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Compact hypersurfaces in Randers space

JINTANG L1

Abstract. Let (Mn—H , f) be a Randers space and (M", F) a compact hypersur-

face of (MH_H , 7) . In this paper, we prove that if the second mean curvature Hy

is constant and the norm square S of the second fundamental form of M satisfies
a certain inequality, then either M is a Randers space with constant flag curvature
1 + Hj or the equality holds.

Mathematics Subject Classification (2010): 53C60 (primary); 53C40 (sec-
ondary).

1. Introduction

Let M be an n-dimensional smooth manifold and x : TM — M be the natural
projection from the tangent bundle. Let (x, ¥) be a point of TM withx € M, Y €
T, M and let (x', Y') be the local coordinates on T M with ¥ = Y! 88 A Finsler
metric on M is a function F' : T M — [0, +o00) satisfying the following properties:

(i) Regularity: F(x, Y) is smooth in T M\0;
(i) Positive homogeneity: F(x,AY) = AF(x,Y) for A > 0;
(iii) Strong convexity: The fundamental quadratic form gy = g;;(x,Y Ydx! ® dx/
is positively definite, where g;; = 282 (F?)/ayiay.

A Finsler metric is just a Riemannian metric without the quadratic restriction. The
pair (M, F) is called a Finsler manifold.

Riemannian submanifolds are important in modern differential geometry. For
a compact Riemannian hyprsurface M of the Euclidean unit sphere S“*1 (1), the
second fundamental form B = A" o Quw ® en+1, where {wi} is the orthonor-
mal coframe of M. The second mean curvature H, of M is defined by H, =
ﬁ D l<i<j<nikj, where A; are the eigenvalues of the second fundamental
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tensor h;’;r] of M. For a compact hypersurface M of the Euclidean unit sphere, the
Gauss equations is R = Zi’j Rijij = n(n — 1) +n(n — 1) Hy, which implies that
the scalar curvature R is constant if and only if the second mean curvature H, is
constant.

As well kown, by using Cheng-Yau’s self-adjoint operator [], Li [2] proved the
following:

Theorem A. Let M" be a compact hypersurface with constant second mean cur-
vature Hy in the Euclidean unit sphere. If Hy > 0 and the norm square S of the
second fundamental form of M satisfies

S < "
T (n—=2)(nHy +2)

(n(n — DH? +4(n — ) Hy + n),

then either S = nHy and M is a totally umbilical hypersurface; or

n
§= (n—2)(nHy +2)

and M = S' (V1 =r2) x S""Y(r), where r = ,/#ﬁl).

(n(n — DH? + 40— ) Hs + n)

As far as we know, there are very few global rigidity results on Finsler subman-
ifolds. In this paper, by the Gauss formula of Chern connection and defining a
similar self-adjoint operator [] on Finsler manifolds, we study the hypersurfaces of
Randers space with constant flag curvature and obtain the following:

Main Theorem. Let (M, F) be a Randers space with constant flag curvature
K = 1 and (M", F) a compact hypersurface of (M, F) with constant second mean
curvature Hy. If Hy > 0 and the norm square S of the second fundamental form of
M satisfies

S < "
= =2, +2)

(n(n = DH + 40 = D H2 4 1), (1.1)

then either S = nH, and M is a Randers space with constant flag curvature K =
14+ Hp; or

n

S Dl +2)

(n(n — DH? +4(n — 1) Hy + n)

and M = SV (V1 =r2) x S" 1), where r = J#‘il).

Remark. This theorem generalizes theorem A from the Riemannian case to the
Randers space.
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2. Preliminaries
Let (M", F) be an n-dimensional Finsler manifold. F inherits the Hilbert form, the
fundamental tensor and the Cartan tensor as follows:

9F _ _ ) . Fogii
8Yidx’, gy =gij(x.Y)dx'®dx!, Ay=Ajjrdx'®dx’®@dx", Ajji:= 23Ylkj'

w=

It is well known that there exists uniquely the Chern connection V on 7*T M with

a _ J o J
Voo = w55 anda) =TI7 dx satisfying that
d(dx") —dx) N of = —dx) Aoy =0

k

dgl] gtkw g_]kw —2Al]k o

where §Y! = dY' + N; dx/ N’ =y! kYk L AjkyMYSY’ and yfk are the formal
Christoffel symbols of the second kmd for g;;. '

The curvature 2-forms of the Chern connection V are
k

do'. —w;

} Riydx* ndx' + — Pk,dx ASY!,

Ao = QL = 1
e
where R; « and le:kl are the components of the hk-curvature tensor and hv-curva-
ture tensor of the Chern connection, respectively.
Given a non-zero vector U € Ty M, the flag curvature K (Y, U) on (x,Y) €
T M\0 defined by

YIUIYFU!'R i
gy(Y,Y)gy (U, U) — [gr (Y, DI

K(Y,U) =

where R i = gist-kl.

¢o:(M'F)— (Mnﬂ) ,F) is called an isometric immersion from a Finsler
manifold to a Finsler manifold if F(Y) = F(¢«(Y)). We have that 8]

gy, V) =gy, r)(0:«(U), 9:(V)), Ay(U, V, W)

o Q.1
= Ay, (1) (@ (U), 0 (V), 0 (W)),

where Y, U, V,W € TM, g and ‘A are the fundamental tensor and the Cartan tensor
of M, respectively.

In the following we simplify Ay and gy to A and g, respectively. Any vector
field U € I'(T M) will be identified with the corresponding vector field do(U) €
I'(T M). We will use the following convention:

1<i,j,---<mn; n+l<apB, -+ <n+p;
IL<ip,---=<n—1 1<A,B,---<n+p.



1150 JINTANG LI

Letg : (M", F) — (H’H_p , F) be an isometric immersion. Take a g-orthonormal
frame form {e 4} for each fibre of 7*T'M and {w?} is its local dual coframe, such
that {e;} is a frame field for each fibre of 7*T M and " is the Hilbert form, where
mw : TM — M denotes the natural projection. Let 91‘3 and a)’J denote the Chern
connection 1-form of F and F, respectively, i.e., Ve A= 05{ ep and Ve; = a)lj ej,
where V and V are the Chern connection of M and M respectively We obtain that

Aej,ej, en) = A(en, eg,en) =0, where e, = £ = is the natural dual of the

F a ]
Hilbert form w”. The structure equations of M are given by
dor = —04 A 6B
—A —A
d%‘ = —95‘ /\G_g + %RBCDa}C AP + PyepaC A6P
9'3 + 0B = —2AABC0nC
04 +60% =0, o =0.

(2.2)

The collection {e; H 2.5} forms an orthonormal basis on the projectivized tangent

bundle PT M and {&', wyy *1is its local dual coframe, where eH ulj aﬁ - = uiJ (%—
k j_s JFY i i)

N; BYk) denotes the horizontal part of e;, €, = Uy 5y7 = Wy yr @ = vjdx and
Ao oA

w; = UJSYJ.

: o __ a0 a _ o
We obtain that [3] Gj = hija)’, hl.j = hjl. and

ol =0/ — W, 2.3)
where . . .
Vjik = S, Akia — gy Ajia — hiy, Akja 24)
- h(rxmzikszsja + hgnzijszska + h Ajks Asza-
In particular, .
W = 0" — h%, Agigat, (2.5)
Using the almost g-compatibility, we have
90{ = (—h?j — Zl’lfizj'alg + 2h£anvaiA‘3)wi — sza)uwﬁ- (2.6)

In particular, 0! = —h% o'

We quote the following propositions
Proposition 2.1 (Gauss equations, [3]). Let ¢ : (M", F) — (H"er , F) be an
isometric immersion from a Finsler manifold to a Finsler manifold, then we have
that

Pl = Pl + Wjikr — 2Weik Ajss. — 2h% A jra
Rl = Riy — hih% + hih% + Wik~ Wi
FWoik Wist — Wit Wisk — 2h h A]aﬁ + 2]’1 hnkA]oz,B
+2h?kh§nzjmzlsﬁ 2h,lhnn Ajsa Aksp — hyy Asia P

a3z . pl a p/
+hnnASk05Pils +hn zkoz hnk llOl’
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@, 9

where ;" and “|” denote the vertical and the horizontal covariant differentials
with respect to the Chern connection V respectively.

Proposition 2.2 (Codazzi equations, [3]). Let ¢ : (M", F) — (M7, F) be an
isometric immersion from a Finsler manifold to a Finsler manifold, then we have
that

.
hija = —Pija , ,
07 04 -
hiji = hikj = —Rije +hyj Pixg — hog Pijg
- —=u — =
—hpViij + hi Wik — hb, Ajjp Py + hb, AigPijr-

Proposition 2.3 ([6]). For X = Y_; xjo' € T(n*T*M),
divgX = Zx”,' + ZXMP)?AM.
i s

Proposition 2.4 ([1]). Let (M, F) be a Finsler manifold. The following statements
are mutually equivalent:

(1) (M, F) has constant flag curvature K = A;
2) Rﬁljn = (8ij — 8inbjn)A, Vi, j;
(3) The hh-curvature tensor R;kl of the Chern connection has the formula

R;;d = (Bikdj1 — 818 jx)A — (Aijkbin — Aijikn) A
- Z(AikslnAsjlln - Ails\nAsjkln))\-
N

And, we have
Aijkinil — Aijiink = (Aijidkn — Aijkdin) . 2.7)

Lemma 2.5 ([7]). Let B be a real symmetric matrix with tr B = 0, then

-2
rB3| < ——=_(1r B?)>.
nn—1)

Let ¢ = Zi’ ;i ja)i ® w/ be a symmetric tensor defined on the sphere bundle SM

and ¥ =) ; Yo' € T(m*T*M). Now we can define an operator associated to ¢
by

Of =Y ¢iifili+ 2 $infii Pl + Y ifii. VfeC(SM). (28)
i,J

i i

Proposition 2.6 ([4]). Let (M, F) be a compact Finsler manifold. Then the opera-
tor Ul is self-adjoint if and only ifzj ¢ijjj — ¥i =0.
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3. Hypersurfaces of Randers spaces

Proposition 3.1. Let (M, F) be a Randers space. Then

Aijk =0 for i, j, k distinct from each other
Anri = Apui for i, A, u distinct from each other
Ajon =3Auun for A # .

Proof. For the Randers space (M, F) with F = o + B, where o = ,/q;; Y'Y/ isa

Riemannian metric and 8 = b;Y' is a 1-form, we have that [1]

0 d d
A —_—, ——, /T
axi’ 9xJ’ dxk

(3.1
1 B~ B~ B~
=3 [’h‘j (bk - Ez"> + Mjk (bi - a&-) + ki (bj - ;ﬁj)] :
Whefe£i=gijy7j,mj=g,-j—£,-£j andz,-zei— ;. |
Since u};ul]nij = 8k — Sknlin, Where ¢; = ul]% and u), = YTJ, we obtain
by (3.1)

3 9 2
_ t
Aijk = 11 (%WW)

1 ~ ~
=3 uz by — éEr ((Sij - (Sinsjn) + ”;'v bs — éEs)(ajk - 5kn8jn (3.2)
o o

2
t B~
'y ( by — 28 ) Bik — Sndin) | -
o
We obtain Proposition 3.1 immediately from (3.2). O

Proposition 3.2. Let (M, F) be a Randers space. Then

Aijki =0 for i, j, k distinct from each other
Ao =0 for w,v,o, A distinct from each other
Apvpr =4Ap Avor for v, u, A distinct from each other.

Proof. By Proposition 3.1, we have for A, u, v distinct from each other
dAMw ZA)LW\ICUI + A)\;w;rwz + Aauva)g + A)Lavwz + A)\,u,aa)g
:Ak;w\la)l + Akuv;rwz + Am,wa)ﬁf + Avuva)x
+ Apan @)y + Al + Ayl + Aol (3.3)

/
ZA)L;W\ICU + A)»;w;rw;z - 2A,up,vA,u,}Ler - 2AVUMAUAICU;
— 2A)vaAlwra);'
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It can be seen from (3.3) and Proposition 2.1 that

Aijen =0 (3.4)
A)L;w;r = 2A;LMVA;MI + ZAUU/LAUAI + ZA)\.VUA,LLVI'

We obtain Proposition 3.2 immediately from (3.4) and Proposition 3.1. O
Proposition 3.3. Let (M, F) be a Randers space. Then

VUA

Aporr = Avoep +4A%  — 4A%vu for A, v distinct from each other
Apoui = Al for A, u,v distinct from each other.

Proof. For v # ., we have by Proposition 3.1 that

dAvv;L :Avvmlwl + Avvu;kwﬁ + 2Asupﬂ)i + Avvsw;
=Apu i@ + Apppnol + 240,00 + 24,00

+ Avvvwl‘i + Avvra); + Z Avvsa);
SFEV,T (35)

/ A A A
:Avvmla) + Avuu;kwn - 2AVUMAUU}Lwn - 4AMUMAMU)\,a)n

+ Aoy, + Aprw), + Z Ayys @),
S#V,T

And for T # u, we have

dArr,u :Artullwl + A‘L"L’[l.;)»wﬁ + 2Asruwi + Atrswi

=Arr;4|la)l + A‘L"L’M;)»wﬁ - 2ATT#«ATT?\C’)2 - 4AH«TMA#T)L&)!); (3.6)
+ Appr @), + Arpyop, + Z Arrs0),.
SFET,V

It follows from (3.5), (3.6) and Proposition 3.1 that

Avvull = Arrml
Avvu;k = An’u;k + 2AVU/LAUV)» + 4A/LVMA/LV)\. (37)
_2Art/LAtrk - 4A,ur,uA;u)u

We obtain Proposition 3.3 immediately from (3.7) and Proposition 3.1. O
Proposition 3.4. Let (M, F) be a Randers space. Then

Ajivipn = AAiiv1 Ajip + 4A500 Aji g for i, u, v distinct from each other
Aiiv;,u,;k = 4Aiiv;AAiiu + 4AiivAiiu;A

—8A;ivAiipAiin

+2Ai00 Avus — 8Ai2ivAvW~ for i, u, v distinct from each other.
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Proof. Exterior differentiate the third formula of Proposition 3.2, we obtain
Aiiv;p,llwl + Aiiv;u;)»wﬁ + 2Asiv;uwf + Aiis;uwi + Aiiv;swfl
= 4(Ajip @ + Ajjyp @l + 2 A50,0f + Aiis@}) Aiip (3.8)
+ 4Ain (Ao + Ajipr o + 2A5 08 + Ajisw),).
On the other hand, we have
2Asiv;p,a),$ - SASiVAiiuwf - SAiivAsiuwf
=2Ai1v 0@} + 2A000p 0] + 240000 +2 D Agivu 0
SFELV, L
- SAiwAimwf —8AivAjipw; (39
— 8Aji Aji0! — 8Ajiv Apipw)
= — 8Aiiy Ajipl = 8Aiiy Aiiy Aiis ol
and
Ajisip @y, + Ajiv;s @), — 4Ajis Aiip @y, — 4Aiin Ajisw),

i v K
= Aiii;p @y + Aiiv;p @y + Aiipzpoy + E Ajis; u ),

SFELV, U
i v s
+ Aiivii g + Aiivivwy, + Aiiv o), + E Ajiv;s @),
SFELJ

—4Ajii Aiipw, — 4Aiiv Aiipo, — 4Aii Aii ol
i v
—4 Y Aiis A, — 4Aiiy Aiii ), — 4Aiiy Ay,
SFELV, L
—4Ain Aol =4 > Ay Ao},
SFELLV, L
% v
= Aiip:p @y + Aiiviywy, — 4Aiip Aiip @l — 4Aiiv Aiivo,,
2 2 v
= (Aijvyy + 447, — 44500 + Ao, — 4Aiip Aiipwy
%
— 4Aiiv Aiivw,,

A 2 A
= _2Aiiu;vAvpLAwn 4+ SAiivAVM)\a)n'

(3.10)

Substituting (3.9) and (3.10) into (3.8), we obtain

Aiiu;mzwl + Ajiv: a0k 4+ 8Aiiy Aiip Aiia s
—2Ajivy Avn @t + 8A% A, 0h (3.11)
= 4Aiiv|lAii;LCl)l + 4 Ajiva Ay i + 4AiiuAim|lwl + 4 Aiiy A pr

We obtain Proposition 3.4 immediately from (3.11). O
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Let (M, F) be a hypersurface of Randers space (M’Hl, 7). Then we have
that [1] (M, F) is a Randers manifold. We have:
Proposition 3.5 ([S]). Let (M, F) be a hypersurface of a Randers space (MHH, F).

Then o o
Aptintint1 = A1 =0, VA and Vi =0,Vi, j, k.

Proposition 3.6. Let (M, F) be a hypersurface of a Randers space (MHH , f).
Then o
hZflAanHA =0.

Proof. Taking the exterior differentiation of A an+1 = 0, we obtain that

=< I = 1, % +1
0= Apnt1@ + At 1108 + Assnt1:0105 T + 2404 130107
+ A)L)Lteyf_;_l

= {Zkkn-i-lllwl +h Aun+1 0 +2hu Antini1n (.12)
- Zhn—HAMJCU - Z2h YA At int 10 }(mOd(wZ))
This implies that
At + P At — thl Antintir
3.13)

- Zzh Akkr n+ln+lt = 0.

Setting [ = n in (3.13) and then taking the exterior differentiation of this formula,
we obtain

0= {(Zxxn+1|n;uwﬁf + 2A0m 41205 + Zun+1|n9,ﬁrll + Apnt1jp@l)

[(hZ;La)ﬁf + 2hn+1 hn+19n+1 )AAAn+1 in+1

A A +1
+ hzn (A)»An-i-l;n-i-l;,uwg + 2A<7An-i—1;n—|—10)ir + 2A)»An+1;n+19::+1 )]

- [Dh’ﬁihwﬁ +hy ol o7 + ol — WO Ay
T

+ Z h’;jl(ZanHt;uwif + 2Zn+1n+1t9:,lj__1l + Zn-f-ln—{—la@?)]
T
- [Z 200t ol 2 ol — RO A Ay it
T
+ Y 20 (Al + 2400205 + Ario07) Antintic
T

D 2 B At 3@l + 28 1000 + A 1n1009)|| (mod (@)
T
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= = n+1g nlg
= {(A)»)»n-i-lln;//, + Antip + 20, Asonttin + By Ajntiint i

1% 1% 1%
= R Attt B At — )W Antinge
T T
- -
Zh n+1n+lr % 241’1”: AAAtAn+ln+lr
- —
- Zzh AA)J T n+1n+lt Zzhzz_ A)L)LIAn-i-ln-i-lt;u,)wﬁf
T
_ 5 1= =
+ 2Akkn-i-1|na))L + (2hZ Aa)»n-i—l n+l — Z4hn Asie An+1n+lt)wg
- =
(Zhgn n+ln+lr + Zh n+1n+1¢r + ZZhn;:_ A)»)\.O’ An—|—1n+lr
/
+ 22 R Artintio ) | (mod(@))
— 1= e
== {(Akkn+l|n;u + hZ; Akkn+l;n+l + hz: AAAnJrl;rH»l;pL
+ Z Prn,u An+1n+1r
T
1% 1% 1% A
+ hZ: An+ln+l;}. - Zh-r;; An+1n+1r;u - Zzhzz AkkrAn+ln+]r
T T
1% 1 A
- ZZhn+ Ay amn n+ln+lt ZZhn+ A)»ArAn+1n+1r;p,>a)
Y A iy %3 3 A
+ 2A)L)Ln—i-1|na))L + (2hz;:_ Akkn-‘rl;n—H - Z‘”ﬁ: Anr An+1n+1r)w)\
T
Y /
-2 (W A ta1 + 20 B Attt ) @ + f) | (mod(@)
- 1 1 —n+1—
= {(A)»M%Flln;u + hﬁfj Attt + T At + P npAntintip
1% 1% 73 3
+ A g — Zh'ﬁ{ Antintiop — 22}12: Ajrr Antintic
T T

- Zzhn-HAkkr % n+1n+lt ZanJrlAM»an«HnJrlr;u)w
+ Z 2h n+1n+ltw§

+ Z ( n n+1n+10 + 2h AkkrAn—',-ln—i-]J)Aar,u.a) }(mOd(a) )
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_ 1A +173 +17%
= {Akkn+l|n;u +hZu Akkn+l;n+l —|—th Akkn+l;n+1;u
+ P,mMAn-‘rln-‘rl;L

+ hzn n+1n+lu th n+ln+lt;pn ZZthrlAkAan-i-ln-i-lr
- Zzhn+1AM\r " n+1n+lt Zzh AkkrAn-i-ln-i-lt;p_ (3‘14)

- Zzh n+1n+ltA)L)\,u,

+Z 2(]1?,, An+ln+1o + ZhZ:lzkkrzn+ln+lo)Zoru}wﬁ(mOd(wl))-
7,0
This implies that
Zxxnﬂm;u + hﬁ,’:lzxxnﬂ;nﬂ + hﬁ;flzunﬂ;nﬂ;ﬂ + FZEZHMHM
+ hZ,TlZn+ln+lu - Zh’;;—lszranrlr;u - Zzhzzlzkkrzn-i-ln-i-lr
— ZZh"HAur wAntingic — ZZh"HAur Apiintion

(3.15)
- ZZhrn n+ln+11’AkAu

+ Z ( ™m n+1n+la + 2h A)L)ern—i-ln—s—la)Zerd =0.

It follows from Proposition 3.1 and Proposition 3.2 that for A # u

Z (hn+]_n+1n+la + ZhZIIZ}\)ﬁEZn+1n+IO')ZU‘[/.L
= Z ( ™ n+1n+lu + 2/’! A)»Arzn+ln+lu>z;uu

+ 30 3 2(W Arstnrio + 20 B Attt ) Ao
T o#Fu

= [ Z z(h;l:,rlzn—o—ln-i-lu +2hZ,TlZM\an+ln+l,u>Zutu
TH#A U

+ 2(hm Aptinsip + ZhZ,J{IZ,\MZanHu)ZmM
+ 2(% Antinsin + 2hﬁilz/\mzn+1n+m)zuw]

+ Z 2<h7;j;lzn+ln+la + 2h;’l,flzmuzn+ln+la)zouu
oFEU
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Z 2(h n+ln+]a +2h Akkozn—i-ln-i-lo)zaau
oFEL

= > 2(h Astnrin + 20 B At ) A
TH#A WL

_2 J—
+ Zh)\n n+ln+luAu;M + IZhH,TIAMMAn+1n+1/L
+ 6hn+1An+ln+l,u + 12h2:1AM»M
+[ Z 2(1’1”” An+1n+1cr +2h2:lzxkuzn+ln+la>zauu
TFEM N

+ 2(hnj{lzn+1n+u + ZhZIIZMMZnJranrM)ZMW] (3.16)

+ [ Z < on n+ln+la + 2h AMLUZn-Hn—l-la)Aoou
TFEM

+ Z(hﬁf{lznﬂnﬂx + ZhZ,J{lZM,\ZanHA)ZMu]

+1732 7
hn A,,W)LAn-Hn-H;L

13
+ 2hn+ An-‘rln-‘r]k + 6h Al’H—]n-‘r]/L + 12h2: A)»)»/L

_2 J—
+ ) <4h"+1AMM M,+2h"+‘AW+12h;j;‘AWAW).
TH#A

= 4h n—Hn-‘rlpL /Lu)» + 28

Similarly, we have also

+17%
th" n+ln+lt;pu — Zzhn AMJ n+ln+1t

- ZZhrn n+ln+ltA)»ML
T

= —6hz:12n+1n+lﬂzﬂﬂk 6hn 114’1_;’_],1_;’_1)L 4hn 1An+ln+lu. (317)
- h n+ln+1/L n
— —-2
+ Z (‘ 6h’;n AMMAMM - 2hZJrglAMr>-
TH#A L
And
- ZZh A)J»r U n+1n+1r ZZh A)L)ern-i-ln—o—lr;,u
48hn+1AMM)LAn+ln+1pL Zth Akku;ﬂAn+1n+lu (318)

—2 J—
_2h:ll;"l_ A)»A;/,An—kln-i-lugu— Z 16]’122_114)\)\114)\)»“-
TH#A UL
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Substituting (3.16), (3.17) and (3.18) into (3.15) yields

A)»)»n-i—lln n + hrm Akkn+1 n+1;u + P,m,uAn-‘rln-‘rl/L + hnn n+1n+lu
2

1= _
- 2h;;1._ A’H‘I’H‘IMAWU\ 4h n+1n+l)» + 2h n+1n+1u
—n _
- 20thTIA;L,uAAn+1n+1M + IZth—:—] A)LML
+ hn AAAn+1 n+1 — h n+ln+1p, n (3.19)

173 A 1— —
- 2thT Aprpip Antintip — 2h2; Appp Antintlppn

— -2 -

+ Z ( — 2hrrl;:_1 AAA;LA/L;LI - 4h22—1A}LM AMJ)
TH#A U

=0.

It can be seen from the second formula of Proposition 3.4 that

hzjz_lzxxn-i-l;n%-l;u = hZIIZMnH;M;nH (3.20)
= 6h At 1int1 Avage '
It follows from the first formula of Proposition 3.3 that
Wt Aot — B Ay tns e
— 20 A At — 2R A Ang in s
= hZIIZAMH-l;n—t-l - hzzl(zn-i-ln-i-l)\;k + 4Zi+1n+1u - 4Z3,+1n+u)
— 20 By ton + 4R, — 48 ) Antintin (321)
— 20 A (At 1 13 + 4Zr21+1n+1u. - 4Zi+1n+u)
—4nntA An+1n+1/4 + 4hn+] S

- 16hZ;1AMu + Shn+1An+1n+1AAMM 4hZ;1ZMuZn+ln+l)»;A-

Substituting (3.20) and (3.21) into (3.19), we obtain

AMm—)—lln N + PMnMAn+ln+lu + hnn n+1n+lu
- 2h n+1n+lu wpr = 2h n+1n+lu
12hn+1Ay,;LAAn+ln+l,u — 4hy, 1Auu + 20 A A inina. (3.22)

+ ) <— 20y Ay Apgie — 4 AM,ZW)
TH#A U
=0.
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On the other hand, by Apint1 = 0, (3.13) and Proposition 3.4, using the Ricci
identity, we have

Apantilmsp + Py Antintipn
—- - M —n+1—
= A)L)Ln+l;u|n + AAAuPn+1nM + leMArH—ln-‘rl,u

= 2450 Asnt1in
= —2h" VAt 1 + 2Zhrl Antintic

+ Z4hnn A)»)ntAn-Hn-Ht (3.23)

= —2h Akkn+1 1l T thn n+ln+l/LAuuA + Zhn 1An+1n+lu
+ 12h”+1 MMA,,+1,1+1M + 4n" IAW
+ > (2hrn Apip A + 4h5T AmAMr)-

TH#A L
Combining (3.22) and (3.23), we get
R Ay g1 = 0. (3.24)
Taking the exterior differentiation of (3.24), we have that h n+1 n+1u = 0. This
completes the proof of Proposition 4.2. O
Proposition 3.7. Let (ﬁnﬂ f) be a Randers space with constant flag curva-
ture K = 1. If (M, F) is a hypersurface of (M F) Then h"+1P';,::ll+l =

n+1 n+l Hn+1
h, P]kn-i-l h,i Py =0.

Proof. In the followmg, the computation is pointwisely estimated.
In case h"Jrl = 0, Vi. Obviously Proposition 3.7 is true. In case h"Jrl # 0.
This is a neighborhood U such that h”'H #0on U. Then we have that A, 1,41, =0

on U by Proposition 3.6. Exterior differentiate A, 1,41,41 = 0, we obtain that
An+1n+1n+1,x =0,i.e., An+1n+lx 2+1=0. Now exterior differentiate An+1n+1x =0,
we get that

Zn+ln+lMl :Zn—i-ln—i-l)L;M =0. (3.25)
It can be seen from (3.25) and Proposition 3.5 that
A1)t = Asanti = 0. (3.26)

By (3.25), (3.26), Proposition 2.4, Proposition 3.4 and Proposition 3.5, using the
Ricci identity, we have that for VA # u

— — nl—
Akkn+1|n|u = Akun+1|nlk = hn)» Akun+]|n;n+]

= hZ)TlZ)»/m-i-l;n-i-]ln (3.27)

=0,



COMPACT HYPERSURFACES IN RANDERS SPACE 1161

and .
A)»n—i—ln-‘rl\nl//, =0. (328)

Exterior differentiate (3.25) and (3.26), combining (3.27) and (3.28), we obtain that

A 1 A 1
Akkn+l\n+197r,l+ = A)\n-‘rln—b—l|n—0—19y’,1+ = 0. (329)
.. . n+1pn+l  ap1pntl o a1pl _
This implies that 2" Py, = 17 Py = i Py = 0. O

Proposition 3.8. Let (ﬁn—H, f) be a Randers space with constant flag curvature

K = 1.If (M, F) is a hypersurface of (MnH , f). Then Zijn+1|n = 0.

Proof. In the following, the computation is pointwisely estimated.
It follows from Proposition 3.6 that

WY =0 or  Aptinsin =0. (3.30)

(1) In case Zn+1,,+1 » = 0. It can be seen from (3.26) and the first formula of
Proposition 3.2 that A;j, 41, = 0;
(2) In case "' = 0.

It follows from (3.13) that

iy — Y W Apsingie =0. (3.31)
T

Setting [ = n in (3.31), we get that Zij,,+1|n =0. L]

4. Proof of the main theorem
Let

Of =Y H8i; — ki) g+ Y Hisio — K5 fi P, @)
ij i

where nH; =), h?l-H.
For Randers space (M, F) with constant flag curvature K = 1, using (2.7) and
the first formula of Proposition 3.2, we get

R’;'ij =— Z(An—i-lislnAsjj\n — Aui1jsinAsjiln)

S
_ _ _ — 4.2
= —(AnttiilnAijjin — Ant1jjinAjjin) 42)
=0.
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It can be seen from the second formula of Proposition 2.2, Proposition 3.5, Propo-

sition 3.7 and (4.2) that h;’:lrjl h']’;rlll So we can obtain

Y (Hi8;; — ki =0,

which together with Proposition 2.6 implies that the operator [ is self-adjoint.
It follows from Proposition 2.2, Proposition 2.4, Proposition 3.5, Proposi-
tion 3.7 and Proposition 3.8 that

+1 41 R
hiie —higj = —Rijk =0, (4.3)

and
+1
Zhn+1h2:—:Rn/k = Zhn—HPZ,S (8518nk skgnj)
i,j.k i,j.k

n+1pn+l n+1pntl @4
=Y WP +Zh Pi =0.
ij
It follows from (4.3) and (4 .4) that
n+1n+1
> H
i,j.k
n+1;n+1
=Y Wi
hk 45)
hn+1 (WL LR ptLRS h”HR _hn+1Rn+1 ) @.
—Z kilklj  Mkizs Knjk T g R + ik n+1jk
i,j.k
+1 +1 +1 +1
Zhn th|l|j hgi Rk]k+hn Rl]k)
i,j.k
It follows from Proposition 2.4, Proposition 3.7 and (4.5) that
1. ;
Eleg(SUw )
—Z Siklk + 5 ZSMPW
k )»/L
_ n+1 n+1gn+1 n+1gn+l1
=D WD+ Y hG R+ > WP,
i,j.k i,j.k it 4.6)
+1 +1,n+1 )
= D D7+ Y g
i,j.k i,j,k
+1 3 n+1 +1
Zkh” (R R + i RS0
ij,

n+1ypn+1 pn
+ Z h htJIMPMM‘
[y
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Since the second mean curvature Hy = m[(nH )2 — S] is constant, we have
that (nH1)|2i = S);. It follows from (4.6) that

ldiVA((nHl)lzia)i )

n+1 n+1yn+1
—;(hmk) +Zh hikis 4.7)
L,
n+1 n+1 s n+1 n+lyn+l pn
Zh (" Rije + Mg Riji) + Z hij g Pae
i,j.k )

It follows from (4.1) and (4.7) that

O(mH) =Y nH(nHy)jj; — thlj“(nHl)mj

+ Y (nHidi — h;’fl)(nHl)‘l o
i,

1 .
= divgl(nH)jjo] - Z(nHw)2

_ Z nHl(nHl)mPMM Zh"“(nHl)mj

L 4.8)
+ Z(ﬂl‘h&',\ — 5! )(”Hl)\i L1
[N
=D i~ Z(nHl.,-)2
ik j
+ Z hn-‘rl(hn-‘rle/k + hn+1Rllk)
i,j.k
+1 0+l +1
+ Z hn h:"]mwa - Z hi;" (nH) i P A
iyjy)" 123 i,)\.,ﬂ

Lemma 4.1. Let (M, F) be a Randers space with constant flag curvature K =1
and (M", F) a compact hypersurface of (M, F) with constant second mean curva-

ture Hy > 0. Then ), ik ?]Tkl)z D (nHl|i)2 > 0.

Proof. Since H is constant, exterior differentiate H, = m[(n H1)2 — 5], we
have that ] 1
n2H1H1|k = Zhn+ h:lJTk ,
ij
which implies that

2
ntHE(Hy)? = (Zh”“h%) < Z(h;ﬁ,} 4.9)
ij

ij



1164 JINTANG LI

On the other hand, it follows from H, > 0 that (nH;)? > S2. Then it is easy to see
from (4.9) that 3", ; (1) = 3", (nHy)* = 0. O

Lemma 4.2. Let (MHH , f) be a Randers space with constant flag curvature K =

1. If (M, F) is a hypersurface of (MnH, f). Then h;’;‘rjlﬁzw =0.
Proof. In the following, the computation is pointwisely estimated.

(1) Incase A, 41,415 = 0. By (3.25) and Proposition 3.3, we have
FZAM = Zn-i—ln—t—luln = 0; (4.10)

(2) In case hZ?’l = 0. Exterior differentiate hﬁfl =0, we obtain
R =0 VA
M o e @.11)
hyy = _hnx;x = —Aiin+1in-
For a Randers space (ﬁnH

that

, f) with constant flag curvature K=1,238) implies
Aijiinll — Aijiinik = — AijkSnl + Aijidnk- (4.12)
It follows from (4.12) and Proposition 3.2 that
Appnitr = Appnstinn =0, VYA # p. (4.13)

By the second formula of (4.11) and (4.13), we get

Wi = = Aty =0 VA # win
hﬁ_\lk = —Apun+inn =0 VA # p.
This completes the proof of Lemma 4.2. 0

Lemma 4.3. Let (Mnﬂ, F) be a Randers space with constant flag curvature K =1.
If (M, F) is a hypersurface of (Mnﬂ, F). Then

flntl 5 = =
Z h TG (Asjtin Avkkin — Askeln Atkjin)
i,j.k,s,t
flontl 5 = =
+ Z h s (Asjein Avikin — Askein Arijin) = 0.
i,j.k,s,t
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Proof. 1t follows from (4.11) that

Z h?j_Hh?;H(Zsjt\nZtkk\n — Asktin Akjin)

i,jk,s,t
+ Z h?J'—’_thjl(Zsjt\nztikln - Zsktlnztijln)
i,j.k,s,t
= Z R (A0 Arkkin — Aikein Arkiln) (4.15)
i,k,t
+ Z R R (Aisn Avikin — Akkein Ariiln)
o ik,t 0

Now we can prove the following:

Main Theorem. Let (M, F) be a Randers space with constant flag curvature
K = 1and (M", F) a compact hypersurface of (M, F) with constant second mean
curvature Hy. If Hy > 0 and the norm square S of the second fundamental form of
M satisfies
S < z
T (n—=2)(nHy +2)

then either S = nHy and M is a Randers space with constant flag curvature K =
14+ Hy; or

(nn = DHZ + 401 = DHy +0),  (@4.16)

n
S D+

and M = SV (V1 =r2) x S"Y(r), where r = J#‘il).

<n(n — DH? +4(n — ) Hy + n>

Proof. It can be seen from Proposition 2.2, Proposition 2.4, Proposition 3.5 ~
Proposition 3.8 that

n+1gpn+1 ps
> G Ry
ik
_ n+1pn+1p% n+lpn+l _ pn+lpn+l
—Zhu hg" Ryl by — hg hyi ]
i,j.k
Flpntl - =
= Z G 1(8sj0kk — S5kdk) — (AskjOkn — Askid jn)
i,j,k,s

— Z(Zsjt\nztkk\n — Agkein Arkjin) + h?]ﬂhﬁl — h?;:rlhﬁll (4.17)
t

nn—2)

mlHll[S nHyl?

>(n— 1)S +3nHS — 2(nHY)?* —

n+1ypn+1gpn+1n+1
- Z hij hsi hsk hkj
i,j.k,s
n+lyn+1,7% 3 3 Yy
- Z hii" hg (Asjein Atkkin — Askeln Atkjin)-
i,j.k,s,t
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And 10+l
n n s
Z hi;™ s Rijg
ik
=S — (nH)* — >+ Y KRR ! (4.18)
i,j.k,s
- Z h,'-f,ﬂthl(Zsjz\nZzik|n — AskeinAtijin)-
i,j,k,s,t

It follows from (4.17), (4.18) and Lemma 4.3 that

1,041 ps 141 ps
th"lj h; RliijFZh?j My Rijx
ik ik 19)
nn—2) ’

3
Hi{|[S —nH??.
e |H[[S = nH]]

>nS — (nHy)* — S* + 3nHES — 2(nHY)? —
Substituting (4.19), Lemma 4.1 and Lemma 4.2 into (4.8), we obtain
D(nHl)

02 s -
nn =D T 400)

Z(S—nle){n—f—nle —_—— %|Hl|,/8—nH12}.

It is a direct check that our assumption condition (4.16), i.e.,

>nS — (nHy)* — % + 3nH{S — 2(nH{)* —

S < "
T (n—=2)(nHy +2)

(n(n — DHZ +4(n— DH, + n)

is equivalent to

2 nn—2) / 2
n+/’lH1 —SZ\/ﬁ|H1| S—}’lHl. (421)

Therefore the right hand side of (4.20) is non-negative. Since M is compact and the
operator [ is self-adjoint, we have that either S — nH 12 =0or

n
S Dl +2)

(n(n — DH? +4(n — 1) Hy + n) (4.22)

(1) In case § — nle = 0. We have that h;’iH = |Hy| = +/H3 is constant and
W =0,Vi # ).
It follows from Proposition 2.2 and Proposition 2.4 that
RL = 8i18un — Sindjn + BT ! — W IR
= 8ij — 8indjn + 8ij/ Hoh" 1 — 8i, 18 i (4.23)
= (8;j — 8indjn)(1 + Hp).
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This together with Proposition 2.4 yields that M is a Randers space with con-
stant flag curvature K = 1 + Hp;
(2) In the latter case.

We first prove that M is a Riemannian. Suppose M is not a Riemannian. Then
ZMM # 0 at a point x. It can be seen from (4.11) and Proposition 3.6 that hZ;H =
R =0, VA # pand h:ﬂ;] = X, Y. Then we obtain

A
n—1 2 n—2,
H, = A, S=m-DA and H,= A2, (4.24)
n
It is easy to see from (4.24) that
n
S < (nn—1H2—|—4n—1H—|—n), 425
Do 2 10— DHE 44— DH, (4.25)

which is in contradiction (4.22). So M is a Riemannian. Then M = S!'(v/1 —r2) x
n—2

S"=1(r), where r = AT We complete the proof of Main theorem. O
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