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Dissociating limit in density functional theory with Coulomb
optimal transport cost

GuUY BOUCHITTE, GIUSEPPE BUTTAZZO, THIERRY CHAMPION
AND LUIGI DE PASCALE

Abstract. In the framework of Density Functional Theory with Strongly Corre-
lated Electrons we consider the so-called bond dissociating limit for the energy of
an aggregate of atoms. We show that the multi-marginals optimal transport cost
with Coulombian electron-electron repulsion describes a dissociation effect. The
variational limit is completely calculated in the case of N = 2 electrons. The
theme of fractional number of electrons appears naturally and brings into play
the question of optimal partial transport cost. A plan is outlined to complete the
analysis which involves the study of the relaxation of optimal transport cost with
respect to the weak* convergence of measures.
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1. Introduction

The goal of this paper is to describe the behavior, as ¢ — 0, of the asymptotically
minimizing sequences {p;}. of the functionals

Fe(p) = €T (p) +bC(p) — U(p), (1.1)

where ¢ is a small parameter depending on the Planck constant 7, b is a given
positive constant, and the three terms appearing are defined on the set of Borel
probabilities over R? as follows:
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e The von Weizsacker kinetic energy T is of the form

Vol
T(p):f i dxszmzdx,

where we use the convention that integrals with no precised domain are taken over
the whole ambient space R3;

e The correlation term C is given by means of the multi-marginal mass transport
functional

C(,o)::inf{/ c(xt,...,.xny)dP(x1,...,xy) : Yi=1,..., N, Jrl#P=,o}, (1.2)
R3N

where P is a probability on R3V, 7; is the projection map from R3V on its i-th
factor R3, # denotes the push forward operator defined for a map f and a measure

u by
I E) = n(f1(B)),

and c is the Coulomb correlation function

1
C(X],...,XN)Z Z ﬁ
1Ay

I<i<j<N

Since ¢ is symmetric, we may indifferently take the competitors P symmetric or
not in (1.2). As it will be explained later, from the physical point of view P ~ [y |?
where v is a wave function, should satisfy the symmetry assumption. Nevertheless
it will be more convenient to allow for non-symmetric competitors P along some
proofs;

e The potential term U is of the form

U(p) ZfV(X)dp(X)

being V (x) the Coulomb potential

Z

I<k<M

We shall also write U in the form

M
1
U(p) = E Zi Ux, () where Ux, (p) :=/7dp(x)-
k=1 lx — Xl

The Density Functional Theory (DFT) was introduced in the works of Thomas [25]
and Fermi [10] and then revived by Hohenberg, Kohn and Sham [11,12] and, from
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a variational point of view, by Levy [14] and Lieb [15]. The aim of DFT is to
develop a theory of Quantum Mechanics using the N-points probability distribu-
tion of electrons p (also known as charge density) as the main variable, instead of
the wave functions. The usual choice for the definition of the electrons density is
p = Np so that, given a subset B of R>, the quantity 5(B) represents the number
of electrons which are in B. In this paper it will be more convenient to deal with
probability densities. The functional F, above is a typical density functional mod-
eling an aggregate of atoms. The correlation term represents the electron-electron
interaction while the potential term represents the interaction of the electrons with
the the nuclei located in position X; and with positive charge Z;. More details on
this model are given in the Appendix.

In [15, Theorems 1.1 and 1.2] Lieb proved that the physically appropriate space
to consider as domain of the functional Fj is

'H:{peLl(R3) : p >0, /pdx:l, ﬁeH%R%}.

When the Coulomb correlation term C above is chosen, the theory is usually called
Strongly Correlated Electrons Density Functional Theory (SCE-DFT); it was started
and developed since the late 90’s (see for instance [21-23]) and the connection with
optimal transport was made in [4,7].

We will show that, as ¢ — 0, the minimal values of F, tend to —oo as —1/e¢,
so it will be convenient to consider the rescaled functionals

Ge(p) = eF:(p) = £°T (p) + ebC(p) — £U(p) (1.3)

that have the same minimizers as F, (we refer to Definition 3.4 for a precise state-
ment). It turns out that, by a scaling property of the above functionals, minimizing
G is equivalent to minimizing the functional F; with nuclei at positions Xi = X; /€
(see (3.2)): in this respect the asymptotic study of G corresponds to the study of
the so-called dissociating bond problem (see in particular Remark 5.11 and [5,18]).
The goal is then to characterize the I'-limit G of G, with respect to the weak™* con-
vergence of measures. In this way, the minimizers p, of G, (or equivalently of F;)
will tend to minimizers of G in the weak* convergence of measures. Since we are
on the whole space R?, the weak* convergence in principle does not preserve the
total mass, so we could expect that the limits p of p. are not anymore probabilities
and only satisfy the inequality [dp < 1.

The analysis of the limit functional G is then very important and the ultimate
goal is to characterize G explicitly in terms of the data. This would allow to deter-
mine the measures p that minimize G and, by consequence, a precise picture of the
shape of the the minimizers p, of F; as ¢ is small. In this respect, an interesting
issue is to establish whether or not limiting measures o which are minimal for G are
still probability measures. In view of the scaling above, we expect that , for a given
distribution of nuclei {Xg, Z¢}, G(p) depends only on the weights oy := p({Xx})
of p on each nuclei, namely:

G)=y(Z,....Zy,01,...,0n) =y(Z,a),
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being y (Z, -) a function defined on the simplex
M
ae[O,l]M:Zakfl .
k=1

Then showing that ¥ (Z, -) achieves its mimimum at & such that )" ox = 1 would
imply that the probability p = ), ax8x, is optimal for G. Note that in this case,
the uniqueness of such o would imply as a byproduct the tight convergence p; — p
for any minimizing sequence {p,}.

In principle the function y above could be very involved, mixing the data in a
very intricate way; in fact a better situation occurs if

M
y(Zi, .. Zysen, o) = Y 8(Zi, o) (14)
k=1

where the function g can be deduced through the solution of an auxiliary problem
with only one nucleus. Several points on the asymptotic analysis of the functionals
F, can be achieved in full generality. However, due to some technical difficulties,
mostly related to the analysis of the correlation term C, we are able to obtain a
complete characterization of the I'-limit functional G only when the number N
of electrons is at most 2 (for any number M of nuclei). In this case, we are able
to obtain G explicitely by means of a notion of fractional transport cost. This
will imply that the optimal measures p for G are actually probabilities, and so
the convergence of p, to p is in the narrow sense. In addition (see Theorem 5.7),
formula (1.4) is shown to hold, together with an expression of the function g that
can be deduced by means of an auxiliary variational problem.

The plan of the paper is the following. In Sections 2 and 3 we introduce the
notation used in the following and show some basic properties of the functionals
F, and of its three components. We also introduce the functionals G together with
some of their asymptotic properties. Section 4 is devoted to the non-interacting
case b = 0, in which the electron-electron correlation term is not present. This
simplifies a lot the analysis and an explicit characterization of the I"-limit functional
is obtained in this case. In Section 5 we treat the case with the electron-electron
interaction term C(p) and we provide, in the case N = 2, a general expression of
the I'-limit functional G. Finally, in the last section of the paper we discuss about
the case N > 2 and some open issues, concluding the paper with some comments
about our future work program. A short appendix contains some background on the
links between DFT and the Born-Oppenheimer model for the electronic structure
of several particles systems, including the bond dissociating limit for that model.
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and at the Laboratoire IMATH of University of Toulon. The last part of the work
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2. Introductory results on the correlation term C

In the following by P we denote the class of Borel probabilities in R and by P~
the class of Borel subprobabilities on R>, that is Borel measures 1 with f du<l.

By X and — we respectively denote the weak* convergence and the narrow con-
vergence on P and on P, related to the duality with continuous compactly sup-
ported functions and with bounded continuous functions. Finally, we indicate by
dx the Dirac mass at the point X and by ||p|| the quantity f dp.

By T (p), C(p), U(p) we denote the functionals detailed in the Introduction,
representing respectively the kinetic energy, the correlation term, and the potential
term of a density p € P. As noted in the introduction, the absolutely minimizing
sequences for the functionals F; (or G.) may only weak* converge to elements
in P, it is then convenient to extend the functionals T (p), C(p) and U(p) to
any non-negative bounded measure (in particular on P~) by 1-homogenity. We
shall denote these 1 homogeneous extensions by 7 (p), C(p) and U (p) respectively:
for 7 and U, this extension process obviously leads to the same expression, and
these two functionals are lower semicontinuous on P~ for the weak™® convergence.
For the correlation term C(p), we also define a 1-homogenous extension by setting
Cp):=|pll C (“%”) which can be rewritten in a similar way as in (1.2), namely

C(,o):inf{/ c(x1,...,xny)dP(x1,...,xN) : an:,o, Vi:l,...,N} 2.1
R3N

where now transport plans P are non-negative Borel measures on R*M with total
mass || P[| = ||l

While most of the readers are probably familiar with the first and third terms
T and U of F¢, we believe that the following results are useful to understand the
correlation term C.

Proposition 2.1. For every probability p on R? we have

NN — 1 1
cipy < YV D dp()dp(y).
2 ®3)?2 [x — ¥l

In particular, C(p) is finite for every probability density p which is bounded and
with compact support.
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Proof. From the definition of C(p), we may take p ® p ® --- ® p as a particular
probability P, so that

Clp) < /R c(xt. e xn) dp(ar) . . dp(xy)

and this last integral reduces to

N(N —1)
dp(x)dp(y)
2 (R3)?2 |x - y|
by the symmetry of the function c. O

Proposition 2.2. For every probability p on R? we have

Clp) > N(N 1)
~ 44/Var(p)

where Var(p) denotes the variance of the probability p. In particular, when p is a
Dirac mass, then Var(p) = 0 and we recover that C(p) = +00.

Proof. Let P be a probability on R3N with nl# P =pforali=1,...,N and let
y=(i xXm j)#P be the projection of P on the product R3 x R3. Then we have

1

1< / ,/ —Xj dy) 5/ 7dy/ |xi —x;|dy .
< ®3)2 /|xi — x| ’ ®2 X —xj] @y

Without loss of generality we assume Var(p) < 400 (otherwise there is nothing to
prove), so that p has a finite expectation E(p) = f x dp and we can write

/ lx; —xjldy < / (Ixi —E(p)| + |E(p) — x;1) dy
(R3)2 (R3)2

< 2/ lx —E(p)ldp(x) <24/ Var(p) .
Thus

/ 1 dy > 1
R — )/ > .
®3)2 |xi — x| 2/ Var(p)

Summingon all 1 <i < j < N we obtain

NN —-1)
4./Var(p)

as required. O

f c(xt, ..., xNy)dP(xy,...,xN) >
R3N
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Remark 2.3. By 1-homogeneity, Propositions 2.1 and 2.2 yield

N N_l 2 N N—l 1
N DIPE ey < MEZD [ L dprdnoo.

4,/Var(p) ~ 2|pll ®3)2 |x — Y

In particular 0 < C(p) for any non zero smooth p € P~ with compact support.

Yp e P,

It turns out that the function C (p) is lower semicontinuous with respect to the
tight convergence of probability measures. However this is not sufficient for our
purposes since sequences with uniformly bounded energy (1.3) are not tight in gen-
eral. Therefore we will deal with the weak* convergence and accordingly it is useful
to introduce the following lower semicontinuous extension of C to subprobabilities:

Yo e P, C(p) = inf{liminfC(pn) :on €P, pn A p} .
n—-+o0o

A natural guess could be that C(p) is equal to C(p); however, this is not the case as
the following proposition shows.

Proposition 2.4. The functional C is convex on 'P~, and the lower semicontinuous
envelope C with respect to the weak* convergence satisfies

_ N 1
C(p)fmin{C(u) :0=<u=np, fdMZN—l[/dp_N“' (2.2)

Note that as a corollary of (2.2) it holds

1 _
/dp§ﬁ=>C(p)=0 Yo e P~

which together with Remark 2.3 yields that C # C.

Proof. The convexity of C follows from the linearity of the constraint nl# P = p for
all i.

For the second statement, we first note that when f dp < 1/N,the minimum in
(2.2) is clearly 0 and attained for 4 = 0. Moreover, since C is 1-homogeneous the

second constraint in (2.2) may be replaced by f du = % [ f dp — %] whenever

f dp > 1/N. Note that this minimum is then attained since the set of measures

rosnan foegtlfo 1)

is tight and C is lower semicontinuous for the narrow convergence. We also note
that (2.2) obviously holds when p € P since u = p is then the only admissible
choice.
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Now let p € P~ with [p < 1, we first assume that [dp > 1/N. Let u
such that 0 < . < p, [dp = [fd - H and  optimal in (2.2). We set
v=p—pu,sothat [dpo+ (N —1) [dv=1.Let& =0, consider N — 1 distinct
vectors &, ..., Ey € R3\ {0}, and set for every n € N

Puk =Taxk'v,  kefl,...,N},

where T, x := T(n¢,), being ¢ the translation by £ defined on R® by ¢ : x > x +£.
We can now set

N N
Vn, Oni=p+ an,k =p+ an,k
k=2 k=1

and we note that p, belongs to P for any n and p, A p asn — 4o0o. We also
denote by P an optimal plan for C(u), then we set

N
Vl’l, Pn =P+ Z(Tn,oi(l) X ... X Tn,ai(N))#V y
i=1

where o is the permutation on {1, ..., N} such that o (j) = j+ 1 and o (V) = 1.
Then for all n the plan P, satisfies

N
Vje{l,...,N}, ann=u+Zrn’Ui(j)#v=pn

i=l1

so P, is admissible for C(p,). We can now estimate

N
C(on) < /RW cdP, = /RW cdP + i;/c(tn’(,f(l)(x), oo Tyi () ()0 (dxX)

v

= dP + N _
./ch Z n|& — &l

1<i<j<N

from which we conclude that
C(p) < liminf C(p,) < / cdP =C(p).
n—+00 R3N

as required.

It remains to treat the case [dp < 4. It follows from the preceding that

1
N
C(p) = 0 for any p such that [dp = %, then by weak* lower semicontinuity of
C and by approximation this also holds for any p € P~ with [dp < %, which
finishes the proof of (2.2) in this case.
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The full characterization of C on P~ is a quite involved problem, in particular
it is an open problem whether equality holds in (2.2) for N > 3 but holds true for
N =2.

Proposition 2.5. In the case N = 2 it holds

f(p)zmin{C(,u):Of,uf,o,/duZZ/dp—l} Yoe P, (2.3)

with C(u) defined in (2.1)

Proof. In order to obtain the reverse inequality of (2.2), consider a sequence o, in
‘P weakly* converging to p € P~. For each n we denote by P, an optimal plan

for p,, then we may assume that P, X P for some non-negative Borel measure P
over (R*)?, with marginals an = néf P = p for some . € P~. Then one gets

liminf C (p,) = liminf/ c(x1, x2) P,(dxy,dx))
(R3)2

n—-+4o0o n—+00

2/ c(x1, x2) P(dx1,dxp) > C(w).
(R3)2

We first claim that ¢ < p: indeed, let ¢, ¢y € CX (R?) be non-negative and 0 <
Y < 1, then we have

(p,¢) = lim ¢(x) Py (dx, dy)

n— 400 (R3)2

> lim / (W (¥) Pa(dx, dy)
(R3)2

n—+o0o
_ / (W () P(dx, dy).
(R3)2

Now letting ¥ ' 1 we obtain by the monotone convergence theorem that
oot = [ 600 Plx.dy) = (a9
(R3)?

and, since this is true for any non-negative test function ¢, we get the claim.

It remains to prove that [du > 2 [dp — 1. For this, consider a ball Bg
centered at the origin such that p(dBg) = 0; from what seen above this implies
L(dBR) = P(3B%) = 0. Then for all n € N one has

pn(BR) = Py(B%) + Py(Br X B%) < Py(B%) + pu(BS) = Py(B%) + 1 — p,(BR)
so that, passing to the limit as n — oo gives
20(Br) — 1 < P(B%) < u(Bg),

and then the claim follows by letting R go to 4o0. O
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Remark 2.6. As a corollary of Propositions 2.4 and 2.5, it appears that when N =
2 one has C(p) > 0 if and only if [dp > 1/2: indeed, if [ dp > 1/2, since the
minimum giving C(p) is attained for some p with [du =2 [dp —1 > 0, we
obtain p # 0 so that C(p) = C(u) > 0.

3. Basic inequalities, properties of the sequence and rescaling

We now get back to the preliminary analysis of F.. As proved by Lieb [15, The-
orem 1.1 and Theorem 1.2] the correct space where to minimize the functional F;
is

H:{pELl(R3) 1 p>0, /pdx:l, ﬁeHl(R3)}.

Proposition 3.1. For every ¢ > 0 the functional F is convex.

Proof. To prove convexity we look separately at the three terms which compose the
functional F. The first term is convex with respect to the pair (p, Vp) thanks to the
convexity of the function (s, v) — |v|>/s on RT x R?. We notice that the kinetic
energy can be also written in the form

ro) = [ 19pla.

The transport cost C(p) defined in (1.2) is a linear problem with respect to the
probability P on R3¥ | with linear constraints ni# P = p, so that it is convex. The
term U (p) is linear with respect to p. O

The different behavior of the three terms with respect to the action of homoth-
eties on the probability measures has a relevance in the study of the I'-limit.

Definition 3.2. For every probability measure p € P and every s > 0 we set
p* =hip

where hg 1 x — x/s.

Remark 3.3. Note in particular that if p has a compact support then the support
of p* is hy(supp(p)). We shall use in the following sections that p* — &y as
s — 400, which straightly follows from the definition. Also notice that the map
p > p° has for inverse p > pl/5. Finally, since the elements p € P for which
the functionals G, are defined are in L!, it is interesting to note that in this case the
probability p* is also in L! with density

p*(x) = s3p(sx).
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When M =1 and X; = 0, a simple calculation shows that the three terms in
F, scale as follows:

T(p*) = sT(p), C(p*) =sC(p), U(p*) = Uo(p*) = sUp(p).

Therefore, minimizing the functional (1.1) with respect to p° leads to minimize the
quantity

es’T(p) +s(bC(p) = U(p)).
A first minimization with respect to the variable s > 0 reduces the problem inf F;
P

to minimize with respect to p the ratio

1 (U(p) = bC (),
e T(p)

where ()4 denotes the positive part function. Then

. K
inf Fe(p)=——, 3.1)
peP &
where 5
(U(p) = bC(p))’,
K = sup
pEP 4T (p)

This last supremum is finite as a consequence of the inequality (U - bC )i < U?

and of Lemma 3.6 below applied to u?> = p for any probability p in the domain
of Fg.

When M > 1 the potential term U does not have anymore the scaling property
above so we use the following estimate (setting Z = ) °; <k<m Zi):

Zy Zp(x)
F:.(p) = T bC dx |,
(p) ISEkSM ~Z [8 (p) +bC(p) — /| Xl X}
so that

> Zk g [sT(p)erC(p)—/de} < inf F.(p)
Z p [x — Xkl P

1<k<M

< inf |:8T(,0) +bC(p) — / |le(") dx]

- X
It follows that, for suitable positive constants K and K>, we have

Ky . K>
—— <infFe(p) < ——.
&€ 1Y &
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In conclusion the minimal values of F; tend to —oo with order 1/¢. This justifies
the introduction of the rescaled functionals

G:(p) = eFe(p).

Due to the lack of compactness for the tight convergence, it is not clear whether
the functionals F, and G, admit minimizers in P. As we are interested in the
asymptotics as ¢ — 0, we will use the following asymptotic notion of minimizer.

Definition 3.4. We say that {p.}, € P is asymptotically minimizing for G (re-
spectively for F,) whenever

e—>0 &

Fu(pe) — infp F,
lim [Gs(ps) - inng} =0 <respectively Jim Fe(Pe) Zinfp Fe 0).
e—0 P

Let us emphasize that such a sequence of asymptotic minimizers converge (up
to subsequences) weakly* to an element of P~. We may now apply to the family
G, the I'-convergence theory in order to identify the I'-limit functional G and so,
as a consequence, the behaviour of the asymptotically minimizing sequences, that
will converge to minimizers of G.

The functional G, has also a physical interest by itself and deserves to be
written explicitly

Ge(p) = &°T(p) + ebC(p) — eU(p)

The same homogeneities of the terms in the functional F, allow us to rewrite

Zip®(x)
G, =T (p°) + bC(p°) — ———dx. 32
(0) =T (p") w)I;; X (32)

Then letting & go to 0 is equivalent to let the distance between the nuclei go to 4-00.
For this reason, when considering a molecule, the limit as ¢ — 0 of G, models the
dissociation of chemical bonds between the atoms composing the molecule.

In the following we denote by G and by G~ respectively the I'-limsup and
the I'-liminf of the family G,. Since the space P~ endowed with the weak* con-
vergence is metrizable and compact, by the general theory of the I'-convergence
(see for instance [9]) we have that a subsequence of G, (that we still continue to
denote by G) I'-converges to some functional G. If we are able to fully character-
ize this limit functional G independently of the subsequence, we obtain that the full
family G, is I'-convergent to G. Therefore, in the following we may assume that
G I'-converges to some functional G and we concentrate our efforts in obtaining a
characterization of G in terms of the data only.

Since in general weak* limits of sequences of probabilities only belong to P,
we consider G~, G, and G as defined on P~. As a basic consequence of I'-
convergence theory (see [1]) we have the following result.

Proposition 3.5. We have G~ < G™; moreover the functionals G~ and G are
both weakly* lower-semicontinuous, and G is convex.
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If we forget about the electron-electron interaction, i.e., the optimal transport term
C in G, we obtain an estimate from below and at the same time an easier problem
to work with. We will refer to this as the “non-interacting case” and the corre-
sponding functionals will be denoted as

0_ .2
G, =¢e"T(p) —eU(p).
We first characterize a wide space on which G = Gt = G~ =0.

Lemma 3.6. There exists a constant k such that for every domain 2 (bounded or
not) we have

2 2
[/ ”—dx] flc/ uzdx/|Vu|2dx Vu € H'(R3).
Q x| Q

Proof. Using the embedding of H'!(R?) into L°(R?) we have for every § > 0

2 2 2

/u_dx / u—dx+/ 2 dx

Q |_x| Q\B,S 8 B |x|
< L[t W 11
=5/, LO(R3) L>/%(Bs)

1 2 2
< u“dx~+«ké | |Vu|~dx.
§ Ja

Optimizing with respect to § gives

172
f—dx<2|: fu dx/qul dx:|
a x|

as required. O

Proposition 3.7. For every probability p we have

KM

0 2 Zir(iXeh = G7(0) <G (p) <0, (3.3)

1<k<M

where K is given in Lemma 3.6. In particular G~ (p) = GT(p) = 0 for every
probability p that does not charge any of the points Xy.

Proof. By Proposition 2.1 we have for every smooth p with compact support
Ge(p) = £°T (p) + ebC(p) —sU(p) < K
for a suitable constant K depending on p. Therefore

G*(p) < lim Ge(p) <0,
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and the last inequality in (3.3) follows by approximation and by the lower semicon-
tinuity of G™.

Let now p, be a generic sequence weakly* converging to p; since the transport
cost C(p,) is nonnegative we have, setting ug = D¢,

Ge(ps)

2 2
u u
282[|Vu5|2dx—8 E Zk / - dx+/ £ dx|.
iy Bs(Xg) 1X— Xkl (Bs(xp))e 1Xx— Xkl

By using Lemma 3.6 and the fact that |[x — Xy| > § on Bs(X)¢ we obtain

2 5
G (pe) 252/|Vu8|2dx—8 Z Zi [K/ ugdx/|Vu8|2dx:| —e— .
Bs(Xx) 8

1<k<M

Since e?A — ¢ B > —B?/(4A), the sum of the first two terms in the last line gives

2
K 2 172 Z

Ge(pe) = —— Z Z U dx —&—.
4\ = Bs(Xg) Y

As ¢ — 0 we obtain, for every § > 0,

2
G‘(p)z—g( > zfo@n]’ 2) ,

and finally, as 6 — 0,
12 2 M
— K K
G “))Z‘z( > Zifp(xin] ) =—= Y Ze(xu)
I<k=M 1<k=<M

which concludes the proof. 0

4. The non-interacting case

In this case, thanks to the absence of the transport term C, we are able to identify
the limit functional G in a complete way. In order to stress the fact that b = 0 we
denote the sequence by Gg and the limit by G°.
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4.1. The hydrogen atom

The simplest case is N = M = 1; in other words we have a single nucleus with
charge Z located at a point X (that without loss of generality we can take the
origin) and a single electron. In this is situation the non interacting case maintains
a physical meaning. Problem (3.1) then reduces to

o )
inf, Fe (0) = nf {7 (0) U(")}—AE%?{ 4 T(p)

:Z_2 it {_ (Uo(,O))Z} '

g peP 4T (p)

The value of the problem on the right-hand side is the first eigenvalue (negative) of
the operator
1

x|

This is known to be equal to —1/4 with eigenfunctions proportional to

1

P~ %r

o l12

(see for instance [16, Example 11.10]). Summarizing, in the case N = M = 1 the
minimizer p, of the functional F? (or equivalently of the rescaled functional G?) is
equal to

5 — 5/ (x) = —lx1/(2¢)
x) = X)=—7-+——e ,

Pe(x) =p """ (x) 7 (26)3

and tends, as ¢ — 0, to the measure p(x) = §p with the minimal values G.(p,) —

—Z?/4. In fact, by applying Theorem 4.4 to this particular case, we infer that the

I'-limit functional GY is indentified on P~ as
0 Z §
G (p) = =, (0.
From the previous discussion we deduce

zz . |Vpl? Zp
—— = inf {T(p) — ZUo(p)} = inf dx — | ==dx}. (4.1)
4 peP p |

4p |x

4.2. The general case N, M > 1

We start by a localization lemma.
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Lemma 4.1 (Localization). Let p € P, and let 5§ > 0. Let 05 be a smooth cut-off

2
function such that Wg‘s' is continuous and such that

M
fs = 1 on As :=|_| B(X;. )
i=1
m
= ] B(X;,2
s =0 outside U (X;,26) 42)
0<6s<1 on R3
Vos|?
V61T _ a6 < k.
s
Let v be smooth and compactly supported function such that:
eT(v) <K
Osp+veP 4.3)

dist (sptv, {Xi, ..., Xy) > 38.

Then, setting Z = Y | .x < Zk, we have

G20 0 z
cOsp+v) =G (p)t+¢ (1+8)K+5 .

Proof. We compute

IV@sp)I* _ 105Vp + pV6s|? |Vpl? V05|
= = 0s +p
s p s p P 0s

Concerning the second and third terms we remark that

Vs
— |/ (' ol —2A05),0dx
Os
Summarizing, we have obtained

IV(©sp)?
4050

+2Vp - Vbs.

V65|
o ) +2Vp - VOsdx <K.
s

dx <T(p)+K.

Since the support of v is away from that of 850 we have that
2T Osp +v) = 2T Bsp) + 2T (v) < 2T (p) + (6> + &)K.

Similarly,

/V(x)@s,odx Z/V(x)pdx—/ V(x)pdx E/V(x)pdx— g,

A s
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and

/ Vix)vdx > 0.
Summing up the last inequalities gives the desired estimate. U

Example 4.2. We give for completeness an example of functions 5 and v satisfy-
ing the assumptions of Lemma 4.1 above. We define the real functions

and g() =

Fy = eV ifr>0 _ S (@)
0 otherwise fO+fa-0"

When § < || X; — X || fori # j one may consider

M _ X2
o) = g (2— (”’657”> )
i=1

Concerning v it is enough to consider any positive function & with smooth /i
supported away from the points X; and set v = Bh with 8 small enough so that
Osp + v € P: in that case the constant K in (4.3) does not depend on €.

Lemma 4.3. We have
2

Z
G (6x,) < —Tk.

Proof. 1t is enough to prove the inequality for X and Z; and without loss of gen-
erality we may assume X; = 0. Consider a generic probability  and define

ey
pe(x) =1 (x)—8—3n(x/8)-

We have that p, weakly* converges to dg, so that

z
G (80) < limsup G%(pe) = T (n) — |_1|’7 dx.
e—0 x

Taking the infimum with respect to n and using (4.1) gives what required. O

Theorem 4.4. The limit functional G° exists and is given by the formula

1
Gy ==7 D ZipXib. (4.4)

1<k<M
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Proof. We prove that

1 1
—1 D Zir(X) =G0 =G = =7 X0 Zip(Xid).  (45)
I<k=M I<k<M

The last inequality in (4.5) follows by the convexity of the functional G+ and
Lemma 4.3. Indeed, we can write for every probability p

4

0
p = Z ardx, +op—
1<k<M &0

where
e =pUXeD),  pt=pl R\ Uim=miXil}, a0 = pt@®Y).

Since ap + D <j<pr @ = 1 the convexity of G gives

G (p) = > G (6x) + a0G (p*/e).
1<k<M

By Lemma 4.3 we have

1
G (8x,) < —Zzi

and, since G0+(,o) = 0 whenever p does not charge any of the points Xj (see
Proposition 3.7), we have G%* (o /ag) = 0 so that the desired inequality follows.

In order to prove the first inequality in (4.5) we have to show that for every p
weakly* converging to p we have

1 2 . 0
-1 1<;M Zip(Xeh) < liminf G (pe).

We apply Lemma 4.1 to p, with § small enough and fixed, so that we can replace
pe by

M M
Osps +ve = )05 | B(Xy, 20) +ve =D pf + e
k=1 k=1

where we defined ,of = 050¢ | B(Xk, 28) and v, is chosen as in Example 4.2 with a
fixed function / so that the constant K does not depend on €. We then have

M M
lim inf GY(pe) > lim inf (GQ (Z ok + vg) - gK(g) =lim inf G ( oF + ug> ,
k=1 k=1
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where we can take K5 = 2K + % fore <1 and
M M
GY <Z ok + u,g) =) (ng(pjf) — 73Uy, (pff)) + 2T (ve) — eU (ve).
k=1

k=1

Concerning the first M terms we infer from (4.1) that

k k
2k k 2 Pe e :
e T(,OS)_SZ/CUXk(IOS):(S T(fdp§>_8ZkUXk <fdp§))/dps

ZZ
> -k /dpff-

4

As ¢ — 0 we have

tim [ ot = [ tip < p(B0X:.29).
B(X,28)

e—>0

The last term £27 (v;) — eU (v,) vanishes as ¢ — 0. Summing up we obtained

0 % k % ZI%
lim inf G (Z ps + 1)8) > =) L p(B(Xi. 29)).
k=1 k=1
Letting now § — 0 gives the desired inequality. O

Remark 4.5. Since the correlation term C is non-negative, we obtain from the pre-
ceding that

1
YoeP,  GT(pzGT(m=-7 > ZipXi).
1<k<M

which is a more precise lower estimate of G~ than that obtained in Proposition 3.7.

Remark 4.6. The explicit form of G given in (4.4) allows to directly deduce that

argminGoz {p: Z aidx;, 1 0<o; <1, Zai = 1},

i€ lmax

where I.x denotes the set of indices i such that Z; = max{Zi, ..., Zy}. In other
words, the optimal configurations for the limit functional G concentrate on the
points X; having the highest nuclei charges Z;. We shall see in Remark 5.10 below
that the situation is somewhat more intricate in the interacting case » > 0.
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5. The interacting case for N = 2

The complete characterization of the functional G defined as the I'-limit of the
functionals G, as ¢ — 0, in the general case M > 1 and N > 1 seems a very
difficult issue, mainly due to the general form of the localization Lemma 5.1 below,
that is at the moment unavailable. We then limit ourselves in this section to consider
the case N = 2 that we can handle completely.

For every p € P~ we denote by p” the atomic measure

M
p' =" pXiHix;,
i=1

where X; are the (fixed) positions of the nuclei (i = 1, ..., M). We also denote by
,oL the measure
pt=p—p"
that does not charge any of the points X; . In other words, p* and p are respectively
the restrictions of p to the sets {X1, ..., X3} and to its complement.
The following Lemma extends the localization argument of Lemma 4.1 in pres-
ence of the correlation term C.

Lemma 5.1 (Localization). Let N = 2, p € P, and § > 0, and let 65 and v
be as in Lemma 4.1. Assume further that v = v' + v with |v!|| = |v?| and
spt(v!) N spt(vz) = @. Then we have

Z+2b b )

G.(6 <G 1 K
c(03p +v) < Ge(p) + ¢ (( FOK + S o)
Proof. By Lemma 4.1 we only need the following estimate of the transport term C:

1
dist(spt(v1), spt(v2))’

2
C(Osp +v) SC(P)+5+

It is convenient to introduce the set R = R3 \ Aj, being Ag defined in (4.2).

We denote by P an optimal transport plan for p, which is also symmetric with
respect to a permutation of the variables and we define a new transport plan P as
below.

P! = Plasxa;, = min{0s(x), O5(0)} Pasx as »

~ ~ ~ V
P? = Payxr = Gsp — 7l PHY® TR
53 _ B _ v __#pl
P> = Prya; = vl ® (Osps —m5 P)

- 0 —gtp!
Pt =2 (1-%) <v1®v2+v2®vl).
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The fact that P2 > 0 (and similarly that p3 > 0) follows from P! < 05 (x) Plagx As -
To check that P* > 0 it is enough to compute

Ivll = 1650 — 74 Pl = 1= 16501l — (16011 — ) P
= 1+ |l Pl — 631l — 16501

= /[1 + min{0s (x), O5(y)} — O5(x) — Os(¥)1dP(x,y) =0

where the last inequality follows since the integrand is non-negative. Also note that

- 0 —a?p!
v —an3 = (1 — —” bPe ||v||2 ”) v

so that nfﬁ; =V — nfﬁ3.
In order to show that the two marginals of P coincide with 05p + v, since P is

symmetric, it is enough to check the first marginal. Since R is the complement of
A we compute the restriction of the marginal to these two sets. Then

on As we have nfﬁ:nfﬁl+7Tf132=71f}~’1+95p—7rf151 =650,

on R we have nfﬁ=nfﬁ3+nfﬁ4=nfﬁ3+v—nfﬁ3=v.

Since the quantity f(R3)2 cd P to be minimized in C is linear with respect to P it

is enough to estimate it for each of the components of P above and using the facts
that

dist(spt(vl), spt(vz)) >0
0 < min{6s(x), Os(y)} < 1
dist (sptv, {X1, ..., Xm}) = 36,

we obtain

~ 1 1 1
) dP ) S ) dP ) o o N
/(‘Rz)z ctx, y)dP &, y) £R3)2 ctx, Y)dP(x, y)+ 1) + 1) + dist(spt(v!), spt(v2))

which is the desired inequality. 0

We are now in position to prove both the existence of the I'-limit of the func-
tionals G, and a property of it that will be very useful in the following to obtain an
explicit representation formula.

Theorem 5.2. For every p € P~ the I'-limit G of the functionals G exists and we
have

G(p) = G(p™).
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Proof. By the compactness of the I'-convergence, the I'-limit G exists, at least for
a subsequence ¢, — 0; as stated in Section 3, since later we will characterize this
I"-limit explicitly, we may assume it does not depend on the subsequence, so that
the entire family G, I'" converges and G~ = GT = G. Let p € P~. Writing
p = p” + pt, it is then enough to show the inequalities below:

G~ (" +ph) = GF (", 5
G* (" +ph) = G (o).

Let us prove the first inequality in (5.1) for p € P in the special case that p =
,olL + sz with ||,oli|| = ||,02L||, ,ol.L smooth, with disjoint and compact supports; in
addition we assume that dist(spt o, spt o) > 0. Denote by p. a family weakly*
converging to p* and such that

G (p") = limsup G (pe).

e—0

Define, for § small enough and 65 as in Lemma 4.1, o, = 650, + ve, Where we
choose v, = ag,oL = czg,olL + ag,02L and a, is such p, € P. Then the assumptions

of Lemma 5.1 are satisfied. Then p, A 0sp* + pT and we have by Lemma 5.1

Ge(Pe) = Ge(pe) + €K,
where the constant Ks only depends on §. Passing to the limit as ¢ — 0 we have
G~ (6sp" +p) = GT (o).
Using now the lower semicontinuity of G~ we have,as § — 0
G~ (p" +07) = GH (o).

In order to extend the inequality above to the general case of p € P~ with general
o1 we use again the lower semicontinuity property of G~ and a density argument.

To prove the second inequality in (5.1) we argue in a similar way: take as p. a
family weakly* converging to p = p” 4+ p* and such that

Gt (p" + p) = limsup G (pe).

e—0

Thanks to Lemma 5.1, we may construct p, = 050, + v, as above, with the cut-off
function 65 as in (4.2) and taking, for example,

vg(x):ag[h(x—);—o)—{—h(x-i-z—())],

with 2 > 0 smooth and compactly supported, xg # 0 and a, suitably chosen so that
0e € P. We get v, X 0and

Ge(pe) < Ge(pe) + eKs.
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Then, passing to the limit as ¢ — 0, we have
G (0" +p™) = G (6sp);
passing now to the limit as § — 0 gives Gt(p" + pt) > G (p*) as required. [

By Theorem 5.2 all I'-limits of subsequences G, depend only on p* . In Theo-
rem 5.7 we will characterize by an explicit formula the I'-limit of G, independently
of the subsequence ¢, obtaining in this way the I"-limit of the whole family G..

The following definition of partial or fractional transport cost appeared in the
w* relaxation C of C in equation (2.3) and will appear in the formula for the I'-
limit:

Clp2a— 1y — |Mn{COW 0= p, llull =2 =1} ifa =172
0 otherwise.
Definition 5.3. Forallb, Z > 0and 0 < a < 1 we define

gp(Z, ) := Hpilrllia {T(p)+bC(p,2a — 1) = ZUn(p)} - (5.2)

Remark 5.4. Using again the different homogeneities of the three addenda with
respect to the rescaling of measures we have

I (ZUo(p) — bC(p, 20 — 1)),
Z, I
8(Z, @) 4 ||/S;h1£a 7 (p)

so that for o < 1/2 the equality
1 2
gb(Za a) =——aZ
4
holds. Moreover from (5.2), again rescaling the measures, for every ¢ > 0 we have

e*T (p) + ebC(p,2a — 1) — eZUo(p) > gp(Z, @)

for all p € P~ with ||p|| = «.

It is clear from the definition of g; that it is concave non-increasing in Z, and
we shall prove in Lemma 6.3 (using the other equivalent Definition 6.1) that it is
convex non-increasing in «. Discussing the existence of minimizers is out of the
scope of this paper, however we will need some almost optimal measures which we
study in the next proposition.

Proposition 5.5. For all . > 0 there exist r = r(A) and p € P~ with ||p| = «
such that spt(p) C B(0,r) and

T(p) +bC(p, 20 — 1) = ZUo(p) < gb(Z, ) + A.
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Proof. This is an indirect variant of Lemma 5.1 in which the fractional transport
cost appears and € = 1. So we carefully apply Lemmas 4.1 and 5.1. We start from
0 € P~ such that ||p|| = « and

~ ~ A
T(p)+bC(p,2a — 1) — ZUp(p) < gp(Z, ) + 3

We need to modify p so that the support becomes compact. Let also i < p with
il =20 — 1 and C(it) = C(p, 2a — 1). Consider 5 and v as in Lemma 5.1 with
8 large enough so that we may have K small and

Z+2b b A
2K + + — <-.
) dist(spt(v}), spt(v?)) ~ 3

Here we set p = 650 + v and assume ||p|| = « (instead of p € P as in Lemma 5.1).
Then

/wu=a—www

By Lemma 4.1 with ¢ = 1 we have
- - A
T(p) — ZUp(p) < T (p) — ZUp(p) + 3

To estimate the fractional transport term C (p, 2o — 1) we consider u = 51 + Bov
where By is such that the total variation of u is equal to 2« — 1. To show that © < p
we need to show that o < 1. This is equivalent to say that

2a—1—/95dﬂ§/d1}=0{—/95d,5

which is the inequality

/%ﬂﬁ—@fl—azfd@—ﬁ)

We then apply the transport estimate of Lemma 5.1, up to a rescale of the measures,
to get

o A . A
C(p,2a — 1) <C(n) <C(iv) + 3= Cp,2a—1)+ 3
which concludes the proof. O

A short investigation of the structure of certain optimal transport plans will be
used in the next theorem.
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Lemma 5.6. Let Xo, ..., Xy € RY and let § > 0 be such that § < min; ; | X; —
Xjl|. Consider p = Ziﬁio aip; with p; probability measures such that sptp; C
B(X;, ) and ZzAiO a; = 1. Let P be an optimal transport plan for p, then

P(B(Xi,8) x B(X;,8)) =0 ifa; <172
P(B(X;,8) x B(X:,8) =20; — 1 ifa; > 1/2.

It follows that there exists K depending only on min;; |X; — X j| — 28 such that
the following alternative holds:

(1) Cp) <Kifa; <1/2foralli;
(2) If aj > 1/2 for some i then

Clajpi,20; —1) < C(p) < C(a;jpi,20; — 1) + K.

Note that in the above statement we add a point X, not corresponding to a nucleus,
to the points X1, ..., Xs: this will be handy in the proof of Theorem 5.7 below.

Proof. Leti € {0,..., M}andletl; := P(B(X;, ) x B(Xj, §)), we may compute

P((B(X;.c8) x RY) U (R’ x B(X;,8)))=P(B(X;.8) x RY) + P(R? x B(X;.))
— P(B(X;, 8) x B(X;, 8)) < 2a; — 1.
For the case o; < 1/2,if [{ > 0 then, since 2c; — [1 < 1, there exist j, k % i such

that a
l .= P(B(X;, ) x B(Xg, 8)) > 0.

Define s = min{/, [»} and

N

I

N

P P\B(X;,8)x B(X;,5)> P PiB(X;,8)x B(Xy,8)5

b

and rewrite P = P; + P> + Pgr where Py is defined by this same equality. Since
the quantity c(P) = [ipsy2 cd P is linear in P we have

s
c(P)=c(P) +c(P)+c(PR) = T c(PR).
Define the possibly non-symmetric competitor P by
O |
P=- (xfPi@niP+ 7l P @)+ Pr,

so that it has the same marginal as P. Concerning the transportation cost we have

s s
IXi—Xk|—26+|Xj—Xi|—28

c(P) < + ¢(PR)
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which is smaller than ¢(P) for § as in the assumptions, and this contradicts the
optimality of P.
Analogously, if ¢; > 1/2, since ,O(Rd \ B(X;, 6)) = 1 — a; we have

I = P(B(X;,8) x B(X;,9))
= P(B(X;,8) x RY) — P(B(X;,8) x (R \ B(X;,8))
>o; — (1 —a;) =2a; — 1.
The strict inequality would imply again that 2o; — /1 < 1 and then again there
exist j, k # i such that P(B(X,§) x B(Xy,d8)) > 0. This would contradict the
optimality of P as in the first case.

To deduce (5.6) we consider an optimal transport plan Pop; and remark that for
x in the support of Pop for all i, j

1 1
<
lxi —x;| — minjx; | X; — X | —28

so that we can take
N(N -1

T 2ming, |X; — X, — 25
To prove the first inequality in (5.6) consider a symmetric optimal transport plan P
for C(p). Let P’ = P|B(X;,8) x B(X;,d) and let u := 7! P'(= 7} P'). Clearly
0<p=<apand ||u| =|IP'|| =2e; — 1,then

C(aipi,20; — 1) < c(P") < c(P) 4 c(P—P")=C(p).
For the second inequality in (5.6), let u < «; p; with ||| = 2a; — 1 be such that
C(n) = Claipi, 2a; — 1),

and let P, be an optimal plan for x. Consider an optimal plan Pg for p — . The
plan P = P, + Pg € I1(p) and then

C(p) = c(P) =c(Pu)+c(Pr) =C(w)+C(p—p) = Claipi, 20i =1 +C(p—p).

We conclude observing that

p— 1
C(P—M)=||,0—M||C<—)SK”,O—MHSK
lo— el
since
p—m=oappo+---+U—-a)oi+ - +aypm
nd 1 I [
p—u
()l(),...,1—0!1‘,...,()111/155<(,1{i:T
so (5.6) applies to 2=£- O

lo—pell
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By Theorem 5.2 we may now focus on the formula for G (p*).

Theorem 5.7. Let p € P~ be such that

M M
,0# = ZO[,‘(SX,. Withot,' > 0 and ZO[,‘ <1.
i=1 j

i=1

Then the following formula holds:
M
G(p) = gv(Zi, i)
i=1

Proof. Tt follows from Theorem 5.2 that G(p) = G(p"), so we shall prove the
result for p = p*.

Let § > 0 be such that § < min; ; |X; — X;|. We start with the I' — lim sup
inequality. For every ¢ > 0 we add to the M-uple (X1, ..., X3) an additional point
Y. such that

lim ||Y.|| — oo.
e—0

Let & > 0, let p; be a measure with compact support obtained from Proposition 5.5
applied with parameters A; = 2, a;, Z;. Let h € C°(B(0, 8)) a positive function

such that
|Vh|?
hdx =1 and ; dx < +o0

and define

M
,og(x) =aoh(x —Yg) withag =1 — Zot,- .
i=1

Fori=1,..., Mlet

; 1 x—X; Mo
1/ .
Pe(X) = p; fx = Xi) = 3 Oi < . ’) and pe(x) = E_O Pp(x) .

For ¢ small enough the supports of ,02 and pé are contained in B(Y,, §) and B(X;, §)
respectively. We estimate G (p.) from above. Since

M
T(pe) =y T(p) + T (h),

i=1
M .
Ulpe) = Y ZiUx, (ph),

i=1



1456 G. BOUCHITTE, G. BUTTAZZO, T. CHAMPION AND L. DE PASCALE

we deduce
M . .
Ge(pe) < Y (T (p}) — eZiUx, (p) + T () +6Clpe).  (5.3)
i=1

We then need to decompose C(p.). By Lemma 5.6 if o; < 1/2 for all i then
C(p:) < K and passing to the lim sup

e—0

GT(p") <limsup Ge(pe) < ) gn(Zi, i) + 2
i

because the last two terms in (5.3) go to 0, and the first term is computed by the
homogeneity of the energy and the choice of p;. If foronei € {1,..., M}, a; >
1/2, we assume without loss of generality that it is .1, then by Lemma 5.6

Clpe) <C(pd. 201 — 1) + K.
Then
Gelpe) < €2T(p)) — eUz (p)) +Ca(p), 201 — 1)

M
+ (SZT(,Oé) —eUz () + 2aoT (h) + K
i=2

and again we conclude by the homogeneity of the energy and the choice of p;. The

case ap > 1/2 can be excluded by considering a second sequence Y, = —Y, and
then defining
o0 o0 S
pi =S h(x = Yo) + —h(x = Yo),

which has the same properties needed in the proof but do not concentrate too much
mass in a ball of radius §: we are then applying Lemma 5.6 with the M + 2 points
Xl? "'7XM’ YS’ YS'

We now deal with the I' — lim inf inequality. Let p, A p". By Lemma 5.1 we
can replace pg by 050, + ve with v chosen as in Example 4.2 so that the constant
K does not depend on 4§, since

liminf G¢ (85 0. + ve) < liminf G.(p;).
e—0 e—>0

We denote by p! := 0 Pe|B(X;,25) and we have, for some constant K5 that does not
depend on ¢, the inequality

M

_ . K
Gelpe) = ) _(6*T(p}) — eUz(ph) + &0 T (ve) + £C () — Eog

i=1
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Again we need to look at C(p,). If o; < 1/2 for all i we just use that C(p;) > 0
and get

1 z 2 i 2 K
Gelpe) = = ;Zi ozl + &2aT (ve) — &5

When ¢ — 0 and then § — 0 we obtain
imin —— : X — —— ‘o = iy O
it e Pe) = 4,-:1 i B(X;,28)p 41-:1 i Qi - 8b\Li, Q;

which concludes the proof in this case.
If oy > 1/2 (or any o; up to reindexing) then for & small enough || o] || =

pl(B(X1,28)) > 1/2 and then by Lemma 5.6
Ge(pe) = 2T (p}) +eC(pl, 2011 — 1) — €Uz (o))

M
. . K
+ ) (2T (o)) — Uz, (p)) + 20T (ve) + £os
i=2

By the homogeneity of the three terms

el . K
Ge(pe) = gp(Z1, o) = 7 D Z et + 20T (ve) + & 7.
i=2

Passing again to the limit for ¢ — 0 and then § — 0, and using the lower semi-
continuity of g,(Z;, -) allows to conclude in this case. O

Remark 5.8. Since ) ; o; < 1 at most one of the ; may be greater then 1/2 and
we will always assume that is the first «;. Then, recalling that by definition,

M
p=p"+pt=> abx, +p- VpeP,
i=1

we have two possible cases:

e , 1
G(p) =Gp")=—7 ) @iz},  ifar =z,
i=1

or

1y, , 1
G(p) = G(p") = gn(Z1, 1) — Z;aizi, ifon > -

We are now in a position to study the minimization problem

min {G(p) : p € P }. (54)
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Theorem 5.9. Let us assume that M > 2. Then the minimization problem (5.4) has
a solution p € P~. Moreover, every such a minimizer p belongs to P and is of the

form
M M
p:p#:Zaiéxi with Zaizl.
i=1 i=l1

Note that the case M = 1 is discussed in Remark 6.6 below.

Proof. The existence of an optimal p follows from the weak* compactness of P~
and lower semicontinuity of the I'-limit G. For such a p , set o; = p({X;}). Then,
by Theorem 5.7, p" := Zlﬁil ;8 is also optimal and we claim that Zf‘il aj = 1.
Indeed if Zlﬂi 1@ < 1,then there exists j such that; < 1/2 and we may consider
p = p + ndx; where n is such that

1
O<n<m1n{§—aj,1—2ai}.

Then, by applying again Theorem 5.7, we obtain

(aj+1n)

G(p) = G(p" +nox;) = ——,

Zi+ Y e (Zin )
i#]j

1
== 1%+ GG < G
where we used the fact that o + 17 < 1/2. O

Remark 5.10. To illustrate the previous analysis, we now discuss the structure of
the minimizers of problem (5.4) in the special case N = M = 2. Without loss of
generality we may assume that Z; > Z,, then it follows from Theorem 5.9 that the
minimizers of (5.4) are of the form

p=adx, + (1 —a)dx,
with « € [0, 1] minimizing the problem
min {gy(Z1, @) + gp(Z2, 1 —a) : a €[0,1]}. (5.5)
From Proposition 6.7 and Remark 6.8, we know that the convex non-increasing

functions S +— g5(Z;, B) satisfy

Zi 1
@z =—"7p forpelod]
@z p) =7 p  forpelii].
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As a consequence for Z; = Z, we obtain that the minimum is uniquely attained for
o= %: we thus recover a more precise result than in Remark 4.6 where in that case
any o € [0, 1] would lead to a solution. Here, due to the correlation term C, each
nucleus gets exactly one electron (see also Remark 5.11 below).

We now turn to the case Z; > Z;. In that case it holds g5 (Z1, B) < g»(Z>2, B)
for all 8. Moreover from the above properties of g it follows that the minimum in

(5.5) is equal to

. z3 1
min gb(Zl,oe)—T(l—a):ae 5,1 .

2
Now, since gp(Z1, 1) > —% we may choose Z; close enough to Z; (yet keeping

Z» < Z1) such that

Z3+ 73

g

in which case the minimum in (5.5) is attained for some o < 1: this is quite different
from what obtained in Remark 4.6 where the minimum would be only for ¢ = 1.
Somehow this allows for a continuity of the solution set of (5.5) as Z; gets closer
to Z1.

Since p represents the probability distribution of the N electrons, the presence
of values of «; which are not of the form k/N should be interpreted as the presence
of a fractional number of electrons. This fact already appeared in the literature (see
for instance [17,20]) and has a reasonable interpretation in terms of time-averaging.

g (Z1, 1) > —

Remark 5.11. We now discuss more extensively the Hy molecule bond dissocia-
tion, and we show how our results compare to the results of [5, Theorem 5.1]. The
H, molecule corresponds to M = 2 nuclei with charges Z; = Z, = land N = 2
electrons. The physical total energy for this molecule when the nuclei are located
at X; /e is given by

& .
X1 = Xo| +inf {27 (p) + C(p) — 2(Ux, /¢ (p) + Ux,/e(p)) = llpll =1}, (5.6)

where the first term in the nucleus-nucleus Coulomb interaction and is vanishing
with ¢. The inf part corresponds to 2 inf G, for b = 1/2. The representation of the
['-limit of G, in this case is given by

G(p) = gp(1, p({X1}) + gu(1, p({X2}))

and, according to Remark 5.10 above, the minimum of G is attained for p({X}) =
p({X2}) = % It follows that the energy (5.6) above converges, as ¢ — 0 to

2
=2min{T (p) — Uo(p) : llpll =1}

1 1
48p (1, 5) = 4 min {T(,O) —Uo(p) = llpll = —}
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which is twice the energy of an hydrogen atom as proved in [5, Theorem 5.1]. Note
that with our normalization ||p|| = % represents the energy of one electron when

N =2.

6. The general interacting case

In this section we consider the general case » > 0 and N > 3, for which the
proof of existence as well as a full characterization of the I'-limit G of the family
of functionals {G.}; seems a hard issue. In view of the successive steps of the
preceding section Section 5 for the case N = 2, we expect to have the following
properties on G over P~:

(P1) G(p) only depends on the restriction of p to the nuclei Xy, ..., X/ in the
sense
G(p) =G(" +p") = G("),
where we use the decomposition p = " + pT of Section 5 with

M

p' =2 pUXihdx; ;

i=1

(P2) there exists a function g; given as a generalization to any N > 2 of the
Definition 5.2 such that

M
G(p") =" an(Zi, p{Xi}))).
i=1

Note that in the case N = 2 of Section 5, (P1) is obtained in Theorem 5.2 via
the localization Lemma 5.1 which allows to control the transport term C. On the
other hand, the proof of (P2) relies mainly on Lemma 5.6 which is linked to a
deep understanding of the lower semicontinuous envelope C of C, that is only fully
characterized for this particular value of N.

In Subsection 6.1 below, we do obtain the properties (P1) and (P2) for the
general case under some regularity assumptions on the subprobability p, which in
particular is required to give small mass to the nuclei X; (precisely p({X;}) < 1/N
for all 7). Then in Subsection 6.2 we derive (P2) for the special case M = 1, i.e.,
when there is only one nucleus.

6.1. Full characterization of G for particular subprobabilities

We consider the general case b > 0, M > 1 and N > 2.
We represent every measure p € P~ as

a8y, + pt

M
p =

i=1
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with p which does not charge the points X;. In Proposition 3.7 we already showed
that whenever oy = - -- = apy = 0 then G(p) = 0. In this section we compute G
in the case o; < 1/N for all i. A particular caseis M = N and o; = 1/N forall i
which is the expected optimal configuration for the hydrogen molecule Hy .

In the following proof, we shall need the notion of concentration of a finite
measure p, which is denoted i (p) and defined by

w(p) = rlglg) sup p(B(x,r)).

In particular u(edx) = « and, in general u(p) > o implies that p = adx + o for
some point X and a nonnegative measure . We can now state our result.

Theorem 6.1. Let p = a16x, + -+ + amdx,, + ot with a; < 1/N for all i and
u(pt) < 1/N, then

G(p) =—) it
i=1

Proof. Since for every p
0 u Z'2
G (p)=G =— i —,
(p) = G (p) ,-E=1 i

it is enough to prove that
2

M g
GT(p) < — —L.
(0) < ; o~
We first consider the case p € P. By Theorem 4.4, there exists a sequence o A P
such that
M 2
GP(pe) = 2T (pe) — U (pe) —> — ) i
i=1
Note that since p €P the sequence {o.}. converges narrowly to p and lim sup i (0s) <
u(p). Assume first that ;(p) < 1/N. Then by a result of [6] (a proof of this result
is also available in [24] or, in [3, Proposition 2.5] for the more restrictive case
wip) < m) the transport cost C is uniformly bounded on the family {p;},
so we have
lim eC(p;) = 0.
e—0

We conclude that
G*(p) < limsup Ge(pe) = G*(p) = — ) i
e—0 i=1

We obtain the general case by approximation since G is lower semicontinuous and
the right-hand side is upper semicontinuous with respect to weak™* convergence. [J
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6.2. The special case M =1and b > 0

In this case, we may assume that the position of the unique nucleus is X; = 0. We
prove (P2) with the following definition for the function g5, which can be seen as
the ground state energy of a molecule with only one nucleus.

Definition 6.2. For R > 0,Z € R, and « € [0, 1] we define

glf(Z,a) = inf{T(p) +bC(p) — ZUp(p) : p€P, dp < a}

B(0,R)

and then set
gr(Z,a) :==sup{gf(Z, ) : R>0}. (6.1)

Note that the definition above could look ambiguous because we already de-
fined the function g in (5.2). However, we shall obtain as a consequence of Theo-
rem 6.4 that the two definitions of the function g, given in (6.1) above and in (5.2)
do coincide for the case N = 2 (see Remark 6.5 below).

Let us state some properties of the fonctions g, and glf that shall be usefull
below.

Lemma 6.3. For any R > 0, the functions « +— gf(Z , Q) Is convex, continuous
and non-increasing on [0, 1] and glf Z,a) > —ZTZ(X. The same holds for o +—
g(Z,a).

Proof. First note that the functions g[f (Z,-) and gp(Z, -) may in fact be defined
through the same formulas on [0, +o0[ , then being constant and equal to g,(Z, 1)
on [1, +00[ . Moreover, the functions g{f(Z , -) are clearly non-increasing, so that

this also holds for g5 (Z, -). Finally the convexity of o +— glf(Z , a) follows from
the convexity of the map

p = Gi(p) =T(p) +bC(p) — Z Uo(p),

and taking the supremum over R yields the convexity for g,(Z, -). It remains to
show the continuity on [0, 1]. To see this we first compute
ZZ
VR > 0, Vo € [0, 1], g(Z, @) > inf G(p) = inf G = -,
pEP peP 4

where the last equality follows from (4.1). Consider now R > 0 and p € P smooth
and such that fB(o gy dp = 0, then forall 2 > 1 one has fB(O R) dp'/* =0 and

R 1/x 1 b Z
8y (Z,0) <Gi(p'") < ET(p) + XC(p) - on(p)

and letting A go to infinity yields gf (Z,0) < 0. From the preceding we thus get the
continuity of gllf (Z,-) and gp(Z, -) at « = 0. Finally these convex non-increasing
functions take their values in [—ZTZ, O], so they are bounded and thus continuous
on |0, +o0f . ]
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We are now in position to prove our main result in this particular case.

Theorem 6.4. For M = 1 and X| = 0 it holds
Vo € [0, 1], G(ad) = gp(Z, ) (6.2)
where g,(Z, ) is given by (6.1). Moreover, it holds
G (o +ph) = gp(Z, ) (63)
for all a € [0, 1] and for all p such that p=({0}) = 0 and ady + p~ € P~.

Remark 6.5. In view of the above result, it follows from Theorem 5.7 applied to
p = adp that the two definitions of g in (5.2) and (6.1) coincide in the case N = 2.
Unfortunately, at the moment for N > 3 we do not have an explicit definition for
gp that would involve a kind of general partial transport as in (5.2).

Remark 6.6. It follows from (6.2) and (6.3) that, in the case M = 1, the minimum
of the I'-limit G is attained for any p = «adg such that ¢ minimizes g5(Z, -) on
[0, 1]: since this function is non-increasing, we note that in particular the probability
8o is thus a particular solution. It would be the unique solution in case g,(Z, @)
attains has unique minimum « = 1 on [0, 1], which seems a reasonable conjecture
but still an open question.

Proof of Theorem 6.4. We first show (6.3). Take admissible o and p* and consider
a family {p;}e=0 in P weakly* converging to a8y + p*. Fix n > 0, then for » > 0
small enough we have f BO.r) pT < n/2, so that for ¢ > 0 small enough it holds

/, B(0.r) @Pe < & + 1. Thus denoting by pf (x) the rescaled version of pg

Pt (x) = &3 pe(ex)
we have

r/e

/ dp; <a+n and Ge(pe) = Gi(pp) = g, (Z, a0+ 1)
B(0,r/e)

where gf (Z, ) is extended on R as in the proof of Lemma 6.3. This yields
liminf,_,0 G¢(p:) > g»(Z, a + n) and since this holds for any such family {p;}.
we infer G~ (a8g + p1) > g»(Z, a + ). The claim then follows by continuity of
o+ gp(Z,a)on [0, 1].

We now turn to (6.2), so we have to prove the inequalities

Va € [0, 1], 8r(Z, @) < G~ (ady) < GT(adp) < gh(Z, @) .

Note that G~ (adg) > g»(Z, o) follows from the preceding with pt = 0. It remains
to show G (ady) < g»(Z, o). We first note that this holds for & = 1: indeed, in
that case one has

& (Z, 1) = inf(Gi(p) : p € P} = G (),
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where in the last inequality we again use that G1(p) = G, (p'/%) forall e > 0

and p'/* = 89 as e — 0. Let now o such that 0 < @ < 1 and consider a family
{pr}R>0 in P such that

/ dor <a YR >0 and lim Gi(pr) =gr(Z, ).
B(0,R) R—+o00

Up to extracting a subfamily, we may assume that {og}r~0 weakly* converges to
some p € P~. Then one has fd,o = B for some B < . We infer:

e for fixed ¢ > 0,,0116/‘9 A p'/¢as R — +oo,

o pl/e A Bdypase — 0,

and since the weak™* topology on P~ is metrizable, we can extract a subfamily
{pRs}g>o such that pllés A B 8o with R, — 4o00. Now we compute

lim sup G (p}e/j) = limsup G (pg,) = &»(Z, ).

>0 e>0

Since ,0;8 A B 8o, this implies G1(B8y) < gp(Z,a). If B = «, the proof is
complete. Otherwise f < « and thanks to the first step we infer

8(Z, B) < G™(Bdo) < GT(Bdo) < gn(Z, ).

Since g»(Z, -) is convex non-increasing, this implies that this function is constant
on [B, 1]. But then we have

G*(Bd0) < gp(Z, @) =gp(Z, 1) and G () < gn(Z, 1) = gn(Z, @)

and by convexity of G on [B 8y, o] we get the desired inequality G*(ady) <
gv(Z, ). O

We conclude this subsection with some properties of the function g5(Z, -).

Proposition 6.7. It holds

2

e |0 —1 Z,a) = ——
Vo , , , o o
N 8b |

and
z? —
g(Z,a) > —Toz whenever C(p) > 0 for any p € P~ such that / dp = «a.

Remark 6.8. In the case N = 2, it follows from Remark 2.6 that C(p) > 0 for any

p € P~ such thatfp > %,so in that case g, (Z, o) > —ZTza for any o > %
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Proof of Proposition 6.7. It follows from Theorems 6.1 and 6.4 applied to p =

ady, that g(Z, a) = —ZTzoc whenever o < %

We now turn to the second claim, and assume that C(p) > 0 for any p € P~
such that f dp = a. From Lemma 6.3 we already know that g;(Z, o) > —ZTza,
we assume by contradiction that g,(Z, @) = —ZTza. Then there exists a sequence
(pn)n in P and a sequence R, — +0o0 such that

Z2
T(pn) + bC(pn) — Z Uolon) — — -t and Vn, / don <.
4 B(O,R,)

If we set u, := /p, then fufl dx =1 for all n and since C (p,) > 0 we get

2 ZZ
limsup/ |:|Vu,,|2 -7 |u—"|:| dx =limsup [T (p,) — Z Up(pn)] < —T(x.
n X

Now up to extracting a subsequence we may assume that (u,) weakly converges

in L2(R?) to some function u and the above limsup is a limit, so we can apply
Lemma 6.9 below and get

u? u2 Z2
/uzdxz(xand/ |Vul> — 7 — dxflim/ |Vuu|> — Z 2| dx <—"a.
| x| n | x| 4

From the properties of p, we infer that | BO.R,) u? < o for all n, so that i uldx <
o. This implies that [ u’dx = o, and from (4.1) we get

2 2
z
/ |:|Vu|2 —4 |M—|:| dx > —T(X.
X

Summarizing we obtain

u2 7?2
im [T (pn) — Z Uo(pn)] = lim/ Vu, > —Z 2| de = -«
n n x| 4

and then lim C(p,) = 0. On the other hand, liminf C(p,) > Cu?) > 0 since
f u? = o, which is the desired contradiction. ]

Lemma 6.9. Let (u,) be a sequence in H'(R?) that weakly converges in L*(R>)
to some function u, and such that

u? A
Vn, /u,% dx =1, and lim/ Vu > —Z 2| dx < — =«
n x| 4
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for some o €10, 1]. Then (u,), weakly converges in H' (R?) to u and

u’ u2 7?2
/uzdx zaand/ |Vu|2—Z— dxflim/ |Vun|2— dx <——a.
|x] n x| 4

Note that in the above result when o = 1 it follows that (u,), strongly converges
in L>(R3) to u and the function u? is a solution of the problem (4.1). Although
all arguments for the proof can be found in [16], we provide them for the sake of
completeness.

Proof. We first note that for n large enough one has

/|w,,|2 <Z | "| dx

which together with Lemma 3.6 yields that (Vu,), is bounded in L?(R3, R?).
Since (u,), is also bounded in L?(R?), we infer that it is bounded in H'(R3),
so it converges weakly in H'(R?) to u. By the weak lower semicontinuity of the
H' seminorm we obtain

/|Vu|2dx 51iminf/|Vun|2dx.
n

Moreover, for every R > 0 we have

2 2 2
1 1
lim sup u—"dxflimsup[/ u—"dx—{——]:/ Y odx+—
n |x| n Bg 1XI R By IxI R

where Bg denotes the ball in R? of radius R centered at the origin. Since R is
arbitrary, we get

2 u>
llmsup x < | —dx.
x| | x|
Then we deduce
2 2 2
Z
/ [|Vu|2 — z”—]dx < lim/ [|w,,|2 - z”—”] dx < -2 o, (6.4)

x| n | x| 4

It remains to prove that f u?dx = B > «. Assume by contradiction that 8 < «.
We first note that 8 > 0 otherwise u = 0 which contradicts the inequalities in (6.4).
Then the probability p = u satisfies

Vol? z?
f IVp| 7P an< 2
4p |x] 4 B

which contradicts (4.1) since % > 1. ]
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6.3. Perspectives and future work

A general proof (for any N and M) of (P1) and (P2) would give a full characteri-
zation of the I'-limit functional G. It seems that a necessary tool for this program
is an expression for the relaxation C of the transport cost C with respect to the
weak* convergence of measures. It would be then interesting to carry out a study
(numerical and theoretical) of the minimizers of the I'-limit functional G which
could explain how the bond dissociation happens (i.e., how the electrons are divided
among the resulting molecules). A numerical study could also help to understand if
the function o +— g,(Z, ), which is non increasing in [0, 1], attains its minimum
uniquely for o = 1 (see Remark 6.6).

Another interesting issue is the existence, for a fixed ¢ > 0, of minimizers
pe € P for the functional F, defined in (1.1). The existence of a solution p, € P~
for the relaxed functional F, (with respect to the weak* convergence of measures)
follows straightforwardly from the direct methods of the calculus of variations; the
question if [ dp, = 1 is sometimes called ionization conjecture and is part of our
future work, together with a complete characterization of the relaxed correlation
functional C.

Appendix
A. Some notes on the model

The analysis of minimum problems for functionals involving the wave function is
one of the most studied topics in quantum physics. The Born-Oppenheimer model
for the electronic structure of several particles systems deals with the functional

2

1)
EW) = 2y TW) + Uee () = Une(¥), (A.T)

m

where

T(Y) = Xi:l A@N Z |inl//|2dxl ...dxp (kinetic energy),
§i=

1<i<N
1 2
Uee ()= E E —— ||¥|*dx ...dxy (electron-electron
N |xi — x|
si==%1 R I<i<j<N ' J . .
interaction),

Une(Y) = Z /RW Vixi,..., )CN)|1/f|2dX] ...dxy (electron-nuclei interaction).
==1 :

We do not consider the nucleus-nucleus interaction because we assume that the
nuclei are fixed and this extra term would then simply be a constant.
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Here ¥ (x1, s1, x2, 82, ..., XN, sn) is the wave function depending on space
coordinates x; and spin coordinates s;, m the reduced mass of the nuclei, N the
number of electrons, and V a potential. In the Coulomb case, if we assume to have

M nuclei with positions X and charges Z; (k =1, ..., M), we take
Z
V(.xl,...,.XN)Z T~ 1
1<,;M lx — Xl

even if most of the analysis can be similarly carried out assuming only VeL3/2(R3?)+
L®(R3). The class where the functional above has to be minimized is the class of
functions that, with respect to the space variables, belong to the Sobolev space
H'(R3N; C) with ||¥]|;2 = 1.

Concerning the symmetry assumptions on the functions v in the admissible
class, there are two main cases considered in physics:

e The bosonic case, where for all permutations o of N points

V(Ko (1)s So (1) - Kavys Sov)) = ¥ ((x1,51), ..., (N, S8));

e The fermionic case, where for all permutations o of N points

V(Ko (1), Sa (1)) - - - Ko ()s So (V) = sign(@) ¥ ((x1,51), ..., (X, SN)).

To simplify this rather complex problem, several approximated models have been
proposed; as already said, here we deal with the one considered in the Density
Functional Theory (DFT) introduced in the works of Thomas [25] and Fermi [10]
and then revived by Hohenberg, Kohn and Sham [11,12] and, from a variational
point of view by Levy [14] and Lieb [15]. The DFT looks at the N-point distribution
of electrons p (also known as charge density) as the main variable, replacing the
wave function 1. The charge density p is defined as follows, first define

2
p(x) = E / | (x, 51, X2, 82, ..., XN, SN)|“dx2, ..., dxp,
si=£1 /RN

and then p = Np. The potential (i.e., electron-nuclei interaction) is easily expressed
in terms of p or p as

N/V(x),odx :/V(x)ﬁdx (potential).

Again all the integrals with no domain of integration explicitly defined are intended
on IR?. The kinetic energy cannot be expressed directly and possible approximations
are given by the von Weizsédcker kinetic energy (which we considered in this paper)

V"Z
/I /il dx
4p
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or by the Thomas-Fermi- von Weizsicker kinetic energy

V~2
CF/ﬁ(x)5/3dx+/| P
0

4

Both are local functionals and share the same scaling behavior with respect to the
dilation operator p > p* := s3p(sx), which are the main properties used through
this paper. The analysis could be quite different if one considers for instance the
Kohn-Sham kinetic energy

st(p)=inf{ Z _/3N Z |Vx,-‘/f|2dX1...de,;
R

si==%1 I<i<N

2
p(X)=Z/ [V (x, 51,2, 82, ..., XN, SN dxz,-.-,dxzv},
=21 R3(N-1)

where the inf is taken on the set of Bosonic or Fermionic wave functions depending
on the case at hand. The functional Fy still has the same behavior with respect
to the dilation operator above but has not in general an integral expression. In
fact, as proved in [15, Theorems 1.1 and 1.2], the von Weizsicker energy, up to a
multiplicative constant, coincides with the Fi, energy in the Bosonic case while it
only controls it from above and from below in the Fermionic case.

Concerning the approximation for electron-electron correlation, we have ex-
pressed it using the multi-marginal mass transport theory. When the Coulomb
correlation term C above is chosen, the theory is usually called Strongly Corre-
lated Electrons Density Functional Theory (SCE-DFT); it was started and devel-
oped since the late 90°s (see for instance [21-23]) and the connection with optimal
transport was made in [4,7].

The problem of bond dissociating limit in the Born-Oppenheimer model has
been considered in [19] where it has been proved that as the nuclei of a molecule
are dissociated into spatially separated clusters, the discrete molecular energies
approach sums of the energies of isolated subsystems. Although it is not clear that,
in such a model, a neutral molecule dissociates into neutral subsystems, each of the
subsystems obtained in [19] contains an integer number of electrons. This is not the
case when using most of the current models in DFT.
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