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Locating the boundary peaks of least-energy solutions
to a singularly perturbed Dirichlet problem

TERESA D’ APRILE AND JUNCHENG WEI

Abstract. We consider the problem
EAv—v—pVo+ f0) =0 AV +mpv)>*=0, v=V=00ndQ,

where Q C R3 is a smooth and bounded domain, &, V.72 >0,v, V:Q— R,
f : R — R. We prove that this system has a least-energy solution ve which
develops, as ¢ — 01, a single spike layer located near the boundary, in striking
contrast with the result in [37] for the single Schrodinger equation. Moreover
the unique peak approaches the most curved part of 0€2, i.e., where the boundary
mean curvature assumes its maximum. Thus this elliptic system, even though it
is a Dirichlet problem, acts more like a Neumann problem for the single-equation
case. The technique employed is based on the so-called energy method, which
consists in the derivation of an asymptotic expansion for the energy of the solu-
tions in powers of ¢ up to sixth order; from the analysis of the main terms of the
energy expansion we derive the location of the peak in €.

Mathematics Subject Classification (2000): 35B40 (primary); 35B45, 35J55,
92C15, 92C40 (secondary).

1. Introduction

In this paper we study the following problem:

szAv—v—yle—i—f(v)zO in €,
AV +y0? =0 in Q, (1.1
v, V>0 in®2, v=V =00no2

where Q C R3 is a smooth and bounded domain, ¢, v, 2 >0,v,V:Q —> R,
f : R — R. Solutions of (1.1) correspond to the stationary waves for the following
Schrodinger-Poisson system:

a
l.ga_xtb Ay YA VY — F(W), AV +palw]? = 0.
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This system, first proposed by Benci-Fortunato ([3]) and later studied in [6, 13], can
be used as a model in Quantum Mechanics to describe a charged particle interacting
with its own electrostatic field. The purpose of this paper is to construct a single
spike for the system (1.1) located near the boundary, where by single spike we
intend a solution whose shape has the form of a unique peak which becomes highly
concentrated when ¢ is sufficiently small.

When y» = 0 we obtain the single Schrodinger equation:

e2Av—v+ f(v) =0, (1.2)

for which the existence of single and multiple spike solutions has been extensively
studied. Concerning equation (1.2) in a bounded domain with Neumann boundary
condition, Ni and Takagi in [34, 35] first proved that for ¢ sufficiently small there is
a least-energy solution v, with the property that v, has exactly one maximum point
P, in 2, and P, must be located on 952 and near the most curved part of the 022, i.e.,
H(P:) — maxpeyq H(P), where H(P) denotes the mean curvature of the bound-
ary 0€2. On the other hand, for equation (1.2) in a bounded domain with Dirichlet
boundary conditions, Ni and Wei in [37] showed that the least-energy solution de-
velops a spike layer at the most centered part of the domain, i.e., dist(Pg, 02) —
max peq dist(P, 0€2). Since then, there have been many papers looking for higher-
energy solutions. More specifically, solutions with multiple boundary peaks as well
as multiple interior peaks have been established. It turns out that a general guide-
line is that while multiple boundary spikes tend to cluster around the critical points
of the boundary mean curvature H(P), the location of the interior spikes is gov-
erned by the distance between the peaks as well as from the boundary 02 (see
[1,2,8,9, 10, 18, 19, 25, 26, 27, 28, 29, 32, 33, 34, 35, 36, 37, 39, 40] and the
references therein). In particular, it was established by Gui and Wei ([28]), that
given two arbitrary integers /1 and [, there exist solutions for the Neumann problem
associated to (1.2) with [ peaks on the boundary and I, peaks in the interior.

Our paper deals with the system (1.1) when y» # 0 and is in striking contrast
with the results for single-equation case (1.2), in particular with the above-quoted
paper [37]: indeed we will establish that the least-energy solutions of the Dirich-
let problem (1.1) exhibit a concentration behaviour at the boundary. Before going
further in the analysis of this phenomenon, let us briefly outline the concentration
results already known for the system (1.1). The asymptotic analysis of (1.1) has
been started very recently in the papers [14]-[17] and [38]. The radially symmetric
case has been investigated in [14, 16] and [38]. In [16] and [38] it is proved that
forl < p < 17—1 there exists a family of positive radial solutions in R which con-
centrates at a sphere. In [14] the concentration on all the boundary 9<2 is produced
for the problem (1.1) when €2 is the unit ball of R3. In the other recent papers [15]
and [17] multiple interior spikes have been shown to exist for (1.1) in the case of
a generic bounded domain  C R? (near the harmonic centers of ) and for the
whole of R respectively. However peaked solutions approaching the boundary
have not yet been observed for (1.1) neither for y» = 0 nor in the case y» # 0. This
paper seems to be the first attempt in this line.
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In order to provide the exact formulation of our main result we first enumerate
the assumptions on the function f that will be steadily assumed:

(f1) f € C2(R); f(@) =0forr <0;

(f2) % is nondecresing in ¢ > 0;

(f3) f(t) =0@P)ast — +oo, where3 < p < 5;

(f4) there exists a constants & > 4 such that 0 < 0F(t) < f(¢)t forall t > 0,
where F(1) = [y f(s)ds;

(f5) the problem in the whole space

Aw—w+ f(w)=0, w>0 inR3,
w(0) = max w(x), Iim w(x) =0, (1.3)
xeR3 |x| =00

has a unique solution w, which is nondegenerate, i.e., denoting by L the lin-
earized operator

L:H*RY > L*RY), Llul:=Au—u—+ f'(wu,

then
Jw Jdw Jw

Kern(L) = span{ —, —, — ¢ .

@) P {axl 0x] 8x3}

By the well-known result of Gidas, Ni and Nirenberg ([23]) w is radially symmetric
and strictly decreasing in r = |x|. Moreover, by classical regularity results, w €
C?(R?) and the following asymptotic behavior holds:

A _ 1 A _ 1
w(r), w'(r) = —e " (1—1—0(;)), w'(r) =——e " (1—1—0(;)), (1.4)

where A > 0 is a suitable positive constant. Note that assumptions (f1)—(f3) imply
O seiltP +elt)’, F@) < Ciltf* + ColP™ ve=0.  (L3)

Typical examples of f satisfying (f1)-(f5) include f(¢) = tf: where 3 < p < 5.
Other nonlinearities can be found in [7]. The uniqueness of w is proved in [31] for
the case of power-like f; for a general nonlinearity, see [5]. The nondegeneracy
condition can be derived from the uniqueness argument (see [34]).

We recall the variational structure of the system (1.1): indeed for every v €
HO1 (Q) let (—A)"[v?] € HO1 (£2) be the unique solution of the following problem

AV 4+v*=0inQ, V =0o0ndg.
Then (1.1) is equivalent to

A —v—y(=AN) " v+ f(v) =0 in L,

. (1.6)
v>0 in 2, v=0o0n0dL,
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where y = y1y2, and associated to (1.6) is the following energy functional:

Je[v] := 1/ (82|Vv|2+|v|2)dx+Z/(—A)_I[UZ]Ude—/ F(v)dx. (1.7)
2 Ja 4 Ja Q

Our aim is to establish the existence of a least-energy solution v, for (1.6) and to
show that v, exhibits a point-condensation phenomenon as ¢ — 0F. More pre-
cisely, when ¢ is sufficiently small, v, has a single spike centered at a point P
located at a distance (1 + o(1))e log % from the boundary, while v, vanishes every-
where else. Hence the following natural question immediately arises: which part
of the boundary are the points P, situated near? It is the purpose of this paper to
answer this question and to give an accurate description of the profiles of the solu-
tions ve. Indeed we shall prove that this unique peak must be situated near the most
curved part of 92, i.e. where the boundary mean curvature assumes its maximum;
more precisely any limiting point Py of the family P is such that H(Pp), the mean
curvature of 92 at Py, is a maximum value of H(P) over 9€2.
Now we proceed to state our main theorem.

Theorem 1.1. Assume that @ C R> is a smooth and bounded domain and that the
hypotheses (f1)-(f5) hold. Then for every ¢ > 0 there exists a least-energy solution
Ve € H(} () of (1.6). Furthermore, as ¢ — 07, v, develops a spike near the
maxima of the mean curvature; more precisely there exists P, € 2 such that

(1) ve(x) = w(*=22) + o(1) uniformly in ;
(2) dist(P, 32) = (1 + o(1))e log L.

Finally, for every sequence &, — 07, up to a subsequence,

(3) Py, = Py € Q2 where H(Py) = Ho := maxpeyq H(P).

Remark 1.2. Notice that if, in addition, we assume the existence of a unique global
maximum Py of H(P), Part (3) of Theorem 1.1 holds for all the families P,, without
need to pass to subsequences, and all the waves v, concentrate at that point Py as
e — 0t.

It is interesting to see how the geometry of the domain determines exactly the
location of the spike-layers as well as how this result is in striking contrast with the
result in [37] for the single Schrodinger equation (1.2) with Dirichlet boundary con-
dition, in which the least-energy solutions are located at the most centered part of
the domain. Furthermore, even among higher-energy solutions, it is also known that
there are no positive spike-layers concentrating near the boundary for the Dirichlet
problem associated to (1.2) (see [10, 41]). On the contrary least-energy solutions
with a single boundary peak close to the maxima of the mean curvature are known
for (1.2) with Neumann conditions. So we are in presence of a Dirichlet problem
which acts more like a Neumann problem for the single-equation case.
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To our knowledge, the only other results concerning boundary-concentration
occurring for a Dirichlet problem were established for the FitzZHugh-Nagumo sys-
tem in [11] and for changing-sign solutions of an elliptic equation in [12] by Dancer
and Yan; however in [11] only the existence of such solutions is proved and the ex-
act boundary limiting points are not determined, while in [12] a special kind of
nonlinearity is considered such that the changing-sign solutions are obtained as
mountain passes and blow-up at the boundary points which are maxima of the main
curvature. Although the result in [12] looks similar to that in our paper, the loca-
tions of the peaks for the two problems are different: indeed in [12] the solutions
are constructed as approximation of a suitable mountain pass solution for an elliptic
problem on a half-space (while our limiting problem (1.3) is in the whole space)
and then the distance of the peaks from the boundary is O(¢) (and not, as in our
case, O(elog %)). This paper seems to be the first one that succeeds in locating
exactly the boundary spikes for positive solutions of a Dirichlet problem.

The proof of Theorem 1.1 is based on the energy method, i.e., on the derivation
of an asymptotic formula for the smallest critical value J; := J:[v,] as ¢ — 0+,
in the spirit of [34, 35, 37]. However, here the technique is more complicated since
we have to expand the energy up to sixth order. The first object is to apply the
Mountain-Pass Lemma to obtain a critical point v, of J,; furthermore we prove that
v 1s actually a least-energy solution of (1.6), by which it is meant that v, has the
smallest energy J,;* among all the solutions to (1.6), and J;* can be characterized as

JP= inf max Je[rv]. (1.8)

veH]} (@) =0

Then we show that for ¢ sufficiently small v, is a single spike solution which is
localized in a e-neighborhood of a maximum point P, with dist(Pe.9) 4 0,
Next, the critical step is to know the detailed structure of v, around P.. To do this
we first use the solution w of the limiting problem (1.4) to construct a family of
suitable functions w, p and then prove that the solution v, can be obtained as a
suitable perturbation of w,, p,. To perform such approximation we make extensive
use of the nondegeneracy condition (f5). Once we have obtained the shape of v, we
have to expand J;[ve] = J; up to the order 0(86). The first term in the expansion
formula of J is given by I[w]e>, where I[w] is the energy of w:

Iw] = 1/ (|Vw|2+|w|2)dx—/ F(w)dx = 1/ f(w)wdx—f F(w)dx.
2 R3 R3 2 R3 R3

The first correction term in J;* contains the distance function P, from the boundary.
The most delicate part is the computation of the nonlocal term fQ(—A)_] [v2]v?
which is the crucial term for locating the peaks at the boundary: its effects are felt
at the order &° of the expansion where it interacts with the nonlinear part fQ F(ve)
giving rise to a term involving the main curvature. Finally the location of P, is deter-
mined by using w,_p as comparison functions (for suitable P € ), i.e., according
to the characterization (1.8), we compare J;* with max,>¢ J¢[tWe, p]; such compar-
ison gives information on the terms in the asymptotic expansion of J., in particular
on dist(P,, 0€2) as well as on which portion of the boundary P, approaches to.
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We believe that using the asymptotic expansions derived in this paper it is
possible to construct single boundary spikes at nondegenerate critical points of the
mean curvature (as in [39]), or at topologically nontrivial critical points of the mean
curvature (as in [19]). It may also be possible to show the existence of clustered
spikes at a local minimum point of the mean curvature (as in [8] and [29]). Another
interesting problem is to study the stability of such solutions. We believe that, as
for the single-equation case (see [4]), under some conditions on the exponent p the
least-energy solution constructed in this paper should be stable.

The paper is organized as follows. Section 2 is devoted to introduce some no-
tation and preliminaries. In Section 3 we construct the approximated solution w, p
and we determine its shape. Section 4 contains the expansion of the functional J; on
wg, p as a function of ¢ and P. In Section 5 we construct the least-energy solutions
v, and prove that their shape can be approximated by w, p,, for suitable P, € €,
up to a certain order £%; furthermore an upper bound for the critical values J;* is
derived by using w, p as comparison functions and computing max;>o Je [t W, p].
Finally the proof of Theorem 1.1 is completed in Section 6.

ACKNOWLEDGMENTS. This paper was begun while the first author was visiting
The Chinese University of Hong Kong in April 2005. She gratefully acknowledges
the hospitality of the Department of Mathematics at CUHK.

Notation

- Given A C IR? an open subset, L”(A) is the usual Lebesgue space endowed
with the norm

lull7, = /A u|P dx for 1 < p < 400, [lulloc = sup [u(x)].

xeA

Furthermore HOl (A) is the usual Sobolev space endowed with the norm
%, =/A(|W|2+|u|2)dx.

— Ifu : RN — Ris aradially symmetric function, we will continue to denote by
u the real function » > 0 — u(x) with |x| = r.

— We will often use the symbol ¢ or C to denote different positive constants
independent of €. The value of ¢, C is allowed to vary from line to line (and
also in the same formula).

— o(1) denotes a vanishing quantity as ¢ — 0F.

— Given {ag}e~0 and {b; }¢~ ¢ two family of numbers, we write a, = o(b.) (resp.
a. = O(b,)) to mean that Z—z — 0 (resp. |az| < Clbe|)ase — OF.
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2. Preliminaries

In this section we collect some preliminary results concerning the variational struc-
ture of the system (1.6). In particular we recall some well-known facts on the rep-
resentation formula for the Poisson equation: for a smooth domain there exists a
unique Green’s function G(x, z) of the Laplace operator with Dirichlet boundary
condition (see [30]). Furthermore G is symmetric in x and z and

1
0<Gx,2) < —— Vx,z€eQxQ, x #z. 2.1
4|x — z|

Proposition 2.1. Let Q be a smooth and bounded domain of R3. For every g €
L%(Q) denote by (—A)! [g] the unique solution in H(} (RQ) of

—AY =g. 2.2)

Then the following representation formula holds:

(=2 '[gl(x) Z/QG()C,Z)g(Z)dz. (2.3)

Furthermore
a) [o(—A)"[glhdx = [o(—A)~'[h]gdx for every g, h € L*(Q);
b) (=2 [gllleo < Cligll 2 for every g € L*(R);
) (=) "gllleo < £2llglloo + llgll 1 for every g € L™(Q);
d) the functional J : u € HO1 (Q) — fQ u?(—A)"Hu?dx is C! and

(T[], v) = 4/ uv(—A)u?ldx Vu,v € H} ().
Q

Proof. By Lax-Milgram’s lemma we get the existence of a unique solution in Ho1 (9))
of (2.2). The representation formula (2.3) holds for u € CgO(Q) (see, for example,

[22, page 23, Theorem 1]); by density (2.3) can be extended to any g € L?(R2). a)
follows immediately from (2.3) and Fubini-Tonelli’s theorem. By (2.1) for every
g € L*(Q), by using Holder’s inequality, we have

[(—A)! [g](x)|_4 / 8@

Iz—xl

| 12
=< —||g|| 2 (/ —dZ) = Cligl,
4n g |z]<2diam(2) |Z|2 L
while, for g € L°(Q),

1
(=A) " [gl)] < _/| 8@, +—/ 18(2)dz

4 7—x|<e |z — x|

||g||oo/ 1 2118l 1
< —dz 4+ — — _
SR 4mllgllu > + 4mllgllu

and we obtain b)-c). Part d) is a direct computation. ]
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In view of d) of Proposition 2.1 the energy functional J. defined in (1.7) is
of class C 1(H(} (2), R) and its critical points correspond to the solutions of (1.6).
Furthermore J; can be rewritten as

Js[v]=1/ (82|Vu|2+u2)dx—/ F(u)dx—i—Z/ / G (x, 2)u* (x)u? (z)dxdz.
2J)a Q 4Jala

3. Computation of w, p

In this section we introduce some suitable approximated solutions and derive some
crucial estimates: first set

P
We p(x) =w (x_) . x, PeR.
)

Next for every P € R3 define 1, p to be the unique solution of the problem
e2Al, p —Wep+ f(wep) =0inQ, W, p =0onde. (3.1)
From the comparison principle it is immediate that
0 < W, p(x) < we p(x) Vx e, VP eR. (3.2)

The goal is to obtain an asymptotic expansion of the approximations w, p. To this
aim some preparations are needed. First define the distance function dp from the
boundary 92 by

dp = dist(P, 9Q), P eR>.

The regularity of €2 implies that 92 satisfies the uniform interior and exterior sphere
condition; that is, at each point Q € 9<2 there exist two balls By, B such that
BiNQ = {0}, BN R3 \ Q) = {Q}, and the radii of the balls By and B; are
bounded from below by a positive constant; taking such constant as , we obtain
that, set

.= {PeQldp <,

forevery P € I, there exists aunique Xp € dQsuchthat |Xp—P| = |Zp—P*| =
dp = dp+, (see, for example, [24], page 355), where P* = 2% p — P (ie. P*is
the symmetric of P with respect to the tangent plane at d<2 in X p). Notice that by
construction, using (1.4),

& _l-P¥ e _dp
We px(x) <C—e ¢ =<C—e = VxeQ, VPeTl,. (3.3)
dP dp

& _‘X_P‘ & _d_P 3 3
Wwep(x) SC—e ¢ <C—e = VxeR'\Q,VPeR. (3.4)
’ dP dp
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For every P € ', let H{(Xp), H2(Xp) be the principal curvatures of 92 at X p,
so that the mean curvature H (X p) of 92 at X p is given by the average:

Hi(Zp) + Ha(Zp)
5 .

H(Zp) =

We introduce a diffeomorfism which straightens a boundary portion near X p: con-
sider Tp(x) the rotation and translation of coordinates which map X p in 0, the inner
normal to d€2 at X p in the positive £3 coordinate axis and the principal directions
corresponding to H (X p), Ha(Xp) in the £, €2 axes. Then Tp(P) = (0,0, dp),
Tp(P*) = (0,0, —dp) and in some neighborhood of 0 the boundary 9(7p2) can
be represented by

1 . wp(y)
w=3 3 WSy +op(y).  lim =F 22 =0, where y'=(y1.y2). (3.5)
:

i=1,2 ~0 |y’

Before providing in Proposition 3.2 the asymptotic expansion of the approximated
solutions w,_p we state first the following useful result.

Lemma 3.1. Fixa > 0, b > 0. For P € I';, such that dT” is sufficiently large the
following holds

y'IP H 3 /1P _2adp
a * T & a *—d < C 3¢ = T .
Hw“’ e Ny T8 Jg War T =0 »=Tr(x)
Proof. According to (3.3), for dTP sufficiently large we get
b -3 b
[ 'y 57 el Pl
_2adp a/3 | b -3 a/3 | b
<Ce % ”ws,P*lyl HL”(Q) +eé wg pely [dx
Q
» nb
< Cebe— 52 Hwa/3 y+dpts\ Iyl H
€ gb Lo w3)

dpl /b
+8—3/ /3 (M) |yb| dy)
R3 & &
2adp

_2dp _2adp
< Cebe™ = (||w“/3<y)|y’|b||Loo<Ra)+ /R 3 w“/3(y)|y’|"dy) <Cebe . O
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dp
&

Proposition 3.2. For P € Q2 such that
mates hold:

is sufficiently large the following esti-

1) W p(x) = we p(x) + O(e*) uniformly for x € Qand P € Q\ 'y,

i) Be,p(x) = we,p(x) — we pr(x) + O@)he,p () + ke, p(x) uniformly for x € Q
and P € T';, where he p and k. p solve

12
e2Ahe p—he p=0in Q, hs,P=w€,P*%+e4 ondQ, y=Tpx), (3.6)
&
e*Ake p —kep = —f(we p+), kep=0o0ndQ. (3.7)

Furthermore

4d

e, pll5 + 8‘3/ h2 pdx = O(s® + ¢~ 3),

; y (3.8)
— _xp

||k6,p||§O +¢€ 3/ngvpdx =0(e &)

uniformly for P € Ty,
-~ 4 2p 2p
iii) eVwe p(P) =0 (8 +ce” 3 + e_T) .
Proof. The proof of Part i) is immediate: indeed w, p — W, p satisfies
e A(we,p — We,p) — (We,p — We,p) =0in Q, W p — e, p = W, p ON Q.

On the other hand by the definition of I'), we p < Ce e = O(e*) uniformly for
x € 0Q and P € @\ I',. The maximum principle implies wg p — We, p = 0t
uniformly for x € Qand P € Q\ I',..

We go on with the proof of Part ii), which is more technical. During its proof it
is understood, even though not stated plainly, that all the estimates hold uniformly
for P € I';,. First decompose

We,p = We, p — We pr — ehe + ke

where , solves the following problem

A~ A . A w,P_w,P*
2Ahy —he =0in Q, he = —"——°" 0ndQ,
£

and k; = k. _p solves (3.7).
The first object is to prove the following estimate for the boundary points:

We. p(x) — we. pr(x /12
|we, p(x) e, P (X)] < ng,p*(x)lyl

>+ e (3.9)
£ £
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uniformly for x € 0€2. Indeed

dp < Ix = Pl = ly —dpts| = \Jd3 + |y2 = 2dpys = |y,
(3.10)

dp < |x = P*| = |y +dpts| = \Jd3 + |y +2dpys = ||
uniformly for x € 9. Using (3.5) we have y3 = O(]y’|?) on d2; consequently

lx = PI* = |x = P*P|

lx = Pl —|x = P¥|| =
lx — P| + |x — P*|

(3.11)
4dp|ys|

= <2 < CIW1?
Pl =P = lyal = Cly'|

uniformly for x € 9. Take x € 92 and distinguish two cases: first assume
|y'| = /€ then, by (3.10), |x — P|, |x — P*| > /e, and, by (1.4),

_ L
lwe. p ()], |we, pr(x)] < Cfee” V5 <&

Next assume |y’| < 4/e; then for every r € [min{|x — P|, |x — P*|}, max{|x —
P|, |x — P*[}] by (3.11) we have "=2=""l < € by which, using again (1.4),

(T e _nl &€ _lx=P¥|
)w (—) \ <C-Zes <C——e ¢ < Cwepr(x);
& r |x — P*|

hence, by applying the mean value theorem, we get

x—P|—|x—P* "2
I |- I §ng,p*(x)|y|

|we, p(x) — we, p ()| < Cwe, p=(x) .

uniformly for x € dQ2 with |y’| < /e. Hence (3.9) holds. The maximum principle
applies and gives |h.| < Ch, where h, := h, p.

By multiplying both members of (3.6) by h.(x) —w,, p=(x) ‘ﬁ;z‘z — &% and since,

using (1.4),
C 712
5 )\s e pe(0) (1+ ] )
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integrating by parts we get

2 2,42 y'? 4
(&°|Vhe|"+h)dx < C | weps |1+ 2 (e|Vhe| + hy)dx + ¢ hedx
Q Q Q

12

MaY 172
<C /wﬁp* R (/(82|wz8|2+h§)>
Q € Q
172
+Ce* (/ hg)
Q

2dp 1/2
< Ce¥lPe 3 (/(SZIVhEIZ + h?)dx>
Q

1/2
+Ce* (/ hg)
Q

where, in the last inequality, we have used Lemma 3.1. In the same way, by multi-
plying both members of (3.7) by k¢, since by (1.5) f(w) < Cw?, we have

2d 1/2
/(82|Vk8|2 +k2)dx < C/ w? pokedx < Ce¥2e™ (/ kgdx)
Q Q Q

and a first part of (3.8) follows. In order to complete the proof, first notice that
by the maximum principle we derive k., k; > 0 in Q2. Furthermore according
b2

2dp . ..
2 = Ce™ 3 on d€2, hence from the maximum principle,

2dp

2d
lhe.plloc = Oe™ 3 + e*). In the same way f(we,pr) < Cw} po < Ce™ ¢ on

to Lemma 3.1 w,_p*

. o . _Mp
2, then the comparison principle gives |lkg plloc = O(e™ & ).
2dp 2dp

Finally to prove Part iii), observe that z, p = (e*+ce 3 +e 5 )} (w —
W, p(ex + P)) solves
Az p = Ze,p in B(0, 1)
(note that for d?” is sufficiently large we have B(0, 1) C u). Furthermore by

Parts 1)-ii) it follows that z_p is uniformly bounded on B(0,1) (note that w, p+(ex+
—p* d

Py < Ce=" % < Ce™*F on B(0,1)). Then from the well-known Schauder

interior estimate z, p and its first and second derivatives are uniformly bounded on

the compact sets of B(0, 1). Then iii) follows. L]

An easy consequence of Proposition 3.2 is the following corollary.

Corollary 3.3. Setting w. p = 0 for x ¢ Q, we have W, p(ex + P) — w in
HY(R?) and L (R3) as d?” — 400 uniformly for P € Q.
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Proof. First observe that ||w8,p(8x)||H1(R3\%), ||w€,p(8x)||Lm(R3\%) — 0T as

dp*zd_p

& e’
then we deduce ||wg,p*(8x)||H1(g), ||w8,P*(8)C)||Loo(g) — 0T as %” — +o00. Then
& &

d?” — +00 uniformly for P € 2. On the other hand for P € I',, since

by i) and ii) of Proposition 3.2 this implies that i, p (ex)—we, p(ex) — 0in L2(R?)
and L (R?) as dTP — 400 uniformly for P € Q. By multiplying equation (3.1)
by W, p and integrating by parts we get

e, P (eX) 1771 3, = /R F )b plex + P)dx — fR Fywdx = wl g,

by which W, p(ex + P) — win H'(R?) as 2 — +oo uniformly for P € Q. O

Our next lemma provides an estimate of the error up to w,, p satisfies the sys-
tem (1.6). To this aim set

Silvl = 2Av —v —y(=A) [V v + fv), ve HXQ).

Lemma 3.4. For P € Q2 such that dTP is sufficiently large the following holds:

|Sg[ﬂ)g,p]| < C(ef%P + gefngP + 82)11);’/;.

Proof. According to c¢) of Proposition 2.1 and (3.2)
(=) 7 plie,p| < (I pllo) + &2 Wl plligy)we.p < Cewe p.
We just need to estimate the local term: by (3.1) and assumption (f1) we deduce
|62 Atbg, p — e, p + f(We,p)| = | f (e, p) — f (e, p)| < Cwe p(we,p — e, p).

If P € Q\ Ty, the thesis follows from Part i) of Proposition 3.2. Now assume
P € I';;; By using Part ii) of Proposition 3.2 we get

2.~ - -
|8 Aws,P — We, p + f(ws,P)’ Scws,P(wa,P* + ehe,P + ka,P)

_2p _2p
§Cw£7p(w5,p* +ee T et E )

In order to conclude by (1.4) and (3.3) we compute

1/4 _glx=Pl_zlx—P* _dp
ws,Pws,P*fcws/Pe 33 e %

s

1/4 _3le—P*| _dp 1/4 _Tdp
SCws/Pe 3 4e e de :ng/Pe 4e

uniformly for x € Qand P € I',. U
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4. Expansion of J.[w, ,]

This section is devoted to compute the energy of the approximated solutions
W, p. Since the computations are quite long and technical, for the sake of sim-
plicity we provide the expansion for the internal energy and the nonlocal term
fQ(—A)_l [ﬁ)g’ P]ﬁ}?y p separately in the next Propositions 4.3 and 4.4 respectively.
First we need the auxiliary results provided by the following two lemmas.

Lemma 4.1. For P € I';, such that dTP is sufficiently large the following holds

dp\ 7 bt dp
5c83(—) e ifa>b>0, c>0,
&
/e c—3a+3
b [y’ dp 2 _9,4P .
/wé‘,pwg,p* el <ce’ = e 2% ifa=b>0, ¢c>0,
Q s
d c'fg+3_b
P — VR
§C83(—) e~ @bz if 0<a<b, c>0,
&

where y = Tp(x).
Proof. By using (1.4) and (3.3) we get

"€ gb —dpt y+dptsl [y'[€
[t 2 et [ gn (2000 o
o Ve PWe Py

d1b3 R3 & e¢
3+b 2d il
—b 24pt3 /
=< C_b w(y)e +=% ||y [“dy
dp Jr?
3+b
& dp
<C - e—alyle—bly-ﬂ?@sl|y/|(6—a)+dy
dP R3

where (¢ — a)+ = max{0, ¢ — a}. Now observe that

d d> d 2d 2 2d 2
‘y+2—P53) =[P +4=7F +dy = > —P+|y—|8+y3 > —P+ﬂ8—|y3|,
e £ & I3 4dp I3 4dp

by which
—aly| —bly+2%2 ¢35, 1 (c—a) _opde —aly|+blys] —p e 11 (c—a)
e—alylp—0oly = Bly) +dy <e - e—aly y3lp P 4ap 1yl +dy.
R3 R3
Now we distinguish the three cases: first assume a > b; then

2
- - -
/ze alyitblysle ™7 adp )y em @i dy <
R;

_p2
e_(“—b)|y3|dy3/ e b4dP€|yf|(c—a)+dy/
R R2

(c—a)+

()

+1 |,/‘2
/ e—(a—b)|y3|dy3/ e_b}T |y/|(c_a)+dy/.
R3 R2
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Now assume a = b:

b2 ' g2 ‘
/3e—al>l+aysle “aap |y | =D+ dy S/ ¢ YA E |y (= gy
R

R3
(c—a)4+3

dp\ % 12
- (—”) f ey |y,
& R3
Finally, if b > a, then by (3.3)

. b—a /1¢
yI° £ (a2 1yl
/ w? pw? p. dx <[ — e om0 [ pw? . dx
o & P dp Q ° e

and the thesis follows from the previous cases. O

Lemma 4.2. The following limit holds

/ F)w(y + pla)dy =2 (1+o(1)e " as p — 400, B=A / Fw)edy.
R3 o R3

Proof. The proof is an easy consequence of Lebesgue’s dominated convergence
theorem. According to (1.4) for every y € R? we have

L
lim w _ eV = lim e MteBlte _ ooy — (4.1)
p—>+00 Fe—p pP—>+00

Observe that, if |y| < 4, then |y + p€3] > 5; hence, by using (1.4) we get

w(y +pt3) P vl
fw) 0 () Szf(w)ly—i—pﬁgle <4f(w)e"".

On the other hand, for |y| > %, by (1.4) and (1.5) we obtain

f(w)M < C||w||ooi3e_3‘y‘+p < C||w||ooe_‘y‘.
w(p) Iyl
Since f(w)e'y| e LI(RY), the convergence (4.1) is dominated. ]

Now we are ready to provide in the next two propositions the asymptotic for-
mula for the energy J.[v,].

Proposition 4.3. The following asymptotic expansion holds:

1 7 ~ ~
—/ (82|ng,p|2+w§,f,)dx—/ F (g, p)dx
Q Q

2
(4.2)
d d d d d
=I[wle’ +&a (—P) +0 (e“, / —Pe—ZTP> to(e® +Se™ T +e3e 3T,
& &
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as dTP — 400 uniformly for P € Q, where a : Rt — R is defined by

1 B
a(p) = 5 / Fyw(y +2pt3)dy = (1 +0(1)—e *as p — +00.  (4.3)
2 Jgr3 4p
Proof. We begin by observing that by assumption (f1) and (3.2) we get

F(We.p) = F(we. p) 4 f(we, p)(be, p — we,p) + O(we,p (e p — we, p)?)

uniformly for x, P € €2, by which, using equation (3.1), it is easy to check that

) I ) ) )
L[, p] = 5/ (ez|ng,p|2+wZ,P)dx—/ F(ibe,p)dx
Q Q
1 - -
= 5/ f(we, p)we pdx _/ F(we, p)dx
Q Q

1
= —/ F(we, p)dx — 5/ S (we, p)we, pdx +/ S (we, p)we pdx
Q Q Q

+ O (/ we,P(ﬁ)s,P - ws,P)zdx>
Q

uniformly for P € Q. Notice that by (1.5) we have f(w) < Cw?, F(w) < Cw*;
then (3.4) implies

1
E/Qf(ws,P(w))ws,P(w)dx—/QF(ws,P(sx))dx

€
d

1 —34p -3°£
= —f(w)w — F(w) Jdx +o(e" "% ) wdx = I{w]+o(e" 7% )
R3 2 R3
as d?f’ — +o0 uniformly for P € Q. Hence we arrive at

1
Ia[ﬁ)s,P] = I[w]83 + 5/ f(wa,P)(ws,P - a)s,P)dx
@ (4.4)

d

+0 ( / we, p (e p — wa,p)zdx) +o(e2e37)
Q

as dTP — 400 uniformly for P € .
Next we insert the expansion provided by Proposition 3.2 in (4.4) and distin-
guish the two cases. First assume P € @\ I',,. Then by Part i)

d
L[, p] = ITwle® + o(e® + 237 )
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and (4.2) holds uniformly for P € \ I';,. Next assume P € I';,. Then insert the
estimate provided by Part ii) of Proposition 3.2 to obtain

- 1 1
L[We pl = I[wle® + 5/ S (we, p)we prdx — 5/ S (we,p)ke pdx
Q Q

+ 0(8)/ f(we.p)he pdx + O <f wgypwf,P*dx)
Q Q

+0(?) / K2 pdx +0 ( / K2 de> +oe?e %) 4.5)
Q Q

3 &3 1
=I{w]le’+— | f(we p(ex))we pr(ex)dx — = | f(we p)ke pdx

d d
+ Of(e) / f(we p)he pdx + 0(836_3TP + 856_TP + 86)
Q

as dTP — 400 uniformly for P € I';,, where we have used (3.8) and Lemma 4.1.
Furthermore

/ J (we, p(ex))we, pr(ex)dx = f3 F(wep(ex)we pe (ex)dx + 0(e=3F)
g R
- /Rs fww <y + MTP&) dy + 0(6‘3[’7}’) (4.6)
=2« <d—P> + 0(573(17}))
&
dp

as °F — +oo uniformly for P € I';,. The asymptotic formula (4.3) follows from
Lemma 4.2.
After integration by parts, using (3.7),

/ S (we,p)ke pdx = / (_ EzAws,P + lbe,P)ks,de
& 2 4.7)

d
_ / de.p f (we.po)dx = o(e%e > F)
Q

as dTP — oo uniformly for P € T',, where the last estimate follows from (3.3).
By (1.4) a direct computation shows that

y'I? ly'I?
‘ezA (wg,p*(x) — we pr(x) ‘

g2 g2

3 |2 |y']
< Cw; p«(x) 2 + Cwg, px(x) ]+T ,
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by which, using equation (3.6) and integrating by parts,

VP
fQwe p) | he p — we, pr 2 ¢ dx
Q

ly')?
—)/ _5AwaP+wsP)(hsP wgP*);z dx‘

L 2 . Iyl
< We, pWy ps —de +C We, pWe, p* 1+ — )dx
Q € Q

(4.8)
by Lemma 4.1. Finally Lemma 4.1 also gives
y'”? 4 3,29 7 4
fwe p)we pe=-dx + &7 | f(wep)dx = Ceem™e + Ce. (4.9)
Q Q
The conclusion follows by inserting (4.6), (4.7), (4.8), (4.9) into (4.5). O
Proposition 4.4. The following asymptotic expansion holds:
r /Q D2 p(—A) " [B2 pldx
(4.10)

172~ 5

6
& d
= heS — I+ ol F pSe T b ete 2T 10,
P

as d—P — 400 uniformly for P € 2, where I, I3 are positive constants; further-

more

6
~ 1y~ &
% /Q Wy p(—A) l[wﬁ,dex=1285—13d——14H<zp)86 win

1/2,- 5

d
+ o(e 2? +e’e” v + ghe 2T + 86)

as d—” — 400 and dp — O uniformly for P € '}, where 14 is a positive constant.

Proof. By (3.2) and a) of Proposition 2.1 we can write
/ WZ p(—A) W pldx =/ w; p(—A) [w} pldx
Q Q

+0 </Q wg p(—A) " we, p(we, p — IDS,P)]dx) .
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First assume P € 2\ I';;: b) of Proposition 2.1 and Part i) of Proposition 3.2 imply

/ zbayp(—A)1[1D§’P]dx:/w82,P(—A)1[w§’P]dx+O<84/ wg,de>
Q Q & 4.12)
- /Q w2 (=) Tw? pldx + O(7)

uniformly for P € 2\ I';,. Now assume P € I';;; according to Part ii) of Proposi-
tion 3.2,

/QJJSP(—A)_l[J)SZ’P]dx=/Qw82,P(—A)_1[w§’P]dx
+0 (/ wg,P(_A)_l[wa,Pwa,P*]dx)
Q
+0 (s/ wf,P(—A)l[hg,p]dx>
Q

+0 <[9 wg’P(—A)_l[kg,p]dx)

uniformly for P € I',. Let us analyze the error terms: by using b) of Proposition
2.1 and Lemma 4.1 we obtain

(4.13)

_ _pdp _odp
/ng,P(_A) 1[ws,Pwe,P*]dx =< Ce¥l?e?% /ng,de =< Ce’?e™2%

(4.14)
uniformly for P € I';,. Again by b) of Proposition 2.1 and (3.8) we get

2d
/ w? p(—=A) " [he pldy < Ce¥ (e + e ) / w? pdx s
Q R’ .
<2 +89/2efg’7;’)_

and
d d
f w2 p(—A) ke, pldx < C£3/2e_27P/ w? pdx < Ce22e7 2 (4.16)
Q ’ R3 ?

uniformly for P € I',. Combining (4.12), (4.13), (4.14), (4.15) and (4.16) we
arrive at

d d
./ we*P(_A)_l[’Dg,P]dXZ/ w? p(=A) " 'w? pldxto(e!2e™ % 4ete 2T 40
§ Q
as dTP — o0 uniformly for P € . Thus it is sufficient to estimate

/ng’P(—A)_l[wép]dx.
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To this aim denote by Vj the unique solution of
AVo+w?>=0inR3 Vy— Oas |x] = 400
ie. Vop(x) = ﬁ fR3 ﬁwz(z)dz. Then Vj is radial and its equation in radial

coordinates becomes (er(;)/ + r2w? = 0 by which, after integration,

1 r
Vi(r) = _r_z/(; s2w?ds
1

+o0 . 4.17)
=—= / s?w?ds +0(e™) ) = == (1 + 0(e™))
2\ o r2
for some c¢p > 0 and, by integrating again,
+o00 o
Vo(r) = —/ Vi(s)ds = = +O(e ™). (4.18)
r r
Now set
Ver(x) =Wy , xeQ, PeR’.
e

First assume P € Q \ I';,. Note that (—A)_l[wfﬂp] — 82V8yp solve

A=) 7w} pl—e*Ve p)=0inQ, (—A) '[w] pl—&*Ve p=—6"V, p on IQ
and by (4.18) V; p = O(e) uniformly for x € 02 and P € Q@ \ I',. From the

maximum principle it follows that (—A)~! [wg’ pl— eZVS, p=0(d) uniformly for
x € 9Qand P € Q\ I';,. Hence using (3.4) we obtain

/wg,P(—A)—‘[w;P]:eQ/ wgypvg,pdx+0(e3)/ w; p
Q Q Q
d
=g / w? Vodx + o(ese_TP) +0(c%)
R3

and (4.10) holds uniformly for P € Q2 \ I';,. Now we assume P < I';, and decom-
pose

(—A) 'l pl = e*(Ve,p — Ve, pr + Ze.p — We,p) (4.19)
where Z, p and W, p solve the following problems:
1
AZS’P+_2'LU§ P* =0111 Q, Z&‘,P :00n aQ’ (420)
g2 &
AWg’p =0in Q, Wg,p = Vg,P - Vg,P* on 9€2. (421)

For the sake of clarity we divide the remaining part of the proof into 4 steps.
In order to simplify the notation, during the steps we will write d and H; in the
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place of dp and H ; (X p), since this can be done without causing confusion. We let
it be understood that all the asymptotic estimates hold uniformly with respect to the
choice of P € I',.

Step 1. The following holds:

an

Ve p(x) — Ve px(x) = copg ——————=—

d +
+o(g)as — — 400, d > 07,
&

Tpx

uniformly for x € 92, where y = % =&

By (3.5), we compute

= Pl =2 + |32 = 2dys = |/ + [y12 + O@|y'P) = dy/1 + 51 + (5" P)

as d — 07" uniformly for x € 3. In the same way

I = Pl = Jd? + [y2 + 2dys = dy/1 + 512 + o5/,

rep = A1+ 512 + o(15'12)

as d — 0T uniformly for x € 9Q and r, p € Z; p := (min{lx — P|, |x —
P*|}, max{|x — P|, |x — P*|}). Hence by using again (3.5) we get

x —P*|—|x—P|  |x—P*P—|x— P
e p r2 p(lx = P+ |x — P*)
2dy3

T BA+ PR+ o(3D))2

_ d* Y M7+ 2dwp(d3)
31+ 1912 +0(13'17))3/?

(4.22)

_ > HiI7 O(wp(d3))
(L+ 512+ o(3/2)32 " d2(1 + [312)3/2

_ X8 L o(ly 4 O@r@)
1+ [5[2)3/2 d>(1 4 [51%)3/?

as d — 0 uniformly forx € 0Q2 and ry p € Zy p. Observe that

wp(dy)

m = 0(1) asd — 0 uniformly for x € 0Q2. (423)
y
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Indeed by (3.5)

wpdf)  od§P)

1
= o(1) uniformly for |y'| < —.

d2(1+ (91232 d>(1 4191?32 Vd
. e A a3’ /2 . . .
While, if [§/| > fa then dzgi(mg;m <g flglg)3/2 = o(1). By inserting (4.23) in
(4.22) we deduce
|X—P*|_|X_P|:ZH5)7;24_0(1)3.5(1_)04‘
i = A IR

uniformly for x € 9Q and ry p € I, p.
Then by the mean value theorem, using (4.17), we derive

|x — P| —|x — P¥|

2
rx,P

Y H;37
1+ 9132

Ve, p(x) = Ve,p+ (x) = —coe(1 + O %))

= coe(1 + 0(e2%))

Ny
:COSZjij;
A+ 3132

+ o(e)

+ o(e)

asd — 0T, g — 400 uniformly for x € 2. Hence Step 1 holds.

Step 2. For P € I';, such that % is sufficiently large we have
Ve p(x) — Ve p«(x) = O(¢) uniformly for x € 9€2.
By (4.18), fixed n > 0, for P € I', withd > n we have
coé _2n .
Ve p(x), Ve pr(x) < — 4+ O(e” & ) = O(¢) uniformly for x € 9.
n
Then Step 2 follows by Step 1.
Step 3. Set Wg,p()?) = W, p(x) where y = %. Then for P € ', such that % is
sufficiently large
N . . . TpQ
We. p(9) = O(e) uniformly for y € 7 (4.24)

Furthermore %Ws p — Wl + Wg as % — +oo and d — 0% uniformly on compact
sets of Ri, where Wj satisfies

Ny

s . 3 ’\‘_ X J
AW =0in Ry, W) = oM q s

on dR3. (4.25)
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By Step 2, from the comparison principle it follows immediately that if %’ is large
pQ2
L

L]iBy (4.21) and Step 1, from the comparison principle it follows that as d — 0"
and £ — 400
&

enough Ws, p(¥) = O(e) uniformly for y €

Wer()=e > W () + o)
j=1,2

. A TpQ & J
uniformly for y € L=, where W; ps solve

Iy TpQ2
AW/, =0in ’;,
5 o (4.26)
Vi ) J P .
Wep=2gj ._coHJ(1+|5)|2)3/2 ona( 7 >, j=12.

2
D1,2
fR3 |Vu|>dx. An easy computation shows that g j € D2, By multiplying both

Denote by D!? the closure of C(?O(R3) with respect to the norm |ju||

members of (4.26) by WSJ p — &; and integrating on Tfi—Q we obtain

i 25 Vi 5
/TPQ VW, p—gpl"dy = —/TPQ V(W; p—gj)Vg;dy

d d

v
< IW; p —gjlipr2ligjlipr2

where we have set WSJ p = &jin R3\ %. Hence we deduce that { Wej p—&jle

and, consequently, { WSJ P}‘8 are bounded in D12, Then, if we consider a generic
sequence &, — 07 and P, € Q such that dp, — 0 and % — 400, up to a

subsequence we may assume Vi/gjn p, W,- as n — +oo weakly in D? and
a.e. in R?. Note that, since by construction x A ™ XRY (denoting x the
Pn n

characteristic function), then Vf/ajn p, — &j ae. in R? and Wj 3 solves (4.25).

1)
The uniqueness of the solution of (4.25) implies that all the family WEJ p converges
to W, in D"? and a.e. in R3 asd — 0% and 4 too.

For every fixed compact set K € R3, for small d we have K C T’;—Q. Since

{WSJ ple are harmonic functions uniformly bounded on T‘:’i—Q, then the classical

Schauder’s internal estimates imply that WSJ P> Wj uniformly in K.
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Step 4. End of the proof:

v 2 —1y[,,,2 5 € -4 d
7 ATl = (12—13d—+0(a)+o(e H) as = — o0,

i / w p(—ATD[w pldx =&’ (12 — S — e LH(Zp) + o(e) + o(e_%)>
4 Q ’ ’ d

d
as — — 400, d — 0T,
£

From (4.19) we obtain

/szyp(—Al)[wiP]dx = 85/;2 w?yP(ax)(V&p(sx) — Vg,p*(sx))dx

46 [ u? penzep(ends 4.27)
—& | w? ,(ex)We p(ex)d
2 e, P e, P 8)() X.

(3.4) and (4.18) imply

r ﬁ w? p(6x) (Ve,p (6x) — Ve pe(ex))dx

4
pP*— P
:Z/ w2v0dx—1f w2V0 X — d)C-i—O(S_%)
4 R3 4 R3 &

=D - Z/ wz%dx +O</ w%lex_%ldx) +0(8_%)
4 R3 |x— | R3

&
P — P* _2d 2 |x| _d
=DhL —ymcoWy +O0(e = weldx | +0(e™¢)
& R3

18 (_4)
= — 13— +4o0(e ¢),
2 3d

2
JTC,
where we have set I = 4 [i3 w2Vpand Iy = ~ i

. I d
Using c) of Proposition 2.1, Lemma 3.1 and (4.20), for { large enough we get

/Q wf,P(ex)Zg,p(ex)dx <ClZplL>©)

2 —31.,2 —4d
= C”wg’P*”LOO(Q) + Ce ||wg’P*||L1(Q) <Ce 3,
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and, using (4.24),
wg p(ex) W, p(ex)dx = O(e);

€

then the first part of the thesis of Step 4 follows. Finally as % — 400

f w? p(ex)We p(ex)dx =

g © ’ =212
w2 d
/y__€3|<\/» (y - ;£3> We. p <d )dy + o(e)

A &
w2 Wep (6 + Ez) dz + o(e).

wg’P(sx) We p(ex)dz + o(e)

/lzsﬂ

By Step 3 we immediately deduce %Ws P (63 + %z) — Wl £3)+ W2(£3) uniformly

on|z| < \/g as % — +ooandd — 0. On the other hand it is well known (see, for

example [22], page 37) that the following representation formula holds for (4.25):

W) = coH,; / 22 d3’
=
I = 08 S T P2 [Gr— 5102 + Ga — 5202 + 52912

by which

1 e,
W (£3) = CoH] 27 g2 mdz, J=12

Hence we obtain

%/ w2 p (X)W p(ex)dx = e— 3" Hj +o(e) = ey H(Ep) + o(e)
T j=1.2

as ¢ — tooandd — 0F, where Iy = 9 [o5 w?dx 5= [ (lfll,|2)3d O

5. Least-energy solutions

The object of this section is to prove the first part of Theorem 1.1; in particular we
are going to show the existence of a least-energy solution v, for the problem (1.6),
i.e. a solution with the important property of minimizing the energy J, among all
solutions of (1.6). Furthermore we will provide a detailed description of its shape
which has the form of a single spike near the boundary. The more delicate matter
of the location of the spike at the boundary will be the subject of the next Section
which concludes the proof.
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We begin with the following existence theorem.

Theorem 5.1. For every ¢ > 0 the value J} defined by (1.8) is a positive critical
value of Jg with critical point ve. Furthermore J} is the least-energy critical value

of J,. Finally for every family d; — 0" with % — +00

3 5 e 3 (de 6 4 |de _pde
JF <Ilwle’ + hLe —I3—+sa(—>—14s Ho+O\|e™—e “¢
d € € (5.1)

_de _de _nde _3de
+0(86—|—811/2€ % 4 edeF +ete 2»»r—Hs3e3s)ass—>0+
where o : RT — R has been introduced in Proposition 4.3.

Proof. Fix ¢ > 0. The object is to apply the Mountain-Pass Lemma to the func-
tional J,. To this aim we first prove that J, satisfies the Palais-Smale condition. Let
{untn C HO1 (£2) be such that

[Jelvall < M, Jg/[vn] — 0
for some constant M > 0. Then, using assumption (f4),

4M + 0(1)||Un||H1 > 4J[vn] _<Jg/[vn]:vn)

= 3¢? f |V, dx +3 f lup|2dx + / (f (n)vy — 4F (vy)) dx
Q Q Q

> 382/ |an|2dx+3/ v, |*dx.
Q Q

Hence {v,}, turns out to be bounded in HO1 (R2); then, up to a subsequence, using
Rellich’s theorem, for some v € HO1 (2)

vn—\vinHOl(Q), v, > vin L*(Q) forl <s < 6.
Using the continuity of =N HN(Q) > HO1 (2) we deduce
(=) '[v3] = (=) '[W*] in Hy ()
and, consequently, using assumption (f3),
—vn + f ) =y (=) vplon = —v + f) =y (=8) [P vin H ().
Hence we arrive at

—&?Avy = J/[vg] — va + f(p) — ¥ (=A) ' [v2]v,
- —v+ f) — y(=A) v in H(Q).
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Again the continuity of (—A)~! allows us to conclude e2v, — (—A)"—v +
f) — ;/(—A)_1 [v]v] in H(} (€2). Hence the P.-S. condition is satisfied for J,.
Next observe that J.[0] = 0; moreover combining (1.5) and the Sobolev’s

2

embeddings
82 2 1 2 4 1
Jo[v] > —/ |V dx—i——/ lv] dx—C/ v dx—C/ lv]P T dx
2 Ja 2 Ja Q Q
2 (5.2)
—1
> (— = Clvli, = Cllvllb, ) lvlI%,, = pe > 0

provided that [|v|| 51 is sufficiently small. Condition (f4) can be restated as a dif-
ferential equation for the function F of the form % log F > g for ¢+ > 0, which
implies

F(t)=C(t]° =1) Vi =>0. (5.3)
Hence, fixed v € HO1 (£2) \ {0} such that v4 = max{v, 0} # 0, we get

22 A4
Jo ] < —/ (82|Vv|2+|v|2)dx+y—/ v2(—=A) " v?]dx
2 Ja 4 Jo
6 (5.4)
—C—/ lvp|?dx + C - —o0
4 Jo

as A — +oo. The well-known Mountain-Pass Lemma applies and gives that the
following is actually a critical value for J;:

J* = inf max J.[q(t
e = Mo, max, elg ()]

where Q = {¢ € C([0, 1], HOl(Q)) |g(0) =0, Je[qg(1)] < 0}. Denoted by v, the
associated critical point, hence v, solves the equation

e2Ave — e + f(ve) — yve(—A) 2] = 0in Q. (5.5)

It remains to show that v, > 0. Indeed, multiplying (5.5) by v, = max{0, —v,},
and using (f1) we see that

/ |Vu;|2dx+/ |v;|2dx+y/(v;)z(—A)—l[vg]dx:o
Q Q Q

which implies v, = 0. By the strong maximum principle v, > 0in €. Then v, is
a solution to (1.6).

We are going to prove that, as a consequence of condition (f2), we can char-
acterize the values J;* in a simpler way, i.e. J* = J. First notice that, since
Je[tv] = 4oo forv e H(}(Q) \ {0} with v = 0, then J can also be defined as

J = inf sup Je[tv].
vEHH(R), v4#0 10
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Forv € HO1 (2), vy # 0, we have J.[Lv] < O for large A, by which we immediately
obtain fe* < JJ. In order to prove the opposite inequality, we first note that fixed

v E HOI(Q) with vy # 0, the function A > 0 — J.[Av] has a unique nontrivial
critical point which is a maximum point. Indeed

d /
ﬁJg[kv] = (J[Av], v)

=2} (%/g(azlvvl%rIvlz)dx+y/gz)2(—A)“[v2]c1x—/Q J;(;:)Z)v“dx);

hypothesis (f2) implies that the bracket on the right hand side is a decreasing func-
tion of A. Noting that, by (5.2), J;[Av] > O for A > 0 small and J;[Av] — —o0 as
A — 400, we obtain the assertion. Define A, > 0 as the unique nontrivial critical
point of Je[Av]. Since J/[ve] = 0, it is clear that %Je [Ave]p=1 = 0, which implies
Ay, = 1 and, consequently

JF < Telvel = I
Observe that

JY = inf Je[v]
veM,

where
M : = (M| v € Hy(Q), vy #0)

= {v € H&(Q)‘(Js’[v], v) :=/(32|Vv|2 + [v|?)dx + y/ V2 (=A) " w?1dx
Q Q

—/ f(v)vdx:O}.
Q

Since any nontrivial critical point of J lies on M,, then J; is the smallest critical
value of J; and, consequently, v, is a least-energy solution for (1.6).

To prove (5.1) choose Q. € €2 such that d; = dgp, and QO — Py where
H(Py) = Hp. Thenset Ay = A >0, ie.

i)e-Qs
xg/(ez|vwa,gg|2+|wg,Q5|2>dx+x§y/ by g, (—A) [y, 1dx
Q Q
_/ f()‘«sa)a‘,QE)ﬁ)a,dix =0,
Q

which can be written, using Proposition 4.4, as

xS/(82|vw8,Q£|2+|w8,Q£|2)dx+0(A§s5)—/ f(heWe, 0)We, 0, dx = 0. (5.6)
Q Q
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According to assumption (f2) we have f(¢) > ct3 for all ¢+ > 0; hence using (1.5)
and Corollary 3.3 we get

& [ps(IVw]? + [w[*)dx + 0(AZe”) . _& fp (Vw4 w)dx +0(2e)
CeI02 s lwltdx +AL 7" fasw]ptlde) ~ ce332 [os lw|*dx

’

by which {A.} turns out to be bounded from above and below away from 0. We
state that A, — 1 as ¢ — 0T. Indeed, assume by absurd that Ag, = A > 0and
A # 1 for some sequence &, — 0. Using Corollary 3.3 in (5.6) we get

Xf (Vw|* + |w|2)dx—[ f(w)wdx = 0,
R3 R3

i.e. Ais a critical point of A > 0 +— I[Aw]. On the other hand A = 1 is obviously a
critical point too, then the uniqueness of the nontrivial critical point (which can be
proved as for J.[Aw]) gives the contradiction. Hence A, — 1 as ¢ — 0T. Using
equation (3.1), (5.6) leads to

/ )Lsf(we,Qg)ﬁ)s,dix _/ f()\slbs,Qg)&)s,dix = 0(85)-
Q Q
Observe that by assumption (f1) and (3.2) we get

Lo f (We,0,) — [(heWe,0,) = (he — D(f(We,0,) — [ (W, 0,)We, 0, +0(1))
+ O(wg,Qe (ws,Qe - ws,Qg))

uniformly in 2. Hence Proposition 3.2 leads to

0% = (he—1) ( /Q (F(@e.0,) — F (i0r. 0.) e, 0, )ibe. 0, dx + o(1) /Q we,ggdx)

+ 0 (/ wS’stg’Qidx> +0 </ We, 0, (ehe, 0, + kg’QS)dx)
Q Q

and then, combining (3.8), Corollary 3.3 and Lemma 4.1 we deduce

O@*) = (he — 1) (/}R3(f(w) — ffw)wywdx + 0(1))

dg _
+ 0 2%) + e 20(llwe, 0. | 12 ehe, 0. + ke, 0. 112)

2de

= O —1) </3(f(w)—f/(w)w)wdx + o(l))—l— O + g3 + e72F).
R

In view of (f2) @ is strictly increasing for r > 0, hence f(w) — f/(w)w < 0.
Thus we arrive at
2 _2de _nde
1 -2 =0("4+¢ce 3 +e “%).
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Setting Ag(A) = Je[Awg, g, ], it is immediate that A, € C? and AL(Ag) = 0; then,
for some 1, — 1

T < Jelhete, 0,1 = Ae(he) = Ap(1) — (he — 12 AL (1)
~ 4 2 e —4de sy
= Js[wS,QS] +O(e" +e%¢ 3 e "¢ )Ag(ts)

and the thesis follows from Propositions 4.3-4.4 once we have observed that

e 3N (1) — /R%(lez—l- |w|?)dx —/N f(w)w?dx . O

Corollary 5.2. As a corollary of Theorem 5.3, choosing d. = ¢ log é + eloglog %
and using (4.3), it is easy to verify that the main term in the envelope on the right
hand side of (5.1) is represented by the first four; hence we obtain

5
£ B(1 4+ o(1
J¥<Iwled + he’ — I + & (d+ o)
|loge| + log | log &| 4|logel?(|loge| + log|loge))
3 5 & g +
= I[w]e’ + e’ — I +o0 ase — 07,
wlem b= Biiogel 70\ TTogep?
. 1 1 . log|logely 1
since [Toge|+log|loge] ~ [loge| — ( [log &2 ) - (\10g8|5/3)'

The goal of the next two propositions is to obtain more precise information on the
shape of the least-energy solution v,; in particular we will prove that v, develops
a spike near the boundary whose profile resembles the approximation w, p, (for
suitable P, € €2) constructed in Section 3 up to the order O(z,) (for suitable 7, —
0™).

Proposition 5.3. For ¢ > 0 sufficiently small v, is a single spike solution; more
precisely there exists P, € 2 such that P. is a the maximum point of v, on 2 and

d
Pe  focase — 0T (5.7)

furthermore v, satisfies

Vg = 1I)e,P‘g + Y
where

1Velloo + g3 f (€2|V1p8|2 + |1[/g|2)dx —0ase — 0OF.
Q
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Proof. First we observe that, setting u.(x) = vc(ex) for x € % and u, = 0 in
R3\ %, by assumption (f4) we have

1 1 21 1
(5 - 5) ABGVMHZ + |ue|2)dx =g (5 — 5) /;2(82|va|2 + |U8|2)dx

-3

< 3 Tve] — (I Tve], ve) = 73 T [ve ]
= elVe 9 elVel, Vg) = elVe

= 8_318* = I[w] +O(?) ase — 01,

where in the last inequality we have used Corollary 5.2. Then {u.} is bounded in
H'(R?) for small ¢. For the sake of simplicity we divide the remaining part of the
proof into four claims.

Claim 1. Forevery R > 0and 1 < g < 6:

lim sup/ uldx =0.
e=>0" dp<eR JB(E,R)

For otherwise, there exist ¢ € [1,6), R > 0, a sequence u, := u,, and P, € R3
with dp, < &, R such that

lim uldx > 0.
n——+00 B(i R)
en’

Py

En d

may assume dist(%’:, %) = eL,," — 8 € [0, R] and i, — @ weakly in H'(R?).

Since by construction x 1 T 7 X3 (denoting x the characteristic function),
en I

Then set i1, (y) = u,(x + %) where y = Tp, x and, without loss of generality, we

then, setting R§,+ ={y e R3|y, > =6}, we deduce ii € HO1 (R§’+) and (since by
b) of Proposition 2.1 (—=A)~'[v7] < C|lve |13, = O(¢3/?)) @ solves
Ai—id+ f@=0inRy,, @>0inR},, @=00ndR}, . (58)

Theorem 1.1 in [20] implies # = 0, which is a contradiction since

/ i#ldx = lim ildx = lim uldx > 0.

Hence Claim 1 holds.

Claim 2. There exists n > 0 such that if ¢ € (0, 1) and Q; is a local maximum
point for v, then

ve(Qe) = 1.
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Indeed

Ve(Qe) — f(0e(Qp)) < ve(Q) + Ua(Qs)(_A)il[vg](Qs) — f(0e(Q¢))
= 67 Av(Q¢) < 0.

Using (1.5) we obtain the thesis.
Claim 3. For every R > 0

limsup sup v.(P)=0.

e—01t dp<eR
Fix R > 0 sufficiently large such that

1 n
- dx < —
2nR/sz(”") t=3

and let P, € 2 be the maximum point for v, in {x € Q2|dp < eR}. Assume
by absurd that there is a sequence ¢, — 0 such that v,(P,) = vg, (P,) 7 0.

dpy

First observe that dsﬁ — 0. Otherwise, up to a subsequence, > 8 > 0, and,
n n

proceeding as in Claim 1, setting #,(y) = u,(x + %) with y = Tp, (x), we deduce

i, — 0 weakly in H'(R?). On the other hand by standard elliptic regularity we

have i1,, — 0 uniformly on compact sets of ]Rg 4> then v, (Py) = i, (0) — 0 which

is a contradiction. Hence ds% — 0, which implies that, at least for large n, P, is a
local maximum point for v, in B(P,, &, %). Consequently, by Claim 2, v, (P,) > 7
and, by (1.5), L85 < C(lunl? + Ju,|P~1) for |z — 22 < £,

By using the comparison principle it is immediate that 0 < u, < w, where w,
solves

. Q 02
Awg + f(ug) =0in —, w, =0o0on —.
e 3

Fix 3 <a < %7 andleta’ < 3be such that ; + J; = 15 by (2.1), using Holder’s

inequality, we get

dz

= P,
Q n __
47 a|8: z|

1 () 1 /
< — d d
A »/Iz—f—"|5§ |&—Z| Z-f—an RS S (un)dz

&

N < vp(Py) < wg, (?) < 1 S (un)

2 —1
Uyl =+ |luy|?

SCvn(Pn)/ . deg

lo—fn|<& |2 —z]

&n En

1 1/a' 1/a
< Cp(Py) / —dz / (unl? + [ * P~ M)z )+ 2
k1<% Izl l.—f|<% 2
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then Claim 1 implies

/ lun|*dz, / lun|*?~Vdz — 0.
|- f21<4 lo—f2<4

&n

Hence we deduce

N = vn(Py) < O(Un(Pn)) +

N

by which n < v,(P,) <o(1) + g and the contradiction follows.

Claim 4. End of the proof.

Let P; be the maximum point for v, in . According to Claims 2 and 3
ve(Pg) > n and deﬁ — 4ooase — 0T. Let &, — 07 be an arbitrary sequence
and set P, = Pg, and i1, (x) = ug, (x + %). Since dist(ﬁ 92

&n’ 3!1):%_)_{—007“/6
may assume it,, — it weakly in H'(R?) where i solves
Aii — i+ f(i) =0in R>. (5.9)

The elliptic regularity theory implies lim|y|— o0 # = 0 (see [21], Theorem 5, and
[42]) and @i, — @ in C|_(R3); in particular i#(0) = max, g3 i(x) > nand it > 0,
consequently, from the strong maximum principle iz > 0 in R?. Assumption (f5)
implies # = w. Then by Fatou’s Lemma we get

e, f (1f(v8n>v8n —~ F(vgn)) dx = f (lfmn)ﬁn —~ F(ﬁn))
Q 0 R3 0

> / (lf(w)w - F(w)> dx +o(1),
R3 0

by which, since J/[v,] = I'[w] = 0, using Corollary 5.2,

1 1 ~ _ 2 (1 1
(5 — 5) /R}(wuu2 + i )dx = g, (5 - 5) /Q(ezlvvanl2 + lve, [*)dx

-3

_ e _ 1
e A <Jgn[v8n],vs,,>—en3f (gf(vgnmn—F(vg,,))dx
Q

< I[w]—/IR3 (éf(w)w—F(w)) dx + o(1)

=I[w] — l(I/[w], w) — / (lf(w)w - F(w)) dx 4+ o(1)
0 R3 0

_(L_1 Vwl|? 2yd 1
—(5—5>/R3(| w|” + |w|7)dx + o(1).
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The weakly lower semicontinuity of the norm implies the opposite inequality, hence
Jr3 (I Vitn|*+itn|*)dx = [pa(IVw|*+|w|?*)dx, which implies it, — w in H'(RY).
The arbitrariness of ¢, leads to

P
e ( + —€) — win H'(R?) and C| (R?). (5.10)
€
It remains to prove that

P
lim u, ( + —8) = 0 uniformly with respect to ¢.
|x]——+00 &

For otherwise there would be a sequence ¢, — 0, O, € Q with [On=Pul 4

En
dg,
&n

e, (x + 22) — win H'(R%) and in C (R?) (with u solving (5.9)), by which

loc

and ugn(g—:) > ¢ > 0. According to Claim 3 — 400 as n — —+00, hence

u(0) = lim usn(g—:) > ¢; in particular u # 0, which is in contradiction with
(5.10). Hence we have proved that u. (- + %) — win H'(R3) and L*®(R?), which
implies, using Corollary 3.3, that ¥ (ex) = uc(x) — e, p,(ex) — 0in H'(R?)
and L>(R?). O

In the last proposition of this section we go further in the analysis began in the
previous one and provide an estimate on the error order up to the approximation
W, p, wWorks in the expansion of v,.

Proposition 5.4. For ¢ > 0 sufficiently small v, satisfies
Ve = TI)S,PS + T Ps,

5dg 3de
53

where T, = max{e 3, ge” 5¢ } and, for ¢ sufficiently small, ¢, verifies

e lloo + &7 f (& 1Ve|* + 1§ *)dx < C. (5.11)
Q
Proof. Substituting v, = W, p, + 7@, into the equation S;[v.] = 0 we obtain

82A¢£ - ¢6 + f/(ws,Pe)ﬁbe = _T;ISS[IDS,PE] + Na[¢s] + Ms[‘Pe]’ (5-12)
where
Nelg] = =1, ' (f (e, p, + Te) — f (e, p,) — Te f (e, p,)9).

M. [¢] = yte(ie p, + Ted)(—A) " [$?] + 2y (We,p, + ) (—A) " [ie, p, ¢]
+y (A 510
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By Lemma 3.4 for ¢ sufficiently small we have
-1 - —de_de g3 1/4 . .
|T, SelWe, p, 1| < Cmax{e 12, e 15, ¢ }w&PE uniformly in (5.13)

while, since by Proposition 5.3 [| e lloo = [[Velloo = 0(1), |7ee |17, = IIYell?, =
o(e?), by the mean value theorem we get

IN[@e]] < CTedp? = 0(1)|¢¢| uniformly in (5.14)

and, using c) of Proposition 2.1, we have 7. (—A) "' [¢2], Te|(—A) ™[ p,¢e]l =
o(e?t; 1) = o(1) and [(—A)~ 1[w8 p. 1l = O(?) by which

|Me[9ell = o(Dwe, p, +0(1)[el. (5.15)

uniformly in €. Suppose that there exists a sequence &, — 07 such that, setting
On = Pe,s | Pnlloc — +00 and let x, € Q be such that |¢,(x,)| = ||¢nllco. We
may assume, without loss of generality, that x,, is a maximum. Then we claim that

[xp — Pan|
&n

=C. (5.16)

Otherwise, up to a subsequence, l"%npg”‘ — 4o00. Then by (3.2) we have

We, P, Xz) — 0, and, consequently, f! (We, P, (xn)) — 0, while A¢,(x,) < O.
Combining (5.12)-(5.15) we arrive at

0= &5 A (xa) — (1 +0(D)I¢nlloo +0(1) < —(1 + 0(1))[[pnlloo + 0(1)

and hence ||¢,1 looc = 0(1), in contrast to the hypothesis Then (5.16) holds and we
may assume - Pg” — x. Now set ¢>n (x) = ” (enx + Pg,) forx € Pe” . By
d1v1d1ng both members of (5.12) by ||¢nllco and using (5.13)-(5.15), we deduce that
qb,, solves

Ay — dn + [/ (e, p., (nx + Po,))pn = o(1)|n| + o(Hw'/*

n — 5.17
Gl < 1in 2= For oA

&n

By multiplying both members of (5.17) by ¢, we get

/ (IVén|* + |fnHdx < [ (L' (e, p,, ) (enx)| + w!/H)dx + o(1) / | |*dx
R3 R3 R3

<C +o<1)/ | |2 dx,
]R3
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ie. ¢A>n is bounded in H'!(R?). Hence we may assume qAS,, — ¢3 weakly in H L(R3).
Since by Proposition 5.3 % — 400 we get xe-r,, — Xg3 = l; then, by Corol-

&n

lary 3.3, ¢A> solves
Ap—+ fwp=0, |pl<1inR>

Furthermore elliptic estimates lead to ¢ € H*(R3) and d)n — d) in CloC (R3), which

implies qb(x) = lim, qASn(x” PE”) = lim, i ”()‘Cl") = 1. In particular ¢ # 0. Assump-
tion (f5) leads to

3
:2:: jax/

for some constants a, aa, az. On the other hand by Part iii) of Proposition 3.2 and
the choice of 7, we have eV, p, (Ps) = 0o(t¢), by which

0 = Ve, (Ps,) = V(s p, + Te,®n)(Pe,) = 0, ' T5,) + Te, &5 1 ll oo Vb (0).

This implies V¢ (0) = 0, i.e. (since ax 8x (0) = 0if j # k and 02 w(O) = w”(0))

a;jw”(0) = 0. The contradiction will follow if we prove that w” (0) ;ﬁ 0. Otherwise,
from assumption (f5) w(0) = f(w(0)). By (f2) f ft) is strictly increasing for ¢ > 0,

while w(0) = maxps w; hence w — f(w) > 0 in R3. This is a contradiction since
fR3 |Vw|2+fR3(w — f(w))w = 0. Thus |¢.| < C for small ¢. Finally, multiplying
the equation (5.12) by ¢., integrating over €2 and using (5.13)-(5.15), we obtain

e’ / Ve |*dx + / | |7 dx
/f(ws ) dx+o(1>/ ¢sw‘/“dx+o(1>/ e 2dx
§C/ f/(lI)E’PS)dX‘i‘O(l)/ wepdx—ko(l)/ |¢>€|2dx
Q Q °° Q

C8_3+0(1)/ e |2dux. -
Q

6. Proof of Theorem 1.1

Now we have all the ingredients to prove Theorem 1.1. We just have to combine
the results of Proposition 5.3 and 5.4. In what follows we write d; in place of dp, .
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Step 1. The following holds:

Js* = Jelve]l = Je[We, p, ] + 0(83‘682)
i i (6.1)
7 5 de 3 3de g
=J8[w€,Pg]+0(8 e ¢ +¢e c + ¢ )

ase — 0T,

Using a)-b) of Proposition 2.1 and (5.11) for ¢ > 0 sufficiently small we get

f V20— 8) " [2Idx — 2 p (— ) (02 5] — Aot p, e (—A) " [i2 p 1] dx
Q
=0(3)),

by which
Jelvel :Je[ws,PS] - Ts/ Se[lbs,Pg](psdx
Q

_/ (F(a)s,Pg + Tethe) — F(ws,PS) - Tsf(lbs,Pg)(ps)dx
Q
282 2 5 2 3.2

+ 1 = [ [Vgel"dx + — | |pel"dx + O(e77).

2 Ja 2 Jo

Observe that |F (W, p, + Tee) — F (e, p,) — Te f (We, p,)e| < CT2|¢pc|*, while, by
Lemma 3.4, Sc[W. p,]1 = o(zew,’p ): (5.11) leads to Js[ve] = Je[ie, p,] +0(e372).
The choice of 7, allows us to conclude.

Step 2. Sl%sgsl — lase — 0" and % > log% + %log log% for ¢ sufficiently
small.
By inserting in (6.1) the estimgtes 4.2), (4.3) and (4.10) of Propositions 4.3-

. _3de 4 _ode .
4.4 (taking into account that e 3% = 0(2—6 2% )), we obtain
&

3 s .8 4 2 4 [de i
JF=1wle’ + he’ — B—+¢&"(14+0(1)B——+0| &% —e “¢
d; 4d, & (6.2)

+o0 (8“/2 + sse_d?s>

as e — 0. First we will prove that lim sup,_, o+ < 1. Assume by contradic-

de
elloge|
tion the existence of a sequence &, — 07 such that dgﬂ > (1 4+ n)log Ei for some
n > 0. In this case it is easy to show that the main part in the expansion on the right
hand side of (6.2) is given by the first three terms, and the others are negligible, i.e.

5

IX =1wled + hed — (1 +o0(1)——1
" (I +n)|logey,]
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in contradiction with Corollary 5.2. Hence limsup,_, o+ ellogel < 1. Next we will

prove that d5 > log +3 L log log for small &. Otherwise let &, — 0T be a sequence

2‘1511 5 ,dLn

dsy —
8 J—
8: < log a—|—§ log log o Hence we easily get sn,/ Ee i, gpe o=

4 aﬁn
o(df—”efzﬁ) and (6.2) becomes

€n

rig
6 2
€
I3 =Iwle, + he; — 136?” +e4B° +0@E ) ase — 0t (6.3)
&n En
Set
2 —2x 5
& e d
pn(x) = -2 +B—/, x>
X 8x &n
and compute
82 €_2x e—2x
"xY=h-X —B—— _B )
P (X) 3.2 o2 "

By taking the logarithm, p;,

> log - + S logx + ~log [ —— +1) + ~log 2 > log — + ~ log log —
=08 TR T 508 5, 2°g41 OB, T BE L

In particular, for n sufficiently large, p, is decreasing in ( ey, log é + % log log é),
by which, proceeding as in Corollary 5.2,
2 2

de, 11 1 £2 g2
On > pp [log — + = loglog — | =—13 +B(1+o (1))—5/3
&n &n 3 &n |log & 8[1 nl

Inserting this inequality in (6.3) we obtain

&> 5

8
B(1 1) ————
Topey + BRI gr s

JE =1wle;) + e, — I3

again in contradiction with Corollary 5.2.

Step 3. H(Zp,) — Ho = maxpeyq H(P).
In view of Step 2 all the error terms in the expansion (4.2), (4.11) and in (5.1)
(with d, = dg) are o(e%); for example ¢ \/CTSe T o= O(|10g|1/6) o(£%). Hence
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we can write

j 6

d, £
Iw]e® + ' — )+ Le® — li = LH(Ep,)eb + 0(e%) < Jelve]

&€

A

d g0
< I[w]e® + 3a f + he — 1307 — IsHpe® + o(e%)
&

and Step 3 follows immediately.

Step 4. End of the proof.

By Corollary 3.3 and Proposition 5.4 we deduce Part (1) of Theorem 1.1. Parts

(2) and (3) have been proved in Steps 2-3.
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