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On naturally reductive left-invariant metrics of SL(2, R)

STEFAN HALVERSCHEID AND ANDREA [ANNUZZI

Abstract. On any real semisimple Lie group we consider a one-parameter fam-
ily of left-invariant naturally reductive metrics. Their geodesic flow in terms of
Killing curves, the Levi Civita connection and the main curvature properties are
explicitly computed. Furthermore we present a group theoretical revisitation of a
classical realization of all simply connected 3-dimensional manifolds with a tran-
sitive group of isometries due to L. Bianchi and E. Cartan. As a consequence
one obtains a characterization of all naturally reductive left-invariant Riemannian
metrics of SL(2, R).

Mathematics Subject Classification (2000): 53C30 (primary); 53C50, 53C55
(secondary).

1. Introduction

Naturally reductive homogeneous spaces may be regarded as a generalization of
symmetric spaces and have revealed to be an important source of examples in Rie-
mannian and pseudo-Riemannian geometry. Our interest in these spaces has its
origin in the study of their adapted complexifications. Indeed in this situation it is
possible to characterize and eventually describe the unique maximal adapted com-
plexification associated to the Levi Civita connection (cf. [HI]).

For a real, noncompact semisimple Lie group G let £ @ p be the Cartan de-
composition of its Lie algebra g with respect to a maximal compact subalgebra £.
Denote by B the Killing form of G and consider the distinguished one-parameter
family of left-invariant metrics v, (degenerate for m = 0) uniquely defined by

Vmlg(X,Y) = —mB(X¢, Ye) + B(Xp, Yp)
forany X = X¢+ Xp and ¥V = Ye+ Y, in €@ p = T,G. These arise as
a natural continuation of the left-invariant naturally reductive Riemannian metrics
vm, with m > 0, appearing in the classification given by C. Gordon in [G]. Note
that they are all invariant with respect to the product group L = G x K, with K
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the connected subgroup of G generated by €, whose factors act on G by left and
right multiplication respectively.

By duality the analogous construction is carried out also in the case of G
compact semisimple (see Section 3). Then one obtains a family of metrics whose
Riemannian elements appear in the classification of all left-invariant naturally re-
ductive Riemannian metrics due to D’ Atri and Ziller ([DZ]). In fact one has

Every metric in the above families is naturally reductive .

Here this is shown by explicitly describing the geodesic flow in terms of Killing
curves induced by “horizontal elements” in a reductive decomposition of Lie(G x
K) (Proposition 3.1). Moreover the Levi Civita connection for left-invariant vector
fields as well as basic properties of sectional and Ricci curvature are computed.
Note that for every nondegenerate metric in the above families the projection to the
associated symmetric space G/K is a pseudo-Riemannian submersion with totally
geodesic fibers.

Let A = SLy(R)/SO>(R) be the unit disk in C, denote by 6 the Kihlerian
metricon A x C* C T'A whose potential is given by the Poincaré squared norm,
fix a 3-dimensional orbit for the induced SL,(R)-action on T A and consider the
pull-back O*@ via the natural orbit map O : SLr(R) — A x C*. In the last
section we introduce a one-parameter family of left-invariant metrics on SL;(R) as
linear combinations of O*@ and the pull-back of the Poincaré form on the unit disk
via the natural quotient map. For these the right SO, (IR)-action turns out to be by
isometries.

By recalling the classical realization of all simply connected 3-dimensional
Riemannian manifolds with a transitive group of isometries due to E. Cartan (IC1,
cf. the earlier work of L. Bianchi [B]) one shows that, by acting with an auto-
morphism if necessary, every left-invariant Riemannian metric on SL,(R) with 4-
dimensional group of isometries can be obtained as above (Lemma 4.5). Moreover a
simple computation implies that such metrics consist of those in the one-parameter
family above indicated which are Riemannian. This closes the circle and as a con-
sequence one has (see Theorem 4.7 for the precise statement)

A left-invariant Riemannian metric on SLy(R) is naturally reductive if and only if
its group of isometries is 4-dimensional.

An analogous result holds for the universal covering of SL;(IR) and its quotients.
We wish to point out a pleasant feature of the above description, namely that it
makes explicit the Lie group structure of the underlined Riemannian manifolds ap-
pearing in the classical realization of E. Cartan.

2. Preliminaries
In this section basic definitions on naturally reductive metrics and some elementary

consequences are given. Let M be a pseudo-Riemannian manifold. By definition
every element of Iso(M) \ {e} acts effectively on M.
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Definition 2.1 (cf. [O’N]). A pseudo-Riemannian metric v on a manifold M is
naturally reductive if there exist a connected Lie subgroup L of Iso(M) acting
transitively on M and a decomposition [ = f@m of [, where b is the Lie algebra
of the isotropy group H at some point of M, such that Ad(H) m C m and

V([X, Ym, 2) =0(X, [Y, Z]w)

forall X, Y, Z € m. Here [, ]y, denotes the m-component of [, ] and ¥ is the
pull-back of v to m via the natural projection L — L/H = M. In this setting we
refer to h @ m as a naturally reductive decomposition and to L/H as a naturally
reductive realization of M.

For a naturally reductive realization L/H every geodesic through the base
point eH is the orbit of a one-parameter subgroup of L generated by some X €
m (see [O’N, page 313]). In fact for a Riemannian homogeneous manifold L/H
with an Ad(H)-invariant decomposition h @ m this property implies that L/H is
a naturally reductive realization (see [BTV]).

As a direct consequence of the above definition and for later use we note the
following

Lemma 2.2. Let M = L/H be a pseudo-Riemannian homogeneous space, I a
discrete central subgroup of L acting properly discontinuously on M and endow
N := T '\ M with the pushed-down metric. Then h) & m is a naturally reductive
decomposition for M if and only if so it is for N.

Note that here L acts by isometries on N = I' \ L/H = L/T'H, the
isotropy in 'eH is T'H and the ineffectivity, given by {g € TH : Igl~™' €
I'H for every ! € L}, does not necessarily coincide with I (cf. Section 5). One
also has

Lemma 2.3. Let L be a noncompact semisimple Lie group endowed with a left-
invariant Riemannian metric. Then the Lie group exponential and the Riemannian
exponential in e do not coincide, i.e, L is not a naturally reductive realization of
itself.

Proof. First recall that for a left-invariant metric v on L the two exponentials
coincide if and only if v is also right invariant (see, e.g, ex. A5, ch.Il in [H]).
But then Corollary 21.5 in [M1] would imply that L is compact, giving a contra-
diction. O

3. A family of left-invariant metrics

Let G be a noncompact connected semisimple Lie group and £ @ p be the Cartan
decomposition of its Lie algebra g with respect to a maximal compact Lie sub-
algebra £. Denote by B the Killing form on g and, for every real m, assign a
left-invariant metric v,, on G by defining its restriction on g = 7,G as follows

vm\g(x, Y) = —mB(Xe, Ye) + B(Xp, Yy), (3.1)



174 STEFAN HALVERSCHEID AND ANDREA [ANNUZZI

forany X = Xy + X, and ¥ =Yy + Y, € £ @ p. Note that B is negative definite
on £ and positive definite on p, thus such metrics are Riemannian, degenerate or
pseudo-Riemannian depending on the sign of m.

Let K be the connected subgroup of G generated by £ (which is compact if
G is a finite covering of a real form of a complex semisimple Lie group). Since
¢, p and B are Ad(K)-invariant, v, is also right K-invariant, i.e., the action of
G x K on G defined by (g, k) -1 := glk~! is by isometries. Here we allow
discrete ineffectivity given by the diagonal in Z(G) x Z(G), where Z(G) C K is
the center of G. One has G = (G x K)/H with H the diagonalin K x K.

Note that a different choice of a maximal compact connected subalgebra ¢’
induces an equivalent left-invariant Riemannian structure, i.e., there exists an iso-
metric isomorphism

(G, vm) — (G,v),).

This is given by the conjugation transforming € in ¢'.

If G is compact semisimple, choose a noncompact real form G’ of the univer-
sal complexification GC of G, let K = G N G’ and consider the Cartan decom-
position g’ = €+ p’ of g’ with respect to K. One has the dual Ad(K)-invariant
decomposition g = € @ p, where p := ip’. The analogous argument as above
shows that the left-invariant metric v, defined as in (3.1) is also right K -invariant.
However since in this compact case B, is negative definite, this is never Rieman-
nian. Therefore when dealing with curvature properties we will prefer to consider
—Vy,. Of course multiplying by a scalar has no influence on the associated Levi
Civita connection and geodesic flow which are computed below. Note that a dif-
ferent choice of the noncompact real form G’ in G® does not induce in general
equivalent left-invariant metrics on G.

Let us show that these metrics are naturally reductive in both compact and
noncompact case.

Proposition 3.1 (cf. [DZ], [G, proof of Th. 5.2). Let G be a semisimple Lie group
and vy, be the left-invariant metric defined above. Then

1) the action of G x K by left and right multiplication is by isometries,
ii) the direct sum b @ m, with by the isotropy Lie algebra and
m:i={(-mXe+Xp, —(1+m)Xe) egxt: Xe+Xpctdp},
is a naturally reductive decomposition of g x £ = Lie(G x K). In particular
forevery X = X¢+ Xy, € 8@ p = T,G the unique geodesic through e and
tangent to X is given by yx : R — G,
t —> expg t(—mXe+ Xp) expg £ (1 +m)Xe.

Proof. The first part follows from the above considerations. For ii) let v, be
the pull-back of v, to m via the natural projection and consider the elements
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(—mXe+Xp, —(1+m)Xy), (—mYe+Yy, —(14+m)Ye), (—mZe+Zy, —(14+m)Zy)
of m. Then one has

O ([(mXe—Xp, A4+m)Xe), (mYe—Yp, A4+m)YQ) I, (—mZe +Zp,—(1 + m) Zy))
= U (—(1 +2m)[Xe, Yel — m([Xe, Ypl + [Xp, YeD) + [Xp, Ypl, Ze + Zy)
=m(1 +2m)B([Xg, Yel, Z¢)
—mB([Xyp, Ypl, Ze) — mB([Xe, Ypl, Zy) — mB([ Xy, Yel, Zy)
and
U ((—mXe+Xp,—(1+m)Xe), [(mYe—Yp,(14+m)Yy),(mZg—Zp, —(1+ m) Zg) )
= vy ( Xe + Xp, —(1+2m)[Ye, Ze] — m([Ye, Zpl + [Yp, ZeD) + [Yp, Zy))
= m(1 4 2m)B(X¢, [Ye, Zel) — mB(Xe, [Yp, Zp])
— mB(Xyp, [Ye, Zp]) — mB(Xyp, [Yp, Ze)).

Recalling that B([X, Y], Z) = B(X, [Y, Z]) this gives the same result, as was to
be proved. O

Let us compute the Levi Civita connection and point out basic curvature prop-
erties in terms of left-invariant vector fields of G.

Proposition 3.2. The Levi Civita connection of vy, is given by

1
Vx¥ =5 (X, Y1+ +m) ([Xe, Ypl + [Ye, Xpl)) (3.2)

forevery X = Xe+ Xp, Y =Ye+ Y, € E4+p.

Proof. Since v, is left-invariant, then the Levi Civita connection is given by

1 t 13
VY = 5 ([X, Y]— adX(Y) - ad}’(X)) ’

where ad’, denotes the transpose of ady with respect to v, (cf. [KN, page 201]).
Now a straightforward computation yields

1
ady (Y) = —[Xe, Yel + m[Xp, Yel — [Xe, Yyl + —[Xp. Y],

and the statement follows from the above formula. O

Then one obtains the curvature tensor R(X,Y)Z = Vixy}X — VxVyX +
VyVx X and all sectional curvatures for nondegenerate planes given, for an orthog-
onal base {X, Y}, by (see [O’N])

v (R(X, V)X, Y)

KX, v)= o (X, Xy (Y, Y)

For planes generated by elements which are either in € orin p one has
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Lemma 3.3. Let G be noncompact semisimple endowed with the metric v, and
X, Y orthogonal in g with squared norm equal to 1 or —1. Then

i) if X =Xp and Y = Yy, then K(X,Y) = =" B([X, Y], [X, Y]),

ii) if X =Xg and Y =Yy, then K(X,Y) = mTZB([X, YLIX, YDv, (X, X),
iii) if X = Xy and Y =Y, then

4+ 3m

K(X,Y)= B([X, Y], [X,YD.
For G compact semisimple endowed with the metric —v,, the above formulas hold
with opposite sign.

Proof. First assume that X = X; and Y = Y; and note that K = exp(f) =
Exp, () is totally geodesic in G. Moreover, by construction, the restriction of vy,
on K is left and right K-invariant. Then i) follows from the usual formula for
bi-invariant metrics on Lie groups (see [O’N, page 305]).

Forii) let X = X¢ and Y = Y. Since v, (Y, Y) =1 and v, (X, X) = +£1,
one has

K(X,Y) = vp(Vix.y1X — VxVy X + VyVx X, Yo (X, X).

By recalling (3.2), v,,-orthogonality of € with p and the usual inclusions [£, €] C
£ and [&, p] C p one obtains

X Y1 X1+ (4 mix, (X, YT — VX v Y
o (SCIX Y1 XD+ (L4 m)[X. (X YT)) = VxSIX. Y], Y)

m(2 + m)

= v Z[X,[X, Y
= v (FIX X YD -

[X.[X, Y1), Y )

m? m?
= _Tvm([X7 (X, Y], Y) = TB([X’ YL [X, YD,
where in the lastline B([X,[X, Y]], Y) = —B([X, Y], [X, Y]) isused. A similar
computation yields iii).
The case of G compact follows by recalling that K (-, -) is linear with re-
spect to scalar multiplication of the metric. O

Then one has

Proposition 3.4 (cf. [DZ], [G]).

i) Let G be a noncompact semisimple Lie group endowed with the metric vy,.
Then the sign of sectional curvatures is not definite for m < —4/3 and in the
Riemannian case m > 0.

ii) Let G be a compact semisimple Lie group endowed with the metric —vy,. Then
the sign of sectional curvatures is not definite for m < —4/3 and in the pseudo-
Riemannian case m > 0. It is nonnegative for —1 <m < 0
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Proof. For G noncompact Bl is negative definite and B|, is positive definite,
thus 1) is a direct consequence of the above lemma.

Similarly one obtains the compact case when m < —4/3 and m > 0. If G is
compactand —1 < m < 0 endow G x K with the bi-invariant Riemannian metric
—7Vy,, uniquely defined by

—Vmlgxe((X, Z2), (Y, W)) = =B(X,Y) + LB(Z, w)
14+m

and consider the projection F' : (G x K, —V,) — (G, —vy,), (g, k) — gk‘l.
Note that F is left G-equivariant, the induced horizontal space at the origin is
m:={(—-mXeg+ Xp, —(1 +m)X¢) e gxt : Xe+ Xp € £@ p} and that the
restriction D F|, is an isometry. Thus F is a Riemannian submersion.

Now (G x K, —V,,) is the product of two compact Riemannian symmetric
spaces, thus all its sectional curvatures are nonnegative and by O’Neill’s formula
(see [O’N, page 213]) so are those of (G, vy). The case m = —1 follows by
continuity. O

Note that in the compact Riemannian case, i.e., G compact endowed with the
metric —v,, and m < 0, both situations with nonnegative or not definite sectional
curvatures may appear.

Consider the Ricci tensor Ric(-, -) given, for every X, Y € g, by the trace
of the operator Z — R(X, Z)Y. Since £ and p are orthogonal, then one can
choose a frame Ei,..., E, with elements either in £ or p and for both compact
and noncompact cases one has (see [O’N, page 87])

n
Ric(X,Y) = Y vu(Ej, Ejvu(R(X, E))Y, Ej).
j=1

Now any X € ¢ with |v,,(X, X)| = 1 can be completed to a frame X, E3, ..., E,
and consequently one has

Ric(X, X) = Zum(Ej, Ej)vm(R(X, E)X, Ej) = vu(X, X)ZK(X, Ej).
Jj=2 j=2

This along with Lemma 3.3 implies that the restriction Ric |¢ is positive definite in
both compact and noncompact cases. Moreover one has

Lemma 3.5. Forevery X € £ and Y € p one has Ric(X,Y) =0, i.e., £ and p
are Ricci orthogonal.
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Proof. Let X e £, Y e p and E; € £ chosen in a frame as above. Then
v (R(X, E))Y, Ej) =vu(Vix.e)Y — VxVE,Y + Vg, VxY | Ej)
= %vm([[x, E;1L Y1+ (1 +mI[X, E;],Y1=Vx([E;, Y]+ (1 + m)[E;, Y])
+ Ve, (X, Y]+ (1 +m)[X, Y]), Ej)
_ 24m

2+ m 24+m
Vi ([[X, E;l,Y]— T[X’ [E;, Y]+ T[Eja (X, Y]], Ej)

which, by recalling v,,-orthogonality of £ and p, is zero.
A similar computation shows that v, ( R(X, E;)Y, Ej ) = 0 also when E; €
p, implying that Ric(X, Y) = 0. O

Therefore the signature of Ric is completely determined if one understands its
restriction to p x p. For this a root decomposition of g will be the key tool. Let a
be a maximal abelian subalgebra of p, denote by % a choice of positive roots for
a and by C(a) the centralizer of a in g. Then one has the usual decomposition

g=Cw® Y ¢“® )y ¢°

aext aext

involving the eigenspaces with respect to the adjoint representation of a on g.
Moreover ) e+ 8% @ Y yex+ 8¢ is invariant with respect to the canonical in-
volution s of g which fixes £. By recalling that € and p are respectively the 1
and —1 eigenspaces with respect to s, one obtains a decomposition §* @ 8§~ of
such direct sum with §* C € and §~ C p.

Furthermore given a base Uy, ... U, of Zae>:+ g%, with U; € g% for some
aj € T, notethat Z; :=U; +s(U;) and W; :=U; —s(Uj),for j=1,...,r,
determine a base of 87 and ™ respectively. One has:

Lemma 3.6. Consider H € p, choose a maximal abelian subalgebra a of p con-
taining H andlet Z;, W;, for j =1,...,r, be defined as above. Then:

i) R(H,Y)H =0 forevery Y € C(a),
ii) R(H, Zj)H = %a;(H)*Z;,
i) R(H, W)H = —*2a;(H)*W;.
In particular

24+m

> aj(H).

Ric(H, H) = Z —
j=1

Proof. First note that

[H,Zj]=a;(H)W; and [H,W;]l=a;j(H)Z,.
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Then
R(H,Zj)H = Vi z;)H —VuVz,H+Vz,VuH
1
= o (H)Vw; H = SVi(1Z), H] + (1 + m)(Z;, H])

1
= 5 (@ ()W), H] + Q@+ m)a;(H) Vi W))

24+m

_! <—o¢~(H)2Z~ n a~(H)ZZ-> = "1z,
) J J J N B J
which proves ii). A similar computation yields iii), while i) is trivial.

This shows that a base consisting of the Z;, W; and elements of C(a) diag-
onalizes the operator X — R(H, X)H, thus Ric(H, H) is given by the sum of the

relative eigenvalues, concluding the statement. 0

As a consequence of the above lemmas one obtains:

Proposition 3.7. Let G be a semisimple Lie group endowed with the metric vy,
if G is noncompact, or —vy, if it is compact. Then €, p are Ricci orthogonal
and Ric |¢ is positive definite. Moreover Ric |, is negative definite, null or positive
definite depending on the sign of 2 + m.

4. The case of SL,(R)

Here different realizations for naturally reductive left-invariant Riemannian metrics
on SL,(R) are presented. First we show that, by acting with a Lie group automor-
phism if necessary, such metrics can all be obtained as linear combinations of the
pull-back of the Poincaré form on A = SLy(R)/SO,(R) and the pull-back from
one SLy(R)-orbit in A x C* C T A of the Kihlerian metric whose potential is
given by the Poincaré squared norm.

By recalling a classical realization of all simply connected 3-dimensional Rie-
mannian manifolds with a transitive group of isometries given by E. Cartan ([C], cf.
[V] and the earlier work of L. Bianchi [B]) one characterizes the above metrics by
having a 4-dimensional group of isometries L. The connected component of L is
given by the product SL>(R) x SO2(R) and acts on SL»(R) by left and right mul-
tiplication. Up to rescaling by a constant, such metrics belong to the one-parameter
family given in Proposition 3.1 and an analogous result holds for the universal cov-
ering of SL(R) and its quotients.

Let us consider the following realization of the real projective automorphism
group

PSLo(R) ={yy; : a € A, t € R}
where ¥, : A — A are the holomorphic transformations of the unit disk in C
defined by
a+ellz
l+ae itz

l//a,l‘(z) =
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One sees that these consist of all Moebius transformations of A. In particular maps
composition induces a Lie group structure on PSL,(R) such that

P : SLy(R) — PSLy(R), g ClogocC, (4.1)
is a surjective Lie group morphism with kernel {+e }, where

1
C:A— H' defined by zn—>i1+z,
-z

is the Cayley transform from the unit disk to the upper half plane. Here SL;(R)
actson HT c P!(C) by linear projective transformations (see, e.g., [A, ch. 1.1]).
Note that the restriction of P to SO, (R), given by

cost —sint —

sint cost 0,2¢
is a two-to-one covering of the compact subgroup PSO2(R) = { o, : ¢ € R} of
PSL,(R) and one has PSO(R) = SO,(R)/{ £e}.

Remark 4.1. We have chosen a realization of Moebius group of transformations
which is slightly different from the usual one because in what follows it is conve-
nient to have an easy to handle right PSO;(IR)-action on PSL, (R).

Note the unique group structure on A x R with neutral element (0, 0) making
of the universal covering

A x R — PSLy(R), (a,t) = Ya,

a Lie group homomorphism. Then one has PSLy(R) = (A x R) / ({0} x 277Z)
and from above it also follows that SL;(R) = (A x R) / ({0} x 47 7).

Let us introduce a left-invariant metric on A x R as follows. On the trivial
holomorphic tangent bundle A x C = T'A of the unit disc consider the squared
norm function p : A x C — R=°

. w) jw?
Lw) = ————
’ TERE
induced by the Poincaré metric w = (lﬁfé)z on A. By direct computation one
has
- 1 2lw](1 +2|z|?
23 p lw|(1 + |Z|)dzAdZ

TA—P?] a-[zp?

+m ZwdzAndw +zwdw AdZ) + dw/\dﬁ)}
—IZ
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and it is straightforward to check that p is strictly plurisubharmonic for w # 0.
Therefore it induces a Kihlerian metric on A x C* defined by

0(-, ) = —%85/0(]-,-), (4.2)

with J the complex structure on T(A x C*). For £ +in:=z and 0 + it :=w
one has

(d&* +dn?)

g | : 2lwl*(1 + 2z|?)
S (= 1z»? (1= |z)?

+ (Re(Zw)(a’éda +dndt) +Im (Zw)(dédt —dndo))

v
(I —1zI?
+ (a'a2 + dtz)}

and consequently

2wl +21zP)

2 2
T—P? (do” +dt7)

1
2 2
(d&” +dn°) + 4(1 EypE:

+ (0 +n7) (dédo +dndt) + (§t — o) (dédt — dndo) ).

4
(1 —1z%3 (

Since w is PSL,(R)-invariant, so are p and 6 with respect to the induced action on
A x C* givenby Y4 (z, w) = (Yq.1(2), (dV¥a.r):(w)). Furthermore, PSL;(R)
acts freely on A x C*, thus the pull-back of the restriction of 6 on any PSL;(RR)-
orbit defines a left-invariant metric on PSL,(R) and consequently on its universal
covering A x R. We wish to compute it for the (A x R)-orbit through (0, 1) €
A x C*,

Lemma 4.2. Consider the orbitmap O : A x R - A x C*,
(+iy, 1) = Yariye -0, D) = (x+iy, (1= +yH))e™).
The pull-back of 6 via O defines a left-invariant metric on A x R given by

vdx — xdy 2
I—(2+yY))

d*x + d%y
(1= (2 +y2)?

Proof. Let a := x +iy. By direct computation one has

0% =2 +(dt—|—2

1
0*9=7{21 20a2)(dx? + dy>
e (20 + e+ ay?)

+d((1 —|a*) cost)> + d((1 — |a]?) sint)?
+4[ (xcost — ysint) (dx d((1 — |a*) cost) — dyd((1 — |a|*)sint))

+ (xsint 4 ycost)(dx d((1 — |a)?) sint)) +dy d((1 — |a|*) cost) ]} .
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That is,

1
_ {2(1 1 20al?)(dx? + dy?) + 4x2dx? + 4y2dy?
(1 —lal*>?

+ (1 + |a|®)%di® + 8xydxdy

+ 4[—2x%dx* — 2y*dy* — 4xydxdy — x(1 — |a|H)dydt + y(1 — |a|2)dxdt]}

which becomes

dx? + dy? 4 4ydxdt — xdydt y2dx? — 2xydxdy + x*dy?
(1 —la*)? 1—lal? (1 —la*)? ’
implying the statement. O

Regarding the pull-back of # on different orbits note that {0} x R>? is a global
slice with respect to the A x R-action on A x C*. That is, every orbitin A x C*
is of the form (A x R) - (0,1) for some positive [ and an analogous computation
as the one above shows that, up to rescaling by 2, one obtains the same metric.
Now note that

d’x 4+ d*y
(1= (x2+y2))?
is the the pull-back on A x R of the Poincaré form on A. In particular it is a
left-invariant, semi definite symmetric form. Then any (positive definite) metric
obtained as linear combination of it and O*0 is left-invariant. As a simple conse-
quence of Lemma 4.2 one has:

Lemma 4.3. Up to rescaling, all Riemannian metrics on A xR obtained as linear
combinations of the pull-back of the Poincaré form formon A and O*6 are of the
form

dx? + dy?

4.3
(1_(x2_|_y2))2 +m< ( )
with m € R>9,

Denote by K and G the Lie groups S0>(R) and SL>(IR)_respectively and
consider their universal coverings K = {0} x R € A x R = G. Notice that the
above introduced orbit map O : A x R — A x C* is equivariant with respect to
the right K-action on G and rotations on the second component of A x C*. More-
over these leave the squared norm function p and 0(-, -) = —’j a0 p(J -, ),

invariant. It follows that the pull-back O*6 on G is invariant with respect to the
right K-action. - -

Since the “Poincaré form” on G is also right K-invariant, the left and right
action of G x K, givenby (h,k)-g = hgk‘l, is by isometries for every metric on
G of the form (4.3). One also checks that the ineffectivity of this action is given by
the discrete subgroup A = Z generated by (g,g) € G x K, where g = (0, 2m)
is the generator of the centerin A x R = G.

1 _ 2
L vdx — xdy ’
2 1 — (x2+y2)
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Lemma 4.4. For every Riemannian metric_ju of the form (4.3) the Lie group G x
K /A is the connected component of 1so(G, ) and acts on G by left and right
multiplication.

Proof. From above it follows that GxK /A C Iso(é, ), therefore it is enough to
show that Iso(G JL) is 4-dimensional. For this note that the isotropy of Iso(G, w)
at any point of G is isomorphic to a subgroup of O3(R), thus it cannot have di-
mension two. As a consequence the only other possible dimension for Iso(G W) is
six. However in this case one would have constant Ricci curvatures, contradicting
Corollary 4.7 in [M2] and proving the statement. O

Lemma 4.5. Let G be the universal covering of G. Then

1) Every left-invariant Riemannian metric on G with 4-dimensional group of
isometries is, up to rescaling, the pull-back of a metric of the form (4.3) via
a Lie group automorphism of G.

ii) Let I" be a discrete central subgroup of G. Then ‘the analogous statement holds
for any left-invariant Riemannian metric on I" \ G with 4-dimensional group of
isometries and for push-downs to T\ G of metrics on G of the form (4.3).

Proof. From [V, pages 350-357] it follows that every simply connected 3-dimen-
sional Riemannian manifold with a transitive action of G and 4-dimensional group
of isometries is isometrically equivalent to ﬁA x R endowed with a metric of the

form

dx? + dy? [ ydx — xdy 2
dt + - ————5-
(—nG2+)7 2 T=nG? +3?)

for some positive n and /. By applying the linear reparametrization (x’,y’,t") =
(JV/nx, Jny, 471) one sees that, up to rescaling, these correspond to the one-
parameter family of metrics on A x R given in (4.3).

In particular given a left-invariant metric v on G with 4-dimensional group of
isometries one obtains, possibly after rescaling, an isometry F : (G,v) — (G, u),
where p is a metric of the form (4.3). Moreover by left-invariance we may assume
that F(e) = e.

We need to show that this is a Lie group automorphism. For this note that
F induces an injective Lie group morphism F _from the group of left translations
G C Iso(G,v) to the connected component G x K/A of Iso(G, u) given by
F(h)-x:=FohoF~'(x).

A simple computation at_the level of Lie algebras implies that I:“*(X) =
(p4(X),0) forall X € Lie(G) = sl (R), where ¢, : s[L(R) — shL(R) is a
Lie algebras morphlsm Hence F (g) = [p(g), e], where ¢ is the Lie group auto-
morphism of G induced by ¢.. Finally from the definition of F it follows that the
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diagram

G L (GxK)yn

G.v L G

is commutative, where the vertical arrows are the orbit maps through e. As a con-
sequence F = ¢, which proves i). _

Now let I be a discrete central subgroup of G and v be a left-invariant metric
on I' \ G with 4-dimensional group of isometries L. Then the pull-back v on G
of v yields a left-invariant metric on G and the universal covering L of L acts
by isometries on G. ‘Then the analogous argument as in the proof of Lemma 4.4
implies that dim Iso(G V) = 4.

From i) it follows that the there exists a metric (t of the form (4.3) and a Lie
group automorRhlsm F such that § = F *(it). Now note that the center C =
{0} x 2 Z of G = A x R is isomorphic to Z and since F(C) Cand I' C C,
it follows that F(I') =T. Thus F pushes down to a Lie group automorphism F
of I'\ G and one has a commutative diagram

@.n L @
) !
T\ G.v) 5 T\ G, .
where the vertical arrows are the canonical quotients and w is the push-down on

r\ G of [L. By construction F and the quotient maps are local isometries, thus
v = F*u , which proves ii). O

Identify as usual 7,G = g with the 2 x 2 matrixes of zero trace and consider
its basis {U, H, W}, with

0 -1 10 01
0=(19) m=(04) = Go)
Lemma 4.6. The push-down to G of a metric  of the form (4.3) is the unique

left-invariant metric whose restriction to T,G = g is represented in the base
{U, H, W} by the diagonal matrix

oo 3
O = O
=)
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i.e, up to rescaling plg = —mBle + Bly, with ¢ = $02(R). In particular it is
naturally reductive and the geodesic flow through e is given by

Expe (uU +aH +bW) = expg(—muU +aH 4+ bW) expg (1 + m)ul),
with u, a, b real.

Proof. Let P : G — PSL;(R) be defined as in (4.1) and consider the following
commutative diagram

~

G=AxR
v N\
G L PSLL(R),

where the diagonal arrows denote the universal coverings of G and of PSLy(R).
All maps are Lie group morphisms with discrete central kernel, thus any left-
invariant metric on G pushes down to a unique left-invariant metric on G and
PSL,(R) making of P a local isometry. Consider local coordinates x, y and ¢
in a neighborhood of the neutral element v ¢ induced by the universal covering
A xR — PSLr(R), (x +1iy,t) = VYxyiy, and note that

P.(U) d P(exp(s U)) d (4 2d
= — exp(s = — =Z<2— ,
* ds 0 p ds 0 0,2s dt 0
d d d
P(H)= | P H))="—|Ya, =—
) = | Plops ) = G| oy = ol
and
P (W) a P(exp(s W)) d 14 d
= — exp(s = — . sinh(s = =
* dS 0 p dS 0 1005}111((3'))’0 dy 0

Then it follows that the restriction to 7.G of the push-down on G of a metric
of the form (4.3) on G is as claimed. The last part is a direct consequence of
Proposition 3.1. O

Let us collect the above information for G = SL,(R) as follows.

Theorem 4.7. Let G be the universal covering of G (and of PSLy(R) ) and K
that of K (and of PSO;(R)).

1) A left-invariant Riemannian metric on G is naturally reductive if and only if
it has 4-dimensional group of isometries. By acting with a Lie group automor-
phism if necessary, such metrics can all be realized as linear combinations of
the “Poincaré form” and the pull-back via an orbit map to A x C* C TA of
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the Kiihlerian metric 6 given in (4.2). Up to rescaling, they consist of a one-
parameter family explicitly given, in the coordinates (x+iy,t) € AxR = G,
by the expression

dx? + dy? (
+ m

1 ydx — xdy 2
—dt ,
(1—@2+yH))? " )

27 T Ty

with m € R>O~. For all of them the connected component of the group of isome-
tries is G x K /A acting on G by [h, k|- g = hgk™'. Here A = 7 is the
discrete ineffectivity.

ii) A left-invariant Riemannian metric on G or on PSLy(R) is naturally reductive
if and only if it has 4-dimensional group of isometries. By acting with a Lie
group automorphism and up to rescaling it can be obtained as the push-down of
an element of the family in 1). For all of them the connected components of the
groups of isometries are G x K /{x(e, e)} and PSLy(R) x PSO,(R) acting,
on G and PSLy(R) respectively, by left and right multiplication. Furthermore
their restriction to T,G = g is represented in the base {U, H, W} by the
diagonal matrix

o o3
o= o

0
0
1

Proof. Given a metric of the form (4.3) consider the realization L/H of G asa
Riemannian homogeneous space, where L := G x K/A and H := {[k, k] € L :
k € K} is the isotropy of L at e. ~

For any discrete subgroup I' in the center C = Z of G let I := {[g, ¢] €
L : g €TI'} and note that

r\G = I'\L/H.

Then from Lemma 2.2 it follows that a metric 0n~(~} of the form (4.3) is naturally
reductive if and only if so is its push-down to I'\ G. Since by Lemma 4.6 this holds
true for G = ({0} x47Z)\ G, it also holds true for G and PSL,(R) = C\G, where
G = A x R asusual and_ C = {0} x 27 Z. Furthermore the action of L pushes
down to an action of (I' \ G) x (I" \ K)/E, where the ineffectivity E is generated
by ([g],[g]), with [g] a generator of I" \ C. In the cases of ' = {0} x 4nZ
and I" = C this yields, by Lemma 4.4. the connected components of the group of
isometries given in ii) for G and PSL,(R) respectively.

Conversely given a left-invariant naturally reductive Riemannian metric v on
[' \ G the same argument as in the proof of Lemma 4.4 implies that the dimension
of the group of isometries cannot be neither five nor six. Dimension three is also
to be excluded because of Lemma 2.3, thus dimIso(I" \ G, v) = 4. In view of
Lemmas 4.5 and 4.6 this concludes the proof. O



NATURALLY REDUCTIVE METRICS 187

Remark 4.8. The same argument as above applies to prove a similar statement for
all quotients of the form I' \ G, with I is a discrete subgroup in the center C = Z

of G.

. In this case the connected component of the group of isometries is given by

(r\ G) x (I'\ K )/ E, where the ineffectivity E is as in the above proof.
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