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Optimal estimates for the triple junction function
and other surprising aspects of the area functional
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Abstract. We consider the relaxed area functional for vector valued maps and
its exact value on the triple junction function u : B;(0) — R?, a specific func-
tion which represents the first example of map whose graph area shows nonlocal
effects. This is a map taking only three different values o, 8,y € R2 in three
equal circular sectors of the unit radius ball B1(O). We prove a conjecture due to
G. Bellettini and M. Paolini asserting that the recovery sequence provided in [5]
(and the corresponding upper bound for the relaxed area functional of the map u)
is optimal. At the same time, we show by means of a counterexample that such
construction is not optimal if we consider different domains than B{(O), which
still contain the same discontinuity set of « in By (O). Such domains are obtained
from B (O) erasing part of interior of the sectors where u is constant.
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1. Introduction

The analysis of polyconvex energies arises in many branches of calculus of vari-
ations, and more specifically in problems coming from the mechanics of solids,
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like elasticity theory [2]. Particular attention has been given to energies with lin-
ear growth, and special issues concern the property of lower-semicontinuity on the
class of admissible states (see [1] and references therein). A fundamental exam-
ple of polyconvex function with linear growth is the area functional, the functional
which measures the area of the graph of a given map. This is the simplest example
of polyconvex energy related to a variable of a (physics, mechanics) system, and
already shows many particular features and issues which are surprising and row
against intuition.

The area functional is introduced as follows. Let 2 C R” be an open set. The
graph of a smooth function v : Q@ — R is defined as the subset G, of Q x RV
given by

Gy ={x,yeQxR":y=v} (1.1)

The graph G, is a surface of dimension n embedded in R"*¥, and then its area
can be computed, namely its rn-dimensional Hausdorff measure. Considering the
embedding @ : x — (x, v(x)), easy computation brings to the formula that, in the
specific case N = 1 is given by

A) ;=/ (1+ IVul?)2dx. (12)
Q

whereas, if, for example, n = N = 2, reads as

A) :=/ (1 +
Q

Here J (v) stands for the Jacobian determinant of v, i.e.,
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== (14)
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It is easy to realize that such definition can be extended to all maps v €
wlmin{n. N} (G- RNY) . More in general, one can try to define the area of the graph of
still less regular maps, proceeding by approximating them by regular functions (for
the theory of polyconvexity in W7 see [16]). To this respect, one is led to define
the area functional for any map v € L'(Q2; RV), given by

A) = inf{ ’giinigg.%l(vn)}, (1.5)

where the infimum is computed on all sequences of functions v, € C!(Q;RY)
such that v, — v in L! (S2; RN). However, in general, it is not true that the relaxed
functional (1.5) coincides with the original area functional (1.3) in WLl RN,
which is not lower-semicontinuous (see [1]). Moreover, it might happen that the
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value of the lower semicontinuous envelope .A(v) be not finite for some function
ve L'(Q;RV)\ wLmin{n.N} Q- RN). Therefore the first natural question arising
from definition (1.5) is to determine the exact domain D(A) ¢ L1(Q; RY) of the
functional A. A second natural question is, of course, to determine the exact value
of it, namely a general formula like (1.2) or (1.3). This very challenging problem
has been completely solved in codimension 1, that is in the case the target space is
R (N = 1) (see [8]). In this case, the lower semicontinuous envelope of the area
functional A : C'(£2; R) — R is the functional

2 s
Aw) — /,/1+|VU| dx + |D*v|(Q) ifve BV(Q) 16

otherwise,

where Vv represents the absolutely continuous (with respect to the Lebesgue mea-
sure L") part of the gradient Dv of v, and Dv its singular part. In other words,
the area functional has as natural domain the space BV (2) of functions of bounded
variations where it assumes the general integral form (1.6). In particular, thanks
to the good properties of the integral form, it turns out that the area functional is
subadditive if seen as function on sets. More precisely, let us consider on any open
set U C €2 the area functional restricted to U, defined as

A(v; U) ::/ (1+ |Vv|2)%dx. (1.7)
U

Then, for fixed v € BV (2), we can look at A(v; -) as a function on Borel sets. As a
consequence of the expression (1.6) it turns out that A(v; -) is subadditive, namely

A(; Uy UU,) < A(v; Uy) + A(v; Upy)  forall Uy, Uy C Q. (1.8)

In higher dimension N > 2 all these good properties fail. First, it is only possible

to prove that
.A(v;U)z/ V14 |Vv|2dx + |D*v|(U), (1.9)
U

and the inequality is strict in some cases. Furthermore an explicit example in [1]
(which consider a slight modification of an example in [2]) shows that the subad-
ditivity property does not hold true in general. In this example, first suggested by
De Giorgi in [9], it is exhibited a simple function u : Q@ C R? — R2, called triple
Jjunction function. The function u takes only three values «, 8, and y, which are
the vertices of an equilateral triangle of side /3 centered at the origin O of R2.
The plane R? is divided in three sectors DA, DB, and D€, which have as bound-
aries three halflines with endpoint O and forming three equal angles of 277/3. The
function u then is defined by setting

u=aonD? wu=pBonD®, u=yonDC, (1.10)
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thus showing three jumps on the halflines meeting in the triple junction O. In [1] it
is proved that for the function u : R> — {a, B, ¥} the following happens:

(a) Let R > 0 be fixed and let B (O) be the ball centered in O and with radius
R. In any open subdomain U C Bg(O) such that O ¢ U the relaxed area
functional A(u; U) takes the form (1.9), and therefore its value is

A@w; U) = L2U) + | D*ul(U).
Specifically, if p € (0, R) and U = Bg(0) \ B,(0), then

A(u; U) = n(R* = p?) + 3v3(R — p);

(b) The following two inequalities are provided
A(u; BR(0)) < L2(BR(0)) + 43R, (1.11)
A(u; BR(0)) > LX(Br(0)) + 3v/3R; (1.12)

(c) There are s > R > p > 0 such that

A(u; Br(0)) > A(u; B,(0)) + A(u; By(0)\ Bya(0)).  (1.13)

The estimate (1.11), proved in [1], is not optimal. In [5] this bound has been im-
proved. In order to give the precise value of the upper bound found in [5] we need
some preliminaries. Let us define the rectangle R := (0, R) x (—+/3/2,+/3/2).
Consider the function ¢ : (—+v/3/2, v/3/2) — R defined as

0 <—?) — v (?) =0, ¢ =3,

3 3
@ is affine on (—%,0) and (O, %) .

We will deal with the following minimum problem: we want to minimize the area
of the graph of continuous functions v : R — R belonging to the family

(1.14)

ARy = {ve WL (R) :v=00n (0, R)x{—/3/2, v/3/2}, v(0, -)=(p(-)}. (1.15)

If v is a minimizer for this minimum problem, the corresponding value of the area
of the graph is denoted by m g, namely

mg = A®@; R) = inflA(v; R) : v € .A;(R)}. (1.16)
Hence, in [5], the following inequality has been proved:

A(u; BR(0)) < L2(Bg(0)) + 3mpg. 1.17)
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Furthermore Bellettini and Paolini [5] conjectured that such value is optimal, that
is, for any sequence of maps vy € C 1(Br(0); R?) such that vy — u strongly in
L'(Br(0); R?) it holds

l}cmian(vk; Br(0)) = L2(Br(0)) + 3mp. (1.18)
—00
In the present paper we propose a proof of this conjecture. Actually, without loss of
generality, we work in the specific case R = 1 and denote m|; = m. Therefore we
prove

A(u; B1(0)) =7 + 3m. (1.19)

In order to show this result, we have to introduce some preliminaries on currents
and the concept of Cartesian maps. We thus exploit some well-known cornerstone
theorems of calculus with Cartesian currents, as their properties of closure and com-
pactness. Then, the proof of (1.19) is articulated in three sections. In the first one,
Section 3, we introduce the problem in the domain 2 = B1(0), and start by taking
a sequence {v;} C C!(Q; R?) approaching u, supposing it is optimal, namely

A Q) = A(u; Q).

Then we divide the domain in sectors in order to detect the different behavior of the
approaching sequence {vx}. In particular we consider one small triangular sector
containing the junction point O, and three other main sectors each containing one
of the lines forming the jump set of u. We first look at the graphs of vy in these
sectors, treating them as integral currents in  x R?. Choosing suitable maps from
R* to R3, and considering the push forward by them, we then reduce to consider
integral currents in R3, which have the advantage of being currents of codimension
1. This procedure of dimension reduction leads to four integral currents § S, 852,

$3,and T, which satisfy the following key inequality’

ST+ |82+ 83+ |T| + £L2(9) < Aw; Q). (1.20)

The currents S ! §2 §3 and 7 show the following properties: they are supported
in the prism P := [0, 1) x T, where T is the closed trlaggle in R? with vertices o,
B.and y, T is supported in {0} x T', the sum S148524353 ' +7 is aclosed current
in (—oo, 1) x R?, and each Si shows a specific boundary 39S which, up to an error
(see formula below), is supported on the edges of the prism: more specifically, there
are integral 1-currents N A N8B and N€, such that,

98" = —NA+ NP — (1d x «);[[0, 111 + (Id x y):[[0, 11] + V',

1 To be precise, we prove this inequality with ﬁz(Q) replaced by 52(9) — e, where e > 0is a
small parameter depending on the geometric construction; the inequality in (1.20) follows from
the fact that we can render € as small as we want optimizing the geometry of the construction, see
Section 3 and Theorem 3.7.
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with (Id x a):[[0, 1]] representing the graph of the constant map f = o on the
segment (0, 1) and V! being a current supported on {0} x 7. Similar formulas hold
for S2 and S° (see Section 3 for details).

Finally we are ready to state our main result, Theorem 3.7. This asserts that

S+ 82+ |3 +]T| = 3m, (121)
which, together with (1.20), will provide the lower bound
Au; Q) = L2(R2) + 3m.

Combining this with the upper bound proved in [5], namely (1.17), we finally con-
clude (1.19).

Let us spend some words on the optimal constructlon obtained in [5]. For
the recovery sequence therein the limit currents st , S 52 Y S3 will coincide with the
minimal surfaces providing the solution of problem (1 16) In particular the current
V! (and similarly V2 and V?) turns out to be the graph of ¢ appearing in (1.14).
Moreover in this case the current 7 turns out to be null, as for the currents N4,
NB, and N€, which do not appear for the optimal recovery sequence. In some
sense, the presence of 7 and N A NB,NC, do not provide better estimates for the
area functional, and at optimality, they must vanish.

In order to prove Theorem 3.7 we need to get rid of the currents N A NB, and
N€, appearing in the boundaries of §'. S, To this aim, we introduce a Stemer type
symmetrization technique in Section 4. This is the heaviest part of the paper, and
the more technical. The main idea relies in constructing three symmetrization op-
erators S4, Sp, Sc, each symmetrizing the currents S’ and 7 with respect to one
of the heights of the triangle 7', and with the property of decreasing the masses of
S, g T, and of their boundaries (see Lemma 4.23). Then, applying repeatedly these
operators, we are able to reduce to integral currents S', §%, §3, and 7 which still
satisfy (1.20), but have now good properties at the boundaries; in particular the new
currents N4, N8, and N€, are null. This brings us to Section 5, where we finally
prove Theorem 3.7. First we list some key features of the brand new currents S',
$2, 83, and 7T (see properties (i) and (ii) at the beginning of Section 5). Observing
that such properties are closed in the class of integral currents, we reduce our argu-
ment to a problem of minimal surfaces. This problem consists of minimizing the
mass |S!]| + |S?| + |3 + | T | among the class of integral currents satisfying prop-
erties (i) and (ii), which in particular contain a fixed boundary condition for such
currents (see problem (5.12)). Some additional Lemmas bring us to deduce that the
minimizers of this variational problem consists of three currents S (the currents
7 turns out to be zero) which can be identified with three Cartesian currents on
the rectangle R = (0,1) x (=3 /2, V3 /2). The boundaries of these Cartesian
currents are shown to satisfy the same Dirichlet boundary datum as in (1.15). From
this it easily turns out that the minimal mass of each S’ must be m, and (1.21) is
achieved.
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In this last step it is evident how we use the good feature of the class of Carte-
sian currents in codimension 1. In fact we strongly exploit the fact that every Carte-
sian current is approximable by graphs of smooth functions, which is a property
that is true only if the target space of these functions is R (i.e., one dimensional).
We stress that at this point the dimension reduction exploited in Section 3 becomes
crucial.

In the following Section 6 we face the problem of studying the optimality of
the bound in (1.17) for different domains €2 still containing the triple junction. First
let us emphasize that part of the conjecture in [5] also asserts that the same bound
holds in the case that the lines meeting in O, boundaries of the regions D4, DB,
and D€, form angle not necessary equal to 277 /3. We do not treat this case directly,
but a sharp inspection of the proof we provide should show that it can be adapted
to such a case, encouraging us to assert that also for this more general geometry the
conjecture is true (however we do not detail this argument here and then are not in
position to state a general result). On the one hand, as a consequence of the lack of
subadditivity, it is not possible to express the area functional with an integral for-
mula like (1.9). The example of the triple junction function and the corresponding
features described in (a) above show that it is evident that the nonlocal behavior
of A(u; -) strongly depends on the presence of the junction point. In absence of it
the additivity comes back. Furthermore, the recovery sequence {vx} C C'(; R?)
provided in [5] such that

L2(Br(0)) +3mg = 1}(mian(vk; Br(0)),

shows the following feature: if we look at the graphs of vy as integral currents in
Br(0) x R2, they concentrate in the singular set J,, X R2, J, being the union of
the three radii with endpoint the triple junction O (i.e. the jump set of u). In other
words, if G,, € D2(Bg(0) x R2) denotes the current carried by the graph of vy,
then

gvk - Sy

with § a Cartesian current which writes as S = G,, + V, where V € D;,(Br(0) x
R?) represents the vertical part originated by the concentration of G,,, and sup-
ported on the set J, x R?. This phenomenon might lead to the following issue:
if, let us say, u € SBV(2; R?) and J, represents the jump set of u, and if vy are
C'(2; R?) functions providing

Aw:; U) = I}Cmian(vk; U), (122)

then is it true that the graphs G,, tend to a Cartesian current S = G, + V where the
vertical part V is concentrated on the set J, x R?? If this question had a positive
answer, we would be led to conjecture that A(u; -) writes as

A@:; U) = 1Gul + Au @™, u™; ), (1.23)
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where A,; is a nonlocal term whose value depends only on the jump set J, and on
the traces of u on it, namely u™ and u~. To my opinion this reasoning is misleading
and the answer to the previous question is, in general, negative. To justify this
assertion, we provide an example in which the domain U of the triple junction
function u is a subdomain of B;(O) obtained by biting part of the area where u is
constant (namely the inner part of the sectors D4, D®_ and D). This domain still
contains the whole jump set J,, of # in B;(0), and in particular the junction point
O, since it contains a neighborhood of it (see Figure 1.1, on the right). Contrarily
to what one might aspect, the area functional computed on this domain is less then
L2(Up) +3m. ie.

Aus; Up) < L2(Up) + 3m. (1.24)
This example proves the following assertions:

e The recovery sequence provided in [5] is not optimal for the domain Uy, even if
it contains the same discontinuity set of # in By (O);

e A formula as (1.23) is false. Indeed, in the case 2 = B{(0O) it turns out from
(1.19) that A,;(u*,u~; J,) = 3m. However inequality (1.24) gives rise to a
different value of A,;(u™, u~; J,), even if J, and the traces u® do not change.

We do not conjecture that the sequence v; of approximate functions we construct
in Section 6 and such that

l}cm inf A(vg; Up) < L2(Up) + 3m
— 00

are optimal. At the same time, we believe that for this specific domain the graphs
Gy, of an optimal sequence concentrate outside the set J, X R2. At least, in the

Figure 1.1. On the left it is represented the domain B;(0) and the sectors D#, D5,
and D€ where the function u takes the values «, B, and y respectively. The three
segments meeting at O are the jump sets of u. The picture on the right represents the
thin domain Uj,, obtained from B; (O) by cutting part of the interior of the sectors where
u is constant; the jump set is still drawn in black, together with three small segments
connecting O to dUj, which represent the set where the vertical currents G,, concentrate.



OPTIMAL ESTIMATES FOR THE TRIPLE JUNCTION FUNCTION 499

specific example of Section 6, these graphs converge to a Cartesian current G, + V
with the vertical part V supported on a set K x R?, where K contains, besides of J,,,
three additional segments connecting O to the boundary of Uy, lying on the bisec-
tors of the halflines forming the triple junction (see Figure 1.1 on the right, where
the set K is emphasized). Similar examples of this behavior have been provided
in [7, Section 7], where the authors study the relaxed area functional in the pres-
ence of a function u with a prescribed discontinuity on a curve. Our construction of
the approximating sequence {vg} is similar to the one used in [7], where the jump
set of u is somehow prolonged on a path reaching the boundary. In our case, this
path is not fixed, but depends on k and in the limit as k — oo becomes exactly the
union of the three lines in 1.1 connecting O to the boundary. What is crucial here
is that on this set we do not have uniform convergence of vy to u.

Let us conclude this discussion emphasizing that the highly bad behavior of the
area functional becomes evident in the presence of junction points as for the map u.
It is possible that, when the jump set consists of a simple non self-intersecting curve,
a formula as (1.23) holds true. There are important contributions in this direction
in the very interesting papers [6,7], where the authors study exactly this kind of
singularities. More specifically they prove a formula like (1.23) (with inequality
< replacing the equality =) that in some cases can be shown to be optimal (that
is equality holds). The nonlocal term A,;(u™, u~; J,) is related to a problem of
minimal surfaces (see [6, Theorem 1.1]).

Under the light of these last observations we realize that the problem of a full
understanding of the relaxation of the area functional, and, more in general, of
polyconvex energies in codimension greater than 1, is still a challenging issue we
are far from.

ACKNOWLEDGEMENTS. I am grateful to Giovanni Bellettini for his numerous
precious suggestions which considerably enrich my work. I also thank the referees
for their careful reading of the manuscript.

2. Preliminaries

k-forms. Let a be a multi-index, i.e., an ordered (increasing) subset of {1, 2, ...,
n}. We denote by |«| the cardinality (or length) of o, and we denote by & the
complementary set of «, i.e., the multi-index given by the ordered set {1, 2, ...,
n}\ «.

For all integers n > 0 and k > 0 with k < n, we denote by AxR" the space of
k-vectors and by AKR” the space of k-covectors. Let & C R” be an open set. The
symbol DK () stands for the topological vector space of smooth and compactly
supported k-forms (that is the topological vector space of compactly supported and
smooth maps on €2 with values in AFR™). Any k-form w € D*(Q) can be written
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as sum of elementary forms, namely

o= Z Yadx?,

lel=k

where ¢, is a smooth compactly supported real function, and dx® is the simple
covector defined as dx® = dx* A -+ - A dx%,

Assume U C R" and V C R" be open sets and F : U — V be a smooth
map; then, for any w € D¥(V) is defined a form Ffw € D¥(U) called pull-back of
w by F;if o = ¢,dy%, |a| = k, then

Ffw = (¢q o F)dF®, (2.1

with
dF* =dF“" AdF*2 A - NdF%,

where oOF
dF* =Y —“tdx*.
T 0X
For a N x n matrix A with real entries and for multi-indices @ and § with |«| =
|8l = k < min{n, N}, Mo’?(A) denotes the determinant of the submatrix of A
obtained by erasing the i-th columns and the j-th rows, foralli € @ and j € 8. We
denote by M(A) the n-vector in A,R"™V given by

n

M(A) ::Z Z o (o, ®)ME(A)eg A g,
k=0 |a|=|B|=k

where {e;}; <, is the canonical basis of R”, {g;};<n the canonical basis of RV, and
o (o, @) is the sign of the permutation (o, o) (see [11, page 230]). Accordingly, we
set

min{n, N} 172
IM(A)] = <1 + >y |M§(A)|2) :
k=1 Jl=Tl=k

Generalities on currents. The dual space of D¥(S2), denoted by Dy (), is the
space of k-currents on 2. We define a weak convergence in Dy (R2) setting 7; — 7
as currents if for all ® € DK(Q) we have 7T;(w) — T (w). For all currents 7 €
Dy (2) the mass of 7 in U C  is the number |7 |y € [0, +00] defined by

Ty = sup T (w).
weDX(U), |o]<1

The boundary 37 € Dy_(R") of a current 7 € Dy (R") is defined as
37T (w) =T (dw) Yo € DI(RY). (22)

A current 7 is said closed if it has null boundary, namely if 37 = 0 as current.
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Given an oriented surface S of dimension k < n embedded in R”, this defines
a current in Dy (R™), obtained as integration of k-forms over it (the “volume form”
is given by the orienting k-vector). We will often identify surfaces with currents
and use the same notation for both. Given a k-rectifiable set K (a countable union
of subsets of Lipschitz surfaces) and a summable real function 8 on it (with respect
to the k-dimensional Hausdorff measure) we can define a current /C integrating k-
forms over K as follows:

K(w) = / (@(x), T0(x))dH* (x), (2.3)
K

where (-, -) is the duality product between covectors and vectors. Here 7 : § —
Ar(R™) and 6 : S — R are such that 7(x) € T\S is a simple unit k-vector for
Hk-ae. x € S and 6 is a H*-integrable function. The current XC, denoted by
K = {K, t, 6} is said rectifiable. If K has rectifiable boundary and 6 is an integer-
valued function, then /C is said rectifiable with integer multiplicity (or simply inte-
ger multiplicity current, i.m.c.). An integral current is an integer multiplicity current
with finite mass and finite boundary mass. We use the notation

N(T) = |T|+197T].

An integral current 7 € Dy (R") is said indecomposable if there exists no integral
current R such that R # 0 # 7 — R and

N(T)=NMR)+ N(T —7R).

The very specific case in which the integer mutiplicity current K € D, (R") is of
the form K = {K, 7,0} with® = 1 and T = e1 A --- A e, then K turns out to be
the standard integration over the set K and is denoted by

K =I[K].

Moreover if K is a set of finite perimeter then the current [ K] is integral.

The following theorem provides the decomposition of every integral current
and the structure of integer multiplicity indecomposable 1-currents (see [10, Section
4.2.25]).

Theorem 2.1. For every integral current T there exists a sequence of indecompos-
able integral currents I; such that

T=)T and N(T)=) NT).
i i
Suppose T is an indecomposable integer multiplicity 1-current on R". Then there
exists a Lipschitz function : R — R" with Lip(f) < 1 such that
FL(0,|TY)) is injective and T = f:[[(0, |7T)].
Moreover 97 = 0 if and only if f(0) = f(|T)).



502 RICCARDO SCALA

Assume U C R" and V C R be open sets and F : U — V be a smooth map.
The push-forward of a current 7 € Dy (U) by F is defined as

F.T(w) :=T({Ffo) for w e DN(V),

where F?w is the standard pull-back of w and ¢ is any C* function that is equal
to 1 on spt7 N sptFfw. It turns out that F;7 € Dy (V) does not depend on ¢ and
satisfies

OFyT = F107T. 24

We will also employ the following crucial fact, which actually is valid in every

dimension but, in our setting, will be used only in codimension 1.

Theorem 2.2. Let n > 1 be an integer. Let T € D, (R") be an integral current
such that 9T = 0. Then there exists an integral current S € D, (R") such that
oS ="T.

This is a standard result; in particular the current S can be the so-called cone over
T, see [14, Section 7.4 .4]. Besides, S can be given by the isoperimetric inequality
theorem, see [14, Theorem 7.9.1].

Cartesian currents and graphs. Let Q@ C R" be an open set, and let u : @ — RV
be a smooth map. The graph of u is the set

Gy ={(,y) e QxR : y =u)}.
This is the support of the current G, € D, (22 x R") given by
Gu == (Id x u)s[[€2]. (2.5)

This turns out to be an integer multiplicity current whose mass is obtained as the
result of

1Gul oY ='/;2|M(Du)|dx. (2.6)

Notice that this is exactly the area of the graph of u. In the specificcasen = N =2
this formula reads as (1.3), namely A(u; Q) = |G, |qxg2- In order that G, be an
integer multiplicity current much less regularity of u is needed. Indeed it suffices
that u is approximately differentiable a.e. in €2 and that all the minors Mg (Du) (for
all |¢| = |B| = k, for all k < min{n, N}) belong to L(€2). We denote the class of
functions u € L'(; RV) satisfying these conditions by A!(€2; RY), namely

AN RY) = {u e L' (2 RY) 1 uis appr. diff. ae. in Q,

and M3 (Du) € L' () V [a| = |B] = k, k < min{n, N}}.
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The class of Cartesian maps is Cart(£2; RV) defined as
Cart(Q; ]RN) = {u € Al(Q; RN) 2 1Gu] < 400, 3G, =01in Q x RN}. 2.7

Let 7 be ani.m.c. in D, (22 x RV). For all multi-indices  and B with |a|+|8] = n
we define

T (w) := ’T(a)aﬂdx"’ A dyﬂ),

the a8-component of T. The 7T ?0 component can be identified with a Radon mea-
sure on 2. If the component 7% is a Radon measure with bounded variation it is

well defined the norm
171 = sup { T (o, »)I¥ldy) : ¢ € CO(R x RY), Jo] < 1].
We define the class of graphs as

graph(Q X ]RN) = {TeDn (Q XRN) so that 7 is an i.m.c. with M(7) < oo,
_ (2.8)
1Tl < 0o, MOT) < oo, T® >0, 7T = [[Q]]},

where 7 : @ x RV — Q is the standard projection into €. A proper subclass of
the graphs is the class of Cartesian currents defined as follows:

cart(Q2 x RY):= {TeDn(QxRN) so that 7 is an i.m.c. with M(7) < oo,
) 2.9)
1711 <00, T L (2 x RV)=0, T% >0, nﬁT:[[Q]]}.

By the structure theorem for Cartesian currents (see [11, Section 4.2.3]) we can
always decompose a Cartesian current 7 as a graph plus a vertical part, namely

T=G,+S, (2.10)
where S is concentrated on a set Q9 x RV, £"(p) = 0, and satisfies
S(wapdx® AdyP) =0 ifa #0.
In codimension 1 every Cartesian current can be approximated by graphs of Carte-
sian maps: if 7 € cart(2 x R) then there exists a sequence of smooth functions u
such that G,, — 7. Moreover if 7 = G, + S then uxy — u in L'(€2). This is a

consequence of the approximability of BV-functions with real values (see [11, Sec-
tion 4.2 .4]).
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Slicing. 'We will need some elementary application of the technique of slicing.
Very often in the following this technique can be reduced to a generalized version
of Fubini integration theorem. For this reason we do not go into details and we refer
to [14] (see also [10] and [11]) for a complete discussion.

Let S be an integral current in Dy (R3), k > 1 and let x be one of the three
coordinates in R3. We denote by (S, ) the slice of S on the plane {x = ¢}. This is
an integral current of dimension k — 1 with some important features related to S.
In particular (see [14, Lemma 7.6.3]), if S is supported on a rectifiable set (denoted
by S), then (S, t) is supported on § N {x = ¢}, and it holds

/OO (S, t)|dt < |S|. (2.11)

Moreover it holds true, for H!-ae. € R,

(S, 1) = —(3S5, t). (2.12)

2.1. Technical preliminaries

Lemma 2.3. Let D C R? be a bounded open set and vy € C'(D; R?) be such that
Vk — U = ¢, a constant, in LY (D: R?). Assume that

[Dvllpr + 1)l < C < 400 forallk. (2.13)

Then, up to a subsequence, ka — Gy + S as currents, where S is the vertical part,
and

Gy + S| = |Gyl + IS| = L2(D) + |S]. (2.14)

Moreover for all € > 0 sufficiently small there exists an open set Ac C D with
|Ae| < € such that, for a not relabeled subsequence,

Gu L (Ae x R?) — G, L (Ac x R?) + 5. (2.152)
Let us write Q’vk L (D x Rz) = Z’E‘ + 25 where, for any v = wqgdx® A a’y’3 €
D*(D x R?), |a| + |8l =2,

Zi‘ (a)agdx“ A dyﬁ) = / wap(x, vk(x)))Mg(ka)(x)dx,
AcnD

2f(a)a,3dx°‘ A dyﬂ) = / wap (X, Vi (x))Mg(ka)(x)dx,
ASND

and define I:D xR > R3 the map m: (x1, x2, y1, y2) = ( x12 +x22, Vi, ¥2)-
Then

n.zk —o. (2.15b)
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Proof. By the theory of Cartesian currents we know that the weak limit of the cur-
rents gvk is of the form G,L_ DT + S where DT is a Borel subset of D such that
ID\ DV| = 0 (see [11, Theorem 2 in Section 4.2.3]). Expression (2.14) follows
from the fact that G,, and S are singular with respect to each other, and furthermore
|Gu| = L%(D), being v = ¢ a constant.

Let us fix € > 0. By (2.13) and the biting Lemma [4] there exists a (not
relabeled) subsequence and a Borel set Ac C D with |A¢| < € such that Dv and
J (vg) are equi-uniformly integrable in LY(D \ Ag; R2), and thus there exist the
limits

Dvyy — G weakly in L' (D\ Ac; szz)’
J() —~d weaklyin L'(D\ Ao).
From [11, Theorem 5 in Section 4.2.3] (see formula (17) for d and (18) for G with
|B| = 2) we find out that G = 0 and d = 0, namely
Dvy — 0  weaklyin L' (D \ Ag; szz)’
J(p) =~ 0  weaklyin L'(D\ A.). (2.16)

Fix now any function ¢ € C2°(D x R?); setting wij = @dx' A dy!, we infer that

Gy L (Ae x Rz)(wij) :./A @(x, v (x)) D5 (vg) j (x)dx (2.17)
=/ @(x, ve(x)) D5 (vg) j (x)dx
P (2.18)
—/ @(x, vi(x)) Dy (ve) j (x)dx,
D\ A¢

tends to

gv(w,-j)—i—S(a)ij)_/ o(x, v(x))D;vj(x)dx:gv(w,-j) L (AE X Rz) + S(a)ij).
D\ A
To let the last term pass to the limit we have here used [11, Propo_sition 1_, Section
1.2.4, page 54]. Arguing similarly for a form w = w;; = @dx' A dx/ and for
w = @dy' Ady’,thanks to the convergence of the Jacobians, we conclude (2.15a).

To prove (2.15b) we check that 1, Z (@) — 0 forallw € DZ(R3) It suffices

to consider the three cases @ = @dp A dy',i =1,2and w = pdy' A dy>. Take
w=pdp Ndy',i =1,2,

ﬁﬁa)zfpoﬁ(x)(| |dx A dy' +| ldx /\dy)
so that, thanks to (2.16),

X; 0(v);

x|

dx — 0.

M:Gy, L ((D\ Ac) x R?)(w) = / pol(x)=L
j=1,27D\Ac
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If we choose w = pdy' A dy* we have

Mfw = @o ﬁ()c)dyl A dyz,
and hence, from (2.16),

M:Gu L (D \ A0) x R?)(w) = / @ o TI(x)J (ve)dx — 0,
D\ Ac

so that (2.15b) follows. ]

Let T be the triangle in R? with vertices o, 8, and y. Let 77 : R? — T be the
orthogonal projection onto the convex set 7.

Lemma 24. Let v € C1 (2 R?). Then A(nr o v) < A®v).

Proof. We observe first that the map 77 o v is Lipschitz, that is of class whoo(Q;
Rz), and its Jacobian determinant satisfies, almost everywhere on €2,

J(mrov) = J(mr)(v)J(v) < J(), (2.19)

the inequality following from the fact that J(wr7) is 1 on T and null elsewhere.
Moreover since 7r7 is a contraction, it holds

dr o [P |Gz owi [P |dGrrovn |’ |dGrr 0w |
+ + +
x| 0x2 X1 0x2
2 2 2 2

_ o(mr ov) o(mr ov) - ﬂ 8_v (220)

0x1] 0x2 | 0x 0x7
_ v 2 avy 2 vy 2 vy 2
e 9x7 ax1 0x2

Putting together (2.19) and (2.20) we conclude. O

Here we state a result which relies on standard techniques in the theory of
minimal surfaces:

Lemma 2.5. Let ¢ : (—/3/2,+/3/2) — Rt be the piecewise affine function de-
fined in (1.14). Let | be an increasing sequence of positive nhumbers such that

li /'1>0 asj— oo, (2.21)

and let R ; be the rectangle (0, 1) x (—+/3/2,/3/2). Let m j be the area of the
minimal surface satisfying problem (1.16) in R j, namely m ; = my;. Then

mj—m; asj—> oo. (2.22)
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Proof. On one hand it holds m; < m, for all j. Indeed, let u ; be the minimizer of
the minimum problem (1.16), i.e.,

V32l
A(uj;R;) =/ / 1+|Vu,-|2dx1dx2 =mj, (2.23)
: _And vV . 4
and let u be the minimizer of the same problem in the domain R; := (0,1) x

(—+/3/2,+/3/2). We easily see that uL (0, 1;) x (—+/3/2,+/3/2) is an immediate
competitor for the problem (1.16) in R ;, and therefore

mj; < A(uj; Rj) < A(u, Rj) < .A(u, R[) =m. (2.24)
We therefore deduce limm ; < m;. Let us prove the opposite inequality. For fixed

J we define the function i ; on the domain R; = (0,1) x (—/3/2,/3/2) as

wj(xi — (L —1;),x2) ifx; e (U —1),1)

2.25
o(x2) otherwise. ( )

uj(xy, x2) =
It is then checked that i ; is an admissible competitor for the problem (1.16) in R,
and moreover
Al Ri) =mj+2(1 —1j). (2.26)
In conclusion we have found
mj+2(1—1;) = A(aj; Ry) < my, (227
and the thesis follows. O

We will consider a suitable sequence {v;} C C'(€2; R?) approaching the triple
junction function u and such that

klim Av; Q) = Au; Q). (2.28)

Notice that if we focus our attention to sequences of Lipschitz functions, the value
of the area functional does not change thanks to the approximability of functions of
class C1(Q2; R?) (see [5, Step 1 of the proof in Section 2]).

3. The problem in 2 = B;(0)

We study the problem of the area functional in the domain Q2 = B;(0), the ball
centered at the origin and with radius R = 1. In the sequel we will denote by
u: Q — {a, B, y} the triple junction function defined in the introduction. Let
{vr} be a sequence of functions in Cl(Q; R?) with vy — u in L' (2; R?) such that
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(2.28) holds true for Q2 = B1(0). In particular we can assume that v converge to
u pointwise a.e. in 2. Thanks to Lemma 2.4, up to replacing vy by 71 o v, it is not
restrictive to assume that vy takes values in T for all k € N. With this assumption
we cannot ensure that vy, is of class C! everywhere, but we can still suppose that it
is of class C! in the set vk_l(f“ ), where T=T1 \ 0T is the interior of 7. We will
prove that

klim A, Q) > L2(Q) +3m = 7 + 3m, (3.1)

with m = m being the value introduced in (1.16).

Geometric setting. Letusdenote by J;,i = 1, 2, 3, the segments of length 1 which
are the jump sets of the function u; specifically J; is the interface between the sets
{u = o} and {u = y}, J; is the interface between {# = B} and {u = «}, and J3 is
the interface between {# = y} and {u = §}.

We will now select three sequences of real numbers 0; € (—7/6,7/6), p; €
(0,1),and §; € (0, 1) with6; — 0, p; — 0,and §; — 0. We first set (identifying
R? with C)

B,‘ = pieeji, A/' = €23ﬂB/, C,' = 64%3‘,‘.

The points B, Aj, and C; are the vertices of equilateral triangles with edge V3p; j
centered at the origin. The numbers 6; and p; > O are then chosen in such a
way that the sequence {v} converges to u at the points B;, A;, and C;, for all
fixed j = 1,2,.... Notice that such a choice is possible since vy converges to
u ae. in . Moreover thanks to the specific choice of 6, it is easy to see that
vk (Bj) — u(Bj) = B, v(A;) — u(Aj) = a,and v (C;) — u(C;) = y, for all
j=12,....

Let l{ and rlj be two parallel halflines starting from the points A; and C;
respectively, perpendicular to the edge A;C;, and contained in the halfplane {x <

0} (see Flgure 3.1). Slmllarly, construct the halflines l’ =e T ’lj i =e T ’r{,

l; =e ¥ ’l’ and r3 =e Fi r2 Up to choosing 6; small enough, we can assume
that these halﬂlnes form a nelghborhood of the three segments J;,i = 1,2, 3.

The halflines /{ and r{ meet 8B;_s,(O) at, say, P(l{) and P(r}). Similarly
are defined the points P(lij ) and P(rij ) for i = 2, 3. Consider the rectangle R} of
vertices P(I{), P(r{),C;.and A;.let R := ¢S 'R} and R? := ¢ 37R2. Let; be
the lentgh of the segment A jP(l{ ). The region enclosed between the lines 1, rg ,
and the circle 9B (Aj) (consider the sector not containing O) is denoted by DJA.
The arc obtained as intersection of the boundary of D]A and 9By, (Aj) is denoted
by c;‘. It is here remarkable that if the number p; is small enough with respect to
d;, then it is easily seen that the sector Dj.* is contained in 2 = B (0O) (actually it
suffices p; < 24;). Similarly Df , cf are obtained by rotating D}“ and C? around O
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Figure 3.1. The domain B;(0O) is decomposed in many sectors where we treat the
graphs of v, in different way.

clockwise of an angle of 277 /3. If the angle is 47 /3 we get D]C and CJC respectively.
We define the set
3 i A B C
Lj:=U;_j0R;Ucj Ucj Uc}.

We will now suitably choose the sequence of real numbers §; > 0. Let us first make
some elementary deductions from (2.28). We observe that there exists a constant
C > 0 such that

>

In particular, by Fubini theorem, it is not restrictive to assume (up to choosing
suitably the numbers 6;, p;, and §;) that for all j = 1,2, ..., there is a constant
C(j) > 0 such that it holds

lim inf /
k—o00 (%: L;

This is a consequence of the Fatou Lemma. Moreover we can also assume that the
functions vy pointwise converge to u H'-a.e. on L ;. Notice that in general the
constant C (j) depends on j.

9 (vk)i
0xp,

dx +/ |J(vp)ldx <C  Vk eN. (3.2)
Q

9 (vk)i
0xp,

dH' + /L | |J<uk>|dH1) <C() VieN. (33
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Summarizing, we choose 6;, p;,and §; in such a way that:

(H1) The functions vy converge to u at the points B, A;,and C;, and at the points
P(ll.J), P(rl.j) fori =1,2,3 and for all fixed j = 1,2,....

(H2) The functions v pointwise converge to u H'-ae. on L j» for all fixed j =
1,2,....

(H3) The functions v; admit a subsequence (depending on j) of functions with

uniform (with respect to k) bounded variation on L ; (as a consequence of
(33))forall j =1,2,....

The set L ; consists of 3 arcs and 12 segments, six of the latters are the long sides
of the rectangles R; whose length is [;, the other six are the short sides of these
rectangles with length +/3p j- Denoting by {L?}}f: | these arcs and segments, we
parametrize each of them by a homomorphism q&;’ :[0,1] — Li’.. Notice that

L 71, pi\O0, 8 \0. (3.4)

We now fix the index j € N. We will pass to the limit as j — oo only in the end of
the proof of our main result (3.1) (see Theorem 3.7 below).

Exploiting hypotheses (H1)-(H3) it is not hard to see that we can extract a
(non-relabeled) subsequence of {vg} such that

(H4) the functions v o ¢,’z converge in L0, 17; ]Rz) , pointwise a.e. on (0, 1), and
pointwise at the points {0, 1},forall 2z = 1, ..., 15, and converge weakly star
in BV ([0, 1]; R?).

From hypothesis (H4) it follows that the image currents (v o q&,’:)ﬁ[[[O, 1] admit
limits in the weak topology [14] in the class of integral 1-currents (and will be
identified with curves in R? with specific endpoints). These will be crucial in the

following discussion. Notice that with this notation, and still denoting by [ f the
segment between A; and P(l lj ) for instance, the current (vg)z[[! 1] ]l coincides with
(v 0 p:[I[0, 111, for some h € {1, ..., 15}.

Remark 3.1. The construction of the sets L; depends on the parameters in (3.4).
In what follows we will keep j fixed, and many objects we are going to define will
depend on j. We will get rid of such dependence only at the end of this section, in
the proof of Theorem 3.7 below.

The current S,i originated from R}. Let us now focus on the rectangle RJI. and let

(x1, x2) be a system of Cartesian coordinates such that R} = (a,b) x (—ﬁpj/Z,

\/§p i/2). We can assume x; represents the distance between the point (x1, x2)
and the segment A;C;. In such a case we have a = 0 and b = [;, with [; be-

ing the length of the part of llj inside the ball Bi_s;(0), hence R;. = (0,1j) x
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(—«/5,04;/2, \/5,0.,-/2). We define, following the idea in [6]2, the map Py : le. —
R3 given by

D (x1, x2) := (m, v (xq, xz)). (3.5)

The image of @ is a surface in R3 which is identified with an integral current
S} € D>(R?). Thus

S = (@0)[[R}]- (3.6)

In a similar way we construct the maps &y : R;. — IR3 and the associated image

currents S,’;, fori = 2, 3. Let us introduce the projection IT : R* — R3 given by
I(x1, x2, y1, y2) = (X1, y1, y2)- (3.7

If we denote by Wy : R? — R? x R? the function Wy := Id x vy : (x1,x2) —
(x1, X2, Vg (X1, X2)) We can write

& =110 Yy, 3.8)

The current S,l € D, (R?) satisfies
St = Mas[R]] = M5 (Gu L (R} x BY)). (3.9)

Now, if T € D,(R*), for any 2-form w € D*(R3) the push-forward of T by IT is
defined as

.7 (0) = T(M"w),

IT%w being the pull-back of w by I1. It is easily seen that [T#w is w itself (can be
identified with it). As a consequence we see that IT; : D, (R* = D,(R?) does not
increase the mass, namely

IS¢ < |gvk|le_><R2~ (3.10)

By definition, the currents S,i have boundaries 8S,‘; = (d>k)t|[8R§.]], i =1,2,3.
Thanks to (H3) and the fact that T3 does not increase the mass, it is easily checked
that the masses of these boundaries are uniformly bounded with respect to k. Let us
consider again the case i = 1 (we will argue similarly for i = 2, 3); the boundary

2 This function, using the terminology introduced in [6,7], is a semicartesian parametrization,
whose role of dimension reduction will be crucial in the following discussion.
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can be split in four parts, each corresponding to one edge of R}. Remembering that

T = (@0:[[0,1)) x {~/3p;/2}], (3.11a)
Ty = (@0)3][0, 1)) x {—+3p;/2}]. (3.11b)
= (@0):[[{0} x (—v3p;/2,v/3p; /D], (3.11c)
Ve = @0:[[{L} x (—3p;/2.43p;/2)]. (3.11d)
(see Figure 3.2). We have
aS =T} —-T, + V! -V, (3.12)
T
-V 4 ™~V

Figure 3.2. The rectangle R1 is depicted with the standard orientation. The push for-

ward of the integration on the edges by @ gives rise to the currents denoted in the
figure.

We then use the compactness theorem for integral currents (see [14]), and letting
k — oo we find an integral current S' € D,(IR?) such that, up to a not relabeled
subsequence,

si— st

(we remark that S' depends on j; not to overburden notation we drop the label j
here). By lower semicontinuity and (3.10), we get

'] = liminf [Guy [ 1 po- (3.13)

The current S ,? on the sector D;f‘. On the sector D;f‘ we consider polar coordinates
(p, 0) centered at A ;. Consider the map : D;.‘ x R? — [0, 1] x R? given by

(p, 6, y1, y2) = (0, y1, 2)-

Let 7 be an integral current in Dz(DA R?), and consider the push-forward by m,

namely I"[ﬁT Writing m 1n euclidean coordinates it is an easy check that the map
I is a contraction and that Hﬁ does not increase the mass of 7 .
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In the spirit of what we have made on the set le. let us now consider the fol-
lowing map Oy : D}f‘ — R3,

i 2 (p,6) = (p, vi(p, 0)). (3.14)
By definition, it is checked that
(@) [ D1 = T1:G,, L (DJA X Rz).
We thus define
S& = (@p):[D}]. (3.15)
Let S4 be a weak limit for (a not-relabeled subsequence of) {§ ,f}, namely
MG, L(D;.‘ x Rz) =S4 54, (3.16)
We emphasize the dependence of S4 on j. Fix € > 0 and let A, be as in Lemma 2.3

with D = D/A, s0 |A¢| < €. We now split the current G, I_(Dj.‘ x R?) = Zlé + 25
where ‘ ‘

Z¥(wapdx® AdyF) = / Aa)a,g(x,vk(x))Mg(ka)(x)dx, 3.17)
AenD;

ZK(wapdx® A dyP) = / Awo,,g(x,uk(x))Mg(ka)(x)dx, (3.18)
A¢nD;

forall w € Dz(Df x R?). By Lemma 2.3 we know that
n,zk —o, (3.19)

so that

f.z* = 1.6, L (Df x RZ) — T, ZF = sp — T, ZF — s4. (3.20)
By lowersemicontinuity we infer

iSA| = l}giogﬂﬁﬂgvk |(D_;‘OA€)><]R = 1}(rg£f|gvk |(D_;‘OA€)><]R2

= l}fggfogvkbfxw - \gvk|(D_;‘mAg)xR2)
< minf|Goc | page = 1M SUP [ Guu | paae) e (321)

= liminf — limsu
o> 00 |gvk|DJ/.*xR2 k_)oop |gvk|(D]A\Ae)><R2

. . 4
< liminf |Gy, | s, g2 — )Df' ‘ e
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The last inequality is due to the fact that |G,, |(D/.*\A )xR2 = |D]A \ Ae| = |D}“| —€.
Jj €
Thus by arbitrariness of € > 0 we conclude

|S4] + ‘D?‘ < liminf |Gy 51, o (322)

Let us now restrict our attention to the boundary of SkA = (d>k)ﬁ[[D]A]] in R3. For
any fixed k, the current

@[]
coincides with the current Tk1 defined in (3.11a). As a consequence, if we set
Shi=58+ 54, (3.23)

A

we infer that the boundary S coincides with the current
1 =2 1 —1 —1 A
3Sk=Tk—|—Vk—Tk—Vk—Ck, (324)
where Vk] , 7,1, and V,lc are defined in (3.11), and C{! and Ti are the currents

= (@0),[A]  Ti= @[] (3.25)

A similar construction as above can be done for the sectors Df and ch. Thus we
are led to define

i = St+ (@) [DF] = st + SE.

¢ =S+ @0:[DF] = 5 + st (3.26)
whose boundaries are, respectively,

t= @[]+ V2 -Ti - Vit

= @[]+ V2 -T; -V, - €. (3.27)

Since by mere observations we have T = (d>k)ﬁ[[r3]] and T = (CIJk)ﬁ|[r1]] (com-
pare (3.11)), we conclude

3
ASL+SE+5H=> (Vi ct—cf —cf.

i=l1
We now aim to pass to the limit as k — oo. Considering the limit of the terms

in (3.24), as a consequence of hypothesis (H4), we can find five Lipschitz curves
(p1)j,(h =1,...,5) defined on the interval I := [0, 1] such that the push-forward
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Figure 3.3. The area obtained by the union of R}. and Dj.‘ is depicted and painted in
grey, with the standard orientation of its boundary. The push forward of the integration
on R ]1 by ®; and on D}“ by CT)k has as sum the current §} , whose boundary is the images
by such maps of the edges of the area, as showed in the figure (see (3.24)). The two

integrations over the traced segment P (/{)A; cancel out, since the orientation of this
segment has opposite sign when seen as part of the boundary of le. and D;‘.

. . .. =2 =1 —1
of the integrations on I by (¢1)y, are the limit currents of T, Vk1 , Ty, Vy,and C,?.

In particular (renaming such curves) we have ¢4 : I — R3 and ¢ : I — R3 such
that

Tr — (pa)ll1.

l (3.28)
T, — —(ec)sl1].

Thanks to the fact that the maps v are converging pointwise on rzj and rlj to o
and y (respectively)’, we again infer from the theory of Cartesian currents that
the currents (¢4):[/] and (¢c):[/] are the graphs over the interval [0, 1] of the
constants « and y, respectively, (possibly) plus an additional vertical part.

As for the case i = 1, we have that all currents on the right-hand side of
(3.27) admit limits as k — oo. Indeed we see that there exists a Lipschitz curve

3 More precisely, referring to hypothesis (H4), such convergence takes place a.e. on the interval
[0, 1].
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¢p : I — R3 such that

@0z ]] = (@p):l 11 (3.29)
Let us first state:
Proposition 3.2. There exist three Lipschitz curves ¢ : I — R3, pp 1 I — R3,

and oc : I — R3 such that (3.28) and (3.29) hold true and for a.e. s € [0, 1] we
have

pa(D) N ({s) x R?) = {(s, @)}, (3.30)
ep(I) N ({s} x R?) = {(s, B)}, (3.31)
oc() N (s} x R?) = {(s, y)}. (3.32)

Proof. The current T,% = (CTDk)ﬁl[rg]] € Dy([0, ;] x R?) is exactly the graph on
[0, ;] of ((vi)1, (vk)2)-

Moreover such functions restricted to [0, /] have equi-uniformly bounded vari-
ations, and are continuous, so that, in particular, their graphs are Cartesian currents
on [0,/;] x R2. Up to re-parametrize these functions on [0, / ;1 we can apply the
structure theorem for Cartesian Currents (see [11, Section 4.2.3]) which asserts that
the limit graph has the form (Id x u):[[0, /1] + NA, with u the limit of vy in
L'([0,1 il R?),and N4 a vertical part which is supported on a singular set § x R2.
Namely, we have

(Id x v)s[[[0. ;] = (d x a)s[[[0,1;]] + N4, (3.33)

where we have denoted the constant map equal to « by the symbol « itself. There-
fore there is a subset I of full measure in [0, ;1 such that N A is concentrated in
([0,11\ IT) x R = § x R?, and on the complement /* x R the limit current is
the integration over the segment [0, /;] X a C R3. The fact that the limit current
can be parametrized by only one path ¢4 = ((¢4)1, (¢4)2) is a consequence of the

fact that for all k the current Ti is the image of the integration over rzj by uniformly

bounded BV functions*. The thesis then follows for ¢4, and a similar argument
applies for gpp and ¢c. U

Regarding the convergence of the other terms in (3.24) and (3.27) we have
proved the following:

4 Equivalently, this is a consequence of the fact that the currents Ti can be parametrized by
uniformly bounded BV maps defined on the same interval [0, 1] (see hypothesis (H4)). We will
see later that the set S is at most countable. This will follow from the fact that N4 is a vertical
1-current with no boundary, see Proposition 3.4.
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Proposition 3.3. There exist integral currents §1,§2,§3 e Dy([0, ;] x R?),
VILV2 V3 € Di({0) x R2), and V' . V-, V", CA, CB, €€ € Di({l;} x R?), such
that?

S~ -5, i=1,23, (3.34)
Vi~ -V, i=123, (3.35)
ViV, i=123 (3.36)
ct—~ct, cE-~cB cf-~cC (3.37)
and
05" = —(@Mell 1]+ V' + (@)l 1]+ V' +C*, (338)
082 = —(pp)all 1]+ V2 + (@)l 1] + V" + C5, (3.39)
053 = —(@O)ll 1]+ V* + (pp)ell 1] +V + CC. (3.40)

Actually, we can say more about the currents ¢4, ¢p, and ¢c. From the proof of
Proposition 3.2 we have found that there is a vertical current N A (see (3.33)) such
that

(p): [T = (Id x a)s[[[0,1;]]] + N4, (3.41a)
and similarly we will have

(pp):l1 = (1d x B):[[0, 1;]] + N*, (3.41b)

(po)elIT = (Id x y)2[[[0, 1;]] + N€. (3.41c)

The currents N4, N8, N€ will be concentrated on a set S x RZ, with S = {s;}ieny C
[0, /;] at most countable. Indeed, using the decomposition theorem for 1-currents
(Theorem 2.1) we conclude that N4 can be decomposed as a countable sum of
closed loops «; : [0, tiA] — {s;} x R? and we might assume, by construction, that
o;(0) =1u; (tiA) = (s;, @). In particular the cardinality of such possible set {s;} is at
most countable. This is summarized in the following:

Proposition 3.4. There is a countable set S = {s;}ien C [0,1;] and a family of
closed curves @; : [0,t*] — {s;} x T, B; : [0,t5] — {s;} x T, 7; : [0,tF] —
{si} x T (we recall that T is the closed triangle with vertices o, B, and y) such that

foralli e N

@;(0) =@, (') = (s;, @), (3.42)
Bi(0) = B,tP) = (si, B), (3.43)
7;00) = 7;(tF) = (si, y), (3.44)

3 The choice of the sign in front of St and V' is just a definition which will turn out to be helpful
in order to simplify some notation in the next section.
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and

(@a)stlIT = (Id x a)[[[0.£;]] + > @ [[[0. *]]]. (3.45)
(pp):l11 = (1d x B):[[0.1;]] + Y _Bo:[[[0. " ]]. (3.46)

(@)l = (d x y)[[[0, ;] + D _@ne[[[0 # ] (347)

We remark that the sum of the lengths of the curves «;, Ei, and y;, is finite, and
therefore up to reparametrization we can choose tl.A, tl.B , tl.B with finite sum.

Finally, from (3.23), by (3.13) and (3.22), we infer

51+ 10| =[]+ [s] + |7

o o (3.48)
< l}ggﬂg”k |R}XR2 + l}glogﬂgvk |D§*><1R2’
and similarly
32+ 02| < imint[Gy o +imind G o G49
[S3]+ |DS| < liminf |Gy, | o o +liminf |G| e o, (3.50)

Triangle current. Consider the triangle T; with vertices A;, Bj, and C;, and let
[7;1 be the current given by integration on T;. Let J : R? — R? be given by

J(y1,y2) = (0, y1, y2).

The map Jy :=Jov, : Tj — R3, induces the current (Jo:IT;1 € D2({0} x R?)
whose total mass is easily seen to be smaller than that of ka inT; x R2, Indeed,
the map J is a natural immersion and preserves the mass, whereas the mass of
(ve)z[T;]1 is given by

fT @0 )ldx < AWe, T = [Gug |7, e (3:51)

Notice here that the inequality is strict since we are integrating only the Jacobian of
v. As for the boundary of (Ji)4[ 7], this is given by the sum of the push-forward
by Ji of the integration over the edges of 7, i.e.,

el A;C [+ e[ C;B; ]+ Ul BijA; -

Going back to the definition of ®; and of Vk1 (see (3.8) and (3.11c)), it is observed
that Jy L A;C; = ®, and similarly for the other indices. In particular we have

AT ] = -V - Vi -V, (3.52)
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Since by hypothesis (H3) the mass of this current is uniformly bounded with respect
to k, we infer the existence of an integral current 7 € D, ({0} x R?) such that

—(: 7] — 7, (3.53)
and thus

71 < timinf |0 [77]] < liminf |Gy g (3:54)

by (3.51). Let us finally study the boundary of 7. From (3.53) we infer
—0(JsIT;1 — 97 and by (3.52), we find that

Vi~ -V fori=1,2,3, (3.55)
AT = V' —V? -3, (3.56)
where V! ,i = 1,2,3,, are given in Proposition 3.3. By construction and again

hypothesis (H4) there exist three Lipschitz paths ¥; : [0, 1] — R2,i =1,2,3,
with

Vi = (i)sl0, 11, (3.57)
U10) =a, Y1) =y =v30), ¥3(1) = =920, vYo(l) =a. (3.58)

Figure 3.4. This is the prism P = (0,/;) x T. On the bottom face {0} x T the three

currents V', i = 1,2, 3, can be seen in grey. The area enclosed by them is the support
of the current 7 .

Remark 3.5. Notice again the choice of signs in front of 7 and V'; this convention
is convenient to simplify notation in the next section. Notice also that with this con-
vention the currents V!, V2, V3 can be written as integration over paths connecting
atoy,ptow,and y to B, respectively.
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Total current. Consider now the currents TS'\,’C fori = 1,2,3 and (Jp)s[7;]. With
(3.24) and (3.52) at disposal, we readly infer that the current

Up = —8p — §2 — 83 — (e[ 7] (3.59)
has boundary
-1 =2 -3
W=V +CE+V, +CE+V +Cf. (3.60)

Moreover, since the maps v take values in the triangle 7', by definition of fS\,’{ and
(JK)¢[[T;1 we find out that each current § ,’( and (J):[[7;] have support in the closure

of the prism P := [0, /;) x T, namely
P:=0,1;]xT. (3.61)

Moreover, by (3.60), dUy is supported in {/;} x T, or, in other words, the currents

U are closed as currents in D ((—o00, /) X R?).
Passing to the limit in k — oo and appealing to Propositions 3.2 and 3.3 we
get:
Proposition 3.6. The current U € D>(R3) given by
U=S'+82+53+17T,
has boundary
= =2 =3
U=V +CA+V +CB+V 4.
Moreover U is supported in P and dU is supported in {l i} x T. In particular U is
a closed current in Dy((—00, 1) x R?).

Key inequality. We can write

A, Q) = |G| g2 = |gvk|D;‘x]R2 + |gvk|Dfo2 + |gvk|DJC><]R2

3
+ Z |gvk|R§,><R2 + |gvk}zjR2 + |gvk|ijR2’

i=1

where E; := B1(0) \ (U?le; UT; U D]*.‘ U Df U DJC), so that, passing to the
liminf and taking into account (3.48)-(3.50) and (3.54), we conclude

Aw, Q) =[S+ [S?| + [S?| + 171+ |D4] + | DF| + | DS | + |1

=[S+ [SH+ S|+ 171+ 7 —|Ej]. (3.62)
We now state our main result:
Theorem 3.7. We have
ST+ 82|+ |83 + 171 = 3my,. (3.63)

From this result we can easily address inequality (3.1). Indeed using (3.4) we infer
E; — 0as j — oo. Inequality (3.1) is then achived from (3.62) if we show that
my; — m) = m. But this is the content of Lemma 2.5.
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4. A symmetrization technique

In this section we construct three symmetrization operators for currents, denoted by
Sa, Sp, and Sc. These are substantially based on a Steiner-type symmetrization
technique, and their role is crucial in order to prove Theorem 3.7. Indeed these
operators satisfy the feature of non-increasing the total mass of their arguments
(see Lemma 4.23). Hence, after suitably applying S4, Sg, and S¢ to the currents

§! s §2, §3, and 7, we will obtain the currents El , Ez, 53, and 7 which will satisfy
S [+ S+ T) < 8]+ 187+ 83 + 171 @

On the other hand, the symmetrization operators have the advantage of decreasing
the mass of the currents N4, N8, and N€ in (3.41) (Lemma 4.23). In particular,
after a suitable combination of applications of S, Sg, and S¢, they vanish. We
then arrive at the currents El, 32, 33, and 7 whose corresponding N A N8B and
NC, are null, and this will be a key ingredient in order to prove that

3my, < (31’ + ‘EQ( + ‘53‘ +[7). 42)
(this last inequality will be addressed in Section 5). The last two inequalities to-
gether prove Theorem 3.7.

In order to introduce the symmetrization operators we first start by setting some
notation. Let us denote by h 4, hp, and hc the heights of the triangle 7' passing
through A = o, B = B, and C = y respectively. We will denote the lines (axes)
obtained prolonging them by s 4, hp, and hc, respectively. We will now construct
an operator Sp which symmetrizes the currents 31, §2, 53, and 7 with respect to
the axis /4 p (and similarly there will be operators relative to C and A).

Suppose for simplicity that the coordinates of @ € R? and y € R? have the
same ordinate (i.e. we choose a coordinate system in R? such that a» = y»). More-
over the coordinates of R? are denoted by (x, y1, y2). Let Pp be the foot of the
height 4 5, namely the intersection between %z and the segment AC. Let [ be the
halfline starting from_Pp and obtained by prolonging the height /g below the seg-
ment AC. Let [} = hg \l5. Let R! ;= [(0,1;) x (a1, y1) x {e2}] be the current
of integration over the rectangle in R3 with vertices (0, &), (0, v), U, v), U, ).
Consider the current B! € D3(R3) obtained as integration over the set

B':=R'x13, 4.3)
i.e. B! := [B']. It is seen that

oB' =LY - LY —H+H+R', 4.4)
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St

I

Figure 4.1. The triangle T with the notation introduced in Section 4.

where
L = [[(0.1j) x {e1} x (=00, )],
LY = [(0.1)) x {y1} x (=00, @),

H = [[{0} x (y1, 1) x (=00, @)],

4.5)

H = [[{l;} x (y1,a1) x (=00, a2)].

Moreover (see (3.11c) and (3.35)), V! + [{0} x (y1, a1) X {aa}] is a closed current
in D1 ({0} x R?) (by convention V! has the orientation in such a way it connects o
to y), so that there is a current W € D, ({0} x R?) with

W = =V' = [{0} x (11, 1) x {aa}].
By Proposition 3.3 and Proposition 3.4 the boundary of the current Slis
98" =— (1d x a)[[[0, 1,1] - Z@')ﬁ[[[o’ ‘iA]]] +V
i

(4.6)
+(d x [0 0] + Y@ [[[0. T + V' + .
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Since (see (3.25) and (3.37)) V' + C4 is supported on {/ j} x R? we have
88" ((—00,1j) x R?)=—(Id x a)[[10, ;1] - Z@‘ [0, ]+ V!
+ (Id x y):[[[0. ;1] + Z(Vi)n[[ 1]

4.7)

Recall that the arcs @; have image in {s;} x T', and are closed. We infer the existence
(see Theorem 2.2) of integral currents Yl.A € Dy({s;} x T) such that

= @):[[0.#']], ieN.

There exist sets with finite perimeter (A,‘)Z and (A;), in {s;} x R2 such that
=Y [ T-> [, ] 48)
h h

Assume also that this decomposition is made of undecomposable components, as
in Theorem 2.1. Accordingly, we set

— Xh: LA T (v~ Z [an; ] (4.9)

Similarly
P =P - (rf) = ; LB - ; (B3] @10
=) - )T =2l - len ] @

Notice that since these components are undecomposable we have, essentially,
(Ai); N (A;), = o for all h, k, and similarly for B and C (by essentially we
mean that the intersection has null 2-measure). Denote

A=A vE=vE =) re
i i i
We define G| € Dy((—o0, ;) x R?) as

G i=S'+vA—yC 4L —LY+W — H. (4.12)

By (4.5) and (4.7) we observe that G is closed (notice that in the last formula
we consider G as a current in (—00, ;) X R? instead of R3, so that we do not

need to add H to make it boundaryless.). Then there exists an integral current
G1 € D3((—00,1;) x R?) with 8G; = G (see, again, Theorem 2.2). The current
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(1,7, 7)

0, o, 1) =

Figure 4.2. In this picture is depicted in grey the surface S, The curve in bold black
is instead V!, whereas the region contained between V! and the segment with vertices
0, @1, ap) and (0, y1, y2) is W!. The rectangle with vertices (0, o1, @), (0, y1, ¥2),
(j, y1,v2),and (I}, oy, a2) is R, while the parallelepiped (with infinite height) below
itis B'. There are labeled the two faces of it, H and LY. The face opposite to H is H,
and the one opposite to L? is L¥. For simplicity we have depicted the simpler case in
which the currents Y and Y4 are null (as a consequence N4 and N8 are null).

G, turns out to be a sort of “subgraph” of the surface Sl (see Figure 4.2). The idea
now is to symmetrize G. To this aim we symmetrize G; by Steiner symmetrization
and we will define the symmetrized of G as the boundary of the obtained set.
More precisely, let us explain this procedure in details. From Theorem 2.1 there are
measurable sets with locally finite perimeter U }: C (—00,1j) x R2 such that

G =Y 6u,]. nef-1.1), (4.13)
h

and for every bounded open set A C (—00, /) X R2 it holds

Gila =) [0Us] -
h

Up to translating the sets Ul.1 in the y; direction ((x, y1, y2) — (x, y1 + ¢, y2)) we
can assume they are all mutually disjoint and with multiplicity +1 or —1 . Then
it is well defined the set Sz(U') obtained by Steiner symmetrization of the set
Ul .=y, U;: with respect to the plane containing [0,/;] x hpg (see [15, Section
14.1] for the definition of Steiner symmetrization and its properties). The new set
Sp(U"') defines a current

S@) = [Ss(UN], (4.14)
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whose boundary satisfies

0850, = Y_|ou}|, =1Gula, (4.15)
J

for every bounded open set A C (—00,/;) X R? (see [15, Section 14.1]). It is
important here to observe that it might happen that the set S(U") is not contained
in the solid L
Q:=B'UP,

(where B! is defined in (4.3) and with P being the prism P = [0, lj) x T),asitis
for the original current G. This is due to the fact that before symmetrizing it, the
current G| might have high multiplicity in Q, while the symmetrization enforces it
to have multiplicity 1. In the case Sp(U') exceeds Q we need to restrict it to O,
and hence we set

S(@G) = [SsgWHNQ].

It is easy to see that, since Q is a convex set, inequality (4.15) still holds true,
namely

10SB(G1D]a < |Gila, (4.16)

for every bounded open set A C (—o0, [;) x RZ.
Definition 4.1. The symmetrization with respect to the 4 p axis of G is

Sg(G1) := 0Sp(G1). (4.17)

Remark 4.2. Let us emphasize that the symmetrization of the current G, obtained
as integration over the symmetrized set S (U!) is well defined and does not depend
on the specific decomposition in (4.13). Indeed it is not difficult to see that Sp (U 1
can be obtained also without the decogposition theorem for currents, in the fol-
lowing way. Consider the plane R x hp, containing the height #g and the edge
[0,1;] x {B} of the prism P. Let (s, 1) be two orthogonal coordinates on this plane,
and let ry ; be the line passing through the point (s, ¢) and orthogonal to R x EB.
By slicing it is possible to consider the 1-current (G, (s, 1)), which represents the
restriction of G to the line r,,. This is uniquely determined for a.e. (s,1) € R2.
Hence we can consider the mass mg,; = 1{G1, (s, 1))| and define the set Sg(U")
symmetric with respect to R x hp in suchAa way that, if r;, is endowed with a
coordinate x such that x =0 atrg; N (R x hpg), then

SpUN Ny = (=554, 5 )

27 2

Remark 4.3. Let us also observe that the presence of the current B! in the defi-
nition of G; (see (4.3) and (4.4)) is not crucial but it is convenient for exposition.
Nevertheless the symmetrization of G is trivial below the plane containing R ',
since it transforms B! into itself. The fact that the symmetrization of G; might have
support exceeding the solid Q can only take place in the upper halfspace R? x l;
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In order to define the symmetrization of the current Sl (introduced in Defini-
tion 4.13 below), we first need to symmetrize the currents Y A and Y€ (whose
symmetrizations are given in Definitions 4.7 and 4.10). To this aim, let us ana-
lyze what happens to the vertical parts of the current G after the symmetrization.
We consider two cases.

Case s; > 0. Lets; € (0,/;) be as in Proposition 3.4, and consider the correspond-
ing decomposition in (4.8). The currents YI.A and YiC satisfy

=Y [oar1-2_"[04, 1. ovc =) [oc1-D [[oC, I .18

Let S'Ls; = S! L({s;} x R?) be the part of the current § gt W1th support in the
plane {s;} x Rz Notice that G L ({s;} x R?) := YA YC + 35! L s;; this is the

part of Gy in {s;} x R2. More precisely, if, as in (4.13),G; = >, Gh[[Uh]],then

GiL (Isi} x R?) : Zaheh[[aUh ({s:} x RH)], 4.19)

where oU hl is the reduced boundary of U, }: and o, is 1 or —1 according to whether
BU,} has external normal vector equal to (1,0, 0) or (—1,0,0), respectively (the
orientation of U ,1 is given by the volume form inherited by its normal unit vector).

Let I and I~ be the sets of indices for which oj, = %1 respectively. Equivalently
(4.19) writes as

GiL ({s:} x R?) := > ou[0U, N ({si} x R)]

hel™ (4.20)
— > of[oU; 0 (Isi} x R
hel~
Accordingly set
GiL ({si) x B = 3" a,[[aU} 0 (1s1) x B?)]. (4.21)
hel*

so that
GiL (Isi} x R?) = G 1L ({s;} x RY) " = Gi L ({si} x R?) .

Now we want to study the boundary of the current Sg(G;) which is concentrated
on the plane {s;} x R2, i.e., the restriction of Sg(G) to such plane. Let (U}f),- =

(Ui \ UM N ({si} x R?).
Definition 4.4. Let E? ; be the Steiner symmetrlzatlon with respect to g of the set
Uh(U h), (seen as a subset of {s;} x R2). Let E; E be the Steiner symmetrization of

the set
<Uh (Ull)l> U ( Uner+ (3U,:) N ({S,’} X RZ)),
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(again considered union of disjoint sets, up to translation) and let I’Z\i_ be the Steiner
symmetrization of the set

(Un (@),) U (Uner- (0U3) 0 (1) x BY)).
Again it might happen that E? , E; EF Ei_ intersect R3 \ 0, so that we set
EY:=E’NQ, E'=E'NnQ, E =E NQ. (4.22)

Observe that E0 E N Q ﬂ T; where T; = {s;} x T. This holds true since
the original currents G1 L ({si} x Rz) have support in the triangle {s;} x T.
Lemma 4.5. It holds

Sp(GL ({si} x R?) = [EF \ E ] - [[E \ Ei"].- (4.23)

In particular
ISE(GDL ({si} x R?)| = |EFAE]|.

Proof. We can always split
G =(G)"+(!)

where (GHT 1= Y, IUIN{x < siPland (GH™ =3, 0;IUIN({x > s; D] Tt
is then easy to see that their boundaries (seen as sets, with a little abuse of notation)

are
a(gi1)+ = (Un Uﬁ)l U (Uh€1+ auULlN ({si} x Rz)),

and similarly
8(6))” = (s U); U (Uner 00 0 (1s1) x BY)).

In particular the symmetrizations of (g )T and (g ), namely SB(Q )T and
Sp (Q’ )~, have boundaries on {s;} x R? given by E+ and E respectively. To

study the symmetrization of g} we consider the sum of SB(gl )T and SB(gl ).
Since their orientations are opposite, the thesis follows just by considering the re-
strictions to Q. O

The positive and negative part of the current Sg(G 1)L ({s;} X R?) are

Se(GTL ({si} x R?) = [[E} \ E/ ]

4.24
Sp(G1) L ({s:} x R} = [E7 \ E']] 9
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/[

A=a | C=7y A=a ' C=y

Figure 4.3. In the picture on the left we have drawn the current G| L_({s;} x R2). The set
colored in dark grey is Uy, (Uh )i » the one in grey is (U; (Uh) ) U(Uh€1+(aUh) N({s;} x
Rz)) whereas the one in black is (U; (Uh) ) JWUper- (8Uh) N({s;} x Rz)) The picture
on the right is the symmetrized set. In particular, the dark grey zone is the set EO the
one in dark grey and black is the set E;, while the one in dark and grey is Ef In this

case we see that F£ l+ contains E; (we have to consider that the grey area overlaps the
black one, i.e. the black area is part of the grey one in this example).

shortly denoted by
N+ _ + % R2
SB(G,)_ SB(G1) L ({si} x 2), 425)
Ss(G})” =Sp(GD L ({si} x R?),
and
Sp(G)L ({si} x R?) = Sp(G}) =Sp(G))" —S5(G})™. (4.26)

At this stage it is convenient to define ¥; = YA YC (YA)WL (YC)+ (YA) +
(ch) (the second equality due to (4.9)); it turns out that

vi =Y [0 - > [0y ]

for suitable sets (Di); and (D;), in {s;} x R2 (notice that by hypothesis of un-
decomposibility it turns out that Uy (Di)hJr and Up(D;),, are essentially disjoint).
Hence we decompose Y in a positive and negative part, namely ¥; = YiJr -y,
where

=> [woi] 4.27)
h

It turns out

il = ¥ = €| = v+ ). 4.28)
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Consider now the currents ]:;“, F; € Dy({si} x R?) given by

FE =G (s} x RY)S — v, (4.29)

l
where we employed the notation (4.21). Note that
Fr—F =G L(Isi} x R?) — ¥,.

Decomposing ]:l.i in undecomposable components, we find two families of sets
(Z})p and (Z; ), such that

Fr=Yalz)] F=Yal@)] ac-1n @0
h h

We are then led to define:

Definition 4.6. The set ff is the Steiner symmetrization with respect to g of the

set .
(Vs Up); Jun(2),

(again considered as union of disjoint sets in {s;} x R2, up to translation) and fi_
is the Steiner symmetrization of the set

(Uh UI%),' Uuh(zi_)h'

We consider their restrictions to Q, and, since also in this case J; have supports in
T;, such restrictions coincide with

Fr=F'nT, F :=F NT,.

The symmetrizations of the currents Y iA and Yl-C are then defined as follows:

Definition 4.7. Let I, be the halfplane in R? bounded by the axis 7"1\3 and contain-
ing . Let I, be the complementary halfplane. We define

Se(Y):=[[Ef N |-[[E7 nHo]|-[F" N +[F NI]., 431
-Sg(¥©):=[Ef nm, -[[E; n1, ]| -[FF nI, J+[F NI, ]. (432

It is also convenient to define Sg(Y;) = SB(YiA) — SB(YI.C) = SB(YI.J“) —Sp(¥;")
with
Ss(¥) = [E7] - [F7]

First, by definition, it turns out that the currents S (YiA) and Sg (Yic) are supported
on disjoint sets. Therefore

[Sa(r/) — S5(rE)| = [5(r)| + |8 (r)]
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Moreover, we have the following:

Lemma 4.8. The currents Sg(Y) and Sg(YF) satisfy
S5(r)| +[8 ()| =8 (1) =S (r)| < ¥ =¥ | < [ +]7€]. 433
Proof. By writing
[£5] - 077D = (&5 \ 75D - [0\ £
we infer
Sp(r)=Ss(v)=[EN\F T -[F \E ] - [E-NF T +[F\VET]
Now, since |Y;"| + |¥;"| = [Y/A — YC| (by hypothesis on the decomposition), the
thesis will be proved if we show that
B\ FA - TF BT < 1 (434)
[e- \F ] -[F \ET] < v (4.35)
To see the first inequality (the second is similar) we argue by slicing, considering

sections of the currents G;r = GL({si} x RZ)+ and (F;)* at {y, = t}. First
observe that the mass

+00
[[E"NFT] = DR\ E]| = [EFAFT =/ (EFAFT) N (2 = 1],

and then that |(E;" AF;") N {y2 = 1} < [(E AF,") N {y2 = 1}|. Moreover, at fixed
t it follows, by Definitions 4.4 and 4.6, that [(E;" AF,") N {y, = t}| = |[(G], 1)| —
|(.7:l.+, t)|| (here we use that the decompositions in (4.13) and (4.30) are made of

undecomposable components; see also Remark 4.2), and hence |(El.+AF i+) N{y, =
) < NG, )| = FF, 0)l]l < UG —FF, 1) = {¥;", 1)|. Therefore we conclude

400
LA -TE e = [ e <) @)
O

Case s; = 0. In this case we define the sets Eg, ’E\()*, Ea, E8, Ear, E as in Defini-

tion 4.4. First let us observe that the component G L ({0} x ]Rz)i is null together
with the sets (U})o (see (4.21)). As a consequence the sets Eg, Ear , E8, and EO+ ,

are all empty. In this case we need a different definition for the symmetrization of
Y& = YAL ({0} x R?) and Y = YCL ({0} x R?). As before, we define

Yo=Y - Y.
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B=p

A=« C=y A=« | C=y

Figure 4.4. The figure on the left represents the two currents YiA and YiC. On the right,

referring also to Figure 4.3, the two sets F,.Jr and F; are depicted; the first one is the
union of all the colored area (grey, that overlaps the black one, and dark grey) whereas
F;” is the union of the dark grey and black areas. These areas are a bit bigger than the
correslg)onding in Figure 4.3, their difference will give rise to the symmetrized currents
Sg(Y4) and Sp(Y©).

Then, in place of (4.29), we define
—Fy i==GiL ({0} x R?) ™ - Y. (4.37)
Decomposing F;" in undecomposable components we find

Fo = 0ul(Zoul 6 € {~1,1},
h

and therefore we arrive at:

Definition 4.9. The set E)_ is the Steiner symmetrization with respect to g of the

set Up(Zo) (again considered as union of disjoint sets in {0} x R?). We consider
its restriction to Q, o
Fy :=F, NnQ.

We can now introduce the symmetrizations of the currents YOA and YOC:
Definition 4.10. We define

Se(Yg') := —[Ey NTa] + [Fy N ] (4.38)
—Sp(Y§) :=—[[E; NI, ]| + [F, n 1L, . (4.39)

We also set Sg(Yp) = Sp(¥") — Sp(¥E) so that

Sg(Yo) :== —[[Ey | + [Fy ]
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Lemma 4.11. The currents Sg(Y3") and Sp(Y{) satisfy
S(v") |+ |88(46) | = [Sa(¥6) =Ss (§) | < v Y& | < ¥ +]¥5 |- @440y
Proof. As in Lemma 4.8 we infer
Sp(¥g") = Ss(¥g) = =[Eg \ Fo 1+ [Fo \Eq ]
Then we will prove that
[E0 \ Fo I = [F5 \ Eq I = 1%l (441)

Yo = Yé“ — YOC. Also in this case we proceed by slicing considering sections of the
currents

(G)" =G IL({0}xR?)™ and F; at {y=t}

We then conclude as in the proof of Lemma 4.8 by observing that
+o00
Les\f 1= DR \E DI = |Esafy | = [ I(E sR) N2 =n]ar
—00

and using the inequality [(E, AF,) N {y; = t}| < ||((G(1))_,t)| - (Fy .0l <

(G~ = Fy . 1) = [(Yo. 1)]. O

We now define the symmetrization of the current V. We recall that this is the
current in D> ({0} x R?) such that W, = —V!' — [{0} x (a1, 1) x {@2}]. There
exist sets W, C {0} x R? with

Wi—H=> 0,[Wil 6e{-11}.
h
Definition 4.12. The Steiner symmetrization of U, W), with respect to the axis iz\B
is the set Sp(W)), and its intersection with Qy := Q N ({0} x R?) is denoted by
Sg(W;). We define the current
SgWh) == —[Sp(W)] + H,

where, by convention, the set Sp(W)) is oriented by the unit vector (1,0, 0). We
define

S(V') = =10} x (@1, »1) x (a2}l — 3Sp(WV)). (4.42)
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It turns out that
ISV < IMLI. (4.43)

Notice that such inequality will be an equality if the symmetrization of Uy W), is
already enclosed in Q. Moreover it is observed that Sg(V;) coincides with the
restriction of Sz (W) to the halfplane {0} x R x [ ;f. Hence by the property of the
Steiner symmetrization it follows that

Ss(V!)| =

(it is straightforward that, in addition, such inequality is strict if the symmetrization

of Uy, W), exceeds the set EO, since the left-hand side becomes even smaller after the

intersection). Finally, observe that S (V1) will have supportin Tp = TN({0} x R?).
We are now in position to define the symmetrization of the current S St

(4.44)

Definition 4.13. The symmetrization of the current § S with respect to the axis hB
is the current SB(S ) € Dy((—00, 1)) x R2) defined as

Sp(S!) :=Sp(G1) —Sp(Y*) +Sp(YC) = L* + LY + H —Sp(Wy). (445)
Since Sg(G1) is closed it turns out that

9Sp(S") = —8Sp(r*) +8Sp(rC) — (1d x @) [[[0. 1;]]

1 (4.46)
+ (Id x y)q[[[0. 1;]] + Sa (V).

We now prove the crucial result:

Theorem 4.14. It holds
s <51

Proof. We first decompose Sp (S 1) as

Se(S) +ZSB L ({si} x R?),

where {s;} C [0, 1;) is the countable set such that for all s; the current
Sg (S YL ({si) x ]Rz) is not negligible. The complementary current is Sp(LY).

Roughly speaking, S(L!) is the lateral part of the current Sg(S ). It is easy to
see, by the definition of the Steiner symmetrization, that the symmetrization S (U)
of a set U does not increase the mass of both the lateral part of the set, and its com-
plementary part (3U N {s;} x R?). Moreover intersecting Sg(U) with the solid Q
gives rise to a still smaller lateral part. In particular we infer

s5(2)| = 12!, (447)
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so that to conclude the proof we have to show that for all sections {s;} x R? it turns
out

[S5(S)|L (151} x B?) = [31]L (151} x B?). (4.48)
We distinguish the cases s; = 0 and s; # 0. In the previous one we have
S(SY)L({0) x R?) = —Sp(GY) ™ —Sp(Yo) —SgW') + H, (449
(indeed in this case Sg (G )T = 0) whereas in the latter

Se(SY)L ({s:) x R?) = Sp(G))" —Ss(G})™ —Sp(¥y) +Sp(¥y), (4.50)

(recall notation (4.25)). Let us treat the first case. We establish (4.48) arguing
by slicing, as in the proof of Lemma 4.8, namely restricting to every section of this
currents at {0} x Rx {¢},7 > ay (since the currents involved are mtegratlon over sets,
this argument can be reduced to Fubini theorem). Recall that S 'L ({0} x R?) =
—(GO)_ — Yo — W) + H,so that, by (4.43),fort > a»,

(8T (103 x B).) = [[{(GE)™ + ¥or. )] = Wi 1)| 451)
=||F o2 =0]-Bewnniz=n||.

Here we have used Sp(W)), the set obtained by Steiner symmetrization of Uy, W),
without intersection with Qg (see Definition 4.12). Notice that, by definition of
Steiner symmetrization with respect to 4 g, and taking into account that the edge of

To has length \/5 , it turns out that
|Fo Ny =1} = T(|fcf N{y2 = 1}]),
ISe(W1) N {y2 =1} = =(|[Se(W1) N {y2 = 1}]),

where 7(x) = min{|x]|, [(¢)}, with [(#) = 3/2 — t be the width of the triangle T at
height ¢. Since 7 is Lipschitz continuous with constant 1, from (4.51) it follows that

(4.52)

(S'L(0)x B).0)| = [|[Fy Nz =1} = [SsWD N2 =1)]]. 453)

On the other hand, recalling that —SB(G(I))_ = —[E, 1 and —Sp(Yo) = —[[F, 1+
[E, 1, from (4.49) we infer

(S8(SHL(10) x B, 1) = —([F5 1) = SsOV).), (454)

and, since for every ¢ > a it holds (F,” N {y> = t}) C (SpgW1) N {y2 =1}) (or
viceversa), we conclude

‘(SB(§‘)L({0} x RZ),t)‘ = ||Fy {2 =1} = [Ss(W) N {32 =1}]|.



OPTIMAL ESTIMATES FOR THE TRIPLE JUNCTION FUNCTION 535

Combining this with (4.53) and integrating over ¢ > ay we get (4.48) for s; = 0.

Let us now treat the case s; # 0. Starting from (4.50) and taking into account
that Sp(G}) = Sp(GH'* = Sp(GH)™ = [E;" ] - [E; T and Sp(Y;) = Sp(¥;") —
Sp(Y;) = [E;" 1 —[F"1 — [E; 1+ [F; 1 we obtain

‘(SB(E )L ({si} x R?) |—| [EFD ) = ([F7 . )= |(FTAF) Ny, = 1}].
This is less than or equal to

(7 = ool = |31 (1) < R2). )

by (4.12) and (4.29). Integrating over ¢ > o we conclude (4.48). L]

We are going to define the symmetrizations of the currents S S2and S3. We
proceed as for S St ,and we replace G defined in (4.12) by G1 given by

~

G =-82-8 ¥ 4+Y +L*—L" + W, — H, (4.55)

that is closed in D;((—o00, ;) x R?) as well. Here V~V1 is a current in D, ({0} x R?)
such that _
W =V + V7 — {0} x (y1, 1) x faa}]l.

Defining 51 € D3((—o0, 1)) x R?) with 851 = 61, we are again led to write, as
for (4.13),

=Y o[O3, 6nef-1.1} (4.56)
h

for some Borel sets U hl c[0,1) x R? with local finite perimeter such that

[Gila= 210031,

h

for any bounded open set A C (—00, /) x R?. The symmetrization of 5 ! namely

Sg (g ), is then deﬁned as for Sg (g ), the Steiner symmetrization of the union of
the (disjoint) sets U} , » and then restricting it to Q. Therefore:

Definition 4.15. The symmetrization with respect to the g axis of Gy is
Sp(G1) := 3S5(G1). (4.57)

As for Wy, we first symmetrize VTA. We find sets VT/h C {0} x R? such that

—H = Zeh[[ﬁ/h]].
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Definition 4.16. The Steiner symmetrization of Uy, Wh with respect to the axis h B
and restricted to Qy is denoted by Sp(W)) (again {Wh}h are considered mutually
disjoint). We define the current

Sp(W) := —[[Ss(W1)] + H.
Moreover we set
J =Sp(V?+ V) := [0} x (71, 01) x {2}l + 0S5 (W).
It turns out that

‘SB(WI)‘ < \17\71 ,

(4.58)

with strict inequality if the symmetrization of Uy Wh exceeds Q (also in this case
it is easily observed that Sz(WV)) has support in Tp). In order to define Sg(V?)
and Sp(V?) we still need some preliminary. The current J is supported on a 1-set
that is symmetric with respect to &g and has boundary 8, — &, . In particular the
restriction of J to the halfplane I1*, namely J, , has boundary 8o+, 8p,—) _;, 80,
with {Pp,}; and {Qy}, a sequence of points on 4 g (and similarly J,, has boundary
—> 8P, + D480, — 8,). Let rp be the (unique) I-current supported on hp
with boundary — )", 8p, + >, 80, — g, and let us denote by zp its support (see
Figure 4.5). Therefore

2B B

Figure 4.5. In this picture is depicted the bottom face {0} x T of the prism P =
(0,1j) x T. On the left are drawn in red the three currents V', i = 1,2, 3, before
applying the operator Sg. The picture of the right represents the same currents after the
symmetrization; on the two segments denoted by zp C hp the two currents Sg(V?) and
Sp(V?) overlap, and thus cancel each other. The set zp is the support of the current
(see Definition 4.17).

Definition 4.17. The currents Sg(V?) and Sg(V?) are defined as

Sg(V?) i=Jo +rg,  Sp(V?):=J, —r5. (4.59)
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Notice that
0Sg(W1) = Sp(V?) + Sa(V?) — IO} x (@1, 1) x {aa}l. (4.60)
It can be proved that
ISe(V2)| + [Ss(V3)| < [Vs| + | V2l 4.61)

This will be addressed in Lemma 4.23 below.
Set K =52 + S S3. Let us recall that

OKL((—00.1j) x R?) = (1d x a);[[[0. 1,]] + 9"
—(Id x y)[[[0.1;]] — aYC + V2 + V7.

(4.62)

In the spirit of Definition 4.13 we are led to:

Definition 4.18. The symmetrization of the current K = $2 4+ 53 with respect to
the axis 7z, p 1s defined as

Sg(K) =Sp(S?+83) := —=Sp(G1) +Sp(Y*) — Sp(r°)

) _ (4.63)
+ LY =L +Sp(W) —

The current Sp(K) is symmetric with respect to & p and contained in P,in partic-
ular it is an integral current Sp(K) = {Kg, 7,0} where the rectifiable set Ky is
symmetric with respect to n, . Therefore let Kg = K¢ U K ¥ with K § =KsNEq,

KV KS NE,,where B, =R x I, (E, =R x Hy) is the halfspace bounded

by R x h. p and containing « (y respectively). Notice that, by symmetry, the com-
ponent of the current Sg(K) on the plane R x h g is null. The currents Sg(K,) and
Sp(K,) are then defined as

Sp(Ky) :=Sp(K)LKY,  Sp(K,) :=Sg(K)L K. (4.64)
By (4.63) it s casily seen that
9S8 (K)L ((—o0. ;) xR?) =(1d x @) [[0. 1,]]+3Sa (Y *) (1 x y):[[[0.1,]]
—Sp(8Y°) +Sp(V?) +Sp(V?),
and therefore
955K (= 00.1;) x R?) = (1d x a);[[[0. ;] - 3Ss (")
= Wp:[[[0. 1]] + 85 (V7).

where g is a parametrization of the set Sp(K) N ([0,;) x hp), t > 0 (more
precisely, ¥g might be a countable sum of disjoint curves; this is not an issue, and

(4.65)
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for simplicity of exposition, in what follows we will still denote by 14 the sum of
these currents®). Let Ko be the 2-current in D»((0, / j) X hg) with boundary

9Ko = (¥p)sll10, 111 — (Id x B)3[[[0.1;]]-

(That is, the integration over the stripe enclosed between the set ¥5((0, 7)) and the
line (0,7;) x {B}). Notice that by definition K¢ will be the integration over a set
and hence is an integral current with multiplicity 1. This will be important to prove
Theorem 4.20 below.

Definition 4.19. We set
Sg(S?) =Sp(Ka) + Ko, Ss(S?) =Ss(K,) — Ko.

Eventually, we define
S A(Y B) =0.

In such a way it holds

955(S2)L(( - 00.1;) x R?) = (1d x a);[[[0. ;] + 88w (¥*)
— (Id x B)4[[[0, 1,11 + Sp(V?).
9S8 (S2)L ((—00.1;) x B?) = (1d x B):[[[0. 1,]] (4.66)
— d x y)[[[0.1;]]
—3Sp(YC) +S5(V?).
Theorem 4.20. It holds
5(52)| +[85(5%)] = 32+ [57). 4.67)

Proof. In the case that (¥):[[[0, 1] = (Id x B):[I0, [;]1, namely Ko = O, the
thesis easily follows arguing as for Theorem 4.14. Then we have to treat the case
Ko # 0. In this case, following the lines of the proof of Theorem 4.14, we first
infer

S5(S2+5%)] = [$2457 (4.68)

Let us identify Ko with its support set; by construction Sg (Ql) is null in Ko x R?,
and since Sp (gl) L (Ko x R?) corresponds to the symmetrization of Ql on Ko xR,
it follows that 91 is null in the set Ky x R (recall that here R denotes the line

6 If there is a unique parametrization, let us emphasize that such curve might be non-injective
and might cross two times, with opposite directions, a segment; this might happen if the set
Sp(K) N ([0,1;) x hp) is not connected.
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orthogonal to the plane containing [0, /) x h ). In particular it follows that the two
currents S 2 and S 3 have null sum in this set, that is

S2L(Kg xR) = —S3L (Ko x R). (4.69)

Now, by (4.68), writing
S5(5%)| + [58(37)|=[S5(32+3%)| +21Ko| = [32 +5°| +21Kol, @.70)
it remains to prove that

1Kol < |S =[S @.71)

2|K0><R 3|K0><R'

Indeed thanks to (4.69), from (4.71) we infer
|§2 +§3| + |§2|K0XR| + ’§3}KQXR = |§2 K§xR + |§3|K(‘;xR + |§2|K0><R

8 gy = [57] 4 [5°

’

that with (4.70) addresses the result. The claim (4.71) follows by an argument of
slicing: for s € (0, [;) let us denote by o (s) the length of the intersection between

Ko and the plane {s} x R?, namely
o(s) = H! (Ko N ({s) x R2)> , 4.72)

then it holds,

[

~ iy my i B
|S?L (Ko x R)| > (SPL (Ko x R), s)|ds > | o(s)ds = |Kol.
0 0

(Observe that the projection of the support of (S 2L (Ko x R), s) onto &1 coincides
with Ko N ({s} x R?) for H'-ae. s € (0, lj))7. The last equality follows since K
has multiplicity 1. U

Finally we define the symmetrization of the current T . Recalling Definitions
4.12 and 4.16 of Sg(W)) and Sg(W)), we set:
Definition 4.21. The symmetrization of the current 7 € D, ({0} xIR?) is the current
Sg(T) € D> ({0} x R?) defined as

Sp(T) := SgW) — Sp(W). (4.73)

7 This is a consequence of the Constancy Lemma and (4.62). Indeed, roughly speaking, for a.e.
s € (0,1;) the slice (§2,s) is a curve connecting f to «, and hence its projection onto kg is
surjective.
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From (4.42) and (4.60) it follows
3Sp(T) = —Sp(V') — Sp(V?) — Sp(V?). 4.74)
Moreover we can prove:
Proposition 4.22. It holds
ISe(D)| = |71 (4.75)

Proof. We employ a simple argument of slicing, as in the proof of Theorem 4.14.
Let t € R, and consider the section line {0} x R x {y, = t}. First we observe that
T =W — W), so that for all € R we have

(T, 01 = W1, 01 = (W, )] (4.76)
By Definition 4.12 and 4.16 we have

|[Ss(W1) N {y2 = t}| = [Sp(W1) N {y2 = 1}]|
= |(SB(W1)ASB(W1)) N{y2 =t}
=|[8s0M) = S5 (W), 1)| = 1(S5(D). 1),

where we have used that (Sg(W)N{y, =t}) C (Sp (W, YN{y> = t}) (or viceversa).
This, together with (4.76), and integrated over R gives (4.75) since

ISp(W1) N {y2 =1} = [Sp(W1) N {y2 = 1}|

~l
=|e(SsW) N 12 = 1)) = 7(Sp(W1) N 2 = 1) = l0W, 01 = [P, 1)

(recall that §B(W1) and gg(VTﬁ) are the symmetrizations of the sets {Wj}, and
{Wh}n before intersecting with Q; then we employ the same argument in
(4.52)). O

We finally observe that the current
Sp(T) +Sp(8") +S5(52) +5:(53).
is closed in D, ((—o00, ;) x R?). This follows from (4.46), (4.66), and (4.74).

Let us collect some crucial observations about the symmetrization operator,
summarized in the following lemma.
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Lemma 4.23. The symmetrization operator Sg enjoys the following features:

(a) It holds
S5 ()| +[sa(r€)| = [r] +]r€].

whereas
[s5(r?)| =0,

Moreover, by definition, ISE(Y4)| = |Sp(Y©)|;
(b) The currents Sg(S"),i = 1,2, 3, satisfy

955(S") L ((—o00.1j) xR?) == (1d x a);[[[0. ;] — Sp(0¥*)
+Idxy):[[[0.;]] +SB(3YC) +Sp(V").
9S8 (S2)L ((—o0. 1) xB?) =(1d x a);[[[0. ,]] + S (aY*)
— (d x B)[[[0, 1;]] + S (V?),
988(S?) L ((—o00. 1;) xR?) =(1d x B [[[0. ;] - Su(aY°)
— (1d x p)[[[0, 1;]] + S (V?);
(¢) The current Sg(7T) satisfies
3Sp(T) = —Sp(V') — Sp(V?) —Sp(V?), 4.77)
and
Ss(WDI =V S+ 18507 = VA + V0 @78)
(d) We have
ISB(D)| + [Sp(S")| + [Ss(5?)] +[Sa(S?)|
<71+ 81+ 57 + |57, @7

Proof. Statement (a) is given by Lemma 4.8 and by definition of S 3(YB). Item (b)
follows from (4.46) and (4.66). The first equation in (c) is (4.74). Let us demon-
strate the second equation in (4.78) (the first inequality is (4.44)). The argument
is very similar to the one employed in the proof of Theorem 4.20; let us sketch it.
Recalling Definition 4.17, we want to prove that

[T+ 21zl < [V + V| = V2
+ V3 + |V

Ry T |V2|Rx(h3\z3)

(4.80)

|R><ZB |RX(/’£B\ZB)’

where zp is the support set of the current r 5 (see Figure 4.5). Now, by Steiner sym-
metrization it is easily seen that |J| < [V2|rx(ip\z5) + |V IRx (hp\25)» Whereas the
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proof that |z5| < |V?|rx, follows by noticing that z is exactly the projection on
h p of the support of V2| (R x zp), that is onto on z since V2 is an arc connecting
o to B.

Finally, we achieve (d) just gathering together (4.75) with Theorems 4.14 and
4.20. O

The operators Sy and Sc are the symmetrizations with respect to the plane
R x hy and R x h¢, respectively, constructed like Sp switching the role of A, B,
and C, accordingly.

5. Proof of Theorem 3.7

We are now ready to prove Theorem 3.7. Our strategy will be to apply repeatedly
the symmetrization operators to the currents S* and 7. We proceed as follows: we
define S :=S4 0 Sg o S¢ and set

(89, :=SK")., i=123,
T :=SK(T),
for every k € N. We will prove the following:

Proposition 5.1. There exists integral currents Ei, T € Dy((—o00,1 j) X R2) such

that
(), =5 fori=1,2,3,
Te—~T, (5.1)
and
‘§1| * ‘Ez‘ + ’ﬂ +[7] < )(/S\l)k‘ + ‘(gz)k’ + ‘(§3)k‘ T, (52

for all k € N. Moreover 3! +§2+§3 +T is a closed current in D ((—o0, lj)x R?),
and

05" L ((0.1)) x R?) == (1d x a);[[[0. ;] + (1 x vy [[0.4;]]]
05" L ((0.1)) x B?) =(1d x ay;[[0. ;][ = (1 x By [[[0. 1] (5.3)
05" L ((0.1)) x B?) =(1d x P [[[0. ;][ = (1d x P[0, 1]
Remark 5.2. Notice that after one application of S nothing ensures us that the cur-
rents N4, N8B and NC vanish. This is because every application of a symmetriza-

tion operator reduces their mass but not necessarily nullify it. For these reason we
will need to apply S infinite times.
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Proof. The weak convergences (5.1) entail

’§1‘+‘§2‘+‘§3‘+|T|<11m1nf )+‘ )k‘+’(§3)k‘+|7k|, (5.4)

k— 00

and Lemma 4.23 (d) implies that the sequence on the right-hand side is nonincreas-
ing, so that for all z € N we have

timinf ((S1),H(S2)[+(87), [+ 1T ) < |(81),+1(52), | +1(5%), [+l

and inequality (5.2) follows. Let us prove (5.1). We first focus on the currents Y,
Y8, and Y. Owing to Lemma 4.23 (a) it is easy to prove that after an application
of S we have

[5(r4)] + [s(r®)| + [s(v€)| < (\YA|+|YB|+|YC|)

Thus by induction we get

[S*(r )|+ [s* ()| + [st (v€) | = 4ik(|YA|+|YB|+|YC|).
In particular
Sk(ra) — 0, Skyp) -0, Skre) —o. (5.5)
Let us set
Bl = (81), +84(r") - s4(rq).
PZ:=(8%), +SH(¥B) —sk(r4), (5.6)
P} = (8%), +SH(¥€) — sk (¥5);

from Lemma 4.23 (b) we infer that

AP L (( —00,1}) x Rz) — (1d x a)[[[0, 1,

(5.7)
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Since SF(V') have uniformly bounded masses by Lemma 4.23 (c), thanks to (4.79)

as well, we find limit integral currents s = Dy ((—00,1j) x IR2) such that, up to
subsequences,

(P =S fori=1,23,
T — 7.

Thanks to (5.5) and (5.6) we infer (5.1). The fact that ' + 5 + 3 +7 is a closed
current in Dy ((—00, /) x R?) follows from the fact that (S 1)+ (S ?)k + (S 3 + 7%

is closed for all k and tends to S' + S~ + S~ + 7 . Finally (5.3) follows from (5.7)
passing to the limit. O

The currents Ei, T € Dy((—00, 1 j) X IR?) satisfy the following properties:
(i) The integral current T is supported in {0} x T and has boundary
oT=-V -V -V
There exist three Lipschitz functions ¥; : [0, 1] — T,i = 1, 2, 3, such that

Vi= W00, D] i=1,2,3,
vi0) =a, Y1() =y =v30), ¥3(1) =g =1420), v(l) =c.

Moreover there is a constant C > 0 such that
3
Yol (5.8)
i=1

(i1) The three currents gi i =1, 2,3 are integral and satisfy
05" = — (1d x ) [[[0.,;]] + (d x »[[0.;,]] +V'. 5.9
05" =(1d x a):[[[0.1;]] = (d x py:[[0. ;]| + V', (5.10)
05" =(1d x p):[[[0.;]] - td x v)[[0. ;]| + V. .11

We can write down an additional condition, which however is a consequence of (i)
and (i1):

(i) The current U := El +§2 +§3 +7 is aclosed current in D, ((—o0, 1) x R2).

We then are led to the following minimum problem

min {|$"|+]5%[+[$3|+171 : 8 G =1,2,3), and T satisty () and Gid)}. (5.12)
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The existence of a minimizer follows from the Compactness theorem for integral
currents. Let (S!, $2, 3, 7) be a minimizer. Of course, thanks to (5.2) for k = 0
and the definition of (S', $2, $3, 7) we have

SIS+ 183 + 1T = 1S + 1S? + 1S3 + 7).

Therefore if we prove that (S 182 83, 7) satisfies (3.63) then the proof of Theorem
3.7 is complete. To this aim we will first prove three preliminary results. We begin
with some geometric definitions. The triangle T with vertices «, 8, and y, can be
seen as the union of the three triangles 7;, i = 1, 2, 3, where 77 has vertices «,
y and O, T, has vertices «, 8, and O, while T3 has vertices 8, y, and O. The
prism P = (0,1;) x T can be seen as the union of the three prisms Py, P, and Ps,
given by P; = (0,/;) x T;,i = 1,2, 3. Let us recall that R, R, and R3 are the
rectangles with edges oy x (0, [;), Ba x (0, lj),and B x (0, [}), respectively (see
Figure 5.1).

©,7

Figure 5.1. This figure represents the geometric setting introduced before Proposition
5.3. The prism P is the union of the three prisms P; with base 7;,i = 1,2,3. The
lateral surface of the prism P is made of three rectangles R;,i = 1, 2, 3. For instance,
the rectangle R is the one with vertices (0, ), (0, ¥), ({;, ¥),and (/;, ).

Proposition 5.3. There is a minimizer (S', $2, 83, T) of the minimum problem
(5.12) such that the currents S', i = 1,2, 3, are the graphs of Cartesian maps on
Dr(RP x R),i = 1,2, 3. Namely, there are functions u; € BV(R'; R),i =1,2,3
such that

S'=Id xup):[Rill, |S'L(R' x B)| = A(u;; Ry), (5.13)
fori=1,2,3.

Proof. We will use the fact that, by the minimality assumption of (Sh, §2, 83, 1),
if we apply a symmetrization operator to these currents, their total mass cannot
strictly decrease. We proceed in three steps.
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Step 1. We consider lines in R which are orthogonal to the s-axis and to the height
hp (i.e., parallel to the yi-axis). These lines are ry ; := {s} x R x {t} with s € [0, /;]
and t € (ag, B2) (recall we choose the system (y1, y2) is such a way that ay = y»).
Let us identify the current S’ with its support set. We claim that

HZ({(s,t) € (0,1;) x (o2, Bo) : 8{S" N7} > 1 for somei=2,3}>=0. (5.14)
First notice that for both i = 2, 3 it holds
#{S" Nry} = 1for H? —ae. (s, 1). (5.15)

To see (5.14) we argue by contradiction, and denoting by A the set in (5.14),
suppose H2(A) > 0. Let (jl be the current in D3((0,1;) x R?) with boundary
S24+ 83+ R (we are neglecting the boundaries in {0} x T’ 1f we look at 2+ S34+R!
as currents in (0, /) x R2). We identify Q’l with its support set (which coincides
with the area enclosed between the surfaces S2, $3,and R'). Define

Cx = {(s, 1) € 0,1) x (a2, B2) : H' (r N G1) > 0}

and C$ := ((0,1)) x (a2, B2)) Ck?8. By definition of Sz(S?) it is seen that the
K y

operator Sg transforms S> N (Ck x R) into Sp(d Ql) N K, (see Definition 4.18) and
sends S2 N (C% x R) into Ko (see Definition 4.19); similarly for S-. 3. IFH2(A) > 0

then either HZ(A NC%) > 0or H2(ANCk) > 0. Let us treat the two cases
separately:

(1) (Case H*(A N C¢ %) > 0) suppose that (5.14) takes place in C% and for the
indexi = 2, namely

H2 ({50 € (0.1)) x @2, B N Cx 1 2{$2 N7} > 1]) = 0.

Since both the sets $2 N (C % x R) and s3n( % x R) are transformed into Ko
by Sg, we can write

57 +|s°)
=|82 N (Ck x B)|+|$*N(C% x R)|[+[$* N (Ck x B)| +[$> N (C§ x R)|
2[S5(5%) N (Ck x R)| +[85(5%) N (Ck x B
+/ ﬁ{rs,msz}dH2+/ t{rs N S3}dH?
cg{ C

‘SB )N (Ck X]R)‘ |SB (%) N (Ck XR)‘ / 2dH?
—‘SB ) N (Ck XR)‘ |SB (s N (Ck XR)‘ +2‘Koﬂ cs XR)‘
=’SB ’-l— ’SB S3 )

8 In other words C K is the projection of 51 onto the rectangle (0, ;) X hp.
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The fact that such inequality is strict contradicts the assumption that (S 1, S2,
$3,7) is a minimizer.

(2) (Case H3(A N Ck) > 0) now we take into account that Sp transforms s$2N
(Cx x R) into S(3G1) N Ky and S3 N (Cg x R) into S(3G;) N K,. In
Ck x R it happens that 3G; Nry; > 2. Suppose first that the subset B C Cg
defined as

Bi={6.0 e Cx 580G i) > 2

satisfies H%(B) > 0. In this case, as a property of Steiner symmetrization, it is
known that [Sg(G1) N (B x R)| < |0G; N (B x R)|, and thus we easily arrive
to |S2| + 1S3 > |SB(S?)|+|Sp(S3)|, again a contradiction. Suppose then that

8{0Gi Nry ) =2, forH? —ae. (s,1) € Ck. (5.16)

On the other hand we have, by hypothesis, H2(A N Ck) > 0, therefore we
again can assume that the set

Byi= (5.1 € (0.1) x (2, ) N Ci s £{S2 N} =2} (5.17)

has positive H? measure (similarly we might assume this happens for $3). At
the same time, by (5.15), it must occur that

#{8° Nryi} = 1 for H? —ae.(s, 1) € Ck. (5.18)

Since 851 C S2 U S3 we have two cases:

(a) HA((S2U S3) N (Ck x R)) > H2(8G1.N (Ck x R)) and hence we have
HA((S2USH) N (Cx xR)) > H*(Sp(3G1) N (Cx x R)) = H>((Sp(S?) U
SE(S?) N (Ck x R)), again contradicting the minimality;

(b) H2((S2US*H)N(Ck xR)) = H2(3G1 N (Ck x R)), we find that essentially
(S2USHN(Ck xR)) = 3G N (Ck x R). Recall that, by (5.16), H*-a.e.
(s, 1) € Ck it holds ag1~m rs: = 2; this together with (5.17) implies that,
up to a negligible set, 3G; = S? in B, x R (see Figure 5.2). Thus, thanks
to (5.18) we infer

S2N(B2 xR)|+]S> N (B xR)| > |$? N (B2 x R)|=]8G1 N (BaxR)|
>|Sp(3G1) N (B2 x R)| =[Sk (5%) N (B2 x R)| + [S5(S%) N (B2 x R)

’

from which we again arrive at H2((S2US?)N(Cx xR)) > H2(Sz(0G1)N
(Cx x R)) = H>((Sp(5%) USE(S*) N (Ck x R)), concluding the proof
of (5.14).

Step 2. From (5.14) it follows that for H2-ae. (s, 1) € (0, ;) x (o2, B) it holds
#{5% N rst} = 1 where rg; are lines parallel to @y, i.e. rs; || &y. Arguing as in
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Figure 5.2. This figure is a section of the prism P at fixed 6 € (0, ;). The area colored

in grey is the set G 1; on the right are represented the set Cx (black) and its subset B, in
(5.17) (red). The dotted lines parallel to oy are rp ;.

Step 1 we infer that the same is true if we consider lines ry; parallel to the edge By .
Thus we have

t{$*Nryi} =1 ro @y and ry, || By. (5.19)

Consider now lines 7, ; parallel to the height Ac, so that we can assume (s,t) €
R2 = (0,1;) x (B1, a1). We claim

t{S*Nrgyirssllhcl =1 forH* —ae (s, 1) € Ra. (5.20)
Denote by E the set of all (s, t) € R such that #{S2 N rs.:} > 1, namely
Ei={e.0e R efs nre} > 1),

and assume by contradiction that E has positive ‘H2-measure. Define Ep :={(s, ) €
E : s = 6}. As a consequence the set

©:= {0 €(0,1;) : H'(Ep) > 0}

has positive 7{!-measure. We are going to show that for H'-a.e. 6 € © either the
set

[re@ian:ts2nr) > Lforr, |a7)

or {z e (B o) 8{S?Nrg, ) > Lforrg, | W}

has positive measure. This will contradict (5.19) and hence prove (5.20).
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Let € © be fixed, we can find t € (B, a) such that #{S*>Nry; : 75, || hc) >

1. For almost every s € (0, ;) the section 52N ({s} x R?) is given by the union
of Lipschitz curves {y;};>0 such that ), connects « and 8, and {y;};~0 are closed
(by the decomposition theorem for integral 1-currents, Theorem 2.1), therefore we
can assume this for our choice of . Moreover each y; is injective. Since Ey has
positive measure, we can find ¢ such that either (1) r; ; intersects )y in two points,
say P and Q, or (2) ry; intersects yp at one point and another curve y;. Let us treat
the two cases separately:

&)

2

in this case, up to change the choice of ¢, we can assume that the tangent
vectors to yp at P and Q are defined and are not vertical, i.e., parallel to hc
(namely, the curve yg crosses the lines rp; at P and Q and is not tangent to
that, see Figure 5.3). Since the curve yy connects « to B, it is easy to see, as
a consequence of the theorem of the Jordan curve, that there must be another
point, say R, in the intersection of 7y ; and y. Up to rename the points, suppose
R stays between P and Q on the line rg ;. Suppose first that R is also between
P and Q on the curve yq (see Picture 5.3 left). In this case P is connected
to « and Q to B, so that if P is below (above) R and Q above (below) it, we
see that the line passing through R and parallel to @y (By, respectively) will
intersect yp in three points. Instead, suppose that R is not between P and Q on
the curve yp. Let O be the middle point, and suppose that P is connected to
and P is below R (see picture 5.3 right; the other cases are similar). In such a
case the line passing through R and parallel to By intersects yp at least three
times, one on the arc connecting 8 to P, one at R, and one in the sub-curve of
o connecting P to Q;

This case is simpler. Indeed all the lines parallel to 8y (and also @) passing
through y; also intersect yp. Moreover also almost every lines intersecting
y1 must intersect it in at least two points (again thanks to the theorem of the
Jordan curve).

Figure 5.3. In this figure the case (1) of Step 2 of the proof of Proposition 5.3 is depicted
in two possible configurations.
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In both cases (1) and (2) we can find a set of lines parallel to @y or By intersect-
ing S? in more than one point, which (suitably parametrized by coordinates in the
corresponding rectangle) have a H!-nonnegligible measure. Since this happens for
H'-ae.s € ®,and O has nonzero measure, by Fubini theorem we contradict (5.19)
and therefore, by absurd, get (5.20).

Step 3. Notice that assertion (5.20) holds true for all Sti=1,2,3. Fixi,sayi = 1.
t{S'Nry ir =60 xRf =1 forH> —ae(s,1) € Ry. (521)

Note also that S € D, (R x R) is closed (its boundary is supported in 9R; x R).
Recall that Ry = (0,1;) x (a1, y1) x {2} = (0,1;) x (a1, y1), again with an
appropriate choice of the coordinate system (x, y1, y2). We assume o = y» = 0.
There exists an integral current G; € D3(R; x R) with 3G; = S'. Moreover there
are sets U; such that

Gi =Y 6ulUnl, (5.22)
h

and it holds S' = 3", [8U,]l. As a consequence the set S'A(U;,dUy) has H2-null
measure. We will prove that in this decomposition there is a unique set U (with
boundary the whole S').

By (5.21) for H?-ae. (s,1) € R there is a unique point in the intersection
of the vertical line ry; = (s,¢) x R with S'. If this point is Ys; = (s,t,y2)
we denote by u1(s,t) = y; its last coordinate. We see that u; defines a map in
L*®(R1) (the measurability of u; easily follows from the fact that ! is an integral
current, and thus it is the union of subsets of Lipschitz surfaces). We denote by
(s, t,y2) = (s,t) € Ry the projection of R; x R onto R;. From the fact that
S! = U,dUy, (up to negligible sets) it follows that

Upt (Up) = R (5.23)

By slicing it is easily seen that Uy N rg; has boundary the unique point Y ;, for
H2-ae. (s, 1) € Ry; hence Uy, N rs.¢ is a halfline, either (s, #) x (—o0, u1(s, t)) or
(s, 1) x (uy(s, t), +00). Denote by

U ={(s.1,2) : 2 € (ui(s, 1), +00), Up Nry; = {(s,1) x (ui(s,1), +00)}},

and

U, :=={(s,1,2) 12 € (—o0,ui(s, 1), Up Nrs;s ={(s,1) x (=00, ui(s,1))}},
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(where equalities are intended up to negligible sets). But now it easily follows that
8U,;|r =(S'nauy) U V;’,Where VhJr is the set

Vh+ = {(s, t,r):(s,t) € an(U;), 7> ul(s,t)},
and similarly 0U,” = (S' N aU,) UV, , with
Vi ={(s,1,2): (s,0) € an(U;,), z <ui(s, D}

Therefore, in order that 3U, C S! it must hold that both V,;L and V" have null
H?-measure in (0, ) x (o, ) xR (S? has support in the prism P and hence
compact support while VhjE are unbounded). This implies that o (U ;r )yUan(U,)
must be a subset of 9R|. In particular d7w(Up) C 9Ry. This is possible only if
7(Uy) = Ry, and thus 37 (Up) coincides with R,°. In particular we have proved
that for some & we have 7 (Uy) = R and, since for every other index i # h the
set 7(U;) N 7 (Uy) has null H2-measure (by (5.21)), we conclude that there is only
one index h for which Uy, has positive measure (namely, the decomposition of G; in
(5.22) consists of only one set, call it U). Finally, since the same argument applies
to an (U : ) and 97 (U, ), we also have obtained that the relative sets U, ;r and U,
cannot have both nonzero measure. Hence, say U = U, (up to change orientation
of S1).
The subgraph of u; is defined as the set

SGy:={(s,t,2) € Ri xR:z<u(s, 1)}
Let 61 be the current defined as the integration on the subgraph of u, namely
G = [SG11. (5.24)

By definition, it turns out that SG| = U, = U, and thus Q\] coincides with G;
defined in (5.22). Therefore 3G; = 9G; = S!. Now we invoke [11, Theorem 2,
Section 4.2.4], that, combined with [11, Proposition 3, Section 4.2.4], implies that
S is a Cartesian current in Cart(R; x R), u; € BV(R;; R), and

S R, xm = A1, Ry). (5.25)
The assertion for i = 2, 3 follows similarly. O

9 Thisisa consequence of the Constancy Lemma; if R | \7 (U},) and 7 (Up,) have both Hz—positive
measure, and considering sections R} of Ry at s fixed, we find that for a positive H!-measure
subset of (0, [ j) the section RSI contains an inner point X that belongs to the mutual boundary

of R\ w(Up) and 7 (Uy,); this would imply that such mutual boundary has positive H!-measure
inside R .
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Lemma 5.4. There is a minimizer (S', S%, S3,T) satisfying the hypotheses of
Proposition 5.3 such that T = 0.

Proof. Let (S', §2, 8, T) be as in Lemma 5.3. Up to applying Sp again we can
assume that S!, §2, $3 are symmetric with respect to 7p. Moreover Vi, (see
Definition 4.7 for I1,) is the graph of a nondecreasing function #| defined on [«, 0]
(here 0 = B is the ascissa corresponding to the segment 2 ). Let P be the intersec-
tion between the curve V! and 3. Consider the segment PB. The arc V! L TT,UPS
connects « to .

The curve V'L_TI, has H'-ae. tangent vector v that forms an angle 6 €
[0, r/2] with the segment @Y. As a consequence the angle between v and h¢ is
0+71/6 € [/6, 27 /3] (see Figure 5.4 left). This means that the curve V! L_T1,UPS
can be seen as the graph of a function v, defined on the segment Ba. Furthermore
we know that V? is the graph of a function u> on Ba.

Notice that the current 7 LTI, is the integral over the area enclosed between
the two graphs of u and vy. Let us denote by 7, := 7 LI, such current. We
hence redefine V2 as V2 = VL I, U PB, namely the graph of v;. Moreover S?
is redefined as S 2 := S? + T,,. A similar construction is made on the halfplane IT,,
and S° is defined in a symmetric way. It results that 7', seen as the current w1th

boundary the new V! := V! V2 and V?, becomes null. Hence we infer
IS2|+ (83 < 8% +1Tal + |S*| + | T | = |$*| + |3 + 171 (526)
The thesis is achieved since we got a minimizer with the desired properties. O

___ Consider now the baricenter O of the triangle 7. Let us denote by Ay :=
a¢OUOy,A3:=0yUO0B,Ar :=0Ua0.

Figure 5.4. In the picture on the left is an example of the proof of Lemma 5.4. In grey
it is depicted the area enclosed between V! and V2, support of the current 7 L_IT,. The
tangent vector v to V! forms an angle @ € [0, /2] with the line &y . The picture on the
right describes the proof of Lemma 5.5; the operator S4 projects P in P’ = mp,, (P).
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Lemma 5.5. There is a minimizer (S, S2, 83, T) as in Lemma 5.4 with V' = A;,
fori=1,2,3.

Proof.
Step 1. Apply Sp and assume V), is symmetric to V3 with respect to hp. By the
previous lemma we have V| = —V, — V3. Let P be the (unique) intersection of Yl

with /1 p; by symmetry the segment PB C hp is the common part of V, and Vs.
When we apply S4 the point P is sent to P’ := mp, , (P), the orthogonal projection
of P onto h4 (see Figure 5.4 right). Denote by )V the union of the support of the
currents V'. This is composed by three arcs V4, Vg, V¢ connecting P to «, S,
and y respectively. By definition of S this transforms V4 into Sy (V4) = aP’. In
particular V4| > |Sa(Va)| if P is noton hy (i.e., if P does not coincide with O).
On the other hand it is easy to see that |Vg| + [Vc| = [Sa(Vp)| + |1Sa(Ve)|, and
therefore we arrive at

3 3
PN AUSIE (5.27)
i=1 i=1
if P# O.
Step 2. We now consider the following minimum problem:
min Z |Vi| : (Sl, 52,83, T) is as in Lemma 5.4} ) (5.28)
i

From the features of the minimizers of problem (5.12) it is easily seen that such
family is compact in the set of integral currents. Moreover, thanks to (5.8), also
the corresponding currents Vi }i=1,2,3 form a compact family, and hence we infer
the existence of a solution of (5.28). We claim that the (not relabeled) minimizer
(St, S2, §3, 7)) satifies the thesis. Indeed, if not, we have two cases: P # 0, and
thus after applying some symmetrization operator as described in Step 1 we got a
best minimizer, a contradiction. The second case is P = O but some among Vg,
V4, Ve does not coincide with OB, Oa, or Oy, respectively. Say V4 # Oa; now
again S4 transforms V4 into S4(V4) = @O and in particular [V4| > [Sa(Va)l,
again a contradiction. U

We are finally ready to prove Theorem 3.7.

Proof of Theorem 3.7. We consider a minimizer (S, $2, §3, 7) as in Lemma 5.5.
Let u; : R1 — R be the map in Proposition 5.3. The graph of u;, namely S', has
boundary

38" = —(Id x a)g[[[0, 1;]]] + (Id x y)s[[[0. 1;]] + V', (5.29)

in Di((—o0, 1) x R?). Moreover, up to choosing coodinates of R? in such a way
that o = y, = 0 we see that the currents (/d x a);[[[0, /;]] and (Id x y)4[[0, [;]11
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are exactly the graph over (0,/;) x {a1} and (0,/;) x {y1} (respectively) of the
function u; = 0. We also know that the current V! is exactly the integration over
the graph of the function ¢ in (1.14) on {0} x (1, 7). Extending ¢ on (0, /;) x {ct1}
and (0, ;) x {y1} by setting ¢ = 0 we see that ¢ is then a Lipschitz function on
dR1NR (set R = (—00, ;) xIR), and then it can be extended to a Lipschitz function
(still denoted by ¢) defined on R \ R (let us also take it with compact support on
R, for simplicity). Consider the graph of ¢ over R\ 'R, namely (Id x ¢)s[R\R11;
it is then easily observed that the current

<. {S onR; xR (5.30)

(Id x )[R\ R1] on(R\R1) xR,

defines a Cartesian current in Dy(R x R). We are then led to considering the
following minimum problem:

min {|S|= . : S ecart! (R x R) and SL (R \ R1) x R)
{| |R1XR

- (531)
=SL((R\R1)><R)}.

By [12, Theorem 8, Section 6.1.2] (see also [13, Theorem 15.9]), it is well-known
that this minimization problem admits a solution S, and moreover § satisfies the
following property: there exists # € BV (R) such that |S IR, xr = A@; R1),and

U € argmin {/ V1 +|Du|2dx+/
R d

Finally, thanks to [5, Remark 2.1], it is observed that the minimum of Ee value in
the last expression is exactly my;, so that we infer |S |ﬁ| R = AW, Ry = m,

lu—@ldH' :u e BV(R)}. (5.32)
RiINR

(the value of my ; is defined in (1.16)). From (5.31), since S' is a competitor, we
conclude

|8 = my;. (5.33)
The same being true for S? and S°, we have addressed Theorem 3.7. 0

Remark 5.6. The equivalence of problems (5.31) and (5.32) only holds when the
codimension of the Cartesian current is 1 (that is when we consider real valued BV-
functions graphs). This is a consequence of the fact that, for N = 1, it holds true
cart! (; RV) = Cart!' (Q; RV) (see Proposition 3 in [11, Section 4.2 4]).

6. An example in a thin domain

In this section we consider the problem of the area functional in a thin domain Uy,
a tubular neighborhood of the jump set of u, instead of the whole ball B1(0). The
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domain U, is depicted in Figure 1.1 right in the introduction. We then construct
a sequence of Lipschitz functions {v;} which converges in L!'(U,) to the triple
junction function # and whose area of the graphs satisfies

1}(minf,4(vk; Up) < L2(Up) + 3m.
— 00

In particular we infer that the construction made in [5] (done for Q2 the disk) does
not provide a recovery sequence for the area functional on Uj, which in fact satisfies

Au:; Up) < L2(Up) + 3m.

This dependence on the domain has been pointed out, for a different function, in [7].
As explained in the introduction, the inequality above is due to a certain interaction
between the jump set of u and the boundary of the domain. This interaction has
been observed indeed already in [7, Section 7] (see also the example for the vortex
map in [1] upon which the examples in [7] are inspired). The main issue is the
absence of uniform convergence of vy outside the jump set.

An auxiliary construction

We start by defining an auxiliary function. Consider two fixed real numbers 41,
hy) > 0. Letxg < x1 < x20 < X3 < X3 < x4 < Xs5,and §,¢ > O be real
numbers with € < hp, and set d; := x; — x;—; fori = 1,...,5. In a plane
with Cartesian coordinates x and y consider the rectangles A;, of vertices (x;_1, ),
(x;,98), (xi, —=6), (xj—1, —=8),fori =1,...,5,and set R := U?ZIA,-. The set R is a
rectangle with basis of width d = 215: | di and height 25. We define the following
partition of A4 and As: write A; = A? U Al.+ UA;,i =4,5,where

A= ANy Iyl < i
= 4 N . =~ — _ El
4 e( xdfs)+h2xd;3
de
A:{::A4ﬂ{(x,y): — — <y§5},
5( xdf3)+h2xdf3
AT = AN, y) i =5 < o¢
= X,y):—8<y<— ,
4 4 y y 6(1_x;f3)_’_h2x;:63
A= s oyl = 5 (12 5
== X, T - )
X — X4
AT = Asn - <8¢,
S o (12552 <y <of
a- = asn ey s < de { X — X4
= X, — < —— — .
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We will now define a continuous map v = (vy, v2) : R — R2. The first component
v of v is defined as follows:

vi(x, y)=0 on A; U A,
v1(x,y)=hlx_x2 on As,
d3
v1(x,y)=h onAguAg,
hy y X — X3 X — X3 I
= hy — = 1-— h A, 6.1
o= (=2 (1= 52) £ 52)) o o
hy y X — X3 X — X3 _
=——1h = 1 - h A,
nee ) h2—6<2+5<6< da )+ 2y )) o
h2 h] +
vix,y)=|\hy— — on A7,
l( )’) (2 (Sy> hz—é(l—x;:m) 5
(x,y) (h +h2 ) hu on AZ
vi(x, y)= —= .
TS e :
AL | A
A, A | A
- ; - _-X_ - _x_ -

A A
Figure 6.1. The rectangle R.
The component v, is instead defined as:
h
vz(x,y)=y?2 on A; U As,
( ) hy ) X — X 4 €X — X A
nx,y)=y—\{1- - on A,
2X, y) =Y 5 A y 5 2
. (6.2)
v2(x, y) =73 on Az,

. y) € ! X — X3 n hy) x — x3 A
,Y) = y— — — on A4.
v2(X, y )’5 da y8 da 4
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It is easily checked that the function v is Lipschitz continuous on R and has partial
derivatives given by

ovg avg 0 0
a(x,y)=$(x,y)=0 on Aj U Ay U Ay U Ag,
dvy hy dvy

o ’ = D 5 = 0 A .

o (x,y) & oy (x,y) on A3

0 h h

Maypy= (222 on AT,

0x hy) —e \8dy ddy

0 h h

Mapy=— (- 22 on A7,

0x hy) —e \ddy ddy

vy h X —Xx3 X —Xx3 I
— @, y)=———\€|l - h A7,
oy (x,y) 50— <€< @ )-l— > ) on A

avy hy X — X3 X — X3 _
—x,y)=—— 1- h A,
oy (x,y) 50— <€ ( @ ) + ha @ ) on A}

hy )\ €hg
0 hy — %y)+
%(x,)’):— x(_x )% = on A7,
o (7% = Ve + Iz
dvy (h2 + %y)% _
a(x,)’)=— po 5 on Aj,
|(_d5 —1)e + h2

dvq hoh 1 I
_(xs y):_ — on A s
dy § (gt —1)e+h >
81)1( ) hoh 1 A
—(x,y)= = on Ay,
dy § (gt —1)e+h
and
vy
G_(Xay) =0 on A; U A3z U As,
X
0 h
ﬁ(x’y)—_z OnA]UAS,
ay )
0
81))2()6,)’) —g on A3,
8v2( )= € hy
ox VT4, Vsay

on A2,
81)2( ) hy 1 X — X +ex—x1
oy =—=(1- i
ay VTS & 5
3v2( ) hy €
ox VT V54, T sa

on Ag.
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Moreover we can easily compute the Jacobian J(v) of v which turns out to be
nonzero only on sets Az, AgL, and A5 where it holds

h
J)(x, y) = =L on A3,
éds
(h = B G
J)(x,y)=————2"  on A,
I( = 1)e + by
(h2 + % 9) 5
J)(x,y) =— B o on A3

(525 — 1)e + ho|

We now want to give an estimate of the area of the graph of v over R, considering
a small value of €, say € < hy/2. Using the inequality

dvq
dy

I

0x

dvy

dy

dvy

+ 0x

A(v,R)S/ 1+ + + [J(v)| dxdy, (6.3)
R

we infer A(v, R) < 28d + 21'5:1 I;, where

dv] dv] vy vy

L= | |22+ |22+ |22+ | 22| + 17 (v)] dxdy.

: fA T 52+ |+ 1 dxay

i=1,...,5d=7);d = x5 — xo. Tedious computations lead to
I = 2hyd,,

I = dyhy + dyre + 8(hy — €),
Iz = 26h + 2ed3 + 2¢hy,

Iy = 8hy + 8hi€? + 8(ha — €) + da(ha + €) + hyds,
whereas, splitting /s = I§ + I3, with I§ = [, |J (v)|dxdy, we can estimate

deh1hy 2h1hads

1 < + 2hads,
> T lhp—€l? T |y —el
) (6.4)
2 €h1h2
15 < A
= |y —€l?

To bound these terms we have used that |y| < § and (% —De+hy > hy —¢

in As and we integrated on the whole As. From (6.4) we see that there exists a
constant C > 0 depending only on /| and 4, (recall € < hy/2) such that

AW, R) < C@E +d) +Ce(d + 8 + 8¢). 6.5)
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Geometry and construction of v

We consider the points in R?,
a=(-1/2,3/2), B=(1,0), y=(—1/2,-3)2),

and fix a positive real number n < 1. Notice that identifying the Cartesian plane

with the complex one, we can also write @ = ezTn", B=1y = eFi. Letus
introduce the following six halflines
h=1x<-2 y= é
1 - 27 y - n 2 E)
=<2 y=_ ﬁ
1 - 27 y - T’ 2 9

l2={x>n, y=«/§x—\/§n},
r = x>—g, y=«/§x+x/§n},

I3 = x>—g, y:—«/gx—\/gn},
r3={x>n, y=—\/§x+\/§n},

which have endpoints in one of the points A = na, B = nB, C = ny. Now
we define three subsets of B1(0), the ball centered at the origin O = (0, 0) with
radius 1. The set €2 is defined as the subset of the plane which is enclosed by the
two halflines /1 and rq, the segments m~and ‘OC, and which contains the halfaxis
{x < 0,y = 0}. Then we set Q1 := Q1 N B;(0). The sets 2, is constructed
similarly using the halflines /; and ry, or in other words, is obtained clockwise

rotating the set €21 of an angle of ZT” around O. Namely ©, = e FiQ 1. Similarly,
Q3 = e_zTﬂiQZ. Finally we set Q2 := U?=1S2,~.
Let £ > 0 be a small parameter, £ < 7. Consider the triangle T¢ with vertices

A = Ea, BS = &B, and Ct = &y, and set Qf =\ T%,i = 1,2,3. Consider
also the halflines lf = &/, rf = (&/n)r1, which are parallel to /; and r;, but
have as endpoints A% and B? respectively. Similarly are constructed the halflines
lg s r§ s l§ s r§ , as shown in Figure 6.2.

Let us focus now on the set SZ% This can be divided into three sectors

U =i n{y>+v38/2}, U =Ny <-—v38/2},
U =Qin{—+38/2 <y <+/3¢/2).

Consider xp < x1] < X2 < x3 < x4 < x5 = —&/2,and letd = x5 — xg. In the
rectangle R := (xp, X5) X (—é«/g/Z, é«/g/Z) we define a function v as follows:

v is defined in (6.1) and (6.2) with hy = 1/2, hy = «/§/2, on R;j. (6.6)
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QZ
rz
[ A £
1 \ r2
13 + -
Q R
1 r? 1
r C

Figure 6.2. The thin domain Q2 = Uj,.

In the remaining part of U ? the function v is settled as

v(x,y) = (0,y/&) onU}\Ry.

We then extend v on the sets U 1+ in the following way: define

vit=ufn{y—&<-v3x-xp}

V+=U7L { \/g(x—xl)<y &< x/g(x—xz)},
V3+=U+ { \/§(x—x2) <y—§&< x/g(x—x3)},
V4+=U+ { \/g(x—x3) <y—§&< x/g(x—)m)},
Vi =U N = V3 —xa) <y — & < =B —x9)},
and
v(x,y):= (0?) on V1+ U V5+,
[ V3 1(x) —x 1(x) —x 4
v(x,y)_<0,7<l—ﬂ>+eﬂ on V2 y
v(x,y):= <%t](:;)+xzz,e> on V3+’

v(x,y):= <1<1_—t(x)—X3)’6<1_—t(x)—X3> ft(x)—xg) on V,",
2 X4—X3 X4 — X3 2 X4 — X3
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where, for brevity, we have set #(x) = x + (y — &) % In other words, the variable

v1 is constantly 0 on v, V2+, V5+, constantly % on the common boundary of V3+

and V4+, and affine on V;r and V4+. As for the variable vy, it equals 4 on Vl+ and

V5+, equals € on V3+, and is affine on V;r and V4+. Moreover if 7 is the new variable

7= —\/gx — ¥, so that the line 0OA corresponds to the set where z = 0, we see
that v on Uj_ depends only on z, and it holds

0

B—Z(X, y) = (0,0) on V",
0 -2

_U(x, y) = (o, L on V',
0z 24/3(xz — x1)

av 1

—(x,y) = (—7,0) on V;",
0z Y 2V3(x3 — x2) 3
ov 1 V3 =2

—(x,y) = ,— on V',
oz Y (2~/§(x4 —x3)  2+/3(x4 —X3)) !
d

a—;}(x, y) = (O, O) on V5+.

In U, the function v is defined in such a way that v; is even with respect to the
variable y, and v; is odd with respect to y.
We also write, in complex coordinates, v = v| + ivp, and we set

Ti=v—1/2.

. . ~ . . . 2 ;

For convenience we still denote v by v. Notice that the function v is equal to e 3
. 4 - _
on V1+ and V5+, and is equal to e 31 on V" and Vs .

We now define v on Q‘g and Q§ In the complex coordinate w € C, this is
defined as follows

_ 2, 27 ; &
viw)=e 3'vle3'w on €25,

4 o 3
V@) = e T (eFo) on 5. 6.7)

It is easily checked that the function v is continuous on U?:1 ng and on the common
boundaries of ng ,i=1,2,3.
It remains to define v in the triangle T%. Let TE, Tf ,and Tf be the midpoints
of the edges of T, namely
§

Tf=—3. T=gd T =getl.
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Notice that v = 0 at Tf. We set v = 0 on the triangle with vertices Tf, i=1,2,3.

Finally since v = ¢3 ' at A% we set v to be linear in the triangle with vertices Af

Tf , Tf . Similarly v is defined in the remaining triangles. It is straightforward to
check that with such definition v is Lipschitz continuous.

Figure 6.3. The triangle 7% .

We now want to compute the area of the graph associated to the map v on Q2. By
symmetry, the areas associated to the domains 2;,i = 1, 2, 3, are equal. Let us
first estimate the area in U ?. In the rectangle R; we can use formula (6.5) with

d =x5—x09,h1 = %, hy = \/§/2, so that we find an absolute constant C > 0 such
that

1Gulg, xr2 < C(6 +d) + C(d + §)e. (6.8)

In U; 9\ R; the only nonzero component of the gradient of v is 8”2 = é and thus

1Gol w0 ry <2 < V36 ( 1 ( —d - —) + f( - §) : (6.9)

[\

Let us now estimate the contribution on U 1+ . Using the inequality (6.3) and the
values of the derivatives computed above, we easily get

Goly+me < L2(UT) + (n_g)(\/_—ZE-F]). (6.10)
1 V3

The same estimate holds true in U, . Finally the contribution in the triangle TS is

easily computed. Indeed all the derivatives are zero in the triangle with vertices Tf,

i = 1, 2,3, and using the linearity of v in the triangle with vertices AS, TF, T; we
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get

3‘/35. 6.11)

Golge e = L3(TF) + ==

Summing all the bounds obtained so far, we infer that there is a constant C with
Gul < L2(Q) + C (& +d + € +de +€%) + Cn +3v/3. (6.12)

The example

Let us introduce a parameter k € N and let us choose a sequence &, di, € of
positive real numbers converging to 0. Let v : € — R? be the Lipschitz function
corresponding to these values. The functions vy are almost everywhere converging
to the function u : Q — {«a, B, y} given by (1.10) restricted to the thin domain
Q2. Moreover, since v are uniformly bounded in L°°, they are converging to u in
LY(Q; R?). Inequality (6.12) provides

A, Q) <Gy, o < L2(Q) + C (& + di + ek + die + €f) + Cn +3+/3. (6.13)

Passing to the limit as k — oo we get
A, Q) < L2(Q) + Cn + 34/3. (6.14)
Exploiting now the fact that m > /3, we can choose 7 small enough so that

A, Q) < L2(Q) + Cn + 33 < LX(Q) + 3m.
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