see, e.g., [3, Lemma A.8],

applied to the sequence bo := [Vl 2.00, bk 1= ||Vl p2.00(g(xy,2-kr,)) fOr & > 0, with
ro small enough). Hence, being ||v||;2 finite, this holds for all » > 0. Notice that
this inequality is uniform in xg.

Step 3. We define ¢ 1= (=A)~"V/4*(Q17) + (=A) /42 PVv) € L>®(R,R™)
(where 2 and €2, defined above, depend on xp). From (D.16) and the preceding
estimates we deduce

||(_A)1/4§”L1(B(x,r)) <P

for all 7 > 0 and all x € R. This Morrey-type estimate for the local L'-norm of
(—A)1/4§' implies that { € LY (R,R™) for some 2 < p < oo: indeed, arguing as

loc
in [1, Proposition 3.1], we have ¢ = ¢ |x|*1/2 * (—A)l/“{ and thus, forae. x € R
andallr > 0,

[4EIBS Z (2jr)_1/2 H(—A)l/“g ||Ll(B(x,zjr)\B(x,zf—lr))
JEZ

S M((=M)4) @) S 20212 1 3 (2P

j<0 j>0
SriPM(=0) ) @) + P,
Optimizing this inequality in r, we infer that

2] S M((—A) 7)) TP/ 1B,

for all x € R. The right-hand side lies in LU1=A/G=P Ry (as (—A)/4¢ €

L'(R,R™)), so we get the claim for any 2 < p < % In particular, we get
-

120y S P’ for some p’ > 0 and all 0 < r < X On the other hand,

T —¢ = (=A)TV*HQD) + 0PVv + (=A)TVAT(QPT, v) + (=A)TV4(0h)
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and so the estimates derived in Step 2 give [V — ¢l 12((xy.r)) S rP forall0 <r <
%. We deduce that, forall0 < r < %,

Il z2(B 0. = 1V = Sl 2oy + 16 1280 S 775
with o := min {8, B'}. Hence [[vl;2(g(x,.ry) S r* for all 7 > 0, uniformly in xo.
Step 4. Finally, Lemma D.2 gives the two identities
(—M)Y4(PTv) = h — (=) 4 PTv 4+ T(PT, ),
R(=M)VH(PYv) = R(=A)/* PNy — U (PN, v),

as R(—A)'?w = —Vw. Arguing as in the proof of Lemma D.6, but using Theo-
rem C.2 in place of Corollary C .4, we finally get

o0
T T
TP ), S iy + > [T o),
00 .
S 2P ol agan S0
j=0
and similarly H U(PV,v) “Ll(B) < r%. The statement follows. ]

Corollary D.8. We have v € LﬁC(R, R™) and w € CIOO’CV (R, R™), for some p > 2
and some y > 0.

We include the standard proof for the reader’s convenience.

Proof. Arguing as in Step 3 of the proof of Theorem D.7, we infer that

P p
/ )P%’ +/ ‘R(PNU)‘ <1
B(x0,4) B(x0,4)

for some p > 2, uniformly in xp. If p € C°(B(xp, 4)) is a cut-off function with
p = 1on B(xo, 2),

PNy = —RR(PNU) = —R(,o’R(PNv)) - 72((1 - p)R(PNv)).
Using [15, Proposition 2.4.8] applied to —i sgn(§) (whose inverse Fourier transform

is (—1)-homogeneous) and the fact that (1 — p)R(PNv) € L>(R, R™) is supported
far from B (xg, 1),

HR((I B 'O)R(PNU))HLOO(B(XO,I)) Sl
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and, from the L”-boundedness of the Hilbert-Riesz transform,

[ReRe )], 5 [R(2M)

LP(B(x0,4)

We deduce that v = PTv 4+ PNv also satisfies an estimate fB(XO’l) [v]” < 1, uni-
1/4 : _1_1 1
(=40 2y S 7 Withy = = L e (0, 4)
(for 0 < r < 1 and hence for all r > 0). Using Lemma D .4 we deduce that

5 1/2 00 . '
<][ |w = (W) B ) Sy 2R S
B(xo,r) i

j=0

formly in xp. In particular,

This is the integral characterization of Holder continuity with exponent y: see,
e.g.,[14, Theorem III.1.2]. ]

Applying a rotation before taking the stereographic projection, we arrive at the
following.

Corollary D.9. The map u oy, 1. 8! — R™ is Holder continuous and, being { is
arbitrary, u is Holder continuous.

Appendix E. Higher regularity of %-harmonic maps

In this section we prove that %—harmonic maps u € H'/?(3S, ') are Clkozl"s

any 0 < § < 1, whenever Nisa C k_smooth closed manifold (k > 2). We mention
that higher regularity of the so-called half-wave maps into S? has recently been
obtained in [18].

Throughout the section, we will say that a € S’(R) belongs to Hli’cp (R) (with
§>0,1 <p<oo)ifya e H*P(R) for any € C°(R).

Corollary D.8 shows that (—M) 3w e Lﬁ)C(R, R™), where w = uox/x[lol'[_l,
for some p > 2. We now bootstrap this information to get higher regularity. We
first prove two results concerning the regularity of the commutator R (ab) —aR(b).
The proofs will rely on the technique of splitting products into paraproducts, using
the Littlewood—Paley decomposition (see Section B.2):

ab="a;p’ >+ @b+ Y ajph.  @j=oja. by =ob.
J J lj—kl=<2

, for

~

We will treat the first and third summands together, namely we will just decompose

ab=>Y "a;b"**+> a/7b;.
j j
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LemmaE.l. Leta € H'/? N L (R) with (—A)*a € LP(R), for some 2 < p <
00, and b € H™'2(R). Then

IR(ab) — aR®) 2psipin S | (=) al|,, 181 g-1s2 -

Notice that R(ab) is defined, as for p € S(R) the function F [—
1/2

. %‘ v
) : (ez+|5|2)1/2p]
converges (as € — 0) in H'/“ N L°°(R) and ab extends to a continuous functional
on this space (see Appendix B).

Proof. Notice that the commutator vanishes if a is constant. Thus, as the proof of
Lemma B.2 and Remark B.3 show, we can assume @, b € C°(R \ {0}) . Using the
homogeneous decomposition, we write

R(ab) —aR(b)=Y (R(@' b)) —a’ Rb))+D_ (R(a;jb/?)—a;R(b/)
JEZL JEZL

and remark that the first sum vanishes since
FR@ b)) — al > Rb))E) = — i sgn(®) f a3 — By di

L / ai=3(& — ) sgn(nb; (7)) dn = 0

(as sgn(n) = sgn(£) whenever a/=3(& — n)b; (1) # 0).

Since R is an isomorphism of L?P/(P*2(R) and of H~Y2(R), it suffices to
bound Y.z a;b/** in L2P/(PHI(R). We do this by duality: let 2 € S(R) and
observe that

fZajbj+2h =/Zajbj+2hj+4

JEZL JEZL
172 172
s[{Z2laf) (S2ipref) om.
JEZL JEZL

as F(a; bit?) is supported in B(0, 2/ +4) and as we have the elementary inequality
|hj+4| < Mh. Note that |Mh||;2p/0-» < Al 2p/0-2, While the €2(Z)-norm

7 We can assume @ has compact support in R \ {0}, by replacing it with w; (defined as in Lemma
B.2): the norm || (—A)1/4a || 1 stays controlled by Lemma B 4 and the same argument of Remark
B.3; we can then choose |f;‘|1/2 vy, arbitrarily close to Iéll/2 wy in LP,(R), obtaining (—A)l/4vk
close to (—A) /44 in LP (R).
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o 1/2
(Zj€Z]2—J/2bJ+2’2) equals

) N 172 ) . 172
Z Z 2_‘i/2bj+k < Z Z‘z_‘i/2bj+k‘
Jel k== k=—o0 \ jeZ
172
S| bl
JEZL

(as ZjeZ |2—j/2bj+k ]2 =k ZjeZ 2-J |bj |2), so that, by Plancherel’s identity,

1722

Zz—j ‘b./+2 < Zz—j‘/‘ \bj|2 — /Zz—jpﬂ'gf
JEZL 2 JEZL JEZ

< / €17 5P = 16125 -

‘ 2

To conclude, using [24, Theorem 1.6.3] with the multipliers 2//2 |&|~1/2(0,;_; +
0j +0j+1) and [15, Theorem 6.1.2], we infer

172 1/2

. 2
BRI I IS | DO (CVSELY ) I Y SV SE
JEZ JEZ
Ly LP

To sum up, by Holder’s inequality we get the desired bound

/ Yo aib P S (=8 al L, 1Bl gz W 2 - 0
JEZL

LemmaE.2. Leta € H*P(R) and b € L1(R), with s > %, 1 < p,q < 0. Then,
forany y > %,
R (ab) — aRD)|l gs—va S llallgsp 161 a -

Proof. We can assume ’c?,f?\ € CX(R). We use the inhomogeneous Littlewood-
Paley decomposition, so thata = Y j=0djandb = > j=0bj, where aj =oja.

As in the previous proof, we need only estimate H ijo ajb’ +2 ‘

,as R is
'q

s=y

an isomorphism of H*~74(R) and of L4 (IR). We have ||aj || [0 §2_j(“_1/1’) llall gs.p
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(see the proof of Corollary B.7). Given & € S(R), observe that F (a jbj +2) vanishes
outside B(0, 2714, so

‘/ > abt?h| =

Jj=0

< llallgs.e 1Ml Lq IIhIIF—(s 1 s

/(l b]+2hj+4

Jj=0

thanks to the pointwise inequalities |b-/ +2| < Mb (Mb being the maximal function
of b) and

Za bj+2hj+4

S Y2767 fall s (MB) [
jz0

j=0

S llallgs.p (Mb) Y 2776710 [y
j=0

But H=6—)4" = F(;,(Zsfw s Fq_,(iy_l/p) (see [24, Proposition 2.3.2/2]), so

’ / > ab’th

j=0

S lallgse 161 La 121 -G - O

We will implicitly use many times the following result.

LemmaEJ3. Ifu € Hli)cp(R) for somes > land 1 < p < oo, then PT(u) €
min(s,k—1),p

H,. (R).

Proof. We can assume that 1 < s < k. The claim is trivial for s € N, while

when s > 1 is not an integer it follows from [4, Theorem 5.2], the map P being
C*~1-smooth. Notice that u € Wli)jp (R) by [4, Lemma 3.1] with (p, q,s) =

(sp, 2, 1) (p1, q1 s1) = (p,2,5), (p2,q2,5) = (00,00,0) and the fact that
ueH" P(R) € L (R). O

loc loc

We also need the following lemmata, where we use the dyadic partition of
unity (o j);?’;o C C°(R) introduced in Appendix B.

Lemma Ed. If f € H'/?(R) and p € C(B(0, 1)), we have
(=)', p) f (=)'"2p)(0; 1) (E.1)

Proof. Notice that f € L (R)and (— A)'2p e L%®(R), so each term in the right-
hand side makes sense. By the remark after Lemma B 4, the left-hand side equals

2 [ 1&] f(&)PE) dE.
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For any j > 2, by Lemma B.1 and the fact that 7~!(|£]) € C®(R \ {0}) is
homogeneous of degree —2 (see [15, Proposition 2.4.8]),

'/((—A)l/zp)(ij) S 272 ||f||L1(3(072j+1)\3(0,2j—1))
S27 1 o,y + 277G+ DIl

Therefore the sum in the right-hand side of (E.1) converges and is bounded by
I flLi.1y) + IIf I 71/2. Hence, by Lemma B.2, it is enough to prove (E.I) on
SR) +R.

If f € S(R), the identity is trivially satisfied since in this case we have
> f (=8)"p)0, /) = / (=)'2p) f =2n f €] F(&)PE) de.
j=0

If f = c is constant then

N 00
(=8)"2¢, p)=0=27c lim_ f HEGHIINGLEDS / (=8)"p)(gj0),
Jj=0 Jj=0

the second equality being true since Z;VZO 0, () approximates the Dirac mass &g
as N — oo. 0

Lemma E.5. Assume w € HY/ 2(R) is supported outside B(xg, 2), for some xy €
R. Then the distribution (—A)Y/?w restricts to a C* function on B(xg, 1).

Proof. We can assume xo = 0. For p € C2°(B(0, 1)) and k > 0 integer, Lemma
E 4 gives

(=), (=) p) =" / (=82 p)(0jw)

jzl1

S 227(2]&2)]. ol ||w||L1(B(0,2j+l)\3(o,2/‘—1))
Jj=1

S 27 ol G+ D20 S lpllge,
j=1

where the inequalities follow from [15, Proposition 2.4.8] and Lemma B.1. So,

calling f the restriction of (—A)!/?w to B(0, 1), we have (—A)* f € L>(B(0, 1)).
2k 2k—1

Equivalently, - e L2(B(0, 1)). This implies that 2 € C°(B(0. 1)) for all

k > 0,hence f € C®(B(0, 1)). O
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Proof of Theorem 1.4. We fix xo € R and we take a cut-off function n € C2°(B1(xp))
satisfying n = 1 in a neighborhood of xy. Recall from Lemma D.2 that

PTw)(=M)"*w=h, PYNw)Vw=0,

withh = —

1+2x2 P (w) <R£((fj)];:1) o 1'1_1> e L' N L°°(R). Therefore we have

nVw :nPT(w)Vw = —nPT(w)R(—A)l/zw

E.2
=R PT (w)(—A)"?w) — nPT (w)R(~A)?w — R(nh). 2

We remark that w € Hli)éz’p (R, R™): by Lemma B.5

() gw) =y (=) M) < f % ()l dy

S gxlwl(x) € L¥MR)

with g(x) := min(|x|71/2, |x|73?) e L'(R), for any ¢ € C®(R). Hence
(—A)/*(yrw) lies both in L2(R) and in L? (R) 4+ L>®°(R) and thus it lies in L?(R),
as well (which can be checked using the formula || £]|’; - =f0°°r)f_1 LY f>A)) da
for 1 <r < o0). Since trivially yw € LP(R), [24, Theorem 1.6.3] gives Yyw €
F)S®R) = H2P(R).

Thus nPT (w) € H'/>P(R) and, using again [24, Theorem 1.6.3] (with multi-
pliers |£]'/2 (1+1&1%)~*(0j—140;+0;+1) for j € Z) and [15, Theorem 6.1.2], we
infer that n PT (w) and (—A)!/?w satisfy the hypotheses of Lemma E.1. So, in view
of (E.2), we get nVw € L?P/(PTD(R),ie. w € HIL’CP(R) with p=2p/(p +2).

We now fix another cut-off function ¢ € CZ°(R) such that ¢ = 1 on B(xp, 2)
and we set

wy = ¢w, wr:=(1—@)w.
Lemma E.5 yields that (—A)!/?w; € C*®(B(xo,1)). Now assume that we al-

ready know w € Hli)’cp (R) for some real s > 1: by Lemma E.3 we get h €

HMCR=DPRY 5ok = PT(w)(—A) 2wy = —PT (w)(—A) 2wy + h restricts

loc -
to a function in HITCID(S’kfl)’p (B(xg, 1)). We rewrite (E.2) as

nVw =nPT (w)Vw; = —nPT (w)R(-A)"*w,
=R(nPT (w)(=A)"2wi) — nPT (W)R(—=A)"*wy — R(nh).
The commutator on the right-hand side belongs to H min(s.k=D=v.P(R), for any

y > %, thanks to Lemma E.2 (applied with p = g := p). Therefore nVw €

HminG:k=D=v.F(R), which implies w € H™"“*"07P(R) Tterating this proce-
dure we eventually get
k.7
we [ He "R).
y>1/p
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We now show that, for any fixed 1 < p < oo,

we () He ")

loc
y>1/p
Slnce k > 2, we know that w € H, q(R) forall ¢ < 5= (because H “7P(R) C

loc 7(R) with 1 =y + w — 1 whenever y < 1, see [24 Proposition 2 3.2/2 and
Theorem 2.7. 1]) Proceedmg as above we obtain

k
we () Hg ' [®)
y>1/q

for all ¢ < Z—fﬁ (notice that 27175 > p). Iterating this with ¢ in place of p, we

)2l
y>1/q loc (R) <

M <r <00 H, loc "(R), all exponents in (1, 00). This proves the assertion. Finally,
applying Corollary B.7,

w e m mHll(c)Cl/P GP(R)C m CIkOCISR)

l<p<ocoe>0 0<é<l1

will eventually reach an exponent ¢ > 2 and hence, as [

Sou € Ck~1:9(3S) forall 0 < § < 1. In particular, if N is C>°-smooth then u is
C™> as well. O
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