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Blow-up analysis for nodal radial solutions
in Moser-Trudinger critical equations in R?

MASSIMO GROSSI AND DAISUKE NAIMEN

Abstract. In this paper we consider sign-changing radial solutions u, to the
problem

2 1
—Au = e g g
u=0 ondB,
and we study their asymptotic behaviour as & N\ 0.
We show that when us = uc(r) has k interior zeros, it exhibits a multiple
blow-up behaviour in the first k nodal sets while it converges to the least energy

solution of the problem with ¢ = 0 in the (k + 1)-th one. We also prove that in
each concentration set, with an appropriate scaling, u converges to the solution

of the classical Liouville problem in R2.

Mathematics Subject Classification (2010): 35B32 (primary); 35J61 (sec-
ondary).

1. Introduction

The classical Moser-Trudinger inequality [23,26,29]

sup /e4"“250|9|, (1.1)
JoVui2<1 /2

where Q C IR? is a smooth bounded domain, C is a positive constant and u belongs
to the Sobolev space Wol’2 (£2) has been the subject of much research in recent years.

In the pioneering paper [11] it was proved that the supremum in (1.1) is achieved
at a positive function u € WO1 ’2(9) and the corresponding Euler-Lagrange equation
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satisfied by u is given by

[ ute (1.2)
u=0 on 0%2.

This result was the starting point for many problems involving the Moser-Trudinger
inequality. From now on we will focus our interest when €2 is the unit ball B,
although some of the results hold for more general domains. Extensions of (1.2) to
a more general setting like

_ u2 .
—Au = Aue in B (13)
u=20 on 4B,
where A is a positive parameter and u is a positive solution inspired several people.
In [25] there is an interesting discussion on relationship between the maximizer to
(1.1) and solutions of (1.3).

Note that by Gidas, Ni, Nirenberg’s Theorem [16] we have that all solutions to
(1.3) are radial.

In [1] it was proved the existence of solutions u; to (1.3) for any A € (0, A1)
where A is the first eigenvalue of —A with Dirichlet boundary conditions (see
also [2,15]). The behavior of the solution u) as A — 0 is very interesting because a
concentration phenomenon appears. This means that ||u;||cc = u3(0) — 400 and
uy (x) — 0 for any x # 0 (see [3,25]).

These kind of results hold also for more general problems like

14
u=20 ondB. (1.4)

{—Au —Afwe” inB
We refer to [1,2,13—15] for the precise assumptions on f and the statements of the
results.

Next let us consider sign changing radial solutions. Here we find some inter-
esting differences towards the case of positive solutions. Indeed, in [5] the authors
showed that it is not possible to have sign changing radial solutions to (1.3) for any
A € (0, A1). Actually, in order to have analogous existence results we need to add
some perturbation terms in (1.3). A particular case is the following:

Theorem 1.1. (See [5] and [6]) Let us consider the problem

2 .
—Au = et iy B

1.5
u=~0 on dB. (1.5)
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Then we have that
1) if 1 < B < 2 there exists a radial solution with k interior nodal zones for any
integer k > 1 and for any A € (0, A1);
il) if 0 < B < 1 there exists A gy = Aay(B) > 0 such that for any 0 < L < Ay
there exist no sign-changing solution to (1.5).

From this results we get that the nonlinearity g(s) = ses”*1! is the threshold which
separates the existence and nonexistence of nodal solutions as A is small. Hence it
becomes interesting to study the asymptotic behavior of the solution « in (1.5) as
B=14¢,0< Xt <Aagyande N\ 0.

In order to state our main result we need to introduce some notations. First let
us denote by ug the solution of

—Au = jue™t"  in B
u>0 in B (1.6)
u=~0 on 0B.

Next, for u € HO1 (B) and ¢ > 0 let us consider the functional

Io(u) = 1/ |W|2—/ Fou), (17)
2 Jp B

; 2 1+ .
where F.(s) = A [ te' +l1 dr . We have two main theorems:

e A global result where we describe the behavior of the solution in B \ {0};
e A local one where we characterize the behavior of the solution in a ball and
annuli shrinking near the origin.
Finally let us denote by S(r) = {x eR?: x| = r}.

Theorem 1.2 (Global behavior). We choose A ay for B = 1 from Theorem 1.1 and
assume 0 < A < min{lay, A1}. Let u, be a nodal radial solution given by [6,
Theorem 1.3] which verifies

_ _ u2+|u\1+£ .
{ Au = lue inB (18)

u=0 ondB,

with k interior nodal zones, i.e. there are k values 0 <ri o <rye <--- <rpe <1

such that ug|s,,) = 0 fori = 1,--- k. Moreover setro,. = 0 and riy1,e = 1
and assume that uz(0) > 0 and (—1)'"'u(x) > 0 for any |x| € (ri—1.e,rie) and
i=1,---,k+ 1. Then we have that, as ¢ — 0,
ue(x) = (=Dfuo(x)  in Cite(B\ {0) (19
rie =0 foranyi=1,...,k, (1.10)
/ Ve ? — / |Vuo|* + 4k, (1.11)
B B

I (us) — Io(ug) + 2k (1.12)
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Theorem 1.3 (Local behavior). Forr € [0, 1] let u, = u.(r) be the solution con-
sidered in the previous theorem. Then fori = 1,...,k let A;js = (Fi—1,¢,7i¢e),
Uie = Ue|a;, and Mi . € [0, 1) be such that uj o (Mjerie) = [|uigllLoa,,) (we
have that My ¢ = 0). Then if 6; ¢ is defined as §; ¢ = r; g Vi ¢ With

2 MuielZooy (Hlluiell 5, > 2
2“,',86 i i ||Mi,a||L°°(A,;€)Vi,g =1 (1.13)
we have that §; . — 0 and

2luiellLoca; ) (|uie (Mierie + 8ier)| — luiellLoa,.))

— log in CL.(0, +00). (1.14)

2
(1+%

Remark 1.4. Another interesting problem with similar behavior is given by

2

1.15
u=0 on 0B. ( )

{—Au —jue”" inB
As for (1.8) it is possible to show that there exists a family of nodal solutions u, for
any ¢ > 0. Despite the nonlinearity is not covered by the assumptions in [6, Theo-
rem 1.3] we can still repeat the proof in order to get the existence result. Moreover
the result in [5] applies and so there exists a constant A such that for any A € (0, x)
there exists no sign changing solution.
It is possible to show that analogous results like in Theorems 1.2 and 1.3 hold.
The interest in this type of nonlinearity is given by the similarity with the analogous
in higher dimension (see problem (1.21) and the comments below).

Remark 1.5. Similar phenomena to Theorem 1.1, 1.2 and 1.3 appear in higher
dimensions for the problem

—Au=|u|"Zu+ru inB (116
u=20 ondB,
where N > 3 and B is the unit ball of RV .

In [8] it was proved that if N = 4, 5, 6 there exists A* > 0 such that there is no
nodal radial solution for 0 < A < A*. The asymptotic behavior of the solution u)
as A — A for a limit value A > 0 and N = 4, 5, 6 was studied in [20]. Note that the
case N = 6 has strong similarities with our results when k = 1. Other existence
results for N = 4, 5 can be founded in [21].

It is interesting to compare the previous results with other similar problems
like
—Au = |ul”"'u in B c R?

1.17
u=~0 on dB, ( )
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(see [17]) and

(1.18)

—Au = Asinh  in B Cc R?
u=~0 on dB,

(see [18]).
Both this problems share the feature that suitable transformations of positive
solutions converge to the limit problem

1.19
Jr2 " < 4o0. (1.19)

{—Au = e in R?
We want to compare Theorems 1.2 and 1.3 with the analogous ones for (1.17) and
(1.18).

The global behavior is different: indeed solutions studied in [17] tend towards
0in C%(B \ {0}) and solutions founded in [18] converge to suitable multiples of the
Green function which does not belong to WOI'Z(B).

However more striking differences appear if we look at the local behavior.
Indeed, suitable rescaling of solutions to (1.17) and (1.18) converge to solutions of
the singular Liouville problem

—Au = |x|%e* in R?

/ |x|%e" < 400,
R2

for some suitable positive number «. We refer to [17] and [18] for more precises
statements. In our case the local behavior of the solution is again related to the
problem (1.19). In some sense our problem is more similar to the “almost critical”
problem in higher dimensions N > 3 given by

(1.20)

(1.21)

—Au= "=y inBCRN
u =0ondB.

In this case the local behavior of nodal solutions is given by the (unique) positive
smooth solution of the limit problem (see [10,12,27])

—Au=u2 in RV, (122)

In our opinion this similarity is due to the effect of the nonlinearity which is very
close to those in Moser-Trudinger inequality.

The paper is organized as follows: in Section 2 we prove some energy estimates
for the solution u,. In Section 3 we study the behavior of u, in the ball B,,, where
71,¢ 1s the first zero of u,. In Section 4 and 5 we consider the behavior of u, in the
other annular regions and in Section 6 we give the proof of Theorems 1.2 and 1.3.
Finally in Appendix A we prove some technical lemmas.

For all u € HOI(B), we define |u|| = (fB |Vu|2dx)l/2. In addition, let
B, r) := B, and B(r,s) := B; \ B, forr,s > 0.
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2. Energy estimates for u,

In the following, we always assume 0 < A < min{A{, Aay} and we consider the
least energy nodal solution u, of (1.8) obtained in [6, Theorem 1.3]. More precisely,
we define Hrl,o(B) as a subspace of HO1 (B) which consists of all the radial functions
and by the Nehari manifold

N = {u € Hy(B)\ (0} | /BIWIZdX=/Bfe(u)udx},

|l+£

where f.(t) = Ate’’ 11" and fork € N,

Nie :={u € HYo(B) |3ri € (0,1); 0=rg <ri < <rgpi =1,

w(r) =0, ui ==ulg, ,(=D"lu;>0, u; e Ny, 1<i <k+ 1}.

i—17i)°
Then let u, € ./\fk ¢ be a solution to (1.8) such that
I (ue) = }\1/f I (u).

UENL ¢
We choose constants 0 =rp s <711 < -+ <Tke < Tktle = 1 SOthat us(r; o) =
O0fori =1,2,---,k. Moreover, foreachi = 1,2,---,k + 1, define u; , :=
Ue|B(ri_y ,.r;) With zero extension to whole B.
First let us show a suitable upper bound for I, (u.). To this end, we use the
Moser function defined in [2]. For0 < < R < 1, we define

R\ ?
<log7) 0<|x| <!
1 log &
mp r(x) i= — . <
T . ] [<I|x|]<R
log —
( * )
0 |x| > R.
Then it satisfies m; g € H(} (B) and ||m; r|| = 1. In addition let us define a cut off
function,
my R (x)
$Lr(x) =1 — ——=—"——¢c H'(B).

—1 1
V2 (log ®)?
Then we have 0 < ¢y p < 1, ¢y g = Oon B; and ¢y p = 1 on B\ Bg. For
O<h=lhe<Ri=Rie<pi=pre<bh=bs<R=Ry;<pr=pre<
- <lp=Ilke < Rk = Rre < 1,weset
W1,e = M[| R
wie = (—=1)""1pp, | p_my g fori =2,---  k, and
Wit = (=1 g, 110,
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where ug is the least energy solution of (1.6) obtained in [2] and thus, it satisfies

lo(uo) = uler}\f[ lo(u) € (0, 2m).
0

We choose /1, Ry, p1, -+, Ik, Rx so that Ry — 0 and

logi
’i' —0@G=1,2-,k)
log 7-
_ 2.1
logl_il Di—1 :
- —)0, T-)O(l=2,"',k),
logﬁ

as ¢ — 0. For example, take any Ry > O such that Ry — 0 as ¢ — 0 and
then, choose I = e 1/R«, Pk—1 = l,%, and Ry = pk_le_l/lk. Similarly, set
i1 = e VR, Dk—2 = 113—1 , R = pk_ze_l/lk—l and so on. We note that, for
everyi =1,2,--- ,k+1and ¢ € (0, 1), there exists a constant #; , > 0 such that
lisWig € N:. (See Step 2 in the [2, proof of Lemma 3.4].) We define a test function

k+1

we(x) 1= Z li,eWje.
i=1

Then we have w, € N .. We obtain the following:

Lemma 2.1. We get
limsup I (uy) < 2wk + Ip(up).

e—0

Proof. First observe that since w, € Ny ., we have

k+1

I(ug) < I (wg) = Z Is(ti,swi,s)-

i=1
Then it suffices to show:

(D limsup,_, o I:(t1 cw1,e) < 2m;
D limsup,_ o Lt swie) <2m, fori =2,--- , k;
(D) limsup, ¢ e (tkt1,e Wi+1,6) < lo(uo).
(I) We claim
limsup#f, < 4. (22)

e—0

If not, there exist a sequence (g,,) and a constant § > O such thatg,, - Oasn — oo
and ’12,5,, > 4m(1 4+ 8) for all n. Sett, := t1g,, Wy = Wi, ln := l1¢, and
R, = Ry, for simplicity. Since t,w, € ./\/‘gn , we get

2 I+e
trlwa|® = A / (tgwp) eltmn 4o g
B
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Then we have

2 1+e
t’% > )\ (tnwn)zeltnwn| Ftnwy | TE

By,

dx

A Ry i 1og Ru
> —t,%l,% log —e2r log 7,
2 Iy

1t21 R, t? | 1 . 1 )1 1
= —t log—exp{-—\log— —log— ) —2log— .
pln 08 XP o 08 T 0B R &

By (2.1) we know that

Ry
logl— — 00 (n — 00),
n

log — log
— =0 — .
oz o og -

As a consequence, we find a constant 8’ > 0 such that

and equivalently

1
2> exp:8’logl—}
n

for large n. Taking n — oo, we have a contradiction. Now, since # ;wi ¢ € N;,
lwiell =1 and limsup,_, tlzg < 4w, we get

<C

/ fs(tl,gwl,e)tl,ewl,sdx
B

for some constant C > 0 uniformly for ¢ > 0. Furthermore, note #; ;w;  — 0 a.e.
on B. Then by Lemma A.l in Appendix A, we find

lim Fg(tl,gwl,a)dxz/ Fy(0)dx = 0.
0JB B

E—

As a consequence, we get

2

t
. . ;
limsup I (¢ cwy ¢) = limsup —% < 27,
&0 e—0

This finishes the proof of (I).

D) Fixi = 2,3,---, k. We first claim that lim,_,¢ fB |Vw,-,€|2dx = 1. In fact,
puttingl; = ;. (i =2,---,k),Ri =R (i =1,---,k)and p; = pi (i =
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1,---,k —1) for simplicity, we get

2 _ )
/wai,ﬂ dx_/B\wRi_l,p,,_l\ mj g.dx

+2/ PRy, pi— 1M1, R VOR,_y, piy VU, R AX
B

+/ |sz,»,R,»
B

=h+hL+1

2,2
d)Ri—l ,Pi—ldx

It follows from (2.1) that

log
oz -

R;
l;

2 2
I =/ |V¢Ri—1,m—1} mli,Ridx =
B(Ri—1,pi-1)

as ¢ — 0. Since ¢, |, p;,_ My R;VOR,_,.pi_ VM R, = 0 on B, we get I, = 0.
Furthermore, as ¢g,_, p,_, = 1 on B(l;, R;) and Vmy, g, = 0 on Bj;, we clearly
have

Iz = / |lei,Rl.|2dx =1.
B

This shows the claim. Now we shall show lim sup,_, tl.z‘8 < 4. If not, there exists

a constant § > 0 such that tizg > 4w (1 4 §) for all small ¢ > 0 by extracting a
sequence if necessary. Then noting ; cw; . € N; and (2.1), we get

I+o(l) = )‘/ (¢Rf71,Pi71mli,Ri)2eXp{ (tl‘,g(pRi—l,Pi—lmlisRi)z
B

+ |ti,€¢Ri—lsPi—lmli,Ri

Z A‘/ mlzisRi exp {(tl’emll'Rl)z}dx
B(pi—1,l;)

I+e }dx

e
2 2 l
, 1
>Cexplé logl— ,
i

for some constants C, 8’ > 0 if ¢ is small enough. Taking ¢ — 0, we get a contra-
diction. Then, analogously with the conclusion for (I), we obtain

* 1og Ki i (1 L 1) 2oz - 21 !
=—log — ex og ——log — | -2log - —2log ————
87 P 8L %R, T T S (i)

||ti,swi,s ||2 <27

limsup /. (t; sw; ¢) = limsup
=0 e—0 2

This proves (I).
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(IIT) We claim that #; . is bounded. To see this, we follow the argument in [6,
pages 493-494]. We assume on the contrary, for a sequence (g,,), we have &, — 0
and #41,,, — 00 asn — 0o. Then we let

_ leb1,e,Wiktle,  Wktle,
tk+1,6, Wt 1,6, | N1 Wit1,6,

Then using (2.1), we get v, = vg = (—l)ku0/||uo|| # 0in HO1 (B). Furthermore,
noting #; ¢, is bounded foralli = 1,2, -- - , k as proved in (I) and (II), we obtain

k
2 2 2 2 2 2
lwe, I =D 120, + 41 e, 1wk 16,117 = 141 0, 1Wkg1, 121+ 1),
i=1

for a sequence (17,) C R™ with , — 0 as n — oo. Therefore, we get

We k

n

l‘.
= P o+ ————wig, | > vo #0in Hy(B).
lwe, I (14 5,2 = et ven | Wit 1e, |

Finally using we, € N, and the Fatou lemma, we have

1 = liminf —— / Je, (Wp)wydx

n—>00 Ist 12

2
.. w w
Z/hmmf Jon (We < En ) dx
B "7 We, ||w8,1 I

:OO’

a contradiction. This proves the claim. Finally let us end the proof. We suppose the
conclusion of (IIT) does not hold on the contrary. Then, we have a sequence (g,,) and
aconstant § > O suchthate, — Oasn — oo and /g, (tx+1,¢, Wk+1.6,) = lo(uo) +6
for all n. On the other hand, as ;41 ¢, is bounded, there exists a constant #p > 0 such
that fx11,¢, — fo as n — 00 up to subsequences. This implies #41,¢, Wk+1.6, —
touo in HO1 (R2) as n — oo and then, we get foug € Np. It follows that 7y = 0 or 1.
(See Step 2 in the [2, proof of Lemma 3.4].) Consequently, we deduce

Jm L, (tet 1,6, Wit 1,6,) = lo(uo),
which implies a contradiction. This completes (III). O
Lemma 2.2. There exist constants 0 < K < K’ such that
K < Jlull?

forallu € N, and small & > 0.
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Proof. The lower bound is clearly confirmed by Lemma A.2 in Appendix A. On
the other hand, the upper bound is proved similarly in [2, Claim 1 on page 404].
This finishes the proof. O

Next we study the behavior of r; .. To this end we recall the next lemma.

Lemma 2.3 (Radial lemma [28]). Let BY C R be a N-dimensional unit ball and
H;2q(BY) be a subspace of H'(BN) which consists of all the radial functions.
Then, there exists a constant cy > 0 such that

u)| < enllull/r™> (1€ Hua(BY) andr € 0, 1).

In particular, for N = 2 we have |u(r)| < co||lu||//7.
We deduce the following:

Lemma 2.4. We see
rige > 0ase — 0

foralli =1,2,--- k.

Proof. By Lemma 2.2, we may assume u, is bounded in HO1 (B) and u, — u
weakly in HO1 (B) as ¢ — 0 where u is a radial solution u to (1.8) with ¢ = 0.
Moreover we recall that u; e = ue|p(,_,,.r;,) satisfies (—l)i_lu,’,g > 0 for all
i=1,2,---,k+1. Then, we can suppose there exists a function u; € HO1 (B) such
that u; . — u; weakly in HOI(B) and (—1)"~'y; > Oforalli =1,2,--- ,k+1and
further, u = Zf;l u;. Now, let us show ry o — 0 which also implies r; . — O for
alli =1,2,.-- ,k—1ase — 0. If not, we may suppose that there exists a constant
ry € (0, 1] such that ry . — ry as ¢ — 0. We then claim uzy4; # 0. Indeed, if
ur+1 = 0, on the contrary, we have fB u,%H’de — 0 as & — 0. It follows that

luk+1,ellooc = SUPqe(y . 1) Uk+1,6(r) — 00 as e — 0. Otherwise, from Lemma 2.2,
we get '

|1+£

2
0 <K < llugsrell® =2 f g g irte Tl
i,

etk N3+l 153 2
<le elloo ¢lloo B”k+1,adx_>0

as ¢ — 0, a contradiction. As a consequence, setting [|ux41.¢lloo = uk e (r ) with
a value r,j"g € (e, 1), we get from Lemma 2.3 that
1 1 1 1
— k k 7 - *
kel = ey fure () [(75)” = €3 ke () [ e = 00

as ¢ — 0 since ry > 0, which contradicts Lemma 2.2. This shows the claim. Espe-
cially we get 0 < ry < --- <rr € (0, 1). Now recalling that u is a radial solution
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and A < Xlay and then, noting (—1)kuk+1 > 0 is nontrivial and (—1)~ 1y, > 0,
we must have u;y = 0. Then, the maximum principle yields ry = rr4+;. Finally,
repeating the argument above, we get sup, ¢, _, . r.,) Uk,e(r) — oo as & — 0 and
then Lemmas 2.2 and 2.3 lead us to the contradiction. This finishes the proof. [J

Finally, let us investigate the limit value of the energy /. (1) more precisely.

Lemma 2.5. We get
lim I (u; ) =27
e—0

foralli =1,2,--- , k. Furthermore, we obtain

lim sup I¢ (ug+1,6) = lo(uo).
£—0

Proof. Choosei = 1,2, --- , k. We first claim

lim inf 7 (u;¢) > 2. (2.3)
£—

Indeed, let i1p . € HO1 (B) be a positive solution of (1.8) with B replaced by By, ,
which satisfies

Ig(ao,g)zinf{lg(u)’u e H!(B,,,), / |Vu|2dx=/ fg(u)udx.}.
Bri,e

B,

The existence of itg . is ensured by [2]. Then we have I, (u; ) > I.(ip). Hence
it suffices to show liminf,_¢ I; (&g ,) > 27. Now we assume, on the contrary,
liminf, 0 I (fpe) < 2. Set v; ¢ (x) = U, (ri ¢x). Then v = v; , satisfies

_ _ 2 v2+vl+£ .
{ Av Arl’gve ,v>0 1inB Q2.4

v=20 on 0B.

We define the energy associated to (2.4).
Je(v) = / |Vv|2dx — rﬁs/ F.(v)dx (v € HO1 (B)).
B B

Then we have . (iip ) = J¢(vi ¢) and thus, liminf, .o J: (v; ¢) < 27. In particular,
we have a sequence (¢;,) such that e, = Oasn— oo and ¢ := limy 00 Jg, (Vi g,) <
25 . Notice that Lemma 2.2 ensures ¢ > 0. Then, noting J;n (vi,g,) = 0 and Lemma

A.3 in Appendix A, we can find a function vy € HOI (£2) such that v; ;, — v in
HO1 (£2) as n — oo up to subsequences. Lastly, using (2.4), we get

—Avg=0, v9>0 inB
vg =0 on dB.
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Then, the maximum principle shows vy = 0. But this contradicts ¢ > 0. Next let
us show

limsup /e (u; ) < 2w, and limsup Ip(ur41.6) = lo(uo). (2.5)
e—0 e—0

In fact, we get by Lemma 2.1 and (2.3) that

2wk + Io(uo) > limsup I (us) > 2wk + limsup I (Uk+1.¢)

e—0 e—0

which implies Ip (up) > limsup, _, oI (uk + 1,¢). Furthermore, let u . be the
least energy solution of (1.8) obtained by [2]. It follows that In(ug) >
limsup,_,o Ie(ur41,6) = limsup,_,o Is(uo,s). We claim limsup,_, o Is(uo,s) =
Io(up). If not, we have a sequence (g,) such that ¢, — 0 as n — oo and
lim, 00 I, (0,e) < Io(up). Note Ip(up) € (0,2m). Then from Lemma A.3,
we deduce, by subtracting a subsequence if necessary, ug e, — Mo in Hol(B) as
n — oo and further, i¢ is a nontrivial solution of (1.6) with Iy(itg) € (0, Io(ug)).
But as iig € N, we obtain a contradiction by the definition of uq. This proves the
claim. Now again arguing as the beginning, we get

2mk + Io(uo) > limsup I (ug) > 2 (k — 1) 4+ limsup I (u; ¢) + Io(uo).

e—0 e—0

This completes (2.5). As a consequence, (2.3) and (2.5) finish the proof. O

Lemma 2.6. We have
lim Is(ukJrl,e) = Ip(up).
e—0

Proof. Since liminf, o Iz (ux+1..) < lo(uo), arguing as in the previous proof, we
can get

liminf Z¢ (ug+1,6) = lo(uo).
e—>0

Then combining this together with the final assertion in the previous lemma, we
complete the proof. O

3. Behavior of u, in the ball B, ,

Let us start our main argument with studying the behavior on a ball. To this end,
we first observe that u; , = ug| B, is a solution to

e (3.1)

—Au= et 450 inB
u=20 on aB,u,
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for ¢ > 0. Then the results in [16] shows that u| , is radial and ||u1,s||L°°(B,1 D=
u1,:(0). Next we see that vy ¢(x) := ug(r1,¢x) (x € By)is a solution of

|l+é‘

{—Av = )urlzﬁavevzﬂv ,v>0 inB 32)

v=20 on 0B,

for & > 0 and ||v1 ¢ lLoB) = v:(0). Notice krlzyg — O0as e — 0 by Lemma 24.
Furthermore, by Lemma 2.5, we get

1
Je(ve) = 5/ |Vv8|2dx — rlzyS/ F.(ve)dx — 2m,
B B

as ¢ — 0. We have the following:

Proposition 3.1. We get vy , — 0 weakly in HO1 (B), v1,:(0) = oo and

/ |Vv1,£|2dx — 47,
B
as ¢ — 0. Furthermore, let y1 . > 0 be such that

2)»r12,8v1,g(O)Ze”lvs(O)ZJFU‘*E(O)HS7/12,23 =1

Then we have y1 . — 0 and

1 .2 2
2v1,6(0) (V1,6 (y1,6x) — v1,6(0)) — log m mn Cloc(R ),
as & — 0.
Proof. 1t is a direct consequence in [3, Theorem 2]. O

Corollary 3.2. We obtain u; . — 0 weakly in HOI(B), uy,¢(0) = oo and

/ |Vuy o |2dx — 4,

l,e

and
Is(ul,s) — 2,

as € — 0. Furthermore, let §1 ¢ =11 ¢Y1,¢ > 0. Then we have 1 — 0 and

20 (0) (s (81.6X) — e (0)) — log in Cjgo (R),

1
(1 + |x|?/8)

as & — 0.
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Proof. The proof follows from Proposition 3.1 and Lemma 2.5. U

4. Behavior of u, on annuli

We next investigate the behavior of u, on annuli. Fixi € {2, --- , k} and set u; , :=
Ue|B(ri_ypurie)- Then u; ¢ € HO1 (B) by zero extension. Since u; . is radial, we may
assume it satisfies

2 I+e
" 1.7 us _+u. .
U Ty e = Al ge e’ e mn (ri—1,e, Fie)
ujie >0 in(ri—1.¢,7ie) (4.1)
uie(ri—1,e) = uje(rie) =0.
Now we have the following result:

Proposition 4.1. We get u; . — 0 weakly in HOl (B),

/ \Vu; ¢ |*dx — 4,
B(rifl.syri,s)

Ig(uie) — 2m,

and

as ¢ — 0. Moreover, let us denote by M; ;i € (ri—1,¢,Vi¢) With M; o < 1, the
point such that ||u; g||Loo(r;_y i) = Wie(Mielie). Then if we set 8; e = Vi elie >
0 with

2 I+e
2 Niellfoog, |y yTlluiellicog. oy 2 2
2)‘””’35'|L°°(ri71,s,ri,a)e hee L Vie = 1

we get 8; . — 0 and further,
20,115 iy ore) (i (MeTie + 8i.e7) — [tti e 120Gy porie))
1
— log ———— in C3.(RT),
(1+r2/8)°
ase — 0.
In the following, we set M, := M;  for simplicity. We get the following:
Lemma 4.2. u; ;(M.r; ) — +ocoase — 0.
Proof. Integrating (4.1) we get
Tie Tie 2 1+

/ W} )rdr = k/ u?’ge”i»ﬁ”f:Sr rdr

r F

i—1,e i—l,e

2 I+ Tie
< )»e”i,s(Mfrfﬂs)"‘”i,gg(Mfrfvf)/ u? rdr

Ti—1,e

(using the Poincaré inequality) < A

eu,-z,g(Meri,sH'”il;S(Meri*“") Ti,e 2
/ (u; 8) rdr,
Mricie,Tie) r ’

i—1l,e
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where A1 (ri_1 ¢, i ¢ ) is the first eigenvalue of the operator —u”—%u’ in(ri—ie, rie)-

Since rj_1¢,ri e — 0 we getthat Ay (r;—1 ¢, 7i,¢) = 400 as e — 0. This gives the
claim. O

Now, let us consider the scaled function, v, : (rirfl’e , 1) — R defined as
ie

Ve(r) = uj o (rier)

which satisfies

2 ., 14e . ri—1,e
—v! — Lyl = ar? vevetue in <—l , 1)
r € 1,& .
Iie
. ri—1,e
| in ( ,1) “2)
Iie
ri—1,e
Ve (— = v (1) =0.
Ije
Set
ri—1,e
re = .
Fie

Then we have the following local behavior:

Lemma 4.3. Choose M, € (r¢, 1) as in Proposition 4.1. Then if we set y; > 0 so
that

2 llve |12 Hlvell 5 2 .2
2Mlvell oo, 1y LT e DTS e D Y = 1
we get i — 0 and
2Mvell oo, 1y (ve(Me + yier) — vellLog,.1)) = 2(r)

1
=log— in Clz 0, +00),
(1+r2/8)°

as € — 0.

Proof. Let ve, ro and M, € (rg, 1) as above. For y, > 0, which will be chosen
later, we define the scaled function

2e(r) = 20 (M) (Ve (Mg + er) — ve(My)). 4.3)
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We have that z,. solves the equation,

1 I+e Ze
—z, — = 20y2rie V7 (Me)+v: (M) vZ(M,) (— + 1)
. e T\ 202(M,)
I+e
I+e Ze _ — —
xexp{ (4LE(M£)+1)+U (Mg( TR 1)} 0 <r,3 Mg’ 1 M£>

Ve Ve
Ze(r) <0, z:(0) =z,(0) =0

re — M, 1 — M, 9
Ze ( ) =z ( ) = —2v;(M;) — —oo (¢ = 0).

Ve €
So setting
o2 I+¢
2)\‘)/ r e vy (Mg)+v, 7 (M) g(Mg) =1
we get
1 e
—7 — 7 :(7—{'1)
£ % +r € 2U§(Ms)
I+e
Ze I+e - — —
xexp{zs<4v§(Ms)+l)+vg (Mg)( zL%(Mg)H 1>}in e Ms,l Me
” Ve 44

2e(r) <0, 2,(0) = Z.(0) =0

re — M, 1— M, )
Ze = Z¢ = —2v;(M;) — —oo (¢ — 0).
Ve Ve

Note that y, — 0 as ¢ — 0. Actually, multiplying (4.2) by v.r and integrating over

0, 1), we get
1 1 e
/ (v;)zrdr =)»rl%8/ vzev T rdr
0 0

1
1+e
< Xr € V7 (Me)-+og (M‘E)/ virdr
0

A : !
(applying the Poincaré inequality ) < )\lr <€ 07 (Me)vg ™ (Me) / (v;)zrdr.
0
This shows " o
ri%sevg(Me)+Ug (M¢) > C>0

for some constant C > 0 and small ¢ > 0 . Then noting our choice of ¥e and
Lemma 4.2, we prove the claim. Moreover we clearly have that lim,_ MS —

00, limg ¢ —:rg =1 € [0, 0c0] and 11m8_>0 Me — € [£, oo]. Now let us show
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that for any compact subset K € (—I, 00) ([0, oo) if I = 0), there exists a constant
C > 0 which is independent of ¢ such that

lzellcrxy < C.
— M€1+ z, < 1. First assume / > 0 and choose
Me
Ye

any K € (—/,0]. We may suppose K & (’5;—8M€,0] for small ¢ > 0. Define

Indeed, from (4.4), we get that —

a=minK < 0QandsetC, = % Then, for any r € K, we derive,
[z, (Ce +1)] < Ce +.
Integrating between r and O we obtain
1
7:(r)(Ce +71) < — (Csr + Erz) .

Since C¢ + r > 0 for small ¢ > 0, we show

Cer + 1r2 0 C,s+ 152
'(r) < ————2 and thus, >[ = 2" g
z,(r) = C.rr ze(r) = s s
for small ¢ > 0. If we set G.(s) = Cg++ s , we get that GL(s) > O forall s € K.

So we find that G.(s) > G.(a) forall s € K. Now, if C, — oo as e — 0, we get
G:(a) = —2|a| for small ¢ > 0. If C, is bounded, we get a constant ¢y > 0 such
that G¢(a) > —co for small ¢ > 0. This implies that there exists a constant ¢c; > 0
such that

z,(r) < c; and thus, z; > cja on K, 4.5)

for all small ¢. Hence we have a constant C > 0 such that ||z¢ [| 1 () < C uniformly
for small ¢ > 0. On the other hand, for any compact subset K € [0, 00), repeating
the same argument as above, we get the desired uniform bound for ||z¢ [|c1 (g This
proves the claim. Consequently, we may pass to the limit in the equation (4.4). Now
let us discuss the “limit domain”. We have three possibilities,

re—M;
1. =
2. r‘;—MF - —1 <0

re—M;
3. =

We will show that only case 3 occurs.

— —00;

— 0.

Case 1: =M= _, _ & cannot occur
First we note that in this case we have that % — 4-00. Then, passing to the limit

in (4.4), we get that there exists a function z Wthh satisfies z; — z in C2 (R) and

loc
-7 =é* inR

z(0) =Z/(0) = 0. (4.6)



BLOW-UP ANALYSIS 815

Hence z(s) = log szz. So we have that

<1+e\/§“')

1 1
1+e
/ |v;|2rdrzkri28f v26U£+" rdr
Ie ’ re

2 1+e
Z)Lrl%gysevg(Me)-i-vg (Mf)vf(Mg)
1+¢
1—Mg 2 ze(r) 1+e ze(r) _
5 / Ve Zg(r) e eszg(r)< 2oz )+1>+v (M, )( 22 Me )+1 1)
rs;Ms ZUE(ME)
X (Mg + yer)dr
2 1+
> )ergngse”s (Me)+ve (ME)UE(ME)
1+
ez | eo(aga (| )
X / (27 + 1) exp v dr
0 ZUE(MS)
1+&
1—Mg 28 (r) I+e 2 (r) _
M ve Ze(r) 12 ZE(r)( Z(M)+l>+v (MS)< niwte 1)
= —= YTV exp dr.
2y Jo 2Ug(Ma)
Here Fatou’s lemma implies that
1—Mg ze(r) I+¢ ze(r) H—Ef
el z.(r) 2 z(r) (M)+l +olte (M) 2v2(M)+1 1
liminf/ ————+1]) exp uE (e o dr
e=0 Jo v, (M,)

+00
2/ EWdr > 0.
0

Therefore by Lemma 2.2, we deduce a contradiction since M, /y, — oo as ¢ — 0.
This ends Case 1.

Case 2: % — —I[ < 0 cannot occur

Noting m := lir% % and m > [, we get, passing to the limit in (4.4), that the weak
e—>

limit z satisfies

_ S ] ! 2 s _
z Z=e in (—I, +00)
m+r

z(r) <0, z(0) = Z/(0) = 0.

Then, setting Z(s) = z(s — m) we derive that Z satisfies

—2"'—17'=¢% in (m — 1, +00)
Z(r) <0, Z(m)=2Z'(m) =0.
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This Cauchy problem admits the unique solution (see [17])

4a2ma+2sa—2

Z(s) = ,
(<) g (@ 4+ 2)m? + (o — 2)s%)?

where @ = +/2m?2 + 4. Let us show m = [. To this end, we can proceed as
in [17, Lemma 3.5]. For the sake of the completeness, we sketch it. We shall show
that z.((re — Mg)/ye) — —oo implies that m = [. Indeed, arguing as above, we
have that for any r € [(r; — M)/ ve, 0],

o) = Gore)
Ze(r) +r)<- +3
Ve Ve 2

If by contradiction we have that m > [, we deduce that % +r>m—1+o0()
where 0(1) — 0 as ¢ — 0 and then we get that

2, (r) < Cin[(re — Me)/ve, 0]

for a constant C > 0 which is independent of small ¢ > 0. On the other hand,
by the mean value theorem, since z:((re — M¢)/y:) — —00 and z:(0) = 0 we

deduce the existence of &, € (% 0) such that z,,(§,) — —oo which gives a

contradiction. So m = [. Now, from Lemmas 2.5, A.1 and the blow-up procedure
as above, we get

1
2= )»rizef Uze”fﬂ “rdr + o(1)

2e(r) )2
»s s 2v2(M)

Ze(r)(4~5(r) +1)+v1+S(M )(

_ze(r) +1
23 (M)

2(My)
X exp e

1+4¢
) (%

r) dr + o(1),
Ve

where o(1) — 0 as ¢ — 0. Then using m =/ > 0 and Fatou’s Lemma, we obtain

1 o
2> 5/ e“Osds =V2m2 +4 > 2,
0

a contradiction. This finishes Case 2.

Case 3: Me — 0 occurs.

Repeating the procedure in Case 2 we can show m = [ = 0. As a consequence, we
deduce
ze = 2 i Cloc([0, 00)) N Cjo (0, 00))
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and then, z satisfies

-7’ - %z/ = et in (0, +00)
z(r) <0, z(0) =0.

The previous equation can be integrated giving the solutions (see [17, pages 744-
745])

eﬁlogg—y
)

for some constants § # 0, y € R. Moreover a direct calculation shows

z(r) = log —2logr 4.7

2 2 2 ogr—y
z(r) = 210g§ — \/T—y + (% - 2) logr — 2log (1 —I—eﬁl % )

Since z(0) = 0, we must have § = 1/+/2. Then we clearly deduce y = log2+/2.

This completes the proof. O

Proof of Proposition 4.1. The proposition follows from Lemmas 2.5, A.l and
4.3. O

Remark 4.4. If we consider a radial nodal solution u , to the problem

—Au=ul”'u inB

4.8
u=20 on 33, ( )

then in [17, Proposition 3.1] it was proved that Case 2 occurs for some suitable
m < 0. This shows that the shape of the nonlinearity plays a crucial role.

5. Behavior of u. in B\ B,

Next we show the behavior on B \ By, ,. We set ug41.6 := uglg\Brk . € HO1 (B) by
zero extension. Then we have the following:

Proposition 5.1. We get
Upt1,e — uo in Hy (B),

as € — 0 where ug is the least energy solution of (1.6).
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First observe that we have already proved

0 < lim Iz (uk+1,¢) = inf Ip(u) <2m
£—0 ueNy

by Lemma 2.6. This means that the energy of u;1 . belongs to the suitable com-
pactness region for Palais-Smale sequences [1]. Although we do not ensure
limg 0 I} (ug+1,6) = 0, we can accomplish the proof by the argument based on
Lions’ concentration compactness result [22]. We refer to the proof in [1] (and
also [15]).

Proof of Proposition 5.1. Since u. is bounded, we can assume, by choosing a se-
quence if necessary, that there exists a function ug € HOl (£2) such that

ug — uo weakly in HO1 (B),
ug — ugin LP(B) forall p > 1, (5.1
Uy — up a.e.on B

as ¢ — 0. Then, since u; . — 0 weakly in HO1 (B) foralli =1,2,---,k,we also
have
Uk4+1,e — up weakly in HO1 (B),
Ugt+1,e — uoin LP(B) forall p > 1, (5.2)
Uk+1,e — Up a.e.on B,

as ¢ — 0. Furthermore, since (I/(uz), us) = 0, we get fB Jfe(ue)uodx is bounded.

Then Lemma A.1 implies fe(u:) — fo(up) in L'(B). We claim that u is a weak
solution of (1.6) with ¢ = 0. In fact, for all ¥ € C{°(B), we get by the weak

convergence of u, and L'(B) convergence of f,(ug),

n—oo

0= lim {/ Vuevwdx—/ fg(ue)l//dx}
B B

:/ Vuovwdx—/ Jo(uo)¥rdx.
B B

By a density argument we prove the claim. Next we shall show that there exists a
constant ¢ > 1 such that

/ | fe(Ui+1.¢)|9dx is bounded. (5.3)
B

To see this, we observe that for a constant 8 > 1, which will be determined later,

there exists C > 0 such that | fo(¢)] < C P forall t € R and small & > 0. Then
for g > 1, which will be also chosen later, we get

./ | fo(uiy1,e)|dx < C/ eiPireds = C/ Pl
B B B
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where we set Ve := ug41.¢/|Uk+1.¢ll. Notice ||vg]l = 1 and ve — vp weakly in
HO1 (B) for a function vg with 0 < |lug|| < 1. We claim that vy # 0. If on the
contrary vgp = 0 we get ugp = 0. Then Lemma A.1 shows fB Fe(ugy1,6)dx — 0 as
& — 0. It follows that

0 <2 lim o(us.e) = lim llugpr ol)” < 4. (5.4)
Consequently we can choose 8, ¢ > 1 so that
[ it < [ et <c [ dniay
B B

B

for small ¢ > 0. Notice that the Trudinger-Moser inequality implies that the right-
hand side is bounded uniformly for small ¢ > 0. Now setting ¢’ > 1 so that
1/q + 1/q' = 1, we get by the Holder inequality that

2
||uk+1,e|| =/uk+1,efe(uk+l,s)dx
B

1
’ q q
S(f [urs1,61 dx) (f |f8(uk+1,£)|qu)
B B
<C (/ |uk+l,s|q,dx)q s
B

for a constant C > 0 if ¢ > 0 is small enough. Hence, we get uyy;, — 0 1in
HO1 (B) by (5.2). This contradicts (5.4). Therefore, we can assume 0 < |jvg| < 1.
(If |lvo|| = 1, we finish the proof.) Then Lions’ concentration compactness lemma
([22, Theorem 1.6 ]) proves

/ 4PV dx is bounded for all p < (5.5)
B

1 —lwoll?

Now recalling the facts that limg_,¢ Is (ur41,¢) < 27, fo(t)t — 2Fo(t) > O for all
t € Rand (Ié(uo), up) = 0, we get a constant § € (0, 1) such that

4r(1 = ) =2 lim I, (ug1.0)
e—
— tim fugpre]? 2 / Foluo)dx — (I)(1u0). o)
e—0 B

. 2 2
> Iim [[ugt1.6 17 — lluoll
e—0

lim ||u 2(1 = [lvoll?).
Jim, lurs1,el17(1 = llvoll?)

This shows
4 gB(1 —§)

lim [|ugs16ll* <
9P Iy ke I° = = e
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Put p := ¢gB8(1 —§8)/(1 — llvoll?). Then, we can choose B,q > 1sothat p <
1/(1 — |lvoll?) and

/ | fe(ukg1,6)|%dx < C/ TPV g x
B B

for small ¢ > 0. Then (5.5) proves (5.3). Now choose up € HOI(B) such that

upe = 0on By, . and ug . — up in HO1 (B) as ¢ — 0. Define for example ug  :=
®ri .. 1u0 Where ¢y, , 1 is a cut off function defined as in Section 2. Then integration
by parts gives that

/ V1,6 V(ugyt,e — uoe)dx = / (—Aupq1,e)(Ugs1,e — Uuo,e)dx
B B\By ,

:/ fs(uk+l,e)(uk+l,e - uO,e)dx‘
B

Now again let g’ > 1 be a constant such that g ~!4¢’~! = 1. Then setting o(1) — 0
as ¢ — 0, and using the Holder inequality, (5.3), and (5.2), we get

lutgsr,e 17 = lluo > = / Viury1,eV(ps1,e — uo,e)dx + o(1)
B

= / Se(upr1,e)Wpy1,e — uo,e)dx + o(1)
B

1
q ’ q
=< (/ |f8(uk+1,s)|qu) (/ |uk+l,$ - ”0,$|q dx) +o(1)
B B

—0

as ¢ — oo. Hence we get ugy1 . — up in HO1 (B) as ¢ — 0. Finally, Lemma 2.6
proves that ug is the least energy solution of (1.6). This completes the proof. 0
Remark 5.2. From the result above, we get ||ux+1.¢ | Loo((ry..1)) 1s bounded. To see

2
this, observe that the strong convergence of uy . implies that forall g > 1, e"k+1.¢
is bounded in L7(B) uniformly for small ¢ > 0. Set r,f+1 ¢ € (rke, 1) so that

urkﬂ,g(r;;_l,g) = ||uk+]’£||Loo((rk,S’])). Then we get

|uk+1,e(r1>:+1,g)| =

1
/ Sfe(uk41,¢)r logrdr

rZ+1,s
1 1
1 2 1 2
< (/ fg(ukﬂ,s)zrdr) (/ r log2 rdr)
r/::rl,s r/jJrl.e
<C

for a constant C > 0 if ¢ > 0 is sufficiently small. This proves the claim.
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Remark 5.3. The previous remark shows
lim r cut (rk.e) = 0.
e—0

To show this, set r,’:H,g € (rk,e, 1) as above. First observe that r,’:ﬂ,g — 0 as
e — 0. If not, we have a constant ry € (0, 1) such that r,j:r]’g —rpase —> 0
by choosing a sequence if necessary. Then since ux4+1 . — up a.e. on B, we have
uo(r) < uo(ro) for ae. r € (0,rg). But, since ug is a positive radial solution of
(1.6), the result in [16] shows u’(r) < O for all » € (0, 1). This is a contradiction.
Finally, integrating (1.8) over (rk ¢, 1}, 41, ¢)» We get by the previous remark that

|rk,$”;(rk,s)| = = Crlj—i—l,s’

rlf+l,£
/ Sfe(ug)rdr
-

k,e

for some constant C > 0. This completes the proof.

6. Proof of the main theorems

We finally conclude the proof of our main theorems.

Proof of Theorem 1.2. The proof of (1.10) is given in Lemma 2.4, (1.11) is shown
in Corollary 3.2, Proposition 4.1 and Proposition 5.1, (1.12) is shown in Corollary
3.2, Proposition 4.1 and Proposition 5.1. So we have only to show (1.9), i.e.

ue — (—D¥ug in CZ_((0, 11),

as ¢ — 0. To prove this, we may assume that u, satisfies

2 1+¢ .
—ul — %u’s = Auge"s ey >0 in (rge, 1)

ua(rk,a) =u(1) =0.

Now choose any compact subset K € (0, 1]. For all r € K, we may suppose
rk.e < r by Lemma 2.4. Then multiplying (6.1) by r and integrating over (ry ¢, r)
we have

(6.1)

r
rug(r) = reettg(ree) — / Jelue)rdr.
Ik,e

Then Remark 5.3 and Lemma A.1 prove that ru;, is bounded uniformly on K for
small ¢. In particular, u is bounded uniformly on K for small ¢. Furthermore,
since for any r € K, we have

1
ug(r) = —/ ul(s)ds,

we derive [lugllc1(gy is bounded uniformly for small e. Then the Arzela-Ascoli
theorem ensures u, — uo uniformly on K as ¢ — 0. Finally, using (6.1), we show
ug — uo in C2(K) as ¢ — 0. This finishes the proof. O
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Proof of Theorem 1.3. For i = 0 the proof is given in Proposition 3.1. The case
i =1,...,kis considered in Proposition 4.1. ]

Using the blow-up results above, we get the following remark:

Remark 6.1. We have

(1728 ||L°°((ri,g,ri+1,e))

lim =0 (6.2)
e=0 [lue | Loo (@i o1 e))
forall i = 1,2,---,k. Let us show the proof. For i = k, the proof is obvious
by Corollary 3.2, Lemma 4.2 and Remark 5.2. Then fori = 1,2,--- ,k — 1,
set M; . € [0, 1) so that |us(M; cri )| = e |l Loo(r;— LesTie))s ,*8 = M, ¢ri¢ and
Vie = 2u8(rl s)fg(ug(rl ¢)) > 0. Then integrating (1.8) over (rl o l+1’8) shows

Tie ri*+l.8
/ felug)rdr = —/ fe(ue)rdr.
ri‘fg r

i,e

Hence putting vi,e(") = |ui,€(ri,8r)|7 Ui-i—l,s(r) = |ui+l,e(ri+1,sr)| and Zj,e(r) =
2l IV (ver + M) = s (E D) for j = i, i+ 1, we get by the blow-up

procedure as above,
i e(r
iz,s( ) +1
202, (M;.¢)

]_Mi,s
1 / Yie
2luc i)l Jo
Zj o (r) 14
i : +1 | 4v; M;
Zlyg(r)<4”,-2,€(Mi,s) ) Ve ( 1,8)(
X e
Zi+1,6(r)
2 / 1, Mz+1 & l + 1 X
|Ms(r,+1 )l Title 2U,+1 e (Mit1e)

Vi+le
1+e )
+1 -1
M‘
(—l—H’S + r) dr

Yi+1,e

Zj,g(r)
202 (M; ,)
i,& 1,€

Zig1,e()
2
20741 Mit1e)

, Zit1,6() I+ (ar.
Zz+l.5(r)(A‘Izl“:(w‘f‘l)‘i'vi_*_f,g(Mz-H,e)(

xXe

_ 1
~ O\ 2y, )l

as ¢ — 0 since lim,_,q

Vit
the Fatou lemma for the 1ntegral on the left-hand side, we get the desired conclu-
sion.

M = 0. Finally using our blow-up results and
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Appendix A. Some basic facts

In the following, let (¢,) C R be any sequence such that ¢, — 0 as n — oo:

Lemma A.l. Let (u,) C HO1 (B) be a bounded sequence such that u, — u weakly
in HO1 (B) and u, — u a.e. on B as n — oo for a function u. Furthermore, assume

sup/ Se, (up)updx < oo.
n JB

Then we have

lim / For Qi Ddx = f Foluldx
n—oo B B

and
lim Fe, (up)dx = / Fo(u)dx.
n—oo B B
Proof. Similar to the proof of 4) of [2, Lemma 3.1]. Ll

Lemma A.2. We have

liminf inf I, () > 0.
kA

Proof. If not, we have sequences (¢,) C RT and (u,) C N, such that
lim, o0 I, (u,) = 0. Then since A < Ay, analogously with Step 1 in [2, proof
of Lemma 3.4], we can get a contradiction. This proves the lemma. O

Lemma A.3. Let (u,) C RT and (u,) C HO1 (B) be sequences such that pu, < 1
for all n and further,

Jn(uy) = / |Vu,,|2dx — Mnf Fe,(up)dx — ¢ € (0, 2m) and
B B
J!(up) — 0in H~1(B),
asn — oco. Thenu, — uin HOI(B) up to a subsequence.

Proof. Similar to 1) in [2, page 404 ]. O
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