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Second order parabolic equations and weak uniqueness of
diffusions with discontinuous coefficients

DoYoON KIM

Abstract. We prove the unique solvability of parabolic equations with discon-

tinuous leading coefficients in W;’2((O, T) x ]Rd). Using this result, we establish
the uniqueness of diffusion processes with time-dependent discontinuous coeffi-
cients.
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1. Introduction

The unique solvability of second order parabolic equations in non-divergence form
is well established if the leading coefficients are uniformly continuous (see [8] and
[9]). More precisely, the parabolic equation

1223 :ajk(t,X)ijxk —|—bj(f,.X)ij +C(I,X)I/t + f(t,)C)

with appropriate initial and boundary conditions has a unique solution u €
W;’Z((O, T)x 2),1 < p < oo, if aji(t, x) are uniformly continuous with re-
spect to x uniformly in # (a i satisfy the uniform ellipticity condition). However,
even if a (¢, x) are discontinuous, there are some cases where one can expect the
unique solvability of the above equation. The most intensively investigated case is
when the coefficients a i are in the space of VMO. As noted in [13] (also see ref-
erences therein to find a list of many papers which deal with elliptic and parabolic
equations with VMO coefficients), VMO contains the space of bounded uniformly
continuous functions as a proper subset. However, for example, if a j; are piecewise
constant, then they are not in the space of VMO. This means that we may try to find
another class of discontinuous coefficients a j (a class that includes piecewise con-
stant coefficients) so that equations with leading coefficients from the class have
strong unique solutions.
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In this paper we prove the existence and uniqueness of a solution u in W,],’z((O, T)x
RY, 1 < p < o0, to the above parabolic equation with coefficients a (¢, x) being
discontinuous at the hyper-plane {(r,0,x’) : t € R, x’ € R4}, Specifically, we
assume that

ajk(t,x) = a;rk(t,x) for x; >0 and aj;(t,x) = aj_k(t,x) for x; <O,

where ajk (t, x) and a;k (t, x) are defined on R x Ri and R x R respectively and
uniformly continuous with respect to spatial variables uniformly in ¢. In addition,
a;tk (¢, 0, x") are uniformly continuous as functions of (¢, x’). We see that aﬁ do not

have any relation with ajy» so the coefficients a jx can be discontinuous at the hyper-

plane {(r,0,x) : t € R, x’ € R?~!}. Clearly, this contains piecewise constant a jk

with discontinuity at the hyper-plane. An a priori estimate, as usual, is the main

step we achieve, and to do that, we make use of trace operators and multipliers.
When aji, bj, and ¢ are piecewise constant with discontinuity at the above

hyper-plane, Salsa [12] solved in Wzl’z((O, 00) x R¥) the equation u; = Ajilhy;x;, +
bjuy; + cu with a non-zero initial condition. For elliptic equations with similar
leading coefficients, see [10], [11], and [5].

In this paper we also discuss the well-posedness of the martingale problem for

L;, where
2

a
dxjdx HAS )8x.,- )
Here the coefficients a j(, x) are allow to be discontinuous at infinitely many par-
allel hyper-planes. For more details, see assumptions in Section 3. In fact, there
are papers which investigate the well-posedness of martingale problems (or well-
posedness of diffusion processes) when the diffusion coefficients a j (x) are discon-
tinuous in x. Some of them can be [2], [3], and [7]. However, they dealt with coef-
ficients a j; (x) which are independent of . We here consider time-dependent coef-
ficients which are discontinuous at hyper-planes {(z, y;, x) : t € R, x" € R-13,
where {y;} is a subset in R with no limit points. As is shown in [15], the well-
posedness of the martingale problem for L; follows from the unique solvability of
the corresponding parabolic equation (if the equation is uniquely solvable). Hence
our result on parabolic equations in Section 2 plays a major role in the discussion
of the martingale problem. For complete details about martingale problems, see the
monograph [15].

This paper consists of two sections excluding this introduction. We discuss
parabolic equations and martingale problems in Section 2 and 3 respectively.

A few words about notation. We denote by (¢, x) a point in RY+!. That is,
(t,x) = (t,x1,x) € Rx R = R*! wherer € R, x; € R, x’ € R~ and
x € R?. We write ]Ri and R for half-spaces

1
L[ = Ea/k(t9 )

((x1,x):x1 >0, ¥ e R and {(x1,x") :x; <0, x' e RN}

respectively. Throughout the paper we set L, = L p(]RdH).
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2. Second order parabolic equations with discontinuous coefficients

We consider parabolic equations of the form

]

ur(t,x) = Lu(t,x) + f(t,x) in (0,T) x R?
u0,x)=0

where
Lu(t, x) = ajk(t, X)ux;x (t, x) + b1, X)uy,; (£, x) + c(t, x)u(t, x).

We prove the existence and uniqueness of solutions to the parabolic equations as
above in the Sobolev space W;’Q((O, T) x RY), 1 < p < oo. The definition of
W 2((Ty, T») x ) can be found in [8] or [9], where —oo < Ty < T3 < oo and Q
is an open set in R,

Let us first state the assumptions on coefficients a jx (¢, x), b (t, x), and c(t, x).
Note that in the below the coefficients a (¢, x) are not uniformly continuous in

x € R?. The function @ below is an increasing function defined on [0, c0) such
that w(e) — 0 as e \ 0.

Assumption 2.1. The coefficients a i, j,k =1, --- , d, are defined by

afk(t,x) if x>0

aji(t,x) = ,
! ) ag(t.x) if x; <0

where aﬁ satisfy the following.
1. aﬁ(t, x) are defined on R x ]Ri and aj_k(t, x) are defined on R x R<..

2. aﬁ(t, x) = a,ﬁj (t, x), and there exists a constant ¥ € (0, 1) such that, for any
reR,x e RY and 9 € R,

d
kPP < Y a0 < kPP
Jk=1

3. Foreacht € R,

jaft, x) —af e, ) <o(x—y)) for x,yeRY,

la% (1, x) —aj (1, )| < o(x —y) for x,yeR
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4. Fort,s € Rand x’, y € R~

|a i (t,0,x) = afi(s,0,))] < o(lt = s| + 1x" = Y],
a7 (2,0, %) = a7 (s, 0, )| < (It = s] + 1x" = Y]

Assumption 2.2. The coefficients b; (¢, x) and c(¢, x) are measurable functions de-
fined on R x R? satisfying
bj(t, x)| + e, x)| < K

for some positive constant K.
The first case we consider is

us(t, x) = Lou(t,x) — Au(t,x) + f(¢t,x) in R x R?

with N N J
LO:{Lozajijk in R xR}

Ly =aj_ijk in RxR? ’
where aj+k and aj_k are constant. Recall that L, = L p(Rd‘H).
Theorem 2.3. For any » > 0 and u € CJ°(RI*),

Mullz, + iz, + liwellz, < NllLow =t —uclz,, @.1)

where N depends only on d, p, and k.

To prove this theorem we need the following function spaces and trace theorem
which can be found in [8, 17]. For a non-negative real number /, let

Wy R x R = L, R, WLRITH) n W 2(R, LRI,

where WIS7 (R4—1), s =0,1,2, -, are Sobolev spaces and W;, (R4=1), s # integer,
s > 0, are Slobodeckij spaces.

Theorem 2.4. Setl = 2 — 1/p. There exists the trace operator T from
W;’Z(R X Ri) onto WL/Z’I(R x R4y x WI(,I_])/Z’Z_] (R x R

such that
Tu = (u(t,0,x"), ux, (t,0,x"))

and

||M(', 07 )”W[l/2l(1‘*) + ||ux1 (‘9 07 ')||W[(7’_1)/2J—1(F) = N“””WI],‘Z(RXRi) (22)

foru € W},’Z(R X Ri), where T' = R x R~ and N depends only on d and p.
Moreover, T has a bounded linear right inverse (extension operator).
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We also need the following notations, similar to those in [10, 12]. Set

d
otE) =1 ajEj, &=, &R i=V-l,
j=2

J

d
BEEN = ) afiEiE+ 1,

Jk=2

and

HE () = («*E)) +ai 5E)

d 2 d
=" <Zaﬁ%> +aj; (Z a i+ 1) :
j=2

jk=2
Let s € R. We denote

—at () — JHT(E) +iaf}s

+ N

Z (S,S ) - af_l )

o —a (&) +/H (&) +iay;s

z (s,8) = - ,
an

2(s, &) =2V (s, 8) — 27 (s, &),
where ./w means, from now on, that branch of the analytic function w!/? that has
non-negative real part. Note that

1
Mt s, )) =~ [\/ H* (') + iaﬁs}
1

1
Rz (s, E)] = aTsR [,/H(S’) + ians] .
11

The following estimates hold true for R[zE (s, £')]. One can find the same estimates
in [12].

and

Lemma 2.5.

—NayJ 1+ €2 4 Is| <RIz T (5, 8)] < =Niy/ 1+ &2 + s
Niy/ T+ E12 +Is] < Rz (s, 8D] < Noy/ T+ &2 + Is],

where N1 and Ny depend only on k.

and
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Proof. The lemma follows from the fact that ¥ < alil <« !and
MIE'|? < HEE) —aj;) < NaJE' P, (2.3)

which is proved in Lemma 3 in [10]. Here the constants N1 and N> depend only
onk. 0

The main step in the proof of Theorem 2.3 is to prove that an operator 7°
defined by

Th=h/z(s.€), heCPRxRI,

can be extended to a bounded operator from
WiV R xRN o WP (R x RYTY),

where/ =2 —1/pand R x R~ = {(1,0,x") : t € R, x’ € RI~!}. Here f is the
Fourier transform of f in R x R?~!. To prove this, we start with a lemma showing
that (1 + s2)1/4/z(s, &) and i&;/z(s, &') are multipliers. Note that we sometimes
mean by R, especially in Lemma 2.6 and 2.7, the space {(1,0,x") : t € R, x' €
Rdfl}‘

Lemma 2.6.

(1+ 524 1§
- and ,
z(s, &) 2(s,§")

are multipliers for L,(R?). That is, if we set ’f}(s, ) = m(s, &) f, where f €
LyRYH N LP(Rd) and m(s, &') is either of the above multipliers, then we have

j:2,'--,d,

||Tf||Lp(Rd) = N||f||Lp(Rd),
where N depends only on d, p, and k.
Proof. Sets = & (recall that &' = (&, -+ , &4)). We prove

m 2\1/4
’ d+&) <N (2.4)
0&j, - 985, \ z(61,8) 1€, - &)l

and

gm i§; )' N N s
‘3511"'351,”(1(51,5’) S|§jl...<§jm|’ J=2-004d, (2.5)

where m = 1,---,d, jx € {l,---.,d}, and jix # j; if k # [. Especially, the
constant N depends only on d and k. Once these inequalities are proved, the lemma
follows from Mikhlin’s theorem (Theorem 6’ on page 109 [14] or see page 289 [8]).
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First, we prove that, for a multi-index o, @ = (0, @2, - - - , @g),

‘Da\/Hi(é’)+iaﬁél < N+ 8P+ 15D (2.6)

where N depends only on d, «, and k. Using the matrix /[a ] and an appropriate

orthogonal change of variables, we can find a matrix A = [o0};] satisfying the
following:

(i) The mapping x — Ax is a diffeomorphism from ]R‘i onto itself.
(i1) For a twice differentiable function v(x) defined on RY | set w(x) = v(Ax). Then
L(J)rv(Ax) = Aw(x) in Ri, where, as we recall, Lgv = a;rkvxjxk.

Notice that from the above two properties of A = [0 ] we have a}Lk = Zle 010k,
k=1,---,d,and oy =0,k =2,---,d. Denote by B the sub-matrix formed by
removing the first row and column of A. Then B is a non-singular matrix. Observe
that

d d d
B> = Y (af, —ojion)Eiék = — Y ojionéiE+ Y afiEi&

jk=2 jk=2 jk=2

d 2 4 d
——<Zﬁj1§j>+z a6k = — <2011011$J)+Z ay €

j=2 J-k=2 j=2 J.k=2

1
T <Zaﬁf) £ 3 af = H*m
11 = ]

k=2

Thus

JHY @) +iafe = Jaf, (B2 +1+i8).

From this and (2.3) we see that

‘D“\/H+<s'>+iaﬁsl <N+ I8P+ 18D

where N depends only on d, «, and «. By the same calculation, we also have the
above inequality with H~(£’) and a;; in place of H T(¢') and afrl. Therefore, (2.6)
is proved. Moreover, it follows easily that

D[ @) +iafe) ]| s NP BN, @)
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Next, we prove that, for @ = (0, a2, - -+ , @g),

1 o] +1
DY —— N1 12 -7, 2.8
‘ (z(&f/))‘f A+ E"+ &) 2 (2.8)

where N depends only on d, «, and k. If « = 0, then by Lemma 2.5

1 1 1
N(L+ €2 -3
26| T N EL e G ey] TRl Eb

where N depends only on «. For a multi-index |¢| > 1, the inequality (2.8) is
justified using (2.6) and induction.

Finally, we prove that, for« = (0, a2, - - - , @g),
D* [ 0 < : )]‘ < N+ + e 2.9)
as = 1 s .
&1 \z(§1,&))

where N depends only on d, «, and «. This follows from (2.7), (2.8), and

i( : >_ : af + ol
9% \ee18)) 2@\ ey +iahe |JH- @) +ians

Now we use (2.8) and (2.9) to prove (2.4) and (2.5). For example, if £;, = &; and

3mfl

D“:W,then
m (1+512)1/4
0&j, ---3&;, \ z(1,8)
i () 0+ 5 ()|
= D 1 DY | — [ ——
2arenn’ e ey) TP s e e
_ &1 (+&n'™

=" ((1 +EDAA+ IR+ 16 D2 T (4P + |sl|)<'a'+3>/2)

N N
= ] = :
&+ &2 +1EDT S &l

The other cases are proved in a similar way. The lemma is proved. O

Using the above result and interpolation, we prove the following lemma.
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Lemma 2.7. Let 7 be an operator such that
~ 1
Th=

= h, heCPMRY,
2(s, &) o (R

where Th and i are Fourier transforms of Th and h in R? respectively. Set | =
2 —1/p, then

”Th”Wf,/z‘l < N||h||W;’zf1>/2,171 (2.10)

(RxRI-1) RxR4-1)’

where N depends only on d, p, and k.
Proof. Define an operator S by

— 2 1/4~
5 dtsH ™
2(s, &)

where h € Ci° (R%). By Lemma 2.6 the operator S can be extended to a bounded
operator from L , (R, L,(R?~ 1)) to L ,(R, L ,(R¥~1)) and from WIR, L,(RI1))
to W;(R, Lp(Rd_l)). Here we used the fact that S(D*h) = D*S(h). By real
interpolation (see [1]) we have

(Lp@R, LyRY), WR, LRI g1y, p = WY VPR, LRI,
Thus

IIShIIWéI—w/z = Nliallya-vr (2.11)

(R,L,(RI-) = (R,Lp(RI-1))’

where N depends only on d, p, and k. Since (1 + s2)!/# is an isometric multiplier
from Wi/2(R) (=B/3®)) to W "2®) =BY,"*(R)),

[Pl W

(R,L (R~ l)) (R)

I Th(-, x )||”,/2 x'
Rd

=fRd IF7 A+ VT ICON o1 g 45

= |Sh|” - ,
wiVR®R, L, R

where Fi and F|° ! are the Fourier transform and its inverse on R. This and the
inequality (2.11) prove

7Rl 1/2 < N||h||W[()1—1)/2 (2.12)

(R,L,(RI-) = (R,Lp(RI=1))’

where N depends only on d, p, and «.
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On the other hand, from Lemma 2.6, we know that i§; /z (s, £),j=2,---.d,
are multipliers for L ,,(]Rd). This implies that

oo
ﬁw ”Th([ )”Wk+l(]Rd 1) N/ Ih(t )”Wk(Rd 1)

where k = 0, 1 and N depends only on d, p, and k. Hence 7 can be extended to a
bounded operator from

L,R,WER) o L,®R, Wi @R,

where k = 0, 1. Note that by real interpolation (see [1] or Theorem 1.18.4 in [16]),
we have

(L,,(R, L,RY), L,(R, W[],(Rd_l))>l_1 = Ly® Wi (RI)

and
<LP(R’ Wy R). Ly(R, Wﬁ(RMl)));,l,p = L,(R, WL (RI)).
Therefore,
I ThL, @ wy@a-1) < NIAIL, @ wh -ty 2.13)

where N depends only on d, p, and «.
Finally, recall that

Wy R x RN = LR, W RTH) n Wy PR, LRI,

where s is either / or [ — 1. From this, (2.12), and (2.13), the inequality (2.10)
follows. [

We need the Fourier transform of a solution to a parabolic equation defined on
a parabolic half-space (e.g. R x Rﬁ).

Lemma 2.8. For g(1,x') € C(R x R~ (= CO(RY)), ler vt € Wy (R x RY)
and v~ € W;’Z(R x R?) be the solutions of the equations

vh=L{vt —v" in RxRY v, =Lyv" —v in RxR?
v, 0,x) = g(t,x) ’ v (1,0,x") = g(t, x).

Then
vxl(s 0,&)=2"(s,6)3(s,&) and l:_l(s,(), §)=2"(s,6)8(s, 8",

where Fourier transforms are taken with respect to (¢, x') € R x RZ~1,



PARABOLIC EQUATIONS AND WEAK UNIQUENESS OF DIFFUSIONS 65

Proof. First consider

(2.14)

vy =Av—v in RxRi
v(t,0,x") = g(t, x") ’

where g € Ci°(R x R4=1Y. Let

1 X1
K(t,x1,x)=13 @mnt)d/2 ¢t
0 for t <0, x;>0.

—w kPt for > 0, x1>0
Then the solution to (2.14) is

v(t, xp,x") = [K(,x1, ) % g, )1, x°).
We see that

/ eI K (1 xp, XY dt dx' = eIV 1+ +s |
Rd

Thus we have

'I‘)’(S’ xl, E/) — g’(s’ é/)e—)q\/ 1+|S"2+15

and

Uy, (5,0,8") = —g(s, &N/ 1 + &> + is, (2.15)

where the second equality can be justified as follows. Note that

(t, x1, x') :cd/ AT EN T (5 eV IHE RS g ge
]Rd

where ¢y = (271)4/2. Thus

e~ IHIE s _

v (1,0, x) = lim ¢ f e TN F (s, £ ds d’
h—0 R4 h

B / O €)1+ 1P +is ds .
R

By taking Fourier transforms, we arrive at (2.15). This, together with the definition
of z+(s, £'), proves the case LT = A. The case Ly, = A is proved similarly. For

general Lg and L, we use the change of variables in the proof of Lemma 2.6. [
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Proof of Theorem 2.3. We prove the inequality (2.1) only for A > 0 because the
inequality with & = 0 is obtained by continuity (with respect to 1). In the case A >
0, since we can use a dilation argument, it is enough to prove (i.e., the inequality
2.1) with 2 = 1)

el 2 gy < NlLow —u = wsllL,, (2.16)
where N depends only on d, p, and k.
Let f =u; +u — Lou and g(¢, x') = u(z, 0, x’). Consider

vh=Livt —vF mnRxRY [wf=Lfw" —wh+ f inR xRY
vE(, 0, x) = g(t, x"), w*(t,0,x") =0,

and

v, =LyvT —v” in R x R w, =Lyw” —w + f inR x RY
v (1,0, x") = g(t, x"), w(0,¢,x) =0.

As is well known, the above equations have unique solutions
vt wh e W;’Z(R X ]Ri), v, wo € W;’z(R x RY)

satisfying (wesetl =2 — 1/p.)
||'U+ ||W,1,’2(R><Ri)§ N”g”Wé/zv/(RXRd—ly ||w+ ” W‘,l,‘z(RX]Ri)S N”f”Lp(RXRiy (217)
and
10712 ety S N8 2 gty 10 D12t SNty (2418)
where N depends only on d, p, and «. We see that

vt +wt in R x R‘i

u= .

v +w” in RxR4

It then follows that
0y 22 scmay < N (1112, + 18lyin gy g )

where N depends only on d, p, and k. Therefore, to prove (2.16) we need only
prove

||g||Wll,/2’l(R><Rd71) 5 N”f”Lp? (219)

where N depends only on d, p, and . We prove this inequality as follows.
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Observe that (in the trace sense)
ux,(tOx)—v (tOx)+w (tOx)—v (tOx)+w (tOx)
Thus
v;(t,O,x/) (t Ox)—w (t Ox)—w (t 0, x). (2.20)

Set
h(tx)—w (t()x)—w (tOx)

Then by Theorem 2.4 we have h € W(l D/21= 1(R x R4~1). In addition, from the

inequality (2.2) and the estimates for w® in (2.17) and (2.18), we have
||h || W,()l_l)/z-]_l(RXRd—l) 5 N ” f ||Lp )

where N depends only on d, p, and «. From this inequality, we notice that the
inequality (2.19) follows if we prove

gl 121 g yga-1y = NIy 0-v20-1 @ gy (2.21)
Notice that by Lemma 2.8, (2.20), and the definition of z(s, &),

2(s, ENS(s, &) = h(s, &), e, Z(s,&)= h(s, &).

1
z(s, &)
Then Lemma 2.7 proves the inequality (2.21). The theorem is proved. O

Now we solve the first case. Specifically, fora given f € L, = L p(Rd“) and
A > 0, there exists a unique u € W;’Z(R x R?) such that

u; = Lou — Au + f.

This can be done, as is well known, using the estimate in Theorem 2.3 and the
method of continuity. In addition, we can find a unique solution u € W;’z((O, T) x
R?) of the equation

uy=Lou—Au+f in (0,T) x RY
u0,x)=0 ’

where 0 < T < o0.
We now consider the general case. That is, we deal with

ug(t,x) = Lu(t,x) —iu(t,x)+ f(t,x) in R x RY, (2.22)

where the coefficients of L satisfy Assumption 2.1 and 2.2. The problem can be
solved by freezing the coefficients a; and using the estimate in Theorem 2.3. In-
deed, we can proceed as follows.
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Lemma 2.9. There exist constants ¢ > 0, Lo, and N, depending only on d, K, p,
K, and w, such that if u € Cgo (Rd‘H) satisfies

supp u C {(t, x1,x'),: |t —to] < &, |x' —x{| < &}

for some (19, x)) € R x R4 then
Mulle, + luelle, + lluxxlle, < NILu —du —u;z, (2.23)

for any . > ).
Proof. We can assume that 7o = 0 and x, = 0. Choose an infinitely differentiable

function n(x) defined on R satisfying n > 0 and
—¢e/2<x1<¢/2

x1) = ,
n(x) {0 X]>¢& or x; <-—¢

where ¢ will be specified later. Set © =1 — n.
First notice that pu eW,%’Z(RxRi), i eW,%’Z(RxR‘f), and (uu)(t,0,x")=0.

Thus by the well-known result (see, e.g., Chapter VII and Exercise 7.5 in [9]), there
exist " and N, depending only on d, K, p, «, and w, such that, for any A > 1/,

)‘”Mu”L,,(RXRi) + ”(Mu)t||Lp(RxRi) + ”(ﬂu)xx”LP(RXch_)
= NILGuu) = A(pw) = (Ri)ell @ xre)-

The same estimate holds true with RZ in place of Ri. Hence we have
(2.24)

M, + 1)l + I uolln, < NILGu) = AGue) — (1,

for any A > A’. Note that the above N is independent of ¢.
Now consider nu. We see that
supp(nu) C {(t,x1,x) : [t] <&, |1 < e, x| < e}
Set
ajk(O)Djk if x; >0
aj_k(O)Djk if x1 <0,

where 0 € R?*!. Then by Theorem 2.3, we have
Minulle, + Nmuwelle, + 1wxxlle, < NlILo(u) — A(mu) — (qu)eliL, (2.25)

for A > 0, where N is the same as in Theorem 2.3. Observe that

[ Lo(u) — A(nu) — (nu)iliz,
< IL(u) — A(qu) — (qu)ellz, + I1(Lo — L))z,
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and
I(Lo — L))z, < NIl + Nlnullz, + Ji + Ja,

where N depends only on d and K, and

H= s (16O = @O 100l e
(t,x)esupp(nu)
x1>0

b= swp (a0 = a5 ) 1010wl s
(t,x) €supp(nu)
x1<0

Also observe that

a3 (0) — ajy (. x1, x| < laji (0) — ajfy (1,0, x")| + lajy (1, 0, x") — aj (¢, x1, )]

< w(lt] + XD + @ (x1)).

Similarly,
la;; (0) —a; (t, x1, x)| < (|| + IX']) + w(x1]).

Hence we can find a sufficiently small ¢ > 0 depending only on d, K, p, «, and w,
such that the following inequality holds.

Minullz, + iz, + 1 (uw)xxllz,

1
< NILOu) = 20m0) = (e, + 310l + NGz, + Nlinullz,-

Using the interpolation inequality, we find that the right hand side of the above
inequality is not greater than

1
NILGru) = A(qu) = )il + 1 )xxlle, + N'lnull,,

where N is the same as in (2.25) and N’ depends only on d, K, p, and «. This
implies that there exits A” > 0 (specifically, A > 2N’) depending only on d, K, p,
and «, such that

Minullz, + Iz, + 1 wxxliz, < 2NILu) — A(mu) — (u)iliz,

forany A > A", where N is the one in (2.25). From this inequality and the inequality
(2.24) we can find A9 and N depending only on d, K, p, k, and w, such that the
inequality (2.23) holds true. The lemma is proved. O

Lemma 2.10. There exist .1 and N, depending only on d, K, p, «, and w, such
that, for any . > Ay and u € Cgo (R4, the estimate (2.23) holds true.
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Proof. First note that (recall again that L, = L p(Rd+1 )

luelle, = ILu = hat — (L = hat — up)lz,
< |Lu = hat — ugllz, + Nluxell, + Nluclz, + O+ Nz,
Thus we need only to prove that there exist A} and N such that, for A > Ay,
Mullz, + luxelln, < NILu—ru—ulz, .

Choose an infinitely differentiable function ¢ (¢, x”) defined on R? (recall that 7 € R,
x’ € R4~ such that <Nz, @dy = 1and

supp ¢ C {(t,x) e RxRI" 1) < ¢, || < e},
where ¢ is as in Lemma 2.9. We denote
Y x)y = ¢t —s, 5 = y).

Then
1y (2, x)lp = / 1y (2, x){S’y,(t, x/)lp ds dy,- (2.26)
R4

Using the fact that Ui § = (M)x,»xk — Uyl — U $x; — ULy, WE obtain

it (0, 205 (1, )P < 2P|, )8 (1, X)) x|

+ N(lut, )P + Jux (t, )Pt — 5,5 =y,

where ¢ = |£,|P + |£ex|P € L1(RY). Combining this and (2.26), we have
sl <N [ 166 el dsdy’+ N (1l + el )
P R4 r r r

For each (s, y’) € RY, we see that u(r, x){‘“y/(t, x') satisfies the assumptions in
Lemma 2.9. Thus

5.y d 5.y
16t Vil = N (L —h- 5) g™

Lp

for A > Ao, where Ao and N are as in Lemma 2.9. We then have

d /
p )\ — S,y
||uxx||LpsN/RdH(L 2 at)(u@ )

)4
dsdy/+N(||u||{ +||ux||{). (2.27)
L, p P
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Note that
0 , ,
(L — A= 5) W'Yy = ¢ (Lu — At — uy)
+ 2ajkuxj §)2;;y +u [”jkéh;}ik + bjé—;}y B ts,y ] ’

]
where, for instance, ;;]’.)yck (t,x") = Cxjo (8 — 5, x" — ). Thus

L2
R4 Bt

< N<||Lu —hu—w ]+ llully + ||ux||£p).
From this and (2.27) we have

" dsdy
S
L, Y

IIMxxllfp = N(IILM — A — utIIIL’p + IIMIIZ) + |qullfp)- (2.28)

Similarly,
APlullf =P / lug™"1} dsdy’
p R P

< N(nLu —du—w ]+ lully + ||ux||2’,,>. (229)

Therefore, from (2.28) and (2.29) we have
Mullz, + lluxxlie, < NillLu = e —ugllz, + Na (lluxlz, + lullz,)
where N; and N; depend only on d, K, p, k, and w. Now we make use of the
argument in the proof of Lemma 2.9 to finish the proof. O
Using the estimate proved in the above lemma and the method of continuity,
we arrive at the following theorem.

Theorem 2.11. Let A > Ay, where Ay is as in Lemma 2.10. For f € L,(R x RY),

there exists a unique solution u € WPI’Z(R x R) satisfying the parabolic equation
(2.22). Moreover; the solution u satisfies the estimate (2.23).

Remark 2.12. It follows from Theorem 2.11 that there exists a unique solution
ue W,l,’z((O, T) x RY) to the equation

i (t,x) = Lu(t,x) + f(t,x) in (0,T) x R?
u(0,x) =0 ’

Moreover, the solution u satisfies

HMHWPI,’Z((O,T)X]R‘I) = N”f”Lp((O,T)XRd)’

where N dependsond, K, T, p, k, and .
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3. Uniqueness of diffusions with discontinuous coefficients

In this section we investigate the well-posedness of the martingale problem for L;

2

1
Li=aj(t,)-———

ol
bi(t, )— 3.1
> 8xjan+ j ) —, 3.1

8xj

where the coefficient a j; and b; satisfy the following assumptions.

Assumption 3.1. a (¢, x) and b (t, x) are Borel measurable functions defined on
[0, 00) x R? such that, for all ¢ € [0, 00), x, ¥ € RY,

2
ajx = ai;j, aj(t, x)0 ;0 > k|9,

jajit, 0l + 16, )P < K1+ [x]?).
Assumption 3.2. Let I be the set of all integers. There exists a sequence {y;, j €
I} C R, y; < yj+1, with no limit points such that
(i) forx = (x1,x"), x1 ¢ {y;,j €1},

lim sup |aji(t,y) —aj(t,x)| =0
Y=X0<r<T

forall T > 0,
(ii) for x = (yj,x’), j € I, there exist a;.;((t, yj,x) and aj_k(t, yj, x) defined on

[0, 00) x R4~ such that they are continuous (in (7, x”)), and they satisfy

Jlim - sup |a;“k(t, vi.x') —ajk(t, y1,y) =0
01LY)—=> (v x) 0<t<T
Y1=Vj
and
dim - sup Jag(r, vy, XD —ap(t y1,y) =0
OLY)= WX o<e<T
YI<Vj
forall T > 0.

Let Q@ = C([0, 00), R?) and F = B(RQ), where C([0, 00), RY) is the Polish
space of continuous R¥-valued functions given on [0, 0o) with metric

00

1
d(wy, = — t) — DA,
(@1, ) ; 3 max (1 () = 2] A D
B() is, as usual, the Borel o-field of subsets of Q. Define a random variable X on
Qby X;(w) = w(t), w € Q.
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We say that the martingale problem for L; (or martingale problem for a j; and
b;) is well-posed (see [15], [4]) if, for each (s, x) € [0, 00) X R4, there exists a
unique probability measure Ps  on (€2, F) satisfying

Ps,x(Xt:xa 0<t<s)=1

such that .
f(Xy) —/ L, f(X,)dr

is a Py, - martingale after time s for all f € C3° (R9).

Remark 3.3. The well-posedness of the martingale problem for the operator L, in
(3.1) is equivalent to that of the stochastic integral equation

t t
& =x +/ o(r,§)dW, +/ b(r, & )dr,
0 0

where W; is a Brownian motion, o is the positive square root of the matrix [a; k]? k=1
and b = (b j)?: 1~ The stochastic integral equation is said to be well-posed if, for
every initial condition x € R, it admits a weak solution which is unique in the
sense of probability law. For details, see [4].

We first note that, for each (s, x) € [0, c0) X R4 , there exists a solution to
the martingale problem for L,. This follows from Remark 2.1 in [7] and references
therein.

To prove uniqueness, we start with coefficients a;; and b; which satisfy as-
sumptions in Section 2.

Lemma 3.4. Let aji(t, x) and bj(t, x) be Borel measurable functions defined on
[0, 00) x RY satisfying Assumption 2.1 and 2.2 in Section 2. Then the martingale
problem for L, is well-posed.

Proof. Clearly, we need to prove only the uniqueness of a solution to martingale
problem for aj; and b; starting from (s, x) € [0, c0) x R4, By Corollary 6.2.6 in
[15], this can be done if we prove that, foreach0 < s < T and f € C8°([s, T] x

R9), there is a bounded measurable function u defined on [0, T) x R¥ such that

T
u(s,x) = —EP [/ f, X,)dt} (3.2)

whenever P solves the martingale problem for L, starting from (s, x) € [0, 00) X
RY.

Let P = P . is a solution to the martingale problem for L; starting from
(s,x) € [0, 00) x R?. Fora given f € C3°([s, T1 x RY), we set

- f@,x) it s<r<T
f= 0 otherwise.
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We also fix a real number p such thatd + 1 < p < oo. Then by remark 2.12 we
can find a unique solution u € WII,’Z((O, T) x RY) of the equation

up+ Lu(t,x)=f in (0,T) x R?
u(T,x) =0 '
Now we find a sequence u, € C L2(10, T]1 x R?) such that each u, is bounded

(derivatives are bounded as well), u,, — u in W;’z((O, T) x R?), and u, (T, x) = 0.
Note that we have (see Lemma 6.3.1 in [15])

T
Un(s, x) = —E" [/ (Uns + Leup)(t, Xt)dt:|
S
for each n, where, as we recall,

(tn; + Luy)(t, Xy)
1
= un (1, Xy) + Eajk(l‘, Xt)uanxk (t, Xr) +bj(z, Xt)unxj (t, Xy).

Since u, (s, x) — u(s, x) pointwise by the Sobolev embedding theorem, to prove
(3.2), it only remains to prove that

T T
EF [/ (Uny + Liun)(t, X,)dt:| — EP [/ (u; + Lyu)(t, Xt)dt].

This follows easily from
T
E” / | + Lew") (1. Xo) — (up + L) (2, Xp)| dt
N

< Nll(un; + Leun) — (us + Lt”)”Lp((o,T)de)

< Nlup — ul| — 0,

Wh2((0,T)xRY)
where the first inequality is due to Theorem 2.3.4 in [6]. The lemma is proved. [J

Now we can say that the martingale problem for L,, where coefficients a j; and
b satisfying Assumption 3.1 and 3.1, is well-posed. The justification of this claim
follows from Corollary 10.1.2 and Theorem 6.6.1 in [15]. Indeed, we may prove
this as follows.

As noted earlier, we have the existence for the martingale problem for L;. Thus
by Corollary 10.1.2 in [15] we need only check the well-posedness of the martingale
problem for L, with bounded a j; and b satisfying Assumption 3.1 and 3.2. In that
case by Theorem 6.6.1 (and Exercise 6.7.4) in [15] it is enough to show that, for
each (s, x) €[0, 00) x R4, there exist coefficients a jk and b j defined on [0, 00) x R4
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such that

(i) ajx = ajx and Ej = b; in a neighborhood of (s, x),
(i1) the martingale for L, is well-posed, where

i=la (t )782 +bi(t, ) i
=_a~ ’. . ’. _—
T ik dx;joxy / 0x;

Note that {y;, j € I} has no limit points. Thus, for points (s, x) € [0, c0) x R4,
where x; ¢ {y;, j € I}, we can find coefficients a; and b ; satisfying the above
two conditions. Especially, (ii) is satisfied by results in Ch. 7 in [15].

For points (s, x) € [0, 00) x R4, where x| € {vj,Jj € I} (say, for example,
x1 =0and0 € {y;, j € I}), we find coefficients a j; and l;j defined on [0, c0) x R4
such that they satisfy Assumption 2.1 and 2.2 in Section 2 as well as (i) in the above.
In fact, we may set

ajk =wpaj+ 1 -9k, bj=bj,

where ¢ is a non-negative infinitely differentiable function defined on R?*! such
that ¢ = 1 in a sufficiently small neighborhood of (s, 0, x") and supp ¢ dose not
intersect {(z, yx, x') : (t, x') € [0, 00) x R~1} for all y; € {yj,j €I} \ {0}. Now
we prove (ii), i.e., the well-posedness of the martingale problem for a;; and b s
using Lemma 3.4. Therefore, we have proved

Theorem 3.5. Under Assumption 3.1 and 3.2, the martingale problem for L,, where
L; is as in (3.1), is well-posed.
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