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1. Introduction

Let (X, g) be a compact Riemann surface with unit area 1. Ding-Jost-Li-Wang
[8] studied the differential equation Au = 8w — 8w he” on (X, g), the so-called
Kazdan-Warner problem [17] related to the Abelian Chern-Simons model (see [3,
4,6,5,7,1,2,9,10, 11, 23, 13, 14, 24, 21], etc). They pursued a variational
approach to the problem, trying to minimize the functional

1
J(u):if |Vu|2dVg+87t/ udVg—Snlog/ he"dVy>C, in H"*(2) (1.1)
z z z

for some constant C > 0. Because it is the critical case of the Moser-Trudinger
inequality (1.1), the analysis is subtle.
Let K denote the Cartan matrix for SU(N + 1), i.e.

21 0... ... 0
1 2-1 0 - 0
0-1 2-1... 0
K= (al‘j) = .. .
0. ... 1 2-1
0. ... 0-1 2
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In this paper we consider the Toda systems on (X, g) which are related to the non-
Abelian Chern-Simons model [22]:

exp( a;iuj)
—Aui=M,'( PZ =14ijuj
Jz exp(0 ) aijuy)
If M; < 4 Jost-Wang [16] proved the existence of solutions and in the case where

Y is a torus, N = 2, max{M, M} > 4m and min{M, M»>} # 4m, Marcello-
Margherita [20] proved the same result.

—1), forl <i < N.

They studied the problem by considering for uy, ... ,uy € H"?(X) the func-
tional
CD(Ml,...,MN)(ulwu Uuy) = / a,J(Vu VMJ +2MMJ)dVg
z ,j=1
N
_ Z M; log/ exp <Z aiju‘,‘) dVy. (1.2)
i=1 x j=1

Jost-Wang [16] proved that the functional has a lower bound if and only if
M; <4m, fori=1,2,...,N

Marcello-Margherita [20] obtained a non-minimizing critical point of the functional
motivated by an earlier paper of Struwe-Tarantello [23]. The idea was later also
used by Djadli and Malchiodi [12] to study the existence of conformal metrics with
constant Q-curvature. It is clear that M; = 4z is the critical case of the functional.
Whether it admits minimizer is subtle. In this paper we study this problem. For
simplicity, we consider only the case that N = 2, the general case need only more
calculations. In our case the functional is

Dy, ur) = /a,J(Vu Vu;+8muj)dV,
i,j=1 2

2
_ 2471 log/ exp (Zaijuj) dVy,
i=1 x j=1

and the Toda systems is

exp (22:1 aij”j)

—Au; =47 —1], forl <i <2, (1.3)
Jx exp (ZJ 1 azJ“J)
where aj] = azp = 2 and ajp = ap; = —1. The systems is equivalent to
—Au; =4n Za,j ( expley) 1), forl <i<2,
Jx exp(u;)

where aj] = ayp =2 and ajp = ap; = —1.
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Our main result is as follows:

Main Theorem. Let ¥ be a compact Riemann surface with area 1. If the Gauss
curvature K of X satisfies that

maxK(p) < 2, (1.4)
PEX

then ®(u1, u») has a minimizer.

We consider the sequence of minimizers u¢ = (uf, u5) of ®yr ¢ 47—¢) for
small € > 0. Then u¢ satisfies a Toda type systems. If u¢ converges to u? = (”(1)’ ug)
in H, := H"2(X) x H"2(X), then it is clear that ® (1) = inf,eq, ®(u), ie., u®
is a minimizer of ®. If u€ does not converge in Hj, in this case, we say that u¢
blows up. Then there are two cases happened according to Jost-Wang’s result. For
each case, we derive a delicate lower bound of @ which is one of the main points
in this paper. We apply capacity to calculate the lower bound, so that we need
not know details in the neck. Such a trick has been used by the second author of
this paper in [18], [19] to prove the existence of extremal functions for the clas-
sical Moser-Trudinger inequality on a compact manifold. Another main point of
this paper is the delicate constructions of blowing up sequences ¢€ in both cases,
so that ®(¢€) are strictly less than the lower bound derived before, and conse-
quently we get a contradiction to the assumption that #€ blows up, which proves our
main theorem.

After submitting the present article we were informed of the existence of the
paper [15], where a result similar to our one is established. As a matter of fact, Jost,
Lin and Wang consider the more general equation

— Auj _4nZ a (22EPWD) ) <<,
Ty iy expta) =i=

where a;; = axp = 2 and ajp = ax; = —1, and hy, hp are positive smooth
functions on X. Our equation corresponds to the case where &; = h» is constant.
Our approach to the proof is completely different from theirs, and it appears that
the more general case considered by them could also be treated with our method. In
addition, there are hopes that our techniques could be used to face other non-linear
existence problems.

ACKNOWLEDGEMENTS. We thank the referee for his many helpful comments.
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2. Review of known results

For any u = (uy, up) € H'2(Z) x H2(D), we set
1
D (u) = 5/ (|Vu1|2 + |V142|2 + VuVuy + 3@ — e)uy; + 3(4m — e)u2> dV,
s

—(4r — e)log/): e"dVy — (4 — E)k)g./;; e"2dVy.
It is not difficult to check that

q>(4n—e,4n—e) (v) = Pc(u),

if we set v = M and vy = Ut

By Jost-Wang’s result ([16] Corollary 4.6), one sees that ®. has a minimizer
u€ of the functional @, (u) , i.e. we can find u€ € H"2(X) x H'2(X) such that
®(u) = inf O (u).

Without loss of generality, we may assume that

/euidvg = /euidvg =1

Then we have the following equations:
—AuS = (81 — 2€)e"t — (4 — €)e"2 — (47 — €)
—AuS = (87 — 2€)e"> — (4 — €)e"l — (41 —€)
Fori =1, 2, let
Si = {x € X : there is a sequence y© — x s.t. uj (y) — +o0}.

Jost-Wang [16] (section 5) proved that there will be two possibilities:

Case 1. S| = {p1}, and S = {p2}, where p| p; are two different points in X.
In this case, we set, fori =1, 2,

2 —m -
mi = u§ (x{) =maxus, (i) =e ", uf:/zudeg.

Let (2, x = (x', x%)) be an isothermal coordinate system around p; (i = 1,2),
and we assume the metric to be
glo; = e” ((dx")* + (dx*)%)

with ¢; (0) =0,i =1, 2.
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We set, fori = 1,2, Qf = {x € R2 : xf +rix € Q;}, which expands to the
whole RZ. In Qf, we have the equations:

—ANou§(x] +rix) —m§) = e 1T+ <(87‘[ — 2€)eMi KTt —my

-%ﬁﬂmn—eyﬁuﬂﬁ”—(ﬁﬂmn—e»,

2 a2 . . .
where —Ag = % + #. Since u% are bounded from above in Qf, it follows from
the Harnack inequality and the elliptic estimates that u| converges in ClkOC (R?) for
any k to the function w which satisfies the equation
—Aw = 8me”, Vx e R?

w(x) <w() =0, and / edx < 1.
R2

Hence, by the result in [7], we know that
w = —2log(l + 7 |x|?).

In the same way, u5 (x5 + r5x) — m$ converges to w.
Setting uf = fz usdVg, we have the following proposition (see Lemma 5.6,
and the proof of Theorem 3.1 in [16]).

Proposition 2.1. We have u¢ — —oo for j = 1,2. Furthermore, for any q €

J
(1, 2), we have
€ _ €
j J

where G| and G satisfy

—AGy = 8nb, —4ns,, —4m,
—~AGy =87, —4md, —4m,

‘/‘G.,-d\/g:O, forj=1,2
)

u converges to G ; in H"4(2),

where 8y is the Dirac distribution. Moreover,
- . 2
u§ — u§ converges to G j in Cio . (2\{p1, p2}).
Remark 2.2. It is easy to see that, in 1,

Gy = —4logr + Ai(p1) + fi, and G =2logr + Ax(p1) +g1  (2.1)
where r? = xl2 + x%, A;j(p1) (i = 1,2) are constants, and f], g are smooth

functions which are zero at 0. Similarly, in €2, we can write
Gy =2logr+Ai(p2) + f2, and Gy = —4logr + Ax(p2) +g (2.2

where A;(p1) (i = 1,2) are constants, and f3, g» are smooth functions which are
zero at 0.
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Case 2. S| = {p},and S, = 0.
In this case, ug are bounded from above. Let (£2; x) be an isothermal coordi-
nate system around p, similar to the Case 1, we have

u§(xj +rix) —m§ — —2log (1 + 7|x]?).
We also have the following proposition (c.f. [16]):

Proposition 2.3. Let iu§ be the average of u§. We have u§ — —oo. Furthermore,
forany q € (1,2), we have

u§ — u§ converges to G in HY (%),

and
u5 converges to G in HYM (%),
where G| and G satisfy
~AGy = 875, — 4weS? — 4r,
~AGy = 8mel? — 478, — 4n,
/ GidVy, =0, [y e%2dV, =1, sup Gy < +o0
z

xex

(2.3)

where 8y is the Dirac distribution. Moreover,

u§ — u§ converges to Gy, and u5 converges to G in CIZOC(E\{p}).

Since G, is bounded from above, we can deduce from the equation (2.3) that G, =
2logr 4 hin 2, where h € Hli’cq(Q) for any ¢ > 0. Then €92 = r2eh ¢ Clloc(Q),
and then Agh € C} (). Therefore, by the standard elliptic estimates, G, —2log r

loc
is smooth in 2. So, we can write

G =—4logr +A1(p)+ f, and G2 =2logr+ Ax(p)+ ¢ (2.4)

where r2 = xlz + x22, A;(p) (i =1,2) are constants and f, g are smooth functions

which are zero at 0.
3. The lower bound for Case 1

We assume that Q; N Q2 = @, and B,(p;) C Q1. We set v§ = %(2”3 +uj) —
1(2it$ + it$). Then, in B,(p;), we have

_AUE = (4mr — e)e"g — (4 —€) € L=(B,(p1))

1
V5108, (p1) = §(2G2 +Gy).

So [[v§]lct < C, where C is a constant depending only on r.



SOLUTIONS FOR TODA SYSTEMS ON RIEMANN SURFACES 709

By a direct calculation one gets
1 2 2 1 €2 €2
— (IVur|” + [Vuz|” + VuVuy)dVy = — (IVuil” + 3|Vuy[9)d V,
3 JBsxH) 4 JBs ()

1
- _/ \Vu§ |2 dV, + 0(8%).
4 B0

Recall that uy (x{ +r{x) —m{ — w in C*(B(0)), for any k, we have

1 1
—/ \Vu§|?dV, = —/ |Vw|?dx
4 JBs(xt) 4JB,

1
+—/ IVuS|*dV,y +o(1) + O(82).
4 JBy(\BLe ()
Let
€ s € € €
ay = inf uj, by = sup uj.
aBLrle(xT) dB5(x7)

We set aj — b] = m{| — uj +dj. Itis clear that, for fixed L and é,

di - w(L)— sup G; as € — 0.
dBs(p1)

Let ff = max{min{u§, a{}, b5}. We get

/ |Vu§?d Vv, z/ IV £ 1PdV,
Bs($)\Bp ¢ (xf) B3 (x)\B ¢ (+)

Vo £ 12dx

/Bs(xf)\BL,Ie )

> inf |VoW|%dx .

- Ve 0=a Vo0 =bi /Bs (O\By,¢ (0)

Here, [Vog|? = |75 2 + |75 2. Tt is well-known that

inf / |VoW|>dx
Wlon e =aj. Wlyps =D Bs\B¢
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is uniquely attained by the function ¢ which satisfies the equation

—Aop =0
¢|aBL,f =aj, ¢lap, = b5.
Hence,
a; — b a§logs — b§logLr
¢ = L1 ogr + — & - & k
—log Lri +logé —log Lri +1logé
and then
47 (af — b$)?
/ Vol = — A P
Bs(0)\Bp,< (0) —log(Lry)= +1logé
Therefore, we have
4 (m§ — i + d)?
/ \Vu§|PdVy > ; ‘ ‘62‘) 2
By (X)\Bp e (xf) —log L= —log (r{)= +logé

Recalling that — log (rf)2 = mf, we get

\Vu§|?dV, > 4x 6 _

-1
(m$ — i + df)? | log L? —log$?
my my

/BS(XT)\BLVT D)

= 2
4 (mi—ui+df) H_long—Elogéz fzz
ml ml (ml)

m€ — i€ 2 i€
n ny

+47 (1 a 2(1 L* —logs?) + A'i
T - — o) —lo ,

mi) EE TR iy

where A and A’ are constants which depend only on § and L.
Then we have

1 1
—/ (Vi[> + [Vua|* + Vu Vup)dVy - > —/ IVw|?dx
Bs(x) 4

3 B,
€ =€e\2 7€ 7€\ 2
I Sl VA ST (1 - M—i) +7 (1 - u—ﬁ) (log L* — log %)
mS§ ny ny
A'(8, L)i

oz Tom 0(8%).
1
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Similarly, we have

1
—f (IVur > + |Vua|* + Vuy Vuz)d vy
Bs(x5)

3
1 ~e\2
> —/ Vwlde 4228 df( )
4 B;. m
—c \ 2 —c
Uy 2 Al 2
+ ——% | (ogL log(S ) + ) +o(1) + O(59).
ny (m 2)

It follows that

1 - _
5/ (|Vu1|2 + |Vu2|2 + VuiVuz)dV, + (4 — €)u§ + (4 — €)it
Bs(x])UBs(x3)

1
> —/ (IVur > + [Vuz|> + Vuy Vur)d Vy + 4 it + 4t
3 JBs(x)UBs (x5)

1
> —/ |Vw|2dx
2 /B,

iy 2 7€ —e\ 2
+y MJ& d€< ”—’6)+n(1—”—2;> (log L2 —log 52)
i=1,2 m; m; my

! €

A
+ ) fz+o(1)+0(5)
112( )
1 2
> — [Vw|“dx
2 )5,

H 5\ >
+ Y (mg <1+ ) +2mdf (1——’€>+n (1-—) (log L? —log §%)
i=1.2 n; my

/€
2

i= 12( 6)2

+o(1) + 0(8%).

We now set s =1 —|— . Then, for fixed L, §, we have

1 _ _
3 /‘Z(|Vu1|2 + |Vua|* + Vu1Vur)dVy + (4n — €)uj + (4w — €)us

1 2
i i

Since ®.(u.) < C, we see that
1
lsf| = O (m_f) .
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Hence for bothi =1, 2, sf — 0ase — 0. So,

1
—/ (IVur >+ |Vua >+ Vu Vup)d Ve + (4 —€)it§ + (4 —e)it§
3 JBs(x)UBs (x5)
1 2 € € 2 2 2
> > IVw|“dx 4+ 4nd] + 4nd; + 8m(log L= —log 67) + o(1) 4+ O(57)
Br

1
= / |Vw|?dx + 87w (L) + 8 (log L* — log §%)
B

—4 sup Gy —4mw sup Gy +o(l)+ O(@?). (3.1)
dBs(p1) 9Bs(p2)

By a direct calculation, we obtain

/ IVw|2dx = 167 log (1 + 7 L?) 16m?L2 (3.2)
w X = _— . .
Br. & 1+JTL2

Moreover, by (2.1) and (2.2), we have
1

—/ (IVu1 > + |Vua|* + Vuy Vuz)dV,
3 JBeONBE ()

1

/ (IVG1]> 4+ |VGa|*> + VGV G)dV, + o(1)
3 JBe(ONBE ()

1 / G, Gy G152 + G20
= —— G + G» + E " )dS, +o(1)
3 i:21;2 dBs(pi) < an on 2 &
+/ 270(G1 + G2)d Vg + o(1)
Bs(p1)+Bs(p2)
1 7 (3G 0Gy G122 + G2
== G G r I N rdo|,— 1
31':21:2/0 ( 1 r + G2 ar + B r |r—8 +o(1)
+f 270(G1 + G2)d Vg + o(1)
Bs(p1)+Bs(p2)
= —16mlogs — 2w A1(p1) — 2 A2(p2) + o(1) + O (8 log §). (3.3)

In the end, (3.1), (3.2) and (3.3) imply that
inf ®g(u) > —8mlogm — 8 — 2w (A1(p1) + A2(p2)).
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4. Lower bound for Case 2

In this case we set v§ = %(2u§ +uj) — %(212; + it§). Then we have
—AVS = (4 — €)e's — (4m — €)

/vS:O

By the standard elliptic estimates, ||vs| lcrany < C.
Similarly to Case 1, we have

1 1
3| VP Vel + Vavidv, = 5 [ vaav+ 06,
3 JBsxH) 4 JBs(x9)
and
1 2 —€ 1 2
- [Vui|7dVy + (4 — e)u| > — IVwl|“dx
4 JBs(xt) 4JB,

€4 e 2 ~¢ —c\ 2
+<nu+2ndf <1—%)+n(1—:71€> (log L* — log 8°)

ny 1

/7€

+ Ay +o(1) + 0(5%)
(m$)? '

By an argument similar to that used in Case 1, we can show that % — —1, hence
1

1 -
—/ (|Vu1|2+|Vu2|2+Vu1Vu2)dVg—|—(4Tr—e)uf
3 JBs(x$)

1
> —/ IVw|?dx + 4w w(L)
4 Jp,

+4m (log L — log 82) —4r sup Gi+o(l)+ 0(82).
9Bs(p1)

Set
G| = —4logr+ Ai(p) +o(x), Gr=2logr + Ax(p) + o(x).
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Applying (2.4), we get

1
— / (IVui > + |Vua|* + Vu Vup)dV,
BE(xf)

3
1 VG1VGy +VGaVG
= —/ (|VG1|2+|VG2|2+ 2 ‘)dvg+o(1)
3 B (x) 2

0G 3G, G292 4 G201
dBs(p) on on 2

+2r (G1+G2)dV, — 211/ G2dVy +0(1) + O(8logd)
Bs(p) z

= —8mlogd — 27 A1(p1) — 271/ G2dVy +o(1) + O(81ogé).
z

In the end, we obtain

inf ®g(u) > —4mlogm — 2w A1 (p) + 27 / G2dVy.

5. Test functions for Case 1

In this section we will construct a function ¢ = (¢1, ¢2) € H2(M) x H'2(M),
such that
Qo(¢) < —8mlogm — 8m — 21 (A2(p1) + A1(p2)),

whenever (1.4) holds. So, under assumption (1.4), Case 1 will not occur.
Let (2;; (x, y)) be an isothermal coordinate system around p; (i = 1, 2). We

r(x,y) =/x24+y2% and Bs={(x,y):x*+y* <&}

We assume that near p; (i = 1,2), foreachk =1, 2,

set

Gi = ar(pi)logr + Ax(pi) + A(pi)x + wi(pi)y
+ar(pi)x% + Be(p)y® + v (pi)xy + h(x, y) + 0.

We have aj(p1) = ax(p2) = —4, and a;(p2) = a2(p1) = 2. Moreover, we assume
that
gle, = ¥ (dx” +dy?),

and
@i = b1(p)x + ba(pi)y + c1(p)x* 4 c2(pi)y? + c1a(pi)xy + 0.
It is well known that

K(pi) = —(c1(pi) + c2(pi)),
\Vul>dV, = |Vu|*dxdy,
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and
s, = M ran, (s = 0By
_ = —7r R = .
on ¢ or '
For ay and B, we have the following lemma:

Lemma 5.1. For any k, i, we have

ar(pi) + Pre(pi) = 2.

Proof. Near p; we have
20 (pi) + 2Bk (pi) + O(r) = AgGr(x, y) = e 4.

We choose

X .
w(Z>+A1(p1)rcos@—l—m(pl)rsme (x,y) € Bre(p1)

¢1=

715

Gi—mH" +4logLe—2log (1+7L*)—A1(p1)  (x,y)€Bare\ Bre(p1)

Gi—mH*+4logLe—2log (147 L*)—A1(p1)  (x,y) € Bare\ Bre(p2)

w(X)+2log (1+7L?) :
> +A1(p2)r cos O+ w1 (p2)rsind
+6log Le—2log (147 L*)+A1(p2)—Ai(p1)  (x, ) €Bre(p2)
G| +4logLe —2log (1 —|—7TL2) —A1(p1) otherwise,
and
w () +22(po)r cos6+ua(pa)r sind (x,3) € BLe(p2)
Gy—mpHI? +4log Le—2log (147 L*)—Ax(p2)  (x,y) € Bare\ BLe(p2)
’ Go—niHY' +4log Le—2log (147 L*) —Ax(p2)  (x,y)€Bare\BLe(p1)
=
w(%)+2105(1+ﬂL2)+?»2(p1)r cos @ +pua(p1)rsiné
+6log Le—2log (14+7L*)+Az(p1)—A2(p2)  (x,y) € BLe(p1)
Gr+4log Le —2log (1 + wL?) — Ax(p2) otherwise.
Here,

H{" = Gy — ar(pi) logr — Ag(pi) — i (pi)r cos & — g (pi)r sin,

and n; is a cut-off function which equals 1 in Br¢(p;), equals O in B§L (pi). We

may assume that

1
V| < —.
| 771|_L6



716 JIAYU LI AND YUXIANG LI

Now we compute ®o(¢). Firstly, we compute [5. [V [>dV, and [5 |V|>d V.
Let 2 =¥\ (BLe(p1) U Bre(p2)). Then

/|V¢1|2dVg:/ |V¢1|2a’xdy+/ VG [*dV,
D) Bre(p1)UBLe(p2) Q

-2y / VG Vi H"dVy + > | |V HI*dV,.
i=127% i=1,27%

It is clear that we have
2 1 2 242 2
[Vo11°d Vg = — [Vw|“dxdy + m(Le) (A1 (p2) + ni(p2)),
BLe(p2) 4 B
and

f |V¢1|2dvg=/ \Vw|*dxdy + 7 (Le)* (A3 (p1) + ni(p)).
Bre(p1) By,

Calculating directly and using the fact that fozﬂ hd6 = 0, we obtain,

G
/ VGV H dV, = —/ LEras, —4;1/ mHdV,
) dBre(pr) On Barey

2w 4
:—/ (—;+X1(p1)cos9+u1(p1)8i09+0(’”))
0
x (@1 (p)r?cos® 0 + Bi(p1)rsin® 0 + h + 0(™*)rdo

= 4m(a1(p1) + Bi(p1)(Le)* + O(Le)*

= 87%(Le)> + O(Le)*.
Similarly, we get

/ VGV H?dVy = —4n*(Le)* + O(Le)™.
=
It is obvious that
/ |V H 2dV, :/ 0(r?)dVy = O((Le)*).
= B2LG\BL5(I7j)
Hence
5
/ Vo1 |2dV, = —f |Vw|2dx—87t2(Le)2+/ VG2V,
5 4 Jg, Q

+7(Le)® Y (A(pi) + ui(pi) + O(Le) .
i=1,2
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In the same way, we can show that

5
/ IVgo|?dV, = —f |Vw|2dx—8n2(Le)2—|—/ IVG2|2dV,
b 4 Jp, Q

+(Le)* Y (A5(p) + 13 (pi)) + O(Le) .
i=1,2

Next, we compute [, V¢ VgrdV,. We have

/v¢1v¢2dvg= Z/ v¢1v¢2dvg+/ VG1VGadV,
z i=1,27 Bre(pi) Q
—f VGIVmHZpldVg—/ VG,V H'dV,
) P
—/ VGV HI?dV, —/ VG,V H?dV,
) D)

+> / Vi HP' Vi HY d Vv,
i=1,27%
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= — [ IVwPdx +m(Le)* Y (a(p)ra(pi)+ 1 (pi)a(pi))

BL i=1.2
—87(Le)? +/ VG VG2dV, + O((Le)™).
Q

Then we calculate / (IVG1[* + |VG2|* + VG VG2)dV,. We have
Q

/(|VG1|2 +|VGa* + VG VGy)dV,
Q

VG |VGs + VGoVG
Z/ <|VG1|2+|VG2|2+ VG2 + V6o ‘)dvg
Q

2

9G 0G, G152 4+ Gy0
:—/ Gt 4 G, 2 Tl T2 ) g,
IBLe(p1)+0BLe(p2) on on 2

+67T/ (G1+Gr)dVy.
Bre(p))+Bre(p2)

Lemma 5.2. Forany k,m,i =1, 2, we have

G
/ 629 45, = 2map(piyam(pi) logr + 2w (pi)r
0B (pi)  on )
+r (A (P Am (pi) + ik (pi) m (i)
127 ar(pi) Am(pi) + 4712 A (pi)
+47%r2a, (pi)logr + O(r4 logr).
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Proof. Since [77 h(r,0)d0 = [ %(r, 0)d6 = 0, we have

G o :
/ Gr——dS, = / (ak(pl) + Ak(pi) cos 0+ pi (pi) sin O +2ray (p;) cos®
3B, (p;) On 0 r

+2rBi(pi) sin® 6 + 2ry (p;) sin 6 cos 0) (ay (pi) log r

+ A (Pi) +Am (pi)r €08 0+ 1y (pi)7 sin O+ 12, (p;) cos® 6

+r2 B (pi) sin® 6 + r2y,(p;) sin 6 cos G)rdG

+0@r*logr)

= 2 ar(pi)am(pi)log r + 7 (ctm(pi) + Bu(pi))ar(pi)r
7072 Ok (pi) o (Pi) + 1 (P i (Pi) + 27 @k (Pi) A (i)
+Qrr? A (pi) + 27r%an (pi) log r) (e (pi) + Br(pi))
+0@r*logr). O

Then

0G
/ Gl—lng = 32xlogr — 87%r + r? (A (p1) + 11 (p1))
3Br(pl) n

—8m A1 (p1)+472r2 A1 (p1)—1672r2 logr+ 0 (r* log r).

9G
[ G2—22dS, = 8 logr + 4n2r? + wr?(\3(p1) + 13 (p1))
0B, (p1)  On

-|-47TA2(p1)+47r2r2A2(p1)+8712r2 logr+ O(r4 logr).

G
/ G1—=dS, = —167 logr—87%r* +mr? (M (pD)A2(p1)+ 1 (P p2(p1))
aB.(p)  On

—871A2(p1)+4n2r2A2(p1)+8n2r2 logr+ o logr).

0G
/ Gy 2L 4, = 167 log r+47 22 +7r2 02 (p1)M (p1) + ta(per (p1))
aB.(p;)  On

+4m Ay (p1)+4n2r2A1 (p1)— 167212 logr+ o logr).
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Hence
f(|VG1|2 +|VGa)dV,
Q

=— (8071 log Le —8w%(Le)® +m(Le)* Y (7 () + u%(j))
i,j=12

—8T A1(p1) —8m Ax(p2) + 4m(Le)*(A1(p1) + Ax(p2) + Ax(p1) + A1 (p2))

—16712(Le)210gL6+4nA2(p1)+471A1(p2))+4n/G1dVg+4n/ G2dV,
Q Q

+0((Le)*log Le),

and

/VG1VG2dVg
Q

= —(—3210g Le—4m*(Le)*+m(Le)* > (hi(pj)hj(pi)+mi(pij(pi))
i#]
—4m Ax(p1) —4m A1(p2) + 2w A1 (p1) + 27 A2 (p2)

+272(Le)*(A1(p1) + A1(p2) + Aa(p1) + Ax(p2)) — 8% (Le)? log Le)

27 Yo (G1 + G2)dVy + O((Le)* log Le).
Bre(pi)

It is easy to check that

671/ (G14G2)dVy =6m*(Le)* | Y Ai(pj)|—24n>(Le)* log Le
Bre(p1)+BLe(p2) ij=1,2

+127%(Le)* + O((Le)* log Le).
So, we get

3
/<|V¢1|2+|V¢2|2+V¢IV¢2)dv =5/ |Vw|*dxdy—487 log Le+6m A1 (p1)
b By,

+6m Az(p2) + O((Le)*log Le).  (5.1)
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We calculate / (¢1 + ¢2)dV,. We have
b

/ $1dVy = 62/ we? ) dxdy —/(UlHlpl +mH{?)dVq
P B %

+(4log Le —2log (1 +wL?) — A1 (p1))

x<1—/ dVg>+210gL6/ dVy
Bre(p1) Bre(p2)

+A1(p2) dVg_/ Gy
Bre(p2) Bre(p1)+BLe(p2)

2log (1 +wL?
_62/ w+42log(l1+m )d
B

2 Ve

+ Z/ G (pi)x + 11 (P ) V.
i=1,2Y BLe(pi)

Since

Le

/ G1dV, = (—=2logr + A1(p1) + A1(p2))2rrdr
Bre(p1)+BLe(p2) 0

+0((Le)*log Le)
= —2n(Le)?log Le + m(Le)?
+(A1(p1) + A1(p2))m(Le)* + O((Le)* log Le),
we have
62
/ $1dVy = 5 we? Ndxdy + 4log Le + m(Le)? log (1 4+ w L?)
)y BL
—m(Le)* — A1(p1) — 2log(l + L% + O((Le)* log Le).

Similarly, we have

2
/ ¢rdV, = % we? Ndxdy + 4log Le + 7 (Le)? log (1 + 7 L?)
> B,
—m(Le)* — Ax(p2) — 2log(1 + wL?) + O((Le)* log Le).

Moreover, we have

/ we? N dxdy =27 L*—2log(1+n L*)—2n L* log(14+7 L*)+O(L*e* log L),
By,
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hence, we get

L(¢1 +¢2)dV, = —A1(p1) — Az(p2) +8log Le — 4log(1 + )

—2¢%log(1 4+ 7L?) + O((Le)*log Le). (5.2)
) )2 ) )2 _Kw) .

we have

/ e dVy
Bre(p1)

L [ ebi+h (pO)ex+ba(p)+ra(p))ey+er (peXx>+ea(p)e?y +enelxy+0((re)’)
=€
/BL (1+7r?)?

dxdy

2 L4+ eanirZ + 0(63r3)
=c 2nrdr
0 (1 +7r2)?
7L?
=e?(1 — M) ———— + e*M;log(1 + 7L%) + €2 0(> log L)
1 +nL?

1
=21 - ——— +eMilog(l + 7L + O(e*) + O(> log L) |,
1+ nwL?

and we also have

/ e¢1dVg
Bs(pO\BLe(py)

. (Le
(14 7L?)?
€1 P+ (P H(2(p)+B1 (P Y+ (2 (p)+y)xy+U =) H +0 )y

2 mL? 2 2 1
= € m-Z(M}"‘l)G 10gL€+0(€)+0 F .

S
/e410gr+()»|(p|)+b|(pl))x+(u|(p|)+b2(p1))y
Le

Since G is bounded above, outsid Bs(p1), we have

/ e = 0(eh).
¥\ Bs

. 7L 1 1
Noting that Tl ~ T2 = O(47), we get

log/ e¢"dVg = loge? + €My log(1 + wL?) — 2e*(My + 1) log Le
by

5 1
O+ 0 <F> . (5.3)
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In the same way, we can get

log/ e¢2dVg = loge> 4+ €>Mj log(1 + wL?) — 2€*(M + 1) log Le
b

1
+0()+ 0 (ﬁ) . (5.4)
It follows from (5.1), (5.2), (5.3) and (5.4) that

1
(@) = 5 / VwPdxdy + 1610g Le — 27(A1(p1) + As(p2))
Br

—167 log(1 + 7w L?) — 87 loge? — 8me?log(l + wL?)
_4re? ((M1 + Ma)log(1 + L% — 2(My + Ma +2) log Le)

+0 <%) + 0@ + 0((Le)4 log Le) + O(e log L)

1+ L2 g 7l?

= —8m log 2 ST —27(A1(p1) + Aa(p2))

—4we* (M + My +2)(log(1 + 7 L?) — 2log Le)

1 2 4 3
+O (7)) T OE)+ O((Le)*log Le) + O(e’ log L)
= —8rlogm — 87 — 27 (A1(p1) + A2(p2))
—47 (M + M> + 2)e*(log(1 + 7 L?) — 2log Le¢)
1
+0 (F) + 0(e*) + O((Le)*log Le) + O(e’ log L).

Under assumption (1.1) we have M| + M> + 2 > 0. Leting L*? = m, we
get

Po(p) = —8mlogm — 8w — 21 (A1(p1) + A2(p2))
—47 (M + Ma + 2)€*(—log€?) + o(e?(— log €?)).
Then for sufficiently small € we have
Po(¢) < —8mlogm — 87 — 27 (A1(p1) + A2(p2)).

This proves our claim.

6. Test functions for Case 2

Assuming that (1.4) holds on X, we will construct a function ¢ = (¢1,¢2) €
H“2(M)x H“2(M), such that

Do(¢p) < —4mlogm — 2w A1(p) + 27 / G2d V.
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Let (€2; (x,y)) be an isothermal coordinate system around p. We assume that near p
G = alogr + Ax(p) + hex + iy + axx® + Bey” + yixy + hi(x, y) + 0 ().
We have a;(p) = —4, and a(p1) = 2. Moreover we assume that

glo = e?(dx” +dy?),

and
@ = bix + by + c1x? + c2y* + craxy + 0(r3).

Similarly to Case 1, there hold

o+ B =2m, i=1,2.

We choose
w(z)—i—klrcose—i—,ulrsine x € Bre(p)
¢1 =1 Gy —nHy +4logLe —2log (1 +7L?*) — A1(p) x € Bore \ Bre(p)
Gi +4logLe —2log (1 +mL?) — A1(p1) otherwise,
and
_w© +21°2g(1 LELRNTIN
b= +XorcosO + uorsing + Ay(p)  x € Bre(p)
Gy —nH, x € Bore \ Bre(p)
Ga otherwise.
Here

Hi = Gy — aplogr — Ag + Agrcos6 + pgrsin6

and 7); is a cut-off function which equals 1 in Br¢(p), equals 0 in B3, _(p).

Let Q2 = ¥ \ Br(p). By an argument similar that used in Section 5, we can
derive that

/|v¢1|2dvg =/ |V¢1|2dxdy+/ IVG1[*dV,
) BLe(P) Q
—2/ VGIVnHldVg+/ |VnH,|*dV,
> >

= /B |Vw|*dxdy — 16m(Le)* + m(Le)* (A1 + u}) + O((Le)h),
L
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f Va2dV, = / Vi Pdxdy + / VGaPav,
z Bre(p) Q
—2/ VGQVngszVg+/ \VnH,|*dV,
) >
1
- Z/ \Vw|?dxdy + 8 (Le)*> + m(Le)* (13 + 13) + O((Le)*),
B
and

/V(ﬁ]V(ﬁde :/ VG]VGQdVg—l-/ V¢1V¢2dvg
) Q Bre(p)
—f VG1VnH2dVg—fVG2VnH1dVg+/ VnH1VnH2dVg
b
1
= —5/ |Vw|*dxdy + w(Le)*(hiha + pwi1it2)
Br
—471(Le)2+/ VG1VG2dV, + O((Le)*).
Q

Note that

[ (IVG1]* + |VGa2* + VG 1V Gr)dV,
Q

VG VG, + VG,VG
:/ <|VG1|2+|VG2|2+ AL 2 ‘)dvg
9 2
3G 3G, G292 4 G,%1
:_/ G146y 2 4 T T 20 ) g,
3BL5(P) al’l Bn 2

+6n/ (G1+G2)—67r/ G2dV,.
BLe(p) 2

Applying Lemma 5.2, we get

G
/ G1=LdS, = 327 logr — 8722 + 1r2 (A2 + p?)
9B, (p) h

—8m A1 (p) + 4722 Al (p) — 16727 logr + O (r*logr),

IG
/ G2 —2dS, = 87 logr + 4722 + 7r2(02 + ud)
3B, (p) n

+4m Ay (p) + 4n2r2A2(19) + 8722 logr + ot logr),

G
/ G]—zng = —16m logr—87r2r2+71r2()»1)\2+ulu2)
0B.(p) ~ On

—8mAy(p) + 4n2r2A2(p) + 8722 logr + o logr),
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0G
/ Gz—ldS = —16x logr + 4722 + w2 (Mahy + popr)
3B, (p) an
+4r A1 (p) + 47r2r2A1(p) —1672r? logr + O(r4 logr).
Noticing that

6 /B (@14 GV, =67 L A () + Ax(p)
Le(p

— 12712(Le)2 log Le + 67r2(Le)2 + 0((Le)4 log Le),

we get
/ (IV$1* + V| + V1 Vpo)d V
b
3 2
= - |IVw|“dxdy — 24w log Le
4 Jp,
—6m A1(p1) — 67 / G2dVy + O((Le)* log Le). (6.1)
‘We have

/ $p1dVy = 62/ deg—/ nHidV, + (4log Le —210g(1—|—7rL2)
P By, P

—Ai(p)H( —/

dvy) +/ (hix + p1y)dV,
Bre(p) Bre(p)

—f G1dVy + O((Le)*log Le)
Bre(p)

= €2 we? CMdxdy + 4log Le + 2n(Le)210 1+ nLZ)
y g g (
BL

—2m(Le)* — Ai(p) — 2log(1 + wL?) + O((Le)* log Le).

Since

Le
/ GrdV, = logr + Ax(p))2r Ledr + O((Le)* log Le)
Bre(p) 0

=2rr?logr — nr? + (A1(p)mr? + O((Le)* log Le),
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we can see that

/¢2dVg =/ szvg—/ GadV,
P2 P2 Bre(p)
—/ np2dVy + (2log Le —|—A1(p))/ dVv,
x Bre

2/ w+2log (1 +L?)
—€
By

5 e Vdxdy + O((Le)* log Le)
€2
=—— we? <) dxdy

By

—m(Le)?log (1 +L?) + n(Le)® + O((Le)* log Le).

Hence,
/(¢1 + ¢2)dV, = —A1(p) +4logLe — 6210g(1 + L%
—2log(1 + L% + O((Le)* log Le). (6.2)
_Kp)
Setting B(p) = w and M = %B(p), we have

log/ e¢1dVg = loge? + e2Mlog(1 + wL?) — 2¢*(M + 1) log Le
by
1
+0(?) + 0((Le)’logL) + O (F) . (6.3)

It is easy to see that
/ e”dVy = 0((Le)*),
By1(0)

and
/ e“2dV, = O((Le)*).
Br1(0)

Since feGZ =1, we get

log /2 e” =log (1 - O((Le)*)) = O((Le)?). (6.4)
In the end, we can deduce from (6.1), (6.2), (6.3) and (6.4) that
Do (¢p) = —4m — 4w logmw + 2[ G2dV, — €*(log(1 +mL*) — 2log Le)(1 + M)

40 (%) + O(e’log L) + O((Le)4log Le) + 0(e?).
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= m. Then for € sufficiently small we have

Do(¢p) < —4mw — 4w logm —|—2/ G2d V.

This proves our claim.

Therefore, if X satisfies the condition

max K (p) < 2m,
peX

we can see that u€ converges to ud = (u(l), ug) in H, := H"2(X) x H"2(X), hence
it is clear that ®(u?) = inf, ey, @ (u), that is, u is a minimizer of &g = ®. This
completes the proof of the main theorem.
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